Preface 

The present volume is an outgrowth of a Conferenee on Mathematical Tables 
held at Cambridge, Mass., on September 15-16, 1954, under the auspices of the 
National Science Foundation and the Massachusetts Institute of Technology. The 
purpose of the meeting was to evaluate the need for mathematical tables in the light 
of the availability of large scale computing machines. It was the consensus of 
opinion that in spite of the increasing use of the new machines the basic need for 
tables would continue to exist. 

Numerical tables of mathematical functions are in continual demand by scien¬ 
tists and engineers. A greater variety of functions and higher accuracy of tabula¬ 
tion are now required as a result of scientific advances and, especially, of the in¬ 
creasing use of automatic computers. In the latter connection, the tables serve 
mainly for preliminary surveys of problems before programming for machine operation. 
For those without easy access to machines, such tables are, of course, indispensable. 

Consequently, the Conference recognized that there was a pressing need for a 
modernized version of the classical tables of functions of Jahnke-Emde. To imple¬ 
ment the project, the National Science Foundation requested the National Bureau 
of Standards to prepare such a volume and established an Ad Hoc Advisory Com¬ 
mittee, with Professor Philip M. Morse of the Massachusetts Institute of Technology 
as chairman, to advise the staff of the National Bureau of Standards during the 
course of its preparation. In addition to the Chairman, the Committee consisted 
of A. ErdSlyi, M. C. Gray, N. Metropolis, J. B. Rosser, H. C. Thacher, Jr., John 
Todd, C. B. Tompkins, and J. W. Tukey. 

The primary aim has been to include a maximum of useful information within 
the limits of a moderately large volume, with particular attention to the needs of 
scientists in all fields. An attempt has been made to cover the entire field of special 
functions. To carry out the goal set forth by the Ad Hoc Committee, it has been 
necessary to supplement the tables by including the mathematical properties that 
are important in computation work, as well as by providing numerical methods 
which demonstrate the use and extension of the tables. 

The Handbook was prepared under the direction of the late Milton Abramowitz, 
and Irene A. Stegun. Its success has depended greatly upon the cooperation of 
many mathematicians. Their efforts together with the cooperation of the Ad Hoc 
Committee are greatly appreciated. The particular contributions of these and 
other individuals are acknowledged at appropriate places in the text. The sponsor¬ 
ship of the National Science Foundation for the preparation of the material is 
gratefully recognized. 

It is hoped that this volume will not only meet the needs of all table users but 
will in many cases acquaint its users with new functions. 

Allen V. Astin, Director. 


Washington, D.C. 


Preface to the Ninth Printing 

The enthusiastic reception accorded the “Handbook of Mathematical 
Functions" is little short of unprecedented in the long history of mathe¬ 
matical tables that began when John Napier published his tables of loga¬ 
rithms in 1614. Only four and one-half years after the first copy came 
from the press in 1964, Myron Tribus, the Assistant Secretary of Com¬ 
merce for Science and Technology, presented the 100,000th copy of the 
Handbook to Lee A. DuBridge, then Science Advisor to the President. 
Today, total distribution is approaching the 150,000 mark at a scarcely 
diminished rate. 

The success of the Handbook has not ended our interest in the subject. 
On the contrary, we continue our close watch over the growing and chang¬ 
ing world of computation and to discuss with outside experts and among 
ourselves the various proposals for possible extension or supplementation 
of the formulas, methods and tables that make up the Handbook. 

In keeping with previous policy, a number of errors discovered since 
the last printing have been corrected. Aside from this, the mathematical 
tables and accompanying text are unaltered. However, some noteworthy 
changes have been made in Chapter 2: Physical Constants and Conversion 
Factors, pp. 6-8. The table on page 7 has been revised to give the values 
of physical constants obtained in a recent reevaluation; and pages 6 and 8 
have been modified to reflect changes in definition and nomenclature of 
physical units and in the values adopted for the acceleration due to gravity 
in the revised Potsdam system. 

The record of continuing acceptance of the Handbook, the praise that 
has come from all quarters, and the fact that it is one of the most-quoted 
scientific publications in recent years are evidence that the hope expressed 
by Dr. Astin in his Preface is being amply fulfilled. 

Lewis M. Branscomb, Director 
National Bureau of Standards 


November 1970 



Foreword 


This volume is the result of the cooperative effort of many persons and a number 
of organizations. The National Bureau of Standards has long been turning out 
mathematical tables and has had under consideration, for at least 10 years, the 
production of a compendium like the present one. During a Conference on Tables, 
called by the NBS Applied Mathematics Division on May 15, 1952, Dr. Abramo- 
witz of that Division mentioned preliminary plans for such an undertaking, but 
indicated the need for technical advice and financial support. 

The Mathematics Division of the National Research Council has also had an 
active interest in tables; since 1943 it has published the quarterly journal, “Mathe¬ 
matical Tables and Aids to Computation” (MTAC), editorial supervision being 
exercised by a Committee of the Division. 

Subsequent to the NBS Conference on Tables in 1952 the attention of the 
National Science Foundation was drawn to the desirability of financing activity in 
table production. With its support a 2-day Conference on Tables was called at the 
Massachusetts Institute of Technology on September 15-16, 1954, to discuss the 
needs for tables of various kinds. Twenty-eight persons attended, representing 
scientists and engineers using tables as well as table producers. This conference 
reached consensus on several conclusions and recommendations, which were set 
forth in the published Report of the Conference. There was general agreement, 
for example, “that the advent of high-speed computing equipment changed the 
task of table making but definitely did not remove the need for tables”. It was 
also agreed that “an outstanding need is for a Handbook of Tables for the Occasional 
Computer, with tables of usually encountered functions and a set of formulas and 
tables for interpolation and other techniques useful to the occasional computer”. 
The Report suggested that the NBS undertake the production of such a Handbook 
and that the NSF contribute financial assistance. The Conference elected, from its 
participants, the following Committee: P. M. Morse (Chairman), M. Abramowitz, 
J. H. Curtiss, R. W. Hamming, D. H. Lehmer, C. B. Tompkins, J. W. Tukey, to 
help implement these and other recommendations. 

The Bureau of Standards undertook to produce the recommended tables and the 
National Science Foundation made funds available. To provide technical guidance 
to the Mathematics Division of the Bureau, which carried out the work, and to pro¬ 
vide the NSF with independent judgments on grants for the work, the Conference 
Committee was reconstituted as the Committee on Revision of Mathematical 
Tables of the Mathematics Division of the National Research Council. This, after 
some changes of membership, became the Committee which is signing this Foreword. 
The present volume is evidence that Conferences can sometimes reach conclusions 
and that their recommendations sometimes get acted on. 
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Active work was started at the Bureau in 1956. The overall plan, the selection 
of authors for the various chapters, and the enthusiasm required to begin the task 
were contributions of Dr. Abramowitz. Since his untimely death, the effort has 
continued under the general direction of Irene A. Stegun. The workers at the 
Bureau and the members of the Committee have had many discussions about 
content, style and layout. Though many details have had to be argued out as they 
came up, the basic specifications of the volume have remained the same as were 
outlined by the Massachusetts Institute of Technology Conference of 1954. 

The Committee wishes here to register its commendation of the magnitude and 
quality of the task carried out by the staff of the NBS Computing Section and their 
expert collaborators in planning, collecting and editing these Tables, and its appre¬ 
ciation of the willingness with which its various suggestions were incorporated into 
the plans. We hope this resulting volume will be judged by its users to be a worthy 
memorial to the vision and industry of its chief architect, Milton Abramowitz. 
We regret he did not live to see its publication. 

P. M. Morse, Chairman. 

A. Erd^lyi 

M. C. Gray 

N. C. Metropolis 

J. B. Rosser 

H. C. Thacher, Jr. 

John Todd 

C. B. Tompkins 

J. W. Tukey. 
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1. Introduction 


The present Handbook has been designed to 
provide scientific investigators with a compre¬ 
hensive and self-contained summary of the mathe¬ 
matical functions that arise in physical and engi¬ 
neering problems. The well-known Tables of 
Functions by E. Jahnke and F. Emde has been 
invaluable to workers in these fields in its many 
editions 1 during the past half-century. The 
present volume extends the work of these authors 
by giving more extensive and more accurate 
numerical tables, and by giving larger collections 
of mathematical properties of the tabulated 
functions. The number of functions covered has 
also been increased. 

The classification of functions and organization 
of the chapters in this Handbook is similar to 
that of An Index of Mathematical Tables by 
A. Fletcher, J. C. P. Miller, and L. Rosenhead. 2 
In general, the chapters contain numerical tables, 
graphs, polynomial or rational approximations 
for automatic computers, and statements of the 
principal mathematical properties of the tabu¬ 
lated functions, particularly those of computa- 

2. Accuracy 


The number of significant figures given in each 
table has depended to some extent on the number 
available in existing tabulations. There has been 
no attempt to make it uniform throughout the 
Handbook, which would have been a costly and 
laborious undertaking. In most tables at least 
five significant figures have been provided, and 
the tabular intervals have generally been chosen 
to ensure that linear interpolation will yield four- 
or five-figure accuracy, which suffices in most 
physical applications. Users requiring higher 


1 The most recent, the sixth, with F. Loesch added as co-author, was 
published in 1960 by McGraw-Hill, U.S.A., and Teubner, Germany. 

2 The second edition, with L. J. Comrie added as co-author, was published 
in two volumes in 1962 by Addison-Wesley, U.S.A., and Scientific Com¬ 
puting Service Ltd., Great Britain. 


tional importance. Many numerical examples 
are given to illustrate the use of the tables and 
also the computation of function values which lie 
outside their range. At the end of the text in 
each chapter there is a short bibliography giving 
books and papers in which proofs of the mathe¬ 
matical properties stated in the chapter may be 
found. Also listed in the bibliographies are the 
more important numerical tables. Comprehen¬ 
sive lists of tables are given in the Index men¬ 
tioned above, and current information on new 
tables is to be found in the National Research 
Council quarterly Mathematics of Computation 
(formerly Mathematical Tables and Other Aids 
to Computation). 

The mathematical notations used in this Hand¬ 
book are those commonly adopted in standard 
texts, particularly Higher Transcendental Func¬ 
tions, Volumes 1-3, by A. Erd6lyi, W. Magnus, 
F. Oberhettinger and F. G. Tricomi (McGraw- 
Hill, 1953-55). Some alternative notations have 
also been listed. The introduction of new symbols 
has been kept to a minimum, and an effort has 
been made to avoid the use of conflicting notation. 

of the Tables 

precision in their interpolates may obtain them 
by use of higher-order interpolation procedures, 
described below. 

In certain tables many-figured function values 
are given at irregular intervals in the argument. 
An example is provided by Table 9.4. The pur¬ 
pose of these tables is to furnish “key values” for 
the checking of programs for automatic computers; 
no question of interpolation arises. 

The maximum end-figure error, or “tolerance” 
in the tables in this Handbook is % 0 of 1 unit 
everywhere in the case of the elementary func¬ 
tions, and 1 unit in the case of the higher functions 
except in a few cases where it has been permitted 
to rise to 2 units. 


IX 
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3. Auxiliary Functions and Arguments 


One of the objects of this Handbook is to pro¬ 
vide tables or computing methods which enable 
the user to evaluate the tabulated functions over 
complete ranges of real values of their parameters. 
In order to achieve this object, frequent use has 
been made of auxiliary functions to remove the 
infinite part of the original functions at their 
singularities, and auxiliary arguments to cope with 
infinite ranges. An example will make the pro¬ 
cedure clear. 

The exponential integral of positive argument 
is given by 

Ei (x)=*j X J£du 


=7+In x+ 


l ir 2-2r 3-3! 


+ - • - 


■SKdWk • ■ > 


The logarithmic singularity precludes direct inter¬ 
polation near x=0. The functions Ei(x) — In x 
and x - 1 [Ei(x)—In x— 7 ], however, are well- 
behaved and readily interpolate in this region. 
Either will do as an auxiliary function; the latter 
was in fact selected as it yields slightly higher 
accuracy when Ei(x) is recovered. The function 
x _ 1 lEi(x) — In x— 7 ] has been tabulated to nine 
decimals for the range 0 <x<|. For £<£< 2 , 
Ei(x) is sufficiently well-behaved to admit direct 
tabulation, but for larger values of x, its expo¬ 
nential character predominates. A smoother and 
more readily interpolable function for large x is 
xe~ xl EA(x); this has been tabulated for 2 <3 < 10 . 
Finally, the range 10 <x<® is covered by use of 
the inverse argument x _1 . Twenty-one entries of 
xe _I Ei(x), corresponding to x -1 = .l(—.005)0, suf¬ 
fice to produce an interpolable table. 


4. Interpolation 


The tables in this Handbook are not provided 
with differences or other aids to interpolation, be¬ 
cause it was felt that the space they require could 
be better employed by the tabulation of additional 
functions. Admittedly aids could have been given 
without consuming extra space by increasing the 
intervals of tabulation, but this would have con¬ 
flicted with the requirement that linear interpola¬ 
tion is accurate to four or five figures. 

For applications in which linear interpolation 
is insufficiently accurate it is intended that 
Lagrange's formula or Aitken's method of itera¬ 
tive linear interpolation 3 be used. To help the 
user, there is a statement at the foot of most tables 
of the maximum error in a linear interpolate, 
and the number of function values needed in 
Lagrange’s formula or Aitken’s method to inter¬ 
polate to full tabular accuracy. 

As an example, consider the following extract 
from Table 5.1. 


X 

xe*E\(x) 

X 

7. 5 

. 89268 7854 

8.0 

7. 6 

.89384 6312 

8. 1 

7.7 

. 89497 9666 

8.2 

7. 8 

. 89608 8737 

8.3 

7.9 

.89717 4302 

8. 4 




xe*Ei(x) 

. 89823 7113 
. 89927 7888 
. 90029 7306 
. 90129 60^3 
. 90227 4695 


Let us suppose that we wish to compute the 
value of xe x Ei(x) for x=7.9527 from this table. 
We describe in turn the application of the methods 
of linear interpolation, Lagrange and Aitken, and 
of alternative methods based on differences and 
Taylor’s series. 

( 1 ) Linear interpolation. The formula for this 
process is given by 

J P =(l-p)fo+pfi 

where / 0 , j\ are consecutive tabular values of the 
function, corresponding to arguments x 0 , x u re¬ 
spectively; p is the given fraction of the argument 
interval 

p=(x—x 0 )f(xi— x 0 ) 

and j v the required interpolate. In the present 
instance, we have 

/ 0 =.89717 4302 ^=.89823 7113 p =.527 

The most convenient way to evaluate the formula 
on a desk calculating machine is,to set / 0 and /1 
in turn on the keyboard, and carry out the multi¬ 
plications by 1 — p and p cumulatively; a partial 
check is then provided by the multiplier dial 
reading unity. We obtain 


The numbers in the square brackets mean that 
the maximum error in a linear interpolate is 
3X10 -6 , and that to interpolate to the full tabular 
accuracy five points must be used in Lagrange’s 
and Aitken’s methods. 

* A. C. Aitken. On interpolation by iteration of proportional parts, with¬ 
out the use of differences, Proc. Edinburgh Math. Soc. 3, 66-76 (1932). 


/ 627 =(1-.527)(.89717 4302) + .527(.89823 7113) 
= .89773 4403. 

Since it is known that there is a possible error 
of 3X1O -0 in the linear formula, we round off this 
result to .89773. The maximum possible error in 
this answer is composed of the error committed 
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by the last rounding, that is, .4403 X10~ 5 , plus 
3X10 -8 , and so certainly cannot exceed .8X10 -6 . 

(2) Lagrange's formula. In this example, the 
relevant formula is the 5-point one, given by 

y=^l_2(p)/-2+^l- 1 (2))/- 1 +A(p)/o+^x(p)/i 

~\~-A 2 (p)i 2 

Tables of the coefficients A k (p ) are given in chapter 
25 for the range p=0(.01)l. We evaluate the 
formula for p=. 52, .53 and .54 in turn. Again, 
in each evaluation we accumulate the A k (p) in the 
multiplier register since their sum is unity. We 
now have the following subtable. 

x xe?E\{x) 

7.952 .89772 9757 

10622 

7.953 .89774 0379 -2 

10620 

7.954 .89775 0999 


The numbers in the third and fourth columns are 
the first and second differences of the values of 
xe x Ei(x) (see below); the smallness of the second 
difference provides a check on the three interpola¬ 
tions. The required value is now obtained by 
linear interpolation: 

/ p =.3 (.89772 9757)+ .7(.89774 0379) 

= .89773 7192. 

In cases where the correct order of the Lagrange 
polynomial is not known, one of the preliminary 
interpolations may have to be performed with 
polynomials of two or more different orders as a 
check on their adequacy. 

(3) Aitken’s method of iterative linear interpola¬ 
tion. The scheme for carrying out this process 
in the present example is as follows: 



n 

x n y n =xe*E l (x) 

2/o,» 

2/0,1, 

n 

2/0,1.2, n 


2/0,1,2, 3. » 

X„—X 


0 

a 0 . 89823 7113 








. 0473 


1 

7. 9 .89717 4302 

. 89773 44034 







-. 0527 


2 

8. 1 . 89927 7888 

. 89774 48264 

. 89773 1 

71499 





. 1473 


3 

7. 8 . 89608 8737 

2 90220 


2394 . 

89773 71938 



-. 1527 


4 

8. 2 . 90029 7306 

4 98773 


1216 


16 

89773 

71930 

. 2473 


5 

7. 7 . 89497 9666 

2 35221 


2706 


43 


30 

-. 2527 

Here 






Xo 

So 




Wo,»= — 

1_ \yo 

Xo—x| 




Xi 

fx 

5/i/2 

5 2 /i 


X n 

— x 0 |y» 

x n — x\ 






5 / 3/2 


5*/3/2 







x 2 

Si 


5 2 / 2 

5 4 / 2 


_1_I 2 / 0 . 

1 Xi—x| 






5/6/2 


5*/j/2 

yo.i,n=- 

n-Xllj/0. 

n x„—x| 




X3 

Si 


5 2 /a 










5 / 7/2 





1 I 3 / 0 . 1 . • • ■, 

m-l,m X m — x| 



X 4 

s* 




1/0.1. . . 


* X„-X m |l/o.l. . . .. 

m-l.n X n —x| 


Here 







If the quantities x n —x and x m —x are used as 
multipliers when forming the cross-product on a 
desk machine, their accumulation (x n —x) — (x m —x) 
in the multiplier register is the divisor to be used 
at that stage. An extra decimal place is usually 
carried in the intermediate interpolates to safe¬ 
guard against accumulation of rounding errors. 

The order in which the tabular values are used 
is immaterial to some extent, but to achieve the 
maximum rate of convergence and at the same 
time minimize accumulation of rounding errors, 
we begin, as in this example, with the tabular 
argument nearest to the given argument, then 
take the nearest of the remaining tabular argu¬ 
ments, and so on. 

The number of tabular values required to 
achieve a given precision emerges naturally in 
the course of the iterations. Thus in the present 
example six values were used, even though it was 
known in advance that five would suffice. The 
extra row confirms the convergence and provides 
a valuable check. 

(4) Difference formulas. We use the central 
difference notation (chapter 25), 


5/i/2=/i—/ o, 5/s /2 =/a —/i» • ■ • 

5 2 /i — 5/ 3/2 — 5/ 1/2 —fi — 2/i +/o 
5%/ 2 =5 2 / 2 - S 2 /, =/s—3/ 2 +3/i -f 0 

S*f 2 = «*/ 5 /2 — &fw =f* — 4/3 + 6/2 — 4/i +/o 

and so on. 

In the present example the relevant part of the 
difference table is as follows, the differences being 
written in units of the last decimal place of the 
function, as is customary. The smallness of the 
high differences provides a check on the function 
values 

x xe x E x (x) 5 2 / 6*f 

7. 9 . 89717 4302 -2 2754 -34 

8 . 0 . 89823 7113 -2 2036 -39 

Applying, for example, Everett’s interpolation 
formula 

/p=(l-p)/o+^(p)6 2 /o+^(p)« 4 /o+ ■ • • 

+ pfi + F 2 (p)Pf l + F i (p)6*f i + . . • 

and taking the numerical values of the interpola¬ 
tion coefficients E 2 (p), E^p), F 2 {p) and F t (p) 
from Table 25.1, we find that 


X' 
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10 9 /. 527 =.473(89717 4302)+ .061196(2 2754)-.012(34) 

+ .527(89823 7113)+ .063439(2 2036)-.012(39) 
= 89773 7193. 

We may notice in passing that Everett's 
formula shows that the error in a linear interpolate 
is approximately 

E 2 (p)Vf 0 + F 2 (p)8 2 /i« M E 2 (p) + F 2 (p)][8 2 /o+8 2 /i] 

Since the maximum value of \E 2 (p)F 2 (p)\ in the 
range 0< j ><1 is }&, the maximum error in a linear 
interpolate is approximately 


can be used. We first compute as many of the 
derivatives j in) (+>) as are significant, and then 
evaluate the series for the given value of x. 
An advisable check on the computed values of the 
derivatives is to reproduce the adjacent tabular 
values by evaluating the series for x~x- x and x t . 

In the present example, we have 


/: 


/(x) =xe x Ei(x) 
f'(x) = (:. 


.. (l+x-i)/(x)-l 

(*) = (l+x-‘)f(*)-s-*/(x) 

(x) = (1+X- 1 )/'' (x) - 2x~y (x) + 2x -3 /(x). 


pg l^/o+^/ii, that is, pg I/ 2 — f\— /o+/-i|- 

(5) Taylor's series. In cases where the succes¬ 
sive derivatives of the tabulated function can be 
computed fairly easily, Taylor’s expansion 

fix) =/(x 0) + (X -Xo) ^ + (x-xo+^p} 

+ (x-x 0 ) 3 ^p4 . . . 


Withz 0 =7.9 and x—Xo= .0527 our computations 
are as follows; an extra decimal has been retained 
in the values of the terms in the series to safeguard 
against accumulation of rounding errors. 


k 

0 

1 

2 

3 


/ (k) (xo )lk\ 
.89717 4302 
.01074 0669 
-.00113 7621 
.00012 1987 


(x—x 0 ) */ ( w (xo) / k ! 
.89717 4302 
.00056 6033 3 
-.00000 3159 5 
.00000 0017 9 


.89773 7194 


5. Inverse Interpolation 


With linear interpolation there is no difference 
in principle between direct and inverse interpola¬ 
tion. In cases where the linear formula provides 
an insufficiently accurate answer, two methods are 
available. We may interpolate directly, for 
example, by Lagrange’s formula to prepare a new 
table at a fine interval in the neighborhood of the 
approximate value, and then apply accurate 
inverse linear interpolation to the subtabulated 
values. Alternatively, we may use Aitken’s 
method or even possibly the Taylor’s series 
method, with the roles of function and argument 
interchanged. 

It is important to realize that the accuracy of 
an inverse interpolate may be very different from 
that of a direct interpolate. This is particularly 
true in regions where the function is slowly 
varying, for example, near a maximum or mini¬ 
mum. The maximum precision attainable in an 
inverse interpolate can be estimated with the aid of 
the formula 


in which A/ is the maximum possible error in the 
function values. 

Example. Given xe x Ei( a;) = .9, find x from the 
table on page X. 

(i) Inverse linear interpolation. The formula 
for p is 

In the present example, we have 


P~ 


_.9-.89927 7888 _ 72 2112 

-90029 7306-.89927 7888"~101 9418“' 7U8d57 


The desired x is therefore 


x=xo+p(x 1 -x 0 ) =8.1 + .708357(.l) =8.17083 57 


To estimate the possible error in this answer, 
we recall that the maximum error of direct linear 
interpolation in this table is A/=3X10~ 6 . An 
approximate value for df/dx is the ratio of the 
first difference to the argument interval (chapter 
25), in this case .010. Hence the maximum error 
in x is approximately 3X10 _6 /(.010), that is, .0003. 

(ii) Subtabulation method. To improve the 
approximate value of x just obtained, we inter¬ 
polate directly for p=. 70, .71 and .72 with the aid 
of Lagrange’s 5-point formula, 


X 

xe x E\{x) 

6 

6 2 

8 . 170 

. 89999 3683 

1 0151 


8 . 171 

. 90000 3834 

1 0149 

-2 

8 . 172 

. 90001 3983 




Inverse linear interpolation in the new table 
gives 


.9-.89999 3683 
.00001 0151 


= .6223 


Hence 3=8.17062 23. 


An estimate of the maximum error in this result 




(iii) Aitken’s method. This is carried out in the 
same manner as in direct interpolation. 
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n y n =xe x E l (x ) x„ x 0 ,„ *b.i.» Zo.i, 2 ,» Zo.i. 2 . 3 .» 

0 . 90029 7306 8. 2 

1 . 89927 7888 8. 1 8. 17083 5712 

2 . 90129 6033 8. 3 8. 17023 1505 8. 1706.1 9521 

3 . 89823 7113 8. 0 8. 17113 8043 2 5948 8. 17062 2244 

4 . 90227 4695 8. 4 8. 16992 9437 1 7335 415 8. 17062 2318 

5 . 89717 4302 7. 9 8. 17144 0382 2 8142 231 265 


The estimate of the maximum error in this 
result is the same as in the subtabulation method. 
An indication of the error is also provided by the 


y n — y 

. 00029 7306 
00072 2112 
. 00129 6033 
00176 2887 
. 00227 4695 
00282 5C98 

discrepancy in the highest interpolates, in this 
case Xo ,i ,2.3 a . and Xo ,1 .2.3.5. 


6. Bivariate Interpolation 


Bivariate interpolation is generally most simply 
performed as a sequence of univariate interpola¬ 
tions. We carry out the interpolation in one 
direction, by one of the methods already described, 
for several tabular values of the second argument 
in the neighborhood of its given value. The 
interpolates are differenced as a check, and 


interpolation is then carried out in the second 
direction. 

An alternative procedure in the case of functions 
of a complex variable is to use the Taylor’s series 
expansion, provided that successive derivatives 
of the function can be computed without much 
difficulty. 


7. Generation of Functions from Recurrence Relations 


Many of the special mathematical functions 
which depend on a parameter, called their index, 
order or degree, satisfy a linear difference equa¬ 
tion (or recurrence relation) with respect to this 
parameter. Examples are furnished by the Le¬ 
gendre function P n (x), the Bessel function J n (x) 
and the exponential integral E n (x), for which we 
have the respective recurrence relations 

(»+ l)P„+i- (2n+ l)xP„+nP„_ 1 -0 

Jn+1-—Jn+Jn-1 = 0 
X 

nE n +i-\-xE„=e~ a . 

Particularly for automatic work, recurrence re¬ 
lations provide an important and powerful com¬ 
puting tool. If the values of P„(x) or J n (x ) are 
known for two consecutive values of n, or E n (x ) 
is known for one value of n, then the function may 
be computed for other values of n by successive 
applications of the relation. Since generation is 
carried out perforce with rounded values, it is 
vital to know how errors may be propagated in 
the recurrence process. If the errors do not grow 
relative to the size of the wanted function, the 
process is said to be stable. If, however, the 
relative errors grow and will eventually over¬ 
whelm the wanted function, the process is unstable. 

It is important to realize that stability may 
depend on (i) the particular solution of the differ¬ 
ence equation being computed; (ii) the values of 
x or other parameters in the difference equation; 


(iii) the direction in which the recurrence is being 
applied. Examples are as follows. 

Stability—increasing n 
p„(x), p:(x) 

<?»(*), <?:(*) (*<D 

Yn(x), K n (x) 

J-n-x(x), 

E n (x) (n<x) 

Stability—decreasing n 
Pn(x), Pr(x) (*<1) 

Qn(x), Q:(x) 

Jn(x), 7„(X) 

Jn+ii(x), In+\i(x) 

E n (x) (n>x) 

Fn(v, p) (Coulomb wave function) 

Illustrations of the generation of functions from 
their recurrence relations are given in the pertinent 
chapters. It is also shown that even in cases 
where the recurrence process is unstable, it may 
still be used when the starting values are known 
to sufficient accuracy. 

Mention must also be made here of a refinement, 
due to J. C. P. Miller, which enables a recurrence 
process which is stable for decreasing n to be 
applied without any knowledge of starting values 
for large n. Miller’s algorithm, which is well- 
suited to automatic work, is described in 19.28, 
Example 1. 
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1. Mathematical Constants 


David S. Liepman 1 
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Page 

Table 1.1. Mathematical Constants. 2 

■y/n, n prime <100, 20S. 2 

Some roots of 2, 3, 5, 10, 100, 1000, e, 20S. 2 

e ±n , n= 1(1)10, 25S. 2 

e ±n *, n=l(l)10, 20S. 2 

e ±e , e ±T , 20S. 2 

In n, logio n, t&= 2(1)10, primes < 100 , 26, 25S. 2 

In 7 r, lnV2Tj logio 7 r, logio e, 25S. 3 

n In 10, w=l(l)9, 25S. 3 

titt, n=l(l)9, 25S. 3 

7r ±w , 71=1(1)10, 25S. 3 

Fractions of ir, powers and roots involving tt, 25S. 3 

1 radian in degrees, 26S. 3 

1 °, 1 ', 1 " in radians, 24D. 3 

7, In 7, 24D. 3 

r(*), 1/T(h), 15D. 3 

r( ; r),i/r(x),lnr(a ; ), a; =-4,if,f,i,t > t^, W . 3 


1 National Bureau of Standards. 
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2 MATHEMATICAL CONSTANTS 

TABLE 1. 1. MATHEMATICAL CONSTANTS 


n (prime) Vn 


2 

1. 4142 

13562 

37309 

50488 


10 1 / 2 

3. 1622 

77660 

16837 

93320 


3 

1. 7320 

50807 

56887 

72935 


10i/3 

2. 1544 

34690 

03188 

37219 


5 

2. 2360 

67977 

49978 

96964 


10"* 

1. 7782 

79410 

03892 

28012 


7 

2. 6457 

51311 

06459 

05905 


10i/5 

1. 5848 

93192 

46111 

34853 


11 

3. 3166 

24790 

35539 

98491 


100 1 / 3 

4. 6415 

88833 

61277 

88924 

* 

13 

3. 6055 

51275 

46398 

92931 


1001/5 

2. 5118 

86431 

50958 

01112 


17 

4. 1231 

05625 

61766 

05498 


1000"* 

5. 6234 

13251 

90349 

08040 


19 

4. 3588 

98943 

54067 

35522 


1000"s 

3. 9810 

71705 

53497 

25077 

* 

23 

4. 7958 

31523 

31271 

95416 


21/3 

1. 2599 

21049 

89487 

31648 


29 

5. 3851 

64807 

13450 

40313 


31/3 

1. 4422 

49570 

30740 

83823 


31 

5. 5677 

64362 

83002 

19221 


21/4 

1. 1892 

07115 

00272 

10667 


37 

6. 0827 

62530 

29821 

96890 


31/4 

1. 3160 

74012 

95249 

24608 

* 

41 

6. 4031 

24237 

43284 

86865 


2-1/3 (_ !) 

7. 0710 

67811 

86547 

52440 


43 

6. 5574 

38524 

30200 

06523 


3-1/2 (_ d 

5. 7735 

02691 

89625 

76451 


47 

6. 8556 

54600 

40104 

41249 


5-1/2 (__ D 

4. 4721 

35954 

99957 

93928 


53 

7. 2801 

09889 

28051 

82711 






59 

7. 6811 

45747 

86860 

81758 








61 

7. 8102 

49675 

90665 

43941 


e */2 

4. 8104 

77380 

96535 

16555 


67 

8. 1853 

52771 

87244 

99700 


6 t /4 

2. 1932 

80050 

73801 

54566 


71 

8. 4261 

49773 

17635 

86306 


e-'/ 2 (- 1) 

2. 0787 

95763 

50761 

90855 


73 

8. 5440 

03745 

31753 

11679 


e-r/i (_ i) 

4. 5593 

81277 

65996 

23677 


79 

8. 8881 

94417 

31558 

88501 


e ll2 

1. 6487 

21270 

70012 

81468 


83 

9. 1104 

33579 

14429 

88819 


e -'» (- 1) 

6. 0653 

06597 

12633 

42360 


89 

9. 4339 

81132 

05660 

38113 


e l/3 

1. 3956 

12425 

08608 

95286 


97 

9. 8488 

57801 

79610 

47217 


e (- 1) 

7. 1653 

13105 

73789 

25043 


n 

1 

2. 7182 

81828 

e n 

45904 

52353 

60287 

n 

1 (- 1) 

3. 6787 

e~ 

94411 

71442 

32159 

55238 

2 

7. 3890 

56098 

93065 

02272 

30427 

2 (- 1) 

1. 3533 

52832 

36612 

69189 

39995 

3 

( 1) 2.0085 

53692 

31876 

67740 

92853 

3 (- 2) 

4. 9787 

06836 

78639 

42979 

34242 

4 

( 1) 5.4598 

15003 

31442 

39078 

11026 

4 (- 2) 

1. 8315 

63888 

87341 

80293 

71802 

5 

( 2) 1. 4841 

31591 

02576 

60342 

11156 

5 (- 3) 

6. 7379 

46999 

08546 

70966 

36048 

6 

( 2) 4.0342 

87934 

92735 

12260 

83872 

6 (- 3) 

2. 4787 

52176 

66635 

84230 

45167 

7 

( 3) 1.0966 

33158 

42845 

85992 

63720 

7 (- 4) 

9. 1188 

19655 

54516 

20800 

31361 

8 

( 3) 2.9809 

57987 

04172 

82747 

43592 

8 (- 4) 

3. 3546 

26279 

02511 

83882 

13891 

9 

( 3) 8. 1030 

83927 

57538 

40077 

09997 

9 (- 4) 

1. 2340 

98040 

86679 

54949 

76367 

10 

( 4) 2.2026 

46579 

48067 

16516 

95790 

10 <- 5) 

4. 5399 

92976 

24848 

51535 

59152 

n 



e nr 



n 


e~ 

nr 



1 

( 1) 2.3140 

69263 

27792 

69006 


1 (- 2) 

4. 3213 

91826 

37722 

49774 


2 

( 2) 5.3549 

16555 

24704 

73650 


2 (- 3) 

1. 8674 

42731 

70798 

88144 


3 

( 4) 1.2391 

64780 

79166 

97482 


3 (- 5) 

8. 0699 

51757 

03045 

99239 


4 

( 5) 2.8675 

13131 

36653 

29975 


4 (- 6) 

3. 4873 

42356 

20899 

54918 


5 

( 6) 6.6356 

23999 

34113 

42333 


5 (- 7) 

1. 5070 

17275 

39006 

46107 


6 

( 8) 1. 5355 

29353 

95446 

69392 


6 (- 9) 

6. 5124 

12136 

07990 

07282 


7 

( 9) 3. 5533 

21280 

84704 

43597 


7 (-10) 

2. 8142 

68457 

48555 

27211 


8 

(10) 8.2226 

31558 

55949 

95275 


8 (-11) 

1. 2161 

55670 

94093 

08397 


9 

(12) 1. 9027 

73895 

29216 

12917 


9 (-13) 

5. 2554 

85176 

00644 

85552 


10 

(13) 4.4031 

50586 

06320 

29011 


10 (-14) 

2. 2711 

01068 

32409 

38387 


e • 

( 1) 1.5154 

26224 

14792 

64190 


(- 2) 

6. 5988 

03584 

53125 

37077 


e 1 ' 

1. 7810 

72417 

99019 

79852 


«" T (- 1) 

5. 6145 

94835 

66885 

16982 


n 



In n 



n 


logio n 



2 

0. 6931 

47180 

55994 

53094 

172321 

2 (-1) 

3. 0102 

99956 

63981 

19521 

37389 

3 

1. 0986 

12288 

66810 

96913 

952452 

3 (-1) 

4. 7712 

12547 

19662 

43729 

50279 

4 

1. 3862 

94361 

11989 

06188 

344642 

4 (-1) 

6. 0205 

99913 

27962 

39042 

74778 

5 

1. 6094 

37912 

43410 

03746 

007593 

5 (-1) 

6. 9897 

00043 

36018 

80478 

62611 

6 

1. 7917 

59469 

22805 

50008 

124774 

6 (-1) 

7. 7815 

12503 

83643 

63250 

87668 

7 

1. 9459 

10149 

05531 

33051 

053527 

7 (-1) 

8. 4509 

80400 

14256 

83071 

22163 

8 

2. 0794 

41541 

67983 

59282 

516964 

8 (-1) 

9. 0308 

99869 

91943 

58564 

12167 

9 

2. 1972 

24577 

33621 

93827 

904905 

9 (-1) 

9. 5424 

25094 

39324 

87459 

00558 

10 

2. 3025 

85092 

99404 

56840 

179915 

10 

1. 0000 

00000 

00000 

00000 

00000 

11 

2. 3978 

95272 

79837 

05440 

619436 

11 

1. 0413 

92685 

15822 

50407 

50200 

13 

2. 5649 

49357 

46153 

67360 

534874 

13 

1. 1139 

43352 

30683 

67692 

06505 

17 

2. 8332 

13344 

05621 

60802 

495346 

17 

1. 2304 

48921 

37827 

39285 

40170 

19 

2. 9444 

38979 

16644 

04600 

090274 

19 

1. 2787 

53600 

95282 

89615 

36333 

23 

3. 1354 

94215 

92914 

96908 

067528 

23 

1. 3617 

27836 

01759 

28788 

67777 

29 

3. 3672 

95829 

98647 

40271 

832720 

29 

1. 4623 

97997 

89895 

60873 

32847 

31 

3. 4339 

87204 

48514 

62459 

291643 

31 

1. 4913 

61693 

83427 

26796 

66704 

37 

3. 6109 

17912 

64422 

44443 

680957 

37 

1. 5682 

01724 

06699 

49968 

08451 

41 

3. 7135 

72066 

70430 

78038 

667634 

41 

1. 6127 

83856 

71973 

54945 

09412 

43 

3. 7612 

00115 

69356 

24234 

728425 

43 

1. 6334 

68455 

57958 

65264 

05088 


’See page xi. 
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TABLE 1.1. MATHEMATICAL CONSTANTS'—Continued 


n 




In n 



n 


logio n 



47 


3. 8501 

47601 

71005 

85868 

209507 

47 

1. 6720 

97857 

93571 

74644 

14219 

53 


3. 9702 

91913 

55212 

18341 

444691 

53 

1. 7242 

75869 

60078 

90456 

32992 

59 


4. 0775 

37443 

90571 

94506 

160504 

59 

1. 7708 

52011 

64214 

41902 

60656 

61 


4. 1108 

73864 

17331 

12487 

513891 

61 

1. 7853 

29835 

01076 

70338 

85749 

67 


4. 2046 

92619 

39096 

60596 

700720 

67 

1. 8260 

74802 

70082 

64341 

49132 

71 


4. 2626 

79877 

04131 

54213 

294545 

71 

1. 8512 

58348 

71907 

52860 

92829 

73 


4. 2904 

59441 

14839 

11290 

921089 

73 

1. 8633 

22860 

12045 

59010 

74387 

79 


4. 3694 

47852 

46702 

14941 

729455 

79 

1. 8976 

27091 

29044 

14279 

94821 

83 


4. 4188 

40607 

79659 

79234 

754722 

83 

1. 9190 

78092 

37607 

39038 

32760 

89 


4. 4886 

36369 

73213 

98383 

178155 

89 

1. 9493 

90006 

64491 

27847 

23543 

97 


4. 5747 

10978 

50338 

28221 

167216 

97 

1. 9867 

71734 

f-624 

48517 

84362 

lnir 


1. 1447 

29885 

84940 

01741 

43427 

lOgloX 

(-1) 4. 9714 

98726 

94133 

85435 

12683 

W^r ( 

-1) 

9. 1893 

85332 

04672 

74178 

03296 

logioe 

(-1) 4.3429 

44819 

03251 

82765 

11289 

n 




n In 10 



n 



nir 



1 


2. 3025 

85092 

99404 

56840 

17991 

1 

3. 1415 

92653 

58979 

32384 

62643 

2 


4. 6051 

70185 

98809 

13680 

35983 

2 

6. 2831 

85307 

17958 

64769 

25287 

3 


6. 9077 

55278 

98213 

70520 

53974 

3 

9. 4247 

77960 

76937 

97153 

87930 

4 


9. 2103 

40371 

97618 

27360 

71966 

4 

( 1) 1. 2566 

37061 

43591 

72953 

85057 

5 ( 

1) 

1. 1512 

92546 

49702 

28420 

08996 

5 

( 1) 1. 5707 

96326 

79489 

66192 

31322 

6 ( 

1) 

1. 3815 

51055 

79642 

74104 

10795 

6 

( 1) 1.8849 

55592 

15387 

59430 

77586 

7 ( 

1) 

1. 6118 

09565 

09583 

19788 

12594 

7 

( 1) 2. 1991 

14857 

51285 

52669 

23850 

8 ( 

; i) 

1. 8420 

68074 

39523 

65472 

14393 

8 

( 1) 2. 5132 

74122 

87183 

45907 

70115 

9 ( 

i) 

2. 0723 

26583 

69464 

11156 

16192 

9 

( 1) 2. 8274 

33388 

23081 

39146 

16379 

n 

1 


3. 1415 

92653 

tt” 

58979 

32384 

62643 

n 

1 

:-l) 3. 1830 

IT 

98861 

83790 

67153 

77675 

2 


9. 8696 

04401 

08935 

86188 

34491 

2 

;-l) 1. 0132 

11836 

42337 

77144 

38795 

3 

; 1) 3. 1006 

27668 

02998 

20175 

47632 

3 

;-2) 3.2251 

53443 

31994 

89184 

42205 

4 

' 1) 9.7409 

09103 

40024 

37236 

44033 

4 

;-2) 1.0265 

98225 

46843 

35189 

15278 

5 

: 2) 

3. 0601 

96847 

85281 

45326 

27413 

5 

;-3) 3.2677 

63643 

05338 

54726 

28250 

6 

: 2) 

9. 6138 

91935 

75304 

43703 

02194 

6 

;-3) 1.0401 

61473 

29585 

22960 

89838 

7 

; 3) 3.0202 

93227 

77679 

20675 

14206 

7 

{ —4) 3. 3109 

36801 

77566 

76432 

59528 

8 

: 3) 9.4885 

31016 

07057 

40071 

28576 

8 

(—4) 1.0539 

03916 

53493 

66633 

17287 

9 

: 4) 

2. 9809 

09933 

34462 

11666 

50940 

9 

(-5) 3. 3546 

80357 

20886 

91287 

39854 

10 

: 4) 

9. 3648 

04747 

60830 

20973 

71669 

10 

(-5) 1.0678 

27922 

68615 

33662 

04078 

W2 


1. 5707 

96326 

79489 

66192 

31322 

371-/2 

4. 7123 

88980 

38468 

98576 

93965 

*/3 


1. 0471 

97551 

19659 

77461 

54214 

4tt/3 

4. 1887 

90204 

78639 

09846 

16858 

x/4 i 

(-D 

7. 8539 

81633 

97448 

30961 

56608 

tt(2)i/2 

4. 4428 

82938 

15836 

62470 

15881 

T l/2 

1. 7724 

53850 

90551 

60272 

98167 

TT- 1 ' 2 

(-1) 5.6418 

95835 

47756 

28694 

80795 



1. 4645 

91887 

56152 

32630 

20143 

,,.-1/3 

(-1) 6. 8278 

40632 

55295 

68146 

70208 

TflU 


1. 3313 

35363 

80038 

97127 

97535 

7T-1' 4 

(-1) 7. 5112 

55444 

64942 

48285 

87030 



2. 1450 

29397 

11102 

56000 

77444 

71-2/3 

(-1) 4,6619 

40770 

35411 

61438 

19885 



2. 3597 

30492 

41469 

68875 

78474 

jT-3/4 

(-1) 4. 2377 

72081 

23757 

59679 

10077 



5. 5683 

27996 

83170 

78452 

84818 


(-1) 1. 7958 

71221 

25166 

56168 

90820 

7T« 

< 1) 2. 2459 

15771 

83610 

45473 

42715 

ir~ e 

(-2) 4.4525 

26726 

69229 

06151 

35273 

(2t)i/2 


2. 5066 

28274 

63100 

05024 

15765 

(2tt)-i/2 

(-1) 3. 9894 

22804 

01432 

67793 

99461 

(tt/2) 1 ' 2 


1. 2533 

14137 

31550 

02512 

07883 

(2/tt)!/ 2 

(-1) 7.9788 

45608 

02865 

35587 

98921 

,r(2)-i/2 


2. 2214 

41469 

07918 

31235 

07940 

21/2/tt 

(-1) 4.5015 

81580 

78553 

03477 

75996 

lr 


57. 2957 

79513 

08232 

08767 

98155° 

1' 

0. 0002 

90888 

20866 

57215 

96154r 

1° 


0. 0174 

53292 

51994 

32957 

69237r 

1" 

0. 0000 

04848 

13681 

10953 

59936r 

y 


0. 5772 

15664 

90153 

28606 

06512 

In y 

-0. 5495 

39312 

98164 

48223 

37662 

r(i/ 2 ) 


1. 7724 

53850 

905516 



i/r(i/2) 

0. 5641 

89583 

547756 



r(i/3) 


2. 6789 

38534 

707748 



i/r(i/3) 

0. 3732 

82173 

907395 



r(2/3) 


1. 3541 

17939 

426400 



i/r(2/3) 

0. 7384 

88111 

621648 



r(i/4) 

r(3/4) 


3. 6256 

09908 

221908 



i/r(i/4) 

0. 2758 

15662 

830209 




1. 2254 

16702 

465178 



i/r(3/4) 

0. 8160 

48939 

098263 



r(4/3) 


0. 8929 

79511 

569249 



i/r(4/3) 

1. 1198 

46521 

722186 



r(5/3) 


0. 9027 

45292 

950934 



i/r(5/3) 

1. 1077 

32167 

432472 



r(5/4) 


0. 9064 

02477 

055477 



i/r(5/4) 

1. 1032 

62651 

320837 



r(7/4) 


0. 9190 

62526 

848883 



i/r(7/4) 

1. 0880 

65252 

131017 



In r(l/3) 


0. 9854 

20646 

927767 



In r(4/3) 

-0. 1131 

91641 

740343 



In T(2/3) 
In T(l/4) 


0. 3031 

50275 

147523 



In T(5/3) 

-0. 1023 

14832 

960640 




1. 2880 

22524 

698077 



in T(5/4) 

-0. 0982 

71836 

421813 



In T(3/4) 


0. 2032 

80951 

431296 



In T(7/4) 

-0. 0844 

01121 

020486 




♦See page n. 
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2. Physical Constants and Conversion Factors 


The tables in this chapter supply some of 
the more commonly needed physical con¬ 
stants and conversion factors. 

All scientific measurements in the fields of 
mechanics and heat are based upon four in¬ 
ternational arbitrarily adopted units, the 
magnitudes of which are fixed by four agreed 
on standards: 

Length-the meter —fixed by the vacuum 
wavelength of radiation corresponding to the 
transition 2P 10 — 5D : , of krypton 86 

(1 meter-1650763.73A). 

Mass—the kilogram - fixed by the interna¬ 
tional kilogram at Sevres, France. 

Time-the second-fixed as 1/31,556,925.9747 
of the tropical year 1900 at 12 ,( ephemeris 
time, or the duration of 9,192,631,770 cycles 
of the hyperfine transition frequency of cesi¬ 
um 133. 

Temperature —the degree —fixed on a ther¬ 
modynamic basis by taking the temperature 
for the triple point of natural water as 273.16 
°K. (The Celsius scale is obtained by adding 
— 273.15 to the Kelvin scale.) 

Other units are defined in terms of them by 
assigning the value unity to the proportion¬ 
ality constant in each defining equation. The 
entire system, including electricity units, is 
called the Systeme International d'Unites 
(SI). Taking the 1/100 part of the meter as 
the unit of length and the 1/1000 part of the 
kilogram as the unit of mass, similarly, gives 


rise to the CGS system, often used in physics 
and chemistry. 

Table 2.1. Common Units and Conversion 


Factors 


Quantity 

SI 

name 

CGS | 
name 1 

SI unit/ 
CGS unit 

Force, F 

newton 

dyne 

10 5 

Energy, W 

joule 

erg 

10 7 

Power, P 

watt 


10 7 


The SI unit of electric current is the ampere 
defined by the equation 2r OT /j/ 2 /47r=F giving 
the force in vacuo per unit length between 
two infinitely long parallel conductors of in¬ 
finitesimal cross-section. If F is in newtons, 
and T« has the numerical value 47j-xl0~ 7 , 
then /i and I> are in amperes. The custom¬ 
ary equations define the other electric and 
magnetic units of SI such as the volt, ohm, 
farad, henry, etc. The force between elec¬ 
tric charges in a vacuum in this system is 
given by Q\Q2l47rT e r‘ 2 = F, T e having the nu¬ 
merical value 10 7 / 47 rc 2 where c is the speed 
of light in meters per second (IV = 8.854 
x 10- 12 ). 

The CGS unrationalized system is obtained 
by deleting 4tt in the denominators in these 
equations and expressing F in dynes, and r 
in centimeters. Setting r,» equal to unity de¬ 
fines the CGS unrationalized electromagnetic 
system (emu), T e then taking the numerical 
value of 1/c 2 . Setting T e equal to unity de¬ 
fines the CGS unrationalized electrostatic 
system (esu), I\n then taking the numerical 
value of 1/c 2 . 


Table 2.2. Names and Conversion Factors for Electric and Magnetic Units 


Quantity 

SI 

name 

emu 

name 

esu 

name 

SI unit/ 
emu unit 

SI unit/ 
esu unit 

Current 

ampere 

abampere 

statampere 

10“' 

~3X10® 

Charge 

coulomb 

abcoulomb 

statcoulomb 

10-' 

~3X10« 

Potential 

volt 

abvolt 

statvolt 

10® 

Ml/3) X 10~ 2 

Resistance 

ohm 

abohm 

statohm 

10® 

~(l/9) X10-“ 

Inductance 

henry 

centimeter 


10® 

-(1/9) X10-“ 

Capacitance 

farad 


centimeter 

10-® 

MX 10“ 

Magnetizing force 

amp. turns/ 
meter 

oersted 


47TX10- 3 * 

~3X10®* 

Magnetomotive force 

amp. turns 

gilbert 


4irX10->* 

M/10 6 * 

Magnetic flux 

weber 

maxwell 


10 8 

Ml/3) X 10" 2 

Magnetic flux density 

Electric displacement 

tesla 

... 

gauss 

1 

-; 

10® 

10-5+ 

Ml/3) X 10~® 
~3X10 5 * 


Example: If the value assigned to a current is 100 amperes its value in abamperes is 100X10 _, = 10. 
♦Divide this number by 4 tt if unrationalized system is involved; other numbers are unchanged. 
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3. Elementary Analytical Methods 


3.1. Binomial Theorem and Binomial Coeffi¬ 
cients; Arithmetic and Geometric Progres¬ 
sions; Arithmetic, Geometric, Harmonic and 
Generalized Means 

Binomial Theorem 

3.1.1 

(o+6)"=a”+^a"‘ 1 6+^ 

+(”) ffl - 3 6 ! + ... +4“ 

(n a positive integer) 
Binomial Coefficients (see chapter 24) 

3.1.2 

/ n\_ n n(n— 1) . . . (n—fc+1) n! 

* k\ ~(n-k)\k\ 

»■"> CHI)- 

. + CK> + (IH 
»■' '-CKD-■■■ ■k-'KIH 

Table of Binomial Coefficients ^ 


3.1.8 


\* 

"\ 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

— 

— 

— 

— 

— 

- ( 

— 

- 1 

- 1 

— 

— 

— 

— 

1_ 

2_ 

1 

2 

1 











3_ 

1 

3 

3 

1 










4_ 

1 

4 

6 

4 

1 




1 





5_ 

l! 

5 

10 

101 

5 

l! 



| 





6_ 

1 

6 

15 

20 

15 

6 

1 







7_ 

1 

7 

21 

35 

35 

21 

7 


! 





8- 

1 

8 

28 

56 

70 

56 

28 

8 

ll 



| 


9_ 

1 

9 

36 

84 

126 

126 

84 

36 

9 

1 




10---- 

1 

10 

45 

120 

210 

252 

210 

120 

45' 

10 

1 

l 


11_ 

l! 

11 

55 

165 

330 

462 

462 

330 

165 

55 

11 

l! 


12_ 

1 

12 

66 

220 

495 

792 

924 

792 

495 

220 


12 

1 


For a more extensive table see chapter 24. 


3.1.9 

Sum of Arithmetic Progression to n Terms 

• • • + (a4 - (fl'—l)d) 
==na+^n(n—l)d=^ (a+l), 

last term in series— l=a-^(n—l)d 

Sum of Geometric Progression to n Terms 

3.1.10 

s n =a+ar+ar 2 + . . . -f ar n-1 ==^~—— 

1—r 

lim a/(l—r) (—l<r<l) 

n ->°0 



i=-f-+-+ • • . +-^ (a*>0,Ar=l,2, . . .,n) 

H n \fli a 2 T aj v ^ ' ’ ’ * 1 

Generalized Mean 

/I n \i/l 

3.1.14 

3.1.15 Af(f)=0(t<0, some a k zero) 

3.1.16 limM(f)=max. (ai,a 2 ,.. .,a*)=max.a 

3.1.17 lim M(t)=min. (a^ch, ■ ■ .,a„)=min. a 

3.1.18 lim M(t) = G 

3.1.19 M(1)=A 

3.1.20 

3.2. Inequalities 

Relation Between Arithmetic, Geometric, Harmonic 
and Generalized Means 

3.2.1 

A> G>H, equality if and only if ai=a 2 — . . . =a n 

3.2.2 min. a<M(f)<max. a 


'See page n. 
10 
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3.2.3 min. a<6?<max. a 

equality holds if all a k are equal, or 
and an a k is zero 

3.2.4 M(f)<M(s) if f<s unless all a k are equal, 

or s<0 and an a k is zero. 

Triangle Inequalities 

3.2.5 joi[ — Jos| < |«i+02| < k| + M 

3.2.6 12®* I ^ XI a k \ 

U=i I ft =i 

Chebyshev’s Inequality 
If Pin 

bi>b 2 >b 3 > . . . >b n 

3.2.7 n X «A>(X (g 

Holder’s Inequality for Sums 

If ^+r 1,p>1 ’ 2>1 

n / n \l/p/ n \l/« 

3.2.8 XM*l<(Xkl p ) (Xkl‘) ; 

equality holds if and only if \b k \—c\a k \ v ~ l (c=con- 
stanf>0). If p=q =2 we get 

Cauchy’s Inequality 

3.2.9 

X O'kbk bl (equality for a k =cb k , 

l_*=i J *=i *=i 

c constant). 

Holder’s Inequality for Integrals 

Ifi+U, P >l, 2 >l 

3.2.10 

rb r r» -ii/?r f * 5 -|i/« 

J a \f(x)g(x) |dx<[J a | f{x)\ p dxj |J^ \«dxj 

equality holds if and only if \g(x)\=c\f(x)\ p ~ 1 
(c =constan t>0). 

If p— 5=2 we get 

Schwarz’s Inequality 

3.2.11 

[/V(*)ff(*)<to]’<£ UizMx£ lg(zWz 


Minkowski’s Inequality for Sums 

If jp>l and a k , 6*>0 for all k, 

3.2.12 


equality holds if and only if b k =ca k (c= con¬ 
stant)^) . 


Minkowski’s Inequality for Integrals 

If p>l, 

3.2.13 

a 6 \ 1/v / f * 9 \ 1/p 

( I M+g{*)\*dx) <(J a \j{x)\ p dxj 

a b \1 Ip 

\g{x)\ p dx) 

equality holds if and only if g(x)=cf(x) (c=con- 
stant>0). 

3.3. Rules for Differentiation and Integration 
Derivatives 


3.3.1 

— (cu)=c c constant 

3.3.2 

d ( . s du dv 

Tx (U+V)= di + Tx 

3.3.3 

d , . dv . du 

Tx (w,)=u Tz+ v di 

3.3.4 

d , , s vduldx—udv/dx 
& W4,)= ,» 

3.3.5 

d , . du du 
di u(v)= todi 

3.3.6 

d , „ /» du , , dzT 

dx ^ ^ —W \u dx^~ n W dx. 


Leibniz’s Theorem for Differentiation of an Integral 

3.3.7 


d r He) 

*L JMdx 

=£’ ^JMdx+J(b,c) f e 
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Leibniz’s Theorem for Differentiation of a Product 


d n . N d n u . /ri\d n ~ 1 udv . fn\ d n ~ 2 u d 2 v 
te» ( ” )= 57» dx +V2 ) I.to* 

. . (n\d n ~ r u d r v . . d n v 

' ”K r) dx n ~ T dx T ^~ ' ‘ * dx” 


d£ =l jdy 

dy dx 

d 2 x_ —d 2 y /dy\ 
dy 2 dx 2 \dx) 


00ii _ _o(^r\(^y\ 5 

w/JWy 

Integration by Parts 

3.3.12 J* udv=uv~ J* pd« 

3.B.13 J\ivdx=^ Jwdx^ J* ^Judx^ ^ dx 

Integrals of Rational Algebraic Functions 

(Integration constants are omitted) 


3.3.14 J*(< ax-\-b) n dx- 


(ax~\-b) n+1 


The following formulas are useful for evaluating 

J (o^+6x+c)» where is a P ol y nomial and 


7i>l is an integer. 


C dx 2 2 ax+b 

J (ax 2 + 6 x+c) ( 4 ac— 6 2 )* arC an ( 4 oc— 6 2 ) 4 

(6 2 —4ac<0) 

o, ]7 1 In l 2 ^+^-(^- 4 ^)* l 

(6 2 -4ac)* m |2ax+6+(6 2 -4uc)i| 
(ft 2 —4ac>0) 

3-3-18 -s&t <*’-<—«> 


dx 

ax 2 -\-bx-\-c 


3-3-15 JPP 




J dx 1 . |c-|-dx| . , 

(a+ 6x)(c+dx)~ad-6c An |^+6x| ; 

o o oi C dx 1 bx 

3-3-21 J?+P?- 3 , " tan T 

3-3-22 JaW=2^ ln ) aa + 6V l 

3.3.23 f _*1 Infeta 

J a 2 —b 2 x 2 2 ab \a—bx\ 

9 * nA f dx 1 , x . x 

3-3-24 J (* 2 +a 2 ) 2- 2a 3 arctan a + 2a\x‘+a 1 ) 

3 3 2S f * - I 1 lnl 0+x l 

3-3-25 J (z 2 -a 2 ) 2 ~2a 2 (x 2 -a 2 ) + 4a 3 ‘ n |c!-x| 


Integrals of Irrational Algebraic Functions 


r dx _ 2 

I [(a+6x) (c+dx)]‘' 2 “(-6d) 1/2 


“[ifwT ,M<0> 

<*>«■•<«» 


2 In |[6d(a+ 6x)] 1/2 + 6(c+dx) 1/2 | (6d>0) 


J(a+te)‘«(c+dx) _ [i(6c-a<i)J 1 ' 2arCtan [ < (t^] ^ k)<0) 


1 3 d(a+6x) 1/2 — [d(ad— be)} 1 ' 2 /J/ _, * 

= [d(ad—6c)] l/2 ln d(a+6x) 1/2 +[d(ad— 6c)] 1/2 6c)>0) 
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If z n =u n J riv n , then z n+1 ==u n+i -{-w n+1 where 


3.8. Algebraic Equations 


3.7.23 u n+l =xu n —yv n ; v n+l =xv n +yu n 

and Jz n are called harmonic polynomials. 


3.7.24 


3.7.25 


1_ _z x—iy 
z~\z\ 2 ~x 2 -\-y 2 


Roots 


3.7.26 z*=^z=rk ii8 ==r* cos §0+w4 sin \d 

If — 7r<^<7r this is the principal root. The 
other root has the opposite sign. The principal 
root is given by 

3.7.27 z\=[\(r-\-x)y±i[\{r—x)]*=u±iv where 
2 uv=y and where the ambiguous sign is taken to 
be the same as the sign of y. 


3.7.28 z i/« = r 1/n e ie/n , (principal root if — ir<0<7r). 
Other roots are r 1/n e ue+2Tk),n [k= 1,2,3, . . ., n— 1). 


Inequalities 

3.7.29 Ll — n|<|z,±z 2 |<M + |2 2 | 


Complex Functions, Cauchy-Riemann Equations 


f(z) —f(z-\~iy) =u(x,y)-\-iv(x,y) where u(x,y ), v{x, y) 
are real, is analytic at those points z=x+iy at 
which 


3.7.30 


If z=re ie , 

3.7.31 


du dv du___dv 
dx~dy’ dy~~ dx 

du_l dv 1 du__ dv 
dr r dd’ r dd dr 


Solution of Quadratic Equations 

3.8.1 Given az 2 -\-bz-\-c=D, 

"‘• 2 — Qa) ± ^ g> ’ 1=b ‘- iae ’ 

Zi+Z 2 =—bJa, ZiZ 2 =c/a 


If g>0, two real roots, 

2=0, two equal roots, 

2<0, pair of complex conjugate roots. 

Solution of Cubic Equations 

3.8.2 Given z 3 4'a 2 z 2 +aiZ+fflo==0, let 

q=\ o,-^ oi; r=i (aM-Sao)-— (fi¬ 
ll gf+r^O, one real root and a pair of complex 
conjugate roots, 

g 3 q-r 2 =0, all roots real and at least two are 
equal, 

2 3 +r 2 <0, all roots real (irreducible case). 


Let 

S i=[r+ (g^+r 2 )*]*, Sa=[r— (2 3 +r 2 )*]* 

then 

2i=(«i+s 2 )—^ 

1 . x a 2 »V3 f x 

22=—g (S1+S2)—-g-H— 2 ~ 

23= — \ («i+s 2 )—^ («i—#*). 

If z u z 2> 2 3 are the roots of the cubic equation 
2 i + 2 2 + 2 3 =— a 2 


Laplace’s Equation 


2j 2-2 -\~ZiZ 3 -\- 2 2 z 3 ai 


The functions u(x , y) and v(x, y) are called 
harmonic functions and satisfy Laplace’s equation: 


Z\Z 2 Z 3 — 

Solution of Quartic Equations 


3.7.32 


Cartesian Coordinates 

d 2 u d 2 u _d 2 v d a i?_ n 
dx 2 'dy 2 dx 2 ~^dy 2 ~ 


Polar Coordinates 


3.8.3 Given 2 4 +a 3 2 3 +a 2 2: 2 +a 3l z+a o =0, find the 
real root u x of the cubic equation 

u 3 —a 2 u 2 -f (a x a 3 —4 a 0 )u— (a 2 + a 0 a \ —4a 0 a 2 )=0 

and determine the four roots of the quartic as 
solutions of the two quadratic equations 


o 7 00 „ d / du\ d 2 u d ( dv\ d 2 v 

3 ' 7 - 33 r drV- d V + z¥ =r Zr\ r dr ) + ^ 0 


v 2 +\ 


[2 T ( 4 +“ 1_aj ) ] _c, °] -° 
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If all roots of the cubic equation are real, use 
the value of iq which gives real coefficients in the 
"quadratic equation and select signs so that if 

2 4 +a 3 2 3 -fa 2 2 2 +ai2+ao=(i3 2 +Pi2+gi)(2 2 +Pa2+g2), 

then 

Pi -f Pi— «3, P 1 P 2 + <fi+<?2 = «2, Pi 22 4- PiQl =®I 1 2i22=fi[o. 


Method of Iteration (Successive Substitution) 

3.9.4 The iteration scheme x* + i = F(x*) will 
converge to a zero of x—F{x) if 

(1) !i f1, (x)|<g<l for a<x<6, 

( 2 ) 


If z u z 2 , z 3 , 2 4 are the roots, 


Newton’s Method of Successive Approximations 


22,= —03, 22,2,2*=—a,, 


22,2,— a 2 , Z\2 2 Z 3 Z\ —tto. 


3.9. Successive Approximation Methods 
General Comments 

3.9.1 Let x—Xi be an approximation to x=£ 
where /(£)=0 and both x, and £ are in the interval 
a<x<b. We define 


X« + i = X n +C«/(x») (»= 1,2, . . .). 

Then, if /'(x)>0 and the constants c H are 
negative and bounded, the sequence x n converges 
monotonically to the root £. 

If c„=c=constant<0 and /'(x)>0, then the 
process converges but not necessarily monotoni¬ 
cally. 

Degree of Convergence of an Approximation Process 

3.9.2 Let Xi, x 2 , x 3 , . . . be an infinite sequence 
of approximations to a number £. Then, if 

|x n+1 -£t<>l|x n -£|*, (d=l,2, . . .) 

where A and k are independent of n, the sequence 
is said to have convergence of at most the Arth 
degree (or order or index) to £. If k— 1 and 
^4<1 the convergence is linear; if k= 2 the con¬ 
vergence is quadratic. 

Regula Falsi (False Position) 

3.9.3 Given y—f{x) to find £ such that /(£)=0, 
choose x 0 and x, such that /(x 0 ) and /(x,) have 
opposite signs and compute 

_(*1—*o) t f\Xo JqX\ 

Then continue with x 2 and either of x 0 or x, for 
which/(x 0 ) or/(x,) is of opposite sign to/(x 2 ). 

Regula falsi is equivalent to inverse linear inter¬ 
polation. 


3.9.5 

Newton’s Rule 

If x=x* is an approximation to the solution 
x=£ of /(x)=0 then the sequence 


£*+1 — %k 


- X -ML 


will converge quadratically to x=£: (if instead of 
the condition (2) above), 

(1) Monotonic convergence, /(x 0 )/"(x 0 )>0 
and /'(x), /"(x) do not change sign in the 
interval (xo, £), or 

(2) Oscillatory convergence, f(xo)f"(xo)<iO 
and /'(x), f"(x) do not change sign in the 
interval (x 0 , x,), x 0 <£<x,. 


Newton’s Method Applied to Real nth Roots 

3.9.6 Given x n =N , if x* is an approximation 
x—N Vn then the sequence 

will converge quadratically to x. 
Ifft=2,x* +1 =^^+x*^ 

If n=3, x* + i=- (j-j+2x*y 

Aitken’s 5 2 -Process for Acceleration of Sequences 

3.9.7 If x*, x* + i, x* +2 are three successive iterates 
in a sequence converging with an error which is 
approximately in geometric progression, then 

-_(x*-x* +1 ) 2 _x*x* +2 -xI +1 . 

* * A>x, “ A 2 *. ’ 

A 2 x*=x*—2x* +1 -f x* +2 

is an improved estimate of x. In fact, if x*=x+* 
0(X*) then x=x+C>(X k ), |X|<1. 


•See page n. 
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3.10. Theorems on Continued Fractions 
Definitions 


3.10.1 

(1) Let 


, <i\ 

&2+«3_ 

&3 + 

_7 I dj d 2 0>3 

0 61+ 6 2 + 63 + 


If the number of terms is finite, / is culled a 
terminating continued fraction. If the number 
of terms is infinite, / is called an infinite continued 
fraction and the terminating fraction 

, _ An _j ■ dj O2 Cln 

Jn ~Tr~ bo ^i^+ 6 2 + ‘ ‘ ‘ Vn 

is called the nth convergent of /. 

(2) If lim ^ exists, the infinite continued frac- 

-O71 

tion/ is said to be convergent. If a<=l and the 
b t are integers there is always convergence. 

Theorems 

(1) If a t and b t are positive then f 2n <if 2n+2 , 

/271-1 //271+1 • 


(2) If/„= : 


An 

B' 


A n —b n A n _ j 4- d n A n _ 2 
—^7t-S n _ j -f- a n B n _ 2 
where A^— 1, A=^o, -S- X =0, 5 0 =1. 

^7t-l ^71-2 

J5 n _, R n 


( 3 ) 


L^. \_B n -i -B n -2_ J&n- 


; §&r^. 
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(4) A n B n ^-An-xB n =(-\y-' n a k 

k =1 

(5) For every n>0, 

y 4 - C\C 2 d 2 C 2 C 2 d 2 C n ~\C n d n 

C262+ C363+ c n b n 

(6) 14-62+6263'f • • • +6263 . . . b n 

1 b 2 63 b n 


1— 6 2 —I - 1— 63-)— 1 — 
ui 


-b*+l 


—4.-4 -... 4~L=_L _ 

Ui u 2 U n Ui— UiA-U 2 — —U n -i-\-U n 

I—+(-i)»— 

d(j dqdi flg®l®2 d^didi . . . d n 


1 




OjX 


_ fln-1% 

a 0 4 - Oi—* 4 - d 2 — x+ ' ’ ’ -\-a n —x 



±n =0,\, 1, 2, 5. 


Numerical 

3.11. Use and Extension of the Tables 

Example 1. Compute a; 19 and x 47 for x=29 
using Table 3.1. 

2/* 9 ^£ 9 • X l9 

= (1.45071 4598-10 13 )(4.20707 2333-10 14 ) 
=6.10326 1248-10 27 

X 47 = (£24)2/2 

= (1.25184 9008-10 35 ) 2 /29 
=5.40388 2547-10 68 

Example 2. Compute x _3/4 for x=9.19826. 
(9.19826) 1/4 = (919.826/100) 1/4 = (919.826) 1/4 /10* 


Methods 

Linear interpolation in Table 3.1 gives 
(919.826) 1/4 « 5.507144. 

By Newton’s method for fourth roots with 
JV—919.826, 

i [( 5 S ? +3(5 - 5 ° 7144) ]“ 5 - 50714 3845 

Repetition yields the same result. Thus, 

x 174 =5.50714 3845/10*= 1.74151 1796, 

ar 3/4 =x*/x=.18933 05683. 

3.12. Computing Techniques 

Example 3. Solve the quadratic equation 
x 2 -18.2x-K056 given the coefficients as 18.2±.l, 


■See page n. 
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.056 ± .001. From 3.8.1 the solution is 
x= f (18.2 ±[(18.2) 2 —4(.056)}*) 

= 1(18.2 ±[33L016?) = K18.2± 18.1939) 

= 18.1969. .003 

The smaller root may be obtained more accurately 
from 

* .056/18.1969= .0031 ± .0001. 

Example 4. Compute (—3 + .0076i)b 
From 3.7.26, (— 3+.0076i) i ='it+ip where 

u ~2v r =(x 2 +y 2 Y* 

Thus 

r=[(-3) 2 +(.0076) 2 ]l= (9.00005776)^=3.00000 9627 
^[3.00000 9627-1-3) J =I 732()5 21% 

u -rrw^2mr mmmm 

We note that the principal square root has been 
computed. 


Example 5. Solve the cubic equation x z — 18.lx 
-34.8=0. 

To use Newton’s method we first form the 
table of /(x)=« 3 —18.1a-—34.8 

x f(x) 

4 -43.2 

5 - .3 

6 72.6 

7 181.5 


We obtain by linear inverse interpolation: 

^s+ W-V 5004 - 

Using Newton's method, f'(x) = 3x 2 — 18.1 we get 

Xi «*3Cb—/(as©)//' (x 0 ) 

~5 001 - ( -- 07215 " 36) -5 00526 
-5.004 57020048 5 - U052b - 


Repetition yields Xi = 5.00526 5097. Dividing 
f(x) by x—5.00526 5097 gives x 2 +5.00526 5097a: 
+6.95267 869 the zeros of which are —2.50263 2549 
±.83036 8001 


Example 6. Solve the quartic equation 
u: 4 -2.37752 4922^+6.07350 5741a: 2 

-11.17938 023x + 9.05265 5259=0. 

Resolution Into Quadratic Factors 

(x 2 + pa + qi) (x 2 + p 2 x + q 2 ) 

by Inverse Interpolation 


Starting with the trial value <?i = l we compute 
successively 


9i 

„ Oo 
= * 

Ol—O 391 

P2=a*—pi 

iy(qi)—qi+q2+piP2 

~a 2 


92 — 9l , 

1 

2 

2 . 2 

9. 053 

4. 526 

4. 115 

-1. 093 
- 2. 543 
-3. 106 

- 1. 284 
. 165 
. 729 

\ 5. 383 

! . 032 

-2.023 


We seek that value of q x for which y(qi)= 0. 
Inverse interpolation in y{q x ) gives y{q\)~0 for 
g 1 «2.003. Then, 


9i 

Qi 

Pi 

P 2 

l/(9i) 

2. 003 

4. 520 

-2. 550 

. 172 

. 011 


Inverse interpolation between q^—2.2 and q x — 
2.003 gives <71=2.0041, and thus, 


Qi 

Qi 


P 2 

l/(9i) 

2. 0041 

4. 51706 7640 

-2. 55259 257 

.17506 765 

. 00078 552 

2. 0042 

4. 51684 2260 

-2. 55282 851 

. 17530 358 

. 00001 655 

2. 0043 

4. 51661 6903 

- 2. 55306 447 

. 17553 955 

00075 263 


Inverse interpolation gives q x — 2.00420 2152, and we get finally, 


9i 

92 

Pi 

P 2 

l/(9i) 

2. 00420 2152 

4. 51683 7410 

-2. 55283 358 

. 17530 8659 

00000 0011 


'See page u. 
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Double Precision Multiplication and Division on a 
Desk Calculator 

Example 7. Multiply M= 20243 97459 71664 32102 
by m=69732 82428 43662 95023 on a 10X10X20 
desk calculating machine. 

Let M 0 =20243 97459, Af,=71664 32102, m 0 = 
69732 82428, 7^=43662 95023. Then Mm= 
M 0 m 0 10 20 + (M 0 rai+il/im 0 ) 10 10 +MiWi. 

(1) Multiply M x m x =31290 75681 96300 28346 
and record the digits 96300 28346 appearing in 
positions 1 to 10 of the product dial. 

(2) Transfer the digits 31290 75681 from posi¬ 
tions 11 to 20 of the product dial to positions 1 to 
10 of the product dial. 

(3) Multiply cumulatively M x m a -\-Mom x +31290 
75681 = 58812 67160 12663 25894 and record the 
digits 12663 25894 in positions 1 to 10. 

(4) Transfer the digits 58812 67160 from posi¬ 
tions 11 to 20 to positions 1 to 10. 

(5) Multiply cumulatively M 0 m 0 -\- 58812 67160 
= 14116 69523 40138 17612. The results as ob¬ 
tained are shown below, 

96300 28346 

12663 25894 

14116 69523 40138 17612 

14116 69523 40138 17612 12663 25894 963C0 28346 

If the product Mm is wanted to 20 digits, only 
the result obtained in step 5 need be recorded. 
Further, if the allowable error in the 20th place is 
a unit, the operation M x m x may be omitted. 
When either of the factors M or m contains less 
than 20 digits it is convenient to position the 
numbers as if they botli had 20 digits. This 
multiplication process may be extended to any 
higher accuracy desired. 

Example 8. Divide A7=14116 69523 40138 17612 
by d =20243 97459 71664 32102. 

Method (1 )—linear interpolation. 

N/ 20243 97459-10 10 =.69732 82430 90519 39054 
A720243 9746Q-1Q 10 = .69732 82427 46057 26941 
Difference=3 44462 12113. 

Difference X.71664 32102=24685 644028-10" 20 
(note this is an 11X10 multiplication). 

Quotient= 

(69732 82430 90519 39054-246856 44028)-10" 20 
= .69732 82428 43662 95026 

There is an error of 3 units in the 20th place due 
to neglect of the contribution from second differ¬ 
ences. 


Method (2)—If N and d are numbers each not 
more than 19 digits let N=N x -\-N 0 \0 9 , d—d x - f 
d 0 10 9 where N 0 and d 0 contain 10 digits and N x 
and d x not more than 9 digits. Then 

N jV 0 10 9 +A4 i r jv 0 <n 

d d 0 10 9 +<4 </ 0 10 9 L V d 0 J 

Here 


N= 14116 69523 40138 1761, 

<2=20243 97459 71664 3210 
IVo=14116 69523, <4=20243 97459, 

<4=71664 3210 


(1) AV4 = 10116 63378 42188 8830 (productdial). 

(2) (jV 0 <4)/<4=49973 55504 (quotient dial). 

(3) IV — (A4<4)M)= 14116 69522 90164 62106 
(product dial). 

(4) [A 7 — (A4<4)/<4]/(4l0 9 = .69732 82428=first 10 
digits of quotient in quotient dial. Remainder 
=r=08839 11654, in positions 1 to 10 of product 
dial. 

(5) r/(<4l0 9 ) = .43 662 9 502-10“ 10 =next 9 digits of 
quotient. N/d=. 69732 82428 43662 9502. This 
method may be modified to give the quotient of 
20 digit numbers. Method (1) may be extended 
to quotients of numbers containing more than 20 
digits by employing higher order interpolation. 

Example 9. Sum the series 5=1 — ?+£— £ 
+ ... to 5D using the Euler transform. 

The sum of the first 8 terms is .634524 to 6D. 
If u n =l/n we get 


n 

u„ 

A u n 

A 2 u n 

A z u n 

A*u n 

9 

. linn 

-mil 




10 

. 100000 

-9091 

2020 

-505 


11 

. 090909 

-7576 

1515 

-349 

156 

12 

. 083333 

-6410 

1166 



13 

. 076923 






From 3.6.27 we then obtain 


£=.634524+- 


111111 (-. 011111 ) .002020 
2 2 2 ' 2 3 

(-.000505) .000156 

2 4 + 2 6 


= .634524+.055556+.002778+ .000253 

+ .000032+.000005 


= .693148 


(£=ln 2 = .6931472 to 7D). 
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Evaluate the integral | dx 

JO X 


Example 10, 


to 4D using the Euler transform. 


r* (fc+l)ir g ^ n x 


dx 


sin t 


r^dx-± r 

Jo X ft=0 J* 

C* sin (far+Q f* JL 

Jo **+« " 6T ; Jo far+« 

Evaluating the integrals in the last sum by 
numerical integration we get 


dt. 


k 

V ^ a 

Jo kir-\-t 

0 

1. 85194 

1 

.43379 

2 

.25661 

3 

. 18260 A A 2 A 3 A 4 

4 

.14180 


-2587 

5 

.11593 799 


-1788 -321 

6 

.09805 478 153 


-1310 -168 

7 

. 08495 310 


-1000 

8 

. 07495 


The sum to k =3 is 1.49216. Applying the 
Euler transform to the remainder we obtain 

1 (.14180)-! (-.02587)+! (.00799) 

-! (-.00321)+! (.00153) 

= .07090+.00647+.00100+.00020 

+ .00005 

= .07862 

We obtain the value of the integral as 1.57078 as 
compared with 1.57080. 

Example 11. Sum the series Xj & -2 —it using 

fc=l o 

the Euler-Maclaurin summation formula. 

From 3.6.28 we have for n= a>, 


oo iu a> 

I]fc- 2 =2]Ar 2 +X) (^+10)- 2 

k=l k=\ k=l 

10 n ® 11 

+720^° '“••• 

where /(&) = (£+10) ~ 2 . Thus, 

£*-=1.64976 7731 + .1 

-.005+.00016 6667-.00000 0333 
= 1.64493 4065, 

7T^ 

as compared with =1.64493 4067. 

Example 12. Compute 


arctanx= 


x x 2 4x 2 9x 2 
1+3+5+7+ 


to 5D for x=,2. Here ai=x, a n =-{n— l) 2 x 2 for 
n>l, 6 0 —0, b n =2n-l, 1, J5- l =0, xl 0 = 0, 

B 0 ~ 1 • 

For n>l 


rA n 1 1 A n . 1 

A n -2 

L-bJ 1 J3 n _, 

B n - 2 

PHJ 0 

1 

UJ 1 1 

0 

r a 2 i 1.2 

0 

LB 2 J 1 1 

1 

p+i 6 

.2 

Lb 3 J 1 3.04 

1 

plfl 13.032 

.6 II 

IB,} |l5.36 3.04 II 


“2n—1 “I a 

#=0 

L(n-l) 2 x 2 J 



.2 


1 


.6 


3.04 


3.032 


15.36 


21.440 


108.6144 


4l = 9 
5, ■“ 


r=.197368 


#=.197396 

-D3 


#=.197396 

iJ 4 


Note that in carrying out the recurrence method 
for computing continued fractions the numerators 
A n and the denominators B n must be used as 
originally computed. The numerators and de¬ 
nominators obtained by reducing A n jB n to lower 
terms must not be used. 
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Table 3.1 POWERS ATSD ROOTS n* 


k 


1 

2 

See Examples 1 

-5 for use 


2 

n2= 4 

3 

9 

4 

16 

3 

4 

of the table. 



n3~ 8 

mf= 16 

27 

81 

64 

256 

5 




«f= 32 

243 

1024 

6 

7 

Floating decimal notation: 


64 

128 

729 

2187 

4096 

16384 

8 

9 

9 10 =34867 84401 


n°= 256 

n?= 512 

6561 

19683 

65536 

2 62144 

10 

24 

= (9)3.4867 84401 

n lU= 1024 

n 24^ 167 77216 

59049 

(11)2.8242 95365 

10 48576 
(14)2. 8147 49767 

1/2 



«l/2= 

1.4142 13562 

1.7320 50808 

2. 0000 00000 

1/3 



«l/3= 

1.2599 21050 

1.4422 49570 

1. 5874 01052 

1/4 




1.1892 07115 

1.3160 74013 

1.4142 13562 

1/5 



»l/5- 

1.1486 98355 

1.2457 30940 

1.3195 07911 

1 

5 


6 

7 

8 

9 

2 

25 


36 

49 

64 

81 

3 

125 


216 

343 

512 

729 

4 

625 


1296 

2401 

4096 

6561 

5 

3125 


7776 

16807 

32768 

59049 

6 

15625 


46656 

1 17649 

2 62144 

5 31441 

7 

78125 

2 

79936 

8 23543 

20 97152 

47 82969 

8 

3 90625 

16 

79616 

57 64801 

167 77216 

430 46721 

9 

19 53125 

100 

77696 

403 53607 

1342 17728 

3874 20489 

10 

97 65625 

604 

66176 

2824 75249 

( 9)1.0737 41824 

( 9)3.4867 84401 

24 

(16) 5. 9604 64478 

(18)4.7383 81338 

(20)1.9158 12314 

(21)4.7223 66483 

(22)7.9766 44308 

1/2 

2.2360 67977 

2.4494 

89743 

2.6457 51311 

2.8284 27125 

3. 0000 00000 

1/3 

1.7099 75947 

1.8171 

20593 

1.9129 31183 

2. 0000 00000 

2. 0800 83823 

1/4 

1.4953 48781 

1. 5650 

84580 

1.6265 76562 

1. 6817 92831 

1. 7320 50808 

1/5 

1.3797 29662 

1.4309 

69081 

1.4757 73162 

1.5157 16567 

1.5518 45574 

1 

10 


11 

12 

13 

14 

2 

100 


121 

144 

169 

196 

3 

1000 


1331 

1728 

2197 

2744 

4 

10000 


14641 

20736 

28561 

38416 

5 

1 00000 

1 

61051 

2 48832 

3 71293 

5 37824 

6 

10 00000 

17 

71561 

29 85984 

48 26809 

75 29536 

7 

100 00000 

194 

87171 

358 31808 

627 48517 

1054 13504 

8 

1000 00000 

2143 

58881 

4299 81696 

8157 30721 

( 9)1. 4757 89056 

9 

( 9)1.0000 00000 

( 9)2. 3579 

47691 

( 9)5.1597 80352 

(10)1.0604 49937 

(10)2.0661 04678 

10 

(10)1. 0000 ooooo 

(10)2.5937 42460 

(10)6.1917 36422 

(11)1.3785 84918 

(ll)2.8925 46550 

24 

(24)1.0000 00000 

(24)9. 8497 32676 

(25)7.9496 84720 

(26)5. 4280 07704 

(27)3.2141 99700 

1/2 

3.1622 77660 

3.3166 

24790 

3.4641 01615 

3.6055 51275 

3. 7416 57387 

1/3 

2.1544 34690 

2.2239 80091 

2.2894 28485 

2.3513 34688 

2.4101 42264 

1/4 

1.7782 79410 

1.8211 

60287 

1.8612 09718 

1. 8988 28922 

1. 9343 36420 

1/5 

1.5848 93192 

1.6153 

94266 

1. 6437 51830 

1.6702 77652 

1.6952 18203 

1 

15 


16 

17 

18 

19 

2 

225 


256 

289 

324 

361 

3 

3375 


4096 

4913 

5832 

6859 

4 

50625 


65536 

83521 

1 04976 

1 30321 

5 

7 59375 

10 48576 

14 19857 

18 89568 

24 76099 

6 

113 90625 

167 

77216 

241 37569 

340 12224 

470 45881 

7 

1708 59375 

2684 

35456 

4103 38673 

6122 20032 

8938 71739 

8 

( 9)2.5628 90625 

( 9)4.2949 

67296 

( 9)6.9757 57441 

(10)1. 1019 96058 

(10)1.6983 56304 

9 

(10)3. 8443 35938 

(10)6. 8719 

47674 

(11)1.1858 78765 

(11)1.9835 92904 

(11)3.2268 76978 

10 

(11)5.7665 03906 

(12)1. 0995 

11628 

(12)2.0159 93900 

(12)3.5704 67227 

(12)6.1310 66258 

24 

(28)1.6834 11220 

(28)7.9228 16251 

(29)3,3944 86713 

(30)1.3382 58845 

(30)4.8987 62931 

1/2 

3.8729 83346 

4.0000 

00000 

4.1231 05626 

4.2426 40687 

4.3588 98944 

1/3 

2.4662 12074 

2.5198 42100 

2.5712 81591 

2. 6207 41394 

2.6684 01649 

1/4 

1.9679 89671 

2. 0000 

00000 

2.0305 43185 

2.0597 67144 

2.0877 97630 

1/5 

1. 7187 71928 

1.7411 

01127 

1.7623 40348 

1.7826 02458 

1. 8019 83127 

1 

20 


21 

22 

23 

24 

2 

400 


441 

484 

529 

576 

3 

8000 


9261 

10648 

12167 

13824 

4 

1 60000 

1 

94481 

2 34256 

2 79841 

3 31776 

5 

32 00000 

40 

84101 

51 53632 

64 36343 

79 62624 

6 

640 00000 

857 

66121 

1133 79904 

1480 35889 

1911 02976 

7 

( 9)1.2800 00000 

( 9)1.8010 

88541 

( 9)2.4943 57888 

( 9)3. 4048 25447 

( 9)4. 5864 71424 

8 

(10)2.5600 00000 

(10)3. 7822 

85936 

(10)5.4875 87354 

(10)7.8310 98528 

(ll)l.l007 53142 

9 

(11) 5. 1200 00000 

(11)7. 9428 

00466 

(12)1.2072 69218 

(12)1. 8011 52661 

(12)2.6418 07540 

10 

(13)1.0240 00000 

(13)1. 6679 

88098 

(13)2.6559 92279 

(13)4.1426 51121 

(13)6.3403 38097 

24 

(31)1.6777 21600 

(31)5.4108 

19838 

(32)1.6525 10926 

(32)4. 8025 07640 

(33)1.3337 35777 

1/2 

4.4721 35955 

4.5825 75695 

4.6904 15760 

4.7958 31523 

4. 8989 79486 

1/3 

2. 7144 17617 

2. 7589 

24176 

2. 8020 39331 

2.8438 66980 

2.8844 99141 

1/4 

2. 1147 42527 

2.1406 95143 

2.1657 36771 

2.1899 38703 

2.2133 63839 

1/5 

1. 8205 64203 

1.8384 

16287 

1. 8556 00736 

1.8721 71231 

1. 8881 75023 
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POWERS AND ROOTS n * Table 3.1 


1 


25 


26 


27 


28 



29 

2 


625 


676 


729 


784 



841 

3 


15625 


17576 


19683 


21952 



24389 

4 

3 

90625 

4 

56976 

5 

31441 

6 

14656 


7 

07281 

5 

97 

65625 

118 

81376 

143 

48907 

172 

10368 


205 

11149 

6 

2441 

40625 

3089 

15776 

3874 

20489 

4818 

90304 


5948 

23321 

7 

( 9)6.1035 

15625 ( 

9)8.0318 

10176 ( 

10)1.0460 

35320 

(10) 1. 3492 

92851 ( 

10) 

1. 7249 

87631 

8 

(11 1. 5258 

78906 

ll)2. 0882 

70646 

11 2. 8242 

95365 

11 3.7780 

19983 ( 

111 

5. 0024 

64130 

9 

(12)3. 8146 

97266 

12)5. 4295 

03679 ( 

12 7. 6255 

97485 

(13 1. 0578 

45595 ( 

13 

1. 4507 

14598 

10 

(13)9. 5367 

43164 ( 

14) 1.4116 

70957 ( 

14)2.0589 

11321 

(14)2.9619 

67667 ( 

14) 

4. 2070 

72333 

24 

(33) 3. 5527 

13679 ( 

33)9. 1066 

85770 ( 

34)2.2528 

39954 

(34) 5. 3925 

32264 ( 

[35)1.2518 

49008 

1/2 

5.0000 

00000 

5. 0990 

19514 

5.1961 

52423 

5.2915 

02622 


5. 3851 

64807 

1/3 

2.9240 

17738 

2.9624 

96068 

3. 0000 

00000 

3. 0365 

88972 


3. 0723 

16826 

1/4 

2.2360 

67977 

2.2581 

00864 

2. 2795 

07057 

2. 3003 

26634 


2. 3205 

95787 

1/5 

1. 9036 

53939 

1.9186 

45192 

1.9331 

82045 

1.9472 

94361 


1.9610 

09057 

1 


30 


31 


32 


33 



34 

2 


900 


961 


1024 


1089 



1156 

3 


27000 


29791 


32768 


35937 



39304 

4 

8 

10000 

9 

23521 

10 

48576 

11 

85921 


13 

36336 

5 

243 

00000 

286 

29151 

335 

54432 

391 

35393 


454 

35424 

6 

7290 

00000 

8875 

03681 ( 

’ 9)1. 0737 

41824 

( 9)1.2914" 

67969 

[ 9)1. 5448 

04416 

7 

(10)2.1870 

00000 ( 

'10) 2.7512 

61411 ( 

10) 3. 4359 

73837 

(10) 4. 2618 

44298 

[10) 

5.2523 

35014 

8 

11)6.5610 

00000 ( 

ll)8. 5289 

10374 ( 

12)l. 0995 

11628 

(l2)l. 4064 

08618 

; 12) 

11. 7857 

93905 

9 

(13) 1.9683 

00000 

13) 2. 6439 

62216 ( 

13 3.5184 

37209 

13)4. 6411 

48440 

13) 

6.0716 

99277 

10 

(14)5.9049 

00000 1 

! 14) 8.1962 

82870 ( 

[l5)l. 1258 

99907 

(15)1.5315 

7B985 

[ 15) 

2. 0643 

77754 

24 

(35)2. 8242 

95365 | 

[ 35) 6. 2041 

26610 I 

[ 36) 1. 3292 

27996 

(36) 2. 7818 

55434 < 

[36)5. 6950 

03680 

1/2 

5.4772 

25575 

5. 5677 

64363 

5. 6568 

54249 

5. 7445 

62647 


5. 8309 

51895 

1/3 

3.1072 

32506 

3.1413 

80652 

3;1748 

02104 

3. 2075 

34330 


3. 2396 

11801 

1/4 

2.3403' 

47319 

2. 3596 

11062 

2. 3784 

14230 

2. 3967 

81727 


2. 4147 

36403 

1/5 

1.9743 

50486 

1.9873 

40755 

2.0000 

00000 

2.0123 

46617 


2. 0243 

97459 

1 


35 


36 


37 


38 



39 

2 


1225 


1296 


1369 


1444 



1521 

3 


42875 


46656 


50653 


54872 



59319 

4 

15 

00625 

16 

79616 

18 

74161 

20 

85136 


23 

13441 

5 

525 

21875 

604 

66176 

693 

43957 

792 

35168 


902 

24199 

6 

( 9)1.8382 

65625 

[ 9)2.1767 

82336 

[ 9)2.5657 

26409 

( 9)3.0109 

36384 

; 9) 

13.5187 

43761 

7 

10) 6.4339 

29688 

10) 7. 8364 

16410 

10)9. 4931 

87713 

11 1.1441 

55826 

n 

11. 3723 

10067 

8 

12)2.2518 

75391 

12)2.8211 

09907 

12) 3.5124 

79454 

12)4. 3477 

92138 

12) 

15. 3520 

09260 

9 

13)7. 8815 

63867 

14)1.0155 

99567 

14 1.2996 

17398 

(14) 1.6521 

61013 

14 

12. 0872 

83612 

10 

(15)2.7585 

47354 

[15)3. 6561 

58440 

[15)4. 8085 

84372 

(l5)6. 2782 

11848 

15 

18. 1404 

06085 

24 

(37)1.1419 

13124 | 

[37)2. 2452 

25771 ( 

[37)4.3335 

25711 

(37)8.2187 

60383 1 

[ 38) 1. 5330 

29700 

1/2 

5.9160 

79783 

6. 0000 

00000 

6. 0827 

62530 

6.1644 

14003 


6. 2449 

97998 

1/3 

3.2710 

66310 

3.3019 

27249 

3. 3322 

21852 

3.3619 

75407 


3. 3912 

11443 

1/4 

2. 4322 

99279 

2. 4494 

89743 

2. 4663 

25715 

2. 4828 

23796 


2. 4989 

99399 

1/5 

2. 0361 

68005 

2. 0476 

72511 

2. 0589 

24137 

2. 0699 

35054 


2.0807 

16549 

1 


40 


41 


42 


43 



44 

2 


1600 


1681 


1764 


1849 



1936 

3 


64000 


68921 


74088 


79507 



85184 

4 

25 

60000 

28 

25761 

31 

11696 

34 

18801 


37 

48096 

5 

1024 

00000 

1158 

56201 

1306 

91232 

1470 

08443 


1649 

16224 

6 

( 9)4.0960 

00000 

f 9)4.7501 

04241 

9) 5. 4890 

31744 

( 9)6.3213 

63049 

( 9 

17. 2563 

13856 

7 

11 1.6384 

00000 

11)1. 9475 

42739 

11)2. 3053 

93332 

(ll) 2. 7181 

86111 

11 

13.1927 

78097 

8 

12) 6. 5536 

00000 

12)7.9849 

25229 

12)9. 6826 

51996 

(l3 1.1688 

20028 

13 

11. 4048 

22363 

9 

(14) 2. 6214 

40000 

(14 3.2738 

19344 

14)4.0667 

13838 

(l4)5. 0259 

26119 

14 

16.1812 

18395 

10 

(16) 1. 0485 

76000 

(16)1.3422 

65931 

16)1. 7080 

19812 

(16)2.1611 

48231 

(16 

12.7197 

36094 

24 

(38)2.8147 

49767 | 

(38)5. 0911 

10945 < 

[38)9. 0778 

49315 

(39) 1. 5967 

72093 1 

(39)2.7724 

53276 

1/2 

6. 3245 

55320 

6.4031 

24237 

6. 4807 

40698 

6. 5574 

38524 


6. 6332 

49581 

1/3 

3.4199 

51893 

3.4482 

17240 

3. 4760 

26645 

3. 5033 

98060 


3. 5303 

48335 

1/4 

2.5148 

66859 

2. 5304 

39534 

2.5457 

29895 

2.5607 

49602 


2. 5755 

09577 

1/5 

2. 0912 

79105 

2.1016 

32478 

2.1117 

85765 

2.1217 

47461 


2.1315 

25513 

1 


45 


46 


47 


48 



49 

2 


2025 


2116 


2209 


2304 



2401 

3 


91125 


97336 

1 

03823 

1 

10592 


1 

17649 

4 

41 

00625 

44 

77456 

48 

79681 

53 

08416 


57 

64801 

5 

1845 

28125 

2059 

62976 

2293 

45007 

2548 

03968 


2824 

75249 

6 

( 9)8. 3037 

65625 

( 9)9.4742 

96896 

(10)1.0779 

21533 

(10)1.2230 

59046 

(10) 

11. 3841 

28720 

7 

(11)3. 7366 

94531 

11 4. 3581 

76572 

11)5. 0662 

31205 

(11 5.8706 

83423 

11 

1 6. 7822 

30728 

8 

(13)1. 6815 

12539 

13)2.0047 

61223 

13 2. 3811 

28666 

(13)2.8179 

28043 

(13; 

I 3. 3232 

93057 

9 

(14 7.5668 

06426 

14 9. 2219 

01627 

15) 1.1191 

30473 

(15 1. 3526 

05461 

(15 

11. 6284 

13598 

10 

(16)3. 4050 

62892 

(16) 4.2420 

74748 

( 16) 5. 2599 

13224 

(16) 6. 4925 

06211 

(16! 

) 7. 9792 

26630 

24 

(39)4. 7544 

50505 

(39)8. 0572 

70802 

(40)1.3500 

46075 

(40)2.2376 

37322 

(40)3. 6703 

36822 

1/2 

6. 7082 

03932 

6. 7823 

29983 

6. 8556 

54600 

6. 9282 

03230 


7. 0000 

00000 

1/3 

3. 5568 

93304 

3. 5830 

47871 

3. 6088 

26080 

3. 6342 

41186 


3. 6593 

05710 

1/4 

2. 5900 

20064 

2. 6042 

90687 

2.6183 

30499 

2.6321 

48026 


2. 6457 

51311 

1/5 

2.1411 

27368 

2. 1505 

60013 

2.1598 

30012 

2.1689 

43542 


2.1779 

06425 



i[(- 

4)3] 

„i[(- 

-4)1] 

1 

» 4 | 

'(-5)9] 

¥ 

5)71 




L 
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The numbers in square brackets at the bottom of the page mean that the maximum 
error in a linear interpolate is a X 10-* (p in parentheses), and that to Interpolate to 
the full tabular accuracy m points must be used in Lagrange's and Aitkens methods for 
the respective functions n 1 /'. * 


■See page n. 
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ELEMENTARY ANALYTICAL METHODS 


Table 3.1 


POWERS AND ROOTS n * 


k 

1 50 51 

2 2500 2601 

3 1 25000 1 32651 

4 62 50000 67 65201 

5 3125 00000 3450 25251 

6 (10)1.5625 00000 (10)1. 7596 28780 (10 

7 (11 7. 8125 00000 (11)8.9741 06779 (12 

8 (13)3.9062 50000 (13)4. 5767 94457 (l3 

9 (15)1. 9531 25000 (15 2. 3341 65173 (15 

10 (16)9. 7656 25000 (17)1.1904 24238 (17 

24 (40)5.9604 64478 (40)9.5870 33090 (41) 


32 53 54 

2704 2809 2916 

1 40608 1 48877 1 57464 

73 11616 78 90481 85 03056 

3802 04032 4181 95493 4591 65024 

1. 9770 60966 (10)2.2164 36113 (10)2. 4794 91130 

1. 0280 71703 (12 1.1747 11140 {12 1. 3389 25210 

5. 3459 72853 (13 6. 2259 69041 (13 7.2301 96134 

2.7799 05884 (15)3.2997 63592 (15)3.9043 05912 

1. 4455 51059 (17) 1.7488 74704 (17) 2. 1083 25193 

H.5278 48342 (41)2.4133 53110 (41)3. 7796 38253 


1/2 7. 0710 67812 7. 1414 28429 7. 2111 02551 7. 2801 09889 7. 3484 69228 

1/3 3. 6840 31499 3. 7084 29769 3.7325 11157 3.7562 85754 3.7797 63150 

1/4 2.6591 47948 2. 6723 45118 2.6853 49614 2. 6981 67876 2.7108 06011 

1/5 2.1867 24148 2.1954 01897 2.2039 44575 2.2123 56822 2.2206 43035 


1 55 56 57 58 59 

2 3025 3136 3249 3364 3481 

3 1 66375 1 75616 1 85193 1 95112 2 05379 

4 91 50625 98 34496 105 56001 113 16496 121 17361 

5 5032 84375 5507 31776 6016 92057 6563 56768 7149 24299 

6 (10)2. 7680 64063 (10)3.0840 97946 (10)3. 4296 44725 (10)3.8068 69254 (10)4.2180 53364 

7 (12)1. 5224 35234 (12) 1. 7270 94850 12) 1.9548 97493 12 2.2079 84168 12)2.4886 51485 

8 (13)8.3733 93789 13)9. 6717 31157 14 1. 1142 91571 14) 1.2806 30817 (14 1.4683 04376 

9 (15)4.6053 66584 (15)5.4161 69448 (15) 6. 3514 61955 15)7.4276 58740 (15) 8. 6629 95819 

10 (17)2. 5329 51621 (17) 3. 0330 54891 (17)3. 6203 33315 (n) 4. 3080 42069 (17)5.1111 67533 

24 (41)5.8708 98173 (41)9. 0471 67858 (42)1. 3835 55344 (42)2.1002 54121 (42)3. 1655 43453 


1/2 7.4161 98487 7. 4833 14774 7.5498 34435 7.6157 73106 7. 6811 45748 

1/3 3.8029 52461 3.8258 62366 3.8485 01131 3.8708 76641 3.8929 96416 

1/4 2.7232 69815 2. 7355 64800 2. 7476 96205 2.7596 69021 2.7714 88002 

1/5 2.2288 07384 2.2368 53829 2.2447 86134 2.2526 07878 2.2603 22470 


1 60 61 62 63 64 

2 3600 3721 3844 3969 4096 

3 2 16000 2 26981 2 38328 2 50047 2 62144 

4 129 60000 138 45841 147 76336 157 52961 167 77216 

5 7776 00000 8445 96301 9161 32832 9924 36543 ( 9)1. 0737 41824 

6 (10)4. 6656 00000 (10)5. 1520 37436 (10)5.6800 23558 ( 10)6.2523 50221 (10)6. 8719 47674 

7 (12)2.7993 60000 12)3. 1427 42836 (12 3.5216 14606 (12 3. 9389 80639 (12) 4. 3980 46511 

8 (14)1. 6796 16000 (14) 1.9170 73130 14)2.1834 01056 14)2. 4815 57803 (14)2. 8147 49767 

9 (16) 1.0077 69600 (16) 1. 1694 14609 (16) 1. 3537 08655 (16) 1. 5633 81416 (16) 1. 8014 39851 

10 (17)6.0^66 17600 (17)7. 1334 29117 (17)8. 3929 93659 (17)9. 8493 02919 (18) 1.1529 21505 

24 (42)4.7383 81338 (42)7. 0455 68477 (43)1. 0408 79722 (43)1. 5281 75339 (43)2.2300 74520 

1/2 7.7459 66692 7.8102 49676 7.8740 07874 7.9372 53933 8.0000 00000 

1/3 3.9148 67641 3.9364 97183 3.9578 91610 3.9790 57208 4. 0000 00000 

1/4 2.7831 57684 2.7946 82393 2.8060 66263 2.8173 13247 2.8284 27125 

1/5 2. 2679 33155 2.2754 43032 2.2828 55056 2.2901 72049 2.2973 96710 


1 65 66 67 68 69 

2 4225 4356 4489 4624 4761 

3 2 74625 2 87496 3 00763 3 14432 3 28509 

4 178 50625 189 74736 201 51121 213 81376 226 67121 

5 ( 9)1. 1602 90625 ( 9)1. 2523 32576 ( 9)1. 3501 25107 ( 9)1.4539 33568 ( 9)1. 5640 31349 

6 10)7. 5418 89063 (10 8. 2653 95002 (10 9.0458 38217 10)9.8867 48262 ll)1.0791 81631 

7 (12)4. 9022 27891 12)5.4551 60701 (12 6. 0607 11605 (12 6. 7229 88818 (12)7.4463 53253 

8 (14)3. 1864 48129 (14) 3. 6004 06063 (14) 4. 0606 76776 (14)4. 5716 32397 (14)5. 1379 83744 

9 (16)2. 0711 91284 (l6 2. 3762 68001 (16) 2. 7206 53440 (16)3.1087 10030 (16 3. 5452 08784 

10 ('18) 1. 3462 74334 (18) 1. 5683 36881 (18) 1. 8228 37805 (18) 2. 1139 22820 (18)2.4461 94061 

24 (43)3.2353 44710 (43)4.6671 78950 (43)6.6956 88867 (43)9.5546 30685 (44)1. 3563 70007 

1/2 8. 0622 57748 8. 1240 38405 8. 1853 52772 8.2462 11251 8. 3066 23863 

1/3 4. 0207 25759 4.0412 40021 4. 0615 48100 4. 0816 55102 4.1015 65930 

1/4 2. 8394 11514 2. 8502 69883 2.8610 05553 2. 8716 21711 2. 8821 21417 

1/5 2. 3045 31620 2. 3115 79249 2.3185 41963 2. 3254 22030 2. 3322 21626 


1 70 71 72 73 74 

2 4900 5041 5184 5329 5476 

3 3 43000 3 57911 3 73248 3 89017 4 05224 

4 240 10000 254 11681 268 73856 283 98241 299 86576 

5 ( 9)1. 6807 00000 { 9)1. 8042 29351 ( 9)1. 9349 17632 ( 9)2. 0730 71593 ( 9)2. 2190 06624 

6 (ll) 1. 1764 90000 (ll) 1. 2810 02839 (11 1.3931 40695 ll) 1. 5133 42263 (11 1. 6420 64902 

7 (12)8. 2354 30000 12)9. 0951 20158 (13) 1. 0030 61300 (13)1. 1047 39852 (13 1. 2151 28027 

8 (14 5.7648 01000 (14 6. 4575 35312 (14)7. 2220 41363 14)8. 0646 00919 14 8.9919 47402 

9 (16)4. 0353 60700 (16)4. 5848 50072 (16)5. 1998 69781 (16) 5. 8871 58671 (16)6. 6540 41078 

10 (18)2. 8247 52490 (18)3.2552 43551 (18) 3. 7439 06243 (ib)4.2976 25830 (18)4.9239 90397 


24 

(44)1.9158 

12314 

(44)2. 6927 

76876 

(44) 3. 7668 

63772 

(44)5. 2450 

38047 

(44) 7.2704 

49690 

1/2 

8. 3666 

00265 

8. 4261 

49773 

8. 4852 

81374 

8. 5440 

03745 

8. 6023 

25267 

1/3 

4.1212 

85300 

4.1408 

17749 

4.1601 

67646 

4.1793 

39196 

4.1983 

36454 

1/4 

2. 8925 

07608 

2. 9027 

83108 

2.9129 

50630 

2. 9230 

12786 

2.9329 

72088 

1/5 

2. 3389 

42837 

2. 3455 

87669 

2. 3521 

58045 

2. 3586 

55818 

2. 3650 

82769 
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POWERS AND ROOTS n * Table 3.1 


k 

1 75 76 77 78 79 

2 5625 5776 5929 6084 6241 

3 4 21875 4 38976 4 56533 4‘74552 4 93039 

4 316 40625 333 62176 351 53041 370 15056 389 50081 

5 ( 9)2. 3730 46875 ( 9)2.5355 25376 ( 9)2. 7067 84157 { 4)2. 3871 74368 ( 9)3. 0770 56399 

6 11 1. 7797 85156 (11 1.9269 99286 (11)2. 0842 23801 (11 2.2519 96007 (11 2. 4308 74555 

7 (13)1. 3348 38867 (13)1.4645 19457 (13)1. 6048 52327 (13)1. 7565 56885 (13 1. 9203 90899 

8 15)1. 0011 29150 15)1. 1130 34787 (15)1. 2357 36292 (15)1. 3701 14371 (15)1.5171 08810 

9 (16)7.5084 68628 (16) 8. 4590 64385 (16) 9. 5151 69445 (17 1. 0686 89209 (17) 1.1985 15960 

10 (18)5.6313 51471 (18)6.4288 88932 (18) 7. 3266 80473 (18) 8. 3357 75831 (18) 9. 4682 76083 

24 (45)1. 0033 91278 (45)1.3788 79182 (45)1. 8870 23915 (45)2. 5719 97041 (45)3. 4918 06676 


1/2 8.6602 54038 8. 7177 97887 8.7749 64387 8. 3317 60866 8. 8881 94417 

1/3 4.2171 63326 4.2358 23584 4.2543 20865 4.2726 58682 4.2908 40427 

1/4 2. 9428 30956 2.9525 91724 2.9622 56638 2. 9718 27866 2.9813 07501 

1/5 2. 3714 40610 2. 3777 30992 2. 3839 55503 2. 3901 15677 2. 3962 12991 


1 80 81 82 83 84 

2 6400 6561 6724 6889 7056 

3 5 12000 5 31441 5 51368 5 71787 5 92704 

4 409 60000 430 46721 452 12176 474 58321 497 87136 

5 ( 9)3.2768 00000 ( 9)3.4867 84401 ( 9)3. 7073 98432 ( 9)3. 9390 40643 ( 9)4. 1821 19424 

6 (ll)2. 6214 40000 11 2. 8242 95365 11 3.0400 66714 (11 3.2694 03734 (ll) 3. 5129 80316 

7 (13)2. 0971 52000 (13 2. 2876 79245 (13) 2. 4928 54706 (13) 2. 7136 05099 (13) 2, 9509 03466 

8 15) 1.6777 21600 15 1.0530 20189 (15 2. 0441 40859 (15)2.2522 92232 15 2.4787 58911 

9 17 1. 3421 77280 (17) 1. 5009 46353 17 1.6761 95504 (17) 1.3694 02653 (17)2. 0821 57485 

10 (19)1. 0737 41824 (19)1.2157 66546 (19) 1.3744 80313 (19) 1.5516 04119 (19) 1.7490 12288 

24 (45)4.7223 66483 (45)6.3626 85441 (45)8.5414 66801 (46)1. 1425 47375 (46)1. 5230 10388 


1/2 8. 9442 71910 9. 0000 00000 9. 0553 85138 9. 1104 33579 9. 1651 51390 

1/3 4. 3088 69380 4.3267 48711 4. 3444 81486 4. 3620 70671 4. 3795 19140 

1/4 2. 9906 97562 3. 0000 00000 3.0092 16698 3. 0183 49479 3. 0274 00104 

1/5 2. 4022 48868 2. 4082 24685 2.4141 41771 2. 4200 01407 2. 4258 04834 


1 85 86 87 88 89 

2 7225 7396 7569 7744 7921 

3 6 14125 6 36056 6 58503 6 81472 7 04969 

4 522 00625 547 00816 572 89761 599 69536 627 42241 

5 ( 9)4.4370 53125 . ( 9)4. 7042 70176 ( 9)4. 9842 09207 ( 9)5.2773 19168 ( 9)5. 5840 59449 

6 11)3. 7714 95156 (ll) 4.1)456 72351 (11 4.3362 62010 (11 4. 6440 40868 11 4.9698 12910 

1 (13)3.2057 70883 (13)3. 4792 78222 (13) 3. 7725 47949 (13) 4. 0867 55964 (13) 4. 4231 33490 

8 (15)2.7249 05250 (15)2.9921 79271 (15) 3. 2821 16715 (15) 3. 5963 45248 (15$ 3. 9365 88806 

9 17)2. 3161 69463 (17) 2.5732 74173 (17 2. 8554 41542 17 3. 1647 83818 17)3. 5035 64037 

10 (19) 1.9687 44043 (19)2.2130 15789 ( 19) 2. 4842 34142 (19)2. 7850 09760 (19) 3. 1181 71993 

24 (46)2.0232 71747 (46)2.6789 39031 (46)3. 5355 91351 (46)4.6514 04745 (46)6. 1004 25945 

1/2 9.2195 44457 9.2736 18495 9.3273 79053 9. 3808 31520 9.4339 81132 

1/3 4. 3968 29672 4.4140 04962 4.4310 47622 4.4479 60181 4.4647 45096 

1/4 3. 0363 70277 3.0452 61646 3.0540 75810 3. 0628 14314 3.0714 78656 

1/5 2.4315 53252 2.4372 47818 2. 4428 89656 2.4484 79851 2.4540 19455 



9 

10 

24 


90 

8100 
7 29000 
656 10000 
( 9)5. 9049 00000 
(11 5. 3144 10000 
(13)4.7829 69000 
(15)4. 3046 72100 
(17)3.8742 04890 
(19)3.4867 84401 
(46)7.9766 44308 
9.4868 32981 
4.4814 04747 
3.0800 70288 

2. 4595 09486 


91 

8281 
7 53571 
685 74961 
9)6.2403 21451 
11)5. 6786 92520 
(13)5. :.676 10194 
15)4.7025 25276 
17)4.2792 98001 
(19)3. 8941 61181 
(47)1.0399 04400 
9. 5393 92014 
4.4979 41445 

3. 0885 90619 
2.4649 50932 


92 
8464 
7 78688 
716 39296 
( 9)6.5908 15232 
(11)6. 0635 50013 
(13)5.5784 66012 
(15 5.1321 88731 
(17 4. 7216 13633 
(19)4. 3438 84542 
(47)1. 3517 85726 
9.5916 63047 
4.5143 57435 
3. 0970 41015 
2. 4703 44749 


93 
8649 
8 04357 
748 05201 

1 9)6.9568 83693 
11)6. 4699 01834 
13)6. 0170 08706 
15)5.5958 18097 
17)5.2041 10830 
19)4.8398 23072 
(47)1. 7522 28603 
9. 6436 50761 

4. 5306 54896 
3. 1054 22799 
2. 4756 91866 


94 
8836 
8 30584 
780 74896 

1 9)7. 3390 40224 
11)6. 8986 97811 
13)6. 4847 75942 
15)6. 0956 89385 
17)5. 7299 48022 
19)5. 3861 51141 
(47)2.2650 01461 
9. 6953 59715 
4.5468 35944 
3. 1137 37258 
2. 4809 93182 


1 95 96 97 98 99 

2 9025 9216 9409 9604 9801 

\ 8 57375 8 84736 9 12673 9 41]92 9 70299 

4 814 50625 849 34656 885 29281 922 36816 960 59601 

5 ( 9)7.7378 09375 ( 9)8. 1537 26976 ( 9)8. 5873 40257 ( 9)9. 0392 07968 ( 9)9. 5099 00499 

6 11 7. 3509 18906 11 7.8275 77897 (ll) 8. 3297 20049 ll) 8. 8584 23809 ll) 9. 4148 01494 

7 (13)6.9833 72961 (13)7. 5144 74781 (13) 8. 0798 28448 ( 13)8. 6812 55332 (13)9. 3206 53479 

8 (15)6. 6342 04313 15 7.2138 95790 (15) 7. 8374 33594 (15)8. 5076 30226 (15) 9. 2274 46944 

’ 17 6. 3024 94097 (17)6.9253 39958 (17)7. 6023 10587 (17)8. 3374 77621 17)9. 1351 72475 

10 (19)5.9873 69392 (19)6. 6483 26360 (19)7. 3742 41269 ( 19 )8. 1707 28069 (19)9. 0438 20750 

24 (47)2. 9198 90243 (47)3.7541 32467 (47)4.8141 72219 (47)6. 1578 03365 (47)7.8567 81408 

1/2 9.7467 94345 9.7979 58971 9. 8488 57802 9. 8994 94937 9.9498 74371 

V 3 4. 5629 02635 4. 5788 56970 4.5947 00892 4. 6104 36292 4. 6260 65009 

1/J 3.1219 85641 3.1301 69160 3. 1382 88993 3. 1463 46284 3. 1543 42146 

1/5 2.4862 49570 2.4914 61879 2.4966 30932 2. 5017 575 27 2. 5068 42442 

"ft 5 ] "ft 2 ] «‘[ ( - 5 5)1 ] 4f 9 ] 
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Table 3.1 


ELEMENTARY ANALYTICAL METHODS 

POWERS AND ROOTS re* 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


10 

1000 

(10)1. 0000 
12)1. 0000 
(14)1. 0000 
(16) 1. 0000 
(18)1.0000 
(20)1. 0000 
(48)1. 0000 
( 1)1.0000 
4.6415 E 
3.1622 1 
2.5118 8 


100 

10000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 


10 

1040 

! 10) 1. 0510 
12)1. 0615 
14)1.0721 
16)1. 0828 
18)1. 0936 
20)1. 1046 
(48)1.2697 
( 1)1. 0049 
4. 6570 
3.1701 
2. 5168 


101 

10201 

30301 

60401 

10050 

20151 

35352 

56706 

85273 

22125 

34649 

87562 

09508 

53880 

90229 


105 106 

11025 11236 

57625 11 91016 

50625 1262 47696 

81563 (10)1.3382 25578 

95641 (12)1.4185 19112 

00423 14)1.5036 30259 

55444 16)1.5938 48075 

28216 18 1. 6894 78959 

94627 (20)1.7908 47697 

24 (48)3.2250 99944 (48)4. 0489 34641 


11 
1215 
(10)1. 2762 
12)l. 3400 
(14) 1, 4071 
16) 1. 4774 
18)1.5513 
(20)l. 6288 


1/2 

1/3 

1/4 

1/5 


( 1)1.0246 
4.7176 
3. 2010 
2. 5365 


13 
1464 
(10)1. 6105 
12)1.7715 
14) 1.9487 
(l6) 2.1435 
(18)2.3579 
(20)2.5937 
(48) 9. 8497 
( 1)1. 0488 
4.7914 
3.2385 
2.5602 


15 
1749 
(10)2. 0113 
(12)2.3130 
(14)2.6600 
(16) 3. 0590 
18) 3.5178 
(20)4.0455 
(49)2. 8625 
( 1)1.0723 
4. 8629 
3. 2747 
2. 5830 


17 
2073 
(10)2.4883 
(12) 2. 9859 
(14)3. 5831 
(16)4.2998 
(18) 5.1597 
(20)6.1917 
(49)7. 9496 
( 1)1.0954 
4.9324 
3. 3097 
2. 6051 


95077 

93980 

85873 

17482 

110 

12100 

31000 

10000 

10000 

61000 

17100 


19857 

31840 

27376 

115 

13225 

20875 

00625 

57188 

60766 

19880 

22863 

76292 

57736 

17619 

80529 

44131 

22171 

90178 

120 

14400 

28000 

60000 

20000 

84000 

80800 

16960 

80352 

36422 


( 1)1.0295 
4. 7326 
3. 2086 
2. 5413 


13 
1518 
(10)1. 6850 
12) 1. 8704 
14)2.0761 
16)2. 3045 
(18)2. 5580 
(20)2. 8394 
(49)1.2239 
( 1)1. 0535 
4.8058 
3. 2458 
2. 5648 


15 

1810 
(10)2.1003 
12)2.4363 
14)2. 8262 
(16)3.2784 
(18)3. 8029 
(20)4.4114 
(49) 3. 5236 
( 1)1. 0770 
4. 8769 
3. 2818 
2.5875 


63014 

23491 

80436 

30642 

111 

12321 

67631 

07041 

58155 

14552 

60153 

37770 

3692J 

20986 

15658 

65375 

95534 

67180 

65499 

116 

13456 

60896 

63936 

41658 

96323 

19734 

14892 

61275 

35079 

41704 

32961 

98961 

18035 

.66964 


121 
14641 
17 71561 
2143 58881 
(10)2. 5937 42460 
(12)3. 1384 28377 
(14)3.7974 98336 
16)4.5949 72986 
18)5. 5599 17313 
(20)6. 7274 99949 
84720 (49)9.7017 23378 


45115 

24149 

50920 

71085 


1 ) 1 . 1000 00000 
4.9460 87443 
3.3166 24790 
2. 6094 98635 


10 

1082 

1 10)1.1040 
12)l. 1261 
14)1.1486 
16) 1.1716 
18) 1.1950 
20) 1.2189 
(48) 1. 6084 
( 1)1.0099 
4. 6723 
3.1779 
2.5218 


12 

1310 

! 10)1. 4025 
12)l. 5007 
14 1.6057 
16) 1. 7181 
18) 1. 8384 
20) 1.9671 
(48)5. 0723 
( 1)1. 0344 
4. 7474 
3.2162 
2. 5461 


14 
1573 
10)1.7623 
12 1. 9738 
14) 2.2106 
16)2. 4759 
18)2. 7730 
(20) 3. 1058 
(49)1. 5178 
( 1)1. 0583 
4. 8202 
3.2531 
2.5694 


16 

1873 

1 10)2.1924 
12)2. 5651 
14) 3. 0012 
16)3. 5114 
18)4.1084 
20)4. 8068 
(49)4, 3297 
( 1)1.0816 
4.8909 
3. 2888 
2. 5920 


2215 

! 10) 2.7027 
12) 3. 2973 
14)4. 0227 
16)4.9077 
18) 5. 9874 
20)7. 3046 
(50)1.1820 
( 1)1.1045 
4. 9596 
3. 3234 
2.6137 


102 

10404 

61208 

43216 


59381 

92569 

94420 


50494 

28728 

71828 

54548 

107 

11449 

25043 

79601 

51731 

30352 

81476 


08043 

59398 

21453 

07613 

112 

12544 

04928 

51936 

41683 

22685 

81407 

63176 

78757 


00524 

84528 

53123 

70314 

117 

13689 

01613 

88721 

48036 

64202 

42116 

53276 

00333 

28389 

28675 

65383 

73246 

68168 

12982 


122 

14884 

15848 

33456 

08163 

03959 

10830 

07213 

02800 

31415 

50242 

36102 

75664 

56186 

97668 


10 

1125 

1 10)1.1592 
12) 1.1940 
14)1.2298 
16)1.2667 
18)1. 3047 
20)l. 3439 
(48)2. 0327 
( 1)1.0148 
4. 6875 
3.1857 
2.5267 


12 
1360 
(10)1. 4693 
(12) 1.5868 
(l4) 1.7138 
(16) 1.8509 
(18) 1.9990 
(20)2. 1589 


103 

10609 

92727 

50881 

74074 

52297 

73865 

70081 

73184 

16379 

94106 

89157 

48148 


108 

11664 

59712 

48896 

28077 

74323 

24269 

30210 

04627 

24997 


(48)6.3411 80737 
( 1)1. 0392 


4. 7622 
3. 2237 
2. 5508 


14 


1630 
(10)1.8424 
(12)2.0819 
(14)2. 3526 
16)2.6584 
(18) 3. 0040 
(20)3. 3945 
(49)1.8788 09051 


( 1)1. 0630 
4.8345 
3. 2603 
2. 5740 


16 
1938 
(10)2.2877 
12) 2. 6995 
14 3.1854 
16)3.7588 
18) 4. 4354 
20) 5.2338 
(49)5.3109 00627 
( 1)1.0862 
4.9048 
3.2958 
2. 5964 


2288 
(10)2.8153 
12) 3. 4628 
(14)4.2592 
(16)5.2389 
(18) 6. 4438 
(20)7. 9259 
(50)1.4378 80104 
( 1)1.1090 
4. 9731 
3. 3302 
2. 6180 


11 

1169 

(10)1.2166 
12) 1.2653 
(l4)l. 3159 
(16 1. 3685 
18) 1. 4233 
(20)l. 4802 


104 

10816 

24864 

85856 

52902 

19018 

31779 

69050 

11812 

44285 


(48)2.5633 04165 


( 1)1.0198 
4.7026 
3.1934 
2. 5316 


30485 

03156 

09795 

49001 

113 

12769 

42897 

47361 

35179 

51753 

05480 

44193 

41938 

67390 


12 
1411 

S IO) 1.5386 
12) 1. 6771 
14 1. 8280 
16 1.9925 
18 2.1718 
20)2. 3673 
(48)7.9110 83175 
( 1)1.0440 
4.7768 
3.2311 
2. 5555 


03903 

69375 

36868 

67508 

109 

11881 

95029 

58161 

23955 

00111 

39121 

62642 

93279 

63675 


30651 

56181 

46315 

55397 


14581 

88127 

90439 

42354 

118 

13924 

43032 

77776 

57757 

54153 

73901 

59203 

53859 

35554 


78049 

68131 

73252 

28703 


123 

15129 

60867 

86641 

05684 

25992 

75970 

09443 

58615 

46096 


53651 

89833 

45713 

68602 


14 

1688 
(10)1. 9254 
(12)2.1949 
14)2. 5022 
16 2. 8525 
(l8 3.2519 
(20)3.7072 
(49)2. 3212 
( 1)1. 0677 


16 

2005 

1 10)2. 3863 
12)2. 8397 
14 3. 3793 
16) 4.0213 
18) 4. 7854 
20) 5. 6946 
(49) 6.5031 
( 1)1. 0908 
4. 9186 
3. 3028 
2. 6008 


19 
2364 
(10) 2.9316 
12) 3. 6352 
(14)4. 5076 
(16)5. 5895 
(18) 6. 9309 
(20)8. 5944 
(50) 1.7463 
( 1)1.1135 
4.9866 
3. 3369 
2. 6223 


114 

12996 

81544 

96016 

14582 

72624 

68791 

86422 

48521 

21314 

20685 

07825 

07586 

79877 

82140 


119 

14161 

85159 

33921 

53660 

60855 

15418 

85347 

48563 

83790 

99444 

71211 

84734 

33952 

14587 


124 

15376 

06624 

21376 

25062 

15077 

66696 

06703 

88312 

25506 

06393 

52873 

30952 

93965 

11847 


if (-5)31 

nsK-f) 1 ! 

L 4 J 

L 5 J 


«*[<-•>*] 

5 J 


6)51 

4 
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POWERS AND ROOTS n* Table 3.1 


k 

1 125 126 127 128 129 

2 15625 15876 16129 16384 16641 

3 19 53125 20 00376 20 48383 20 97152 21 46689 

4 2441 40625 2520 47376 2601 44641 2684 35456 2769 22881 

5 (10)3. 0517 57813 (10)3.1757 96938 (10) 3. 3038 36941 (10)3.4359 73837 (10)3.5723 05165 

6 12)3. 8146 97266 (12)4. 0015 04141 (12)4. 1958 72915 (12)4. 3980 46511 (12) 4. 608? 73663 

7 14)4. 7683 71582 (14)5. 0418 95218 (14)5. 3287 58602 (14)5. 6294 99534 (14) 5.9446 73025 

8 16)5. 9604 64478 (16) 6. 3527 87975 (16) 6. 7675 23424 16) 7. 2057 59404 (16)7.6686 28202 

9 18)7.4505 80597 (18) 8. 0045 12848 18)8.5947 54749 (18) 9. 2233 72037 ( 18)9. 8925 30381 

10 (20)9. 3132 25746 (21)1. 0085 68619 (2l)l. 0915 33853 (2l) 1. 1805 91621 (21)1.2761 36419 

24 (50)2. 1175 82368 (50)2. 5638 52774 (50)3.0994 83316 (50)3.7414 44192 (50)4. 5097 56022 

1/2 ( 1)1. 1180 33989 ( 1)1. 1224 97216 ( 1)1. 1269 42767 ( 1)1.1313 70850 ( 1)1. 1357 81669 

1/3 5. 0000 00000 5.0132 97935 5. 0265 25695 5.0396 84200 5.0527 74347 

1/4 3. 3437 01525 3. 3503 68959 3. 3569 96823 3. 3635 85661 3. 3701 36005 

1/5 2. 6265 27804 2. 6307 16865 2.6348 79413 2.6390 15822 2.6431 26458 


1 130 131 132 133 134 

2 16900 17161 17424 17689 17956 

3 21 97000 22 48091 22 99968 23 52637 24 06104 

4 2856 10000 2944 99921 3035 95776 3129 00721 3224 17936 

5 (10)3. 7129 30000 (10)3.8579 48965 (10)4.0074 64243 (10)4.1615 79589 (10)4. 3204 00342 

b (12) 4. 8268 09000 (12)5. 0539 13144 12)5. 2898 52801 12)5.5349 00854 (12) 5. 7893 36459 

7 (14)6. 2748 51700 14)6. 6206 26219 14)6.9826 05697 (14 7. 3614 18136 (14)7.7577 10855 

8 (16)8. 1573 07210 16)8. 6730 20347 (16) 9. 2170 39521 (16) 9. 7906 86120 (17)1 0395 33255 

9 (l9) 1.0604 49937 (19) 1. 1361 65665 (19) 1.2166 49217 (19) 1. 3021 61254 (19)1 3929 74561 

10 (2l)l. 3785 84918 (2l) 1.4883 77022 ( 2l) 1. 6059 76966 (21)1. 7318 74468 ( 2l) 1. 8665 85912 

24 (50)5. 4280 07704 (50)6.5239 57088 (50)7.8302 26935 (50)9. 3851 10346 (51)1.1233 50184 

1/2 ( 1)1. 1401 75425 ( 1)1. 1445 52314 ( 1)1. 1489 12529 ( 1)1. 1532 56259 ( 1)1. 1575 83690 

1/3 5. 0657 97019 5.0787 53078 5. 0916 43370 5. 1044 68722 5. 117? 29947 

1/4 3. 3766 48375 3. 3831 23282 3. 3895 61224 3. 3959 62690 3. 4023 28159 

1/5 2. 6472 11681 2. 6512 71840 2. 6553 07280 2. 6593 18337 2. 6633 05339 


1 135 136 

2 18225 18496 

3 24 60375 25 15456 

4 3321 50625 3421 02016 

5 (10)4. 4840 33438 (10)4. 6525 87418 

b (12)6. 0534 45141 ( 12)6. 3275 18888 

7 14)8. 1721 50940 (14)8. 6054 25688 

8 (17) 1. 1032 40377 (17)1. 1703 37894 

9 (19) 1.4893 74509 (19) 1.5916 59535 

10 (21)2. 0106 55587 (2l) 2. 1646 56968 

24 (51)1. 3427 97252 (51)1. 6030 01028 

1/2 ( 1)1.1618 95004 ( 1)1. 1661 90379 

1/3 5. 1299 27840 5.1425 63181 

1/4 3. 4086 58099 3. 4149 52970 

1/5 2.6672 68608 2.6712 08461 

1 140 141 

2 19600 19881 

3 27 44000 28 03221 

4 3841 60000 3952 54161 

5 (10)5. 3782 40000 (10)5.5730 83670 

b (12)7. 5295 36000 (12 7.8580 47975 

7 (15)1. 0541 35040 (15)1. 1079 84764 

8 (17)1.4757 89056 (17) 1. 5622 58518 

9 (19)2. 0661 04678 (19)2. 2027 84510 

10 (21)2. 8925 46550 (21)3.1059 26159 

24 (51)3. 2141 99700 (51)3. 8129 28871 

1/2 ( 1)1. 1832 15957 ( 1)1. 1874 34209 

1/3 ' 5. 1924 94102 5. 2048 27863 

1/4 3. 4397 90628 3. 4459 16727 

1/5 2. 6867 39790 2. 6905 67070 


137 138 

18769 19044 

25 71353 26 28072 

3522 75361 3626 73936 

(10)4.8261 72446 (10)5. 0049 00317 (10) 

12)6. 6118 56251 12 6. 9067 62437 12) 

14)9. 0582 43063 (14 9. 5313 32163 (15) 

(17 1. 2409 79300 17 1. 3153 23839 (17) 

(19)1. 7001 41641 (l9)l. 8151 46897 19) 

(21)2.3291 94048 (21)2.5049 02718 (21) 

(51)1.9111 44882 (51)2.2756 11258 (51) 

( 1)1.1704 69991 ( 1)1.1747 34012 ( 1) 

5. 1551 36735 5. 1676 49252 

3. 4212 13222 3. 4274 39296 

2. 6751 25206 2. 6790 19145 


142 143 

20164 20449 

28 63288 29 24207 

4065 86896 4181 61601 

10)5. 7735 33923 (10)5.9797 10894 (10) 

12)8. 1984 18171 (12) 8. 5509 86579 (12) 

15 1. 1641 75380 f 15) 1. 2227 91081 15) 

v 17) 1.6531 29040 (17 1. 7485 91246 (17) 

(19) 2. 3474 43237 (19) 2. 5004 85481 (19) 

(21)3. 3333 69396 (21)3. 5756 94238 (21) 

(51)4.5177 29930 (51)5. 3464 42484 (51) 

( 1)1. 1916 37529 ( 1)1.1958 26074 ( 1) 

5. 2171 03446 5.2293 21532 

3.4520 10326 3.4580 71824 

2. 6943 72696 2.6981 56943 


139 
19321 
26 85619 
3733 01041 
5.1888 84470 
7.2125 49413 
1. 0025 44368 
1. 3935 36672 

1. 9370 15974 
2.6924 52204 
2.7061 70815 
1.1789 82612 
5. 1801 01467 
3. 4336 31623 

2. 6828 90577 


144 
20736 
29 85984 
4299 81696 
6.1917 36422 
8.9161 00448 
1.2839 18465 

1. 8488 42589 

2. 6623 33328 

3. 8337 59992 
6.3197 48715 
1. 2000 00000 
5.2414 82788 
3.4641 01615 
2.7019 20077 



9 

10 

24 


1/2 

1/3 

1/4 

1/5 


145 146 

21025 21316 

30 48625 31 12136 

4420 50625 4543 71856 

(10)6.4097 34063 (10)6. 6338 29098 

(12)9.2941 14391 ( 12) 9. 6853 90482 

(15)1. 3476 46587 (15)1. 4140 67010 

(17)1.9540 87551 (17) 2. 0645 37835 

(19)2.8334 26948 ( 19) 3. 0142 25239 

(21)4.1084 69075 (21)4. 4007 68850 

(51)7.4616 01544 (51)8.7997 13625 

( 1)1. 2041 59458 ( 1)1. 2083 04597 

5.2535 87872 5. 2656 37428 

3. 4701 00082 3.4760 67602 

2.7056 62363 2. 7093 84058 


147 148 

21609 21904 

31 76523 32 41792 

4669 48881 4797 85216 

(10)6.8641 48551 (10)7. 1008 21197 

(13)1. 0090 29837 (13) 1. 0509 21537 

(15 1. 4832 73860 (15) 1. 5553 63875 

17 2. 1804 12575 (17)2.3019 38535 

19)3.2052 06485 (19)3.4068 69032 

(21)4. 7116 53533 ( 21)5. 0421 66167 

(52)1. 0366 11527 (52)1. 2197 79049 

( 1)1. 2124 35565 ( 1)1.2165 52506 

5. 2776 32088 5.2895 72473 

3. 4820 04545 3. 4879 11275 

2. 7130 85417 2. 7167 66686 


149 
22201 
33 07949 
4923 84401 

1 10)7. 3439 77575 
13)1. 0942 52659 
15)1.6304 36461 
17)2. 4293 50327 
19)3. 6197 31988 
21)5. 3934 00662 
(52)1.4337 40132 
( 1)1.2206 55562 
5. 3014 59192 
3.4937 88147 
2.7204 28110 


n f~4 )2 ] "f1 )9 ] "ft'] f ! | 
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ELEMENTARY ANALYTICAL METHODS 


POWERS AND ROOTS n* 


1 

2 

3 

150 

22500 

33 75000 

151 

22801 

34 42951 

152 

23104 

35 11808 

153 

23409 

35 81577 

154 
23716 
36 52264 

4 

5062 50000 

5198 85601 

5337 94816 

5479 81281 

5624 48656 

5 ( 

10)7.5937 50000 

[10)7. 8502 72575 

(10)8.1136 81203 ( 

10)8. 3841 13599 

[10)8.6617 09302 

6 ( 

13)1.1390 62500 

13) 1.1853 91159 

(13)1.2332 79543 ( 

13 1.2827 69381 

13 1. 3339 03233 

7 \ 

[ 15) 1.7085 93750 

|l5)l. 7899 40650 

(15)1.8745 84905 | 

15)1. 9626 37152 

15)2. 0542 10978 

8 ( 

17)2. 5628 90625 

17)2.7028 10381 

(17)2.8493 69056 ( 

17)3. 0028 34843 

17)3.1634 84906 

9 ( 

19 3. 8443 35938 

'19)4. 0812 43676 

(19 4.3310 40965 ( 

19)4. 5943 37310 

[19 4.8717 66756 

10 1 

12l) 5. 7665 03906 

[21)6. 1626 77950 

(21)6. 5831 82267 ( 

21)7.0293 36085 

[2l)7. 5025 20804 

24 < 

; 52) 1.6834 .11220 

[52)1.9744 52704 

(52)2. 3133 75387 ( 

52)2. 7076 61312 

[52)3. 1659 00782 

1/2 < 

! 1)1.2247 44871 

[ 1)1.2288 20573 

( 1)1.2328 82801 ( 

1)1. 2369 31688 

[ 1)1. 2409 67365 

1/3 

5.3132 92846 

5. 3250 74022 

5. 3368 03297 

5. 3484 81241 

5.3601 08411 

1/4 

3.4996 35512 

3. 5054 53712 

3.5112 43086 

3. 5170 03963 

3. 5227 36670 

1/5 

2.7240 69927 

2.7276 92374 

2.7312 95679 

2.7348 80069 

2.7384 45765 

1 

2 

3 

155 

24025 

37 23875 

156 
24336 
37 96416 

157 

24649 

38 69893 

158 

24964 

39 44312 

159 
25281 
40 19679 

4 

5772 00625 

5922 40896 

6075 73201 

6232 01296 

6391 28961 


(10)8.9466 09688 
(13)1. 3867 24502 
(15)2.1494 22977 
(17)3. 3316 05615 
(19 5,1639 88703 
(21)8. 0041 82490 
(52)3. 6979 47627 
( 1)1.2449 89960 
5. 3716 85355 
3.5284 41525 
2.7419 92987 


(10)9.2389 57978 
(13)1.4412 77445 
(15)2.2483 92813 
(17 3. 5074 92789 
(19)5.4716 88751 
(21)8. 5358 34451 


(10)9.5388 99256 
(13)1.4976 07183 
(15)2. 3512 43278 
(17) 3. 6914 51946 
(19)5.7955 79555 
(21)9. 0990 59901 


1 10)9.8465 80477 
13)1. 5557 59715 
15)2.4581 00350 
17 3.8837 98553 
19)6. 1364 01714 
21)9. 6955 14709 


(11)1. 0162 15048 
< 13) 1. 6157 81926 
(15)2. 5690 93263 
( 17)4.0848 58288 
(19)6.4949 24678 
(22)1. 0326 93024 
(52)6. 8160 22003 
( 1)1. 2609 52021 
5.4175 01515 
3.5509 88625 
2.7560 01343 


25921 
41 73281 
6718 98241 

1 11)1.0817 56168 
13)1. 7416 27430 
15)2. 8040 20163 
17)4. 5144 72463 
19)7.2683 00665 
22) 1.1701 96407 
(52)9.2007 03274 
( 1)1.2688 57754 
5. 4401 21825 
3. 5621 02966 
2.7629 00056 


26569 
43 30747 
7059 11761 
(11)1.1506 36170 
(13)1. 8755 36958 
(15)3.0571 25241 
(17)4.9831 14143 
(19)8. 1224 76053 
(22)1. 3239 63597 
(53)1. 2373 78329 
( 1)1.2767 14533 
5. 4625 55571 
3.5731 14235 
2. 7697 30547 


28224 
47 41632 
7965 94176 
(11)1. 3382 78216 
13)2.2483 07402 
(15)3.7771 56436 
(17)6. 3456 22812 
20) 1.0660 64632 
(22)1.7909 88583 


( 1)1.2961 48140 
5. 5178 48353 
3.6002 05744 
2.7865 18023 



„3[(-6)71 

4(-6)41 

L 4 

L 4 J 

[ 4 J 
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POWERS AND ROOTS n* 


(53)6.8063 32613 
( 1)1. 3228 75656 
5. 5934 44710 
3.6371 35763 
2. 8093 61392 


33124 
60 28568 

1 9)1. 0971 99376 
11 1.9969 02864 
13)3.6343 63213 
15 6.6145 41048 
18 1. 2038 46471 
20)2. 1910 00577 
22)3.9876 21050 
(54)1.7446 70074 
( 1)1.3490 73756 
5.6670 51108 
3. 6729 73940 
2.8314 85080 


(54)2.5829 82606 
( 1)1. 3601 47051 
5.6980 19215 
3.6880 17151 
2.8407 58702 


34596 
64 34856 
( 9)1.1968 83216 
(11)2.2262 02782 
(13 4. 1407 37174 

1 15 7.7017 71144 
18)1.4325 29433 
20)2.6645 04745 
22)4.9559 78826 


( 1)1. 3638 18170 
5.7082 67473 
3.6929 90888 
2.8438 23174 


! 9) 1.4459 00625 
11 2.8195 06219 
13)5.4980 37127 
16) 1.0721 17240 
18)2. 0906 28617 
20)4. 0767 25804 
22)7.9496 15318 
(54)9. 1375 69069 
( 1)1.3964 24004 
5.7988 89998 
3. 7368 75706 


T ( i )r l 

4(-6 )5 l 

r (—6)3”i 

n i r(-6)2i 

L 4 J 

L 4 J 

L 4 J 

L 4 J 
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Table 3.1 POWERS AND ROOTS n * 

k 

1 200 201 202 203 204 

2 40000 40401 40804 41209 41616 

3 80 00000 81 20601 82 42408 83 65427 84 89664 

4 ( 9)1.6000 00000 ( 9)1.6322 40801 ( 9)1.6649 66416 ( 9)1,6981 81681 ( 9)1. 7318 91456 

5 (11)3.2000 00000 (11)3.2808 04010 (11)3.3632 32160 (11) 3. 4473 08812 (ll 3. 5330 58570 

6 (13)6.4000 00000 13)6.5944 16060 (13)6.7937 28964 (13) 6.9980 36889 (13) 7.2074 39483 

7 (16)1.2800 00000 (16)1.3254 77628 (16) 1.3723 33251 16)1.4206 01489 (16) 1.4703 17655 

8 18)2.5600 00000 18)2. 6642 10032 (18)2.7721 13166 18)2.8838 21022 18)2.9994 48015 

9 (20)5. 1200 00000 (20)5. 3550 62165 (2o) 5. 5996 68596 20)5. 8541 56674 (20) 6. 1188 73951 

10 (23)1.0240 00000 (23)1. 0763 67495 (23) 1. 1311 33056 (23) 1.1883 93805 (23)1.2482 50286 

24 (55)1.6777 21600 (55)1.8910 60303 (55)2. 1302 61246 (55)2.3983 07745 (55)2. 6985 09916 

1/2 ( 1)1.4142 13562 ( 1)1.4177 44688 ( 1)1.4212 67040 ( 1)1.4247 80685 ( 1)1.4282 85686 

1/3 5.8480 35476 5. B577 66003 5,8674 64308 5. 8771 30659 5.8867 65317 

1/4 3. 7606 03093 3,7652 95059 3. 7699 69549 3.7746 26716 3.7792 66709 

1/5 2.8853 99812 2.8882 79458 2, 8911 47666 2.8940 04537 2.8968 50171 


1 

2 


9 

10 

24 


205 
42025 
86 15125 
9)1.7661 00625 
11)3.6205 06281 

! 13) 7. 4220 37877 
16)1. 5215 17765 
18)3.1191 11418 
20 6. 3941 78406 
23)1. 3108 06573 
(55)3.0345 38594 
( 1)1.4317 82106 
5. 8963 68540 
3.7838 89674 
2.8996 84668 


206 
42436 
87 41816 
( 9)1.8008 14096 
(ll) 3. 7096 77038 
(13 7.6419 34698 
(16 1.5742 38548 
(18)3.2429 31408 
(20 6.6804 38701 
(23)1.3761 70372 
(55)3.4104 62581 
( 1)1.4352 70009 
5.9059 40584 
3.7884 95756 
2.9025 08125 


207 
42849 
88 69743 
9)1. 8360 36801 
11)3. 8005 96178 
13 7.8672 34089 
16)1. 6285 17456 
1 18)3.3710 31135 
20)6. 9780 34449 
23)1. 4444 53131 
(55)3. 8307 89523 
( 1)1.4387 49457 
5.9154 81700 
3.7930 85099 
2.9053 20638 


208 
43264 
89 98912 
9)1. 8717 73696 
ll)3. 8932 89288 
1 13)8. 0980 41718 
i 16) 1. 6843 92677 
(18)3.5035 36769 
20)7.2873 56480 
23)1.5157 70148 
(55)4. 3005 10765 
( 1)1.4422 20510 
5.9249 92137 
3.7976 57844 
2.9081 22302 


209 
43681 
91 29329 

1 9)1.9080 29761 
11)3.9877 82200 
13)8. 3344 64799 
16) 1.7419 03143 
18)3. 6405 77569 
20)7.6088 07119 
(23)1. 5902 40688 
(55)4.8251 50531 
( 1)1. 4456 83229 
5.9344 72140 
3. 8022 14131 
2. 9109 13212 


6 

7 

8 


9 

10 

24 


1/2 

1/3 


210 
44100 
92 61000 
9)1.9448 10000 
11 4.0841 01000 
(13)8. 5766 12100 
16) 1.8010 88541 
(18)3. 7822 85936 
(20)7.9428 00466 
1 23) 1. 6679 88098 
(55)5.4108 19838 
( 1)1.4491 37675 
5.9439 21953 
3.8067 54096 
2.9136 93459 


211 
44521 
93 93931 
( 9)1.9821 19441 
11)4.1822 72021 
(13)8.8245 93963 
(16) 1.8619 89326 
(18)3.9287 97478 
(20)8.2897 62679 
(23)1.7491 39925 
(55)6.0642 75557 
( 1)1.4525 83905 
5.9533 41813 
3.8112 77876 
2.9164 63134 


212 
44944 
95 28128 
( 9)2,0199 63136 
11)4.2823 21848 
(13)9.0785 22318 
16) 1.9246 46732 
(18 4. 0802 51071 
20)8.6501 32270 
23)1. 8338 28041 
(55)6.7929 85105 
( 1)1.4560 21978 
5.9627 31958 
3.8157 85604 
2.9192 22328 


213 
45369 
96 63597 

1 9)2.0583 46161 
11)4.3842 77323 
13)9.3385 10698 
16)1.9891 02779 
18)4.2367 88919 
20)9.0243 60396 
23)1.9221 88764 
(55)7. 6051 97251 
( 1)1.4594 51952 
5.9720 92620 
3.8202 77414 
2.9219 71130 


214 
45796 
98 00344 
( 9)2. 0972 73616 
11)4.4881 65538 
(13)9. 6046 74252 
(16)2. 0554 00290 
(18)4. 3985 56620 
(20)9.4129 11168 
(23)2. 0143 62990 
(55)8.5100 19601 
( 1)1.4628 73884 
5.9814 24030 
3.8247 53435 
2.9247 09627 



215 
46225 
99 38375 
9)2.1367 50625 
(11 4.5940 13844 
l 13 9.8771 29764 
16)2.1235 82899 
(l8 4.5657 03233 
(20)9.8162 61952 
(23)2. 1104 96320 
(55)9.5175 03342 
( 1)1.4662 87830 
5. 990^26415 
3.8292 13796 
2.9274 37906 


216 
46656 
100 77696 

1 9)2. 1767 82336 
11)4.7018 49846 
14)1.0155 99567 
16)2.1936 95064 
18 4. 7383 81338 
2l)l. 0234 90369 
23)2.2107 39197 
(56)1. 0638 73589 
( 1)1.4696 93846 
6.0000 00000 
3.8336 58625 
2.9301 56052 


217 
47089 
102 18313 
9)2.2173 73921 
(ll 4. 8117 01409 
14)1. 0441 39206 
16)2.2657 82076 
(18)4.9167 47106 
2l) 1. 0669 34122 
(23)2.3152 47045 
(56)1. 1885 94216 
( 1)1.4730 91986 
6. 0092 45007 
3.8380 88048 
2.9328 64149 


218 
47524 
103 60232 
( 9)2.2585 30576 
(ll 4. 9235 96656 
(14)1.0733 44071 
16)2.3398 90075 
(18)5. 1009 60363 
2l)l.ll20 09359 
(23)2.4241 80403 
(56)1.3272 59512 
( 1)1.4764 82306 
6.0184 61655 
3.8425 02187 
2.9355 62280 


219 
47961 
105 03459 

1 9)2. 3002 57521 
11)5. 0375 63971 
14)1. 1032 26510 
16)2.4160 66056 
18)5.2911 84663 
2l) 1.1587 69441 
23)2. 5377 05076 
(56)1.4813 53665 
( 1)1.4798 64859 
6. 0276 50160 
3.8469 01167 
2.9382 50529 



220 
48400 
106 48000 

1 9)2. 3425 60000 
11)5. 1536 32000 
14)1.1337 99040 
16)2.4943 57888 
18)5.4875 87354 
2l)l.2072 69218 
23)2.6559 92279 
(56)1. 6525 10926 


221 
48841 
107 93861 

1 9)2. 3854 43281 
11)5.2718 29651 
14)1.1650 74353 
16)2.5748 14320 
18)5. 6903 39647 
21)1.2575 65062 
23)2.7792 18787 
(56)1.8425 30003 


222 
49284 
109 41048 

1 9)2.4289 12656 
11)5. 3921 86096 
14 1.1970 65313 
16)2.6574 84996 
18)5, 8996 16690 
21 1.3097 14905 
23)2.9075 67090 
(56)2.0533 89736 


( 1)1.4832 39697 ( 1)1.4866 06875 ( n 

6.0368 10737 6.0459 43596 V 

3.8512 85107 3.8556 54127 

2.9409 28975 2.9435 97699 



1. 4899 66443 
6.0550 48947 
3. 8600 08345 
2.9462 56780 



223 
49729 
110 89567 

1 9)2.4729 73441 
11)5.5147 30773 
14)1.2297 84962 
16)2.7424 20466 
18)6. 1155 97640 
21 1. 3637 78274 
23)3. 0412 25550 
(56)2.2872 66205 
( 1)1.4933 18452 
6. 0641 26994 
3. 8643 47878 
2.9489 06295 



224 
50176 
112 39424 
( 9) 2..5176 30976 
(ll)5. 6394 93386 
14)1.2632 46519 
16)2.8296 72201 
18)6. 3384 65731 
2l) 1.4198 16324 
(23)3. 1803 88565 
(56)2.5465 51362 
( 1)1.4966 62955 
6.0731 77944 
3.8686 72841 
2.9515 46323 

( n 
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POWERS AND ROOTS Table 3.1 

k 

1 225 226 227 228 229 

2 50625 51076 51529 51984 52441 

3 113 90625 115 43176 116 97083 118 52352 120 08989 

4 9)2.5628 90625 9)2. 6087 57776 9)2. 6552 37841 ( 9 2.7023 36256 ( 9)2.7500 58481 

5 (1115.7665 03906 (11)5.8957 92574 (11 6. 0273 89899 (ll 6. 1613 26664 11)6.2976 33921 

6 (14)1.2974 63379 14 1.3324 49122 14 1.3682 17507 14 1.4047 82479 (14 1.4421 58168 

7 16)2.9192 92603 16)3.0113 35015 16 3. 1058 53741 (16 3.2029 04053 16)3.3025 42205 

B (18 6.5684 08356 18 6.8056 17134 18)7. 0502 87992 (18 7.3026 21240 18 7.5628 21649 

9 21)1. 4778 91880 21)1.5380 69472 21 1.6004 15374 (21 1.6649 97643 21 1.7318 86158 

10 (23)3. 3252 56730 (23)3.4760 37007 (23)3. 6329 42900 (23 3.7961 94626 (23)3. 9660 19301 

24 (56)2.8338 73334 (56)3. 1521 18526 (56)3.5044 55686 (56)3.8943 62082 (56)4.3256 51988 

1/2 ( 1)1.5000 00000 ( 1)1.5033 29638 ( 1)1.5066 51917 ( 1)1. 5099 66887 ( 1)1.5132 74595 

1/3 6. 0822 01996 6. 0911 99349 6. 1001 70200 6.1091 14744 6. 1180 33173 

1/4 3.8729 83346 3.8772 79507 3. 8815 61435 3.8858 29238 3.8900 83026 

1/5 2.9541 76939 2.9567 98218 2.9594 10235 2.9620 13062 2.9646 06773 



230 
52900 
121 67000 

1 9)2.7984 10000 
11 6.4363 43000 
14)1.4803 58890 
16)3.4048 25447 
18)7.8310 98528 
21 1.8011 52661 
23)4. 1426 51121 
(56)4.8025 07640 
( 1)1.5165 75089 
6. 1269 25675 
3.8943 22905 
2.9671 91438 


231 
53361 
123 26391 

1 9)2.8473 96321 
11 6.5774 85502 
14)1.5193 99151 
16)3.5098 12038 
18 8.1076 65809 
21) 1. 8728 70802 
23)4.3263 31552 
(56)5.3295 12896 
( 1)1.5198 68415 
6. 1357 92440 
3.8985 48980 
2.9697 67129 


232 
53824 
124 87168 
9)2.8970 22976 
' 11 6.7210 93304 
14 1.5592 93647 
16 3. 6175 61260 
18 8.3927 42123 
21) 1.9471 16173 
(23)4.5173 09521 
(56)5.9116 89798 
( 1)1.5231 54621 
6.1446 33651 
3.9027 61357 
2.9723 33915 


233 
54289 
126 49337 
9)2.9472 95521 
11)6.8671 98564 
14) 1.6000 57265 
I 16)3.7281 33428 
18 8.6865 50888 
(21)2. 0239 66357 
< 23)4.7158 41612 
(56)6.5545 38287 
( 1)1.5264 33752 
6.1534 49494 
3.9069 60138 
2.9748 91866 


234 
54756 
128 12904 
9 2.9982 19536 
(ll 7.0158 33714 
14) 1. 6417 05089 
16)3.8415 89909 
18)8.9893 20386 
21)2.1035 00970 
(23)4.9221 92271 
(56)7.2640 79321 
( 1)1.5297 05854 
6.1622 40148 
3.9111 45426 
2.9774 41049 


1 235 236 237 238 239 

2 55225 55696 56169 56644 57121 

3 129 77875 131 44256 133 12053 134 81272 136 51919 

4 ( 9)3.0498 00625 ( 9)3.1020 44416 9)3. 1549 56561 ( 9)3.2085 42736 9)3.2628 08641 

5 11)7.1670 31469 (11 7. 3208 24822 ll)7.4772 47050 11)7.6363 31712 (ll 7.7981 12652 

6 14)1. 6842 52395 (l4 1. 7277 14658 14 1. 7721 07551 (14) 1.8174 46947 14) 1.8637 48924 

7 15)3.9579 93129 (16 4. 0774 06593 16)4.1998 94895 16 4. 3255 23735 16) 4. 4543 59928 

8 18)9. 3012 83852 18 9. 6226 79559 18 9.9537 50902 19 1. 0294 74649 19) 1. 0645 92023 

9 (21)2. 1858 01705 (21)2.2709 52376 2l)2. 3590 38964 (21)2.4501 49664 (21)2.5443 74934 

10 (23)5.1366 34007 (23)5. 3594 47607 23) 5. 5909 22344 (23) 5. 8313 56201 (23)6.0810 56093 

24 (56)8. 0469 01671 (56)8.9102 12697 (56)9.8618 93410 (57)1.0910 55818 (57)1.2065 61943 


1/2 ( 1)1. 5329 70972 ( 1)1.5362 29150 ( 1)1. 5394 80432 ( 1)1.5427 24862 ( 1)1. 5459 62483 

1/3 6.1710 05793 6. 1797 46606 6.1884 62762 6. 1971 54435 6. 2058 21795 

1/4 3.9153 17320 3.9194 75921 3.9236 21327 3.9277 53635 3.9318 72942 

1/5 2.9799 81531 2.9825 13380 2.9850 36660 2.9875 51438 2.9900 57776 



240 
57600 
138 24000 

1 9)3.3177 60000 
11)7.9626 24000 
14)1.9110 29760 
16 4.5864 71424 
19)1.1007 53142 
21)2. 6418 07540 
23)6.3403 38097 
(57)1.3337 35777 
( 1)1.5491 93338 
6.2144 65012 
3.9359 79343 
2.9925 55740 


241 
58081 
139 97521 

1 9)3. 3734 02561 
11)8. 1299 00172 
14)1.9593 05941 
16)4.7219 27319 
19)1. 1379 84484 
21)2.7425 42606 
23)6.6095 27681 
(57)1.4736 99791 
( 1)1. 5524 17470 
6. 2230 84253 
3.9400 72930 
2.9950 45390 


242 
58564 
141 72488 

1 9)3.4297 42096 
11 8.2999 75872 
14 2. 0085 94161 
16 4.8607 97870 
1911.1763 13085 
21 2.8466 77665 
23 6.8889 59948 
(57)1.6276 79087 
( 1)1.5556 34919 
6.2316 79684 
3.9441 53798 
2.9975 26790 


243 
59049 
143 48907 

1 9)3.4867 84401 
ll)8. 4728 86094 
14)2.0589 11321 
16)5.0031 54510 
19)1.2157 66546 
21)2.9543 12707 
23)7.1789 79877 
(57)1.7970 10300 
( 1)1. 5588 45727 
6. 2402 51469 
3.9482 22039 
3.0000 00000 


244 
59536 
145 26784 
( 9)3.5445 35296 
(ll 8.6486 66122 
(14)2.1102 74534 
(16)5.1490 69863 
(19) 1.2563 73046 
(21)3.0655 50233 
(23)7. 4799 42569 
(57)1.9831 51223 
( 1)1.5620 49935 
6.2487 99770 
3.9522 77742 
3. 0024 65081 



245 
60025 
147 06125 

i 9)3. 6030 00625 
11 8.8273 51531 
14 2.1627 01125 
16)5.2986 17757 
19) 1.2981 61350 
21)3.1804 95308 
23)7.7922 13506 
(57)2.1876 91225 


246 
60516 
148 86936 

1 9)3.6621 86256 
11 9. 0089 78190 
14)2.2162 08635 
16)5.4518 73241 
19)1.3411 60817 
21)3.2992 55611 
23)8.1161 68802 
(57)2.4123 62509 


247 
61009 
150 69223 

1 9)3.7220 98081 
11)9.1935 82260 
14)2.2708 14818 
16)5.6089 12601 
19)1.3854 01412 
21)3.4219 41489 
23)8.4521 95477 
(57)2.6590 52293 


248 
61504 
152 52992 
9)3.7827 42016 
11 9.3812 00200 

1 14 2.3265 37650 
16 5.7698 13371 
19 1.4309 13716 
21 3. 5486 66016 
23 8.8006 91719 
(57)2.9298 15956 


249 
62001 
154 38249 
9)3. 8441 24001 
11 9.5718 68762 
(14 2. 3833 95322 
(l6)5. 9346 54351 
(l9)l.4777 28934 
(21)3.6795 45044 
(23)9.1620 67161 
(57)3.2268 91257 


( 1)1,5652 47584 ( 1)1.5684 38714 

6.2573 24746 6.2658 26556 

3.9563 20998 3.9603 51896 

3.0049 22094 3. 0073 71096 


( 1)1.5716 23365 ( 1)1.5748 01575 

6.2743 05357 6.2827 61305 

3. 9643 70523 3. 9683 76966 

3. 0098 12147 3.0122 45305 




( 1)1.5779 73384 
6.2911 94552 
3.9723 71312 
3.0146 70627 


: ( t] 
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Table 3.1 


POWERS AND ROOTS re* 


k 

1 250 251 252 253 254 

2 62500 63001 63504 64009 64516 

3 156 25000 158 13251 160 03008 161 94277 163 87064 

4 ( 9)3.9062 50000 ( 9)3.9691 26001 ( 9)4.0327 58016 ( 9)4.0971 52081 ( 9)4.1623 14256 

5 11)9.7656 25000 (11)9.9625 06263 (12)1. 0162 55020 (12)1.0365 79476 (12)1.0572 27821 

6 (14)2.4414 06250 (14)2.5005 89072 (14)2. 5609 62650 (14)2.6225 46076 (14) 2.6853 58665 

7 16)6. 1035 15625 (16)6.2764 78570 (l6) 6.4536 25879 16)6.6350 41571 (16)6.8208 11010 

8 19)1.5258 78906 (19)1. 5753 96121 (19) 1. 6263 13722 (19) 1. 6786 65517 (19) 1.7324 85997 

9 (21)3.8146 97266 (21)3.9542 44264 (2l)4. 0983 10578 (2l)4.2470 23759 (2l)4.4005 14431 

10 (23)9. 5367 43164 (23)9.9251 53103 (24) 1.0327 74266 (24)1. 0744 97011 (24) 1.1177 30666 

24 (57)3.5527 13679 (57)3.9099 33001 (57)4.3014 31179 (57)4.7303 41643 (57)5.2000 70108 


1/2 ( 1)1.5811 38830 ( 1)1.5842 97952 ( 1)1. 5874 50787 ( 1)1.5905 97372 ( 1)1.5937 37745 

1/3 6. 2996 05249 6. 3079 93549 6. 3163 59598 6. 3247 03543 6. 3330 25531 

1/4 3.9763 53644 3.9803 24047 3.9842 82604 3.9882 29397 3.9921 64507 

1/5 3.0170 88168 3. 0194 97986 3.0219 00136 3. 0242 94671 3.0266 81647 


1 255 256 257 258 259 

2 65025 65536 66049 66564 67081 

3 165 81375 167 77216 169 74593 171 73512 173 73979 

4 ( 9)4.2282 50625 ( 9)4.2949 67296 ( 9)4.3624 70401 ( 9)4.4307 66096 ( 9)4.4998 60561 

5 (12 1. 0782 03909 12) 1. 0995 11628 (12) 1.1211 54893 12) 1.1431 37653 (12) 1.1654 63886 

6 (14)2.7494 19969 (14 2.8147 49767 (l4)2.8813 68075 14)2.9492 95144 (14) 3. 0185 51463 

7 (16)7. 0110 20921 16 7.2057 59404 (16) 7. 4051 15953 16)7.6091 81472 (16) 7. 8180 48289 

8 (19)1.7878 10335 (19) 1. 8446 74407 (19) 1.9031 14800 (19) 1.9631 68820 (19)2. 0248 74507 

9 (21 4.5589 16354 (21 4.7223 66483 (21)4.8910 05036 2l)5.0649 75555 (21 5. 2444 24973 

10 (24)1.1625 23670 (24) 1.2089 25820 (24) 1.2569 88294 ( 24) 1. 3067 63693 (24) 1. 3583 06068 

24 (57)5.7143 17018 (57)6.2771 01735 (57)6.8927 88615 (57)7.5661 15089 (57)8. 3022 21920 

1/2 ( 1)1. 5968 71942 ( 1)1.6000 00000 ( 1)1.6031 21954 ( 1)1. 6062 37840 ( 1)1.6093 47694 

1/3 6.3413 25705 6. 3496 04208 6. 3578 61180 6. 3660 96760 6. 3743 11088 

1/4 3.9960 88015 4. 0000 00000 4.0039 00541 4.0077 89716 4.0116 67601 

1/5 3. 0290 61117 3.0314 33133 3.0337 97748 3.0361 55014 3. 0385 04982 


1 260 261 262 263 264 

2 67600 68121 68644 69169 69696 

3 175 76000 177 79581 179 84728 181 91447 183 99744 

4 ( 9)4.5697 60000 ( 9)4.6404 70641 ( 9)4.7119 98736 ( 9)4.7843 50561 ( 9)4.8575 32416 

5 12)1.1881 37600 (12) 1.2111 62837 (12) 1.2345 43669 12) 1.2582 84198 12) 1.2823 88558 

6 14)3.0891 57760 (14)3. 1611 35005 (14)3.2345 04412 14)3.3092 87440 14)3. 3855 05793 

7 (16)8.0318 10176 (16)8.2505 62364 (16) 8. 4744 01560 (16) 8. 7034 25966 (16) 8. 9377 35293 

8 (19)2.0882 70646 (19)2. 1533 96777 (19)2.2202 93209 (19) 2.2890 01029 19)2. 3595 62117 

9 (21)5. 4295 03679 (21)5.6203 65588 (2l) 5.8171 68207 (21)6.0200 72706 (21)6.2292 43990 

10 (24)1.4116 70957 (24)1. 4669 15418 (24) 1.5240 98070 (24) 1. 5832 79122 (24) 1.6445 20413 

24 (57)9.1066 85770 (57)9.9855 54265 (58)1.0945 38372 (58)1.1993 27974 (58)1. 3136 94086 

1/2 ( 1)1.6124 51550 ( 1)1.6155 49442 { 1)1.6186 41406 ( 1)1.6217 27474 ( 1)1.6248 07681 

1/3 6.3825 04299 6. 3906 76528 6.3988 27910 6.4069 58577 6.4150 68660 

1/4 4.0155 34273 4. 0193 89807 4.0232 34278 4. 0270 67760 4.0308 90325 

1/5 3.0408 47703 3.0431 83226 3. 0455 11602 3.0478 32879 3.0501 47105 


1 265 266 267 268 269 

2 70225 70756 71289 71824 72361 

3 186 09625 188 21096 190 34163 192 48832 194 65109 

4 ( 9)4.9315 50625 ( 9)5. 0064 11536 ( 9)5.0821 21521 ( 9)5. 1586 86976 9)5.2361 14321 

5 (12)1. 3068 60916 (12) 1.3317 05469 (12) 1.3569 26446 (12J 1.3825 28110 12) 1.4085 14752 

6 (14)3.4631 81426 (14)3.5423 36546 (14) 3. 6229 93611 (14) 3. 7051 75334 (14)3.7889 04684 

7 16)9. 1774 30780 16 9.4226 15213 16)9.6733 92942 (16)9.9298 69894 17) 1.0192 15360 

8 (19)2.4320 19157 (19)2.5064 15647 (19)2. 5827 95915 (19) 2.6612 05132 19)2.7416 89318 

9 (21)6.4448 50765 (21)6.6670 65620 (21)6.8960 65094 (21) 7.1320 29753 (2l)7.3751 44266 

10 (24)1.7078 85453 (24)1.7734 39455 (24) 1.8412 49380 (24) 1.9113 83974 24) 1.9839 13808 

24 (58)1.4384 70548 (58)1.5745 60235 (58)1.7229 40472 (58)1.8846 68868 (58)2.0608 89564 


1/2 ( 1)1.6278 82060 ( 1)1.6309 50643 ( 1)1. 6340 13464 ( 1)1.6370 70554 ( 1)1.6401 21947 

1/3 6.4231 58289 6. 4312 27591 6.4392 76696 6.4473 05727 6.4553 14811 

1/4 4.0347 02045 4. 0385 02994 4.0422 93240 4.0460 72854 4. 0498 41906 

1/5 3.0524 54329 3.0547 54599 3. 0570 47961 3.0593 34462 3.0616 14147 


1 

2 


9 

10 


270 
72900 
196 83000 

1 9)5.3144 10000 
12)1.4348 90700 
14)3.8742 04890 
17)1.0460 35320 
19)2.8242 95365 
21)7.6255 97485 
24)2.0589 11321 


271 
73441 
199 02511 

i 9) 5. 3935 80481 
12)1.4616 60310 
14 3.9610 99441 
17 1.0734 57949 
19 2.9090 71041 
21)7.8835 82520 
24)2.1364 50863 


272 
73984 
201 23648 
9)5.4736 32256 
12)1.4888 27974 

I 14) 4. 0496 12088 
17)1.1014 94488 
19)2.9960 65007 
21)8.1492 96820 
24)2. 2166 08735 


273 
74529 
203 46417 
( 9)5.5545 71841 
(12) 1.5163 98113 
(14 4.1397 66847 
17)1.1301 56349 
(19)3.0853 26834 
(21)8.4229 42256 
(24)2.2994 63236 


274 
75076 
205 70824 

1 9)5.6364 05776 
12)1.5443 75183 
14 4. 2315 88000 
17)1.1594 55112 
19)3.1769 07007 
21)8.7047 25200 
24)2.3850 94705 


24 (58)2.2528 39954 (58)2.4618 57897 (58)2.6893 89450 (58)2.9369 97176 (58)3.2063 69049 
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POWERS AND ROOTS n* 


76729 
212 53933 

! 9)5.8873 39441 
12)1.6307 93025 
14)4. 5172 96680 
17)l.2512 91180 
19)3.4660 76569 
2l)9. 6010 32097 
24)2. 6594 85891 


( 1)1. 6643 31698 
6.5186 83915 
4. 0796 22161 
3. 0796 11650 


(58)4.5402 01230 
( 1)1.6673 33200 
6.5265 18879 
4. 0832 99156 
3.0818 31992 


(58)4.9488 11121 
( 1)1.6703 29309 
6.5343 35077 
4. 0869 66245 
3. 0840 45954 


1 



280 




281 



282 



283 



284 

2 



78400 




78961 



79524 



80089 



80656 

3 


219 

52000 



221 

88041 


224 

25768 


226 

65187 


229 

06304 

4 

9 

6.1465 

60000 

1 9) 

6. 

2348 

39521 

’ 9 

6. 3240 

66576 

' 9)6.4142 

47921 

; 9) 

6.5053 

90336 

5 

;i2 

1. 7210 

36800 

‘12 

1 . 

7519 

89905 

’12’ 

1.7833 

86774 

12) 

1.8152 

32162 

12 

1. 8475 

30855 

6 

14 

4. 8189 

03040 

1 4) 

4. 

1 . 

9230 

91634 

[l4 

5. 0291 

50704 

’ 14) 

5.1371 

07017 

14 

15. 2469 

87629 

7 

17' 

1. 3492 

92851 

17 

3833 

88749 

[17 

1. 4182 

20498 

17) 

1.4538 

01286 

17 

11.4901 

444B7 

8 

’19 

3. 7780 

19983 

;i9) 

3. 

8873 

22385 

19 

3. 9993 

81806 

19 

4.1142 

57639 

19 

14.2320 

10342 

9 

22 

1. 0578 

45595 

22 

1 . 

0923 

37590 

22 

1.1278 

25669 

22 

1.1643 

34912 

22 

11.2018 

90937 

10 

24 

2.9619 

67667 

24 

3. 

0694 

68629 

24 

3.1804 

68387 

[24) 3.2950 

67801 

24) 

13. 4133 

70262 


(58)5.8742 39885 
( 1)1.6763 05461 
6. 5499 11620 
4.0942 70950 
3.Q884 54901 


(58)7.5794 93086 
( 1)1.6852 29955 
6. 5731 38451 
4.1C51 55240 
3. 0950 21484 


82944 
238 87872 

! 9) 6. 8797 07136 
12)1.9813 55655 
14)5. 7063 04287 
17)1.6434 15635 
19)4.7330 37028 
22 1. 3631 14664 
24)3.9257 70232 


24 ( 

; 58) 8. 2466 32480 ( 

58)8.9698 42039 ( 

58)9.7536 13040 ( 

59)1.0602 77893 ( 

1/2 I 

; 1)1.6881 94302 ( 

1)1.6911 53453 ( 

1)1.6941 07435 ( 

1)1. 6970 56275 ( 

1/3 

6.5808 44365 

6. 5885 32275 

6.5962 02284 

6.6038 54498 

1/4 

4. 1087 64171 

4.1123 63618 

4.1159 53637 

4. 1195 34288 

1/5 

3. 0971 98013 

3. 0993 68441 

3.1015 32807 

3. 1036 91148 

1 

290 

291 

292 

293 

2 

84100 

84681 

85264 

85849 

3 

243 89000 

246 42171 

248 97088 

251 53757 

4 

' 9)7.0728 10000 

9)7. 1708 71761 

[ 9)7.2699 49696 

[ 9)7. 3700 50801 ( 

5 

12)2. 0511 14900 

12)2. 0867 23682 

12)2.1228 25311 

[12)2.1594 24885 ( 

6 

14)5.9482 33210 

14)6.0723 65916 

14)6. 1986 49909 

’14)6.3271 14912 ( 

7 

[ 17) 1.7249 87631 

17)1.7670 58482 

17 1.8100 05773 

[ 17 1. 8538 44669 ( 

8 

[19)5. 0024 64130 

19)5. 1421 40181 

19 5.2852 16858 

19 5. 4317 64881 

9 

22)1.4507 14598 

22)1.4963 62793 

22 1.5432 83323 

[22 1.5915 07110 ( 

10 

[24)4.2070 72333 

24)4. 3544 15727 

[24)4. 5063 87302 

[24)4.6631 15833 ( 

24 

[59)1.2518 49008 

59)1.3596 64428 

[59)1. 4763 46962 

(59)1.6025 91698 ( 

1/2 

[ 1)1.7029 38637 

1)1. 7058 72211 

[ 1)1.7088 00749 

( 1)1.7117 24277 ( 

1/3 

6.6191 05948 

6.6267 05387 

6.6342 87437 

6.6418 52195 

1/4 

4.1266 67707 

4. 1302 20588 

4. 1337 64325 

4.1372 98970 

1/5 

3. 1079 89906 

3. 1101 30396 

3.1122 65011 

3. 1143 93785 

1 

295 

296 

297 

298 

2 

87025 

87616 

88209 

88804 

3 

256 72375 

259 34336 

261 98073 

264 63592 


( 9)7. 5733 50625 
(12)2.2341 38434 

! 14) 6. 5907 08381 
17)1.9442 58973 
19 5.7355 63969 
22)1.6919 91371 
24)4. 9913 74544 
(59)1.8868 10930 
( 1)1.7175 56404 
6. 6569 30232 
4.1443 41207 
3. 1186 33956 


( 9)6.9757 57441 
12)2. 0159 93900 
(14)5. 8262 22372 
17 1.6837 78266 
(19 4.8661 19188 
(22)l. 4063 08445 
(24)4. 0642 31407 
(59)1. 1522 54005 
( 1)1. 7000 00000 
6.6114 89018 
4.1231 05626 
3. 1058 43502 


86436 
254 12184 
( 9)7. 4711 82096 
(12)2. 1965 27536 
(14)6.4577 90956 
(17 1.8985 90541 
(19)5.5818 56191 
22 1.6410 65720 
(24)4. 8247 33217 
(59)1.7391 45550 
( 1)1.7146 42820 
6.6493 99761 
4. 1408 24580 
3.1165 16755 


89401 
267 30899 

1 9)7.9925 38801 
12)2. 3897 69101 
14)7.1454 09613 
17)2.1364 77474 
19)6. 3880 67649 
22)1. 9100 32227 
24)5.7109 96358 
(59)2.6068 04847 
( 1)1.7291 61647 
6. 6368 83077 
4. 1583 18947 
3. 1270 45768 


4 
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Table 3.1 


POWERS AND ROOTS nk 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


300 
90000 
270 00000 

( 9)8. 1000 00000 ( 9)8.2085 41201 ( 9)8. 3181 

(12)2. 4300 00000 (12 2. 4707 70902 12)2.5120 

(14)7.2900 00000 (14 7.4370 20414 14)7. 5865 

(17)2. 1870 00000 (l7 2.2385 43144 (l7)2.2911 

(19)6.5610 00000 (19) 6. 7380 14865 (19) 6. 9191 

(22)1.9683 00000 ( 22 2. 0281 42474 (22)2. 0895 

(24)5.9049 00000 (24)6.1047 08848 (24)6. 3105 

(59)2.8242 95365 (59)3.0591 15639 (59)3.3125 81949 (59)3.5861 05682 (59)3.8811 99856 

59577 
50814 
95260 
34853 


272 


301 

90601 

70901 
41201 

70902 
20414 
43144 
14865 
42474 


275 


60015 

22846 

00722 


302 

91204 

43608 

69616 

87224 

03417 

24032 

94576 

96762 

82221 


278 


( 9)8.4288 
12)2.5539 
14)7.7384 
17)2. 3447 
(l9) 7.1046 
(22)2.1527 
(24) 6. 5226 


91809 

18127 

92481 

54422 


280 


1/2 

1)1.7320 50808 

1)1.7349 35157 

1)1.7378 14720 

1)1.7406 89519 

1/3 

6.6943 29501 

6,7017 59395 

6.7091 72852 

6.7165 69962 

1/4 

4.1617 91450 

4. 1652' 55283 

4.1687 10496 

4.1721 57138 

1/5 

3. 1291 34645 

3.1312 17958 

3.1332 95743 

3. 1353 68030 

1 

305 

306 

307 

308 

2 

93025 

93636 

94249 

94864 

3 

283 72625 

286 52616 

289 34443 

292 18112 

4 

( 9)8.6536 50625 ( 

’ 9)8.7677 00496 

’ 9)8.8828 74001 

[ 9)8.9991 78496 ( 

5 

[12)2.6393 63441 | 

12)2.6829 16352 

[12)2.7270 42318 

[12)2.7717 46977 ( 

6 

' 14 8. 0500 58494 ( 

14 8.2097 24036 

14 8.3720 19917 

'14)8.5369 80688 ( 

7 

17)2.4552 67841 ( 

17)2.512: 75555 

17 2.5702 10115 

17)2.6293 90052 ( 

8 

19)7.4885 66914 

19)7.6872 57199 

19)7.8905 45052 

19)8. 0985 21360 ( 

9 

22)2.2840 12909 j 

22)2.3523 00703 

22)2. 4223 97331 

22)2.4943 44579 

10 

24)6.9662 39372 ( 

24)7. 1980 40151 

[24)7.4367 59806 

124)7.6825 81303 ( 


1 9)8. 5407 
12)2.5963 
14) 7. 8929 
17) 2. 3994 
19)7. 2943 
22)2.2174 
24) 6.7411 


6.7239 
4.1755 
3.1374 


304 

92416 

94464 

17056 

77985 

89074 

68679 

84783 

92974 

78641 


(59)4. 1994 86063 
( 1)1.7464 24920 
6.7313 15497 
4. 1790 24910 
3.1394 96244 


(59)4.5427 
( 1)1.7492 
6. 7386 
4.1824 
3.1415 


297 

( 9)9,2352 
(12) 2. 8629 
(l4) 8. 8750 
(l7) 2. 7512 
(19) 8.5289 
(22)2.6439 
(24) 8.1962 
(59)6.2041 
( 1)1.7606 
6. 7678 
4.1960 
3.1497 


312 

( 9)9.8456 
12)3.1013 
14)9.7692 
(l7) 3. 0773 
(19) 9. 6935 
(22)3. 0534 
(24)9. 6184 
(59)9. 1086 
( 1)1.7748 
6.8040 
4.2128 
3.1598 


327 

(10)1.0485 
(12)3.3554 
15)1.0737 
17) 3. 4359 
(20)1.0995 
(22 3. 5184 
(25)1.1258 
(60)1. 3292 
( 1)1. 7888 
6.8399 
4.2294 
3.1697 


310 

96100 

91000 

10000 

15100 

36810 

61411 

10374 

62216 

82870 

26610 

81686 

99452 

47767 

22833 

315 

99225 

55875 

00625 

64197 

97220 

28624 

85167 

79328 

59882 

34822 

23935 

92116 

65931 

18306 


320 

02400 

68000 

76000 

43200 

41824 

73837 

11628 

37209 

99907 

27996 

54382 

03787 

85054 

86385 


301 

1 9)9. 3549 
12)2.9093 
14 9. 0482 
17)2.8139 
19 8.7515 
22 2.7217 
24) 8. 4645 
(59)6.7026 93132 
( 1)1. 7635 
6.7751 
4. 1994 
3.1517 


85568 

64101 

46136 

52236 

311 

96721 

80231 

51841 

90023 

02970 

91124 

12395 

20355 

50303 


19209 

68952 

27591 

52295 


(59)4. 9127 
( 1)1.7521 
6. 7459 
4.1858 
3.1436 


303 

( 9)9. 4758 
(12)2.9564 
(14)9.2241 
(17)2.8779 
(l9)8. 9791 
(22)2.8015 
(24)8.7406 
(59)7.2395 
( 1)1.7663 
6.7824 
4. 2027 
3.1537 


41547 

96712 

58988 

02859 

312 

97344 

71328 

54336 

66553 

75645 

42801 

81540 

04640 

94478 

28072 

52173 

22886 

99273 

76544 


(59)5. 3115 
( 1)1.7549 
6.7533 
4.1892 
3.1456 


306 

1 9) 9.5979 
12) 3. 0041 
14)9.4029 
17) 2. 9431 
19)9.2120 
22)2.8833 
24)9. 0249 
(59) 7.8174 
( 1)1. 7691 
6. 7896 
4.2061 
3.1557 


315 

( 9)9.9712 
(12) 3.1509 
(l4)9. 9568 
(l7) 3.1463 
(19) 9. 9425 
22)3.1418 
(24)9.9282 


316 

99856 

54496 

20736 

05753 

62178 

68448 

24297 

37678 

07062 


(59)9.8285 62028 
( 1)1.7776 
6. 8112 
4.2162 
3.1618 


84608 

05502 

21997 


Ii8i 

fill: 

20 1 . 

iiili: 

(60)1, 

( Di, 

6 . 


321 
1 03041 
330 76161 
0617 44768 
4082 00706 
0940 32426 
5118 44089 
1273 01953 
6186 39268 
1615 83205 
..4325 86248 


317 
1 00489 
318 55013 
(10)1.0098 03912 
12)3.2010 78401 
15)1. 0147 41853 
17)3.2167 31675 
(20)1.0197 03941 
22)3.2324 61493 
(25)1.0246 90293 
(60)1.0602 84208 
( 1)1.7804 49381 
6.8184 61941 
4. 2195 37156 
3.1638 20622 

322 
1 03684 
333 86248 
0750 37186 
4616 19738 
1146 41556 
5891 45809 
1557 04950 
7213 69940 
1982 81121 


92877 

13417 

63512 

48146 

313 

97969 

64297 

24961 

50513 

91105 

36216 

16356 

61119 

20304 

31800 

80601 

61336 

62861 

95609 

318 
L 01124 
L 57432 
5 06338 
1 88154 
L 00433 
1 39376 
r 23722 
\ 01435 
l 77656 


309 
95481 
03629 
21361 
36001 
41242 
34144 
78504 
85058 
91828 
(59)5.7412 10972 
( 1)1.7578 


295 
9)9.1166 
12)2.8170 
14) 8.7046 
17) 2. 6897 
19 8. 3112 
22 2.5681 
24)7.9356 


6. 7606 
4.1926 
3.1476 


309 

( 9)9.7211 
(12) 3. 0524 
(14)9.5846 
(17)3. 0095 
19 9.4501 
(22)2. 9673 
(24)9. 3174 
(59) 8.4393 
( 1)1.7720 
6.7968 
4. 2095 
3.1578 


39583 

14302 

59756 

88127 

314 

98596 

59144 

71216 

47762 

85972 

91395 

16981 

36732 

37339 

99655 

04515 


319 


321 

1 10)1.0226 
12) 3.2518 
15)1. 0341 
17) 3. 2884 
20)1.0457 
22)3. 3254 
25)1. 0574 
(60)1. 1435 38734 (60)1.2330 37808 

( 1)1.7832 
6. 8256 
4. 2228 
3.1658 


324 

(10)1.0355 
(12)3. 3033 
(15) 1.0537 
17) 3.3615 
20) 1. 0723 
22)3. 4207 
(25)1.0912 


01761 

61759 

30112 

41058 

65797 

12894 

22613 

09136 

06214 


! 55450 
> 24197 
i 60938 
\ 14209 


( 1)1. 7860 5 
6.8327 7 
4.2261 1 
3. 1678 C 


7916 47287 
8470 21278 
2327 85474 
1717 65030 


( 10 ) 1 . 

(12)3. 

i l5)l. 

17 3. 

20)l. 

22)3. 

25)l. 

(60)1.5436 21862 
( 1)1.7944 35844 
6.8541 24002 
4.2360 78192 
3.1737 38749 


1 

336 

(10)1. 0884 
(12)3.5157 
(15)1.1355 
17)3.6679 
(20) 1.1847 
(22) 3. 8266 
(25)1.2360 
(60) 1. 6628 
( 1)1. 7972 
6. 8612 
4.2393 
3.1757 


323 

04329 

98267 

54024 

06498 

73199 

01432 

32163 

84885 

19218 

78568 

20076 

12036 

63249 

07571 


324 
1 04976 
340 12224 
(10)1. 1019 96058 
(12)3.5704 67227 
(15) 1. 1568 31381 
17 3.7481 33676 
(20)1.2143 95311 
(22) 3. 9346 40808 
(25)1. 2748 23622 
(60)1.7909 36736 
( 1)1.8000 00000 
6. 8682 85455 
4.2426 40687 
3.1776 71523 


n 
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POWERS AND ROOTS n * 


Table 3.1 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 



05235 
55747 
58098 
(60)5. 3063 11693 


8384 77631 
9658 19768 
2877 47230 
2046 70186 


393 
1. 3363 
4. 5435 
1. 5448 
5.2523 

1. 7857 
6. 0716 

2. 0643 


340 

15600 

04000 

36000 

42400 

04416 

35014 

93905 

99277 

77754 


1 

396 

1 10)1.3521 
12)4. 6107 
15 1. 5722 
17 5.3614 
20)1.8282 
22 6.2343 
25)2.1259 


341 

16281 

51821 

27096 

53398 

66909 

30158 

47684 

24602 

04689 


400 

(10) 1. 3680 
(12)4. 6787 
(15 1. 6001 
(17)5. 4724 
(20 1.8715 
(22)6.4008 
(25)2.1890 


342 

16964 

01688 

57730 

57436 

35043 

61847 

81952 

10274 

77114 


403 

1 10)1. 3841 
12)4.7475 
15)l. 6284 
17)5.5854 
20)l. 9158 
22)6. 5712 
25)2.2539 


343 

17649 

53607 

28720 

61510 

13598 

58641 

12314 

36236 

34029 


1/2 

1/3 

1/4 

1/5 


(25) 

(60)5. 6950 03680 (60)6.1108 98859 (60)6.5558 12822 (60)7.0316 76479 

( 1)1.8439 08891 ( 1)1.8466 18531 ( 1)1.8493 24201 ( 1)1.8520 25918 

6.9795 32047 6.9863 68028 6. 9931 90657 7.0000 00000 

4.2940 76026 4.2972 29958 4.3003 76961 4. 3035 17071 

3.2084 53751 3.2103 38860 3.2122 19552 3.2140 95850 


( 1)1.8411 
6. 9726 
4.2909 
3.2065 


407 

(10)1. 4003 
(12)4.8171 
15 1.6571 
17 5.7004 
20) 1.9609 
22)6. 7456 
(25)2. 3205 
(60) 7.5405 
( 1)1.8547 
7. 0067 
4. 3066 
3.2159 


410 

(10)1.4166 
(12)4. 8875 
(15)1.6862 
(17)5. 8174 
(20)2. 0070 
22) 6.9242 
(25)2. 3888 


345 

19025 

63625 

95063 

97966 

21298 

63479 

24900 

35905 

61387 


346 
1 19716 
414 21736 
4331 92066 
9588 44547 
7157 60213 
9365 30338 
0540 39497 
1069 76659 
4590 13924 


1/2 

1/3 

1/4 

1/5 


(60)8.0845 95243 
( 1)1.8574 
7.0135 
4. 3097 
3.2178 


17562 

79083 

76748 

35355 


( 10 ) 1 . 

12)4. 

(l5)l. 

(17)5. 

( 20 ) 2 . 

(22)7. 

(25)2. 

(60)8.6661 53376 
( 1)1.8601 07524 
7. 0203 48952 
4. 3128 96386 
3.2196 98608 


1 

417 

(10)1.4498 
(12)5. 0309 
(15)1. 7457 
(l7)6. 0576 
(20)2. 1020 
(22)7.2939 
(25)2.5310 


347 

20409 

81923 

32728 

19567 

29090 

79941 

14939 

91840 

15168 


421 

(10)1.4666 
12 5. 1038 
(15) 1.7761 
17 6. 1809 
(20 2. 1509 
(22)7. 4853 
(25)2.6049 


348 

21104 

44192 

17882 

30228 

32919 

42559 

68011 

68677 

08300 


95264 
82649 
15128 
64201 

344 
18336 
07584 
40890 
72660 
07395 
49439 
54607 
83848 
15244 
43015 
23699 
96121 
50321 
67776 

349 

1 21801 
425 08549 
4835 48360 
1775 83777 
8069 76738 
3063 48816 
2009 15737 
6811 95921 
6807 37377 


(60)9.2876 83235 
{ 1)1.8627 < 

7. 0271 ( 
4.3160 0 
3.2215 f 


1 93601 
L 05788 
) 09269 
> 57557 


(60)9.9518 04932 
( 1)1.8654 


7. 0338 
4. 3191 
3.2234 


75811 

49656 

15431 


( 10 ) 1 . 

12)5. 

(l5)l. 

(l7)6. 

(20 2 . 

(22 7. 

(25)2. 

(61)1.0661 30203 
( 1)1.8681 54169 
7. 0405 80617 
4. 3222 14906 
3.2252 62636 


»ft 5 ] -ft 1 ] "f-? 6 ] 



38 


ELEMENTARY ANALYTICAL METHODS 


Table 3.1 


POWERS AND ROOTS n * 



1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


355 
1 26025 
447 38875 

i lO) 1.5882 30063 
12)5. 6382 16722 
15)2. 0015 66936 
17)7.1055 62624 
20 2. 5224 74731 
22)8. 9547 85297 
25)3.1789 48780 
(61)1. 6050 20092 
( 1)1.8841 4436B 
7.0806 98751 
4.3406 73183 
3.2362 76880 

360 
1 29600 
466 56000 
(10)1.6796 16000 
(12)6. 0466 17600 
(15)2.1767 82336 
(17)7.8364 16410 
(20)2.8211 09907 
(23)1.0155 99567 
(25)3. 6561 58440 
(61)2.2452 25771 
( 1)1.8973 66596 
7.1137 86609 
4. 3558 77175 
3.2453 42223 


1/2 

1/3 

1/4 

1/5 


365 
1 33225 
486 27125 
(10)1.7748 90063 
(12)6.4783 48728 
1 15)2.3645 97286 
17)8. 6307 80093 
,20)3. 1502 34734 
(23)1.1498 35678 
(25)4. 1969 00224 


351 
1 23201 
432 43551 
10)1. 5178 48640 
12)5. 3276 48727 
15)1.8700 04703 
17)6.5637 16508 
20 2. 3038 64494 
22)8.0865 64375 
25)2.8383 84096 
(61)1.2228 43263 
( 1)1.8734 99400 
7.0540 04063 
4. 3283 93928 
3.2289 50768 

356 
1 26736 
451 18016 
(10)1. 6062 01370 
(12)5.7180 76876 
15)2. 0356 35368 
(17 7.2468 61909 
(20)2. 5798 82840 
(22)9.1843 82909 
(25)3.2696 40316 
(61)1.7171 17251 
( 1)1.8867 96226 
7.0873 41061 
4.3437 26771 
3.2380 98084 

361 
1 30321 
470 45881 
(10)1. 6983 56304 
(12)6.1310 66258 
15)2.2133 14919 
(17)7.9900 66858 
(20)2.8844 14136 
(23 1. 0412 73503 
(25)3.7589 97346 
(61)2.3997 87825 
( 1)1.9000 00000 
7.1203 67359 
4. 3588 98944 
3.2471 43191 

366 
1 33956 
490 27896 

1 10)1.7944 20994 
12)6.5675 80837 
15)2.4037 34586 
17 8.7976 68585 
20 3.2199 46702 
23)1. 1785 00493 
25)4. 3133 11804 


352 
1 23904 
436 14208 
(10)1. 5352 20122 
12)5.4039 74828 
(l5)l.9021 99139 
17 6. 6957 40971 
(20)2.3569 00822 
(22)8.2962 90893 
(25)2.9202 94394 
(61)1. 3092 54042 
( 1)1. 8761 66304 
7. 0606 96671 
4. 3314 73541 
3.2307 88532 

357 
1 27449 
454 99293 
1.6243 24760 
5.7988 39394 
2. 0701 85663 
7. 3905 62819 
..,2.6384 30926 
22)9.4191 98407 
25)3. 3626 53831 




24 (61)3.1262 86296 (61)3.3384 59019 (61)3. 5643 92671 


( 1)1.9104 97317 
7.1465 69499 
4. 3709 23607 
3.2543 07394 

370 


506 

(10)1.8741 

! 12) 6. 9343 
15)2.5657 
17)9. 4931 
20) 3.5124 
23 1.2996 
(25)4. 8085 


36900 

53000 

61000 

95700 

26409 

87713 

79454 

17398 

84372 


( 1)1.9131 12647 
7. 1530 90095 
4. 3739 14319 
3.2560 88625 

371 


24 (61)4. 3335 25711 


1/2 

1/3 

1/4 


( 1)1.9235 
7.1790 
4. 3858 
3. 2631 


38406 

54352 

16237 

74848 


510 

(10)1. 8945 
12 7. 0286 
(l5) 2. 6076 
(l7)9. 6742 
(20) 3. 5891 
23 1. 3315 
(25)4. 9401 
(61)4. 6235 
( 1)1.9261 


7.1855 
4. 3887 
3.2649 


37641 

64811 

04488 

11651 

14922 

51362 

47255 

73632 

38174 

31606 

36028 

16151 

76627 

36822 


514 

(10)1.9150 
(l2) 7.1238 
(15)2. 6500 
(17 9. 8582 
(20)3. 6672 
(23 1.3642 
(25)5. 0749 
(61)4.9320 85051 
( 1)1.9287 
7.1919 
4. 3917 
3.2666 


(61)1.8366 95605 
( 1)1.8894 44363 
7.0939 70945 
4.3467 73933 
3.2399 15199 

362 
1 31044 
474 37928 
(10)1.7172 52994 
(12)6.2164 55837 
(15)2.2503 57013 
(l7)8.1462 92387 
(20)2.9489 57844 
(23) 1.0675 22740 
(25)3.8644 32317 
(61)2.5645 17652 
( 1)1.9026 29759 
7. 1269 35967 
4.3619 14441 
3.2489 40172 

367 
1 34689 
494 30863 

! 10) 1.8141 12672 
12)6.6577 93507 
15)2.4434 10217 
17 8.9673 15496 
20)3.2910 04787 
23)1.2077 98757 
25)4.4326 21438 


353 
1 24609 
439 86977 
10)1.5527 40288 
>12)5. 4811 73217 
15) 1.9348 54146 
17)6. 8300 35134 
20)2.4110 02402 
'22)8.5108 38480 
; 25) 3. 0043 25983 
(61)1.4014 99442 
( 1)1.8788 29423 
7. 0673 76615 
4. 3345 46600 
3. 2326 22125 

358 
1 28164 
458 82712 

i lO) 1.6426 01090 
12)5.8805 11901 
15)2.1052 23260 
17 7.5366 99273 
20)2.6981 38340 
22)9.6593 35256 
25)3.4580 42022 
(61)1.9642 31355 
( 1)1.8920 88793 
7.1005 88459 
4.3498 14700 
3.2417 28247 


( 1)1.9157 24406 
7.1595 98825 
4.3768 98909 
3.2578 65967 


372 

38384 

78848 

13146 

48902 

71791 

67064 

75348 

26429 

22317 


354 
1 25316 
443 61864 
(10)1.5704 09986 
12)5.5592 51349 
15) 1.9679 74978 
.17)6.9666 31421 
(20)2.4661 87523 
22)8.7303 03831 
25)3.0905 27556 
(61)1.4999 55202 
( 1)1.8814 88772 
7.0740 43955 
4.3376 13137 
3.2344 51567 



363 
1 31769 
478 32147 
1.7363 06936 
6.3027 94178 
2.2879 14287 
8.3051 28860 
3.0147 61776 
1.0943 58525 
3.9725 21445 
(61)2.7400 53237 
( 1)1.9052 55888 
7.1334 92490 
4.3649 23697 
3.2507 33187 

368 
1 35424 
498 36032 

1 10)1.8339 65978 
12 6.7489 94798 
15 2.4836 30086 
17)9. 1397 58715 
20)3. 3634 31207 
23)1.2377 42684 
25)4.5548 93078 
(61)3.8049 38558 
( 1)1.9183 32609 
7. 1660 95742 
4.3798 77406 
3.2596 39439 

373 
1 39129 
518 95117 
.9356 87864 
.2201 15733 
.6931 03168 
.0045 27482 
.7468 87507 
.3975 89040 
.2130 07120 


364 
1 32496 
482 28544 
(10)1.7555 19002 
(12)6. 3900 89166 
15)2.3259 92456 
17)8.4666 12541 
(20) 3. 0818 46965 
(23)1.1217 92295 
(25)4.0833 23955 
(61)2.9270 70667 
( 1)1.9078 78403 
7.1400 36982 
4.3679 26743 
3.2525 22254 


369 
1 36161 
502 43409 
1.8539 81792 
6.8411 92813 
2.5244 00148 
9. 3150 36546 
3.4372 48485 
1.2683 44691 
4. 6801 91910 
(61)4.0609 98114 
( 1)1.9209 37271 
7.1725 80900 
4. 3828 49839 
3.2614 09059 


374 
1 39876 
523 13624 
10)1.9565 29538 
12)7.3174 20471 
15)2.7367 15256 
18)l.0235 31506 
20)3.8280 07832 
23)1.4316 74929 
25)5. 3544 64234 


30152 

66348 

31039 


(61)5.2603 17567 (61)5.6094 26383 

( i)i.9: 


L. 9313 20792 
r. 1984 04996 
l. 3946 79501 
>.2684 49404 


( 1)1.9339 07961 
7.2048 32147 
4.3976 22040 
3.2702 00047 
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POWERS AND ROOTS n* Table 3.1 


k 

1 

2 

3 

4 

5 

6 

7 

8 


9 

10 

24 


375 
1 40625 
527 34375 

1 10 1.9775 39063 
12)7.4157 71484 
15)2.7809 14307 
18 1.0428 42865 
20 3.9106 60744 
23 1.4664 97779 
25 5.4993 66671 
(61)5.9806 78067 
( 1)1.9364 91673 
7.2112 47852 
4.4005 58684 
3.2719 46950 


376 
1 41376 
531 57376 

1 10)1.9987 17338 
12)7.5151 77189 
15)2.8257 06623 
18)1.0624 65690 
20)3.9948 70996 
23)1.5020 71494 
25)5. 6477 88819 
(61)6.3754 12334 
( 1)1.9390 71943 
7.2176 52160 
4.4034 89461 
3.2736 90130 


377 
1 42129 
535 82633 
(10)2. 0200 65264 
12)7.6156 46046 
15)2.8710 98559 
18)1.0824 04157 
(20)4.0806 63671 
(23)1. 5384 10204 
{^5) 5. 7998 06469 
(61)6.7950 46060 
( 1)1.9416 48784 
7. 2240 45124 
4.4064 14397 
3.2754 29605 


378 
1 42884 
540 10152 

1 10)2.0415 83746 
12)7.7171 86558 
15)2.9170 96519 
18)1.1026 62484 
20)4. 1680 64190 
23)1. 5755 28264 
25)5.9554 96838 
(61)7. 2410 77507 
( 1)1. 9442 22210 
7.2304 26792 
4.4093 33520 
3.2771 65392 


379 
1 43641 
544 39939 
10)2. 0632 73688 
12)7. 8198 07278 
15)2. 9637 06958 
18)1.1232 44937 
(20)4.2570 98312 
(23)1. 6134 40260 
(25)6. 1149 38586 
(61)7.7150 90756 
( 1)1. 9467 92233 
7. 2367 97216 
4.4122 46858 
3. 2788 97510 


1 380 381 382 383 384 

2 1 44400 1 45161 1 45924 1 46689 1 47456 

3 548 72000 553 06341 557 42968 561 81887 566 23104 

4 (10 2. 0851 36000 (10)2.1071 71592 (10)2. 1293 81378 (10)2. 1517 66272 (10)2.1743 27194 

5 (12 7.9235 16800 (12) 8.0283 23766 (12) 8.1342 36862 (12)8. 2412 64822 (12) 8. 3494 16423 

6 (15 3.0109 36384 (15) 3.0587 91355 (15) 3.1072 78481 (15)3.1564 04427 (15 3.2061 75907 

7 (18)1.1441 55826 (18) 1. 1653 99506 (18) 1.1869 80380 (18) 1.2089 02895 (18) 1. 2311 71548 

8 (20)4.3477 92138 (20)4.4401 72119 (20)4.5342 65051 20)4. 6300 98090 (20) 4.7276 98745 

9 (23)1.6521 61013 (23) 1.6917 05577 (23) 1.7320 89250 (23) 1.7733 27568 23) 1. 8154 36318 

10 (25)6.2782 11848 (25)6.4453 98249 (25)6. 6165 80933 (25)6. 7918 44587 (25)6.9712 75461 

24 (61)8.2187 60383 (61)8.7538 56362 (61)9.3222 49236 (61)9.9259 15535 (62)1.0566 94349 

1/2 ( 1)1.9493 58869 ( 1)1.9519 22130 ( 1)1. 9544 82029 ( 1)1.9570 38579 ( 1)1. 9595 91794 

1/3 7.2431 56443 7.2495 04524 7.2558 41507 7.2621 67440 7.2684 82371 

1/4 4.4151 54436 4.4180 56280 4. 4209 52418 4.4238 42876 4.4267 27679 

1/5 3.2806 25976 3.2823 50807 3.2840 72019 3.2857 89631 3.2875 03659 

1 385 386 387 388 389 

2 1 48225 1 48996 1 49769 1 50544 1 51321 

3 570 66625 575 12456 579 60603 584 11072 588 63869 

4 (10)2.1970 65063 (10 2.2199 80802 (10)2.2430 75336 (10)2.2663 49594 (10)2.2898 04504 

5 (12)8.4587 00491 (l2 8.5691 25894 (12) 8.6807 01551 (12)8.7934 36423 (12)8.9073 39521 

6 (15)3.2565 99689 (15) 3. 3076 82595 (15) 3. 3594 31500 (l5)3.4118 53332 (15) 3. 4649 55074 

7 (18)1.2537 90880 (18 1.2767 65482 (18) 1. 3000 99991 (18) 1. 3237 99093 (18) 1. 3478 67524 

8 20 4.8270 94889 (20 4.9283 14759 20)5. 0313 86963 20 5. 1363 40480 (20)5. 2432 04667 

9 (23 1. 8584 31532 (23 1.9023 29497 (23) 1.9471 46755 23) 1.9929 00106 (23)2. 0396 06615 

10 (25)7. 1549 61399 (25 7.3429 91859 (25)7. 5354 57941 (25)7. 7324 52413 (25)7.9340 69734 

24 (62)1.1247 53901 (62)1.1970 03202 (62)1.2736 88303 (62)1.3550 69013 (62)1.4414 19629 


1/2 ( 1)1.9621 41687 ( 1)1.9646 88270 ( 1)1.9672 31557 ( 1)1.9697 71560 ( 1)1.9723 08292 
1/3 7.2747 86349 7.2810 79420 7.2873 61631 7.2936 33030 7.2998 93662 
1/4 4.4296 06853 4.4324 80423 4.4353 48416 4.4382 10856 4.4410 67768 
1/5 3.2892 14120 3.2909 21030 3.2926 24406 3.2943 24265 3.2960 20622 


1 390 391 392 393 394 

2 1 52100 1 52881 1 53664 1 54449 1 55236 

3 593 19000 597 76471 602 36288 606 98457 611 62984 

4 (10)2.3134 41000 (10)2.3372 60016 (10)2. 3612 62490 (10)2.3854 49360 (10)2.4098 21570 

5 (12)9.0224 19900 (12)9. 1386 86663 (12)9.2561 48959 (12)9. 3748 15985 (12)9.4946 96984 

6 (15)3.5187 43761 (15 3.5732 26485 (15 3. 6284 10392 (15)3.6843 02682 (15)3.7409 10612 

7 18)1.3723 10067 (18) 1. 3971 31556 18) 1.4223 36874 (18) 1.4479 30954 (18) 1. 4739 18781 

8 (20)5.3520 09260 (20)5.4627 84383 (20)5.5755 60545 20)5. 6903 68650 20)5. 8072 39997 

9 (23)2.0872 83612 (23)2.1359 48694 (23)2. 1856 19734 (23)2.2363 14879 (23)2.2880 52559 

10 (25)8.1404 06085 (25)8.3515 59392 (25)8.5676 29356 (25)8.7887 17476 (25)9.0149 27082 

24 (62)1.5330 29700 (62)1. 6302 04837 (62)1.7332 67559 (62)1,8425 58176 (62)1.9584 35730 

1/2 ( 1)1.9748 41766 ( 1)1.9773 71993 ( 1)1.9798 98987 ( 1)1.9824 22760 ( 1)1.9849 43324 

1/3 7. 3061 43574 7. 3123 82812 7. 3186 11420 7. 3248 29445 7.3310 36930 

1/4 4.4439 19178 4.4467 65109 4.4496 05586 4 4524 40634 4.4552 70277 

1/5 3.2977 13494 3.2994 02898 3. 3010 88848 3. 3027 71361 3. 3044 50453 


1 395 396 397 398 399 

2 1 56025 1 56816 1 57609 1 58404 1 59201 

3 616 29875 620 99136 625 70773 630 44792 635 21199 

4 (10)2.4343 80063 (10)2.4591 25786 (10)2.4840 59688 10) 2 5091 82722 (10)2. 5344 95840 

5 12)9.6158 01247 12)9.7381 38111 12 9. 8617 16962 12 9.9865 47232 (13) 1.0112 63840 

6 (15)3.7982 41493 (15)3.8563 02692 (15)3.9151 01634 15 3.9746 45798 (15)4.0349 42722 

7 18) 1.5003 05390 (18) 1.5270 95866 (18) 1. 5542 95349 18) 1. 5819 09028 (18) 1.6099 42146 

8 (20)5.9262 06289 (20)6.0472 99629 (20)6. 1705 52534 (20)6. 2959 97930 (20)6.4236 69163 

9 (23)2.3408 51484 (23)2.3947 30653 (23)2.4497 09356 23)2.5058 07176 23)2.5630 43996 

10 (25)9.2463 63362 (25)9.4831 33387 (25)9.7253 46143 25)9.9731 12562 (26) 1. 0226 54554 

24 (62)2. 0812 78965 (62)2.2114 87364 (62)2. 3494 82217 (62)2.4957 07762 (62)2. 6506 32365 

1/2 ( 1)1.9874 60691 ( 1)1.9899 74874 ( 1)1.9924 85885 ( 1)1.9949 93734 ( 1)1.9974 98436 

1/3 7.3372 33921 7.3434 20462 7.3495 96597 7. 3557 62368 7. 3619 17821 

1/4 4.4580 94538 4.4609 13443 4.4637 27013 4.4665 35273 4.4693 38246 

1/5 3.3061 26138 3.3077 98433 3.3094 67354 3. 3111 32914 3.3127 95131 

»TT] -fT] -f-? 8 ] ^[ ( -p 5 ] 
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ELEMENTARY ANALYTICAL METHODS 


Table 3.1 POWERS AND ROOTS n * 


k 

1 400 401 402 403 404 

2 1 60000 1 60801 1 61604 1 62409 1 63216 

3 640 00000 644 81201 649 64808 654 50827 659 39264 

4 (10)2. 5600 00000 (10)2. 5856 96160 (10)2.6115 85282 (10)2.6376 68328 (10)2.6639 46266 

5 (13)1. 0240 00000 (13)1. 0368 64160 (13)1. 0498 57283 (13) 1. 0629 80336 (13)1.0762 34291 

6 15)4. 0960 00000 (15)4.1578 25282 (15)4.2204 26278 (15)4.2838 10755 (15)4.3479 86537 

7 18)1.6384 00000 18 1.6672 87938 (18)1. 6966 11364 18)1.7263 75734 (18)1.7565 86561 

8 (20)6.5536 00000 (20)6. 6858 24632 (20)6.8203 77683 20)6.9572 94209 (20)7.0966 09706 

9 (23) 2. 6214 40000 (23)2.6810 15678 (23)2.7417 91829 23)2. 8037 89566 (23 2. 8670 30321 

10 (26)1.0485 76000 (26)1. 0750 87287 (26) 1.1022 00315 (2&) 1.1299 27195 (26)1. 1582 80250 



(62)2.8147 49767 
( 1)2. 0000 00000 
7. 3680 62997 
4.4721 35955 
3. 3144 54017 


(62)2.9885 80393 
( 1)2. 0024 98439 
7.3741 97940 
4.4749 28423 
3. 3161 09590 


(62)3. 1726 72718 
( 1)2.0049 93766 
7. 3803 22692 
4.4777 15674 
3. 3177 61862 


(62)3.3676 04703 
( 1)2.0074 85990 
7.3864 37295 
4,4804 97729 
3. 3194 10850 


(62)3.5739 85306 
( 1)2. 0099 75124 
7. 3925 41792 
4.4832 74611 
3. 3210 56568 


1 405 406 407 A08 409 

2 1 64025 1 64836 1 65649 1 66464 1 67281 

3 664 30125 669 23416 674 19143 679 17312 684 17929 

4 (10)2. 6904 20063 (10)2.7170 90690 (10)2.7439 59120 (10)2,7710 26330 (10)2.7982 93296 

5 (13 1.0896 20125 (13) 1.1031 38820 (13) 1.1167 91362 13 1.1305 78742 (13)1. 1445 01958 

6 15)4.4129 61508 15 4.4787 43609 15 4.5453 40843 15 4.6127 61269 15)4. 6810 13009 

7 (18)1.7872 49411 (18 1.8183 69905 (18) 1. 8499 53723 18 1.8820 06598 18)1.9145 34321 

8 (20)7. 2383 60113 20)7. 3825 81816 (20)7.5293 11653 20 7.6785 86919 (20)7. 8304 45371 

9 (23 2.9315 35846 (23)2.9973 28217 (23)3. 0644 29843 23)3. 1328 63463 23)3.2026 52157 

10 (26)1. 1872 72017 (26)1.2169 15256 (26)1.2472 22946 (26) 1.2782 08293 (26) 1.3098 84732 

24 (62)3. 7924 56055 (62)4. 0236 92707 (62)4. 2684 06980 (62)4.5273 48373 (62)4.8013 06073 


1/2 ( 1)2. 0124 61180 ( 1)2. 0149 44168 ( 1)2. 0174 24100 ( 1)2. 0199 00988 ( 1)2.0223 74842 

1/3 7. 3986 36223 7.4047 20630 7.4107 95055 7. 4168 59539 7.4229 14120 

1/4 4.4860 46344 4.4888 12948 4.4915 74446 4.4943 30860 4.4970 82211 

1/5 3. 3226 99030 3. 3243 38251 3.3259 74245 3.3276 07026 3.3292 36609 



9 

10 

24 


410 

1 68100 
689 21000 
(10)2.8257 61000 
13)1. 1585 62010 
(15)4.7501 04241 
(18) 1.9475 42739 
20)7.9849 25229 
(23)3.2738 19344 
(26)1. 3422 65931 
(62)5. 0911 10945 
( 1)2. 0248 45673 
7.4289 58841 
4. 4998 28522 
3. 3308 63008 


411 
1 68921 
694 26531 

! 10)2. 8534 30424 
13)1. 1727 59904 
15)4.8200 43207 
18) 1.9810 37758 
20)8. 1420 65185 
23 3.3463 88791 
(26)1. 3753 65793 
(62)5. 3976 37632 
( 1)2.0273 13493 
7.4349 93742 
4. 5025 69814 
3. 3324 86236 


412 
1 69744 
699 34528 

1 10)2.8813 02554 
13 1. 1870 96652 
15)4. 8908 38207 
18)2.0150 25341 
20)8. 3019 04405 
23)3. 4203 84615 
26)1.4091 98461 
(62)5. 7218 06738 
( 1)2.0297 78313 
7.4410 18861 
4.5053 06108 
3. 3341 06308 


413 
1 70569 
704 44997 
(10)2.9093 78376 
(13) 1.2015 73269 
(15)4.9624 97602 
18)2.0495 11510 
(20)8.4644 82535 
(23)3.4958 31287 
(26)1.4437 78322 
(62)6.0645 87127 
( 1)2.0322 40143 
7. 4470 34238 
4. 5080 37426 
3. 3357 23237 


414 
1 71396 
709 57944 

1 10)2.9376 58882 
13)1.2161 90777 
15)5. 0350 29817 
18)2. 0845 02344 
20)8.6298 39705 
23 3. 5727 53638 
26)1.4791 20006 
(62)6.4269 98328 
( 1)2.0346 98995 
7.4530 39914 
4.5107 63788 
3. 3373 37037 


1 415 416 417 418 419 

2 1 72225 1 73056 1 73889 1 74724 1 75561 

3 714 73375 719 91296 725 11713 730 34632 735 60059 

4 (10)2.9661 45063 (10)2. 9948 37914 (10)3. 0237 38432 (10)3.0528 47618 (10)3.0821 66472 

5 13 1.2309 50201 13) 1.2458 52572 13 1.2608 98926 13)1.2760 90304 13)1.2914 27752 

6 15)5.1084 43334 (15 5.1827 46700 (15) 5.2579 48522 15)5.3340 57471 15)5.4110 82280 

7 18)2.1200 03984 18)2.1560 22627 (18 2.1925 64534 (18 2.2296 36023 18)2.2672 43475 

8 (20)8.7980 16532 (20 8.9690 54129 (20)9.1429 94106 20)9.3198 78576 20 9.4997 50162 

9 (23)3.6511 76861 (23)3.7311 26518 (23)3. 8126 28542 (23)3.8957 09245 (23)3 9803 95318 

10 (26)1.5152 38397 (26)1.5521 48631 (26)1.5898 66102 (26 1.6284 06464 (26 1.6677 85638 


24 (62)6.8101 13045 (62)7.2150 59801 (62)7.6430 25690 (62)8.0952 59269 (62)8.5730 73581 

1/2 ( 1)2.0371 54879 ( 1)2.0396 07805 ( 1)2.0420 57786 ( 1)2.0445 04830 ( 1)2.0469 48949 

1/3 7.4590 35926 7.4650 22314 7. 4709 99115 7. 4769 66370 7.4829 24114 

1/4 4. 5134 85215 4.5162 01729 4. 5189 13349 4.5216 20097 4. 5243 21992 

1/5 3. 3389 47722 3. 3405 55305 3. 3421 59799 3. 3437 61218 3. 3453 59575 


1 420 421 422 423 424 

2 1 76400 1 77241 1 78084 1 78929 1 79776 

3 740 88000 746 18461 751 51448 756 86967 762 25024 

4 (10)3. 1116 96000 (10)3.1414 37208 (10)3. 1713 91106 (10)3.2015 58704 (10)3. 2319 41018 

5 13) 1. 3069 12320 13)1. 3225 45065 (13 1. 3383 27047 13 1. 3542 5*332 13)1.3703 42991 

6 (15)5.4890 31744 (15)5. 5679 14722 (15)5. 6477 40136 (15) 5.7285 16974 ( 15)5.8102 54284 

7 (18)2. 3053 93332 18)2. 3440 92098 18)2. 3833 46338 18)2.4231 62680 18)2.4635 47816 

8 (20)9.6826 51996 (20)9.8686 27732 (21)1.0057 72154 21)1. 0249 97814 (21)1.0445 44274 

9 (23)4.0667 13838 (23)4.1546 92275 (23)4.2443 58492 (23)4. 3357 40751 (23)4. 4288 67722 

10 (26)1.7080 19812 (26)1.7491 25448 (26) 1.7911 19284 (26) 1. 8340 18338 (26) 1.8778 39914 

24 (62)9.0778 49315 (62)9. 6110 38126 (63)1. 0174 16609 (63)1. 0768 83734 (63)1.1396 73784 

1/2 ( 1)2.0493 90153 ( 1)2. 0518 28453 ( 1)2.0542 63858 ( 1)2.0566 96380 ( 1)2.0591 26028 

1/3 7. 4888 72387 7.4948 11226 7.5007 40668 7.5066 60749 7. 5125 71508 

1/4 4.5270 19056 4.5297 11307 4.5323 98767 4.5350 81455 4.5377 59390 

1/5 3. 3469 54883 3.3485 47155 3. 3501 36405 3.3517 22644 3.3533 05887 



„ar(- 6 )r 
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POWERS AND ROOTS n* 


Table 3.1 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


II 


425 
1 80625 
767 65625 
2625 39063 
3865 79102 
8929 61182 
5045 08502 
0644 16113 
5237 68482 
9226 01605 


426 
1 81476 
773 08776 
■ 10) 3. 2933 53858 
i l3)1.4029 68743 
115)5.9766 46647 
< 18) 2.5460 51557 
t 21) 1. 0846 17963 
I 23 4.6204 72523 
( 26)1.9683 21295 


24 (63)1.2059 63938 i 63) 1. 2759 40370 

1/2 
1/3 
1/4 
1/5 


II 


>.0615 52813 
1. 5184 72981 
1. 5404 32593 
). 3548 86145 

430 
1 84900 
795 07000 
4188 01000 
4700 84430 
3213 63049 
7181 86111 
1688 20028 
0259 26119 
1611 48231 


24 (63)1. 5967 72093 


>.0736 44135 
1. 5478 42314 
1.5537 28292 
5.3627 43107 

435 


1 

823 

1 10) 3. 5806 
13 1. 5575 
15) 6. 7754 
18)2.9473 
21)1.2820 
23) 5.5770 
26)2.4260 


89225 

12875 

10063 

65377 

09391 

03085 

76842 

34263 

09904 


i 1)2.0639 76744 
7. 5243 65204 
4.5431 01082 
3.3564 63431 

431 
1 85761 
800 62991 
i 10)3.4507 14912 
i 13) 1. 4872 58127 
t 15) 6. 4100 82528 
(18)2.7627 45570 
I 21 1.1907 43340 
i 23 5. 1321 03797 
(26)2.2119 36737 
163)1.6883 18906 
I 1)2.0760 53949 
7.5536 88825 
4.5563 73502 
3. 3643 05720 

436 
1 90096 
828 81856 
I 10) 3. 6136 48922 
I 13)1.5755 50930 
I 15)6.8694 02054 
I 18)2.9950 59296 
I 21 1.3058 45853 
I 23 5.6934 87918 
1 26)2.4823 60732 


24 (63)2.1073 76666 (63)2.2267 71952 


( 1)2.0856 
7.5769 
4. 5669 
3. 3705 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


65361 
84852 
08540 
27318 

440 
1 93600 
851 84000 

! 10) 3.7480 96000 
13)1.6491 62240 
15)7.2563 13856 
18)3.1927 78097 
2l) 1.4048 22363 
23 6. 1812 18395 
26)2.7197 36094 
(63)2.7724 53276 
( 1)2.0976 17696 
7.6059 04922 
4.5799 75651 
3. 3782 40276 


445 
1 98025 
881 21125 
9213 90063 
7450 18578 
7653 32671 
4555 73039 
5377 30002 
8428 98510 
0450 89837 
6361 37215 
1095 02311 
6346 06721 
5929 31864 
3858 83431 


(10)3. 
13)1. 
15 7. 
(18)3. 
( 21 ) 1 . 
23 6. 
(26)3. 
(63)3. 
( 1 ) 2 . 
7. 


«*[(■ 


1 

887 

10)3. 9567 
13)1.7647 
15 7. 8706 
18) 3.5102 
21 1.5655 
23 6.9825 
26) 3.1142 
63) 3. 8373 
1)2.1118 
7. 6403 
4.5955 
3. 3874 

f] 


71208 

21250 

09991 


427 
1 82329 
778 54483 
3243 86424 
4195 13003 
0613 20523 
5881 83863 
1051 54510 
7190 09756 
0150 17166 


(10)3. 

13 1. 

15 6. 

(18)2. 

21 1 . 

(23) 4. 

(26)2. 

(63)1. 3497 98685 
( 1)2.0663 97832 
7.5302 48212 
4. 5457 64877 
3.3580 37758 

432 
1 86624 
806 21568 
4828 51738 
5045 91951 
4998 37227 
8079 29682 
2130 25623 
2402 70690 
2637 96938 


428 
1 83184 
784 02752 
3556 37786 
4362 12972 
1469 91521 
6309 12371 
1260 30495 
8194 10518 
0627 07702 


(63)1. 4277 44370 

( 1 ) 2 . < 


1 10 3 . 
13 1. 
15)6. 
18 2. 
21 1 . 
23 4. 
26)2, 


!. 0668 16087 
7.5361 22043 
*.5484 23998 
3.3596 09138 


(26)2. 
(63)1. 
( 1 ) 2 . 


7848 83700 
0784 60969 
5595 26299 
5590 14114 
3658 65436 


811 

1 10)3.5152 
13 1.5220 
IS 6.5906 
18 2.8537 
2l) 1. 2356 
23 5. 35d4 
26) 2.3167 
(63)1.8867 28946 
( 1)2.0808 


1 1)2.0880 61302 
7.5827 86527 
4.5695 30941 

3. 3720 75562 

441 
1 94481 
857 66121 
(10)3.7822 85936 
(13)1.6679 88098 
(15 7.3558 27511 
(18)3.2439 19933 
1 2l) 1.4305 68690 
( 23)6.3088 07924 
' 26) 2. 7821 84294 
1 63)2.9276 97132 
1 1)2.1000 00000 
7.6116 62611 

4. 5825 75695 
3. 3797 74445 


437 
1 90969 
834 53453 

1 10)3. 6469 15896 
13)1.5937 02247 
15)6.9644 78818 
18)3.0434 77243 
21)1. 3299 99555 
23)5. 8120 98057 
26)2.5398 86851 
(63)2. 3526 34640 
( 1)2.0904 54496 
7. 5885 79338 
4.5721 48834 
3. 3736 20969 


7. 5653 
4.5616 
3. 3674 


1 

840 

1 10 3.6804 
13 1.6120 
15 7. 0606 
18 3.0925 
21 1.3545 
23)5. 9328 
26)2.5986 


( 1)2.0928 
7. 5943 
4. 5747 
3. 3751 


442 
1 95364 
863 50888 
8167 09250 
6869 85488 
4564 75858 
2957 62329 
4567 26950 
4387 33117 
8459 20038 


1 10)3. 

13)l. 

15)7. 

18)3. 

2l)l. 

23) 6. 

26)2. 

(63)3. 0912 52385 (63)3. 2635 43677 

( 1)2- 


869 

! 10) 3.8513 
13)1. 7061 
15 7.5582 
18) 3. 3483 
21 1.4833 
(23)6.5710 
(26)2. 9109 


1. 1023 79604 
7. 6174 11603 
*. 5851 71321 
*. 3813 05834 


( 1)2.1047 
7.6231 
4. 5877 
3. 3828 


446 

98916 

16536 

57506 

13847 

23760 

98197 

92996 

44761 

14964 


893 

(10) 3. 9923 
(13 1. 7845 

S 15 7.9771 
18)3.5657 
21)1.5938 
23) 7. 1247 
26)3. 1847 


447 

99809 

14623 

63648 

86551 

01882 

64541 

96750 

18472 

49157 


95917 (63)4. 0493 05610 


( 1)2.1142 
7.6460 
4. 5980 


03811 3. 3889 


37451 

27242 

83787 

21465 


899 

1 10) 4.0282 
13)1.8046 
15 8. 0847 
18 3. 6219 
2l)l. 6226 
23) 7.2694 
(26) 3.2567 
(63)4. 2724 
( 1)2.1166 
7. 6517 
4. 6006 
3. 3904 


1 

789 

! 10) 3. 3871 
13) 1. 4530 
15 6. 2336 
18)2.6742 
21 1.1472 
23)4. 9217 
26) 2.1114 
(63)1. 5099 93273 
( 1)2.0712 
7. 5419 
4.5510 
3.3611 


429 

84041 

53589 

08968 

69747 

69216 

44094 

50716 

05572 

11691 


3151B 

86732 

78463 

77583 


433 

87489 

82737 

12512 

87018 

36787 

45729 

71901 

59329 

48890 


65205 

54772 

50145 

22267 

438 

91844 

27672 

12034 

20471 

49662 

64552 

43274 

99539 

09998 


(63)2.4852 99040 


44954 

63318 

62238 

63549 

443 

96249 

38307 

67000 

55581 

69224 

13266 

02777 

31302 

66867 


434 
88356 
46504 
98274 
44451 
90916 
01058 
87259 
02704 
12974 
30189 
66666 
74278 
81614 
76223 

439 
1 92721 
846 04519 
7141 38384 
6305 06751 
1579 24635 
1423 28915 
3794 82394 
0559 27708 
6585 52264 
(63)2. 6251 15920 
( 1)2. 0952 32684 
7.6001 38502 
4.5773 71171 
3. 3767 03314 


1 

817 

(W) 3. 5477 
13 1. 5397 
15 6. 6824 
(18)2.9002 
(2l) 1.2586 
23 5.4627 
(26)2.3708 
(63)1. 9941 
( 1)2.0832 
7.5711 
4.5642 
3. 3689 


| 


56518 

51930 

62546 

34454 


II 

(63)3. 

( 1 ) 2 . 


444 
1 97136 
875 28384 
8862 60250 
7254 99551 
6612 18006 
4015 80795 
5103 01873 
7057 40315 
9773 48700 
4450 16313 
1071 30751 
6288 83626 
5903 49388 
3843 60316 


00704 

15392 

09562 

37884 

77719 

80418 

47227 

59578 

17891 

04226 

01049 

24731 

53268 

36406 


905 

(10) 4. 0642 

S 13) 1. 8248 
15 8. 1936 
18)3. 6789 
2l)l. 6518 
23) 7.4168 
26) 3. 3301 


449 

01601 

18849 

96320 

69048 

62024 

54249 

50458 

08555 

47041 


(63)4.5072 55570 


( 1)2.1189 
7. 6574 
4. 6032 


„»p 6 l 


4 J 


5 [ ( T 4 ] 


62010 

13748 

18450 

48644 



42 


ELEMENTARY ANALYTICAL METHODS 


Table 3.1 


POWERS AND ROOTS nk 


k 

1 450 451 452 453 454 

2 2 02500 2 03401 2 04304 2 05209 2 06116 

3 911 25000 917 33851 923 45408 929 59677 935 76664 

4 (10)4.1006 25000 (10)4.1371 96680 (10)4.1740 12442 (10)4.2110 73368 (10)4.2483 80546 

5 (13)1. 8452 81250 13)1.8658 75703 (13)1. 8866 53624 13) 1.9076 16236 13)1.9287 64768 

6 (15)8. 3037 65625 (15) 8.4150 99419 15)8.5276 74379 (15 8.6415 01548 (15)8.7565 92045 

7 (18)3.7366 94531 (18)3.7952 09838 (18)3.8545 08819 (18) 3.9146 00201 (18)3.9754 92789 

8 21)1. 6815 12539 (21)1.7116 39637 2l) 1. 7422 37986 2l) 1. 7733 13891 (2l) 1. 8048 73726 

9 23 7. 5668 06426 23 7.7194 94763 23)7.8749 15698 23)8.0331 11927 (23)8. 1941 26716 

10 26)3.4050 62892 (26)3.4814 92138 26)3.5594 61895 (26) 3. 6389 99703 (26)3,7201 33529 

24 (63)4.7544 50505 (63)5. 0146 08183 (63)5.2883 77338 (63)5. 5764 37619 (63)5.8795 01000 


1/2 ( 1)2.1213 20344 ( 1)2. 1236 76058 ( 1)2.1260 29163 ( 1)2. 1283 79665 ( 1)2.1307 27575 

1/3 7. 6630 94324 7. 6687 66491 7.6744 30279 7.6800 85719 7.6857 32843 

1/4 4. 6057 79352 4. 6083 35988 4. 6108 88377 4. 6134 36534 4. 6159 80476 

1/5 3. 3934 58190 3. 3949 65055 3. 3964 69249 3. 3979 70784 3. 3994 69669 


1 455 456 457 458 459 

2 2 07025 2 07936 2 08849 2 09764 2 10681 

3 941 96375 948 18816 954 43993 960 71912 967 02579 

4 (10)4.2859 35063 (10)4. 3237 38010 (10)4. 3617 90480 (10)4.4000 93570 (10)4.4386 48376 

5 (13)1. 9501 00453 (13 1.9716 24532 13) 1.9933 38249 13)2.0152 42855 13 2. 0373 39605 

6 (15)8. 8729 57063 (15) 8. 9906 07868 (15) 9.1095 55800 (15) 9. 2298 12275 (15) 9. 3513 88785 

7 18 4.0371 95464 18)4. 0997 17188 18)4.1630 67001 (18 4.2272 54022 18) 4.2922 87452 

8 (21)1. 8369 23936 (2l) 1.8694 71038 (21) 1.9025 21619 (2l) 1.9360 82342 (2l) 1.9701 59941 

9 (23 8, 3580 03909 (23)8. 5247 87931 (23)8. 6945 23800 (23)8.8672 57127 (23 9.0430 34128 

10 (26)3.8028 91778 (26)3.8873 03297 (26)3.9733 97377 (26)4.0612 03764 (26)4. 1507 52665 

24 (63)6.1983 13235 (63)6.5336 55383 (63)6.8863 45396 (63)7.2572 39774 (63)7.6472 35292 


1/2 ( 1)2. 1330 72901 ( 1)2. 1354 15650 ( 1)2. 1377 55833 ( 1)2.1400 93456 ( 1)2.1424 28529 

1/3 7. 6913 71681 7. 6970 02263 7.7026 24618 7.7082 38778 7.7138 44772 

1/4 4. 6185 20218 4. 6210 55778 4.6235 87171 4,6261 14413 4.6286 37519 

1/5 3.4009 65915 3.4024 59532 3.4039 50532 3.4054 38923 3.4069 24718 


1 460 461 462 463 464 

2 2 11600 2 12521 2 13444 2 14369 2 15296 

3 973 36000 979 72181 986 11128 992 52847 998 97344 

4 (10)4.4774 56000 (10)4. 5165 17544 (10)4. 5558 34114 (10)4.5954 06816 (10)4.6352 36762 

5 (13)2. 0596 29760 (13)2.0821 14588 (13)2.1047 95360 (13)2.1276 73356 13)2.1507 49857 

6 (15)9.4742 96896 (15)9.5985 48250 15)9.7241 54565 15)9.8511 27638 15)9.9794 79338 

7 (18 4. 3581 76572 08)4.4249 30743 18)4.4925 59409 (18) 4. 5610 72096 18)4.6304 78413 

8 (21 2.0047 61223 (21)2.0398 93073 (21 2. 0755 62447 (21)2. 1117 76381 2l) 2. 1485 41984 

9 (23)9.2219 01627 23)9.4039 07065 23)9.5890 98505 23)9.7775 24642 23 9.9692 34804 

10 (26)4.2420 74748 (26)4. 3352 01157 (26)4.4301 63510 (26)4.5269 93909 26)4.6257 24949 

24 (63)8. 0572 70802 (63)8.4883 29103 (63)8.9414 38903 (63)9.4176 76852 (63)9.9181 69666 


1/2 ( 1)2. 1447 61059 ( 1)2.1470 91055 ( 1)2.1494 18526 ( 1)2.1517 43479 ( 1)2. 1540 65923 

1/3 7.7194 42629 7.7250 32380 7.7306 14052 7.7361 87677 7.7417 53281 

1/4 4.6311 56507 4.6336 71390 4.6361 82186 4.6386 88909 4.6411 91574 

1/5 3.4084 07924 3.4098 88554 3.4113 66616 3.4128 42121 3.4143 15079 


1 465 466 467 468 469 

2 2 16225 2 17156 2 18089 2 19024 2 19961 

3 1005 44625 1011 94696 1018 47563 1025 03232 1031 61709 

4 (10)4. 6753 25063 (10 4.7156 72834 (10)4.7562 81192 (10 4.7971 51258 (10 4.8382 84152 

5 (13)2.1740 26154 (13)2.1975 03540 (13)2.2211 83317 (l3 2.2450 66789 13)2.2691 55267 

6 (16) 1.0109 22162 (16) 1.0240 36650 16) 1.0372 92609 (16) 1.0506 91257 (16) 1.0642 33820 

7 (18)4.7007 88052 (18)4.7720 10788 18 4.8441 56484 (ib) 4.9172 35083 (is)4.9912 56618 

8 (21)2.1858 66444 ( 2l) 2. 2237 57027 2l)2.2622 21078 (2l)2.3012 66019 ( 21)2. 3408 99354 

9 24)1. 0164 27896 (24) 1. 0362 70775 24) 1. 0564 57243 (24) 1.0769 92497 (24) 1. 0978 81797 

10 (26)4. 7263 89719 (26)4.8290 21810 26)4.9336 55326 (26)5. 0403 24885 (26)5.1490 65627 

24 (64)1. 0444 09634 (64)1. 0996 69046 (64)1.1577 24259 (64)1.2187 10278 (64)1.2827 68318 


1/2 ( 1)2.1563 85865 ( 1)2.1587 03314 ( 1)2.1610 18278 ( 1)2. 1633 30765 ( 1)2.1656 40783 

1/3 7.7473 10895 7.7528 60547 7.7584 02264 7.7639 36077 7.7694 62012 

1/4 4.6436 90198 4.6461 84795 4.6486 75380 4.6511 61968 4.6536 44575 

1/5 3. 4157 85500 3.4172 53393 3.4187 18768 3.4201 81635 3. 4216 42003 


1 470 471 472 473 474 

2 2 20900 2 21841 2 22784 2 23729 2 24676 

3 1038 23000 1044 87111 1051 54048 1058 23817 1064 96424 

4 (10)4.8796 81000 (10)4.9213 42928 (10)4.9632 71066 (10)5. 0054 66544 (10)5.0479 30498 

5 (13)2.2934 50070 (13)2. 3179 52519 13)2. 3426 63943 (13) 2. 3675 85675 (13 2. 3927 19056 

6 (16)1. 0779 21533 (16) 1.0917 55637 16 1.1057 37381 (16)1.'119B 68024 (l&) 1.1341 48832 

7 18)5.0662 31205 (18) 5.1421 69048 (18) 5. 2190 80439 (18) 5. 2969 75756 18)5.3758 65466 

8 (21)2. 3811 28666 (2l)2,4219 61622 (2l)2. 4634 05967 (2l)2.5054 69532 2l)2. 5481 60231 

9 (24)1.1191 30473 (24)1.1407 43924 (24) 1.1627 27616 24) 1.1850 87089 (24)1.2078 27949 

10 (26)5.2599 13224 (26)5. 3729 03881 (26)5.4880 74350 (26)5.6054 61930 (26)5. 7251 04480 

24 (64)1. 3500 46075 (64)1.4206 98007 (64)1. 4948 85630 (64)1. 5727 77826 (64)1.6545 51159 

1/2 ( 1)2. 1679 48339 ( 1)2. 1702 53441 ( 1)2. 1725 56098 ( 1)2. 1748 56317 ( 1)2.1771 54106 

1/3 7. 7749 80097 7.7804 90361 7.7859 92832 7.7914 87536 7.7969 74500 

1/4 4.6561 23215 4.6585 97902 4. 6610 68652 4.6635 35480 4. 6659 98399 

1/5 3.4230 99883 3.4245 55283 3. 4260 08213 3.4274 58683 3.4289 06701 
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POWERS AND ROOTS n k Table 3.1 


k 

1 475 476 

2 2 25625 2 26576 

3 1071 71875 1078 50176 

4 (10)5. 0906 64063 (10)5. 1336 68378 (10)5. 

5 (13)2. 4180 65430 (13)2.4436 26148 (13)2. 

6 (16)1. 1485 81079 (16 1. 1631 66046 (l6)l. 

7 (18 5.4557 60126 (18) 5. 5366 70380 (l8)5. 

8 (21 2. 5914 86060 (2l)2. 6354 55101 (2l)2. 

9 (24)1,2309 55878 (24) 1.2544 76628 (24)l. 

10 (26)5. 8470 40422 (26)5. 9713 08750 (26)6. 


477 478 479 

2 27529 2 28484 ? 29441 

1085 31333 1092 15352 1099 02239 

1769 44584 (10)5. 2204 93826 (10)5. 2643 17248 

4694 02567 (13 2.4953 96049 (13) 2. 5216 07962 

1779 05024 (16) 1. 1927 99311 16)1. 2078 50214 

6186 06966 18)5. 7015 80708 18)5. 7856 02524 

6800 75523 (21)2. 7253 55578 2l)2. 7713 03609 

2783 96024 24) 1. 3027 19966 (24)1. 3274 54429 

0979 49036 (26)6. 2270 01440 (26)6. 3585 06713 



(64)1.7403 90207 
( 1)2. 1794 49472 
7. 8024 53753 
4. 6684 57424 
3. 4303 52278 


(64)1.8304 87912 
( 1)2. 1817 42423 
7. 8079 25322 
4. 6709 12569 
3. 4317 95422 


(64)1. 9250 45935 
( 1)2. 1840 32967 
7.8133 89232 
4. 6733 63849 
3. 4332 36143 


(64)2.0242 75033 
( 1)2.1863 21111 
7.8188 45511 
4. 6758 11278 
3. 4346 74449 


(64)2.1283 95451 
( 1)2.1886 06863 
7.8242 94186 
4. 6782 54870 
3. 4361 10350 


480 
2 30400 
1105 92000 
(10)5.3084 16000 
(13)2.5480 39680 
(16) 1. 2230 59046 
18 5. 8706 83423 
(21)2.8179 28043 
(24)1. 3526 05461 
(26)6. 4925 06211 


481 
2 31361 
1112 84641 

1 10)5. 3527 91232 
13)2. 5746 92583 
16)1. 2384 27132 
18)5.9568 34506 
(2l)2. 8652 37397 
(24 1. 3781 79188 
(26)6.6290 41895 


482 
2 32324 
1119 80168 
(10)5. 3974 44098 
(13)2.6015 68055 
(16) 1. 2539 55803 
( 18 6. 0440 66968 
21 2.9132 40279 
24 1.4041 81814 
(26)6.7681 56345 


483 
2 33289 
1126 78587 
(10)5.4423 75752 
13)2. 6286 67488 
(16) 1. 2696 46397 
(18)6.1323 92097 
(21)2.9619 45383 
24)1. 4306 19620 
(26)6.9098 92764 


484 
2 34256 
1133 79904 

1 10)5. 4875 87354 
13 2.6559 92279 
16)1.2855 00263 
18 6.2218 21273 
21)3.0113 61496 
24)1. 4574 98964 
26)7. 0542 94987 


24 (64)2.2376 37322 (64)2.3522 41094 (64)2.4724 57971 (64)2.5985 50361 (64)2.7307 92362 

1/2 ( 1)2. 1908 90230 ( 1)2.1931 71220 ( 1)2. 1954 49840 ( 1)2. 1977 26098 ( 1)2. 2000 00000 

1/3 7. 8297 35282 7. 8351 68827 7. 8405 94846 7.8460 13365 7 8514 24411 

1/4 4. 6806 94639 4. 6831 30598 4.6855 62762 4. 6879 91145 4. 6904 15760 

1/5 3. 4375 43855 3.4389 74973 3. 4404 03713 3. 4418 30083 3. 443? 54092 


1 485 486 487 488 489 

2 2 35225 2 36196 2 37169 2 38144 ? 39121 

3 1140 84125 1147 91256 1155 01303 1162 14272 1169 30169 

4 (10)5. 5330 80063 (10)5. 5788 55042 (10)5. 6249 13456 (10)5. 6712 56474 (10)5. 7178 85264 

5 13)2. 6835 43830 (13 2. 7113 23550 13)2. 7393 32853 (13)2. 7675 73159 (13)2. 7960 45894 

6 (16) 1. 3015 18758 (16 1. 3177 03245 16) 1. 3340 55099 (16)1.3505 75702 16)1. 367? 66442 

7 (18)6.3123 65975 (18)6. 4040 37773 (18)6.4968 48334 (18)6.5908 09424 (18) 6.6859 32903 

8 (21)3. 0614 97498 (2l)3. 1123 62358 (21)3. 1639 65139 (2l)3.2163 14999 (2l)3.2694 21189 

9 (24)1. 4848 26286 (24 1.5126 08106 (24)1. 5408 51023 24) 1. 5695 61719 (24)1- 5987 46962 

10 (26)7. 2014 07489 (26)7. 3512 75394 (26)7.5039 44480 (26)7. 6594 61191 (26)7.8178 72642 

24 (64)2. 8694 70250 (64)3. 0148 82996 (64)3.1673 42798 (64)3. 3271 75643 (64)3.4947 21879 

1/2 { 1)2.2022 71555 ( 1)2. 2045 40769 ( 1)2.2068 07649 ( 1)2.2090 72203 ( 1)2.2115 34439 

1/3 7.8568 28008 7.8622 24183 7.8676 12960 7.8729 94366 7. 8783 68425 

1/4 4. 6928 36620 4. 6952 53740 4. 6976 67133 4. 7000 76812 4. 7024 82790 

1/5 3.4446 75750 3.4460 95065 3.4475 12045 3.4489 26700 3 4503 39037 


1 490 491 492 493 494 

2 2 40100 2 41081 2 42064 2 43049 ? 44036 

3 1176 49000 1183 70771 1190 95488 1198 23157 1205 53784 

4 (10)5. 7648 01000 (10)5.8120 04856 (10)5.8594 98010 (10)5. 9072 81640 (10)5. 9553 56930 

5 (13)2. 8247 52490 (13)2.8536 94384 (13) 2. 8828 73021 (13) 2. 9122 89849 (13)2. 9419 46323 

6 (16)1. 3841 28720 (16) 1.4011 63943 (16) 1.4183 73526 (16) 1.4357 58895 (16) 1.4533 21484 

7 (18)6. 7822 30728 (18) 6. 8797 14959 (18) 6. 9783 97749 (18) 7. 0782 91354 18)7. 1794 08129 

8 (21)3. 3232 93057 (21)3.3779 40045 (2l)3.4333 71692 (21)3.4895 97638 2lb. 5466 27616 

9 (24)1. 6284 13598 24) 1. 6585 68562 (24)1.6892 18873 24) 1.7203 71635 24) 1. 7520 34042 

10 (26)7.9792 26630 (26)8. 1435 71639 (26)8.3109 56854 (26)8.4814 32162 (26$ 8. 6550 48169 

24 (64)3. 6703 36822 (64)3. 8543 91376 (64)4. 0472 72689 (64)4. 2493 84825 (64)4.4611 49467 


1/2 ( 1)2.2135 94362 ( 1)2.2158 51981 ( 1)2. 2181 07301 ( 1)2. 2203 60331 ( 1)2.2226 11077 

1/3 7. 8837 35163 7.8890 94604 7. 8944 46773 7. 8997 91695 7. 9051 29393 

1/4 4. 7048 85081 4. 7072 83697 4.7096 78653 4. 7120 69960 4.7144 57633 

1/5 3. 4517 49066 3.4531 56794 3. 4545 62231 3. 4559 65384 3. 4573 66263 


1 495 496 497 498 499 

2 2 45025 2 46016 2 47009 2 48004 ? 49001 

3 1212 87375 1220 23936 1227 63473 1235 05992 124? 51499 

4 (10)6.0037 25063 (10)6. 0523 87226 (10)6. 1013 44608 (10)6. 1505 98402 (10)6. 2001 49800 

5 (13)2.9718 43906 (13) 3. 0019 84064 (13) 3. 0323 68270 (13)3. 0629 98004 (13) 3. 0938 74750 

6 16)1. 4710 62733 (16) 1.4889 84096 (16) 1. 5070 87030 (16) 1.5253 73006 (16)1. 5438 43500 

7 (18)7.2817 60531 (18) 7. 3853 61115 (18) 7. 4902 22541 18)7. 5963 57570 (18)7.7037 79067 

8 (21)3. 6044 71463 (21)3. 6631 39113 (21 3.7226 40603 (21)3. 7829 86070 (21) 3 8441 85754 

9 (24)1. 7842 13374 (24)1. 8169 17000 24) 1. 8501 52380 (24)1.8839 27063 24 1. 9182 48691 

10 (26)8. 8318 56201 (26)9. 0119 08320 (26)9. 1952 57326 (26)9. 3819 56772 (26)9.5720 60970 

24 (64)4.6830 06649 (64)4.9154 15513 (64)5. 1588 55098 (64)5.4138 25162 (64)5. 6808 47029 

1/2 ( 1)2.2248 59546 ( 1)2. 2271 05745 ( 1)2. 2293 49681 ( 1)2. 2315 91360 ( 1)2.2338 30790 

1/3 7.9104 59893 7.9157 83219 7.9210 99395 7.9264 08444 7.9317 10391 

1/4 4. 7168 41683 4. 7192 22124 4. 7215 98967 4. 7239 72227 4. 7263 41916 

1/5 3. 4587 64874 3.4601 61227 3. 4615 55329 3.4629 47190 3. 4643 36816 

• l [ l 1 >1 ] 
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ELEMENTARY ANALYTICAL METHODS 


Table 3.1 


POWERS AND ROOTS re* 



9 

10 

24 


500 
2 50000 
1250 00000 
(10)6. 2500 00000 
(13) 3. 1250 00000 
( 16)1. 5625 00000 
(18)7. 8125 00000 
21)3.9062 50000 
24)1. 9531 25000 
(26)9.7656 25000 
(64)5.9604 64478 
( 1)2.2360 67977 
7. 9370 05260 
4.7287 08045 
3.4657 24216 


501 
2 51001 
1257 51501 

1 10)6. 3001 50200 
13)3. 1563 75250 
16)1. 5813 44000 
18)7.9225 33442 
21)3.9691 89254 
24)1.9885 63816 
26)9. 9627 04720 
(64)6. 2532 44659 
( 1)2. 2383 02929 
7.9422 93073 
4. 7310 70628 
3.4671 09398 


502 
2 52004 
1265 06008 
(10)6. 3506 01602 
(13)3.1880 02004 
(16 1. 6003 77006 
18 8. 0338 92570 
21 4.0330 14070 
(24)2.0245 73063 
(27)1.0163 35678 
(64)6.5597 79050 
( 1)2.2405 35650 
7.9475 73855 
4.7334 29676 
3. 4684 92370 


503 
2 53009 
1272 63527 
(10)6. 4013 55408 
(13)3. 2198 81770 
16) 1. 6196 00530 
(18 8. 1465 90668 
(21)4. 0977 35106 
(24)2. 0611 60758 
(27)1. 0367 63861 
(64)6.8806 84448 
( 1)2.2427 66149 
7.9528 47628 
4. 7357 85203 
3. 4698 73139 


504 
2 54016 
1280 24064 

! 10) 6. 4524 12826 
13)3.2520 16064 
16)1. 6390 16096 
18 8. 2606 41125 
21)4. 1633 63127 
24)2. 0983 35016 
(27)1. 0575 60848 
(64)7.2166 04000 
( 1)2.2449 94432 
7.9581 14416 
4.7381 37221 
3.4712 51715 



9 

10 

24 


1/2 

1/3 

1/4 

1/5 


505 
2 55025 
1287 87625 
(10)6. 5037 75063 
(13)3. 2844 06407 
16 1. 6586 25235 
18)8.3760 57438 
(21)4.2299 09006 
(24)2. 1361 04048 
(27)1.0787 32544 
(64)7. 5682 08268 
( 1)2.2472 20505 
7. 9633 74242 
4.7404 85740 
3. 4726 28104 


506 
2 56036 
1295 54216 
(10)6. 5554 43330 
(13)3. 3170 54325 
(16 1.6784 29488 
(18)8.4928 53211 
(21)4. 2973 83725 
(24)2. 1744 76165 
(27)1.1002 84939 
(64)7.9361 96349 
( 1)2.2494 44376 
7. 9686 27129 
4.7428 30775 
3. 4740 02314 


507 
2 57049 
1303 23843 
(10)6.6074 18840 
13) 3. 3499 61352 
(16) 1. 6984 30405 
18)8. 6110 42156 
(21 4. 3657 98373 
(24)2. 2134 59775 
(27)1. 1222 24106 
(64)8. 3212 97020 
( 1)2. 2516 66050 
7.9738 73099 
4.7451 72336 
3. 4753 74353 


508 
2 58064 
1310 96512 
(10)6. 6597 02810 
(13)3.3831 29027 
(16) 1.7186 29546 
18)8.7306 38093 
(21)4. 4351 64151 
(24)2.2530 63389 
(27)1. 1445 56202 
(64)8.7242 69942 
( 1)2.2538 85534 
7.9791 12176 
4.7475 10436 
3. 4767 44229 


509 
2 59081 
1318 72229 
(10)6.7122 96456 
(13)3.4165 58896 
(16 1.7390 28478 
(18)8.8516 54954 
21)4. 5054 92371 
(24 2.2932 95617 
(27)1. 1672 87469 
(64)9. 1459 06897 
{ 1)2.2561 02835 
7.9843 44383 
4.7498 45086 
3.4781 11950 


1 510 511 512 513 514 

2 2 60100 2 61121 2 62144 2 63169 2 64196 

3 1326 51000 1334 32831 1342 17728 1350 05697 1357 96744 

4 ( 10)6.7652 01000 (10)6.8184 17664 (10)6. 8719 47674 (10)6 9257 92256 (10)6 9799 52642 

5 (13)3.4502 52510 (13)3. 4842 11426 (13 3. 5184 37209 13)3.5529 31427 13)3. 5876 95658 

6 (16) 1. 7596 28780 (16)1.7804 32039 (16 1. 8014 39851 16)1. 8226 53822 (16)1. 8440 75568 

7 (18)8.9741 06779 18)9.0980 07719 (18)9.2233 72037 18)9. 3502 14108 (18)9.4785 48420 

8 ( 2l)4. 5767 94457 (2l)4. 6490 81944 (2l)4.7223 66483 (21)4 7966 59837 (21)4.8719 73888 

9 (24 2. 3341 65173 (24 2. 3756 80873 (24)2.4178 51639 24 2. 4606 86497 24) 2.5041 94578 

10 (27)1.1904 24238 (27)1. 2139 72926 (27) 1.2379 40039 (27)1.2623 32173 (27)1.2871 56013 

24 (64)9.5870 33090 (65)1. 0048 50848 (65)1.0531 22917 (65)1.1036 12886 (65)1.1564 18034 

1/2 ( 1)2.2583 17958 ( 1)2.2605 30911 ( 1)2.2627 41700 ( 1)2.2649 50331 ( 1)2.2671 56810 

1/3 7.9895 69740 7.9947 88272 8.0000 00000 8. 0052 04946 8. 0104 03133 

1/4 4. 7521 76299 4.7545 04087 4.7568 28460 4,7591 49431 4.7614 67011 

1/5 3.4794 77522 3. 4808 40954 3.4822 02253 3.4835 61427 3.4849 18483 


1 515 516 

2 2 65225 2 66256 2 

3 1365 90875 1373 88096 1381 

4 (10)7.0344 30063 (10)7. 0892 25754 (10)7. 1443 

5 (13)3. 6227 31482 (13) 3. 6580 40489 13)3. 6936 

6 (16 1.8657 06713 16 1.8875 48892 (16) 1. 9096 

7 (18)9, 6083 89574 (18) 9. 7397 52284 (18) 9. 8726 

8 (21 4.9483 20630 (21)5. 0257 12179 (21)5.1041 

9 (24 2.5483 85125 (24)2. 5932 67484 (24)2. 6388 

10 (27)1. 3124 18339 (27) 1. 3381 26022 (27) 1. 3642 


517 518 519 

67289 2 68324 2 69361 

88413 1389 91832 1397 98359 

40952 (10)7. 1997 76898 (10)7.2555 34832 

24272 (13)3. 7294 84433 (l3)3. 7656 22578 

03749 (16) 1.9318 72936 1&) 1.9543 58118 

51381 (l9)l. 0007 10181 19U. 0143 11863 

60764 (21)5.1836 78738 (21)5.2642 78570 

51115 (24 2.6851 45586 24)2. 7321 60578 

86026 (27)1. 3909 05414 (27) 1.4179 91340 


24 (65)1.2116 39706 (65)1.2693 83471 (65)1. 3297 59294 (65)1. 3928 81704 (65)1.4588 69982 

1/2 ( 1)2.2693 61144 ( 1)2. 2715 63338 ( 1)2.2737 63400 ( 1)2.2759 61335 ( 1)2.2781 57150 

1/3 8. 0155 94581 8. 0207 79314 8. 0259 57353 8. 0311 28718 8. 0362 93433 

1/4 4.7637 81212 4. 7660 92045 4.7683 99522 4.7707 03654 4.7730 04452 

1/5 3. 4862 73428 3.4876 26271 3.4889 77017 3 4903 25675 3 4916 72252 


1 520 521 

2 2 70400 2 71441 

3 1406 08000 1414 20761 

4 (10)7. 3116 16000 (10)7.3680 21648 

5 (13)3.8020 40320 (13)3.8387 39279 

6 (16)1. 9770 60966 16)1. 9999 83164 

7 (l9) 1. 0280 71703 19) 1.0419 91229 

8 (21)5. 3459 72853 21)5. 4287 74301 

9 (24)2. 7799 05884 (24)2. 8283 91411 
10 (27)1. 4455 51059 (27)1. 4735 91925 


522 
2 72484 
1422 36648 

1 10)7.4247 53026 
13 3.8757 21079 
16)2.0231 26403 
19)1. 0560 71983 
21)5. 5126 95749 
24)2. 8776 27181 
27)1.5021 21389 


523 
2 73529 
1430 55667 

1 10)7.4818 11384 
13)3.9129 87354 
16)2.0464 92386 
19)l.0703 15518 
21)5. 5977 50159 
24)2.9276 23333 
27)1.5311 47003 


524 
2 74576 
1438 77824 

1 10)7.5391 97978 
13)3.9505 39740 
16)2.0700 82824 
19)1. 0847 23400 
21)5.6839 50615 
24)2.9783 90122 
27)1. 5606 76424 


24 


/2 

1/3 


1/4 


1/5 


(65)1. 5278 48342 (65)1. 5999 46126 (65)1.6752 98008 (65)1.7540 44200 (65)1.8363 30669 

( 1)2. 2803 50850 ( 1)2.2825 42442 ( 1)2.2847 31932 ( 1)2.2869 19325 ( 1)2. 2891 04628 

8. 0414 51517 8.0466 02993 8. 0517 47881 8. 0568 86203 8. 0620 17979 

4.7753 01928 4.7775 96092 4.7798 86957 4. 7821 74532 4 7844 58829 

3. 4930 16754 3. 4943 59190 3. 4956 99566 3.4970 37889 3.4983 74167 


;r(-6)3] 

-m 

„;r(-7)5i 

3 

L 4 J 

[ 3 J 
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POWERS AND ROOTS n* Table 3.1 


k 

1 525 526 527 528 529 

2 2 75625 2 76676 2 77729 2 78784 2 79841 

3 1447 03125 1455 31576 1463 63183 1471 97952 1480 35889 

4 ( 10)7. 5969 14063 110)7.6549 60898 (10)7.7133 39744 (10)7.7720 51866 (10)7.8310 98528 

5 13)3.9883 79883 113)4. 0265 09432 (13)4.0649 30045 (13)4. 1036 43385 (13)4. 1426 51121 

6 16)2. 0938 99438 (16)2.1179 43961 (16)2. 1422 18134 (16)2. 1667 23707 (16)2. 1914 62443 

7 (19)1. 0992 97205 (19)1. 1140 38524 (19 1.1289 48957 19)1. 1440 30117 19 1.1592 83632 

8 (21)5.7713 10327 I 2l) 5.8598 42634 (21)5. 9495 61001 21)6. 0404 79020 (21)6. 1326 10416 

9 (24)3. 0299 37922 (24)3.0822 77226 (24)3.1354 18647 (24)3. 1893 72923 (24)3. 2441 50910 

10 27)l. 5907 17409 127)1. 6212 77821 (27) 1.6523 65627 (27)1.6839 88903 (27)1.7161 55831 


24 ( 

65)1.9223 

09365 

1 65)2.0121 

38448 ( 

65)2.1059 

82534 

(65)2.2040 

12944 ( 

65)2. 3064 

07963 

1/2 ( 

1)2.2912 

87847 

1' 1)2. 2934 

68988 ( 

1)2. 2956 

48057 

( 1)2. 2978 

25059 ( 

1)2.3000 

00000 

1/3 

8. 0671 

43230 

8.0722 

61977 


8. 0773 

74241 

8. 0824 

80041 


8.0875 

79399 

1/4 

4. 7867 

39859 

4. 7890 

17632 


4. 7912 

92160 

4.7935 

63454 


4. 7958 

31523 

1/5 

3. 4997 

08406 

3.5010 

40614 


3. 5023 

70797 

3. 5036 

98962 


3. 5050 

25117 

1 


530 


531 



532 


533 



534 

2 

2 

80900 

2 

81961 


2 

83024 

2 

84089 


2 

85156 

3 

1488 

77000 

1497 

21291 


1505 

68768 

1514 

19437 


1522 

73304 

4 

'10)7. 8904 

81000 

10)7. 9502 

00552 

10) 

8.0102 

58458 

(10) 8.0706 

55992 

; 1°) 

8.1313 

94434 

5 

13)4.1819 

54930 

13) 4.2215 

56493 

13 

14.2614 

57499 

13) 4.3016 

59644 

13 

4. 3421 

64628 

6 

16 2.2164 

36113 

'16)2.2416 

46498 

'16) 

12.2670 

95390 

(16) 2. 2927 

84590 

;i6) 

2.3187 

15911 

7 

[19 1.1747 

11140 

19 1.1903 

14290 

19 

11. 2060 

94747 

19)1.2220 

54187 

;i9) 

1.2381 

94297 

8 

[2l)6. 2259 

69041 

[2l)6. 3205 

68882 

21 

>6. 4164 

24056 

21)6.5135 

48814 

21) 

6. 6119 

57543 

9 

24)3. 2997 

63592 

24) 3. 3562 

22076 

24 

13.4135 

37598 

(24)3. 4717 

21518 

24 

3. 5307 

85328 

10 

[27)1. 7488 

74704 

[27) 1.7821 

53922 

27 

11.8160 

02002 

(27)1.8504 

27569 

[27)1.8854 

39365 


24 (65)2.4133 53110 (65)2.5250 41417 (65)2.6416 73716 (65)2.7634 58943 (65)2.8906 14446 


1/2 { 1)2. 3021 72887 ( 1)2. 3043 43724 ( 1)2.3065 12519 ( 1)2. 3086 79276 ( 1)2.3108 44002 

1/3 8. 0926 72335 8. 0977 58868 8. 1028 39019 8. 1079 12808 8.1129 80255 

1/4 4. 7980 96379 4. 8003 58033 4. 8026 16494 4.8048 71774 4. 8071 23882 

1/5 3.5063 49267 3.5076 71420 ’ 3.5089 91583 3.5103 09762 3.5116 25964 

1 535 536 537 538 539 

2 2 86225 2 87296 2 88369 2 89444 2 90521 

3 1531 30375 1539 90656 1548 54153 1557 20872 1565 90819 

4 (10)8.1924 75063 (10)8.2538 99162 (10)8. 3156 68016 (10)8. 3777 82914 (10)8.4402 45144 

5 (13 4.3829 74158 13)4.4240 89951 (l3)4.4655 13725 (13) 4. 5072 47208 (13)4.5492 92133 

6 (16)2. 3448 91175 16)2. 3713 12214 (16) 2. 3979 80870 (16) 2. 4248 98998 (l&)2. 4520 68460 

7 (19 1.2545 16778 19) 1.2710 23346 (19) 1.2877 15727 19 1. 3045 95661 19) 1. 3216 64900 

8 (21)6.7116 64765 21 6.8126 85137 (2l)&. 9150 33455 (21 7. 0187 24655 (2l) 7. 1237 73809 

9 (24)3. 5907 40649 (24)3.6515 99233 24) 3. 7133 72966 (24 3.7760 73864 (24)3.8397 14083 

10 (27)1.9210 46247 (27)1.9572 57189 (27) 1.9940 81282 (27)2.0315 27739 (27)2.0696 05891 

24 (65)3. 0233 66304 (65)3.1619 49669 (65)3.3066 09101 (65)3.4575 98937 (65)3.6151 83652 


1/2 ( 1)2.3130 06701 ( 1)2.3151 67381 ( 1)2.3173 26045 ( 1)2. 3194 82701 ( 1)2. 3216 37353 

1/3 8. 1180 41379 8.1230 96201 8.1281 44739 8.1331 87014 8.1382 23044 

1/4 4.8093 72829 4.8116 18626 4.8138 61283 4.8161 00810 4.8183 37217 

1/5 3.5129 40196 3.5142 52463 3.5155 62774 3.5168 71134 3.5181 77550 


1 540 541 542 543 544 

2 2 91600 2 92681 2 93764 2 94849 2 95936 

3 1574 64000 1583 40421 1592 20088 1601 03007 1609 89184 

4 (10)8.5030 56000 (10)8.5662- 16776 (10)8. 6297 28770 (10)8.6935 93280 (10)8. 7578 11610 

5 (13)4.5916 50240 13)4.6343 23276 (13) 4. 6773 12993 (13) 4.7206 21151 13)4.764? 49516 

6 (16)2.4794 91130 16)2.5071 68892 (16) 2.5351 03642 (16)2. 5632 97285 16)2. 5917 51736 

7 (l9)l. 3389 25210 19) 1. 3563 78371 19) 1.3740 26174 (19) 1.3918 70426 (19) 1.4099 12945 

8 (21)7.2301 96134 21)7. 3380 06986 (2l)7.4472 21864 (2l)7.5578 56412 (2l)7.6699 26419 

9 (24)3.9043 05912 24 3.9698 61779 24)4. 0363 94250 (24)4. 1039 16032 (24)4. 1724 39972 

10 (27)2. 1083 25193 27 2.1476 95223 (27)2.1877 25684 (27)2.2284 26405 (27)2.2698 07345 

24 (65)3.7796 38253 (65)3.9512 48669 (65)4.1303 12169 (65)4.3171 37789 (65)4.5120 46770 


1/2 ( 1)2. 3237 90008 ( 1)2.3259 40670 ( 1)2. 3280 89345 ( 1)2. 3302 36040 ( 1)2.3323 80758 

1/3 8. 1432 52850 8.1482 76449 8. 1532 93862 8.1583 05107 8. 1633 10204 

1/4 4.8205 70514 4.8228 00711 4.8250 27819 4. 8272 51847 4.8294 72806 

1/5 3. 5194 82029 3.5207 84576 3.5220 85199 3. 5233 83903 3.5246 80696 



545 
2 97025 
1618 78625 

1 10)8.8223 85063 
13)4.8081 99859 
16)2.6204 68923 
19)1.4281 55563 
21)7.7834 47819 
24)4.2419 79061 
27)2.3118 78588 
(65)4. 7153 73024 
( 1)2. 3345 23506 
8.1683 09170 
4. 8316 90704 
3. 5259 75582 


546 
2 98116 
1627 71336 
(10)8.8873 14946 
(13)4.8524 73960 
(l6)2. 6494 50782 
(19 1.4466 00127 
(21 7.8984 36694 
24)4. 3125 46435 
(27 2. 3546 50354 
(65)4.9274 63602 
( 1)2. 3366 64289 
8.1733 02026 
4.8339 05553 
3.5272 68570 


547 
2 99209 
1636 67323 

1 10)8.9526 02568 
13)4.8970 73605 
16 2.6786 99262 
19)1.4652 48496 
21)8.0149 09274 
24)4. 3841 55373 
27)2. 3981 32989 
(65)5.1486 79188 
( 1)2. 3388 03113 
8.1782 88788 
4. 8361 17361 
3. 5285 59664 


548 
3 00304 
1645 66592 

i 10)9.0182 49242 
13)4.9420 00584 
16 2. 7082 16320 
19)1.4841 02543 
2l)8. 1328 81938 
24)4.4568 19302 
27)2.4423 36978 
(65)5. 3793 94612 
( 1)2. 3409 39982 
8. 1832 69477 
4.8383 26138 
3. 5298 48871 


549 
3 01401 
1654 69149 
(10)9.0842 56280 
(13 4.9872 56698 
(16)2.7380 03927 
(19) 1.5031 64156 
(21)8.2523 71216 
24)4.5305 51798 
(27)2.4872 72937 
(65)5.6199 99369 
( 1)2.3430 74903 
8. 1882 44110 
4.8405 31895 
3.5311 36198 
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Table 3.1 


POWERS AND ROOTS n* 


1 550 

2 3 02500 

3 1663 75000 

4 (10)9.1506 25000 

5 (13)5.0328 43750 

6 (16)2.7680 64063 

7 (19)1. 5224 35234 

8 (21)8.3733 93789 

9 24)4.6053 66584 

10 (27)2. 5329 51621 


551 
3 03601 
1672 84151 
(10)9.2173 56720 
(13)5. 0787 63553 
(16)2.7983 98718 
19)1.5419 17693 
(21)8.4959 66491 
(24)4.6812 77536 
(27)2. 5793 83922 


552 
3 04704 
1681 96608 
(10)9.2844 52762 
(13 5.1250 17924 
16)2.8290 09894 
19)1. 5616 13462 
(21)8.6201 06308 
24 4.7582 98682 
(27)2. 6265 80873 


553 
3 05809 
1691 12377 
(10)9. 3519 14448 
(13)5. 1716 08690 
(16)2. 8598 99605 
(19) 1.5815 24482 
(2l) 8. 7458 30384 
(24)4.8364 44203 
(27)2.6745 53644 


554 
3 06916 
1700 31464 
(10)9.4197 43106 
(13)5.2185 37681 
(16)2. 8910 69875 
(19) 1. 6016 52711 
21)8. 8731 56018 
24)4.9157 28434 
(27)2.7233 13552 


24 (65)5.8708 98173 


(65)6.1325 11516 (65)6.4052 76258 


(65)6.6896 46227 


(65)6.9860 92851 


1/2 

1/3 

1/4 

1/5 


( 1)2.3452 07880 
8. 1932 12706 
4,8427 34641 
3. 5324 '21650 


( 1)2. 3473 38919 
8.1981 75283 
4.8449 34384 
3.5337 05234 


( 1)2.3494 68025 
8.2031 31859 
4.8471 31136 
3. 5349 86956 


( 1)2.3515 95203 
8.2080 82453 
4.8493 24905 
3.5362 66821 


( 1)2.3537 20459 
8.2130 27082 
4.8515 15700 
3.5375 44836 


9 

10 

24 


1/2 

1/3 

1/4 

1/5 


555 
3 08025 
1709 53875 
(10)9.4879 40063 
(13)5.2658 06735 
(16)2.9225 22738 
(19 1.6220 00119 
21)9. 0021 00663 
24)4.9961 65868 
(27)2.7728 72057 
(65)7.2951 05803 
( 1)2. 3558 43798 
8.2179 65765 
4.8537 03532 
3.5388 21007 


556 
3 09136 
1718 79616 
10)9.5565 06650 
13)5.3134 17697 
(16)2.9542 60240 
(19)1.6425 68693 
(21)9.1326 81934 
(24)5. 0777 71156 
(27)2.8232 40762 
(65)7.6171 93672 
( 1)2. 3579 65225 
8.2228 98519 
4.8558 88409 
3.5400 95340 


557 
3 10249 
1728 08693 

1 10)9.6254 44200 
13)5. 3613 72419 
16)2.9862 84438 
19)1.6633 60432 
(21)9.2649 17605 
24)5. 1605 59106 
(27)2.8744 31422 
(65)7.9528 84664 
( 1)2.3600 84744 
8.2278 25361 
4. 8580 70341 
3.5413 67840 


558 
3 11364 
1737 41112 
(10)9.6947 54050 
(13)5.4096 72760 
(16)3. 0185 97400 
(19)1.6843 77349 
(21)9. 3988 25608 
24)5.2445 44689 
(27)2.9264 55937 
(65)8. 3027 27311 
( 1)2.3622 02362 
8.2327 46311 
4.8602 49337 
3. 5426 38514 


559 
3 12481 
1746 76879 
(10)9.7644 37536 
(13)5.4583 20583 
(16)3.0512 01206 
(19) 1.7056 21474 
(21)9. 5344 24040 
24)5. 3297 43038 
(27)2.9793 26358 
(65)8.6672 91224 
( 1)2.3643 18084 
8.2376 61384 
4.8624 25407 
3.5439 07368 


1 

2 

3 


6 

7 


9 

10 

24 


1/2 

1/3 

1/4 

1/5 


560 
3 13600 
1756 16000 
(10)9.8344 96000 
13)5. 5073 17760 
16)3.0840 97946 
(19)1.7270 94850 
(21)9. 6717 31157 
24)5.4161 69448 
(27)3. 0330 54891 
(65)9.0471 67858 
( 1)2.3664 31913 
8.2425 70600 
4. 8645 98558 
3.5451 74407 


561 
3 14721 
1765 58481 
(10)9.9049 30784 
(13)5.5566 66170 
16)3.1172 89721 
19)1.7487 99534 
(21 9. 8107 65384 
(24)5.5038 39380 
(27) 3.0876 53892 
(65)9.4429 71309 
( 1)2. 3685 43856 
8.2474 73974 
4.8667 68801 
3. 5464 39637 


562 
3 15844 
1775 04328 

1 10)9.9757 43234 
13)5.6063 67697 
16)3.1507 78646 
19)1.7707 37599 
(21)9.9515 45306 
(24)5.5927 68462 
(27)3.1431 35876 
(65)9.8553 39138 
( 1)2. 3706 53918 
8.2523 71525 
4.8689 36145 
3.5477 03064 


563 
3 16969 
1784 53547 
11)1.0046 93470 
13)5.6564 24234 
16)3.1845 66844 
19) 1.7929 11133 
22)1. 0094 08968 
24)5.6829 72489 
27)3.1995 13511 
(66)1. 0284 93323 
( 1)2. 3727 62104 
8.2572 63270 
4.8711 00598 
3.5489 64695 


564 
3 18096 
1794 06144 
(11)1. 0118 50652 
(13)5.7068 37678 
(16)3.2186 56450 
(19)1. 8153 22238 
(22)1. 0238 41742 
(24)5.7744 67426 
(27)3.2567 99629 
(66)1.0732 44065 
( 1)2. 3748 68417 
8.2621 49226 
4.8732 62170 
3.5502 24533 


8 

9 

10 


24 


1/2 

1/3 

1/4 

1/5 


565 
3 19225 
1803 62125 
(11)1.0190 46006 
(13)5.7576 09935 
(16)3.2530 49613 
(19) 1.8379 73032 
(22)1.0384 54763 
(24)5.8672 69410 
(27)3.3150 07217 
(66)1.1198 57461 
( 1)2. 3769 72865 
8.2670 29409 
4.8754 20869 
3, 5514 82586 


566 
3 20356 
1813 21496 
(11)1.0262 79667 
(l3) 5. 8087 42917 
(16)3.2877 48491 
19)1.8608 65646 
(22)1.0532 49956 
(24)5.9613 94749 
(27)3.3741 49428 
(66)1.1684 07534 
( 1)2.3790 75451 
8.2719 03838 
4.8775 76704 
3. 5527 38859 


567 
3 21489 
1822 84263 

1 11)1.0335 51771 
13)5.8602 38543 
16)3. 3227 55254 
19)1. 8840 02229 
22)1. 0682 29264 
24)6.0568 59926 
27)3.4342 39578 
(66)1.2189 71112 
( 1)2. 3811 76180 
8.2767 72529 
4. 8797 29685 
3.5539 93358 


568 
3 22624 
1832 50432 
(11)1.0408 62454 
13)5.9120 98737 
(16)3. 3580 72083 

1 19)1. 9073 84943 
22)1. 0833 94648 
24)6.1536 81599 
27)3.4952 91148 
(66)1.2716 27927 
( 1)2. 3832 75058 
8.2816 35499 
4.8818 79820 
3.5552 46087 


569 
3 23761 
1842 20009 
(11)1. 0482 11851 
(13)5.9643 25433 

1 16)3. 3937 01172 
19)1.9310 15967 
22)1. 0987 48085 
24)6.2518 76604 
27)3. 5573 17788 
(66)1.3264 60719 
( 1)2. 3853 72088 
8.2864 92764 
4.8840 27117 
3.5564 97054 


9 

10 

24 


1/2 

1/3 

1/4 

1/5 


570 
3 24900 
1851 93000 
(11)1.0556 00100 
(13)6.0169 20570 
(16)3.4296 44725 
(19)1.9548 97493 
(22)1.1142 91571 
(24)6.3514 61955 
(27)3.6203 33315 


3 

1861 
(11) 1.0630 
! 13)6. 0698 
(16) 3. 4659 
(19)1.9790 
22)1. 1300 
24)6.4524 
(27) 3. 6843 


(66)1. 3835 55344 (66)1.4430 


( 1)2.3874 67277 ( 1)2.3895 

8.2913 44342 8.2961 

4.8861 71586 4.8883 

3. 5577 46263 3. 5589 



571 572 
26041 3 27184 
69411 1871 49248 
27337 (11)1.0704 93699 
86093 13)6.1232 23956 
04959 (16 3. 5024 84103 
31732 (19)2.0034 20907 
27119 (22)1.1459 56759 
54848 24)6. 5548 72660 
51718 (27)3.7493 87161 


1881 
(11)1. 0779 
(13)6.1769 
16) 3.5393 
19)2.0280 
(22 1.1620 
(24) 6. 6587 
(27)3. 8154 


00887 (66)1.5048 89774 (66)1.5693 


60629 

90248 

13236 

93720 


( 1)2. 3916 52149 
8.3010 30501 
4.8904 52074 
3.5602 39430 




( 1)2. 3937 
8. 3058 
4. 8925 
3. 5614 

( t 4 ] 


573 574 
28329 3 29476 
32517 1891 19224 
99322 (11)1.0855 44346 
36117 13)6.2310 24545 
84395 (16)3. 5766 08089 
67258 (19)2.0529 73043 
82539 (22)1.1784 06527 
32949 (24)6.7640 53463 
53980 (27)3. 8825 66688 
17896 (66)1.6363 84728 
41841 ( 1)2. 3958 29710 
65115 8.3106 94107 
88109 4.8947 21351 
83400 3.5627 25633 
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POWERS AND ROOTS n * 


Table 3.1 


1/2 

1/3 

1/4 

1/5 


1/2 

i/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


It 
( 66 ) 1 . 
( D2. 


575 
3 30625 
1901 09375 
0931 28906 
2854 91211 
6141 57446 
0781 40532 
1949 30806 
8708 52133 
9507 39976 
7061 93459 
3979 15762 
3155 17494 
8968 51807 
5639 66137 


2002 

1 11)1.1711 
13)6. 8514 
16)4. Q080 
19)2. 3447 
22)1.3716 
24)8. 0242 
27)4. 6941 
(66)2.5807 
( 1)2.4186 
8. 3634 
4. 9180 
3.5762 


3 

2053 

! 11) 1.2117 
13)7.1492 
16)4.2180 
19)2.4886 
22)1.4683 
24)8. 6629 
27)5.1111 


(66)3.1655 43453 
( 1)2.4289 


8. 3872 
4.9284 
3. 5823 


576 
3 31776 
1911 02976 
11)1.1007 53142 
13 6.3403 38097 
16 3.6520 34744 
.19)2.1035 72012 
(22)1.2116 57479 
(24)6.9791 47080 
(27)4. 0199 88718 
( 66)1.7788 51122 
1 1)2.4000 00000 
8.3203 35292 
4.8989 79486 
3.5652 04916 


577 


1921 00033 1931 

(11)1.1084 17190 11)1.1161 

(13)6.3955 67189 13)6.4511 

(16) 3. 6902 42268 16)3.7287 

19)2.1292 69789 19)2. 1552 

(22)1.2285 88668 22 1. 2457 

(24)7.0889 56614 24)7. 2002 

(27)4. 0903 27966 27)4. 1617 

(66)1.8544 68735 (66)1.9331 61432 


578 

34084 

00552 

21191 

80481 

82318 

36180 

26512 

99239 

72960 


580 
3 36400 
1951 12000 

! 11) 1.1316 49600 
13)6.5635 67680 
16)3.8068 69254 
19)2.2079 84168 
22)1.2806 30817 
24)7.4276 58740 
27)4.3080 42069 
(66)2. 1002 54121 
( 1)2.4083 18916 
8.3395 50915 
4.9074 62599 
3.5701 42892 


1961 
; 11) 1.1394 

I '13) 6. 6203 
16)3. 8464 
19 2.2347 
22)1.2984 
24 7.5437 
27)4. 3828 
(66)2.1889 06331 
( 1)2.4103 
8. 3443 
4.9095 
3.5713 


581 

37561 

22941 

74287 

45609 

20799 

70484 

01651 

13594 

97598 


94159 

41009 

76518 

73127 


585 

42225 

01625 

79506 

00112 

69065 

20403 

61436 

19400 

68349 

19397 

77324 

46607 

05007 

77194 

590 

48100 

79000 

36100 

42990 

53364 

51485 

04376 

95819 

67533 


2012 
1.1792 
6.9101 
4. 0493 
2. 3729 
1. 3905 
8.1485 
4. 7750 


586 

43396 

30056 

08128 

59631 

53544 

21177 

31810 

16404 

30613 


(66)2.6887 02707 
( 1)2.4207 


8.3682 
4.9201 
3. 5774 


43687 

09391 

05372 

99018 

591 


( 1)2.4020 
8.3251 
4.9011 
3.5664 


1971 

1 11)1.1473 
13)6. 6775 
16)3. 8863 
19)2.2618 
22)l. 3163 
24)7.6613 
27)4. 4589 
(66)2.2811 
( 1)2.4124 
8.3491 
4.9116 
3.5726 


2022 
(11) 1.1872 
13 6.9693 
(l6)4. 0909 
19)2. 4014 
(22)1.4096 
(24) 8. 2745 
(27) 4. 8571 
(66)2. 8010 
( 1)2.4228 
8. 3729 
4. 9222 
3. 5787 


82430 

47517 

04396 

41976 

582 

38724 

37368 

39482 

15784 

14186 

34856 


67616 

25609 

87710 

01670 

587 

44569 

62003 

77958 

21611 

91786 

12178 

28949 

21928 

44372 

08521 


66760 

03051 

19175 

592 


63056 
54185 
26546. 
77321 

583 
39889 
55287 
45323 
80234 
51777 
79686 
91757 
69942 
30576 
(66)2. 3770 88299 
( 1)2.4145 
8. 3539 
4. 9137 


( 1)2.4041 
8. 3299 
4. 9032 
3.5676 


1981 

i ll) 1.1552 
13) 6.7350 
16)3.9265 
19)2.2891 
22)l. 3345 
24)7.7806 
27)4.5361 


39294 
04732 
96184 
3. 5738 28526 


2032 
11) i. 1953 
13 7. 0288 
16) 4.1329 
19)2.4301 
22)1.4289 
24) 8. 4022 
27)4.9405 
(66)2.9178 
( 1)2. 4248 
8. 3777 
4.9242 
3.5799 


91560 
06527 
80050 
69695 

595 
3 54025 
2106 44875 
(11)1.2533 37006 
13)7.4573 55187 
(16)4.4371 26336 
(19)2.6400 90170 
(22)1.5708 53651 
(24)9. 3465 79225 
(27)5.5612 14639 


3 49281 
2064 25071 
(11)1.2199 72170 
(13)7.2100 35522 
(16)4.2611 30994 
(19)2.5183 28417 
22)1.4883 32095 
(24)8.7960 42679 
(27)5.1984 61223 
(66)3.2968 52680 (66)3.4333 72793 (66)3. 5753 

( 1)2.4310 
8. 3919 
4.9305 
3.5835 


2074 

1 11)1.2282 
13)7.2712 
16) 4. 3045 
19)2.5483 
22 1. 5085 
24)8.9309 
27) 5.2870 


50464 

74688 

50153 

40906 

74616 

08173 

98438 

02754 

94431 


2085 
11)1.2365 
13)7. 3328 
16) 4. 3483 
19)2.5785 
22)1. 5291 
24)9. 0675 
27)5. 3770 


3 49156 
1 42387 
3 67063 
3 83235 


( 1)2.4331 
8. 3966 
4. 9326 
3. 5847 


05012 

72908 

51429 

95134 


( 1)2.4351 
8. 4013 
4.9347 
3. 5860 


596 
3 55216 
2117 08736 
(11)1.2617 84067 
(13)7.5202 33037 
(16)4.4820 5B890 
(19)2.6713 07098 
(22 1. 5920 99031 
(24)9.4889 10223 
(27)5.6553 90493 


24 

(66)3.8762 08928 

(66)4.0356 19703 

1/2 

( 1)2.4392 62184 

( 1)2.4413 11123 

1/3 

8.4108 32585 

8.4155 41899 

1/4 

4.9388 88725 

4.9409 62581 

1/5 

3.5884 21030 

3.5896 26411 


jn!i: 

[III 9. 
(27)5. 
(66)4. 
( 1 ) 2 . 


597 
3 56409 
2127 76173 
2702 73753 
5835 34304 
5273 69980 
7028 39878 
6135 95407 
6331 64580 
7509 99254 
2013 02448 
4433 58345 
4202 45948 
9430 33830 
5908 30176 


2138 
(11)1.2788 
(13)7. 6472 
(16)4.5730 
(19 2.7346 
22) 1.6353 
(24) 9.7793 
(27) 5. 8480 
(66)4. 3734 
( 1)2. 4454 
8. 4249 
4.9451 
3. 5920 


1941 

1 11)1.1238 
13) 6.5071 
16)3.7676 
19)2.1814 
22) 1.2630 
24) 7. 3131 
27) 4.2343 
(66)2. 0150 
( 1)2.4062 
8. 3347 
4. 9053 
3. 5689 


1991 

! 11)1.1631 
13) 6.7930 
16) 3. 9671 
19)2.3168 
22)1. 3530 
24)7.9016 
27)4.6145 


579 

35241 

04539 

65281 

79976 

57206 

73522 

73169 

93651 

39124 

48620 

41883 

55313 

45944 

10958 


584 

41056 

76704 

91951 

40996 

35942 

07390 

15516 

10612 

40597 


(66)2.4768 99188 
( 1)2.4166 
B. 3586 
4.9159 
3.5750 


09195 

78393 

01946 

53698 


45744 

97472 

89135 

88116 

86212 

95893 

55185 

56487 

26815 

02055 

71131 

18728 

98052 

37670 

593 

51649 

27857 

70192 

61239 

86715 

93322 

05840 

97630 

85394 

01250 

59132 

98104 

33156 

05396 

598 

57604 

47192 

06208 

61125 

•62153 

91167 

45318 

65002 

60271 

92798 

03852 

44747 

02478 

32329 


589 
3 46921 
2043 36469 

1 11)1.2035 41802 
13)7. 0888 61216 
16)4. 1753 39256 
19)2. 4592 74822 
22 1.4485 12870 
24)8.5317 40805 
27)5. 0251 95334 
(66)3. 0392 54545 
( 1)2. 4269 32220 
8, 3824 65312 
4. 9263 90382 
3. 5811 54508 


2095 
(11)1.2449 
(13)7. 3948 
16)4. 3925 
19)2.6091 
(22 1. 5498 
24)9.2061 
(27)5.4684 
(66)3. 7228 42640 
( 1)2.4372 
8. 4061 
4.9368 
3. 5872 


594 

52836 

84584 

32429 

98628 

69785 

86452 

56753 

49111 

52572 


11521 

17992 

12252 

14026 


2149 
(11)1.2873 
(13)7.7114 
16)4. 6191 
19)2. 7668 
22) 1. 6573 
(24)9.9275 
(27) 5.9465 
(66)4.5524 34829 
( 1)2. 4474 


599 

58801 

21799 

81576 

15640 

37969 

63643 

51322 

34420 

93118 


8. 4296 
4. 9471 
3. 5932 


47650 

38310 

68534 

32875 


^[(-<>>21 

4 ( - 7 )ri 

4 (- 7)41 


L 3 J 

4 J 

[ 3 J 

L 3 J 
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Table 3.1 POWERS AND ROOTS n * 


k 

1 600 601 602 603 604 

2 3 60000 3 61201 3 62404 3 63609 3 64816 

3 2160 00000 2170 81801 2181 67208 2192 56227 2203 48864 

4 (11)1.2960 00000 (11)1. 3046 61624 (11)1.3133 66592 (11)1. 3221 15049 (11)1. 3309 07139 

5 13)7.7760 00000 (13)7.8410 16360 (13)7.9064 66885 (13 7.9723 53744 (13 8. 0386 79117 

6 16)4.6656 00000 (16)4.7124 50833 16)4.7596 93065 16 4. 8073 29308 16)4. 8553 62187 

7 (19)2.7993 60000 (19)2.8321 82950 19)2.8653 35225 19)2. 8988 19573 19)2.9326 38761 

8 22 1. 6796 16000 (22 1.7021 41953 (22)1.7249 31805 (22)1.7479 88202 22)1.7713 13811 

9 (25)1.0077 69600 (25) 1. 0229 87314 (25) 1.0384 08947 (25) 1.0540 36886 (25)1.0698 73542 

10 (27)6.0466 17600 (27)6.1481 53756 (27)6.2512 21860 (27)6. 3558 42422 (27)6.4620 36194 

24 (66)4.7383 81338 (66)4.9315 94142 (66)5.1323 44384 (66)5. 3409 12849 (66)5. 5575 90288 

1/2 ( 1)2.4494 89743 ( 1)2.4515 30134 ( 1)2.4535 6B829 ( 1)2.4556 05832 ( 1)2.4576 41145 

1/3 8.4343 26653 8.4390 09789 8.4436 87734 8.4483 60500 8.4530 28104 

1/4 4.9492 32004 4.9512 92896 4.9533 51218 4.9554 06978 4.9574 60182 

1/5 3.5944 31819 3.5956 29165 3.5968 24918 3.5980 19083 3.5992 11665 


1 605 606 607 608 609 

2 3 66025 3 67236 3 68449 3 69664 3 70881 

3 2214 45125 2225 45016 2236 48543 2247 55712 2258 66529 

4 (11)1.3397 43006 (11)1.3486 22797 (11)1. 3575 46656 (11)1. 3665 14729 (11)1.3755 27162 

5 (13)8. 1054 45188 (13)8.1726 54150 (13)8.2403 08202 (13) 8. 3084 09552 (13)8. 3769 60414 

6 16)4.9037 94339 (16)4.9526 28415 (16) 5. 0018 67079 (16) 5. 0515 13008 16 5. 1015 68892 

7 (19)2.9667 95575 (19)3. 0012 92819 (19) 3. 0361 33317 (19) 3. 0713 19909 19)3.1068 55455 

8 (22)l.7949 11323 (22)1.8187 83448 (22)1.8429 32923 (22)1.8673 62504 (22)1.8920 74972 

9 (25)1.0859 21350 (25)1. 1021 82770 (25) 1.1186 60284 25) 1.1353 56403 (25$ 1.1522 73658 

10 (27)6.5698 24169 (27)6.6792 27585 (27)6.7902 67926 (27)6.9029 66929 (27)7.0173 46578 

24 (66)5.7826 77757 (66)6.0164 86963 (66)6.2593 40623 (66)6.5115 72833 (66)6.7735 29447 


1/2 ( 1)2.4596 74775 ( 1)2.4617 06725 ( 1)2.4637 36999 ( 1)2.4657 65601 ( 1)2.4677 92536 
1/3 8.4576 90558 8.4623 47878 8.4670 00076 8. 4716 47168 8.4762 89168 
1/4 4.9595 10838 4.9615 58954 4.9636 04536 4.9656 47592 4.9676 88130 
1/5 3. 6004 02669 3.6015 92098 3.6027 79959 3.6039 66255 3.6051 50991 




610 611 612 613 614 

3 72100 3 73321 3 74544 3 75769 3 76996 

2269 81000 2280 99131 2292 20928 2303 46397 2314 75544 

1 11)1. 3845 84100 (11)1.3936 85690 (11)1.4028 32079 (11)1.4120 23414 (11)1.4212 59840 

13 8.4459 63010 13)8.5154 19568 (13) 8. 5853 32326 (13)8. 6557 03525 (13)8.7265 35419 

16)5.1520 37436 16)5.2029 21356 16)5. 2542 23383 16)5.3059 46261 16)5. 3580 92747 

19)3. 1427 42836 (19) 3.1789 84949 (19)3.2155 84711 (19) 3. 2525 45058 19)3.2898 68947 

22)1.9170 73130 (22) 1.9423 59804 (22)1.9679 37843 (22) 1.9938 10121 (22)2.0199 79533 

25)1. 1694 14609 (25) 1. 1867 81840 (25 1.2043 77960 (25) 1.2222 05604 (25) 1.2402 67433 

27)7.1334 29117 (27)7.2512 37043 (27)7.3707 93114 (27)7.4921 20352 (27)7. 6152 42041 

(66)7.0455 68477 (66)7. 3280 60494 (66)7.6213 89047 (66)7.9259 51097 (66)8.2421 57465 

( 1)2.4698 17807 ( 1)2.4718 41419 ( 1)2.4738 63375 ( 1)2.4758 83681 ( 1)2.4779 02339 

8.4809 26088 8.4855 57944 8.4901 84749 8.4948 06516 8.4994 23260 

4.9697 26156 4.9717 61679 4.9737 94704 4.9758 25239 4.9778 53291 

3.6063 34171 3.6075 15802 3.6086 95885 3. 6098 74428 3.6110 51433 

615 616 617 618 619 

3 78225 3 79456 3 80689 3 81924 3 83161 

2326 08375 2337 44896 2348 85113 2360 29032 2371 76659 

1 11)1.4305 41506 (11)1.4398 68559 (11)1.4492 41147 (11)1.4586 59418 (11)1.4681 23519 

13)8.7978 30263 (13)8. 8695 90326 (13)8.9418 17878 (13)9. 0145 15202 (13)9.0876 84584 

16)5.4106 65612 (16) 5. 4636 67641 (16) 5. 5171 01631 (16)5.5709 70395 16)5.6252 76757 

19)3. 3275 59351 (19)3.3656 19267 (19)3.4040 51706 (19) 3. 4428 59704 (195 3. 4820 46313 

22)2.0464 49001 (22)2. 0732 21468 (22)2.1002 99903 22)2.1276 87297 22)2. 1553 86668 

25)1.2585 66136 (25) 1.2771 04424 (25) 1.2958 85040 25)1. 3149 10750 (25)1. 3341 84347 

27)7.7401 81734 (27)7.8669 63254 (27)7.9956 10697 (27)8. 1261 48432 (27)8.2586 OHIO 

(66)8. 5704 33286 (66)8.9112 18488 (66)9.2649 68280 (66)9.6321 53659 (67)1.0013 26192 

( 1)2.4799 19354 ( 1)2.4819 34729 ( 1)2.4839 48470 ( 1)2.4859 60579 ( 1)2.4879 71061 

8.5040 34993 8.5086 41730 8.5132 43484 8.5178 40269 8.5224 32097 

4.9798 78868 4.9819 01975 4.9839 22621 4.9859 40813 4.9879 56556 

3. 6122 26906 3.6134 00850 3.6145 73271 3.6157 44173 3.6169 13560 

620 621 622 623 624 

3 84400 3 85641 3 86884 3 88129 3 89376 

2383 28000 2394 83061 2406 41848 2418 04367 2429 70624 

(11)1.4776 33600 (11)1.4871 89809 (11)1.4967 92295 (11)1. 5064 41206 (11)1.5161 36694 

(13)9.1613 28320 (13) 9. 2354 48713 (13)9.3100 48072 (13) 9. 3851 28716 13)9.4606 92969 

16)5.6800 23558 (16) 5. 7352 13651 (16) 5. 7908 49901 (16) 5. 8469 35190 (16) 5. 9034 72413 

(19 3.5216 14606 (19) 3. 5615 67677 (19) 3. 6019 08638 (19)3. 6426 40623 19)3.6837 66786 

22 2. 1834 01056 22)2.2117 33527 22)2.2403 87173 (22)2.2693 65108 (22)2. 2986 70474 

25)1. 3537 08655 25)1.3734 86521 (25) 1.3935 20822 25) 1. 4138 14463 (25)1. 4343 70376 

(27)8.3929 93659 (27)8. 5293 51293 (27)8.6676 99511 (27) 8.8080 64101 (27)8.9504 71145 

(67)1. 0408 79722 (67)1. 0819 28109 (67)1,1245 25305 (67)1.1687 27115 (67)1.2145 91262 

( 1)2.4899 79920 ( 1)2.4919 87159 ( 1)2.4939 92783 ( 1)2.4959 96795 ( 1)2.4979 99199 

8.5270 18983 8.5316 00940 8.5361 77980 8.5407 50116 8. 5453 17363 

4.9899 69859 4.9919 80728 4.9939 89170 4.9959 95191 4.9979 98799 

3.6180 81437 3.6192 47808 3.6204 12677 3.6215 76049 3. 6227 37928 

■•m ■ i ffl J [<n j [‘ti 
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POWERS AND ROOTS n* Table 3.1 


k 


1 625 626 

2 3 90625 3 91876 

3 2441 40625 2453 14376 

4 (11)1.5258 78906 (11)1. 5356 67994 

5 13)9.5367 43164 (13 9. 6132 81641 

6 16 5.9604 64478 (16)6.0179 14307 

7 19 3.7252 90298 (19)3.7672 14356 

8 (22)2. 3283 06437 (22)2. 3582 76187 

9 (25 1.4551 91523 (25)1.4762 80893 

10 (27)9.0949 47018 (27)9.2415 18391 


627 628 

3 93129 3 94384 

2464 91883 2476 73152 

1 11)1.5455 04106 (11)1.5553 87395 ( 

13)9.6903 10747 (13) 9. 7678 32838 

16)6.0758 24838 (16 6.1341 99022 ( 

19)3. 8095 42174 19 3.8522 76986 ( 

22 2.3885 82943 (22)2.4192 29947 ( 

25)1.4976 41505 (25) 1. 5192 76407 ( 

27)9; 3902 12238 (27)9.5410 55835 ( 


629 
3 95641 
2488 58189 
11)1. 5653 18009 
13)9. 8458 50275 
16)6. 1930 39823 
19)3.8954 22049 
22)2. 4502 20469 
25)1.5411 88675 
27)9.6940 76765 


24 (67)1.2621 77448 (67)1.3115 47419 (67)1. 3627 65028 (67)1.4158 96309 (67)1.4710 09545 


1/2 ( 1)2.5000 00000 ( 1)2. 5019 99201 ( 1)2. 5039 96805 ( 1)2. 5059 92817 ( 1)2. 5079 87241 

1/3 8. 5498 79733 8.5544 37239 8. 5589 89894 8. 5635 37711 8.5680 80703 

1/4 5.0000 00000 5.0019 98801 5. 0039 95209 5. 0059 89230 5. 0079 80871 

1/5 3.6238 98318 3.6250 57224 3.6262 14650 3.6273 70600 3.6285 25079 


1 630 

2 3 96900 

3 2500 47000 

4 (11)1.5752 96100 

5 (13)9.9243 65430 

6 (16)6.2523 50221 

7 (19)3.9389 80639 

8 (22)2.4815 57803 

9 25) 1. 5633 81416 

10 (27)9,8493 02919 

24 (67)1.5281 75339 

1/2 ( 1)2.5099 80080 

1/3 8.5726 18882 

1/4 5. 0099 70139 

1/5 3.6296 78090 


1 635 

2 4 03225 

3 2560 47875 

4 (11)1.6259 04006 

5 (14 1.0324 49044 

6 (16 6.5560 51429 

7 (19 4.1630 92658 

8 (22)2.6435 63838 

9 (25 1.6786 63037 

10 (28)1. 0659 51028 

24 (67)1.8474 36020 

1/2 ( 1)2.5199 20634 

1/3 8.5952 38034 

1/4 5. 0198 81108 

1/5 3.6354 21280 

1 640 

2 4 09600 

3 2621 44000 

4 (11 1.6777 21600 

5 (14) 1.0737 41824 

6 (16) 6. 8719 47674 

7 (19)4.3980 46511 

B 22)2.8147 49767 

9 (25) 1.8014 39851 

10 (28)1.1529 21505 

24 (67)2.2300 74520 


631 
3 98161 
2512 39591 

(11)1.5853 21819 (11)1. 

(14 1.0003 38068 14 1. 

( 16)6.3121 33209 (l6 6. 

(19 3.9829 56055 (l9)4. 

(22)2.5132 45270 (22)2. 

(25 1.5858 57766 (25 1. 

(28)1.0006 76250 (28)l. 

(67)1.5874 66692 (67)1. 

( 1)2. 5119 71337 ( 1)2. 

8. 5771 52262 8. 

5.0119 57040 5. 

3.6308 29638 3. 


636 
4 04496 
2572 59456 

1 11)1. 6361 70140 (11)1. 

14)1. 0406 04209 (14)1. 

16)6.6182 42770 (l6)6. 

19)4.2092 02402 (19)4. 

22)2.6770 52728 (22)2. 

25)1.7026 05535 (25)l. 

28)1. 0828 57120 (28)l. 

(67)1.9185 39634 (67)1. 

( 1)2.5219 04043 ( 1)2. 

8.5997 47604 8. 

5.0218 56273 5. 

3. 6365 65574 3. 


641 
4 10881 
2633 74721 

1 11)1. 6882 31962 (11)1. 

14)1.0821 56687 (14) 1. 

16)6.9366 24366 (l6)7. 

19)4.4463 76219 19 4. 

22)2.8501 27156 (22)2. 

25 1.8269 31507 (25)1. 

28)1.1710 63096 (28)l. 

(67)2.3152 22362 (67)2. 


632 

3 99424 4 

2524 35968 2536 

5953 95318 (11)1.6055 

0082 89841 (14) 1.0162 

3723 91794 (16 6. 4331 

0273 51614 (19)4. 0721 

5452 86220 22)2. 5776 

6086 20891 (25) 1.6316 

0166 48403 (28) 1. 0328 

6489 59081 (67)1.7127 

5139 61018 ( 1)2.5159 

5816 80854 8.5862 

0139 41581 5.0159 

6319 79727 3.6331 


637 

4 05769 4 

2584 74853 2596 

6464 84814 (11)1. 6568 

0488 10826 (14) 1.0570 

6809 24963 (16)6.7441 

2557 49202 (19) 4. 3027 

7109 12241 (22)2.7451 

7268 51098 (25) 1. 7514 

1000 04149 (28)1. 1173 

9922 61654 (67)2.0686 

5238 85893 ( 1)2. 5258 

6042 52449 8. 6087 

0238 29110 5. 0257 

6377 08430 3.6388 


642 

4 12164 4 
2646 09288 2658 
6987 91629 (11)1.7094 
0906 24226 (14) 1.0991 
0018 07530 (16 7. 0675 
4951 60434 (19) 4. 5444 
8858 92999 (22 2.9220 
8527 43305 (25 1.8788 
1894 61202 (28)l. 2081 
4034 80891 (67)2.4949 


633 634 
00689 4 01956 
36137 2548 40104 
16747 (11)1. 6156 86259 
92101 (l4)l.0243 45088 
28999 (16)6.4943 47861 
70657 19)4. 1174 16544 
84026 (22)2. 6104 42089 
73988 (25)1.6550 20284 
49635 (28)1. 0492 82860 
30535 (67)1.7788 61719 
49125 ( 1)2. 5179 35662 
04672 8. 5907 23728 
23768 5.0179 03608 
28361 3. 6342 75544 


638 639 

07044 4 08321 

94072 2609 17119 

48179 (11)1.6672 60390 

69138 (l4)l. 0653 79389 

01103 (16)6. 8077 74299 

36504 (19 4. 3501 67777 

45889 (22)2.7797 57209 

03077 (25)1.7762 64857 

95163 (28)1. 1350 33244 

94164 (67)2. 1479 32334 

66188 ( 1)2.5278 44932 

52582 8.6132 48015 

99626 5. 0277 67827 

49851 3.6399 89842 


643 644 
13449 4 14736 
47707 2670 89984 
00756 (11)1.7200 59497 
44686 (14)1. 1077 18316 
00332 16 7.1337 05955 
02713 (19)4. 5941 06635 
50945 (22)2.9586 04673 
78757 25)1.9053 41409 
19041 (28)1.2270 39868 
58638 (67)2.5897 67740 


1/2 ( 1)2.5298 22128 ( 1)2.5317 97780 ( 1)2.5337 71892 ( 1)2.5357 44467 ( 1)2.5377 15508 
1/3 8.6177 38760 8.6222 24830 8.6267 06237 8.6311 82992 8. 6356 55108 
1/4 5.0297 33719 5. 0316 97308 5.0336 58602 5. 0356 17605 5. 0375 74325 
1/5 3.6411 28406 3. 6422 65548 3.6434 01272 3.6445 35581 3.6456 68481 


1 645 646 647 648 649 

2 4 16025 4 17316 4 18609 4 19904 4 21201 

3 2683 36125 2695 86136 2708 40023 2720 97792 2733 59449 

4 (11)1.7307 68006 (11)1.7415 26439 (11)1.7523 34949 (11)1. 7631 93692 11)1. 7741 02824 

5 (14 1.1163 45364 14)1.1250 26079 (14) 1. 1337 60712 14) 1.1425 49513 14) 1.1513 92733 

6 (16)7.2004 27598 (16)7.2676 68472 (16) 7. 3354 31806 16)7.4037 20841 16 7.4725 38836 

7 (19)4.6442 75801 (19) 4. 6949 13833 (19) 4. 7460 24378 (19) 4. 7976 11105 19) 4. 8496 77704 

8 (22 2.9955 57891 (22)3. 0329 14336 (22 3.0706 77773 (22)3. 1088 51996 22)3. 1474 40830 

9 (25 1.9321 34840 25) 1.9592 62661 (25 1.9867 28519 (25)2. 0145 36093 (25)2.0426 89099 

10 (28)1.2462 26972 (28)1.2656 83679 (28) 1.2854 13352 (28) 1.3054 19389 (28) 1. 3257 05225 

24 (67)2.6880 24057 (67)2.7898 47292 (67)2. 8953 61105 (67)3.0046 93247 (67)3.1179 75679 


1/2 ( 1)2.5396 85020 ( 1)2. 5416 53005 ( 1)2. 5436 19468 ( 1)2. 5455 84412 ( 1)2.5475 47841 

1/3 8. 6401 22598 8. 6445 85472 8. 6490 43742 8. 6534 97422 8. 6579 46522 

1/4 5.0395 28767 5. 0414 80939 5.0434 30845 5.0453 78492 5. 0473 23886 

1/5 3. 6467 99973 3.6479 30063 3.6490 58755 3.6501 86051 3.6513 11957 
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Table 3.1 POWERS AND ROOTS n * 


k 


1 



650 



651 



652 



653 



654 

2 


4 

22500 


4 

23801 


4 

25104 


4 

26409 


4 

27716 

3 


2746 

25000 


2758 

94451 


2771 

67808 


2784 

45077 


2797 

26264 

4 1 

11) 

1.7850 

62500 

H) 

H.7960 

72876 

;n; 

11. 8071 

34108 ( 

[11) 

H.8182 

46353 ( 

11' 

>1.8294 

09767 

5 J 

14) 

1.1602 

90625 

14 

H.1692 

43442 

14 

11.1782 

51439 

[14 

1.1873 

14868 ( 

14' 

>1.1964 

33987 

6 ( 

3.6) 

7. 5418 

89063 

16 

7.6117 

74809 

16 

17. 6821 

99379 

l 6 

17.7531 

66091 ( 

16] 

>7. 8246 

78277 

7 ( 

19) 

4.9022 

27891 

19 

14.9552 

65401 

.1 9 

15. 0087 

93995 

19) 

5. 0628 

17457 ( 

19 

>5.1173 

39593 

8 ( 

’ 22) 

3.1864 

48129 

22 

13. 2258 

77776 

22 

> 3. 2657 

33685 

'22) 

13.3060 

19800 

22 

) 3. 3467 

40094 

9 ( 

25) 

2.0711 

91284 

25 

i2.1000 

46432 

25 

)2.1292 

58363 ( 

25 

>2.1588 

30929 ( 

25' 

>2.1887 

68021 

10 < 

[28) 

1. 3462 

74334 

28) 

il. 3671 

30227 

28) 

11. 3882 

76452 ( 

;28) 

il. 4097 

16597 ( 

28 

>1. 4314 

54286 

24 (67) 

3.2353 

44710 

(67) 

13. 3569 

41134 (67)3.4829 

10364 (67)3.6134 

02582 (67)3.7485 

72888 

1/2 ( 

: i) 

2. 5495 

09757 

[ 1)2.5514 

70164 ( 

[ 1)2.5534 

29067 < 

: i) 

12. 5553 

86468 ( 

1)2.5573 

42371 

1/3 

8. 6623 

91053 


8. 6668 

31029 


8. 6712 

66460 

8. 6756 

97359 


8. 6801 

23736 

1/4 


5. 0492 

67033 


5.0512 

07939 


5.0531 

46611 


5. 0550 

83054 


5. 0570 

17274 

1/5 


3. 6524 

36476 


3. 6535 

59612 


3. 6546 

81368 


3. 6558 

01749 


3.6569 

20758 

1 



655 



656 



657 



658 



659 

2 


4 

29025 


4 

30336 


4 

31649 


4 

32964 


4 

34281 

3 


2810 

11375 


2823 

00416 


2835 

93393 


2848 

90312 


2861 

91179 

4 

[11) 

1. 8406 

24506 

11 

1. 8518 

90729 

;u; 

11. 8632 

08592 

[ii) 

il.8745 

78253 ( 

11 

) 1.8859 

99870 

5 

14 

1.2056 

09052 

14 

1.2148 

40318 

14 

) 1.2241 

28045 

14) 

11.2334 

72490 

14 

1.2428 

73914 

6 

16 

7. 8967 

39288 

16 

7. 9693 

52487 

16' 

> 8. 0425 

21255 

[ 16) 

18.1162 

48987 

16 

8.1905 

39094 

7 

19 

5.1723 

64234 

19 

5.2278 

95232 

19' 

I 5. 2839 

36465 

19 

1 5. 3404 

91834 ( 

19' 

5.3975 

65263 

8 

22 

3. 3878 

98573 

22 

3. 4294 

99272 

22 

>3. 4715 

46257 

22 

3. 5140 

43626 

22 

3. 5569 

95508 

9 

25 

2.2190 

73565 

25 

2. 2497 

51522 

25' 

12.2808 

05891 

25) 

>2. 3122 

40706 

25 

)2. 3440 

60040 

10 

[28) 

1. 4534 

93185 

(28) 

1. 4758 

36999 

' 28' 

>1.4984 

89470 

28) 

H.5214 

54385 ( 

28 

) 1.5447 

35566 

24 

[67) 

3. 8885 

81447 

[67) 

4.0335 

93654 

(67) 4. 1837 

80288 (67) 

14.3393 

17689 (67)4.5003 

87920 

1/2 

( 1) 

2. 5592 

96778 

[ 1)2.5612 

49695 

[ 1)2. 5632 

01124 | 

[ 1)2.5651 

51068 ( 

' 1)2.5670 

99531 

1/3 


8. 6845 

45603 


8. 6889 

62971 


8. 6933 

75853 


8. 6977 

84260 


8. 7021 

88202 

1/4 


5. 0589 

49277 


5. 0608 

79069 


5. 0628 

06656 


5. 0647 

32044 


5. 0666 

55239 

1/5 


3. 6580 

38399 


3. 6591 

54676 


3. 6602 

69592 


3. 6613 

83152 


3. 6624 

95358 

1 



660 



661 



662 



663 



664 

2 


4 

35600 


4 

36921 


4 

38244 


4 

39569 


4 

40896 

3 


2874 

96000 


2888 

04781 


2901 

17528 


2914 

34247 


2927 

54944 

4 

ID 

1. 8974 

73600 

11 

1. 9089 

99602 

;n; 

>1.9205 

78035 

[11] 

11. 9322 

09058 

[11 

) 1.9438 

92828 

5 

14 

H.2523 

32576 

14) 

11.2618 

48737 

14 

>1. 2714 

22659 

14 

H.2810 

54605 

[14 

) 1.2907 

44838 

6 

16) 

18.2653 

95002 

16) 

8. 3408 

20153 

16 

) 8. 4168 

18005 

16 

l 8. 4933 

92032 

[l 6 

) 8. 5705 

45724 

7 

19 

15.4551 

60701 

19 

:5.5132 

82121 

19' 

>5. 5719 

33519 

19 

1 5. 6311 

18918 

19 

) 5. 6908 

42360 

8 

22 

i 3. 6004 

06063 

22 

'3. 6442 

79482 

22] 

> 3. 6886 

19990 

22 

13.7334 

31842 

22 

) 3. 7787 

19327 

9 

25 

12.3762 

68001 

25 

>2. 4088 

68738 

25 

) 2. 4418 

66433 

25 

12. 4752 

65311 

25 

)2. 5090 

69633 

10 

(28) 

11.5683 

36881 

[ 28) 

11. 5922 

62236 

28 

) 1.6165 

15579 

! 28) 

11. 6411 

00901 

[28 

) 1. 6660 

22237 

24 

(67) 

1 4. 6671 

78950 

[67) 

i4.8398 

84834 

[ 67) 5. 0187 

05901 (67) 

15.2038 

48947 

(67)5. 3955 

27431 

1/2 

( 1)2.5690 

46516 

[ 1)2. 5709 

92026 

( 1)2.5729 

36066 | 

f 1)2. 5748 

78638 

[ 1)2. 5768 

19745 

1/3 


8. 7065 

87691 


8.7109 

82739 


8.7153 

73356 


8.7197 

59553 


8. 7241 

41343 

1/4 


5. 0685 

76246 


5. 0704 

95071 


5. 0724 

11720 


5. 0743 

26200 


5. 0762 

38514 

1/5 


3. 6636 

06215 


3. 6647 

15727 


3. 6658 

23896 


3. 6669 

30727 


3. 6680 

36224 

1 



665 



666 



667 



668 



669 

2 


4 

42225 


4 

43556 


4 

44889 


4 

46224 


4 

47561 

3 


2940 

79625 


2954 

08296 


2967 

40963 


2980 

77632 


2994 

18309 

4 1 

(11) 

11.9556 

29506 

[H) 

> 1. 9674 

19251 

[11 

>1. 9792 

62223 

; ii) 

11. 9911 

58582 

11 

)2.0031 

08487 

5 1 

14 

il. 3004 

93622 

14 

1. 3103 

01221 

14 

1. 3201 

67903 

14 

11. 3300 

93933 

14 

) 1. 3400 

79578 

6 i 

16 

1 8. 6482 

82584 

16 

8.7266 

06135 

16 

8.8055 

19912 

16 

18. 8850 

27470 

16 

) 8.9651 

32376 

7 ' 

19 

15.7511 

07918 

19 

5. 8119 

19686 

19 

5. 8732 

81781 

19 

1 5. 9351 

98350 

19 

5.9976 

73560 

8 l 

22 

13. 8244 

86766 

22 

3. 8707 

38511 

22 

S 3.9174 

78948 

22 

>3.9647 

12498 

22 

) 4. 0124 

43612 

9 1 

25 

12. 5432 

83699 

25 

2. 5779 

11848 

25 

)2. 6129 

58458 

25 

>2. 6484 

27948 

25 

2.6843 

24776 

10 

(28 

( 1. 6912 

83660 

28) 

1.7168 

89291 

[28 

) 1.7428 

43292 

28 

>1.7691 

49870 

[28 

>1.7958 

13275 

24 i 

(67] 

1 5. 5939 

61683 

(67) 

15. 7993 

79113 ( 67)6.0120 

14426 (67)6.2321 

09844 

[ 67) 6.4599 

15340 

1/2 

( 1) 

12. 5787 

59392 

[ 1)2. 5806 

97580 I 

[ 1)2.5826 

34314 | 

[ 1) 

>2. 5845 

69597 

[ 1)2.5865 

03431 

1/3 


8. 7285 

18735 


8. 7328 

91741 


8. 7372 

60372 

8.7416 

24639 


8. 7459 

84552 

1/4 


5. 0781 

48670 


5. 0800 

56673 


5. 0819 

62528 


5.0838 

66242 


5. 0857 

67819 

1/5 


3. 6691 

40389 


3. 6702 

43226 


3. 6713 

44740 


3. 6724 

44934 


3.6735 

43810 

1 



670 



671 



672 



673 



674 

2 


4 

48900 


4 

50241 


4 

51584 


4 

52929 


4 

54276 

3 


3007 

63000 


3021 

11711 


3034 

64448 


3048 

21217 


3061 

82024 

4 

11)2. 0151 

12100 

11) 

12.0271 

69581 

[Il 

) 2. 0392 

81091 

[111 

>2.0514 

46790 

11 

)2. 0636 

66842 

5 

14) 

11.3501 

25107 

14 

il. 3602 

30789 

[ 14 

>1.3703 

96893 

14 

11.3806 

23690 

14 

) 1. 3909 

11451 

6 

(16 

19. 0458 

38217 

16 

19.1271 

48592 

16 

) 9.2090 

67120 

16 

>9.2915 

97433 

16 

)9. 3747 

43182 

7 

19 

16. 0607 

11605 

19 

i 6,1243 

16705 

19 

6.1884 

93105 

19 

• 6.2532 

45073 

19 

) 6; 3185 

76905 

8 

22’ 

1 4. 0606 

76776 

22) 

i 4.1094 

16509 

22' 

4.1586 

67366 

[22 

14.2084 

>3934 

22 

) 4. 2587 

20834 

9 

25 

>2.7206 

53440 

25 

12.7574 

18478 

25)2. 7946 

24470 

25 

>2.8322 

76038 

25 

)2.8703 

77842 

10 

(28 

>1.8228 

37805 

(28) 

' 1. 8502 

27799 

(28) 1. 8779 

87644 

(28) 

11. 9061 

21773' 

28 

)1.9346 

34665 

24 

(67) 6. 6956 

88867 

(67)6.9396 

96605 

[67)7. 1922 

13208 (67] 

17.4535 

22063 

(67)7. 7239 

15552 

1/2 

( 1)2. 5884 

35821 

( 1) 

12. 5903 

66769 

[ 1)2.5922 

96279 | 

[ 1)2.5942 

24354 

( 1)2. 5961 

50997 

1/3 


8. 7503 

40123 


8. 7546 

91362 


8.7590 

38280 


8.7633 

80887 


8. 7677 

19196 

1/4 


5. 0876 

67266 


5. 0895 

64588 


5. 0914 

59790 


5. 0933 

52878 


5. 0952 

43858 

1/5 


3. 6746 

41374 


3. 6757 

37627 


3. 6768 

32575 


3. 6779 

26219 


3. 6790 

18565 
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ELEMENTARY ANALYTICAL METHODS 

POWERS AND ROOTS n* 
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Table 3.1 

k 


9 

10 

24 


1/2 

1/3 

1/4 

1/5 


675 
4 55625 
3075 46875 
11)2. 0759 41406 
14)1. 4012 60449 
16)9. 4585 08032 
19)6. 3844 92922 
22)4. 3095 32722 
25)2. 9089 34587 
28) 1. 9635 30847 
(67)8. 0036 95322 
( 1)2. 5980 76211 
8. 7720 53215 
5. 0971 32735 
3. 6801 09614 


676 
4 56976 
3089 15776 
(11)2. 0882 70646 
(14 1.4116 70957 
<16)9. 5428 95666 
(19)6.4509 97470 
( 22 4. 3608 74290 
(25)2.9479 51020 
(28)1.9928 14890 
(67)8. 2931 72571 
( 1)2.6000 00000 
8.7763 82955 
5. 0990 19514 
3.6811 99371 


677 
4 58329 
3102 88733 
(11)2. 1006 54722 
(14)1. 4221 43247 
(16 9.6279 09783 
(19)6.5180 94923 
(22)4.4127 50263 
(25)2. 9874 31928 
(28)2. 0224 91415 
(67)8. 5926 68325 
( 1)2.6019 22366 
8.7807 08428 
5. 1009 04200 
3.6822 87840 


678 
4 59684 
3116 65752 
(11)2. 1130 93799 
(14)1. 4326 77595 
( 16)9. 7135 54097 
19)6. 5857 89678 
22)4.4651 65402 
(25) 3. 0273 82142 
(28)2. 0525 65092 
(67)8. 9025 13744 
( 1)2.6038 43313 
8.7850 29644 
5. 1027 86801 
3. 6833 75023 


679 
4 61041 
3130 46839 
(11)2. 1255 88037 
(14)1.4432 74277 
(16)9.7998 32341 
(19)6. 6540 86159 
22 4.5181 24502 
(25)3. 0678 06537 
(28)2.0830 40639 
(67)9.2230 50418 
( 1)2. 6057 62844 
8. 7893 46612 
5. 1046 67319 
3.6844 60923 


9 

10 

24 


1/2 

1/3 

1/4 


3144 
(11)2.1381 
(l4)l.4539 
(l6) 9. 8867 
( 19 6. 7229 
( 22)4. 5716 
(25) 3. 1087 
(28)2.1139 


680 

62400 

32000 

37600 

33568 

48262 

88818 

32397 

10030 

22820 


(67)9.5546 30685 


{ 1)2. 6076 80962 
8. 7936 59344 
5.1065 45762 
3.6855 45546 


681 
4 63761 
3158 21241 
( 11)2. 1507 42651 
( 14)1.4646 55745 
(16)9. 9743 05627 
(19)6. 7925 02132 
(22 4. 6256 93952 
( 25)3. 1500 97581 
( 28)2.1452 16453 


682 
4 65124 
3172 14568 
11)2. 1634 03354 
14)1.4754 41087 
(17)1. 0062 50822 
(19)6.8626 30603 
(22)4. 6803 14071 
(25 3. 1919 74196 
(28)2. 1769 26402 


683 
4 66489 
3186 11987 
(11)2.1761 19871 
(14)1. 4862 89872 
17) 1. 0151 35983 
(19)6.9333 78761 
22)4.7354 97694 
25)3. 2343 44925 
(28)2.2090 57584 


(67)9.8976 17949 


(68)1. 0252 38701 


(68)1. 0619 32441 


( 1)2.6095 97670 
8.7979 67850 
5.1084 22134 
3. 6866 28893 


( 1)2. 6115 12971 
8.8022 72141 
5.1102 96441 
3. 6877 10968 


( 1)2. 6134 26869 
8.8065 72225 
5. 1121 68688 
3. 6887 91774 


684 
4 67856 
3200 13504 
(11)2. 1888 92367 
(14 1.4972 02379 
(17)1. 0240 86427 
(19)7. 0047 51164 
(22)4. 7912 49796 
25 3. 2772 14860 
(28)2. 2416 14965 
(68)1.0998 82878 
( 1)2. 6153 39366 
8. 8108 68115 
5. 1140 38880 
3. 6898 71315 


9 

10 

24 


1/2 

1/3 


4 69225 
3214 19125 

1 11)2.2017 21006 
14)1.5081 78889 
17)1. 0331 02539 
19)7. 0767 52393 
22)4. 8475 75389 
25)3. 3205 89142 
(28)2.2746 03562 
(68)1. 1391 31118 
( 1)2. 6172 50466 
8. 8151 59819 
5. 1159 07022 
3. 6909 49595 


4 70596 
3228 28856 
I 11)2. 2146 05952 
( 14)1. 5192 19683 
( 17)l. 0421 84703 
1 19)7.1493 87060 
1 22 4.9044 79523 
I 25 3.3644 72953 
1 28)2. 3080 28446 


687 
4 71969 
3242 42703 
(11)2. 2275 47370 
(14)1.5303 25043 
17 1. 0513 33304 
(19 7. 2226 59802 
(22 4.9619 67284 
(25)3. 4088 71524 
(28)2. 3418 94737 


168)1.1797 19551 


(68)1. 2216 91886 


1 1)2.6191 60171 
8.8194 47349 
5. 1177 73120 
3. 6920 26615 


( 1)2. 6210 68484 
8.8237 30714 
5. 1196 37179 
3. 6931 02381 


688 
4 73344 
3256 60672 
(11)2.2405 45423 
14 1.5414 95251 
17)1.0605 48733 
19)7. 2965 75282 
22)5. 0200 43794 
25)3.4537 90130 
(28)2. 3762 07610 


689 
4 74721 
3270 82769 
(11)2. 2536 00278 
(14)1. 5527 30592 
17)1. 0698 31378 
(19)7. 3711 38193 
(22)5. 0787 14215 
(25) 3. 4992 34094 
(28)2.4109 72291 


(68)1. 2650 93189 


(68)1. 3099 69927 


( 1)2. 6229 75410 
8. 8280 09925 
5. 1214 99204 
3.6941 76894 


( 1)2. 6248 80950 
8.8322 84991 
5. 1233 59200 
3.6952 50159 


9 

10 


1/2 

1/3 

1/4 

1/5 


690 
4 76100 
3285 09000 
(11)2. 2667 12100 
(14) 1.5640 31349 
(17)1. 0791 81631 
( 19)7. 4463 53253 
(22)5. 1379 83744 
(25)3. 5452 08784 
(28)2.4461 94061 
(68) 1.3563 70007 
( 1)2. 6267 85107 
8. 8365 55922 
5. 1252 17173 
3.6963 22179 


691 
4 77481 
3299 39371 
11)2.2798 81054 
14)1.5753 97808 
17)1. 0885 99885 
19)7. 5222 25208 
22)5. 1978 57619 
,25)3.5917 19614 
; 28) 2. 4818 78254 
>8)1.4043 42816 


692 
4 78864 
3313 73888 
(11)2.2931 07305 
(14)1. 5868 30255 
17 1. 0980 86536 
19)7.5987 58832 
22)5.2583 41112 
25)3. 6387 72050 
(28)2. 5180 30258 
(68)1.4539 39271 


1)2. 6286 87886 
8. 8408 22729 
5. 1270 73128 
3. 6973 92956 


( 1)2. 6305 89288 
8.8450 85422 
5. 1289 27069 
3.6984 62494 


693 
4 80249 
3328 12557 
(11)2. 3063 91020 
(14 1. 5983 28977 
(l7) 1. 1076 41981 
(19)7. 6759 58928 
(22 5. 3194 39537 
(25 3. 6863 71599 
(28)2. 5546 55518 
(68)1.5052 11857 
( 1)2. 6324 89316 
8. 8493 44010 
5. 1307 79001 
3. 6995 30796 


3342 
(11) 2. 3197 
14 1.6098 
17 1.1172 
(19)7. 7538 
(22 5. 3811 
(25 3.7345 
(28)2. 5917 
(68)1.5582 


694 

81636 

55384 

32365 

94261 

66617 

30324 

58245 

23822 

59533 

14678 


( 1)2.6343 87974 
8.8535 98503 
5.1326 28931 
3.7005 97866 


1/2 

1/3 

1/4 

1/5 


3357 
(11)2. 3331 
14)1.6215 
(l7) 1.1269 
(19)7. 8323 
(22)5. 4435 
(25) 3.7832 
(28)2. 6293 
(68)1.6130 
( 1)2.6362 
8. 8578 
5.1344 
3.7016 


83025 

02375 

31506 

26397 

60846 

77878 

02625 

34325 

47856 


85265 

48911 

76863 

63707 


3371 
(11)2. 3465 
(14) 1. 6332 
17) 1.1367 
19 7.9116 
22)5. 5064 
25)3. 8325 
(28)2. 6674 
(68)1. 6696 35809 
( 1)2. 6381 
8. 8620 
5.1363 
3. 7027 


696 

84416 

53536 

88611 

25673 

25068 

06476 

78107 

08763 

26099 


81192 

95243 

22801 


( 11 ) 2 . 
(l4)l. 
(HI. 
19)7. 
(22 5. 
25 3. 
(28)2. 
( 68 ) 1 . 
( 1 ) 2 . 


697 
4 85809 
3386 08873 
3601 03845 
6449 92380 
1465 59689 
9915 21031 
5700 90158 
8823 52840 
7059 99930 
7281 70846 
6400 75756 
8663 37511 
1381 66751 
7037 91713 


698 
4 87204 
3400 68392 
3736 77376 
6568 26809 
1564 65112 
0721 26484 
6343 44286 
9327 72312 
7450 75074 


( 11 ) 2 . 

(14 1. 

(17) 1. 

(19 8 . 

(22) 5. 

(25 3. 

(28)2. 

(68)1.7886 69670 
( 1)2. 6419 68963 
8. 8705 75722 
5.1400 08719 
3.7048 53884 


699 
4 88601 
3415 32099 
3873 09372 
6687 29251 
1664 41746 
1534 27808 
6992 46038 
9837 72980 
7846 57313 


( 11 ) 2 . 

(l4)l. 

(17 1. 

19 8. 

(22)5. 

(25 3. 

(28)2. 

(68)1. 8511 95210 

( 1 ) 2 . 


6438 60813 
8748 09888 
1418 48708 
7059 14839 


"f1 )2 ] -f'P 5 ] 4 ( -| )3 ] 
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ELEMENTARY ANALYTICAL METHODS 


Table 3.1 


POWERS AND ROOTS n * 


1/2 

1/3 

1/4 

1/5 


700 
4 90000 
3430 .00000 

1 11)2.4010 00000 
14)1.6807 00000 
17 1.1764 90000 
19)8.2364 30000 
22)5.7648 01000 
25)4.0353 60700 
28)2.8247 52490 
(68)1.9158 12314 
( 1)2. 6457 51311 
8.8790 40017 
5.1436 86724 
3.7069 74581 


701 
4 91401 
3444 72101 

1 11)2.4147 49428 
14)1.6927 39349 
17)1.1866 10284 
19)8.3181 38089 
22 5.8310 14800 
25)4.0875 41375 
28)2.8653 66504 
(68)1.9825 87808 
( 1)2. 6476 40459 
8.8832 66120 
5.1455 22771 
3.7080 33112 


702 


3459 
(11)2.4285 
14)1.7048 
17)l. 1968 
19)8.4015 
22)5.8978 
25)4.1403 
28)2. 9065 
(68)2.0515 90555 
28260 
88205 
56856 
90435 


92804 

48408 

57824 

47593 

03010 

57130 

93105 

20960 

05314 


( 1)2.6495 ! 
8.8874 i 
5.1473 E 
3.7090 <3 


3474 
11) 2.4424 
14)1.7170 
17) 1.2070 
19) 8. 4856 
22)5. 9654 
25) 4. 1937 
28)2.9481 
(68)2.1228 
( 1)2.6514 
8. 8917 
5.1491 
3.7101 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


705 
4 97025 
3504 02625 

1 11)2.4703 38506 
14)1.7415 88647 
17)1.2278 19996 
19)8.6561 30972 
22)6.1025 72335 
25)4. 3023 13497 
28)3.0331 31015 
(68)2.2726 82709 
( 1)2.6551 83609 
8.9001 30453 
5.1528 47377 
3.7122 55193 


710 
5 04100 
3579 11000 
5411 68100 
8042 29351 
2810 02839 
0951 20158 
4575 35312 
5848 50072 
2552 43551 
6927 76876 
6645 82519 
9211 21404 
1619 59433 
7175 05928 


II 
( 68 ) 2 . 
( 1 ) 2 . 


1/2 

1/3 

1/4 

1/5 


( 11 ) 2 . 

14)l. 

(17) 1. 

< 20 ) 1 . 

(22)7. 

(25) 5, 

(28)3. 

(68)3.7668 63772 
( 1)2. 6832 81573 
8.9628 09493 
5. 1800 40128 
3.7279 19273 


3518 
11)2. 4843 
1. 7539 
1.2383 
_., 8. 7424 
22)6.1721 
25 4. 3575 
28) 3. 0764 


706 

98436 

95816 

84461 

75429 

06653 

44971 

66150 

49302 

29807 


707 
4 99849 
3533 93243 
11)2.4984 90228 
14)1.7664 32591 
17)1.2488 67842 
19)8.8294 95643 
22 6.2424 53419 
25)4.4134 14568 
28)3. 1202 84099 


3548 

1 11)2. 5126 
14)1. 7789 
17)1.2595 
19)8. 9172 
22) 6. 3134 
25 4.4699 
28) 3.1647 


(68)2.3513 25887 (68)2.4325 73275 (68)2. 5165 

( 1)2.6570 t 


8.9043 

5.1546 

3.7133 


66051 

36564 

73657 

07718 


715 
5 11225 
3655 25875 
. 6135 10006 
.8686 59654 
.3360 91653 
.5530 55319 
.8304 34553 
.8837 60705 
.4918 88904 
(68)3.1867 28051 
( 1)2. 6739 48391 
8.9420 14037 
5.1710 23488 
3.7227 27165 


1.8817 
1. 3473 
9. 6469 
6. 9072 
4.9455 
3. 5410 


(68)3.2954 
( 1)2. 6758 
8.9461 
5.1728 
3.7237 


720 
5 18400 
3732 48000 
6873 85600 
9349 17632 
3931 40695 
0030 61300 
2220 41363 
1998 69781 
7439 06243 


( 11 ) 2 . 
(14)1. 
(17) 1. 
(20 1 . 
(22 7. 
(25 5. 
(28) 3. 


(68)3.8944 51981 
( 1)2.6851 44316 
8.9669 57022 
5. 1818 37817 
3.7289 54232 


( 1)2.6589 47160 
8.9085 38706 
5.1564 97998 
3.7143 59051 


711 
5 05521 
3594 25431 

1 11)2. 5555 14814 
14)1. 8169 71033 
17) 1.2918 66404 
19 9.1851 70136 
22)6.5306 55967 
25)4.6432 96392 
28)3.3013 83735 
(68)2.7852 89985 
( 1)2.6664 58325 
8.9253 07760 
5. 1637 76065 
3.7185 52523 


716 

12656 

61696 

61743 

63808 

42887 

75069 

34149 

79651 

35030 

33372 

17632 


i 
( 68 ) 2 . 
( 1 ) 2 . 


II 

(68)3. 

( 1 ) 2 . 


721 
5 19841 
3748 05361 
7023 46653 
9483 91937 
4047 90586 
0128 54013 
3026 77432 
2652 30428 
7962 31139 


18 ) 5 : 

at 

11 


(68)4.0261 75870 

( 1 ) 2 . 


6870 05769 
9711 00718 
1836 33637 
7299 88042 


( 1)2.6608 
8.9127 
5.1583 
3. 7154 


712 
5 06944 
3609 44128 
5699 22191 
8297 84600 
3028 06635 
2759 83244 
6045 00070 
7024 04050 
3481 11683 
8808 44702 
6683 32813 
9294 90191 
1655 90782 
7195 97942 


717 
5 14089 
3686 01813 
6428 74999 
8949 41374 
3586 72965 
7416 85162 
9847 88261 
0080 93183 
5908 02813 
4076 87302 
6776 85568 
9503 43817 
1746 35801 
7248 07483 


722 
5 21284 
3763 67048 
7173 70087 
9619 41202 
4165 21548 
0227 28558 
3841 00187 
3313 20335 
8492 13282 


5 

3624 
(11)2. 5843 
14)1. 8426 
17)l. 3138 
19)9.3675 
22)6. 6790 
25)4.7621 
28) 3. 3954 
(68)2.9795 
( 1)2. 6702 
8. 9336 
5.1674 
3.7206 


3701 

1 11)2.6576 
14)1.9081 
17 1. 3700 
19)9. 8371 
22)7. 0631 
25)5. 0713 
28)3. 6411 
(68)3. 5236 
{ 1)2.6795 
8. 9545 
5.1764 
3.7258 


3779 

1 11)2. 7324 
14)l. 9755 
17)l. 4283 
20 1.0326 
22)7. 4663 
25)5. 3981 
28) 3. 9028 
(68)4.1621 
( 1)2.6888 
8. 9752 
5.1854 
3. 7310 


>[(-6)21 

„ i [(- 7 ) 5 ] 

3 

L 4 


» 5 ra 


703 704 
94209 4 95616 
28927 3489 13664 
25357 (11)2.4563 52195 
25026 (14)1.7292 71945 
68593 17)1.2174 07449 
92210 19)8. 5705 48443 
41624 22 6.0336 66104 
05461 (25)4.2477 00937 
74939 (28)2.9903 81460 
91511 (68)2.1965 63787 
14717 ( 1)2. 6532 99832 
06283 8.8959 20362 
88981 5.1510 19154 
46554 3.7112 01473 


708 709 
01264 5 02681 
94912 3564 00829 
55977 (11)2. 5268 81878 
60432 (l4)l.7915 59251 
03986 (17)1.2702 15509 
88218 (19)9.0058 27960 
40059 22)6. 3851 32023 
15561 (25)4.5270 58605 
00218 (28)3.2096 84551 
07242 (68)2.6032 12640 
26939 ( 1)2.6627 05391 
36887 8.9169 31117 
20404 5. 1601 40881 
09195 3.7164 58153 


713 

08369 

67097 

90402 

70356 

23964 

64864 

73748 

79582 

34042 


714 
5 09796 
3639 94344 
(11)2.5989 19616 
(14) 1.8556 28606 

1 17)1. 3249 18825 
19 9.4599 20408 
22)6.7543 83171 
25) 4. 8226 29584 
28 3.4433 57523 


36544 (68)3.0814 63889 
05985 ( 1)2.6720 77843 
68708 8.9378 43321 
03588 5. 1692 14489 
42186 3.T216 85260 


718 

15524 

46232 

49946 

92661 

82331 

91134 

03234 

08122 

99232 


719 
5 16961 
3716 94959 

1 11)2.6724 86755 
14)1.9215 17977 
17)1.3815 71425 
19)9.9334 98549 
22)7. 1421 85457 
25 5.1352 31343 
28)3.6922 31336 


00491 (68)3.6432 86875 

52201 ( 1)2.6814 17536 

02899 8.9586 58122 

39125 5. 1782 40566 

45902 3.7268 83164 


723 

22729 

33067 

56074 

65742 

34031 

85505 

16199 

46612 

60000 


3795 
11)2.7476 
14)1.9892 
17)1.4402 
20)1.0427 
22 7. 5493 
25) 5.4657 
28) 3. 9571 


724 

24176 

03424 

04790 

65868 

28488 

25426 

32081 

16426 

78693 


63488 (68)4.3025 46659 


65932 ( 1)2.6907 24809 
40590 8.9793 76646 
27593 5. 1872 19688 
20708 3.7320 52232 
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POWERS AND ROOTS 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


1/2 

1/3 

1/4 

1/5 


725 
5 25625 
3810 78125 
7628 16406 
0030 41895 
4522 05374 
0528 48896 
6331 54495 
5340 37009 
0121 76831 


1/2 

1/3 

1/4 

1/5 


( 11 ) 2 . 

(14 2. 

jl f 

(68)4.4474 61095 

( 1 ) 2 . 


6925 82404 
9835 08896 
1890 09928 
7330 82616 


3890 

1 11)2. 8398 
14)2. 0730 
17) 1.5133 
20 1.1047 
22) B. 0646 
25)5. 8871 
(28)4.2976 
(68)5.2450 38047 
( 1)2.7018 
9. 0041 
5.1979 
3.7382 


730 

32900 

17000 

24100 

71593 

42263 

39852 

00919 

58671 

25830 


51217 

13346 

33452 

17550 


3970 
(11)2.9184 
(14 2. 1450 
(17)1.5766 
(20 1.1588 
(22)8.5172 
(25 6.2601 
(28)4. 6012 
(68)6. 1786 86185 
( 1)2.7110 
9. 0246 
5. 2068 
3. 7433 


735 

40225 

65375 

30506 

46422 

09120 

07703 

36620 

68916 

24153 


88342 

23926 

11253 

24423 


4052 

i ll) 2.9986 
14 2.2190 
17)l. 6420 
20 1.2151 
22 8. 9919 
25)6.6540 
28)4. 9239 
(68)7.2704 49690 
( 1)2.7202 
9. 0450 
5.2156 
3. 7484 


740 

47600 

24000 

57600 

06624 

64902 

28027 

47402 

41078 

90397 


94102 

41696 

43874 

03580 


745 
5 55025 
4134 93625 
0805 27506 
2949 92992 
7097 69779 
2737 78485 
4896 49717 
0697 89039 
2669 92834 


11 3. 

14 2. 

17 1. 

20 1 . 

22 9. 

25)7. 

28) 5. 

(68)8. 5457 57129 
( 1)2. 7294 68813 
9.0653 67701 
5.2244 31847 
3.7534 55355 


3826 
(11)2.7780 
(14)2. 0168 
(17)1.4642 
(20 1. 0630 
22} 7.7177 
(25) 5. 6031 
(28) 4. 0678 
(68) 4. 5970 
( 1)2.6944 
8. 9876 
5.1907 
3.7341 


3906 

1 11)2. 8554 
14)2. 0873 
17)1. 5258 
20)1.1153 
22)8.1534 
25)5. 9601 
28)4. 3568 


726 

27076 

57176 

91098 

94137 

65143 

56494 

90147 

15647 

61960 

46501 

38717 

37347 

98317 

11864 


731 

34361 

17891 

16783 

09669 

23368 

76882 

05006 

39059 

61652 


3842 
(11)2. 7934 
(14)2.0308 
(l7)l. 4764 
(20)1.0733 
22 7. 8032 
(25) 5. 6729 
(28)4. 1242 
(68) 4. 7514 
( 1)2.6962 
8. 9917 
5.1925 
3.7351 


3922 
(11)2.8710 
(14)2.1016 
17) 1. 5383 
(20) 1.1261 
22)8.2430 
(25) 6.0339 
(28)4. 4168 


727 

28529 

40583 

29038 

22911 

08256 

48802 

45793 

59691 

41696 


93753 

62009 

84860 

39979 

732 

35824 

23168 

73590 

25868 

90135 

01579 

63558 

22524 

31288 


(68)5.4202 21655 (68)5.6010 04807 

( 1)2.7037 
9. 0082 
5.1997 
3. 7392 


1 01167 

> 22937 
7 12653 

> 41158 


( 1)2.7055 
9. 0123 
5.2014 
3.7402 


49852 

28782 

90029 

63647 


736 


3986 { 
(11)2.9343 4 
(14)2.1596 1 

I 17) 1.5895 2 
20 1. 1698 6 
22)8. 6103 £ 

25 6.3372 ' 
28)4. 6642 1 
(68)6.3836 27605 
31993 
14871 
81374 
42461 


i 41696 
5 88256 

> 45564 
■> 78335 
5 23255 
3 89115 
3 83890 
! 42543 

> 10512 


( 1)2.7129 2 
9.0287 1 
5.2085 £ 
3.7443 4 


4068 
(11)3. 0148 
(14)2.2340 
(l7)l. 6554 
(20 1.2266 
(22) 9. 0896 
(25 6.7354 
(28)4.9909 
(68)7.5099 49065 
( 1)2.7221 
9. 0491 
5.2174 
3. 7494 


741 

49081 

69021 

99446 

40489 

24002 

69186 

18667 

07432 

36907 


( 1)2.7147 
9. 0328 
5.2103 
3.7453 


S 3- 

t 

t 


31518 

14206 

05023 

16115 


746 
5 56516 
4151 60936 
0971 00583 
3104 37035 
7235 86028 
2857 95177 
5920 32018 
1556 55886 
3381 19291 


1 11)3. 

14 2. 

17) 1. 

20 ) 1 , 

22)9. 

25 7. 

28)5. 

(68)8.8253 48404 
( 1)2.7313 00057 
9. 0694 21981 
5.2261 84131 
3. 7544 62453 


(11)3. 

(14)2. 

(l7)l. 

20)l. 

(22)9. 

(25)7. 

(28) 5. 

(68)9. 1136 94019 
( 1)2.7331 30074 
9.0734 72639 
5. 2279 34653 
3.7554 68472 


(11)2.8088 

30403 

(11)2 

(14)2.0448 

28533 

(14)2 

{17) 1. 4886 

35172 

(17)1 

(20) 1. 0837 

26405 

(20)1, 

(22)7. 8895 

28230 

(22)7. 

(25)5. 7435 

76552 

(25) 5, 

(28)4.1813 

23730 

(28)4, 

(68)4.9108 

09683 

(68) 5, 

( 1)2. 6981 

47513 

( 1)2, 


8 . 9958 
5.1943 
3. 7361 


II 


82891 
69560 
66963 

733 
5 37289 
3938 32837 
8867 94695 
1160 20512 
5510 43035 
1369 14545 
3335 83612 
1085 16788 
4775 42805 


(68)5.7875 58467 
( 1)2.7 
9.0 


>. 7073 97274 
>. 0164 30890 
>.2032 65584 
1.7412 85019 


4003 
(11)2.9503 
(14)2.1743 

i l7) 1. 6025 
20) 1.1810 
22)8. 7044 
25) 6.4151 
28) 4. 7279 
(68)6.5950 74542 


43169 

15553 

25626 

89986 

25420 

61234 

21297 

58496 

71812 


74392 
02112 
49693 
59393 

742 
5 50564 
4085 18488 
0312 07181 
2491 55728 
6688 73550 
2383 04174 
1882 16974 
8176 56995 
0587 01490 
(68)7. 7569 98844 
( 1)2.7239 67694 
9. 0531 83053 
5. 2191 64391 
3.7504 27557 


4019 
(11)2.9663 
(14)2.1891 
(17 1.6156 
(20 1. 1923 
(22)8. 7993 
(25) 6. 4939 
(28) 4.7925 


( 1)2.7166 ] 
9.0368 £ 
5.2121 ] 
3.7463 7 


4101 
(11)3. 0475 
(14)2.2643 
(17)1.6824 
20 1.2500 
(22)9. 2877 
(25)6. 9007 
(28)5. 1272 


52671 

14035 

33628 

49854 

98142 

93019 


(68)8. 0118 26396 
( 1)2. 7258 
9.0572 
5. 2209 
3.7514 


02634 

48245 

21982 

37909 


747 
5 58009 
4168 32723 
1137 40441 
3259 64109 
7374 95190 
2979 08907 
6953 79533 
2424 48511 
4101 09038 


(11)3. 
(14)2. 

17 1. 

( 20 ) 1 . 

22 9. 
(25 7. 


( 11 ) 2 , 

(14)2, 

Si : 


(68)5, 

( 1)2, 


738 
44644 
47272 
70867 
81700 
16095 
24678 
56123 
24819 
16516 
(68)6.8132 24254 
15541 
85658 
16213 
75222 


748 
5 59504 
4185 08992 
1304 47260 
3415 74551 
7514 97764 
3101 20327 
7997 00049 
3301 75636 
4829 71376 


(68)9.4110 55807 

( 1)2. 


7349 58866 
0775 19683 
2296 83419 
7564 73415 


(11) 3, 
14 2, 
(17 1 
(20) 1. 
(22)9, 
(25) 6 
(28)5, 
(68)8 
( D2 


IS? 

(68)9 

( D2 


„5[(-6)2] „-s[-(-7)5] n i[(-p2- 




Table 3.1 


729 
5 31441 
3874 20489 
.8242 95365 
. 0589 11321 
.5009 46353 
.0941 89891 
.9766 44308 
.8149 73700 
2391 15828 
.0752 87861 
.7000 00000 
0000 00000 
.1961 52423 
.7371 92819 


734 
5 38756 
3954 46904 
9025 80275 
.1304 93922 
.5637 82539 
1478 16384 
4249 72255 
.1839 29635 
5390 04352 
.9800 58576 
.7092 43437 
0205 29268 
2050 39324 
7423 05277 


739 
5 46121 
4036 83419 
.9824 81466 
2040 53804 
.6287 95761 
2036 80067 
8951 95697 
.5736 49620 
.8578 53170 
.0382 79698 
.7184 55444 
.0409 65517 
.2138 80938 
.7473 89950 


744 
5 53536 
4118 30784 
.0640 21033 
.2796 31649 
.6960 45947 
.2618 58184 
.3882 24890 
.9848 39318 
.1967 20453 
.2746 65623 
.7276 36339 
. 0613 09792 
.2226 77799 
.7524 47174 


749 
5 61001 
4201 89749 
. 1472 21220 
.3572 68694 
. 7655 94252 
. 3224 30094 
.9050 01408 
.4188 46054 
.5567 15695 
.7177 03069 
.7367 86437 
.0815 63122 
.2314 30432 
.7574 77282 
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Table 3.1 POWERS AND ROOTS n* 

k 

1 750 751 752 753 754 

2 5 62500 5 64001 5 65504 5 67009 5 68516 

3 4218 75000 4235 64751 4252 59008 4269 57777 4286 61064 

4 (11)3. 1640 62500 (11)3.1809 71280 (11)3.1979 47740 (11)3.2149 92061 (11)3.2321 04423 

5 (14)2.3730 46875 14)2. 3889 09431 (14)2.4048 56701 (14)2.4208 89022 (14)2.4370 06735 

6 (17 1.7797 85156 (17) 1.7940 70983 (17) 1. 8084 52239 (17) 1. 8229 29433 (17) 1, 8375 03078 

7 (20)1. 3348 38867 (20) 1. 3473 47308 (20) 1. 3599 560B4 (20) 1. 3726 65863 (20) 1. 3854 77321 

8 (23)1. 0011 29150 (23) 1. 0118 57828 (23) 1. 0226 86975 (23 1. 0336 17395 (23 1.0446 49900 

9 (25 7.5084 68628 (25) 7. 5990 52291 (25)7. 6906 06051 (25 7.7831 38985 25)7.8766 60245 

10 (28)5. 6313 51471 (28)5.7068 88271 (28)5. 7833 35750 (28)5.8607 03656 (28)5.9390 01825 

24 (69) 1. 0033 91278 (69)1.0359 96977 (69)1. 0696 16698 (69)1. 1042 80565 (69)1.1400 19555 

1/2 ( 1)2.7386 12788 ( 1)2. 7404 37921 ( 1)2. 7422 61840 ( 1)2. 7440 84547 ( 1)2.7459 06044 

1/3 9. 0856 02964 9. 0896 39217 9.0936 71888 9.0977 00985 9. 1017 26517 

1/4 5.2331 75697 5.2349 19217 5.2366 60997 5.2384 01041 5.2401 39353 

1/5 3. 7584 80079 3. 7594 81806 3.7604 82467 3. 7614 82064 3. 7624 80599 


1 755 756 757 758 759 

2 5 70025 5 71536 5 73049 5 74564 5 76081 

3 4303 68875 4320 81216 4337 98093 4355 19512 4372 45479 

4 (11)3.2492 85006 (11)3.2665 33993 (11)3. 2838 51564 (11)3. 3012 37901 (11)3.3186 93186 

5 (14) 2. 4532 10180 14)2.4694 99699 (14) 2. 4858 75634 14)2.5023 38329 (14) 2. 5188 88128 

6 (17 1.8521 73686 17) 1. 8669 41772 (17 1.8818 07855 (l?) 1. 8967 72453 (17) 1.9118 36089 

7 (20)l. 3983 91133 (20) 1. 4114 07980 (20) 1,4245 28546 < 20) 1. 4377 53520 (20) 1.4510 83592 

8 (23)1. 0557 85305 23)1. 0670 24433 23) 1. 0783 68109 23) 1. 0898 17168 23) 1. 1013 72446 

9 (25)7.9711 79054 (25)8.0667 04711 (25)8.1632 46588 (25)8.2608 14132 (25)8. 3594 16865 

10 (28)6. 0182 40186 (28)6. 0984 28762 (28)6.1795 77667 (28)6.2616 97112 (28)6.3447 97401 

24 (69)1.1768 65520 (69)1.2148 51214 (69)1.2540 10313 (69)1.2943 77441 (69)1. 3359 88198 


1/2 ( 1)2. 7477 26333 ( 1)2.7495 45417 ( 1)2.7513 63298 ( 1)2. 7531 79980 ( 1)2.7549 95463 

1/3 9.1057 48491 9. 1097 66916 9.1137 81798 9. 1177 93146 9. 1218 00968 

1/4 5.2418 75936 5. 2436 10795 5.2453 43934 5. 2470 75356 5.2488 05067 

1/5 3.7634 78075 3.7644 74495 3.7654 69862 3.7664 64176 3.7674 57442 


1 760 761 762 763 764 

2 5 77600 5 79121 5 80644 5 82169 5 83696 

3 4389 76000 4407 11081 4424 50728 4441 94947 4459 43744 

4 (11)3. 3362 17600 (11)3. 3538 11326 (11)3.3714 74547 (11)3.3892 07446 (11)3.4070 10204 

5 14)2.5355 25376 (14) 2. 5522 50419 (14)2.5690 63605 14)2,5859 65281 (14) 2. 6029 55796 

6 17 1.9269 99286 17) 1.9422 62569 (17) 1.9576 26467 (17) 1.9730 91509 17) 1.9886 58228 

7 20) 1.4645 19457 (20) 1.4780 61815 (20) 1.4917 11368 20) 1. 5054 68822 (20) 1.5193 34886 

8 23 1.1130 34787 (23) 1.1248 05041 23) 1. 1366 84062 (23) 1.1486 72711 (23)1.1607 71853 

9 (25)8.4590 64385 (25)8.5597 66364 25 8. 6615 32555 25)8.7643 72784 25)8. 8682 96958 

10 (28)6. 4288 88932 '(28)6. 5139 82203 (28)6. 6000 87807 (28)6.6872 16435 (28)6.7753 78876 

24 (69)1. 3788 79182 (69)1.4230 88020 (69)1.4686 53390 (69)1.5156 15056 (69)1.5640 13890 


1/2 ( 1)2.7568 09750 ( 1)2. 7586 22845 ( 1)2.7604 34748 ( 1)2.7622 45463 ( 1)2. 7640 54992 

1/3 9.1258 05271 9. 1298 06063 9.1338 03351 9.1377 97144 9.1417 87449 

1/4 5.2505 33069 5.2522 59366 5.2539 83963 5.2557 06863 5.2574 28071 

1/5 3.7684 49662 3.7694 40838 3. 7704 30972 3.7714 20068 3.7724 08126 


1 


9 

10 

24 


765 
5 85225 
4476 97125 
(11)3. 4248 83006 
(14)2. 6200 35500 
(17)2. 0043 27157 
(20)1. 5333 10275 
(23)1.1729 82361 
(25)8.9733 15059 
(28)6.8645 86020 
(69)1. 6138 91907 
( 1)2.7658 63337 
9. 1457 74274 
5.2591 47590 
3.7733 95151 


766 
5 86756 
4494 55096 
(11) 3. 4428 26035 
(14)2.6372 04743 
(17)2. 0200 98833 
(20)1.5473 95706 
(23)1. 1853 05111 
(25)9. 0794 37150 
(28)6.9548 48857 
(69)1. 6652 92289 
( 1)2. 7676 70501 
9.1497 57625 
5.2608 65424 
3. 7743 81144 


767 
5 88289 
4512 17663 
(11)3.4608 39475 
14)2. 6544 63877 
(l7)2. 0359 73794 
(20) 1. 5615 91900 
23 1. 1977 40987 
25 9. 1866 73373 
(28)7.0461 78477 
(69)1.7182 59425 
( 1)2.7694 76485 
9. 1537 37512 
5.2625 81576 
3. 7753 66108 


76B 
5 89824 
4529 84832 
(11)3, 4789 23510 
(14)2.6718 13255 
17)2. 0519 52580 
(20)1. 5758 99582 
23 1.2102 90879 
(25)9.2950 33948 
(28)7. 1385 86072 
(69)1. 7728 38934 
( 1)2.7712 81292 
9, 1577 13940 
5.2642 96052 
3. 7763 50045 


769 
5 91361 
4547 56609 
(11)3. 4970 78323 
(l4) 2. 6892 53231 
(17)2. 0680 35734 
(20) 1.5903 19480 
23)1.2229 55680 
(25)9.4045 29178 
(28)7.2320 82938 
(69)1.8290 77701 
( 1)2.7730 84925 
9. 1616 86919 
5.2660 08854 
3.7773 32958 


1 

2 

3 


8 

9 

10 

24 


1/5 


770 771 772 773 774 

5 92900 5 94441 5 95984 5 97529 5 99076 

4565 33000 4583 14011 4600 99648 4618 89917 4636 84824 

i ll) 3.5153 04100 (11)3. 5336 01025 (11)3.5519 69283 (11)3. 5704 09058 (11)3.5889 20538 

14)2. 7067 84157 (14)2.7244 06390 (14)2.7421 20286 14)2.7599 26202 (14)2.7778 24496 

17)2.0842 23801 (17)2. 1005 17327 17)2. 1169 16861 (17)2.1334 22954 (17) 2.1500 36160 

20) 1.6048 52327 (20) 1. 6194 98859 20 1. 6342 59817 20) 1.6491 35944 20) 1. 6641 27988 

23)1.2357 36292 (23)1. 2486 33620 23 1. 2616 48578 23) 1.2747 82084 (23)1.2880 35063 

25)9. 5151 69445 25 9. 6269 65212 (25) 9. 7399 27025 ( 25) 9. 8540 65513 (25)9.9693 91385 

28)7. 3266 80473 (28)7. 4223 90179 (28)7.5192 23664 (28)7.6171 92641 (28)7.7163 08932 

(69)1. 8870 23915 (69)1.9467 27094 (69)2.0082 38127 (69)2. 0716 09310 (69)2.1368 94378 

( 1)2.7748 87385 ( 1)2.7766 88675 ( 1)2.7784 88798 ( 1)2. 7802 87755 ( 1)2. 7820 85549 

9. 1656 56454 9. 1696 22555 9.1735 85227 9.1775 44479 9.1815 00317 

5. 2677 19986 5. 2694 29452 5.2711 37257 5. 2728 43403 5.2745 47894 

3. 7783 14849 3. 7792 95720 3. 7802 75573 3. 7812 54412 3.7822 32239 



„3f(-7)5] 

4 (-7)21 

^rc-p 1 ! 

3 

3 J 

L 3 J 

L 3 J 
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POWERS AND ROOTS n * Table 3.1 


1 775 776 777 778 779 

2 6 00625 6 02176 6 03729 6 05284 6 06841 

3 4654 84375 4672 88576 4690 97433 4709 10952 4727 29139 

4 (11)3.6075 03906 f 11) 3. 6261 59350 (11)3.6448 87054 (11)3.6636 87207 (11)3. 6825 59993 

5 14)2. 7958 15527 ( 14 2.8138 99655 14)2. 8320 77241 14)2.8503 48647 (14)2.8687 14234 

6 17)2. 1667 57034 (17 2. 1835 86133 (17)2.2005 24016 17)2.2175 71247 (17)2. 2347 28389 

7 (20)1. 6792 36701 ( 20)1. 6944 62839 20)l.709B 07161 (20)1. 7252 70430 (20) 1. 7408 53415 

8 (23)1. 3014 08443 ( 23)1. 3149 03163 (23) 1.3285 20164 (23) 1. 3422 60395 (23) 1. 3561 24810 

9 (26)1. 0085 91544 (26)1.0203 64854 (26) 1. 0322 60167 (26)1. 0442 78587 (26) 1. 0564 21227 

10 (28)7.8165 84463 ( 28)7.9180 31271 (28)8.0206 61501 (28)8.1244 87408 (2B) 8.2295 21359 

24 (69)2. 2041 48547 (69)2.2734 28553 (69)2. 3447 92689 (69)2.4183 00846 (69)2.4940 14558 

1/2 ( 1)2. 7838 82181 ( 1)2.7856 77655 ( 1)2.7874 71973 ( 1)2.7892 65136 ( 1)2. 7910 57147 

1/3 9. 1854 52750 9.1894 01784 9. 1933 47428 9. 1972 89687 9. 2012 28569 

1/4 5.2762 50735 5.2779 51928 5. 2796 51478 5.2813 49388 5. 2830 45663 

1/5 3.7832 09055 3. 7841 84864 3. 7851 59667 3. 7861 33467 3.7871 06266 


1 780 781 782 783 784 

2 6 08400 6 09961 6 11524 6 13089 6 14656 

3 4745 52000 4763 79541 4782 11768 4800 48687 4818 90304 

4 (11)3.7015 05600 (11)3. 7205 24215 (11)3.7396 16026 (11)3.7587 81219 (11)3. 7780 19983 

5 (14)2.8871 74368 (14)2.9057 29412 14)2.9243 79732 (14)2.9431 25695 (14 2.9619 67667 

6 (17)2. 2519 96007 ( 17)2.2693 74671 17)2.2868 64951 (17 2. 3044 67419 17)2. 3221 82651 

7 (20)1.7565 56885 ( 20) 1.7723 81618 (20) 1. 7883 28391 (20 1.8043 97989 (20) 1.8205 91198 

8 (23)1.3701 14371 ( 23)1. 3842 30044 (23) 1. 3984 72802 (23) 1.4128 43625 (23) 1. 4273 43499 

9 (26)1. 0686 89209 (26)1.0810 83664 (26)1. 0936 05731 (26)l. 1062 56559 (26 1. 1190 37304 

10 (28)8. 3357 75831 ( 28) 8.4432 63416 (28)8. 5519 96818 (28)8.6619 88854 (28)8. 7732 52460 

24 (69)2.5719 97041 (69)2.6523 13239 (69)2.7350 29868 (69)2.8202 15463 (69)2. 9079 40422 


1/2 ( 1)2. 7928 48009 i 1)2.7946 37722 ( 1)2.7964 26291 ( 1)2.7982 13716 ( 1)2. 8000 00000 

1/3 9.2051 64083 9. 2090 96233 9.2130 25029 9.2169 50477 9.2208 72584 

1/4 5.2847 40305 5.2864 33318 5. 2881 24706 5.2898 14473 5.2915 02622 

1/5 3. 7880 78066 3.7890 48871 3. 7900 18681 3. 7909 87500 3. 7919 55329 


1 785 786 787 788 789 

2 6 16225 6 17796 6 19369 6 20944 6 22521 

3 4837 36625 4855 87656 4874 43403 4893 03872 4911 69069 

4 (11)3.7973 32506 11)3.8167 18976 (11)3.8361 79582 (11)3. 8557 14511 (11)3.8753 23954 

5 (14 2. 9809 06017 (14)2.9999 41115 (14)3. 0190 73331 (14)3. 0383 03035 (14) 3. 0576 30600 

6 17)2. 3400 11224 117)2. 3579 53717 17)2.3760 10711 (n)2.3941 82792 (l7 2.4124 70543 

7 (20 1. 8369 08811 20 1.8533 51621 (20 1.8699 20430 (20) 1. 8866 16040 (20) 1.9034 39259 

8 23)1, 4419 73416 123)1. 4567 34374 (23)1.4716 27378 (23) 1. 4866 53439 (23)1.5018 13575 

9 26)1. 1319 49132 26)1.1449 93218 (26)1.1581 70747 26) 1. 1714 82910 (26)1. 1849 30911 

10 (28)8. 8858 00685 (28)8.9996 46695 (28)9. 1148 03776 (28)9.2312 85332 (28)9. 3491 04886 

24 (69)2.9982 77060 (69)3.0912 99652 (69)3.1870 84488 (69)3.2857 09926 (69)3. 3872 56439 


1/2 ( 1)2. 8017 85145 1)2.8035 69154 ( 1)2. 8053 52028 ( 1)2.8071 33770 ( 1)2. 8089 14381 

1/3 9.2247 91357 9.2287 06804 9. 2326 18931 9.2365 27746 9. 2404 33255 

1/4 5.2931 89157 5.2948 74081 5. 2965 57399 5.2982 39113 5. 2999 19227 

1/5 3.7929 22172 3.7938 88029 3. 7948 52904 3.7958 16799 3. 7967 79716 


1 790 791 792 793 794 

2 6 24100 6 25681 6 27264 6 28849 6 30436 

3 4930 39000 4949 13671 4967 93088 4986 77257 5005 66184 

4 (11 3. 8950 08100 11)3.9147 67138 (11)3.9346 01257 (11)3.9545 10648 (11)3.9744 95501 

5 (14 3. 0770 56399 14)3.0965 80806 (14) 3. 1162 04196 14)3. 1359 26944 (14)3. 1557 49428 

6 (17) 2.4308 74555 17 2.4493 95417 (17)2.4680 33723 (17)2.4867 90066 (17)2. 5056 65046 

7 ( 20) 1.9203 90899 20) 1.9374 71775 ( 20) 1.9546 82708 (20) 1.9720 24523 ( 20) 1. 9894 98046 

8 (23)1.5171 08810 23) 1. 5325 40174 (23) 1. 5481 08705 (23 1. 5638 15447 (23) 1.5796 61449 

9 (26)1. 1985 15960 26) 1. 2122 39278 (26)1.2261 02094 (26)1.2401 05649 (26) 1.2542 51190 

10 (28 9. 4682 76083 '28)9. 5888 12687 (28)9. 7107 28588 (28)9. 8340 37797 (28)9. 9587 54451 


24 (69)3.4918 06676 69)3. 5994 45514 (69)3. 

1/2 ( 1)2.8106 93865 1)2. 8124 72222 ( 1)2. 

1/3 9.2443 35465 9.2482 34384 9. 

1/4 5. 3015 97745 5. 3032 74670 5. 

1/5 3.7977 41656 3. 7987 02623 3. 

1 795 796 

2 6 32025 6 33616 

3 5024 59875 5043 58336 

4 (11)3.9945 56006 (11)4.0146 92355 (11)4. 

5 14)3.1756 72025 114) 3.1956 95114 14)3. 

6 (17 2. 5246 59260 [17 2.5437 73311 (17)2. 

7 (20)2.0071 04112 (20)2.0248 43555 20)2. 

8 (23 1.5956 47769 (23) 1. 6117 75470 23)1. 

9 (26)1.2685 39976 (26)1.2829 73274 (26H. 

10 (29)l.0084 89281 (29)1. 0212 46726 (29)1. 

24 (69)4. 0626 65702 (69)4. 1871 02820 (69)4. 

1/2 ( 1)2.8195 74436 ( 1)2.8213 47196 ( 1)2. 

1/3 9. 2637 97282 9. 2676 79846 9. 

1/4 5. 3099 66512 5. 3116 35526 5. 

1/5 3. 8025 36800 3. 8034 92932 3. 



7102 60118 (69)3.8243 39997 (69)3.9417 77065 
8142 49456 ( 1)2.8160 25568 ( 1)2.8178 00561 
2521 30018 9.2560 22375 9. 2599 11460 
3049 50005 5.3066 23755 5. 3082 95923 
7996 62619 3. 8006 21646 3.8015 79705 


797 798 799 

6 35209 6 36804 6 38401 

5062 61573 5081 69592 5100 82399 

0349 04737 (11)4. 0551 93344 (11)4. 0755 58368 

2158 19075 14)3.2360 44289 (14) 3. 2563 71136 

5630 07803 (17)2.5823 63342 (17 2. 6018 40538 

0427 17219 (20)2.0607 25947 (20)2. 0788 70590 

6280 45624 (23 1. 6444 59306 (23) 1. 6610 17601 

2975 52362 (26 1. 3122 78526 (26) 1. 3271 53063 

0341 49232 (29) 1. 0471 98264 (29)1. 0603 95298 

3151 87922 (69)4.4470 23172 (69)4. 5827 13463 

8231 18843 { 1)2. 8248 89378 ( 1)2.8266 58805 

2715 59160 9.2754 35230 9.2793 08064 

3133 02968 5. 3149 68841 5. 3166 33150 

8044 48104 3.8054 02317 3. 8063 55574 
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Table 3.1 POWERS AND ROOTS n * 


1 800 801 802 803 804 

2 6 40000 6 41601 6 43204 6 44809 6 46416 

3 5120 00000 5139 22401 5158 49608 5177 81627 5197 18464 

4 (11)4. 0960 00000 (11)4.1165 18432 (11)4.1371 13856 (11)4.1577 86465 (11)4.1785 36451 

5 (14)3.2768 00000 (14)3.2973 31264 14)3. 3179 65313 (14)3. 3387 02531 (14 3.3595 43306 

6 (17)2.6214 40000 (17)2. 6411 62342 (17) 2. 6610 081B1 (17) 2. 6809 78133 (17) 2. 7010 72818 

7 (20)2.0971 52000 (20)2. 1155 71036 (20)2.1341 28561 (20)2.1528 25440 (20)2.1716 62546 

8 (23)1.6777 21600 (23)1.6945 72400 (23) 1.7115 71106 (23)1. 7287 18829 (23) 1.7460 16687 

9 (26)1. 3421 77280 (26) 1. 3573 52492 26) 1. 3726 80027 (26) 1.3881 61219 (26 1.4037 97416 

10 (29)1.0737 41824 (29)1. 0872 39346 ( 29) 1.1008 89382 ( 29) 1. 1146 93459 (29) 1. 1286 53123 

24 (69)4.7223 66483 (69)4.8660 92789 (69)5. 0140 05879 (69)5. 1662 22264 (69)5. 3228 61548 

1/2 ( 1)2.8284 27125 ( 1)2.8301 94340 ( 1)2.8319 60452 ( 1)2. 8337 25463 ( 1)2.8354 89376 

1/3 9.2831 77667 9.2870 44047 9.2909 07211 9.2947 67164 9.2986 23915 

1/4 5.3182 95897 5.3199 57086 5. 3216 16720 5. 3232 74803 5. 3249 31338 

1/5 3.8073 07877 3.8082 59229 3. 8092 09631 3.8101 59085 3.8111 07593 


1 805 806 807 808 809 

2 6 48025 6 49636 6 51249 6 52864 6 54481 

3 5216 60125 5236 06616 5255 57943 5275 14112 5294 75129 

4 (11)4.1993 64006 (11)4.2202 69325 (11)4.2412 52600 (11)4. 2623 14025 (11)4.2834 53794 

5 (14)3.3804 88025 14)3.4015 37076 (14)3. 4226 90848 (14) 3. 4439 49732 (14)3. 4653 14119 

6 (17)2.7212 92860 17)2.7416 38883 (17)2.7621 11515 17)2.7827 11384 (17 2.8034 39122 

7 (20)2.1906 40752 (20)2.2097 60940 20)2.2290 23992 (20)2.2484 30798 (20) 2.2679 82250 

8 23)1.7634 65806 (23U.7810 67318 (23)1.7988 22362 (23)l. 8167 32085 23U. 8347 97640 

9 (26)1.4195 89974 (26)1.4355 40258 (26) 1.4516 49646 (26) 1.4679 19524 (26) 1.4843 51291 

10 (29)1.1427 69929 (29)1.1570 45448 (29)1. 1714 81264 (29)1. 1860 78976 (29)1.2008 40194 

24 (69)5.4840 46503 (69)5.6499 03151 (69)5.8205 60843 (69)5.9961 52346 (69)6.1768 13927 


1/2 ( 1)2.8372 52192 ( 1)2.8390 13913 ( 1)2.8407 74542 ( 1)2.8425 34081 ( 1)2.8442 92531 

1/3 9. 3024 77468 9,3063 27832 9.3101 75012 9.3140 19016 9.3178 59849 

1/4 5. 3265 86329 5. 3282 39778 5. 3298 91690 5. 3315 42067 5. 3331 90912 

1/5 3. 8120 55159 3.8130 01783 3.8139 47468 3.8148 92216 3.8158 36029 


1 

2 


10 

24 


810 
6 56100 
5314 41000 
(11)4. 3046 72100 
(14)3.4867 84401 
(17)2.8242 95365 
20)2. 2876 79245 
23)1. 8530 20189 
(26)1.5009 46353 
(29)1.2157 66546 
(69)6. 3626 85441 
( 1)2.8460 49894 
9. 3216 97518 
5.3348 38230 
3.8167 78910 


811 
6 57721 
5334 11731 
(11)4.3259 69138 
14)3.5083 60971 
(17)2.8452 80748 
(20 2.3075 22686 
(23)1.8714 00899 
(26)1. 5177 06129 
(29)1.2308 59670 
(69)6.5539 10420 
( 1)2. 8478 06173 
9. 3255 32030 
5. 3364 84023 
3.8177 20859 


812 
6 59344 
5353 87328 
(11)4.3473 45103 
14)3.5300 44224 
(17)2.8663 95910 
20)2. 3275 13479 
(23)1.8899 40945 
(26)1. 5346 32047 
(29)1.2461 21222 
(69)6.7506 36166 
( 1)2. 8495 61370 
9.3293 63391 
5.3381 28295 
3.8186 61880 


813 
6 60969 
5373 67797 
(11)4. 3688 00190 
(14)3. 5518 34554 
(17 2.8876 41493 
(20)2.3476 52533 
(23)1.9086 41510 
(26 1. 5517 25547 
(29)1.2615 52870 
(69)6.9530 13847 
( 1)2.8513 15486 
9.3331 91608 
5.3397 71049 
3.8196 01974 


814 
6 62596 
5393 53144 
(11)4. 3903 34592 
14)3. 5737 32358 
(17)2.9090 18139 
(20)2. 3679 40765 
23)1.9275 03783 
(26)1.5689 88079 
(29)1.2771 56297 
(69)7. 1611 98588 
( 1)2. 8530 68524 
9.3370 1668? 
5.3414 12288 
3.8205 41144 



8 

9 

10 

24 


815 
6 64225 
5413 43375 
(11)4.4119 48506 
(14)3.5957 38033 
(17)2.9305 26497 
(20)2.3883 79095 
(23)1.9465 28962 
(26)1. 5864 21104 
(29)1.2929 33200 
(69)7. 3753 49576 
( 1)2.8548 20485 
9. 3408 38634 
5. 3430 52016 
3. 8214 79391 


816 
6 65856 
5433 38496 
(11)4.4336 42127 
(14 3. 6178 51976 
(17 2.9521 67212 
20) 2.4089 68445 
(23)1.9657 18251 
(26)1.6040 26093 
(29)1.3088 85292 
(69)7. 5956 30157 
( 1)2.8565 71371 
9. 3446 57457 
5. 3446 90236 
3.8224 16717 


817 
6 67489 
5453 38513 

1 11)4.4554 15651 
14 3.6400 74587 
17)2.9739 40938 
20)2.4297 09746 
23)1.9850 72863 
26)1.6218 04529 
29)1. 3250 14300 
(69)7.8222 07941 
( 1)2.8583 21186 
9. 3484 73160 
5. 3463 26950 
3.8233 53125 


818 
6 69124 
5473 43432 
(11)4.4772 69274 
14 3.6624 06266 
17)2.9958 48326 
20)2.4506 03930 
(23)2.0045 94015 
(26)1.6397 57904 
(29)1. 3413 21966 
(69)8. 0552 54907 
( 1)2.8600 69929 
9. 3522 85752 
5.3479 62163 
3.8242 88616 


819 
6 70761 
5493 53259 

1 11)4.4992 03191 
14)3. 6848- 47414 
17)3.0178 90032 
20)2.4716 51936 
23)2.0242 82936 
26)1. 6578 87724 
29)1. 3578 10046 
(69)8.2949 47511 
( 1)2.8618 17604 
9. 3560 95237 
5.3495 95877 
3.8252 23193 



820 821 
6 72400 6 74041 6 

5513 68000 5533 87661 5554 

(11)4.5212 17600 (11)4.5433 12697 (11)4.5654 

(14)3.7073 98432 (14)3.7300 59724 (14)3.7528 

(17)3. 0400 66714 (17) 3. 0623 79033 (17)3. 0848 

(20)2.4928 54706 (20)2.5142 13186 20)2 5357 

(23)2. 0441 40859 (23)2.0641 69026 (23)2.0843 

26)1.6761 95504 (26)1.6946 82770 (26) 1. 7133 

(29)1. 3744 80313 (29)1. 3913 34555 (29) 1.4083 

(69)8.5414 66801 (69)8.7949 98523 (69)9. 0557 

( 1)2.8635 64213 ( 1)2.8653 09756 ( 1)2.8670 

9.3599 01623 9. 3637 04916 9.3675 

5. 3512 28095 5. 3528 58822 5 3544 

3.8261 56858 3.8270 89612 3.8280 


822 • 823 824 
75684 6 77329 6 78976 
12248 5574 41767 5594 76224 
88679 (11)4.5877 45742 (11)4.6100 84086 
31694 14)3.7757 14746 14)3.7987 09287 
27652 (17)3.1074 13236 17)3.1301 36452 
28330 20)2. 5574 01093 20)2.5792 32437 
68687 23)2.1047 41100 23)2.1252 87528 
51061 26)1.7322 01925 26) 1. 7512 36923 
74572 29)1.4256 02184 (29) 1.4430 19224 
33244 (69)9.3238 66467 (69)9.5995 98755 
54237 ( 1)2.8687 97658 ( 1)2.8705 40019 
05121 9. 3713 02245 9. 3750 96295 
88059 5.3561 15810 5.3577 42079 
21458 3. 8289 52397 3.8298 82432 



n 3[(-p41 

»4f(-pZl 


L 3 J 

L 3 J 

L 3 

L 3 \ 
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POWERS AND ROOTS n fc 


Table 3.1 


825 
6 80625 
5615 15625 
L 6325 03906 
S. 8218 15723 
>. 1529 97971 
’. 6012 23326 
’. 1460 09244 
L. 7704 57626 
L. 4606 27542 


1/2 

1/3 

1/4 

1/5 


jlp 
(20)2.6 
<23 2.1 

lull:: 

(69)9. 8831 35853 

( 1 ) 2.8 


9. 


8722 81323 
3788 87277 
3593 66869 
8308 11564 


5717 

1 11)4. 7458 
14) 3.9390 
17) 3.2694 
20)2.7136 
23)2.2522 
26) 1. 8694 
29)1. 5516 


830 

88900 

87000 

32100 

40643 

03734 

05099 

92232 

02553 

04119 


24 (70)1.1425 47375 


1/2 

1/3 

1/4 

1/5 


( 1)2. 8809 
9. 3977 
5. 3674 
3. 8354 


72058 
96375 
68731 
43756 

835 
97225 
82875 
27006 
24550 
68999 
23115 
52801 
32589 
49211 

24 (70)1. 3197 00592 


5821 
(11)4. 8612 
14 4. 0591 
(17)3.3893 
(20)2.8301 
23 2.3631 
26 1.9732 
(29)1. 6476 


1/2 

1/3 

1/4 

1/5 


( 1)2.8896 
9.4166 
5. 3755 
3. 8400 


5635 

1 11)4. 6550 
14 3. 8450 
17)3.1759 
20)2. 6233 
23) 2. 1669 
26) 1. 7898 
29) 1. 4784 
(70) 1.0174 
( 1)2.8740 
9. 3826 
5.3609 
3. 8317 


5738 
(11)4. 7687 
14) 3.9628 
(17) 3. 2931 
20)2. 7365 
23 2.2740 
26 1. 8897 
(29)1. 5703 
(70) 1. 1760 
( 1)2. 8827 
9.4015 
5. 3690 
3. 8363 


82276 

59976 

05402 

34462 

98465 

74732 

07529 

65619 

29001 


21573 

75196 

90182 

39795 

831 

90561 

56191 

44947 

27051 

09279 

73811 

92837 

71148 

99824 

46709 

07061 

69076 

84709 

67514 


36655 

29685 

34071 

53677 


827 
6 83929 
5656 09283 
6775 88770 
8683 65913 
1991 38610 
6456 87631 
1879 83671 
8094 62496 
4964 25484 


(11)4. 

(14) 3. 

17 3 . 

( 20 ) 2 . 

23)2. 

(26 1. 

( 29 ) 1 . 

(70)1.0474 47415 

( D2. 

9. 

5. 


3. 


8757 60769 
3864 60060 
3626 12021 
8326 67128 


5759 

1 11)4.7917 
14) 3.9867 
17)3.3169 
20)2.7597 
23 2.2960 
26)1.9103 
29)1. 5894 
(70)1.2104 86167 
41020 
38751 
99229 
90383 


{ 1 ) 2 . 8 

9. 4053 3 
5. 3706 S 
3.8372 9 


836 
6 98896 
5842 77056 

1 11)4.8845 56188 
14)4. 0834 88973 
17)3. 4137 96782 
20)2. 8539 34109 
23)2. 3858 88916 
26)1.9946 03133 
29)1. 6674 88220 
(70)1. 3581 59133 
( 1)2. 8913 66459 
9.4203 87319 
5. 3771 42790 
3.8409 73010 


5863 
(11)4.9079 
14)4.1079 
(17)3.4383 
(20 2.8779 
(23 2.4088 
(26)2.0161 
(29)1. 6875 
(70)1. 3976 
( 1)2.8930 
9. 4241 
5. 3787 
3. 8418 


828 
6 85584 
5676 63552 
(11)4.7002 54211 
(14)3.8918 10486 

! 17 3.2224 19083 
20 2.6681 63000 
23)2. 2092 38964 
26)1.8292 49863 
29) 1. 5146 18886 
(70)1.0782 71392 
( 1)2.8774 98914 
9. 3902 41873 
5. 3642 32391 
3.8335 93565 


832 


92224 

30368 

40662 

28231 

57888 

08963 

77857 

36777 

00198 


837 

00569 

76253 

69238 

70252 

71101 

16611 

16204 

79163 

41959 

90431 

95228 

41957 

50067 

91464 


11) 4. 
14)4. 
17 3. 
20 ) 2 . 
23)2. 
26) 1. 
29) 1. 
(70)1. 
( D2. 


833 
6 93889 
5780 09537 
8148 19443 
0107 44596 
3409 50249 
7830 11557 
3182 48627 
9311 01106 
6086 07222 
2458 90957 
8861 73938 
4091 05407 
3723 12294 
8382 12366 


5884 

i ll) 4. 9314 
14 4.1325 
17)3. 4630 
20)2.9020 
23)2. 4319 
26)2.0379 
29) 1.7078 
(70)1.4383 23072 
( 1)2.8948 


02244 

80472 

66355 

68806 

92659 

71648 

36041 

62403 

12493 


9. 4278 
5.3B03 
3. 8428 


22965 

93606 

55904 

09040 


5697 
(11)4. 7230 
(l4 3.9153 
17 3. 2458 
(20)2. 6908 
(23)2. 2306 
(26)1.8492 
(29)1.5330 
(70)1.1099 
( 1)2.8792 
9. 3940 
5. 3658 
3. 8345 


5800 
(11)4. 8379 
14 4.0348 
17) 3. 3650 
(20 2.8064 
(23)2. 3406 
(26)1. 9520 
(29)1.6280 
(70)1.2822 
( 1)2. 8879 
9.4128 
5. 3739 
3. 8391 


7 

5905 
11)4. 9550 
14 4.1572 
17 3.4879 
20 2.9264 
23 2. 4552 
26 2. 0599 
29)l. 7283 


829 

87241 

22789 

01921 

68592 

40563 

01827 

74714 

29338 

11121 

63591 

36010 

20643 

51293 

19107 


834 

95556 

93704 

81491 

76564 

87054 

82603 

06491 

65814 

22889 

86929 

05816 

69049 

23907 

33463 


839 

03921 

89719 

47742 

85056 

62162 

00254 

49813 

54593 

01904 


(70)1.4800 86372 
( 1)2. 8965 
9. 4316 
5. 3819 
3. 8437 


49672 

42272 

60304 

25741 


1 



840 



841 



B42 



843 



844 

2 


7 

05600 


7 

07281 


7 

08964 


7 

10649 


7 

12336 

3 


5927 

04000 


5948 

23321 


5969 

47688 


5990 

77107 


6012 

11584 

4 

; 11) 

4.9787 

13600 

[11) 

i5. 0024 

64130 | 

[11) 

5. 0262 

99533 

[11) 

5.0502 

20012 

[11)5. 0742: 

25769 

5 

14 

4.1821 

19424 

; 14) 

4.2070 

72333 1 

14 

4.2321 

44207 

14 

4.2573 

35470 

14 

4. 2826 

46549 

6 

17 

t3.5129 

80316 

17 

'3. 5381 

47832 < 

17 

3. 5634 

65422 

17 

3.5889 

33801 

17 

3. 6145 

53687 

7 

20 

2. 9509 

03466 

20 

2.9755 

82327 j 

20 

3. 0004 

37885 

'20 

3. 0254 

71195 

20 

3. 0506 

83312 

8 

23) 

2.4787 

58911 

23 

'2.5024 

64737 I 

23 

>2.5263 

68700 

23 

2.5504 

72217 

23)2.5747 

76715 

9 

26 

1 2. 0821 

57485 

i 26 

'2.1045 

72844 | 

26 

2.1272 

02445 

26 

'2. 1500 

48079 

26 

'2.1731 

11548 

10 

: 29) 

1,7490 

12288 

[29 

'1.7699 

45762 1 

[29) 

1. 7911 

04459 

: 29) 

11.8124 

90531 

[29) 

11. 8341 

06146 


1/2 

1/3 

1/4 

1/5 


(70)1. 5230 10388 

> 75349 
1 87961 

> 63271 
i 41568 


( 1)2. 8982 : 
9, 4353 £ 
5, 3835 t 
3.8446 i 


1/2 

1/3 

1/4 

1/5 


6033 

1 11)5. 0983 
14 4. 3080 
17)3. 6403 
20 3. 0760 
23)2.5992 
26)2.1963 
29)1. 8559 
(70) 1. 7561 
( 1)2. 9068 
9. 4540 
5. 3915 
3. 8492 


845 

14025 

51125 

17006 

77870 

25B00 

75301 

83630 

94667 

53494 

47601 

88371 

71946 

56705 

07664 


»5[( 


(70)1.5671 25939 
( 1)2.9000 00000 
9.4391 30677 
5.3851 64807 
3. 8455 56523 

846 
7 15716 
6054 95736 
1224 93927 
3336 29862 
6662 50863 
1016 48230 
6239 94403 
2198 99265 
8780 34778 


(70)1. 6124 
( 1)2.9017 
9.4428 
5. 3867 
3. 8464 


I 

(70)1. 8067 11101 

( D2. 


9086 07914 
4577 99893 
3931 51133 
8501 18288 


23626 
70428 
64916 
70609 

847 
7 17409 
6076 45423 
(11)5. 1467 56733 
(14)4. 3593 02953 
17)3. 6923 29601 
(20)3. 1274 03172 
(23)2.6489 10487 
(26)2.2436 27182 
(29)1.9003 52223 
(70)1.8586 68111 
( 1)2.9103 26442 
9.4615 24903 
5. 3947 44148 
3.8510 28051 


(70)1.6590 58848 
( 1)2.9034 4 
9.4466 C 
5. 3883 £ 
3.8473 £ 


\ 46228 
, 07220 
S 63600 
> 83826 


( 70)1.7069 41821 
67809 
41057 
60862 
96177 


( 1)2.9051 ( 
9.4503 4 
5. 3899 £ 
3.8482 ' 


7 

6098 
(11)5.1711 
14 4. 3850 
17)3. 7185 
20)3. 1533 
(23)2. 6740 
(26)2.2675 
(29)l. 9229 


19104 

00192 

05628 

97573 

62742 

41205 

33342 

80274 

08072 


849 
7 20801 
6119 60049 
1955 40816 
4110 14153 
7449 51016 
1794 63412 
6993 64437 
2917 60407 
9457 04586 


(70)1.9120 55324 
( 1)2.9120 


9.4652 
5. 3963 
3. 8519 


43956 

46982 

35753 

36956 


(11) 5. 

(l4)4. 

(l7 3. 

(20) 3. 

(23 2 . 

(26 2. 

(29)l. 

(70)1.9669 10351 
( 1)2.9137 60457 
9. 4689 66137 
5. 3979 25951 
3.8528 45003 


P] 


« 3 [ ( 1 )4 ] 




-7)21 

3 
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ELEMENTARY ANALYTICAL METHODS 


Table 3.1 POWERS AND ROOTS n * 

fc 

1 850 851 852 853 854 

2 7 22500 7 24201 7 25904 7 27609 7 29316 

3 6141 25000 6162 95051 6184 70208 6206 50477 6228 35864 

4 (11)5.2200 62500 (11)5.2446 70884 (11)5. 2693 66172 (11)5.2941 48569 (11)5. 3190 18279 

5 (14)4.4370 53125 (14)4.4632 14922 (14)4.4894 99979 (14)4. 5159 08729 (14)4. 5424 41610 

6 (17)3.7714 95156 (17)3.7981 95899 (17)3.8250 53982 (17)3.8520 70146 (17) 3. 8792 45135 

7 (20)3.2057 70883 (20)3.2322 64710 (20)3. 2589 45993 (20)3. 2858 15835 (20)3.3128 75345 

8 (23)2. 7249 05250 23)2.7506 57268 (23)2.7766 21986 (23)2. 8028 00907 (23)2.8291 95545 

9 (26 2. 3161 69463 26)2. 3408 09335 (26 2. 3656 81932 (26)2. 3907 89174 (26)2.4161 32995 

10 (29)1.9687 44043 (29)1.9920 28744 (29)2. 0155 61006 (29)2. 0393 43165 (29)2.0633 77578 

24 (70)2.0232 71747 (70)2.0811 79034 (70)2. 1406 72719 (70)2. 2017 94325 (70)2.2645 86409 

1/2 ( 1)2.9154 75947 ( 1)2.9171 90429 ( 1)2.9189 03904 ( 1)2. 9206 16373 ( 1)2.9223 27839 

1/3 9.4726 82372 9.4763 95693 9. 4801 06107 9. 4838 13619 9. 4875 18234 

1/4 5. 3995 14744 5.4011 02137 5.4026 88131 5. 4042 72729 5.4058 55935 

1/5 , 3.8537 52195 3.8546 58534 3.8555 64021 3.8564 68659 3. 8573 72448 

1 855 856 857 858 859 

2 7 31025 7 32736 7 34449 7 36164 7 37881 

3 6250 26375 6272 22016 6294 22793 6316 28712 6338 39779 

4 (11)5. 3439 75506 (11)5.3690 20457 (11)5. 3941 53336 (11)5.4193 74349 (11)5.4446 83702 

5 (14)4.5690 99058 (14)4.5958 81511 (14)4.6227 89409 14)4.6498 23191 (14)4.6769 83300 

6 (17)3.9065 79694 17)3. 9340 74574 (17) 3.9617 30523 (17) 3.9895 48298 (17)4. 0175 28654 

7 (20)3. 3401 25639 (20)3. 3675 67835 (20)3. 3952 03059 (20)3. 4230 32440 (20)3.4510 57114 

8 (23)2.8558 07421 (23)2. 8826 38067 (23)2.9096 89021 (23)2.9369 61833 23)2.9644 58061 

9 (26)2. 4417 15345 (26)2.4675 38185 (26)2. 4936 03491 (26)2. 5199 13253 (26)2. 5464 69474 

10 (29)2. 0876 66620 (29)2. 1122 12686 (29)2. 1370 18192 (29)2. 1620 85571 (29)2. 1874 17279 

24 (70)2. 3290 92589 (70)2.3953 57569 (70)2.4634 27165 (70)2. 5333 48329 (70)2.6051 69182 

1/2 ( 1)2.9240 38303 ( 1)2. 9257 47768 ( 1)2.9274 56234 ( 1)2.9291 63703 ( 1)2.9308 70178 

1/3 9.4912 19958 9.4949 18797 9.4986 14756 9. 5023 07842 9.5059 98059 

1/4 5.4074 37751 5.4090 18180 5. 4105 97225 5.4121 74889 5. 4137 51174 

1/5 3.8582 75391 3. 8591 77490 3. 8600 78746 3.8609 79161 3.8618 78737 

1 860 861 862 863 864 

2 7 39600 7 41321 7 43044 7 44769 7 46496 

3 6360 56000 6382 77381 6405 03928 6427 35647 6449 72544 

4 (11)5.4700 81600 (11)5.4955 68250 (11)5.5211 43859 (11)5. 5468 08634 (11)5.5725 62780 

5 (14)4.7042 70176 (14) 4. 7316 84264 (14) 4. 7592 26007 (14) 4. 7868 95851 (14) 4. 8146 94242 

6 17 4.0456 72351 (17) 4. 0739 80151 17) 4. 1024 52818 (17 4.1310 91119 (17)4. 1598 95825 

7 (20)3.4792 78222 (20)3.5076 96910 20)3.5363 14329 (20 3.5651 31636 (20)3.5941 49993 

8 (23)2. 9921 79271 (23)3. 0201 27039 (23)3. 0483 02952 (23)3.0767 08602 (23)3. 1053 45594 

9 (26)2. 5732 74173 26)2.6003 29381 (26 2.6276 37144 (26 2. 6551 99523 (26)2.6830 18593 

10 (29)2.2130 15789 (29)2.2388 83597 (29)2.2650 23218 (29)2.2914 37189 (29)2. 3181 28064 

24 (70)2.6789 39031 (70)2.7547 08410 (70)2.8325 29097 (70)2.9124 54150 (70)2.9945 37938 

1/2 ( 1)2.9325 75660 ( 1)2.9342 80150 ( 1)2.9359 83651 ( 1)2. 9376 86164 ( 1)2.9393 87691 

1/3 9.5096 85413 9. 5133 69910 9. 5170 51555 9.5207 30354 9. 5244 06312 

1/4 5.4153 26084 5. 4168 99621 5.4184 71787 5.4200 42587 5.4216 12022 

1/5 3.8627 77475 3.8636 75378 3. 8645 72447 3.8654 68684 3.8663 64090 


1 865 866 867 868 869 

2 7 48225 7 49956 7 51689 7 53424 7 55161 

3 6472 14625 6494 61896 6517 14363 6539 72032 6562 34909 

4 (11)5.5984 06506 (11)5. 6243 40019 (11)5.6503 63527 (11)5.6764 77238 (11)5.7026 81359 

5 14)4. 8426 21628 (14) 4, 8706 78457 (14) 4. 8988 65178 14)4.9271 82242 (14) 4. 9556 30101 

6 (17 4. 1888 67708 17)4.2180 07544 17 4.2473 16109 (17 4.2767 94186 (17)4. 3064 42558 

7 (20)3.6233 70568 (20)3.6527 94533 (20)3. 6824 23067 20) 3.7122 57354 (20)3.7422 98583 

8 (23)3.1342 15541 (23)3. 1633 20065 (23)3.1926 60799 ( 23)3.2222 39383 23 3. 2520 57468 

9 (26)2.7110 96443 (26)2.7394 35177 (26)2.7680 36913 (26)2.7969 03785 (26)2.8260 37940 

10 (29)2. 3450 98423 (29)2.3723 50863 (29)2. 3998 88003 (29)2.4277 12485 (29)2.4558 26970 

24 (70)3.0788 36164 (70)3.1654 05907 (70)3.2543 05644 (70)3.3455 95291 (70)3.4393 36231 

1/2 ( 1)2.9410 88234 ( 1)2.9427 87794 ( 1)2. 9444 86373 ( 1)2. 9461 83973 ( 1)2.9478 80595 

1/3 9.5280 79435 9. 5317 49727 9.5354 17196 9.5390 81845 9.5427 43681 

1/4 5.4231 80095 5.4247 46809 5.4263 12167 5. 4278 76171 5.4294 38824 

1/5 3.8672 58668 3.8681 52418 3.8690 45344 3.8699 37445 3. 8708 28725 

1 870 871 872 873 874 

2 7 56900 7 58641 7 60384 7 62129 7 63876 

3 6585 03000 6607 76311 6630 54848 6653 38617 6676 27624 

4 (11)5.7289 76100 (11)5.7553 61669 (11)5.7818 38275 (11)5. 8084 06126 (11)5.8350 65434 

5 (14)4.9842 09207 (14) 5. 0129 20014 (14)5.0417 62975 (14)5. 0707 38548 (14)5. 0998 47189 

6 (17)4.3362 62010 (17)4.3662 53332 17 4.3964 17315 (17)4.4267 54753 (17) 4.4572 66443 

7 20)3.7725 47949 20)3.8030 06652 20)3. 8336 75898 (20 3.8645 56899 (20)3.8956 50871 

8 (23)3.2821 16715 23)3. 3124 18794 23)3. 3429 65383 (23 3. 3737 58173 (23)3.4047 98862 

9 (26)2.8554 41542 26 2.8851 16769 (26 2.9150 65814 (26)2.9452 90885 (26)2.9757 94205 

10 (29)2.4842 34142 (29)2.5129 36706 (29)2.5419 37390 (29)2.5712 38943 (29)2.6008 44135 

24 (70)3.5355 91351 (70)3.6344 25075 (70)3.7359 03403 (70)3. 8400 93943 (70)3.9470 65953 

1/2 { 1)2.9495 76241 ( 1)2.9512 70913 ( 1)2.9529 64612 ( 1)2.9546 57341 ( 1)2.9563 49100 

1/3 9. 5464 02709 9.5500 58934 9.5537 12362 9.5573 62998 9. 5610 10846 

1/4 5.4310 00130 5.4325 60090 5.4341 18707 5.4356 75984 5.4372 31924 

1/5 3. 8717 19185 3.8726 08827 3.8734 97651 3.8743 85661 3.8752 72857 
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k 


POWERS AND ROOTS n fc 


Table 3.1 


1 875 

2 7 65625 

3 6699 21875 

4 (11)5.8618 16406 

5 (14 5. 1290 89355 

6 (17 4.4879 53186 

7 (20)3. 9269 59038 

8 (23)3.4360 89158 

9 26)3. 0065 78013 

10 (29)2.6307 55762 

24 (70)4.0568 90376 

1/2 ( 1)2.9580 39892 

1/3 9.5646 55914 

1/4 5.4387 86530 

1/5 3. 8761 59242 


876 
7 67376 
6722 21376 
'11)5. 8886 59254 
'14)5. 1584 65506 
17)4. 5188 15784 
20 3. 9584 82626 
23)3.4676 30781 
26)3. 0376 44564 
29)2. 6609 76638 
70)4. 1696 39882 

1)2. 9597 29717 
9.5682 98205 
5.4403 39803 
3.8770 44816 


877 
7 69129 
6745 26133 

11)5.9155 94186 
14)5. 1879 76101 
(17)4.5498 55041 
(20)3. 9902 22871 
(23)3.4994 25458 
(26)3. 0689 96127 
(29)2. 6915 09603 
(70)4.2853 88904 
( 1)2. 9614 18579 
9.5719 37725 
5.4418 91747 
3.8779 29583 


878 
7 70884 
6768 36152 
(11)5.9426 21415 
(14)5.2176 21602 
(17)4.5810 71767 
(20)4.0221 81011 
(23)3. 5314 74928 
(26)3. 1006 34987 
(29)2. 7223 57518 
(70)4.4042 13682 
( 1)2. 9631 06478 
9. 5755 74480 
5.4434 42365 
3. 8788 13542 


879 
7 72641 
6791 51439 
(11)5. 9697 41149 
14)5. 2474 02470 
17)4. 6124 66771 
(20)4. 0543 58292 
(23)3. 5637 80938 
(26)3. 1325 63445 
(29)2. 7535 23268 
(70)4.5261 92303 
{ 1)2.9647 93416 
9. 5792 08475 
5.4449 91658 
3.8796 96696 


1 880 

2 7 74400 

3 6814 72000 

4 (11)5.9969 53600 

5 (14 5. 2773 19168 

6 (17)4. 6440 40868 

7 (20)4. 0867 55964 

8 (23)3.5963 45248 

9 (26)3. 1647 83818 

10 (29)2.7850 09760 

24 (70)4. 6514 04745 

1/2 ( 1)2. 9664 79395 

1/3 9.5828 39714 

1/4 5.4465 39631 

1/5 3.8805 79047 


881 
7 76161 
6837 97841 
11)6.0242 58979 
14)5. 3073 72161 
17 4.6757 94874 
20)4. 1193 75284 
23)3.6291 69625 
26)3. 1972 98440 
29)2. 8168 19925 
70)4.7799 32920 
1)2.9681 64416 
9.5864 68204 
5.4480 86284 
3.8814 60596 


882 
7 77924 
6861 28968 
(11)6.0516 57498 
(14)5. 3375 61913 
17)4. 7077 29607 
20)4.1522 17514 
23)3. 6622 55847 
(26)3, 2301 09657 
(29)2.8489 56718 
(70)4.9118 60716 
( 1)2.9698 48481 
9.5900 93948 
5.4496 31621 
3.8823 41346 


883 
7 79689 
6884 65387 
(11)6. 0791 49367 
(14)5.3678 88891 
(17 4.7398 45891 
(20)4.1852 83922 
(23 3. 6956 05703 
(26 3.2632 19836 
(29)2. 8814 23115 
(70)5, 0472 74047 
( 1)2. 9715 31592 
9. 5937 16954 
5.4511 75645 
3.8832 21296 


884 
7 81456 
6908 07104 
(11)6.1067 34799 
14)5. 3983 53563 
17 4.7721 44549 
(20)4.2185 75782 
23)3.7292 20991 
26)3.2966 31356 
(29)2.9142 22119 
(70)5. 1862 60897 
( 1)2. 9732 13749 
9.5973 37224 
5.4527 18358 
3. 8841 00450 


1 

2 

3 


9 

10 

24 


885 
7 83225 
6931 54125 
(11)6. 1344 14006 
14 5.4289 56396 
(17)4.8046 26410 
(20)4. 2520 94373 
(23 3.7631 03520 
(26 3. 3303 46615 
(29)2. 9473 56754 
(70)5. 3289 11365 
( 1)2. 9748 94956 
9.6009 54766 
5.4542 59763 
3.8849 78808 


886 
7 84996 
6955 06456 
11)6. 1621 87200 
14)5.4596 97859 
17)4.8372 92303 
20)4.2858 40981 
23)3.7972 55109 
26)3. 3643 68027 
29)2.9808 30072 
70)5.4753 17719 
1)2.9765 75213 
9.6045 69584 
5.4557 99862 
3.8858 56373 


887 
7 86769 
6978 64103 
(11)6. 1900 54594 
(14)5.4905 78425 
(17)4.8701 43063 

1 20)4. 3198 16896 
23)3.8316 77587 
26)3. 3986 98020 
29)3. 0146 45144 
(70)5. 6255 74442 
( 1)2.9782 54522 
9.6081 81682 
5. 4573 38658 
3. 8867 33146 


888 
7 88544 
7002 27072 
(11)6.2180 16399 
14)5. 5215 98563 
17)4.9031 79524 
20)4. 3540 23417 
23)3.8663 72794 
26)3. 4333 39041 
29)3. 0488 05069 
(70)5. 7797 78281 
( 1)2.9799 32885 
9.6117 91067 
5.4588 76153 
3. 8876 09128 


889 
7 90321 
7025 95369 
(11)6. 2460 72830 

1 14 5.5527 58746 
17)4.9364 02525 
20)4. 3884 61845 
23 3. 9013 42580 
26)3. 4682 93554 
29)3. 0833 12969 
(70)5.9380 28303 
( 1)2.9816 10303 
9.6153 97744 
5. 4604 12350 
3.8884 84321 



9 

10 

24 


890 
7 92100 
7049 69000 

1 11)6.2742 24100 
14)5.5840 59449 
17 4.9698 12910 
20)4. 4231 33490 
23)3.9365 88806 
26)3.5035 64037 
29)3.1181 71993 
(70)6. 1004 25945 
( 1)2. 9832 86778 
9. 6190 01716 
5.4619 47252 
3. 8893 58728 


891 
7 93881 
7073 47971 
11)6.3024 70422 
14)5.6155 01146 
17 5. 0034 11521 
20)4.4580 39665 
23)3.9721 13342 
26 3.5391 52987 
29)3.1533 85312 
70)6.2670 75070 
1)2.9849 62311 
9. 6226 02990 
5.4634 80860 
3.8902 32348 


892 
7 95664 
7097 32288 
(11)6. 3308 12009 
(14)5. 6470 84312 
17)5.0371 99206 
(20 4.4931 81692 
23)4.0079 18069 
26)3. 5750 62918 
(29)3.1889 56123 
(70)6.4380 82017 
( 1)2.9866 36905 
9. 6262 01570 
5.4650 13179 
3.8911 05185 


893 
7 97449 
7121 21957 
(11)6.3592 49076 
(14)5. 6788 09425 
(17)5.0711 76816 

1 20)4.5285 60897 
23)4. 0440 04881 
26)3. 6112 96359 
29)3. 2248 87648 
(70)6. 6135 55666 
( 1)2.9883 10559 
9. 6297 97462 
5.4665 44210 
3.8919 77239 


894 
7 99236 
7145 169B4 

i ll)6. 3877 81837 
14)5.7106 76962 
17)5.1053 45204 
20)4.5641 78613 
23)4. 0803 75680 
26)3. 6478 55858 
29)3.2611 83137 
(70)6.7936 07487 
{ 1)2. 9899 83278 
9. 6333 90671 
5. 4680 73955 
3.8928 48512 



895 
8 01025 
7169 17375 
(11)6.4164 10506 
(14)5.7426 87403 
17 5. 1397 05226 
(20)4.6000 36177 
(23)4. 1170 32378 
(26 3.6847 43979 
(29)3.2978 45861 


896 

8 02816 
7193 23136 
11)6.4451 35299 
14)5. 7748 41228 
17)5. 1742 57740 
20 4.6361 34935 
23)4. 1539 76902 
26)3. 7219 63304 
29)3.3348 79120 


897 
8 04609 
7217 34273 
(11)6.4739 56429 
14 5.8071 38917 
17)5. 2090 03608 
(20)4. 6724 76237 
23 4.1912 11184 
(26)3.7595 16432 
(29)3. 3722 86240 


898 
8 06404 
7241 50792 
(11)6.5028 74112 
(14)5.8395 80953 
(17)5. 2439 43696 
20)4.7090 61439 
(23)4.2287 37172 
(26)3.7974 05980 
(29)3.4100 70570 


(70)6.9783 51604 70)7.1679 04854 (70)7.3623 86846 (70)7. 5619 20026 


( 1)2.9916 55060 
9. 6369 81200 
5.4696 02417 
3.8937 19006 


1)2.9933 25909 ( 1)2.9949 95826 

9.6405 69057 9.6441 54244 

5. 4711 29599 5.4726 55504 

3.8945 88722 3.8954 57662 



( 1)2.9966 64813 
9.6477 36769 
5.4741 80133 
3.8963 25828 



899 

8 08201 
7265 72699 

1 11)6.5318 88564 
14)5.8721 67819 
17)5. 2790 78869 
20)4.7458 91904 
23)4. 2665 56821 
(26)3. 8356 34582 
(29)3.4482 35490 
(70)7.7666 29743 
( 1)2.9983 32870 
9.6513 16634 
5. 4757 03489 
3. 8971 93220 
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ELEMENTARY ANALYTICAL METHODS 


Table 3.1 


POWERS AND ROOTS n* 


k 

1 900 901 902 903 904 

2 8 10000 8 11801 8 13604 8 15409 8 17216 

3 7290 00000 7314 32701 7338 70808 7363 14327 7387 63264 

4 (11)6. 5610 00000 (11)6.5902 08636 (11)6.6195 14688 (11 6.6489 18373 (11)6.6784 19907 

5 (14)5.9049 00000 (14)5.9377 77981 14)5.9708 02249 (14 6. 0039 73291 (14)6. 0372 91596 

6 17)5. 3144 10000 (17)5. 3499 37961 (17) 5. 3856 63628 17)5.4215 87881 17)5.4577 11602 

7 (20)4.7829 69000 (20)4.8202 94103 (20)4.8578 68593 (20 4. 8956 93857 (20)4.9337 71289 

8 (23)4. 3046 72100 (23)4. 3430 84987 (23)4. 3817 97471 (23)4.4208 11553 (23)4.4601 29245 

9 (26)3.8742 04890 (26)3.9131 19573 (26)3.9523 81319 (26)3.9919 92832 (26)4.0319 56837 

10 (29)3.4867 84401 (29)3.5257 20735 (29)3. 5650 47949 (29)3.6047 69527 (29)3. 6448 88981 


24 (70)7.9766 44308 (70)8. 1920 95066 (70)8.4131 16465 (70)8.6398 46120 (70)8.8724 24888 

1/2 ( 1)3.0000 00000 ( 1)3.0016 66204 ( 1)3. 0033 31484 ( 1)3.0049 95840 ( 1)3.0066 59276 

1/3 9.6548 93846. 9.6584 68409 9.6620 40328 9.6656 09608 9.6691 76254 

1/4 5.4772 25575 5.4787 46393 5.4802 65946 5.4817 84235 5.4833 01264 

1/5 3.8980 59841 3.8989 25692 3.8997 90774 3.9006 55089 3.9015 18640 

1 905 906 907 908 909 

2 8 19025 8 20836 8 22649 8 24464 8 26281 

3 7412 17625 7436 77416 7461 42643 7486 13312 7510 89429 

4 (11)6.7080 19506 (11)6.7377 17389 (11)6.7675 13772 (11)6.7974 08873 (11)6. 8274 02910 

5 (14)6.0707 57653 14)6.1043 71954 14 6. 1381 34991 (l4 6. 1720 47257 (14)6. 2061 09245 

6 (17)5.4940 35676 (17) 5. 5305 60991 (17) 5. 5672 88437 (17) 5. 6042 18909 (17)5.6413 53304 

7 (20 4.9721 02287 2o)5.0106 88258 (20 5.0495 30612 ( 20)5. 0886 30769 (20)5.1279 90153 

8 (23 4.4997 52570 (23)4.5396 83561 (23)4. 5799 24265 (23)4. 6204 76739 (23)4.6613 43049 

9 (26)4. 0722 76076 (26)4.1129 53307 (26)4. 1539 91309 (26)4.1953 92879 (26)4. 2371 60832 

10 ( 2953.6854 09848 ( 29) 3.7263 35696 ( 29)3.7676 7 0117 ( 29) 3.8094 1 6734 ( 29)3.8515 79196 

24 (70)9. 1109 96943 (70)9. 3557 09844 (70)9. 6067 14616 (70)9.8641 65825 (71)1. 0128 22166 

1/2 { 1)3. 0083 21791 ( 1)3.0099 83389 ( 1)3. 0116 44069 ( 1)3. 0133 03835 ( 1)3. 0149 62686 

1/3 9.6727 40271 9.6763 01663 9.6798 60436 9.6834 16593 9.6869 70141 

1/4 5.4848 17035 5. 4863 31551 5.4878 44813 5.4893 56824 5. 4908 67587 

1/5 3.9023 81426 3.9032 43449 3. 9041 04712 3.9049 65216 3. 9058 24962 

1 910 911 912 913 914 

2 8 28100 8 29921 8 31744 8 33569 8 35396 

3 7535 71000 7560 58031 7585 50528 7610 48497 7635 51944 

4 (11)6.8574 96100 (11)6.8876 88662 (11)6.9179 80815 (11)6.9483 72778 (11)6. 9788 64768 

5 (14)6.2403 21451 (14)6.2746 84371 (14)6. 3091 98504 14)6. 3438 64346 (14)6. 3786 82398 

6 (17)5.6786 92520 (17) 5. 7162 37462 (17) 5. 7539 89035 (17) 5. 7919 48148 (17) 5. 8301 15712 

7 (20 5.1676 10194 20)5.2074 92328 (20 5.2476 38000 (20)5.2880 48659 (20 5.3287 25761 

8 (23 4. 7025 25276 (23)4.7440 25511 (23)4.7858 45856 (23)4.8279 88426 (23)4.8704 55345 

9 (26 4.2792 98001 (26)4.3218 07241 26)4.3646 91421 (26)4.4079 53433 (26)4.4515 96186 

10 (29)3.8941 61181 (29)3.9371 66396 (29)3.9805 98576 (29)4.0244 61484 (29)4.0687 58914 



1 920 921 922 923 924 

2 8 46400 8 48241 8 50084 8 51929 8 53776 

3 7786 88000 7812 29961 7837 77448 7863 30467 7888 89024 

4 (11)7. 1639 29600 (11)7. 1951 27941 (11)7.2264 28071 (11)7.2578 30210 (11)7.2893 34582 

5 (14)6.5908 15232 14 6. 6267 12833 14)6.6627 66681 14)6.6989 77284 (14)6.7353 45154 

6 (17)6.0635 50013 (l7 6. 1032 02520 (17) 6. 1430 70880 17)6. 1831 56033 (17) 6. 2234 58922 

7 (20)5.5784 66012 (2o)5.6210 49521 (20)5. 6639 11351 (20)5.7070 53019 (20)5.7504 76044 

8 23)5.1321 88731 (23 5.1769 86608 (23)5.2221 26266 23)5.2676 09936 (23)5.3134 39864 

9 (26)4.7216 13633 (26)4.7680 04666 (26)4.8148 00417 (26)4. 8620 03971 (26)4.9096 18435 

10 (29)4.3438 84542 (29)4. 3913 32298 (29)4.4392 45985 (29)4.4876 29665 (29)4. 5364 87434 


24 

(71)1.3517 

85726 

(71)1.3874 

94035 

(71)1.4241 

05308 

(71)1.4616 

41363 

(71)1. 5001 

24518 

1/2 

( 1)3. 0331 

50178 

( 1)3.0347 

98181 

( 1)3. 0364 

45290 

( 1)3. 0380 

91506 

( 1)3. 0397 

36831 

1/3 

9.7258 

88262 

9. 7294 

10859 

9. 7329 

30906 

9.7364 

48410 

9. 7399 

63373 

1/4 

5.5074 

04268 

5. 5089 

00236 

5.5103 

94986 

5.5118 

88520 

5. 5133 

80842 

1/5 

3. 9152 

32576 

3. 9160 

83344 

3.9169 

33373 

3. 9177 

82664 

3.9186 

31220 



Jr 

(- 6)11 

jf 

(-7)31 

« 1 2 3 4 5 6 7 8 9 10 f 

'(-7)21 

n 5p 





L 

3 J 

L 

3 J 

[ 

3 J 

L 

3 J 
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POWERS AND ROOTS n * Table 3.1 


k 

1 925 926 927 928 929 

2 8 55625 8 57476 8 59329 8 61184 8 63041 

3 7914 53125 7940 22776 7965 97983 7991 78752 8017 65089 

4 (11)7. 3209 41406 (11)7. 3526 50906 (11)7. 3844 63302 (11)7.4163 78819 (11)7.4483 97677 

5 (14)6.7718 70801 ( 14)6. 8085 54739 (14)6.8453 97481 (14)6.8823 99544 (14)6.9195 61442 

6 (17)6.2639 80491 (17)6. 3047 21688 (17 6. 3456 83465 (17)6. 3868 66776 { 17) 6.4282 72579 

7 (20)5. 7941 81954 (20)5.8381 72283 (20)5. 8824 48572 (20 5.9270 12369 (20)5.9718 65226 

8 (23)5. 3596 18307 (23)5. 4061 47534 (23)5.4530 29826 (23 5.5002 67478 (23)5. 5478 62795 

9 (26)4. 9576 46934 ( 26)5. 0060 92617 (26)5. 0549 58649 (26)5.1042 48220 (26)5. 1539 64537 

10 (29)4. 5858 23414 (29)4.6356 41763 (29)4. 6859 46668 (29)4.7367 42348 (29)4.7880 33055 

24 ( 71)1. 5395 77607 (71)1. 5800 23988 (71)1. 6214 87554 (71)1. 6639 92748 (71) 1. 7075 64573 

1/2 ( 1)3. 0413 81265 | 1)3. 0430 24811 ( 1)3. 0446 67470 ( 1)3.0463 09242 ( 1)3. 0479 50131 

1/3 9. 7434 75802 9.7469 85700 9. 7504 93072 9. 7539 97922 9.7575 00256 

1/4 5. 5148 71952 5. 5163 61854 5. 5178 50550 5. 5193 38042 5.5208 24332 

1/5 3. 9194 79042 3.9203 26131 3.9211 72488 3.9220 18115 3.9228 63013 

1 930 931 932 933 934 

2 8 64900 8 66761 8 68624 8 70489 8 72356 

3 8043 57000 8069 54491 8095 57568 8121 66237 8147 80504 

4 (11)7. 4805 20100 111)7.5127 46311 (11)7. 5450 76534 (11)7. 5775 10991 (11)7. 6100 49907 

5 (14)6.9568 83693 (14)6.9943 66816 (14)7. 0320 11329 (14)7. 0698 17755 (14)7. 1077 86613 

6 (17)6. 4699 01834 (17)6. 5117 55505 (17)6.5538 34559 (17)6. 5961 39965 (17)6.6386 72697 

7 (20)6.0170 08706 < 20) 6. 0624 44376 (20)6.1081 73809 (20)6. 1541 98588 (20)6. 2005 20299 

8 (23)5. 5958 18097 (23)5.6441 35714 (23)5. 6928 17990 (23)5. 7418 67282 (23 5. 7912 85959 

9 (26)5.2041 10830 26)5.2546 90349 (26)5. 3057 06367 (26)5. 3571 62174 (26)5.4090 61086 

10 (29)4. 8398 23072 (29)4. 8921 16715 (29)4.9449 18334 (29)4. 9982 32309 (29)5.0520 63054 

24 (71)1.7522 28603 71)1.7980 10997 (71)1. 8449 38512 (71)1.8930 38514 (71)1.9423 38996 

1/2 ( 1)3.0495 90136 1)3. 0512 29260 ( 1)3. 0528 67504 ( 1)3. 0545 04870 { 1)3. 0561 41358 

1/3 9. 7610 00077 9. 7644 97390 9.7679 92199 9.7714 84510 9. 7749 74326 

1/4 5.5223 09423 5. 5237 93317 5. 5252 76015 5.5267 57521 5. 5282 37837 

1/5 3.9237 07185 3.9245 50630 3.9253 93351 3.9262 35348 3.9270 76625 

1 935 936 937 938 939 

2 8 74225 8 76096 8 77969 8 79844 8 81721 

3 8174 00375 8200 25856 8226 56953 8252 93672 8279 36019 

4 (11)7. 6426 93506 11)7. 6754 42012 (11)7.7082 95650 (11)7. 7412 54643 (11)7.7743 19218 

5 (14 7. 1459 18428 14)7. 1842 13723 (14)7.2226 73024 (14)7.2612 96855 (14)7.3000 85746 

6 (17)6. 6814 33731 ‘17)6.7244 24045 (17)6.7676 44623 (17)6.8110 96450 (17)6. 8547 80516 

7 (20 6. 2471 40538 : 20)6, 2940 60906 (20)6. 3412 83012 20)6. 3888 08471 (20)6.4366 38904 

8 (23)5. 8410 76403 '23)5. 8912 41008 (23) 5. 9417 82182 (23)5. 9927 02345 (23 6. 0440 03931 

9 26)5. 4614 06437 '26)5. 5142 01584 (26)5.5674 49905 26)5.6211 54800 (26 5. 6753 19691 

10 (29)5. 1064 15018 [ 29) 5. 1612 92682 (29)5. 2167 00561 (29)5.2726 43202 (29)5. 3291 25190 

24 (71)1.9928 68584 [71)2.0446 56558 (71)2.0977 32860 (71)2.1521 28115 (71)2.2078 73640 

1/2 ( 1)3. 0577 76970 [ 1)3. 0594 11708 ( 1)3. 0610 45573 ( 1)3. 0626 78566 ( 1)3. 0643 10689 

1/3 9. 7784 61652 9.7819 46493 9.7854 28852 9.7889 08735 9.7923 86145 

1/4 5. 5297 16964 5. 5311 94905 5. 5326 71663 5.5341 47239 5. 5356 21636 

1/5 3.9279 17180 3.9287 57017 3.9295 96137 3.9304 34540 3.9312 72229 

1 940 941 942 943 944 

2 8 83600 8 85481 8 87364 8 89249 8 91136 

3 8305 84000 8332 37621 8358 96888 8385 61807 8412 32384 

4 (11)7.8074 89600 (11)7.8407 66014 (11)7. 8741 48685 (11)7.9076 37840 (11)7.9412 33705 

5 14 7. 3390 40224 14 7. 3781 60819 14)7.4174 48061 (14)7.4569 02483 (14 7. 4965 24617 

6 (17 6.8986 97811 (17 6.9428 49330 (l7)i>. 9872 36074 (17)7. 0318 59042 (17 7. 0767 19239 

7 (20 6.4847 75942 20U.5332 21220 20)6. 5819 76381 (20)6.6310 43076 (20)6. 6804 22962 

8 (23)6. 0956 89385 (23)6. 1477 61168 (23)6. 2002 21751 (23)6.2530 73621 (23 6. 3063 19276 

9 (26)5.7299 48022 26)5. 7850 43259 (26)5. 8406 08890 (26)5.8966 48424 (26)5.9531 65396 

10 (29 5. 3861 51141 (29)5.4437 25707 (29)5.5018 53574 (29)5. 5605 39464 (29)5. 6197 88134 


24 (71)2.2650 

01461 ( 

71)2. 3235 

44328 ( 

71)2. 3835 

35733 ( 

71)2. 4450 

09921 ( 

71)2. 5080 

01911 

1/2 ( 1)3. 0659 

41943 ( 

1)3. 0675 

72330 ( 

1)3. 0692 

01851 ( 

1)3. 0708 

30507 ( 

1)3. 0724 

58299 

1/3 

9.7958 

61087 

9. 7993 

33566 

9. 8028 

03585 

9. 8062 

71149 


9.8097 

36263 

1/4 

5. 5370 

94855 

5. 5385 

66899 

5. 5400 

37771 

5. 5415 

07472 


5. 5429 

76005 

1/5 

3. 9321 

09204 

3.9329 

45467 

3.9337 

81020 

3.9346 

15863 


3.9354 

49998 

1 


945 


946 


947 


948 



949 

2 

8 

93025 

8 

94916 

8 

96809 

8 

98704 


9 

00601 

3 

8439 

08625 

8465 

90536 

8492 

78123 

8519 

71392 


8546 

70349 

4 (11) 

7.9749 

36506 

11) 8. 0087 

46471 

[11)8. 0426 

63825 

11)8. 0766 

88.796 

l 11 ) 

18.1108 

21612 

5 (14 

7.5363 

14998 

14) 7. 5762 

74161 

14)7.6164 

02642 

14)7. 6567 

00979 

14 

17. 6971 

69710 

6 (17 

7.1218 

17673 

17)7.1671 

55356 

17)7.2127 

33302 

17)7.2585 

52528 

17 

17.3046 

14055 

7 (20 

t 6. 7301 

17701 

[ 20) 6.7801 

28967 

20) 6.8304 

58437 

20 6. 8811 

07796 

20 

16. 9320 

78738 

8 (23) 

6. 3599 

61228 

23 6. 4140 

02003 

23)6. 4684 

44140 

'23 6.5232 

90191 

23) 

16.5785 

42722 

9 (26) 

6. 0101 

63360 

'26)6.0676 

45895 

26 6. 1256 

16600 

26) 6.1840 

79101 

[261 

16. 2430 

37043 

10 29) 

15. 6796 

04376 

[29)5. 7399 

93016 

[29)5. 8009 

58921 

[ 29) 5.8625 

06988 

29 

1 5. 9246 

42154 

24 (71)2. 5725 

47511 

[71)2. 6386 

83331 

[71)2. 7064 

46809 

[71)2. 7758 

76218 

[71)2.8470 

10693 

1/2 ( 1) 3. 0740 

85230 

[ 1)3. 0757 

11300 

[ 1)3. 0773 

36511 

[ 1)3. 0789 

60864 

[ 1)3. 0805 

84360 

1/3 

9. 8131 

98931 

9. 8166 

59156 

9. 8201 

16944 

9.8235 

72299 


9. 8270 

25224 

1/4 

5. 5444 

43371 

5. 5459 

09574 

5. 5473 

74614 

5. 5488 

38494 


5. 5503 

01217 

1/5 

3. 9362 

83427 

3. 9371 

16151 

3. 9379 

48170 

3.9387 

79487 


3.9396 

10103 



j[(- 

6)11 

jr(- 

FI 


7)21 

j[(-i 

8)£ 

>1 




L 

3 J 

L 

3 J 

L 3 J 

L : 

3 

J 
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ELEMENTARY ANALYTICAL METHODS 


Table 3.1 POWERS AND ROOTS n* 

/. 

1 950 951 952 953 954 

2 9 02500 9 04401 9 06304 9 08209 9 10116 

3 8573 75000 8600 85351 8628 01408 8655 23177 8682 50664 

4 (11)8.1450 62500 (11)8.1794 11688 (11)8.2138 69404 (11)8.2484 35877 (11)8.2831 11335 

5 (14)7.7378 09375 (14)7.7786 20515 (14) 7.8196 03673 (14)7. 8607 59391 (14)7.9020 88213 

6 (17)7. 3509 18906 (17) 7. 3974 68110 (17)7. 4442 62696 (17)7.4913 03699 (17) 7. 5385 92155 

7 (20)6.9833 72961 (20) 7. 0349 92173 (20)7. 0869 38087 (20)7.1392 12425 (20)7.1918 16916 

8 (23)6,6342 04313 (23)6. 6902 77556 23 6.7467 65059 (23)6.8036 69441 (23)6. 8609 93338 

9 (26)6.3024 94097 (26 6,3624 53956 (26)6.4229 20336 (26 6.4838 96978 (26)6.5453 87645 

10 (29)5. 9873 69392 (29)6.0506 93712 (29)6.1146 20160 (29)6.1791 53820 (29)6.2442 99813 

24 (71)2.9198 90243 (71)2.9945 55775 (71)3.0710 49109 (71)3.1494 12996 (71) 3,2296 91146 

1/2 ( 1)3. 0822 07001 ( 1)3.0838 28789 ( 1)3,0854 49724 ( 1)3.0870 69808 ( 1)3.0886 89042 

1/3 9. 8304 75725 9.8339 23805 9.8373 69469 9. 8408 12721 9. 8442 53565 

1/4 5.5517 62784 5.5532 23198 5. 5546 82461 5.5561 40574 5.5575 97541 

1/5 3.9404 40019 3.9412 69236 3.9420 97756 3.9429 25580 3. 9437 52709 

1 955 956 957 958 959 

2 9 12025 9 13936 9 15849 9 17764 9 19681 

3 8709 83875 8737 22816 8764 67493 8792 17912 8819 74079 

4 (11)8.3178 96006 (11)8.3527 90121 (11)8.3877 93908 (11)8.4229 07597 (11)8.4581 31418 

5 (14)7.9435 90686 (14) 7.9852 67356 (14)8. 0271 18770 (14)8.0691 45478 (14)8. 1113 48029 

6 (17)7. 5861 29105 (17)7.6339 15592 (17)7.6819 52663 (17)7.7302 41368 (17 7. 7787 82760 

7 (20)7.2447 53295 (20)7.2980 23306 20)7. 3516 28698 (20)7.4055 71230 (20) 7.4598 52667 

8 (23)6.9187 39397 (23)6.9769 10280 23) 7. 0355 08664 (23)7. 0945 37239 (23)7, 1539 98708 

9 (26)6.6073 96124 (26)6. 6699 26228 (26)6.7329 81792 (26)6.7965 66675 (26)6.8606 84761 

10 (29)6. 3100 63299 (29)6. 3764 49474 (29)6. 4434 63575 (29)6,5111 10874 (29)6. 5793 96686 

24 (71)3.3119 28238 (71)3.3961 69948 (71)3.4824 62966 (71)3.5708 55021 (71)3. 6613 94899 

1/2 ( 1)3. 0903 07428 { 1)3.0919 24967 ( 1)3.0935 41660 ( 1)3.0951 57508 ( 1)3. 0967 72513 

1/3 9.8476 92005 9.8511 28046 9.8545 61691 9.8579 92945 9.8614 21813 

1/4 5. 5590 53362 5.5605 08040 5. 5619 61578 5.5634 13977 5. 5648 65240 

1/S 3.9445 79145 3.9454 04889 3.9462 29943 3.9470 54307 3.9478 77983 

1 960 961 962 963 964 

2 9 21600 9 23521 9 25444 9 27369 9 29296 

3 8847 36000 8875 03681 8902 77128 8930 56347 8958 41344 

4 (11)8.4934 65600 (11)8.5289 10374 (11)8.5644 65971 (11)8.6001 32622 (11)8. 6359 10556 

5 14)8. 1537 26976 (14)8. 1962 82870 14) 8.2390 16264 (14)8. 2819 27715 (14)8.3250 17776 

6 (17)7. 8275 77897 (17)7.8766 27838 (17) 7.9259 33646 (17)7.9754 96389 (17)8. 0253 17136 

7 (20)7. 5144 74781 20)7. 5694 39352 (20)7. 6247 48168 (20)7. 6804 03023 (20)7.7364 05719 

8 (23)7.2138 95790 (23)7.2742 31217 (23)7.3350 07737 (23)7. 3962 28111 (23)7.4578 95113 

9 (26)6,9253 39958 (26)6.9905 36200 (26)7.0562 77443 (26)7. 1225 67671 (26)7.1894 10889 

10 (29)6.6483 26360 (29)6.7179 05288 (29)6.7881 38901 (29)6.8590 32667 (29)6. 9305 92097 

24 (71)3.7541 32467 (71)3.8491 18699 (71)3.9464 05693 (71)4.0460 46699 (71)4.1480 96142 

1/2 ( 1)3. 0983 86677 ( 1)3.1000 00000 ( 1)3. 1016 12484 ( 1)3. 1032 24130 ( 1)3. 1048 34939 

1/3 9,8648 48297 9.8682 72403 9.8716 94135 9.8751 13495 9.8785 30490 

1/4 5.5663 15367 5. 5677 64363 5. 5692 12228 5.5706 58964 5. 5721 04575 

1/5 3.9487 00972 3,9495 23275 3.9503 44894 3.9511 65831 3.9519 86085 

1 965 966 967 968 969 

2 9 31225 9 33156 9 35089 9 37024 9 38961 

3 8986 32125 9014 28696 9042 31063 9070 39232 9098 53209 

4 (11)8.6718 00006 (11)8.7078 01203 (11)8.7439 14379 (11)8.7801 39766 (11)8.8164 77595 

5 (14 8.3682 87006 14)8.4117 35962 (14 8.4553 65205 14 8.4991 75293 (14) 8.5431 66790 

6 (17 8. 0753 96961 (17)8. 1257 36940 17)8. 1763 38153 (17 8.2272 01684 (17 8.2783 28619 

7 (20)7.7927 58067 (20)7.8494 61884 (20)7.9065 18994 (20)7.9639 31230 (20)8. 0217 00432 

8 23)7. 5200 11535 (23)7. 5825 80180 (23)7.6456 03867 (23)7.7090 85431 (23)7.7730 27719 

9 (26)7.2568 11131 (26)7.3247 72454 26)7.3932 98939 (26)7.4623 94697 (26)7.5320 63859 

10 (29)7. 0028 22742 (29)7.0757 30190 (29)7.1493 20074 (29)7.2235 98067 (29)7. 2985 69880 

24 (71)4.2526 09649 (71)4.3596 44069 (71)4.4692 57504 (71)4.5815 09331 (71)4.6964 60232 

1/2 ( 1)3.1064 44913 ( 1)3. 1080 54054 ( 1)3.1096 62361 ( 1)3.1112 69837 ( 1)3. 1128 76483 

1/3 9.8819 45122 9.8853 57396 9.8887 67316 9. 8921 74886 9.8955 80110 

1/4 5.5735 49061 5.5749 92425 5. 5764 34668 5. 5778 75794 5. 5793 15803 

1/5 3.9528 05659 3.9536 24554 3.9544 42771 3. 9552 60312 3.9560 77177 

1 970 971 972 973 974 

2 9 40900 9 42841 9 44784 9 46729 9 48676 

3 9126 73000 9154 98611 9183 30048 9211 67317 9240 10424 

4 (11)8.8529 28100 (11)8.8894 91513 (11)8.9261 68067 (11)8,9629 57994 (11)8.9998 61530 

5 (14)8. 5873 40257 (14) 8.6316 96259 (14) 8. 6762 35361 14)8. 7209 58129 (14)8. 7658 65130 

6 17 8.3297 20049 (17)8.3813 77067 (17)8.4333 00771 (17)8. 4854 92259 17 8.5379 52637 

7 (20)8.0798 28448 (20)8.1383 17132 (20)8.1971 68349 (20)8.2563 83968 {20) 8. 3159 65868 

8 (23)7. 8374 33594 (23)7.9023 05936 (23 7.9676 47635 (23)8. 0334 61601 (23 8.0997 50755 

9 26 7.6023 10587 (26)7. 6731 39063 (26 7. 7445 53501 (26)7.8165 58138 (26)7.8891 57236 

10 (29)7. 3742 41269 (29)7.4506 18031 (29)7. 5277 06003 (29)7. 6055 11068 (29)7. 6840 39148 


24 

(71)4. 8141 

72219 

(71)4.9347 

08664 

(71)5. 0581 34323 

(71)5. 1845 15371 

(71)5. 3139 19427 

1/2 

( 1)3.1144 

82300 

( 1)3.1160 

87290 

{ 1)3. 1176 91454 

( 1)3. 1192 94792 

( 1)3. 1208 97307 

1/3 

9. 8989 

82992 

9.9023 

83537 

9.9057 81747 

9.9091 77627 

9.9125 71181 

1/4 

5. 5807 

54698 

5.5821 

92482 

5.5836 29155 

5. 5850 64719 

5. 5864 99178 

1/5 

3.9568 

93368 

3.9577 

08886 

3.9585 23732 

3.9593 37908 

3.9601 51415 




( -6)ll 

«a| 

-(-7)31 Jf( 

-? 1 2 3 4 5 6 7 8 9 10 1 J[( 




i 

. 3 J 


. 8 J L 

3 J 1 
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POWERS AND ROOTS n* 


9 52576 
9297 14176 
(11)9. 0740 10358 
(14 8. 8562 34109 
(17 8. 6436 84491 
(20)8. 4362 36063 
(23)8.2337 66397 
(26)8. 0361 56004 
(29)7.8432 88260 
(71)5. 5820 74443 
( 1)3. 1240 99870 
9. 9193 51328 
5.5893 64785 
3.9617 76427 


9 94009 
9910 26973 
(11)9. 8805 38921 
(14)9.8508 97304 
(17)9. 8213 44612 
(20 9. 7918 80578 
(23 9. 7625 04937 
(26)9. 7332 17422 
(29)9.7040 17769 


( 1)3. 1575 30681 
9.9899 89983 
5.6191 90939 
3.9786 80191 
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Table 4.1. Common Logarithms (100 <x < 1350). 95 

log 10 x, *=100(1)1350, 10D 

Table 4.2. Natural Logarithms (0<*<2.1).100 

In *, *=0(.001)2.1, 16D 

Table 4.3. Radix Table of Natural Logarithms.114 

In (1+*), -In (1-*), *=10- M (10- n )10- B+1 , n=10(-l)l, 251) 

Table 4.4. Exponential Function (0 < |x| < 100).116 

«*, ±*=0(.091)1, 18D, *=0(.1)5, * 15D 

*=5(.1)10, 12D, —*=0(.1)10, 20D 

±*-0(1)100, 19S 

Table 4.5. Radix Table of the Exponential Function.140 

e x ,e~ x , * = 1C |-B (10 -B )10~ B+1 , n—10(—1)1, 25D 

Table 4.6. Circular Sines and Cosines for Radian Arguments (0 <*< 1.6) . 142 
sin *, cos x, *=0(.001)1.6, 23D 

Table 4.7. Radix Table of Circular Sines and Cosines.174 

sin x, cos x, :c=10 -rt (10' n )10~" +1 , w=10(—1)4, 25D 

Table 4.8. Circular Sines and Cosines for Large Radian Arguments 

(0<z<1000). 175 

sin x, cos z, ;c=0(l)100, 23D, *=100(1)1000, 8D 
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Table 4.9. Circular Tangents, Cotangents, Secants and Cosecants for Pa 8 e 

Radian Arguments (0<x<1.6).186 

tan x, cot x, sec x, esc x, x— 0(.01)1.6, 7 to 9D 

af 1 — cot#, esc x — x 1 , x=0(.01).5, 8D 

Table 4.10. Circular Sines and Cosines to Tenths of a Degree (O°<0<9O°) . 189 
sin 0, cos 0, 0=O°(.1°)9O°, 15D 

Table 4.11. Circular Tangents, Cotangents, Secants and Cosecants to 


Five Tenths of a Degree (O°<0<9O°).198 

tan 0, cot 0, 0=O°(.5°)9O°, 15D 

sec 0, esc 0, 0=O°(.5°)9O°, 8D 

Table 4.12. Circular Functions for the Argument ^ x (0<x<l) .... 200 
sin | x , cos | x , tan |x, cot | x , sec |x, esc |x, x=0(.01)l, 20D 

Table 4.13. Harmonic Analysis.202 


sin cos -j-i r— 1(1)[s/2], s even 

r=l(l)[(s—1)/2], 8 odd 
«=3(1)25, 10D 


Table 4.14. Inverse Circular Sines and Tangents (0<x<l).203 

arcsin x, arctan x, x=0(.001)1, 12D 

y(x) = [2(l—x)]~^['§7i—arcsin x] f x— .95(.001)1, 12D 

Table 4.15. Hyperbolic Functions (0<x<10).213 

sinh x, cosh x, x=0(.01)2, 9D, x=2(.l)10, 9D 

tanh x, coth x, x=0(.01)2, 8D, 7D, x=2(.l)10, 10D 

Table 4.16. Exponential and Hyperbolic Functions for the Argument vx 

(0<x<l).219 

e***, sinh irx, cosh irx, tanh tx, x=0(.01)1, 10D 

Table 4.17. Inverse Hyperbolic Functions (0<x <oo).221 

arcsinh x, arctanh x, x=0(.01)l, 9D 

arcsinh x, (arccosh x)/(x 2 — 1) J , x=l(.01)2, 9D, 8D 


arcsinh x~-In x, arccosh x—In x, x 1 = .5(—.01)0, 10D 


Table 4.18. Roots x n of cos x n cosh x n = ± 1 , n = l(l)5, 7D.223 

Table 4.19. Roots x„ of tan x w =Xx„ (—<x> <X<0, 1<X<°°).224 

-X=0(.05)l, « = 1(1)9, 5D 
X _I = —1(.05)1, n=\ (1)9, 5D 

Table 4.20. Roots x n of cot x n =Xx„ (0<X<<»).225 

X=0(.05)l, n=l(l)9, 5D 
X -1 =l(—.05)0, n~ 1 (1)9, 5D 


The author acknowledges the assistance of Lois K. Cherwinski and Elizabeth F. Godefroy 
in the preparation and checking of the tables. 













4. Elementary Transcendental Functions 
Logarithmic, Exponential, Circular and Hyperbolic Functions 

Mathematical Properties 


4.1. Logarithmic Function 
Integral Representation 

411 —JTf 


Figure 4.1. Branch cutjor In 2 and 2 “. 

(a not an integer or zero.) 

where the path of integration does not pass 
through the origin or cross tlie negative real 
axis. In 2 is a single-valued function, regular in 
the 2 -plane cut along the negative real axis, real 
when 2 is positive. 

z=x-\-iy=re i9 . 

4.1.2 In 2 =ln r-\-iO (—t<0<t). 

4.1.3 r=(x 2 -\~y 2 )\ x=r cos 6, y—r sin 6, 

V 

0=arctan -• 
x 

The general logarithmic function is the many¬ 
valued function Ln 2 defined by 

4X4 Ln *=fT 

where the path does not pass through the origin. 

4.1.5 

Ln (re i9 )= ln (3 re i9 )+2ktri=\n r+i(d+2kir), 

k being an arbitrary integer, ln 2 is said to be the 
principal branch of Ln 2 . 


Logarithmic Identities 

4.1.6 Ln (ziz 2 )=hn 2 i-f-Ln z 2 . 

(i.e., every value of Ln (z x z 2 ) is one of the values 
of Ln 2 i+Ln z 2 .) 


4.1.7 

ln ( 2 ! 2 2 )=ln 2 J+ 1 I 1 z 2 


(-■»r<arg 2 i+arg z 2 <t) 

4.1.8 

Ln —=Ln 2 ,—Ln z 2 

Zi 

4.1.9 

ln —=ln 2 i—ln z 2 

z 2 


(—ir<arg 2 j—arg z 2 <ir ) 

4.1.10 

Ln z n =n Ln 2 (n integer) 

4.1.11 

ln z n ~n ln 2 


(n integer, —T<Cn arg 2 <tt) 


Special Values (see chapter 1) 

4.1.12 

In 1=0 

4.1.13 

ln 0=— w 

4.1.14 

ln (— l)—iri 

4.1.15 

In (±t) = ±i7rt 

4.1.16 

ln e = l, e is the real number such that 


J> 

4.1.17 

e=lim fl+-V=2.71828 18284... 

V nj 


(see 4.2.21) 


Logarithms to General Base 

4.1.18 

log a z— In 2 /ln a 

4.1.19 

1 log 6 z 

0 ga2— log 6 a 

4.1.20 

loga b =i -- 

logo a 

4.1.21 

log* 2 =ln 2 


4.1.22 logio 2 =ln 2 /ln 10=logi 0 e ln 2 

= (.43429 44819...) Ins 
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4.1.23 In z=ln 10 logi 0 2 =(2.30258 50929 ...) log 10 z 

(log e x=ln x, called natural, Napierian, or hyper¬ 
bolic logarithms; logi 0 x, called common or Briggs 
logarithms.) 

Series Expansions 

4.1.24 In {\+z)=z-\z*+\z 3 - . . . 

(|z|<l and zj* — \) 


"■-(tKHW 


In z=(z 1) ^(z l) 2 -(-' 5 (z l) 3 . . . 

(|z-l|<l, Z5^0) 

4.1.27 

ln 2=2 [(i+D+l (i+0 +5 (f+l) + ] 

(^Pz> 0, z^O) 

4.1.28 ln(l±i)= 2 (I+A + _L 5+ ...) 

(\ z \> l , Z *± l ) 

4.1.29 

In (z+«)=ln «+2 [(~)+\ (^J 

+ Ka - •] 

(a>0, £%z> — aj*z) 


|ln ( 1 —x)|< — ( 0 <x< .5828) 


4.1.37 ln x<n(x 1/n — l)for any positive 1 


Limiting Values 


lim x~ a ln x =0 


(a constant, ^a> 0 ) 

4.1.31 lim x“ ln x=0 

x->o 

(a constant, ^«> 0 ) 

4.1.32 

lim ( X) 7 —In m)—y (Euler’s constant) 

m-4® \k = 1 k / 

= .57721 56649 . . . 
(see chapters 1, 6 and 23) 


; <ln (l+x)<x 


|ln (l-hz)|< —ln (1 — |z|) 


Continued Fractions 


^ \ z z z 4z 4z 9z 

In (l+2)- 1+ 2+ 3+ 4+ 5+ 6+ • • • 

(z in the plane cut from —1 to — <») 


. /l+z\ 2z z 2 4z 2 9z 2 
n \1— 2 / = T— 3— 5— 7— 


(x>-l, x^O) 


(z in the cut plane of Figure 4.7.) 

Polynomial Approximations 2 

4.1.41 ^=<x<VlO 

logio x=ait+a z t z +t(x), t=(x— l)/(x+l) 
k(^)l<6X10- 4 
ai=.86304 a 3 =.36415 

4.1.42 4=<x<VlO 

V 10 — 

logic x=ait-\-a z t 3 -\-a 6 t 6 -\-a 7 t 7 +a 9 t 9 -\-t(x ) 
<=(x-l)/(x+l) 

| e (x)|< 10- 7 

ai=.868591718 a 7 =.09437 6476 
a 3 = -28933 5524 a 9 =.19133 7714 
a 6 =.17752 2071 


ln (l+x)=aix+a 2 x 2 +a 3 x 3 +a 4 x 4 +a 5 x 5 +e(x) 
|€(x)|<lX10 _fi 

ai=.99949 556 a 4 = -.13606275 

a 2 =-.49190 896 a s =.03215 845 

a 3 =.28947 478 


4.1.34 x<—In (1—x)< : 


2 The approximations 4.1.41 to 4.1.44 are from C. Hast- 
. ■ . ings, Jr., Approximations for digital computers. Princeton 

(X<^1, Xt^O) t Univ. Press, Princeton, N.J., 1955 (with permission). 
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4.1.44 

0 <z<l 


In (l+x) = 

= a\ x +a 2 x 2 +a 3 z 3 +a 4 x 4 + a 5 x & +a 6 x 6 



+a 7 z 7 +a g 2 : 8 +c( 2 ;) 


|e(^)|<3X10 - 8 


= . 

99999 64239 a 5 = 

. 16765 40711 

a 2 = — . 

49987 41238 a 6 =- 

-.09532 93897 

a 3 = . 

33179 90258 a 7 = 

. 03608 84937 

a 4 = —. 

24073 38084 a 8 =- 

-.00645 35442 

Approximation in Terms of Chebyuhev Polynomials 3 

4.1.45 

0 <z<l 


T n *(X ) = 

=cos nd, cos d=2x— 1 (see chapter 22 ) 


In (l-|-z)=X} -4 n r, 

/(*) 


n=0 


n 

A n n 


0 

. 37645 2813 6 - 

.- 00000 8503 

1 

. 34314 5750 7 

. 00000 1250 

2 - 

. 02943 7252 8 - 

. 00000 0188 

3 

. 00336 7089 9 

. 00000 0029 

4 - 

. 00043 3276 10 - 

. 00000 0004 

5 

.00005 9471 11 

.00000 0001 


Differentiation Formulas 

4.1.46 

d , 1 

- 7 - In z~— 



dz z 


4.1.47 

^ln *=(-!)—<»- 

l)!s“" 


Integration Formulas 

4.1.48 

j > ln2 


4.1.49 

J*ln z dz~-z\n z- 

-z 

4.1.50 




J 2 «+l Z n+1 

z n In zdz=—— In 2—7—— 
n +1 (tt+1) 2 

(n^ — 1, n integer) 


4.1.51 

Jz- (In J 2 »(ln 2)—d* 

(n^-1) 


3 The approximation 4.1.45 is from C. W. Clenshaw, 
Polynomial approximations to elementary functions, 
Math. Tables Aids Comp. 8, 143-147 (1954) (with per¬ 
mission) . 


4.1.52 

4.1.53 

f f Z =ln ln z 

J z ln 2 

J In [ 2 +(s 2 ± l)*]dz=z In [2 + (2 2 ±l) i ]—(2 2 ±1) 4 

4.1.54 


jz n In [2 + ( 2 2 ±l)*]d 2 =~-j- In [2 + ( 2 2 ±l) 4 ] 


1 C z n+1 

n+ iJ(*. ±1) .* (»* D 


Definite Integrals 

4.1.55 


4.1.56 

rs*-*- 

4.1.57 

f Wt =li ^ (see5,1 * 3) 


4.2. Exponential Function 

4.2.1 

(Series Expansion 

e z = 

:exp 2=l+jj+|j+|j+ • • • (. z=x+iy ) 

where e is the real number defined in 4.1.16 


Fundamental Properties 

4.2.2 

Ln (exp z) = z-\-2kiri ( k any integer) 

4.2.3 

ln (exp z) — z (— 7r<./z<7r) 

4.2.4 

exp (ln 2 )=exp (Ln 2 ) = 2 

4.2.5 

d 

^ exp 2 = exp 2 


Definition of General Powers 

4.2.6 

If N=a z , then 2 =Log a N 

4.2.7 

a*— exp (2 ln a) 

4.2.8 

If a=\a\ exp (i arg a) (— x<arg a<r ) 

4.2.9 

\a z \ — \a\ x e~ v arga 

4.2.10 

arg ( a z )=y ln |a|+a: arg a 

4.2.11 

Ln a z =z In a for one of the values of Ln a z 

4.2.12 

ln a x =x ln a {a real and positive) 

4.2.13 

\e*\=e x 
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4.2.14 arg {e z )=y 

4.2.15 a z 'a z *=a z '+ z * 

4.2.16 a z b z =(aby ( — ir<arg a+arg b <x) 



Figure 4.2. Logarithmic and exponential functions. 


Periodic Property 

4.2.17 e z+ 2 rki =e z ( k any integer) 

Exponential Identities 

4.2.18 e *i e z 2=e tl+z * 

4.2.19 (e*i)*i=e*U2 ( —ir<./2i <+) 

The restriction (—7r< t /2 1 <ir) can be removed 
if z 2 is an integer. 

Limiting Values 

4.2.20 

lim z a e~*=0 (|arg sj <§7r— e<§7r ; a constant) 
| 2 |-»« 

4.2.21 lim (1+-YW 

m ->~ \ mj 


4.2.22 

Special Values (see chapter 1) 

e=2.71828 18284 . . 

4.2.23 

e°=l 

4.2.24 

6°°= oo 

4.2.25 

<T”=0 

4.2.26 


4.2.27 

dtp 

e 2 =±i 

4.2.28 

e 2Tki —l ( k any integer) 

If X 

Exponential Inequalities 

is real and different from zero 

4.2.29 

i 

II* 

A 

T 

A 

'u 

A 

4.2.30 

e’>l+x 

4.2.31 

«*<!+ (*<D 

4.2.32 


4.2.33 

*<(«*~i)<Y+ (*<i) 

4.2.34 

l+x>e 1+x (x>— 1) 

4.2.35 

«’>l+£j (»>0, X>0) 

4.2.36 

e‘>(l+|) >e‘ + ’ (*>0, y> 0) 

4.2.37 

(0<x< 1.5936) 

4.2.38 

j|«|<|e‘-l|<j|2| (0<|s|<l) 

4.2.39 

N 

V! 

J 

VI 

7 


4.2.40 


4.2.41 


Continued Fractions 


__1_ z _ z _ z_ z z z 

1- 1+ 2- 3+ 2-5+ 2^' " 


(MO) 


, , 2 g g g g g g 

'l— 2+ 3- 2+ 5-2+7-*" 


(l«i<®) 


, z z 2 /4-3 z 2 /4-15 g 2 /4-35 z 2 /4(4n 2 -l) „ , ^ x 

“ 1+ (i- 8 /2)+TTTT T+~ • • • —IT—' • * (,s|<oo) 

y v_ g n _ g (n-j-l)z 2z (n+2)z 3z , 

^ ' n!- (»+!) + (ti+ 2)- (n+3)+ (71+4)— (n+5)+ (»+6)- * * * C 


(For e n (g) see 6.5.11) 




4.2.42 
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I Approximations in Terms of Chebyshev Polynomials ' 


2 a arctan - 


= 1 + 


2 a a 2 +la; 2 +4a 2 +9 

Z — CL- f- 32-f- 1)2-1- 72 —1~ 


4.2.48 0 <x< 1 

T*(x)=cos nd, cos 0=2x— 1 (see chapter 22) 


(z in the cut plane of Figure 4.4.) 


e x =ib A n T*(x) 

71 = 0 


Polynomial Approximations 4 

4.2.43 0<z<ln 2=.693 , . . 

e~ x =l-\-aiX+a 2 x 2 - i re(x) 

| e (z)|<3X10- s 


«!=—.9664 a 2 =.3536 

4.2.44 0<z<ln2 


n A n 

0 1. 75338 7654 

1 . 85039 1654 

2 . 10520 8694 

3 . 00872 2105 

4 . 00054 3437 

5 . 00002 7115 

6 .00000 1128 

7 . 00000 0040 

8 . 00000 0001 


e~ x =it A n T* n (x) 

n=0 

n A n 

0 . 64503 5270 

1 -.31284 1606 

2 .03870 4116 

3 -.00320 8683 

4 . 00019 9919 

5 -.00000 9975 

6 . 00000 0415 

7 -.00000 0015 


e~ x — 1 J t-aiX J ra 2 x 2J ra3X 3 -\-a 4 x i +€(x) 

Kz)|<3X10- { ' 


4.2.49 


Differentiation Formulas 



<1!= —.99986 84 a 3 =--.15953 32 
a 2 = .49829 26 a 4 = .0293641 


d n 

dz** 


4.2.45 0<x<ln 2 

e ~ x = 1 +a l x+a 2 x 2 -{-a s x :i +a 4 x 4 +a 5 x s 

+a 6 x 6 -\-a 1 x 7 +e(x) 


4.2.51 


4.2.52 


a , , , 

— a —a In a 
dz 


A 

dz 


Z a —CLZ a ~ l 


Kz)|<2X10- 10 

0!= —.99999 99995 a 6 = — .00830 13598 
a 2 = .4999999206 a 6 = .00132 98820 
a 3 =-.16666 53019 a 7 =-.00014 13161 
a 4 = .04165 73475 

4.2.46 s 0<x< 1 

10*= (1 +a l x+a 2 x 2 +aiA-{a i x*)’ tJ re(x) 

| e (a?) | < 7 X10 ~ 4 

<^=1.14991 96 a 3 =.20800 30 
a 2 = .6774323 a 4 =. 12680 89 

4.2.47 0<x<l 

10* = (1 + + a 2 x 2 -\- a 3 x 3 +a 4 x 4 -f a 5 x? 

++ OiX 7 ) 2 -)- c (x) 


4.2.53 


4.2.54 

4.2.55 


j 


-j- 2 z =(l+ln z)z* 
dz 

Integration Formulas 

J* e at dz=e az ja 


z n e az dz=-^+i[(az) n —n(az) n l +n(n— l)(az) n 2 


+ . . . +(-l) B - 1 n!(as) + (-l) n ft!] (n>0) 


4.2.56 


r^ = _ (.>D 

J z n (n—l)z n l ^n—ljz n 1 

(See chapters 5, 7 and 29 for other integrals 
involving exponential functions.) 


|e(x)|<5X10- 8 

a t = 1. 15129 277603 a 6 = : - 01742 111988 

d 2 = . 66273 088429 a 6 =. 00255 491796 

a 3 = . 25439 357484 a 7 = . 00093 264267 

a 4 = . 07295 173666 


4 The approximations 4.2.43 to 4.2.45 are from B. Carl¬ 
son, M. Goldstein, Rational approximation of functions, 
Los Alamos Scientific Laboratory L-A-1943, Los Alamos, 
N. Mex., 1955 (with permission). 

5 The approximations 4.2.46 to 4.2.47 are from C. Hast¬ 
ings, Jr., Approximations for digital computers. Princeton 
Univ. Press, Princeton, N.J., 1955 (with permission). 


4.3.1 


4.3.2 


4.3. Circular Functions 
Definitions 


sin z= 



cos z- 


e u -\-e~ u 

2 


(z=x+iy) 


6 The approximations 4.2.48 are from C. W. Clenshaw, 
Polynomial approximations to elementary functions, 
Math. Tables Aids Comp. 8, 143-147 (1954) (with per¬ 
mission) . 
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4.3.3 


4.3.4 


COS 2 

1 


4.3.5 


4.3.6 


COS 2 
1 


Periodic Properties 

4 . 3.7 sin ( 2 + 2 for)=sin 2 (k any integer) 

4.3.8 cos ( 2 + 2 for) = cos z 

4.3.9 tan ( 2 +for)=tan 2 


i 



Figure 4.3. Circular junctions. 

Relations Between Circular Functions 


4.3.10 sin 2 2 +cos 2 2 =1 

4.3.11 sec 2 2 —tan 2 2=1 

4.3.12 esc 2 2 —cot 2 2=1 


Negative Angle Formulas 

4.3.13 sin (— 2 ) = —sin 2 

4.3.14 cos (— 2 )=cos 2 

4.3.15 tan (— 2 ) = —tan 2 

Addition Formulas 

4.3.16 sin {z x + 22 ) = sin z x cos 2 2 +cos z x sin 2 2 


4.3.17 cos ( 2 x H- 2 2 )=cos Z\ cos z 2 —sin z x sin 2 2 


4.3.18 


tan (2j + 2 2 ) = 


tan 2 x +tan z % 
1 —tan Z\ tan z 2 


4.3.19 


COt (2 x + 2 2 ) = 


cot 2 i cot 2 2 — 1 
cot 2 2 + C0t 2j 


Half-Angle Formulas 


4.3.20 


4.3.22 



z / l—cos 2 \^ 1 —“Cos 2 sin 2 

tan 2 —=t \l+cos 2 / ~ sin 2 ~l+cos 2 


The ambiguity in sign may be resolved with the 
aid of a diagram. 

Transformation of Trigonometric Integrals 


If tan 2 then 


4.3.23 sin u= 


2 2 


I- 2 2 j 2 , 

c03U= Tf^’ du =T+z dl 


1 + 2 ! 

Multiple-Angle Formulas 

2 tan 


4.3.24 sin 22=2 sin 2 cos 2 = 


l+tan 2 2 

4.3.25 cos 22=2 cos 2 2 —- 1 = 1—2 sin 2 2 

, . , 1 —tan 2 2 

=COS 2 2-Sin 2 Z = 

2 tan 2 2 cot 2 _ 


4.3.26 tan 2 2 = 


’l—tan z 2 cot 2 2—1 cot 2 —tan 2 


4.3.27 sin 32=3 sin 2—4 sin 3 z 

4.3.28 cos 32=—3 cos 2+4 cos 3 2 

4.3.29 sin 42=8 cos 3 2 sin 2—4 cos 2 sin 2 


4.3.30 cos 42=8 cos ' 1 2—8 cos 2 2+1 


Products of Sines and Cosines 

4.3.31 2 sin 21 sin 2 z =cos ( 21 — 2 2 )—cos ( 21 + z 2 ) 

4.3.32 2 COS 2i COS 2 2 =C0S (2i—2 2 )+COS (2 i + 2 2 ) 

4.3.33 2 sin z x cos 2 ? =sin ( 21 — 2 2 ) +sin ( 2 i+ 2 2 ) 

Addition and Subtraction of Two Circular Functions 


4.3.34 

. . 0 • ( 2i+ 2 2 \ / 2i— Z 2 \ 

sin 2i+sin 2 2 =2 sinl— ) cosl —^— ) 
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4.3.35 

sin Z \—sin 2 2 =2 cos ^ 1 ^ - 2 ^ sin 

4.3.36 

, n fzi+z 2 \ (Z\—z 2 \ 

COS Zi + cos 2 2 =2 cost —-- 1 cosi — 2 - ) 

2 i—cos z 2 = — 2 sin sin 

sin (0 j±2 2 ) 

-1 HI tan ^2 — 

4.3.39 


4.3.37 

cos 

4.3.38 

tan 2 i±tan 22 = 


COS Z1 COS 2 2 

sin (2 2 ±3i) 


cot 2i±C0t Z 2 = 

sin 21 sin z 2 

Relations Between Squares of Sines and Cosines 


4.3.40 

sin 2 Z\ —sin 2 2 2 =sin ( 21 + 2 2 ) sin ( 21 — 2 2 ) 


4.3.41 

cos 2 2 i—cos 2 2 2 =—sin ( 21 + 2 2 ) sin ( 21 — z 2 ) 


4.3.42 

COS 2 2i — sin 2 2 2 —COS (21+2 2 ) cos (Z\ — z 2 ) 


4.3.43 


Signs of the Circular Functions 
in the Four Quadrants 


Quadrant 

sin 

CSC 

cos 

sec 

tan 

cot 

I 

+ 

+ 

+ 

II 

+ 

— 

— 

III 

— 

— 

+ 

IV 

— 

+ 

— 


4.3.44 

Functions of Angles in Any Quadrant in Terms of Angles in the First Quadrant. (0 <0 <^, k any integer) 


I 

1 

-8 


_ . 

-H 

2kir±8 

sin 

—sin 8 

cos 8 

=Fsin 8 

— cos 8 

±sin 8 

cos_ 

cos 6 

=Fsin 8 

— cos 8 

dtsin 8 

+cos 8 

tan__ _ 

— tan 6 

Tcot 8 ! 

±tan 8 

=Fcot 8 

±tan 8 

CSC. _ - 

— esc 6 

-j-sec 0 1 

=Fcsc 6 

— sec 6 

± esc 8 

sec_ 

sec 6 

=Fcsc 8 

—sec 8 

±csc 6 

+sec 8 

cot__ 

—cot 8 

^tan 8 

i cot 8 

+ tan 6 

±cot 6 


4.3.45 Relations Between Circular (or Inverse Circular) Functions 



sin x—a 

cos x—a 

tan x=a 

esc x—a 

sec x=a 

cot x=a 

sin x- 

a 

(1—a 2 )* 

a(l+a 2 ) -4 

a* 1 

a -1 (a 2 —l) 4 

(1+a 2 )" 4 

cos x_ 

(1 —a 2 ) 4 

a 

(1+a 2 )" 4 

a _1 (a 2 —l) 4 

a~ l 

a(l+a 2 ) -4 

tan x_ 

a(l—a 2 )"* 

« -1 (l—a 2 )* 

a 

(a. 2 —I) -4 

(a 2 -l)i 

a -1 

CSC x_ 

a -1 

:i-a 2 )-* 

er l (l+a*)» 

a 

a(a‘— 1) -! 

(1+a 2 ) 4 

sec x_.1 

(1-a 2 )" 4 

a -1 

(1+a 2 ) 4 

a(a 2 —I)'* 

a 

a _1 (l+a 2 ) 4 

cotx_- - J 

a -1 (l—a 2 )* 

x(l-a 2 )~i 

a -1 

(a 2 —l) 4 

(a 2 -l)-i 

a 


0 <x<^j Illustration: If sin x—a, cot x=a -1 (l —a 2 )* 
arcsec a=arccot (a 2 —1)“ 4 
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4.3.46 Circular Functions for Certain Angles 



0 

0° 

7r/12 

15° 

x/6 

30° 

tt/4 

45° 

x/3 

60° 

sin 

0 


-1) 

1/2 

V 2/2 

V3/2 

cos 

1 

f (V3 + 1) 

■v/3/2 

V2/2 

1/2 

tan 

0 

2-V3 


V3/3 

1 

V3 

CSC 

00 

V2(V§+1) 

2 

V2 

2V3/3 

sec 

1 

V2(V3- 

-1) 

2V3/3 

V2 

2 

cot 

00 

2 + V3 


V3 

1 

V3/3 


5tt/12 

75° 

tt/2 

90° 

7x/12 

105° 

2x/3 

120° 

sin 

(V3+1) 

1 

f(V3+l) 

V3/2 

cos 

f (V3—1) 

0 

=^(V3-D 

-1/2 

tan 

2+V3 

00 

— (2+V3) 

-V3 

CSC 

V2(V3-1) 

1 

V2(V3 — 

1) 

2V3/3 

sec 

V3(V3 + 1) 

CO 

-V2(V3+1) 

-2 

cot 

2-V3 

0 

— (2—V3) 

-V3/3 



3x/4 1 

135° 1 

_ 

5x/6 

150° 

' 1 lx/12 

165° 

180° 

sin 

V 2/2 

1/2 

f (V5-i) 

0 

cos 

-V 2/2 

-V3/2 

=y^(V3+l) 

-1 

tan 

i 

! -1 

1 —V3/3 

1 

<N 

T 

0 

CSC 

V2 

2 

V2(V3+1) 

OO 

sec 

-V2 

-2V3/3 

—V2(V3—1) 

-1 

cot 

— 1 

-V3 . 

-(2+V3) 

00 


Euler’s Formula 


4.3.47 

e*=e x+iv =e x (cos y-\-i sin y) 


De Moivre’s Theorem 

4.3.48 

(cos z-\-i sin z)*=cos vz-\-i sin vz 


(—x<^z<x unless v is an integer) 

Relation to Hyperbolic Functions (see 4.5.7 to 4.5.12) 

4.3.49 

sin z=—i sinh iz 

4.3.50 

cos z=cosh iz 

4.3.51 

tan z——i tanh iz 

4.3.52 

esc z—i csch iz 

4.3.53 

sec z—sech iz 

4.3.54 

cot z—i coth iz 

Circular 

Functions in Terms of Real and Imaginary 
Parts 

4.3.55 

sin z=sin x cosh y-\-i cos x sinh y 

4.3.56 

cos z=cos x cosh y—i sin x sinh y 

4.3.57 

sin 2 x-H sinh 2 y 

tan z— - tt—t —nr 

cos 2 x-|-cosh 2y 

4.3.58 

sin 2 x—i sinh 2 y 

cot z— - rm - 7 T 2 

cosh 2y— cos 2x 

Modulus and Phase (Argument) of Circular Functions 

4.3.59 

{sin ej = (sin 2 x+sinh 2 y) h 


= [§ (cosh 2y —cos 2 x)l* 

4.3.60 

arg sin z=arctan (cot x tanh y) 

4.3.61 

jcos z| = (eos 2 x+sinh 2 y )* 


= [5 (cosh 2 y-|-cos 2 x)]* 

4.3.62 

arg cos z= — arctan (tan x tanh y) 

4.3.63 

,, , / cosh 2y— cos 2x\* 

an zj— 2 ^ 4 .cos 2x/ 

4.3.64 

/ sinh 2 y\ 
arg tan z~ arctan 1 — - - ) 

& \ sin 2 x / 

4.3.65 

Series Expansions 


sin • • • (MO) 

4.3.66 

cos3=1 -|+irSi+--- M< ro) 
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Inequalities 


4.3.79 

sin x. 2 / 

X 7T \ 

7T . ,ir\ 
-2< X <2) 

4.3.80 

sin x<x<tan x 

'Cic^' 

VI 

« 

VI 

o 

4.3.81 

.sin x ,. 

cos x<-< 1 

— x ~ 

(0<X<7r) 

4.3.82 

. sin 7rx . . 
T <x(l-x)^ 

(0<x<1) 

4.3.83 

|sinh 2 /| < |sin z\ < cosh y 


4.3.84 

|sinh y\ < |cos z\ <cosh y 


4.3.85 

jcsc 2 |<csch|^| 


4.3.86 

(cos z\ ^cosh| z\ 


4.3.87 

(sin s|<sinh| 2 | 


4.3.88 

|cos z|< 2, |sin 2 |<||gf 

(l*l<0 


Infinite Products 


4.3.89 

Si" 


4.3.90 

C°3 2-n(l (2i _ 1)v ) 



Expansion in Partial Fractions 


4.3.91 




(Zt*0,±h 

■,±2ir, . . .) 

4.3.92 

CSctZ -,-4(s-itx)= 



{z9 £ 0,±tt,±2t, . . .) 

4.3.93 

CSC3- g +22g 2 2_ fc27r 2 




’ > i 2tt , . . .) 


Continued Fractions 


4.3.94 

2 Z 2 Z 2 Z 2 ( 

tan ^ 

Z ^|±7l7 


4.3.95 

a tan z (1—a 2 ) tan 2 z (4—a 2 ) tan 2 z 
tan az— 1 + 3+ 5+ 

( 9—f + tan ^ ...(-^K| az*\±nr) 
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Polynomial Approximations 7 

4.3.96 0<a:<! 

1 -fa 2 x 2 +a 4 x 4 +€(x) 
| € (2)|<2X10 - 4 

a 2 =-. 16605 04 =.00761 

4.3.97 0<x<^ 

=1 + a 2 x 2 +a 4 x 4 +o 6 x 6 +a 8 x 8 +Oi 0 x l °+e (x) 
ie(x)|<2X10-« 

a 2 =-.16666 66664 o 8 = .00000 27526 

o 4 = .00833 33315 a 10 = -.00000 00239 

o 6 = —.00019 84090 

4.3.98 0<x<| 

cos x = 1 +o 2 x 2 +a 4 x 4 +e(x) 

|e(x)|<9X10“ 4 

o 2 =-.49670 a 4 = .03705 

4.3.99 0<x<| 

cos x—l+a 2 x 2 +a 4 x 4 +a 8 x 6 +a 8 x 8 +ai 0 x l He(z) 
|e(x)|<2X10 - 9 

a 2 =-.49999 99963 a 8 = .00002 47609 

a 4 = .04166 66418 a 10 =-.00000 02605 

a 6 =-.00138 88397 

4.3.100 0<x<- 

~4 

— 1 +a 2 x 2 +a 4 x 4 +e (x) 
|€(x)f<lX10 - 3 

a 2 =.31755 a 4 = .20330 

7 The approximations 4.3.96 to 4.3.103 are from B. Carl¬ 
son, M. Goldstein, Rational approximation of functions, 
Los Alamos Scientific Laboratory LA-1943, Los Alamos, 
N. Mex., 1955 (with permission). 


4.3.101 0<x<7 

4 

t -^^=l+a2^ 2 +a4^ 4 +a8^ 6 +«8^ 8 +«i °^ 10 

4-ai!,x 12 4-c(x) 

j«(x)|<2X10 - 8 

a 2 =.33333 14036 a 8 =.02456 50893 

a 4 =. 13339 23995 a 10 =.00290 05250 

a 6 =.05337 40603 a 12 = .00951 68091 

4.3.102 0<x< 7 

4 

* x cot x— 1 -\-a 2 x 2J r a 4 x 4 + e (x) 
|€(x)|<3X10 - 5 

a 2 =-.332867 a 4 =-.024369 

4.3.103 0<x< 7 

~ — 4 

x cot x=14-a 2 x 2 4-a 4 x 4 4-a 8 z 6 +a 8 x 8 4-ciiox 10 +€(x) 
|e(x)!<4X10 - 10 

a 2 = — .33333 33410 a 8 = - .00020 78504 

a 4 = - .02222 20287 o 10 = - .00002 62619 

a 6 = -.00211 77168 

Approximations in Terms of Chebyshev Polynomials 8 

4.3.104 -1<x<1 

T$ (x) = cos nd, cos 0 = 2 x— l (see chapter 22 ) 

sin \kx=x S A„ T*(x 2 ) cos ^rx=S A n T*{x 2 ) 

n=0 n»0 

n A n n A n 

0 1.27627 8962 0 .47200 1216 

1 -.28526 1569 1 -.49940 3258 

2 .00911 8016 2 .02799 2080 

3 -.00013 6587 3 -.00059 6695 

4 .00000 1185 4 .00000 6704 

5 -.00000 0007 5 -.00000 0047 

8 The approximations 4.3.104 are from C. W. Clenshaw, 
Polynomial approximations to elementary functions, 
Math. Table's Aids Comp. 8, 143-147 (1954) (with per¬ 
mission) . 
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Differentiation Formulas 


4.3.105 -r- sin 2 =cos 2 

dz 


4.3.106 j— cos 0 =—sin z 
az 


4.3.107 -j- tan 2 =sec 2 z 

az 


4.3.108 -7- esc z =—esc z cot 2 

az 


4.3.109 j- sec 2 =sec z tan z 
az 


4.3.110 -j- cot z=— esc 2 z 
az 

4.3.111 sin 2 =sin ^ 2 +;|to 7 t^ 

d n / ,1 \ 

— cos 2 =cos \z-\-^fnt\ 


4.3.112 

a 

Integration Formulas 

4.3.113 J*sin zdz— — cos 2 

4.3.114 fcos zdz=smz 


4.3.115 J tan zdz= —In cos 2 ==ln sec 2 

4.3.116 

/ esc zdz= In tan I=ln (esc 2 —cot 2 ) =4 \n ] . CQS — 
2 s 2 l+cos 2 

4.3.117 

J*sec 2 (/ 2 =ln (sec 2 +tan 2 )=lntan^+ 0 =gd“ 1 ( 2 ) 
=Inverse Gudermannian Function 
gd 2=2 arctan 

4.3.118 J*cot 2 ^ 2 —In sin 2 =—In esc 2 

4.3.119 

J* 2 " sin 2 d 2 =— 2 ” cos 2 +to j* 2" -1 cos 2^2 

4.3.120 

/ sin 2 —sin 2 1 fcos 2 , . . 

4.3.121 I - J^-dz=—z cot 2 -t-ln sin 2 

J sin 2 2 


4.3.122 


r 

J sin" 2 


4.3.123 


(n— 1 ) sin " -1 2 (to— 1 ) (to— 2 ) sin " -2 2 
+ (to- 1 ) J sin "' 2 2 


|* 2 " cos zdz—z n sin 2 — njz n ~' sin zdz 


4.3.124 


J cos z, cos 2 1 fsin 2 , . . 

(*>D 

4.3.125 —=2 tan 2 +ln cos 2 

J COS 2 2 


4.3.126 


J zdz 2 sin 2 
cos" 2 (to— 1 ) cos " -1 


1 


2 (to— 1 ) (to— 2 ) cos" 2 2 

+ fc-2) f fa> 2 ) 
>-l)J cob->z (%>Z) 


4.3.127 


J" 


sin m 2 cos" zdz= 


sin m +1 2 cos ” -1 2 

m+TO 

(n-D f.:„ 


+ t~ 1 4 r f sin ” 1 2 cos" 2 2 dz 

(m+TO)J 


4.3.128 


J; 


d2 


sin”* 1 2 cos" 1 " 1 2 

m+TO 

, (m— 1 ) f . m _, n j 

+ 7 - j —r Sin m 2 2 cos" 2 (12 

(m+TO) J 

(m 5 ^—to) 


1 


sin ” 1 2 cos" 2 (to— 1 ) sin”* 1 2 cos" 1 2 


m+TO—2 P 

+ TO -1 J{ 


dz 


sin ” 1 2 cos" 2 2 

<»>1) 


-1 


(m — 1 ) sin m 1 2 cos" 1 2 

m+TO—2 P d 2 


+- 


fn -2 P 
to— 1 J si 


m —1 J sin ”" 2 2 cos" 2 

(m>l) 


4.3.129 J*tan" z dz—^^—~ — Jtan" 2 zdz (tot^I) 

4.3.130 Jcot B 2 d 2 ——Jcot" - 2 2 d 2 (to^I) 
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4.3.131 

dz 


t 


■©+* 


(a 2 >6 2 ) 


a+ 6 sin 2 (a 2 — b 2 )i aiXJ ' ,aLl (a 2 — 6 2 )* 

a tan (^-\-b—(b 2 —a 2 )l 


1 


iln 


ib ^ a 2)i (0+&+ ( &t- a ^J 

(6 2 >a 2 ) 


4 - 3 - 132 Ji^r;= Ttan (l T l) 

4.3.133 

r dz _ 

Ja +6 cos z (a 2 — 6 2 )* 


2 (a-&) tan - 

arctan - (a 2 > 6 2 ) 


~(6 2 —a 2 ) } 


( 6 —a) tan -+( 6 2 —a 2 )* 


4.3.134 

4.3.135 

4.3.136 


C?2 . 3 

, .-=tan- 

1+C0S 2 2 


j 

r dg 
J 1 —COS 2 


( 6 —a) tan ( 6 2 —a 2 )* 

(6 2 >a 2 ) 


4.3.137 


J e at si] 

37 

j 

38 

J" e az si 


cot ^ 


sin bz dz= ^j^^ (a sin bz—b cos bz) 


g a * 

^ cos bzdz=-^jp^- 2 (a cos 62+6 sin 62 ) 


4.3.138 


sin n bz dz=^—^~^~~ (« sin bz—nb cos 62 ) 


a 2 +7i 2 6 2 


+^^rJ e " sin "' Hzd2 


4.3.139 


^cos” 62 dz~ e —~( a cos 62+716 sin 62) 

+’$^J e “ cosn ' !fe * 

Definite Integrals 

J* sin 7nf sin nt dt =0 

(m ^71, Til and 71 integers) 
j cos mt cos ntdt=0 


4.3.140 


4.3.141 


4.3.142 


4.3.143 


J* sin 2 ni dt==J cos 2 7 iidf=| 

(n an integer, 7ip^0) 

J ' 00 sin mt 


f: 


t ~ dt ~2 


=0 


cos at —cos bt 


(m> 0 ) 
(m=0) 

l (™<0) 

d£=ln ( 6 /a) 


4.3.144 J sin f 2 dt—J cos t 2 dt—^^^ 


4.3.145 


r */2 r*/ 

j In sin t dt= I 

J 0 Jo 

f " S2. 

Jo 1 


In cos t dt——^ in 2 


4.3.146 


cos mt 7r _ 

TF d(= 2 e 


(See chapters 5 and 7 for other integrals involv¬ 
ing circular functions.) 

(See [5.3] for Fourier transforms.) 

4.3.147 

Formulas for Solution of Plane Right Triangles 



If A, B and C sire the vertices ( C the right 
angle), and a, 6 and c the sides opposite respectively, 

. a 1 

sin A—- — - -7 

c esc A 

A 6 1 

cos A=-= -j 

c sec A 

A a 1 

tan A=r=—r-z 
6 cot A 

versine .<4=vers A=l— cos A 
coversine A=covers A=l— sin A 
haversine A=hav A~\ vers A 
exsecant yl=exsec ^4=sec A—l 
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4.3.148 

Formula* for Solution of Plane Triangles 


B 



In a triangle with angles A, B and C and sides 
opposite a, b and c respectively, 

a _ b _ c 
sin A ~sin B ~sin C 


cos A— 


c 2 +6 2 -q a 
2 be 


a=b cos C+c cos B 

a-\-b _tan 

a— 6~"tan \{A—B) 

area= ^ C — =[^(s—a) (s—b) («—c)]* 

8=%(a-\-b-\-c) 

4.3.149 

Formulas for Solution of Spherical Triangles 


4.4. Inverse Circular Functions 
Definitions 

4.4.1 

/»t 

arcsin 2 = (z=x+iy) 

4.4.2 

f 1 dt 7T 

arccos z=J arcsin z 

4.4.3 

The path of integration must not cross the 
real axis in the case of 4.4.1 and 4.4.2 and the 
imaginary axis in the case of 4.4.3 except possibly 
inside the unit circle. Each function is single¬ 
valued and regular in the 2 -plane cut along the 
real axis from — oo to — 1 and +1 to + in the case 
of 4.4.1 and 4.4.2 and along the imaginary axis 
from i to i » and —i to —i «> in the case of 4.4.3. 

Inverse circular functions are also written 
arcsin 2 =sin -1 2 , arccos 2 =cos -1 2 , arctan 2 
— tan -1 z, ... . 

When — 1 <x<1 , arcsin x and arccos x are 
real and 


4.4.4 — jir < arcsin x < 0 < arccos x < r 

4.4.5 arctan 2 +arccot 2 =±|t^ 2 ~^ 

# 2 < 0 

4.4.6 arccsc 2 =arcsin 1 jz 

4.4.7 arcsec 2 =arccos 1/2 

4.4.8 arccot 2 =arctan 1/2 



If A, B and C are the three angles and a , b and 
c the opposite sides, 

sin A _ sin B _sin C 

sin a — sin b ~ sin c 

cos a=cos b cos c+sin b sin c cos A 

cos b cos ( c±8 ) 
cos 6 

where tan 0=tan b cos A 

cos A =—cos B cos C4-sin B sin C cos a 


4.4.9 arcsec 2 +arccsc z—\w 

(see 4.3.45) 



iy 

iy 


X 

+ i 

" 

0 +1 

0 

-i 


arcsin z and 
arccos z 

arctan z 


iy 

iy 

i+i 

-I 

0 +1 

0 

t-i 


arccsc z and 
arcsec z 

arocot z 

Figure 4.4. 

Branch cuts for inverse circular 


junctions. 
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Fundamental Property 

The general solutions of the equations 
sin t=z 
cos t—z 
tan t—z 

are respectively 

4 . 4.10 t —Arcsin z=(— l) k arcsin z+Jctt 

4.4.11 i=Arccos z = ± arccos s+2Arir 

4.4.12 

<=Arctan z=arctan z+kn (z 2 ^ — 1) 
where k is an arbitrary integer. 

4.4.13 Interval containing principal value 

y x positive x negative 

or zero 

arcsin x and arctan x 0 < y < tt/2 — 7 r /2 < y<0 
arccos x and arcsec x 0 < y < 7t/2 » 72 <y < v 

arccot x and arccsc x 0 < y < tt/2 — x/2 < y <0 



Figure 4.5. Inverse circular junctions . 

Functions of Negative Arguments 

4.4.14 arcsin (— 2 ) =—arcsin z 

4.4.15 arccos ( — z) = tt— arccos z 

4.4.16 arctan (— 2 ) —— arctan 2 

4.4.17 arccsc (— 2 ) = —arccsc 2 

4.4.18 arcsec (— z) = ir —arcsec 2 

4.4.19 arccot (— 2 )=—arccot 2 

Relation to Inverse Hyperbolic Functions (see 4.6.14 to 
4.6.19) 

4.4.20 Arcsin z=—i Arcsinh iz 

4.4.21 Arccos z=±i Arccosh 2 

4.4.22 Arctan z~—i Arctanh iz ( z 2 9^ — 1) 


4.4.23 

Arccsc z=i Arccsch iz 


4.4.24 

Arcsec 2 = ±.i Arcsech 2 


4.4.25 

Arccot z—i Arccoth iz 


4.4.26 

Logarithmic Representations 

Arcsin x=— iLn[(1— x 2 )*-{-ix] 

(X 2 < 1 ) 

4.4.27 

Arccos x= — i Ln [z-H(l—r 2 ) 4 ] 

(a: 2 <l) 

4.4.28 

. , i T 1— i x iy i-\-% 

Arctan Ln ^=3 Ln T=i 



(x real) 

4.4.29 

Arccsc *— 

(x 2 >l) 

4.4.30 

Arcsec*—iLn[ 1+i ^- 1)r 

] (r ! >D 

4.4.31 

Arccot *=|Ln(|±i)=|Ln( 

'X— 


(x real) 


Addition and Subtraction of Two Inverse Circular 
Functions 

4.4.32 

Arcsin zi±Arcsin z 2 

—Arcsin [zi(l— zl) i ±z 2 (l— z?)*] 

4.4.33 

Arccos zi± Arccos z 2 

=Arccos { ZiZ 2 =F [ (1—s?) (1—^S) PI 

4.4.34 

/ Ci±Z 2 \ 

Arctan Zi± Arctan z 2 = Arctan 

4.4.35 

Arcsin Zi± Arccos z 2 

=Arcsin {zi 2 2 ± [(1—2?) (1—^l)] 4 } 
=Arccos [22(1—2?) i: F2i(l— zi)*] 

4.4.36 

Arctan 21 ±Arccot z 2 


Inverse Circular Functions in Terms of Real and 
Imaginary Parts 

4.4.37 

Arcsin z—hr-\-(~l) k arcsin 0 

+(-l)SIn [«+(*-!)»] 

4.4.38 

Arccos z=2kir± (arccos fi—i In[a+(a 2 — l) 4 ]} 
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4.4.39 

Arctan z—kir-i arctan ^ 

+i in P , ? L+ | :y . + i ) r i / 2 ^ _ d 

+ 4 111 L* l +(y-l)*J t2 ^ 1; 

where & is an integer or zero and 

^M(*+i) 2 +y 2 ]*-MC^-i) 2 +2/ 2 P 

Series Expansions 

4.4.40 

, 2 3 , 1-32 5 , 1 -3-5^: 7 . „ . ^ . 

arcsm 2 = 2+ _ + _ + _-+. . . (|.|<1) 


4.4.41 

arcsin ( 1 - 2 )=|-( 22 ){ 1 + g ^ + (^-l) 2 >] 

4.4.42 (|2|<2) 
arctan 2 =s~j+~y+. . . (|g|<l and 2 2 5 ^ — 1) 

= I- 2 + 3?“5?+ ' ■ •(W>l“d 2 V-l) 

=_L. ri + 2_*!_+L.V_^_Y + 1 

1+2 J L + 3 l+ 2 2 + 3 -d V1+2V + ' ■'J 

(2V-1) 

Continued Fractions 

. . , 2 2 2 42 2 9s 5 16s 2 

4.4.43 arctan 

(z in the cut plane of Figure 4.4.) 

, , arcsin 2 2 l-2z 2 l-2z 2 3-4z 2 3-4s 2 

4.4.44 


1- 3- 5- 7- 9— 

(2 in the cut plane of Figure 4.4.) 
Polynomial Approximations 9 

4.4.45 0<z<l 

arcsin x =|— (1— x) * (a 0 -f diX +a 2 x 2 +a 3 a: 3 )+e (x) 
h(x)j<5X10~ 5 

a 0 = 1.57072 88 a 2 == .07426 10 

®i= —.21211 44 a 3 — —.01872 93 


9 The approximations 4.4.45 to 4.4.47 are from C. Hast¬ 
ings, Jr., Approximations for digital co mputers. Princeton 
Univ. Press, Princeton, N.J., 1955 (with permission). 


4.4.46 0<Z<1 


arcsin x=~—(l—x) i (a 0 -ta 1 x+a- 2 x 2 -j-a 3 x 3 


+a 4 x i -j-a 5 x s +a 6 x 6 ~ha 7 x 7 )+e (x) 
|e(z)|< 2 X 10- 8 


<z 0 = 1.57079 63050 
a t =-.21459 88016 
a 2 = .08897 89874 

a 3 = —.05017 43046 


a 4 = .03089 18810 

a 5 = -.01708 81256 
a 6 — .00667 00901 

a 7 = —.00126 24911 


4.4.47 —1<x<l 


arctan x = a 4 x +a 3 x 3 + a 5 x 5 + a 7 x 7 +a 9 x 9 +e (x) 
|e(x)|< 10- 5 


a 4 = 

.99986 60 

a-j~ 

— .08513 30 

d 2 — 

-.33029 95 

&g — 

.02083 51 

a 5 — 

4.4.48 10 

.18014 10 

-l<x<l 



arctan X= I+§i# +e(x) 

|f(x)|<5X10- ! 

4.4.49 11 0<z<l 


arctan x 
x 


l+Jla 21c x 2k +€(x) 

k =1 


|e(x)| < 2 X 10~ 8 


a 2 =-.33333 14528 
a 4 = .19993 55085 

a 6 =-.14208 89944 
a s = .10656 26393 


a 10 = — .07528 96400 
a n = .04290 96138 
a u = -.01616 57367 
a lc = .00286 62257 


10 The approximation 4.4.48 is from C. Hastings, Jr., 
Note 143, Math. Tables Aids Comp. 6, 68 (1958) (with 
permission). 

11 The approximation 4.4.49 is from B. Carlson, M. Gold¬ 
stein, Rational approximation of functions, Los Alamos 
Scientific Laboratory LA-1943, Los Alamos, N. Mex., 
1955 (with permission). 



82 

Approximations in Terms of Chebyshev Polynomials 12 

4.4.50 -1<X<1 

T$(x )=cos nd, cos 0=2x— 1 (see chapter 22) 


arctan x—x X} A n T%{x 2 ) 

71 = 0 
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n 

v4 n 

n 

A n 

0 

. 88137 3587 

6 

.00000 3821 

1 

10589 2925 

7 

-.00000 0570 

2 

.01113 5843 

8 

.00000 0086 

3 

-.00138 1195 

9 

-.00000 0013 

4 

. 00018 5743 

10 

.00000 0002 

5 

-.00002 6215 



For 

x >1, use arctan x— 

+ 71 — arctan (1/x) 


4.4.51 -W2<*<W2 

arcsin z=z XI .4 n r£(2x 2 ) 

n=0 

0<x<$t/2 


arccos x~\k—x X ] ^4 re T£(2x 2 ) 

71 = 0 


0 1.05123 1959 

1 .05494 6487 

2 .00408 0631 

3 . 00040 7890 

4 . 00004 6985 


A n 

. 00000 5881 
. 00000 0777 
. 00000 0107 
. 00000 0015 
. 00000 0002 


ForfV2<x<l, use arcsin x— arccos(1—x 2 )*, arc- 
cos x=arcsin (1—x 2 )*. 


Differentiation Formulas 


4.4.52 

4.4.53 

4.4.54 

4.4.55 

4.4.56 


dz 


arcsin z=(l—z 2 )~ i 


arccos 2 = — (1 — 2 2 ) - * 


£«ctan*- r L i 
dz 1 + 2 2 


d f -1 
j- arccot z ———5 
dz I+ 2 2 


j- arcsec 2 =— 7 - 5 —-n 
dz z(z?— 1 )* 


12 The approximations 4.4.50 to 4.4.51 are from C. W. 
Clenshaw, Polynomial approximations to elementary 
functions, Math. Tables Aids Comp. 8, 143-147 (1954) 
(with permission). 


4.4.57 


4.4.58 


j- arccsc 2 =— T _ . 

dz 2 (e 2 —1) 1 

Integration Formulas 


1 


J* arcsin 2 dz—z arcsin 2 + (l — 2 2 )* 

4.4.59 J arccos 2 dz—z arccos 2 —(1 — 2 2 )* 

4.4.60 J* arctan 2 cte ==2 arctan 2 —fin ( 1 + 2 2 ) 

4.4.61 

["arccsc z dz=z arccsc 2 ±ln [ 2 -f-(s 2 — 1)*] 

0<arccsc z<^~ 


—-<arccsc 2<0 


4.4.62 


j arcsec 2 (£ 2=2 arcsec 2 +ln [2 + ( 2 2 —1)*] 

0< arcsec 2 <7 


r< arcsec 2 <> 


4.4.63 


4.4.64 


J* arccot 2 dz—z arccot 2 +§ In (I+ 2 2 ) 

Jz arcsin 2 arcsin 2 +| (1— 2 2 ) 1 


4.4.65 

* j 2 fl+l . 1 r z n+l , 

■ 2 rt arcsin 2 dz———- arcsm 2 -nr I 7 ;-sn 

J n+1 w+1 J (1— 2 2 )* 

(71^-1) 

4.4.66 

jz arccos 2 ■+) arc cos 2 —| (1— 2 2 )* 

4.4.67 




arccos 2 dz ——rr arccos 2 + 
71+1 1 ' 


6?2 


1 r 2 n+l 

71+1 J (I- 2 2 )* 

( 715 *- 1 ) 


4.4.68 


J 2 arctan 2 dz—~ (I+ 2 2 ) arctan z~ 
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4.4.69 


J 2 


z n arctan 2 dz— —— arctan 2 
n -\-1 


dz 


_ 1 _ C z n+1 

71+1 J 1+2 2 


4.4.70 


J * J z 

z arccot z dz (I + 2 2 ) Arccot 2+- 


4.4.71 


J- 


a ^ Cz n+1 

arccot 2 dz=~~7 arccot zA —— 7 -—: dz 
" ' 1 Tl+lJl+2 2 


2 W+1 
7i+l 1 


4.5.1 

4.5.2 

4.5.3 

4.5.4 

4.5.5 

4.5.6 


4.5. Hyperbolic Functions 
Definitions 

e z —e~ z 


2 


sinh z=- 

cosh. 2= 

& 

tanh 2=sinh 2/cos.i 2 
csch 2=l/sinh 2 
sech 2= 1/cosh z 
coth 2=l/tanh 2 




(z=x+iy) 



Figure 4.6. Hyperbolic junctions. 

Relation to Circular Functions (sue 4.3.49 to 4.3.54) 

Hyperbolic formulas can bs derived from 
trigonometric identities by replacing 2 by iz 


4.5.7 


sinh z=—i sin iz 


4.5.8 

cosh 2 =cos iz 

4.5.9 

tanh 2 = — i tan iz 

4.5.10 

csch z=i esc iz 

4.5.11 

sech 2 =sec iz 

4.5.12 

coth z—i cot iz 

4.5.13 

Periodic Properties 

sinh (2+2&7T7)=sinh 2 

4.5.14 

(k any integer) 

cosh (2+2&7rt)=cosh z 

4.5.15 

tanh ( 2 +it 7 +)=tanh 2 

Relations Between Hyperbolic Functions 

4.5.16 

cosh 2 2 —sinh 2 2=1 

4.5.17 

tanh 2 2 +sech 2 2=1 

4.5.18 

coth 2 2 —csch 2 2=1 

4.5.19 

cosh 2 +sinh z—e* 

4.5.20 

cosh 2 —sinh z~e~ z 

4.5.21 

Negative Angle Formulas 

sinh (— 2 ) = —sinh 2 

4.5.22 

cosh ( — 2 )=cosh 2 

4.5.23 

tanh (— 2 ) = —tanh 2 

4.5.24 

Addition Formulas 

sinh (zi + 2 2 ) = sinh z x cosh 2 2 

4.5.25 

+cosh Z\ sinh z 2 

cosh ( 2 i+ 2 2 )=cosh Z\ cosh z 2 

4.5.26 

+ sinh Z\ sinh z 2 

tanh ( 2 1 + 2 2 ) = (tanh 2 x +tanh z 2 )/ 

4.5.27 

(1+tanh 21 tanh z 2 ) 

coth (21 + z 2 ) — (coth Z\ coth s 2 +l)/ 

4.5.28 

(coth 2 2 +COth 2i) 

Half-Angle Formulas 

2 /cosh 2 — \\i 

sinh 

2 "( 2 ) 
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, 2 /cosh 2 + 1 v 

c° sh 2 = ( 2 ) 

4.5.30 


g / cosh 2—1 \i_ cosh 2—1 _ sinh g 
an 2 \cosh 2 +l/ sinh 2 cosh 2+1 

Multiple-Angle Formulas 

4.5.31 sinh 22=2 sinh z cosh 2 = ^ 

1 —tanh 2 2 

4.5.32 cosh 22=2 cosh 2 z— 1=2 sinh 2 2+1 

=cosh 2 2 +sinh 2 z 

2 tanh z 


4.5.33 tanh 2 z— 


1 +tanh 2 2 


4.5.44 

cosh 2 j—cosh z 2 — 2 sinh ( ^’ 1 ) ^ sinh 2 ^) 


4.5.45 


tanh 2 i+tanh 2 2 = 


sinh ( 2 i+ 2 g ) 
cosh 2 i cosh z 2 


4.5.46 


COth2i+COth 2 2 = 


sinh ( 2 i+ 2 2 ) 
sinh 2 j sinh z 2 


Relations Between Squares of Hyperbolic Sines and 
Cosines 

4.5.47 

sinh 2 Zi~ sinh 2 2 2 =sinh ( 2 i+ 2 2 ) sinh {zi—z 2 ) 
=cosh 2 sj—cosh 2 2 2 

4.5.48 

sinh 2 2 i+cosh 2 2 2 =cosh ( 2 j+ 2 2 ) cosh (z x ~ z 2 ) 
=cosh 2 2 i+sinh 2 2 2 


4.5.34 sinh 32=3 sinh 2+4 sinh 3 z 

4.5.35 cosh 32=—3 cosh 2+4 cosh 3 z 

4.5.36 sinh 42=4 sinh 3 z cosh 2+4 cosh 3 z sinh z 

4.5.37 cosh 4g=cosh 4 2+6 sinh 2 z cosh 2 2 +sinh 4 z 


Hyperbolic Functions in Terms of Real and Imaginary 
Parts 

(z=X+iy) 

4.5.49 sinh 2 =sinh x cos y-\-i cosh x sin y 

4.5.50 cosh 2 =eosh x cos y-\-i sinh x sin y 


Products of Hyperbolic Sines and Cosines 

4.5.38 2 sinh z x sinh 2 2 =cosh ( z x -\-z 2 ) 

—cosh (z x — z 2 ) 

4.5.39 2 cosh z x cosh 2 2 =cosh ( 2 1 + 2 2 ) 

+ cosh ( 2 i— z 2 ) 

4.5.40 2 sinh z x cosh 2 2 =sinh (z x -{-z 2 ) 

+sinh (z x — 2 2 ) 

Addition and Subtraction of Two Hyperbolic Functions 

4.5.41 

sinh 2 !+sinh z 2 — 2 sinh cosh ^ 

4.5.42 

sinh Z \-—sinh g 2 =2 cosh 2 g ~) 

4.5.43 

cosh 2 i+cosh 2 2 =2 cosh ( j 1 ^ 2 ^ cosh 


4.5.51 

, , sinh 2 x+t sin 2 y 

tanh 2 =- tt ?,—;- 

cosh 2x +cos 2 y 

4.5.52 

,, sinh 2 x—i sin 2 y 

coth 2 =-t— - 

cosh 2x— cos 2 y 


De Moivre’s Theorem 

4.5.53 

(cosh 2 +sinh 2 ) n =cosh 712 +sinh nz 

Modulus and Phase (Argument) of Hyperbolic 
Functions 

4.5.54 

|sinh 2 | = (sinh 2 x+sin 2 y )* 

= [|(cosh 2x— cos 2y)]* 

4.5.55 

arg sinh 2 =arctan (coth x tan y) 

4.5.56 

|cosh 2 | = (sinh 2 x+cos 2 y)* 

= [|(cosh 2x+cos 2?/)]* 

4.5.57 

arg cosh 2 =arctan (tanh x tan y) 

4.5.58 

.. , 1 /cosh 2x—cos 2 y\* 

|tanhz|= U8h2*+cos2j 

4.5.59 

arg tanh z=arctan( sinh | c ) 
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4.5.60 Relations Between Hyperbolic (or Inverse Hyperbolic) Functions 



sinh x=a 

cosh x=a 

tanh x=a 

csch x—a 

sech x=a 

coth a:—a 

sinh x _* 

a 

(a 2 — 1)1 

a(l-a 2 )“l 

a~ l 

a~\ 1—a 2 )* 

(a 2 —l)' 1 

cosh x _ 

(1-fa 4 )* 

a 

(l-a 2 )"i 

GT l (l+a 2 )* 

a' 1 

a(a 2 —l) -i 

tanh x __ _ 

a(l+a 2 ) -1 

a~\a 2 —l)i 

a 

(l+a 2 )-i 

(1—a 2 )* 

a~ l 

csch x. 

a - 1 

(a 4 -1)-» 

<rK\-a 2 )' 

a 

a(l—a 2 )" 1 

(a 2 —1)* 

sech x _ 

(l+a 2 )-l 

a -1 

(l-a 2 )l 

a(l+a 2 ) - * 

a 

a -1 (a 2 —1)* 

coth x _ 

a _1 (a 2 +1)* 

a(a 2 -l)~* 

a" 1 

! 

(l+a 2 )l 

U-a 2 )-* 

a 


Illustration: If sinh x 
arcsech a- 

4.5.61 Special Values of the Hyperbolic Functions 


z 

0 

7r . 
2* 

t ri 

3t . 
2 ' 

00 

sinh 2 _ 

0 

i 

0 

—i 

CO 

cosh 2 _ 

1 

0 

-1 

0 

00 

tanh 2 . 

0 

co i 

0 

— coi 

1 

csch 2_ 

00 

—i 

00 

i 

0 

sech 2 _ 

1 

00 

-1 

- 

0 

coth 2 _ 

00 

0 

00 

0 

1 


4.5.62 

4.5.63 

4.5.64 


4.5.65 
csch z~ 


Series Expansions 


COsh^l+jj+jj+gjH- 

tanh z=z —^+— z‘ ——s' 
3 '15 315 


+. • -+ : 


2 2»(2 2 »-l )B< 

( 2 n)\ 


(MO) 
(MO) 

la 

(w<8 


■L_J+ 7 3_31_ 

s 6~360 15120 

2 ( 2 ; 


3 5 +. 


-1 )B 2n 


(2n)! 


, 2 »— 1 _|_ 

(MO) 


=a, coth x=a~ 1 (a 2 + 1 )* 

=arccoth ( 1 —a 2 ) -1 
4.5.66 

■** ■■■+&**■■■ 


(w<5) 


4.5.67 

, 1 , 3 3 3 . 2 . . 2 2n B Sn , n _, , 

coth . . . + W * 2 " H- • ■ ■ 

(MO) 

where B n and E n are the nth Bernoulli and Euler 
numbers, see chapter 23. 


Infinite Products 


4.5.68 


Sinh 3 = 3 5,(1+^) 


4.5.69 cosh 3 


«?i[ 1 + (2fc-l)v] 


Continued Fraction 

.2 Z 2 Z 2 z 2 


4.5.70 tanh 3 =— 3 T j TH ... 


(z?*| i±7i*i) 


4.5.71 

4.5.72 

4.5.73 

4.5.74 


Differentiation Formulas 

sinh 3 =cosh z 
dz 


dz 


cosh s=sinh z 


-j— tanh 3 =sech 2 z 
dz 


dz 


csch Z— —csch 3 coth 2 


•See page ii. 
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4.5.87 

J* tanh" 2 dz ——— - " +J* tanh B “ 2 2 dz 

(n* 1 ) 

4.5.88 

J* coth B 2 dz——J coth” -2 2 dz 

in* 1 ) 

(See chapters 5 and 7 for other integrals in¬ 
volving hyperbolic functions.) 

4.6. Inverse Hyperbolic Functions 
Definitions 


4.6.1 

arcsinh 2 =J 

dt 

0 (i+< 2 )* 

0 z=x+iy) 

4.6.2 

arccosh z—J 

dt 

1 (<■- 1)* 


4.6.3 

arctanh 2 =J 

** dt 

0 1 -t 2 



The paths of integration must not cross the fol¬ 
lowing cuts. 

4.6.1 imaginary axis from —i<*> to —i and i 
to i oo 

4.6.2 real axis from — <» to -f-1 

4.6.3 real axis from — <* to — 1 and -f-1 to 

+ 00 

Inverse hyperbolic functions are also written 

sinh -1 2 , arsinh 2 , srfr sinh 2 , etc. 

4.6.4 arccsch 2 =arcsinh 1/2 

4.6.5 arcsech 2 =arccosh 1/2 

4.6.6 arccoth 2 =arctanh 1/2 



Figure 4.7. Branch cuts for inverse hyperbolic 
functions. 
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4.6.7 arctanh z=arccoth z±\vi 

(see 4.5.60) (according as J*2^0) 

Fundamental Property 

The general solutions of the equations 
z=sinh t 
2 =cosh t 
2 =tanh t 

are respectively 

4.6.8 <=Arcsinh z=(— 1)* arcsinh z+kvi 

4.6.9 £=Arccosh z— ±arccosh z-\-2kn 

4.6.10 t =Arctanh z= arctanh z+kri 

(k, integer) 

Functions of Negative Arguments 

4.6.11 arcsinh (— 2 ) =—arcsinh 2 

*4.6.12 arccosh (— 2 )=7ri—arccosh 2 

4.6.13 arctanh (— 2 ) — — arctanh 2 

Relation to Inverse Circular Functions (see 4.4.20 to 
4.4.25) 

Hyperbolic identities can be derived from trig¬ 
onometric identities by replacing 2 by iz. 


4.6.14 

Arcsinh z=—i Arcsin iz 


4.6.15 

Arccosh z=±i Arccos 2 


4.6.16 

Arctanh z=—i Arctan iz 


4.6.17 

Arccsch z=i Arccsc iz 


4.6.18 

Arcsech z=±i Arcsoc 2 


4.6.19 

Arccoth z=i Arccot iz 



Logarithmic Representations 


4.6.20 

arcsinh x=ln [x-f-(x 2 -|-l)*] 


4.6.21 

arccosh x=ln [x-(-(x 2 —1)*] 

(x>l) 

4.6.22 

arctanh x=l In 

1 —X 

(0<x 2 <l) 

4.6.23 

arccsch x=ln 

| (z^O) 

4.6.24 

arcsech z=ln [j+Qr-l)*] 

(0<x<i) 



•See page II. 
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Series Expansions 

4.6.31 

arcsmh z=^-~ ^+^5 ** 


- arccoth 2=(1 — s 2 )- 1 


Integration Formulas 


=ln 22 + 


1 1-3 

2- 2 z 2 2*4 *42 4 


r 2 • 4 • 6 • 62 ® 


4.6.43 J arcsinh zdz=z arcsinh z— ( 1 + 2 2 )l 

4.6.44 J*arccosh zdz—z arccosh z— (z 2 — 1)1 

4.6.45 J*arctanh zdz—z arctanh z +\In ( 1 — 2 2 ) 

4.6.46 J arccsch zdz—z arccsch 2 ± aicsinh z 


(according as &z^0) 


arccosh z —In 22 - 


1 1*3 


2 • 2z 2 2-4*4 2 4 


1*3*5 

"2*4*6* 6z 6 ' 


4.6.33 arctanh 2 = 2 +~+ : |-+~-+ . . . (js|<l) 

4.6.34 arccoth H= + ^ + 5 ? + t7 + . . . 


4.6.47 J* arcsech zdz—z arcsech z ±arcsin z * 

4.6.48 J*arccoth z dz=z arccoth z\\ In (z 2 — 1) 

4.6.49 

^z arcsinh z dz =z ~‘—-^~— arcsinh 2 —| ( 2 2 +l)l 

4.6.50 

J 2 »+l J (* Z n +1 

2 * arcsinh 2 dz——rr: arcsinh 2 -— \ nr - ^ dz 

«+l n+lj (l+z 2 )* 


Continued Fractions 


4.6.35 arctanh 2 = 


2 z 2 4z 2 9 2 2 


J* 2 arccosh 2 dz~ ^ Z ^ - - arccosh 2 — 1 ( 2 2 — 1)1 


(2 in the cut plane of Figure 4.7.) 

4.6.36 

arcsinh 2 _ 2 1 • 2z 2 1 • 2z 2 3 • 42 2 3 • 42 2 

Vl+P' _1 + 3 + 5 + 7 + 0+ 

. Differentiation Formulas 


J 2 n+1 1 C 2 n+1 

2 n arccosh 2 dz-~-r arccosh2-— I 7-5—rr.ete 

n +1 n+lj (z 2 1)1 


(n*-l) 


Jz arctanh z dz— Z - ^ - arctanh 2 +^ 


-arcsinh 2 =(l+ 2 2 )~l 


4.6.38 ^ arccosh 2 =( 2 2 —l)-l 


J 2 b+1 1 f 2 ’ 

2 " arctanh 2 d 2 ==—— arctanh 2 -— I — 

n +1 n+lj 1 - 


(n^—1) 


4.6.39 arctanh z— (1 — z 2 ) _1 

4.6.40 arccsch z— + 1 

dz 2 ( 1 + 2 2 )1 


l arcsech 


J 2 2 1 

2 arccsch 2 arccsh 2 ±- (1 + 2 2 ) 4 


(according as 0tz^S) 


(according as ^ 2 ^ 0 ) 


f 2 "arccsch 2 dz—~-r arccsch 2 ±— 7-7 f, - J. - r rrdz 
I n +1 n+lj ( 2 2 +l)* 
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| z arcsech zdz =arcsech 2 =F- ( 1 — z 2 )* 
(according as ^z^O) 


r z 2 ~ i 2 

| 2 arccoth 2 dz——^- arccoth 2 +| 


J " 2«+l 1 C 2 n f 2 ,l+1 1 Cz n+1 

z n arcsech zdz =—— arcsech 2 d: — 7-7 I - ^-,dz 2 " arccoth 2 dz= —— arccoth z -\——- I +—- dz 

n-t 1 n+lj(l—z 2 )* J n+1 n+lj? 2 —l 


(n^ —1) I 

Numerical Methods 


— 1) 


4.7. Use and Extension of the Tables 


Note: In the examples given it is assumed that 
the arguments are exact. 


Example 1. Computation of Common Logarithms. 

To compute common logarithms, the number 
must be expressed in the form x- 10 tf , (l<x< 10 , 
— <q<<*>). The common logarithm of a;- 10 ® 

consists of an integral part which is called the 
characteristic and a decimal part which is called 
the mantissa. Table 4.1 gives the common 
logarithm of x. 


x x« 10 * logioX- 10 * 

.009836 9.836.10~ 3 3.99281 $5=(-2.00718 15) 
.09836 9.836.10"* 2.99281 S5=(—1.00718 15) 
.9836 9.836- 10"‘ 1.99281 85=(-0.0071815) 

9.836 9.836.10° 0.99281 85 

98.36 9.836-10 ! 1.9928185 

983.6 9.836* 10* 2.9928185 

Interpolation in Table 4.1 between 983 and 984 
gives .99281 85 as the mantissa of 9836. 

Note that 3.99281 85=-3+ .99281 85. When 
q is negative the common logarithm can be 
expressed in the alternative forms 

logic (.009836) = 3.99281 85=7.99281 85-10 
= -2.00718 15. 

The last form is convenient for conversion from 
common logarithms to natural logarithms. 

The inverse of log J0 x is called the antilogarithm 
of x, and is written antilog x or log -1 x. The 
logarithm of the reciprocal of a number is called 
the cologarithm, written colog. 


Example 2. 

Compute x ~ 3/4 for x= 9.19826 to 10 D using the 
Table of Common Logarithms. 

From Table 4.1, four-point Lagrangian interpola¬ 
tion gives logic (9.19826) = .96370 56812. Then, 

-flog,o(*) = -.72277 92609 = 9.27722 07301-10. 
Linear inverse interpolation in Table 4.1 yields 
antilog (T.27722) = . 18933. For 10 place accuracy 
subtabulation with 4-point Lagrangian intcr- 
polants produces the table 


N 

logio N 

A 

A* 

18933 

18934 

18935 

.27721 94350 

.27724 23729 

.27726 53095 

2 29379 

2 29366 

-13 


By linear inverse interpolation 
x" 3/4 =. 18933 05685. 

Example 3. 

Convert logic x to In x for x=. 009836. 

Using 4.1.23 and Table 4.1, In (.009836) = 
In 10 logio (.009836) = 2.30258 5093 (-2.00718 15) 
= -4.62170 62. 

Example 4. 

Compute In x for x= .00278 to 6 D. 

Using 4.1.7, 4.1.11 and Table 4.2, In (.00278) = 
In (.278.10"*)=ln (.278)-2 In 10=-5.885304. 

Linear interpolation between x=.002 and 
x=.003 would give ln(.00278) =—5.888. To 
obtain 5 decimal place accuracy with linear 
interpolation it is necessary that x>.175. 

Example 5. 

Compute In x for x= 1131.718 to 8 D. 

Using 4.1.7, 4.1.11 and Table 4.2 

In 1131.718==ln( “| 1 ^ 113l) 

—In U j 1 1 / 1 18 +ln 1.131 +ln 10" 

==lu (1.00063 4836)+ln 1.131+3 In 10. 


*Re? page n. 
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Then from 4.1.24 

In 1131.718== (.00063 4836)-£(-00063 4836) 2 
+ln 1.131+3 In 10=.00063 4836-.00000 0202 
+ .12310 2197 + 6.90775 5279=7.03149 211. 


Example 9. 

Compute g 4 - 80728 80 to 7S. 

Using 4.2.18 and Table 4.4, 

^4.99728 69__g4.9^.09728 69 


Example 6 . 

Compute In x working with 16D for 
x= 1.38967 12458 179231. 

Since 1.00048 32583 282384=1+a, using 

4.1.24 and Table 4.2 we compute successively 
a= .00048 32583 282384 

J*L —. 1167 693059 

%= . 376199 


136 


ln(l+a)= .00048 31415 965388 

In 1.389 = .32858 40637 722067 

In x= .32906 72053 687455. 


Example 7. 

Compute the principal value of In (+2 + 3U- 
From 4.1.2, 4.1.3 and Tables 4.2 and 4.14. 


Linear interpolation gives e 09728 69 = 1.10217 67 
with an error of IX 10 “ 7 , 

0 4 .99728 60 — (134.28978)(1.10217 67) = 148.0111. 
Example 10. 

Compute e x to 18D for 

x= .86725 13489 24685 12693. 

Let a=x— .867. Using 4.2.1, compute succes¬ 
sively 


1.00000 

00000 

00000 

00000 

a= .00025 

13489 

24685 

12693 

a 2 

2 ! ' 

315 

88140 

97019 

sap- 

II 


2646 

54842 

® 4 _ 

41 • .. 



16630 

e“=1.00025 

13805 

15472 

81184 


e- 887 =2.37976 08513 29496 863 from Table 4.4 
e a e- 867 — e*=2.38035 90768 39006 089. 


In (2+3i)=^ln (2 2 + 3 2 )+i arctan | 
= 1.282475+z(.982794) 

In (—2+3i)=^ In 13+i arctan 
= 1.282475+1(2.158799) 

In (—2—3i)=^ In 13+i x+arctan 

= 1.282475—i(2.158799) 

In (2—3i)=^ In 13+i ^—arctan 0 
=1.282475—i(.982794). 

Example 8 . 

Compute (.227) 69 to 7D. 

Using 4.2.7 and Tables 4.2 and 4.4, 

(.227)' 60 = g’ 69 ln <-227) __^.60<—1.48280 5262) 

_ e -i .02313 5«3i_ 35940 00 


Example 11. 

Compute e 648 to 7S. 

Let n= j- X — and d=the decimal part of r~m‘ 
ln 10 r ln 10 

Then 

exp x=exp In 10 ^=exp [(n+d) ln 10 ] 

=exp (ln 10 ") exp (d ln 10 ) 

= 10 " exp (d ln 10 ) 

From Table 4.4 

e 648 =exp (j^ln 10^==exp (281.42282 42 ln 10) 

= 10 281 exp (.42282 42 ln 10) = 10 281 exp .97358 87 
= 10 281 (2.647428) = (281)2.647428. 

Example 12. 

Compute e~ x for x=.75 using the expansion in 
Chebyshev polynomials. 
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Following tlie procedure in [4.3] we have from 
4.2.48 

e- x ='jbAT* k (z) 

* where T£{x) are the Chebyshev polynomials 
defined in chapter 22. Assuming b 6 =b 9 = 0 we 
generate 6*, fc=7, 6, 5,... 0 from the recurrence 
relation 

6*= (4x—2)6*+i— b k + 

k b K 

7 -.00000 0015 

6 .00000 0400 

5 -.00000 9560 

4 .00018 9959 

3 -.00300 9164 

2 .03550 4993 

1 —.27432 7449 

0 .33520 28128 

since f(x)=b 0 —(2x—l)bi, 

g- «=.33520 2828-(.5)(-.27432 7449) 

= .47236 6553. 

Example 13. 

Express 38°42'32" in radians to 6D. 

1°=.01745 32925 19943 29577 r 
1'=.00029 08882 08665 72159 62 r 
1" = .00000 48481 36811 09535 9936 r 
Therefore 

38°=.66322 51 r 
42'=.01221 73 r 
32"= .00015 51 r 
38°42'32" = .675598 r. 

Example 14. 

Express x= 1.6789 radians in degrees, minutes 
and seconds to the nearest tenth of a second. 

From Table 1.1 giving the mathematical con¬ 
stants we have 

i eqo 

1 r=——=57.29577 95130° . . . 
r 

1.6789 r=96.19388° 

.19388°X60= 11.633' 

,633'X60=38.0" 

1.6789 r=96°ll'38.0" 


Example 15. 

Compute sin x and cos x for x=2.317 to 71). 
From 4.3.44 and Table 4.6 

sin (2.317)=sin (ir-2.317)=sin (.82459 2654) 

= .73427 12 

cos (2.317) = cos (t— 2.317) =-cos (.82459 2654) 
= -.67885 60. 

Linear interpolation for x= .82459 2654 gives an 
error of 9X10 -8 . 

Example 16. 

Compute sin x for x— 12.867 to 8D. 

From 4.3.16 and Tables 4.6 and 4.8 

sin (12.867) =sin 12 cos .867-fcos 12 sin .867 
= .29612 142. 

The method of reduction to an angle in the first 
quadrant which was given in Example 15 may 
also be used. 


Example 17. 

Compute sin x to 19D for 

x=.86725 13489 24685 12693. 

Let a=.867, {}=x—a. From 4.3.16 and 

Table 4.6 

sin (a+0)= sin a cos /3+cos a sin 0 
sin <*=.76239 10208 07866 22598 
cos <*=.64711 66288 94312 75010 

With the series expansions for sin (8 and cos /3 we 
compute successively 


1.00000 

2 ! 


00000 00000 00000 
315 88140 97019 


41‘ 


16630 


cos 0= .99999 99684 11859 19611 


/9= .00025 13489 24685 12693 


2646 54842 


sin 0= .00025 13489 22038 57852 

sin a cos 0=.76239 09967 25351 31308 
cos « sin /3=.00016 26520 67105 82436 
sin £=.76255 36487 92457 1374 


‘See page 11. 
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This procedure is equivalent to interpolation with 
Taylor’s formula 3.6.4. 

Example 18. 

In the plane triangle ABC, a= 123, j?=29°16', 
c=321; find A, 6. 

6 2 =a 2 +c 2 —2ac cos £=(123) 2 +(321) 2 

—2(123)(321) cos 29°16' 

6=221.99934 00 

„ a sin B (123)(.48887 50196) _ A>7AAO 0AA10 
amA =— r - -220993400-- 27 °86 39918 

A=15°42'56.469". 


Example 19. 

In the plane triangle ABC, a=4, 6=7, c=9, 
find A, B, and C. 

A=.43997 5954=25°12'31.6" 
sin A=.42591 7709 


7 (.42591 7709) 


5=.84106 8670 


=48°ll , 22.9 / ‘ 


9(.42591 7709) 


(7=1.86054 803 


where the supplementary angle must be chosen for 
C. As a check we get A+jB+C=180 o 00M". 

Example 20. 

Compute cot x for £=.4589 to 6D. 

Since £<.5, using Table 4.9 with interpolation 

in (x ~ l —cot x), we find cot(.4589) = 

.155159. Therefore cot (.4589)=2.179124- 
.155159 = 2.023965. 

Example 21. 

Compute arcsin x for x=.99511. 

For x>.95, using Table 4.14 with interpolation 
in the auxiliary function/(x) we find 

arcsin x=|— [2(1—£)]*/(x) 


arcsin (.99511)=-- [2(.00489)]*/(.99511) 

= 1.57079 6327-(.09889 388252) 

(1.00040 7951) 

= 1.47186 2100. 


Example 22. 

Compute arctan 20 and arccot 20 to 9D. 

Using 4.4.5, 4.4.8, and Table 4.14 * 

arctan 20=|-arctan 1/20=1.52083 7931 

arccot 20=|—arctan 20=arctan .05=.04995 8396. 

Example 23. 

Express z= 3+9t in polar form. 
z=x-\-iy=re iB , where r==(x 2 +y 2 )*, 

6 —arctan |+2 irk, k is an integer. For k—0 , 
r=(3 2 + 9 2 )*= y90= 9.486833 

0=arctan 9/3 = arctan 3 = 1.24904 58. 

Thus 3+9^=9.486833 exp (1.24904 58*). 

Example 24. 

Compute arctan x for. x= 1/3 to 12D. 

From 4.4.34 and 4.4.42 we have 

arctan x=arctan (x 0 +A) 

=arctan x<>+arctan - — ■ \ —j 
1 + X(/l + x 0 

=arc,8n x »+(i+^+4)-Kt+^)+• • • • 

We have 

x=|=.33333 33333 33 so that ^=.00033 33333 33 

and, from Table 4.14, arctan x 0 =arctan .333 

= .32145 05244 03. Since - T —^ ; —== 

1+xcA+xg 

.00030 00300 03 we get 

arctan x= .32145 05244 03+ .00030 00300 03 

-.00000 00000 09 

= .32175 05543 97. 

If x is given in the form 6/a it is convenient to 
use 4.4.34 in the form 

arctan ~~ arc tan x 0 +arctan 

In the present example we get 

arctan arctan .333+arctan 


■See page 11 . 
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Example 25. 

Compute arcsec 2.8 to 5D. 

Using 4.3.45 and Table 4.14 

. (z*- 1 )* 
arcsec 3 =arcsin -—■-— 

. [( 2 . 8 ) 2 -l]* 
arcsec 2 . 8 =arcsin —^ ^ - 

= arcsin .93404 97735 
= 1.20559 

or using 4.3.45 and Table 4.14 

arcsec 2 =arctan (s 2 — 1 )* 
arcsec 2.8=arctan 2.61533 9366 

=|—arctan .38235 95564, 

f rom 4.4.3 and 4.4.8 

= 1.570796—.365207 
= 1.20559. 

Example 26. 

Compute arctanh x for x =.96035 to 6 D. 

From 4.6.22 and Table 4.2 


, u n«no C n 1+ .96035 ,, 1.96035 
arctanh .96035=1 In ^ 796635 =! ln ^3965 

= §ln 49.44136 191 
= 1(3.90078 7359) = 1.950394. 

•Example 27. 

Compute arccosh x for x— 1.5368 to 6 D. 

Using Table 4.17 

arccosh x arccosh 1.5368 
(x 2 -l)* [(1.5368) 2 —lj* 

arccosh 1.5368=(.852346)(1.361754)* 

= (.852346) (1.166942) 

= .994638. 

Example 28. 

Compute arccosh x for x=31.2 to 5 D. 

Using Tables 4.2 and 4.17 with l/x= 1/31.2 
= .03205 128205 

arccosh 31.2—In 31.2=.692886 
arccosh 31.2=.692886+3.440418=4.13330. 
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COMMON LOGARITHMS Table 4.1 


X 

log 

10 X 

* 

iogio x 

X 

logio X 

X 

log] 

io x . 

X 

log 

10 x 

100 

00000 

00000 

150 

176)9 

12591 

200 

30102 

99957 

250 

39794 

00087 

300 

47712 

12547 

101 

00432 

13738 

151 

17897 

69473 

201 

30319 

60574 

251 

39967 

37215 

301 

47856 

64956 

102 

00860 

01718 

152 

181134 

35879 

202 

30535 

13694 

252 

40140 

05408 

302 

48000 

69430 

103 

01283 

72247 

153 

18469 

14308 

203 

30749 

60379 

253 

40312 

05212 

303 

48144 

26285 

104 

01703 

33393 

154 

187132 

07208 

204 

30963 

01674 

254 

40483 

37166 

304 

48287 

35836 

105 

02118 

92991 

155 

19033 

16982 

205 

31175 

38611 

255 

40654 

01804 

305 

48429 

98393 

106 

02530 

58653 

156 

19312 

45984 

206 

31386 

72204 

256 

40823 

99653 

306 

48572 

14265 

107 

02938 

37777 

157 

195139 

96524 

207 

31597 

03455 

257 

40993 

31233 

307 

48713 

83755 

108 

03342 

37555 

158 

1981)5 

70870 

208 

31806 

33350 

258 

41161 

97060 

308 

48855 

07165 

109 

03742 

64979 

159 

20139 

71243 

209 

32014 

62861 

259 

41329 

97641 

309 

48995 

84794 

110 

04139 

26852 

160 

20411 

99827 

210 

32221 

92947 

260 

41497 

33480 

310 

49136 

16938 

111 

04532 

29788 

161 

206132 

58760 

211 

32428 

24553 

261 

41664 

05073 

311 

49276 

03890 

112 

04921 

80227 

162 

20951 

50145 

212 

32633 

58609 

262 

41830 

12913 

312 

49415 

45940 

113 

05307 

84435 

163 

21218 

76044 

213 

32837 

96034 

263 

41995 

57485 

313 

49554 

43375 

114 

05690 

48513 

164 

2141)4 

38480 

214 

33041 

37733 

264 

42160 

39269 

314 

49692 

96481 

115 

06069 

78404 

165 

21748 

39442 

215 

33243 

84599 

265 

42324 

58739 

315 

49831 

05538 

116 

06445 

79892 

166 

22010 

80880 

216 

33445 

37512 

266 

42488 

16366 

316 

49968 

70826 

117 

06818 

58617 

167 

22271 

64711 

217 

33645 

97338 

267 

42651 

12614 

317 

50105 

92622 

118 

07188 

20073 

168 

22530 

92817 

218 

33845 

64936 

268 

42813 

47940 

318 

50242 

71200 

119 

07554 

69614 

169 

227138 

67046 

219 

34044 

41148 

269 

42975 

22800 

319 

50379 

06831 

120 

07918 

12460 

170 

23044 

89214 

220 

34242 

26808 

270 

43136 

37642 

320 

50514 

99783 

121 

08278 

53703 

171 

23249 

61104 

221 

34439 

22737 

271 

43296 

92909 

321 

50650 

50324 

122 

08635 

98307 

172 

23552 

84469 

222 

34635 

29745 

272 

43456 

89040 

322 

50785 

58717 

123 

08990 

51114 

173 

23804 

61031 

223 

34830 

48630 

273 

43616 

26470 

323 

50920 

25223 

124 

09342 

16852 

174 

24054 

92483 

224 

35024 

80183 

274 

43775 

05628 

324 

51054 

50102 

125 

09691 

00130 

175 

24303 

80487 

225 

35218 

25181 

275 

43933 

26938 

325 

51188 

33610 

126 

10037 

05451 

176 

24551 

26678 

226 

35410 

84391 

276 

44090 

90821 

326 

51321 

76001 

127 

10380 

37210 

177 

24797 

32664 

227 

35602 

58572 

277 

44247 

97691 

327 

51454 

77527 

128 

10720 

99696 

178 

250^2 

00023 

228 

35793 

48470 

278 

44404 

47959 

328 

51587 

38437 

129 

11058 

97103 

179 

25285 

30310 

229 

35983 

54823 

279 

44560 

42033 

329 

51719 

58979 

130 

11394 

33523 

180 

25527 

25051 

230 

36172 

78360 

280 

44715 

80313 

330 

51851 

39399 

131 

11727 

12957 

181 

25767 

85749 

231 

36361 

19799 

281 

44870 

63199 

331 

51982 

79938 

132 

12057 

39312 

182 

26007 

13880 

232 

36548 

79849 

282 

45024 

91083 

332 

52113 

80837 

133 

12385 

16410 

183 

262*5 

10897 

233 

36735 

59210 

283 

45178 

64355 

333 

52244 

42335 

134 

12710 

47984 

184 

26481 

78230 

234 

36921 

58574 

284 

45331 

83400 

334 

52374 

64668 

135 

13033 

37685 

185 

26717 

17284 

235 

37106 

78623 

285 

45484 

48600 

335 

52504 

48070 

136 

13353 

89084 

186 

26951 

29442 

236 

37291 

20030 

286 

45636 

60331 

336 

52633 

92774 

137 

13672 

05672 

187 

27184 

16065 

237 

37474 

83460 

287 

45788 

18967 

337 

52762 

99009 

138 

13987 

90864 

188 

27415 

78493 

238 

37657 

69571 

288 

45939 

24878 

338 

52891 

67003 

139 

14301 

48003 

189 

276* 6 

18042 

239 

37839 

79009 

289 

46089 

78428 

339 

53019 

96982 

140 

14612 

80357 

190 

27875 

36010 

240 

38021 

12417 

290 

46239 

79979 

340 

53147 

89170 

141 

14921 

91127 

191 

28103 

33672 

241 

38201 

70426 

291 

46389 

29890 

341 

53275 

43790 

142 

15228 

83444 

192 

28350 

12287 

242 

38381 

53660 

292 

46538 

28514 

342 

53402 

61061 

143 

15533 

60375 

193 

28555 

73090 

243 

38560 

62736 

293 

46686 

76204 

343 

53529 

41200 

144 

15836 

24921 

194 

28760 

17299 

244 

38738 

98263 

294 

46834 

73304 

344 

53655 

84426 

145 

16136 

80022 

195 

290C3 

46114 

245 

38916 

60844 

295 

46982 

20160 

345 

53781 

90951 

146 

16435 

28558 

196 

29225 

60714 

246 

39093 

51071 

296 

47129 

17111 

346 

53907 

60988 

147 

16731 

73347 

197 

294*6 

62262 

247 

39269 

69533 

297 

47275 

64493 

347 

54032 

94748 

148 

17026 

17154 

198 

29666 

51903 

248 

39445 

16808 

298 

47421 

62641 

348 

54157 

92439 

149 

17318 

62684 

199 

29885 

30764 

249 

39619 

93471 

299 

47567 

11883 

349 

54282 

54270 

150 

17609 

12591 

200 

30102 

99957 

250 

39794 

00087 

300 

47712 

12547 

350 

54406 

80444 


[ ( 1 

P 6 ] 


m 


[" 

f] 


[ ( - 

? 9 ] 


[ ( - 

? 6 ] 

For 

use of common logarithms see 

Exam 

pies 1- 

3. For 

100 < 

j <135 

interpolate in 

the 

range 


1000<.r<1350. Compiled from A. J. Thompson, Standard table of logarithms to twenty decimal 
places, Tracts for Computers, No. 22. Cambridge Univ. Press, Cambridge, England, 1952 (with 
permission). 
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Table 4.1 COMMON LOGARITHMS 


X 

logio x 

X 

logio x 

X 

logio x 

X 

logio x 

X 

logio x 

350 

54406 80444 

400 

60205 99913 

450 

65321 

25138 

500 

69897 00043 

550 

74036 26895 

351 

54530 71165 

401 

60314 43726 

451 

65417 

65419 

501 

69983 77259 

551 

74115 15989 

352 

54654 26635 

402 

60422 60531 

452 

65513 

84348 

502 

70070 37171 

552 

74193 90777 

353 

54777 47054 

403 

60530 50461 

453 

65609 

82020 

503 

70156 79851 

553 

74272 51313 

354 

54900 32620 

404 

60638 13651 

454 

65705 

58529 

504 

70243 05364 

554 

74350 97647 

355 

55022 83531 

405 

60745 50232 

455 

65801 

13967 

505 

70329 13781 

555 

74429 29831 

356 

55144 99980 

406 

60852 60336 

456 

65896 

48427 

506 

70415 05168 

556 

74507 47916 

357 

55266 82161 

407 

60959 44092 

457 

65991 

62001 

507 

70500 79593 

557 

74585 51952 

358 

55388 30266 

408 

61066 01631 

458 

66086 

54780 

508 

70586 37123 

558 

74663 41989 

359 

55509 44486 

409 

61172 33080 

459 

66181 

26855 

509 

70671 77823 

559 

74741 18079 

360 

55630 25008 

410 

61278 38567 

460 

66275 

78317 

510 

70757 01761 

560 

74818 80270 

361 

55750 72019 

411 

61384 18219 

461 

66370 

09254 

511 

70842 09001 

561 

74896 28613 

362 

55870 85705 

412 

61489 72160 

462 

66464 

19756 

512 

70926 99610 

562 

74973 63156 

363 

55990 66250 

413 

61595 00517 

463 

66558 

09910 

513 

71011 73651 

563 

75050 83949 

364 

56110 13836 

414 

61700 03411 

464 

66651 

79806 

514 

71096 31190 

564 

75127 91040 

365 

56229 28645 

415 

61804- 80967 

465 

66745 

29529 

515 

71180 72290 

565 

75204 84478 

366 

56348 10854 

416 

61909 33306 

466 

66838 

59167 

516 

71264 97016 

566 

75281 64312 

367 

56466 60643 

417 

62013 60550 

467 

66931 

68806 

517 

71349 05431 

567 

75358 30589 

368 

56584 78187 

418 

62117 62818 

468 

67024 

58531 

518 

71432 97597 

568 

75434 83357 

369 

56702 63662 

419 

62221 40230 

469 

67117 

28427 

519 

71516 73578 

569 

75511 22664 

370 

56820 17241 

420 

62324 92904 

470 

67209 

78579 

520 

71600 33436 

570 

75587 48557 

371 

56937 39096 

421 

62428 20958 

471 

67302 

09071 

521 

71683 77233 

571 

75663 61082 

372 

57054 29399 

422 

62531 24510 

472 

67394 

19986 

522 

71767 05030 

572 

75739 60288 

373 

57170 88318 

423 

62634 03674 

473 

67486 

11407 

523 

71850 16889 

573 

75815 46220 

374 

57287 16022 

424 

62736 58566 

474 

67577 

83417 

524 

71933 12870 

574 

75891 18924 

375 

57403 12677 

425 

62838 89301 

475 

67669 

36096 

525 

72015 93034 

575 

75966 78447 

376 

57518 78449 

426 

62940 95991 

476 

67760 

69527 

526 

72098 57442 

576 

76042 24834 

377 

57634 13502 

427 

63042 78750 

477 

67851 

83790 

527 

72181 06152 

577 

76117 58132 

378 

57749 17998 

428 

63144 37690 

478 

67942 

78966 

528 

72263 39225 

578 

76192 78384 

379 

57863 92100 

429 

63245 72922 

479 

68033 

55134 

529 

72345 56720 

579 

76267 85637 

380 

57978 35966 

430 

63346 84556 

480 

68124 

12374 

530 

72427 58696 

580 

76342 79936 

381 

58092 49757 

431 

63447 72702 

481 

68214 

50764 

531 

72509 45211 

581 

76417 61324 

382 

58206 33629 

432 

63548 37468 

482 

68304 

70382 

532 

72591 16323 

582 

76492 29846 

383 

58319 87740 

433 

63648 78964 

483 

68394 

71308 

533 

72672 72090 

583 

76566 85548 

384 

58433 12244 

434 

63748 97295 

484 

68484 

53616 

534 

72754 12570 

584 

76641 28471 

385 

58546 07295 

435 

63848 92570 

485 

68574 

17386 

535 

72835 37820 

585 

76715 58661 

386 

58658 73047 

436 

63948 64893 

486 

68663 

62693 

536 

72916 47897 

586 

76789 76160 

387 

58771 09650 

437 

64048 14370 

487 

68752 

89612 

537 

72997 42857 

587 

76863 81012 

388 

58883 17256 

438 

64147 41105 

488 

68841 

98220 

538 

73078 22757 

588 

76937 73261 

389 

58994 96013 

439 

64246 45202 

489 

68930 

88591 

539 

73158 87652 

589 

77011 52948 

390 

59106 46070 

440 

64345 26765 

490 

69019 

60800 

540 

73239 37598 

590 

77085 20116 

391 

59217 67574 

441 

64443 85895 

491 

69108 

14921 

541 

73319 72651 

591 

77158 74809 

392 

59328 60670 

442 

64542 22693 

492 

69196 

51028 

542 

73399 92865 

592 

77232 17067 

393 

59439 25504 

443 

64640 37262 

493 

69284 

69193 

543 

73479 98296 

593 

77305 46934 

394 

59549 62218 

444 

64738 29701 

494 

69372 

69489 

544 

73559 88997 

594 

77378 64450 

395 

59659 70956 

445 

64836 00110 

495 

69460 

51989 

545 

73639 65023 

595 

77451 69657 

396 

59769 51859 

446 

64933 48587 

496 

69548 

16765 

546 

73719 26427 

596 

77524 62597 

397 

59879 05068 

447 

65030 75231 

497 

69635 

63887 

547 

73798 73263 

597 

77597 43311 

398 

59988 30721 

448 

65127 80140 

498 

69722 

93428 

548 

73878 05585 

598 

77670 11840 

399 

60097 28957 

449 

65224 63410 

499 

69810 

05456 

549 

73957 23445 

599 

77742 68224 

400 

60205 99913 

450 

65321 25138 

500 

69897 

00043 

550 

74036 26895 

600 

77815 12504 
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COMMON LOGARITHMS 

login x x logio x 


x logio x 

600 77815 12504 

601 77887 44720 

602 77959 64913 

603 78031 73121 

604 78103 69386 

605 78175 53747 

606 78247 26242 

607 78318 86911 

608 78390 35793 

609 78461 72926 

610 78532 98350 

611 78604 12102 

612 78675 14221 

613 78746 04745 

614 78816 83711 

615 78887 51158 

616 78958 07122 

617 79028 51640 

618 79098 84751 

619 79169 06490 

620 79239 16895 

621 79309 16002 

622 79379 03847 

623 79448 80467 

624 79518 45897 

625 79588 00173 

626 79657 43332 

627 79726 75408 

628 79795 96437 

629 79865 06454 

630 79934 05495 

631 80002 93592 

632 80071 70783 

633 80140 37100 

634 80208 92579 

635 80277 37253 

636 80345 71156 

637 80413 94323 

638 80482 06787 

639 80550 08582 

640 8Q617 99740 

641 80685 80295 

642 80753 50281 

643 80821 09729 

644 80888 58674 

645 80955 97146 

646 81023 25180 

647 81090 42807 

648 81157 50059 

649 81224 46968 

650 81291 33566 


650 

81291 

33566 

651 

81358 

39886 

652 

81424 

75957 

653 

81491 

31813 

654 

81557 

77483 

655 

81624 

13000 

656 

81690 

38394 

657 

81756 

53696 

658 

81822 

58936 

659 

81888 

54146 

660 

81954 

39355 

661 

82020 

14595 

662 

82085 

79894 

663 

82151 

35284 

664 

82216 

80794 

665 

82282 

16453 

666 

82347 

42292 

667 

82412 

58339 

668 

82477 64625 

669 

82542 

61178 

670 

82607 

48027 

671 

82672 

25202 

672 

82736 

92731 

673 

82801 

50642 

674 

82865 

98965 

675 

82930 

37728 

676 

82994 

66959 

677 

83058 

86687 

678 

83122 

96939 

679 

83186 97743 

680 

83250 

89127 

681 

83314 

71119 

682 

83378 43747 

683 

83442 

07037 

684 

83505 

61017 

685 

83569 

05715 

686 

83632 

41157 

687 

83695 

67371 

688 

83758 

84382 

689 

83821 

92219 

690 

83884 

90907 

691 

83947 

80474 

692 

84010 

60945 

693 

84073 

32346 

694 

84135 

94705 

695 

84198 48046 

696 

84260 

92396 

697 

84323 27781 

698 

84385 

54226 

699 

84447 71757 

700 

84509 

80400 


700 

84509 

80400 

701 

84571 

80180 

702 

84633 

71121 

703 

84695 

53250 

704 

84757 26591 

705 

84818 91170 

706 

84880 

47011 

707 

84941 

94138 

708 

85003 

32577 

709 

85064 

62352 

710 

85125 

83487 

711 

85186 

96007 

712 

85247 

99936 

713 

85308 95299 

714 

85369 

82118 

715 

85430 

60418 

716 

85491 

30223 

7L7 

85551 

91557 

718 

85612 

44442 

719 

85672 

88904 

720 

85733 

24964 

721 

85793 

52647 

722 

85853 

71976 

723 

85913 

82973 

724 

85973 

85662 

725 

86033 80066 

726 

86093 

66207 

727 

86153 

44109 

728 

86213 

13793 

729 

86272 

75283 

730 

86332 

28601 

731 

86391 

73770 

732 

86451 

10811 

733 

86510 

39746 

734 

86569 

60599 

735 

86628 73391 

736 

86687 78143 

737 

86746 

74879 

738 

86805 

63618 

739 

86864 44384 

740 

86923 17197 

741 

86981 

82080 

742 

87040 

39053 

743 

87098 

88138 

744 

87157 29355 

745 

87215 

62727 

746 

87273 

88275 

747 

87332 

06018 

748 

87390 

15979 

749 

87448 

18177 

750 

87506 

12634 


X 

logio x 

750 

87506 

12634 

751 

87563 

99370 

752 

87621 

78406 

753 

87679 49762 

754 

87737 

13459 

755 

87794 

69516 

756 

87852 

17955 

757 

87909 

58795 

758 

87966 92056 

759 

88024 

17759 

760 

88081 

35923 

761 

88138 46568 

762 

88195 

49713 

763 

88252 

45380 

764 

88309 

33586 

765 

88366 14352 

766 

88422 

87696 

767 

88479 

53639 

768 

88536 

12200 

769 

88592 

63398 

770 

88649 

07252 

771 

88705 

43781 

772 

88761 

73003 

773 

88817 94939 

774 

88874 

09607 

775 

88930 

17025 

776 

88986 

17213 

777 

89042 

10188 

778 

89097 

95970 

779 

89153 

74577 

780 

89209 

46027 

781 

89265 

10339 

782 

89320 

67531 

783 

89376 

17621 

784 

89431 

60627 

785 

89486 96567 

786 

89542 

25460 

787 

89597 47324 

788 

89652 

62175 

789 

89707 

70032 

790 

89762 

70913 

791 

89817 

64835 

792 

89872 

51816 

793 

89927 

31873 

794 

89982 

05024 

795 

90036 71287 

796 

90091 

30677 

797 

90145 

83214 

798 

90200 

28914 

799 

90254 

67793 

800 

90308 99870 



Table 4.1 

X 

logio x 

800 

90308 99870 

801 

90363 

25161 

802 

90417 

43683 

803 

90471 

55453 

804 

90525 

60487 

805 

' 90579 

58804 

806 

90633 50418 

807 

90687 

35347 

808 

90741 

13608 

809 

90794 

85216 

810 

90848 

50189 

811 

90902 

08542 

812 

90955 

60292 

813 

91009 

05456 

814 

91062 

44049 

815 

91115 

76087 

816 

91169 

01588 

817 

91222 

20565 

818 

91275 

33037 

819 

91328 

39018 

820 

91381 

38524 

821 

91434 

31571 

822 

91487 

18175 

823 

91539 

98352 

824 

91592 

72117 

825 

91645 

39485 

826 

91698 

00473 

827 

91750 

55096 

828 

91803 

03368 

829 

91855 

45306 

830 

91907 

80924 

831 

91960 

10238 

832 

92012 

33263 

833 

92064 50014 

834 

92116 

60506 

835 

92168 

64755 

836 

92220 

62774 

837 

92272 

54580 

838 

92324 

40186 

839 

92376 

19608 

840 

92427 

92861 

841 

92479 

59958 

842 

92531 

20915 

843 

92582 

75746 

844 

92634 

24466 

845 

92685 

67089 

846 

92737 

03630 

847 

92788 34103 

848 

92839 

58523 

849 

92890 

76902 

850 

92941 

89257 



ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.1 COMMON LOGARITHMS 


X 

logio x 

X 

logio X 

X 

logio x 

X 

logio x 

X 

logio x 

850 

92941 89257 

900 

95424 25094 

950 

97772 

36053 

1000 

00000 00000 

1050 

02118 92991 

851 

92992 95601 

901 

95472 47910 

951 

97818 

05169 

1001 

00043 40775 

1051 

02160 

27160 

852 

93043 95948 

902 

95520 65375 

952 

97863 

69484 

1002 

00086 77215 

1052 

02201 

57398 

853 

93094 90312 

903 

95568 77503 

953 

97909 

29006 

1003 

00130 09330 

1053 

02242 

83712 

854 

93145 78707 

904 

95616 84305 

954 

97954 83747 

1004 

00173 37128 

1054 

02284 

06109 

855 

93196 61147 

905 

95664 85792 

955 

98000 

33716 

1005 

00216 60618 

1055 

02325 

24596 

856 

93247 37647 

906 

95712 81977 

956 

98045 78923 

1006 

00259 79807 

1056 

02366 

39182 

857 

93298 08219 

907 

95760 72871 

957 

98091 

19378 

1007 

00302 94706 

1057 

02407 49873 

858 

93348 72878 

908 

95808 58485 

958 

98136 

55091 

1008 

00346 05321 

1058 

02448 

56677 

859 

93399 31638 

909 

95856 38832 

959 

98181 

86072 

1009 

00389 11662 

1059 

02489 

59601 

860 

93449 84512 

910 

95904 13923 

960 

98227 

12330 

1010 

00432 13738 

1060 

02530 

58653 

861 

93500 31515 

911 

95951 83770 

961 

98272 

33877 

1011 

00475 11556 

1061 

02571 

53839 

362 

93550 72658 

912 

95999 48383 

962 

98317 

50720 

1012 

00518 05125 

1062 

02612 

45167 

363 

93601 07957 

913 

96047 07775 

963 

98362 

62871 

1013 

00560 94454 

1063 

02653 

32645 

*64 

93651 37425 

914 

96094 61957 

964 

98407 

70339 

1014 

00603 79550 

1064 

02694 

16280 

865 

93701 61075 

915 

96142 10941 

965 

98452 

73133 

1015 

00646 60422 

1065 

02734 

96078 

866 

93751 78920 

916 

96189 54737 

966 

98497 

71264 

1016 

00689 37079 

1066 

02775 

72047 

867 

93801 90975 

917 

96236 93357 

967 

98542 

64741 

1017 

00732 09529 

1067 

02816 

44194 

868 

93851 97252 

918 

96284 26812 

968 

98587 

53573 

1018 

00774 77780 

1068 

02857 

12527 

869 

93901 97764 

919 

96331 55114 

969 

98632 

37771 

1019 

00817 41840 

1069 

02897 

77052 

870 

93951 92526 

920 

96378 78273 

970 

98677 

17343 

1020 

00860 01718 

1070 

02938 

37777 

871 

94001 81550 

921 

96425 96302 

971 

98721 

92299 

1021 

00902 57421 

1071 

02978 

94708 

872 

94051 64849 

922 

96473 09211 

972 

98766 

62649 

1022 

00945 08958 

1072 

03019 47854 

873 

94101 42437 

923 

96520 17010 

973 

98811 

28403 

1023 

00987 56337 

1073 

03059 

97220 

874 

94151 14326 

924 

96567 19712 

974 

98855 

89569 

1024 

01029 99566 

1074 

03100 

42814 

875 

94200 80530 

925 

96614 17327 

975 

98900 

46157 

1025 

01072 38654 

1075 

03140 

84643 

876 

94250 41062 

926 

96661 09867 

976 

98944 

98177 

1026 

01114 73608 

1076 

03181 

22713 

877 

94299 95934 

927 

96707 97341 

977 

98989 

45637 

1027 

01157 04436 

1077 

03221 

57033 

878 

94349 45159 

928 

96754 79762 

978 

99033 

88548 

1028 

01199 31147 

1078 

03261 

87609 

879 

94398 88751 

929 

96801 57140 

979 

99078 26918 

1029 

01241 53748 

1079 

03302 

14447 

880 

94448 26722 

930 

96848 29486 

980 

99122 

60757 

1030 

01283 72247 

1080 

03342 

37555 

881 

94497 59084 

931 

96894 96810 

981 

99166 

90074 

1031 

01325 86653 

1081 

03382 

56940 

882 

94546 85851 

932 

96941 59124 

982 

99211 

14878 

1032 

01367 96973 

1082 

03422 72608 

883 

94596 07036 

933 

96988 16437 

983 

99255 

35178 

1033 

01410 03215 

1083 

03462 

84566 

884 

94645 22650 

934 

97034 68762 

984 

99299 

50984 

1034 

01452 05388 

1084 

03502 

92822 

885 

94694 32707 

935 

97081 16109 

985 

99343 

62305 

1035 

01494 03498 

1085 

03542 

97382 

886 

94743 37219 

936 

97127 58487 

986 

99387 

69149 

1036 

01535 97554 

1086 

03582 

98253 

887 

94792 36198 

937 

97173 95909 

987 

99431 

71527 

1037 

01577 87564 

1087 

03622 95441 

888 

94841 29658 

938 

97220 28384 

988 

99475 

69446 

1038 

01619 73535 

1088 

03662 

88954 

889 

94890 17610 

939 

97266 55923 

989 

99519 

62916 

1039 

01661 55476 

1089 

03702 

78798 

890 

94939 00066 

940 

97312 78536 

990 

99563 

51946 

1040 

01703 33393 

1090 

03742 

64979 

891 

94987 77040 

941 

97358 96234 

991 

99607 

36545 

1041 

01745 07295 

1091 

03782 

47506 

892 

95036 48544 

942 

97405 09028 

992 

99651 

16722 

1042 

01786 77190 

1092 

03822 

26384 

893 

95085 14589 

943 

97451 16927 

993 

99694 

92485 

1043 

01828 43084 

1093 

03862 

01619 

894 

95133 75188 

944 

97497 19943 

994 

99738 

63844 

1044 

01870 04987 

1094 

03901 

73220 

895 

95182 30353 

945 

97543 18085 

995 

99782 

30807 

1045 

01911 62904 

1095 

03941 

41192 

896 

95230 80097 

946 

97589 11364 

996 

99825 

93384 

1046 

01953 16845 

1096 

03981 

05541 

897 

95279 24430 

947 

97634 99790 

997 

99869 

51583 

1047 

01994 66817 

1097 

04020 

66276 

898 

95327 63367 

948 

97680 83373 

998 

99913 

05413 

1048 

02036 12826 

1098 

04060 

23401 

899 

95375 96917 

949 

97726 62124 

999 

99956 

54882 

1049 

02077 54882 

1099 

04099 

76924 

900 

95424 25094 

950 

97772 36053 

1000 

00000 

00000 

1050 

02118 92991 

1100 

04139 26852 


00 

1_1 


i-1 

^ oo 

i-1 


[ ( 1 )6 ] 


m 





ELEMENTARY TRANSCENDENTAL FUNCTIONS 


COMMON LOGARITHMS 


X 

logio X 

X 

logio x 

X 

logio x 

X 

logio x 

X 

1100 

04139 26852 

1150 

06069 

78404 

1200 

07918 12460 

1250 

09691 00130 

1300 

1101 

04178 73190 

1151 

06107 

53236 

1201 

07954 30074 

1251 

09725 73097 

1301 

1102 

04218 15945 

1152 

06145 

24^91 

1202 

07990 44677 

1252 

09760 43289 

1302 

1103 

04257 55124 

1153 

06182 

93073 

1203 

08026 56273 

1253 

09795 10710 

1303 

1104 

04296 90734 

1154 

06220 

58088 

1204 

08062 64869 

1254 

09829 75365 

1304 

1105 

04336 22780 

1155 

06258 

19842 

1205 

08098 70469 

1255 

09864 37258 

1305 

1106 

04375 51270 

1156 

06295 

78341 

1206 

08134 73078 

1256 

09898 96394 

1306 

1107 

04414 76209 

1157 

06333 

33590 

1207 

08170 72701 

1257 

09933 52777 

1307 

1108 

04453 97604 

1158 

06370 

85594 

1208 

08206 69343 

1258 

09968 06411 

1308 

1109 

04493 15461 

1159 

06408 

34360 

1209 

08242 63009 

1259 

10002 57301 

1309 

1110 

04532 29788 

1160 

06445 

79892 

1210 

08278 53703 

1260 

10037 05451 

1310 

1111 

04571 40589 

1161 

06483 

22197 

1211 

08314 41431 

1261 

10071 50866 

1311 

1112 

04610 47872 

1162 

06520 

61281 

1212 

08350 26198 

1262 

10105 93549 

1312 

1113 

04649 51643 

1163 

06557 

97147 

1213 

08386 08009 

1263 

10140 33506 

1313 

1114 

04688 51908 

1164 

06595 

29803 

1214 

08421 86867 

1264 

10174 70739 

1314 

1115 

04727 48674 

1165 

06632 

59254 

1215 

08457 62779 

1265 

10209 05255 

1315 

1116 

04766 41946 

1166 

06669 

85504 

1216 

08493 35749 

1266 

10243 37057 

1316 

1117 

04805 31731 

1167 

06707 

08560 

1217 

08529 05782 

1267 

10277 66149 

1317 

1118 

04844 18036 

1168 

06744 

28428 

1218 

08564 72883 

1268 

10311 92535 

1318 

1119 

04883 00865 

1169 

06781 

45112 

1219 

08600 37056 

1269 

10346 16221 

1319 

1120 

04921 80227 

1170 

06818 

58617 

1220 

08635 98307 

1270 

10380 37210 

1320 

1121 

04960 56126 

1171 

06855 

68951 

1221 

08671 56639 

1271 

10414 55506 

1321 

1122 

04999 28569 

1172 

06892 

76117 

1222 

08707 12059 

1272 

10448 71113 

1322 

1123 

05037 97563 

1173 

06929 

80121 

1223 

08742 64570 

1273 

10482 84037 

1323 

1124 

05076 63112 

1174 

06966 

80969 

1224 

08778 14178 

1274 

10516 94280 

1324 

1125 

05115 25224 

1175 

07003 

78666 

1225 

08813 60887 

1275 

10551 01848 

1325 

1126 

05153 83905 

1176 

07040 

73217 

1226 

08849 04702 

1276 

10585 06744 

1326 

1127 

05192 39160 

1177 

07077 

64628 

1227 

08884 45627 

1277 

10619 08973 

1327 

1128 

05230 90996 

1178 

07114 

52905 

1228 

08919 83668 

1278 

10653 08538 

1328 

1129 

05269 39419 

1179 

07151 

38051 

1229 

08955 18829 

1279 

10687 05445 

1329 

1130 

05307 84435 

1180 

07188 

20073 

1230 

08990 51114 

1280 

10720 99696 

1330 

1131 

05346 26049 

1181 

07224 

98976 

1231 

09025 80529 

1281 

10754 91297 

1331 

1132 

05384 64269 

1182 

07261 

74765 

1232 

09061 07078 

1282 

10788 80252 

1332 

1133 

05422 99099 

1183 

07298 

47446 

1233 

09096 30766 

1283 

10822 66564 

1333 

1134 

05461 30546 

1184 

07335 

17024 

1234 

09131 51597 

1284 

10856 50237 

1334 

1135 

05499 58615 

1185 

07371 

83503 

1235 

09166 69576 

1285 

10890 31277 

1335 

1136 

05537 83314 

1186 

07408 

46390 

1236 

09201 84708 

1286 

10924 09686 

1336 

1137 

05576 04647 

1187 

07445 

07190 

1237 

09236 96996 

1287 

10957 85469 

1337 

1138 

05614 22621 

1188 

07481 

64406 

1238 

09272 06447 

1288 

10991 58630 

1338 

1139 

05652 37241 

1189 

07518 

18 546 

1239 

09307 13064 

1289 

11025 29174 

1339 

1140 

05690 48513 

1190 

07554 

69 514 

1240 

09342 16852 

1290 

11058 97103 

1340 

1141 

05728 56444 

1191 

07591 

17515 

1241 

09377 17815 

1291 

11092 62423 

1341 

1142 

05766 61039 

1192 

07627 

62 554 

1242 

09412 15958 

1292 

11126 25137 

1342 

1143 

05804 62304 

1193 

07664 

04437 

1243 

09447 11286 

1293 

11159 85249 

1343 

1144 

05842 60245 

1194 

07700 

43268 

1244 

09482 03804 

1294 

11193 42763 

1344 

1145 

05880 54867 

1195 

07736 

79053 

1245 

09516 93514 

1295 

11226 97684 

1345 

1146 

05918 46176 

1196 

07773 

11797 

1246 

09551 80423 

1296 

11260 50015 

1346 

1147 

05956 34179 

1197 

07809 

41504 

1247 

09586 64535 

1297 

11293 99761 

1347 

1148 

05994 18881 

1198 

07845 

68L81 

1248 

09621 45853 

1298 

11327 46925 

1348 

1149 

06032 00287 

1199 

07881 

91331 

1249 

09656 24384 

1299 

11360 91511 

1349 

1150 

06069 78404 

1200 

07918 

12 460 

1250 

09691 00130 

1300 

11394 33523 

1350 


99 

Table 4.1 


logio x 

11394 33523 
11427 72966 
11461 09842 
11494 44157 
11527 75914 

11561 05117 
11594 31769 
11627 55876 
11660 77440 
11693 96466 

11727 12957 
11760 26917 
11793 38350 
11826 47261 
11859 53652 

11892 57528 
11925 58893 
11958 57750 
11991 54103 
12024 47955 

12057 39312 
12090 28176 
12123 14551 
12155 98442 
12188 79851 

12221 58783 
12254 35241 
12287 09229 
12319 80750 
12352 49809 

12385 16410 
12417 80555 
12450 42248 
12483 01494 
12515 58296 

12548 12657 
12580 64581 
12613 14073 
12645 61134 
12678 05770 

12710 47984 
12742 87779 
12775 25158 
12807 60127 
12839 92687 

12872 22843 
12904 50599 
12936 75957 
12968 98922 
13001 19497 

13033 37685 



100 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.2 NATURAL LOGARITHMS 


a: 


In x 


X 


In x' 


X 


In x 


0. 000 


- 00 


0. 050 

-2.99573 

22735 

539910 

0.100 

-2. 30258 

50929 

940457 

0. 001 

-6. 90775 

52789 

821371 

0. 051 

-2.97592 

96462 

578113 

0.101 

-2.29263 

47621 

408776 

0. 002 

-6.21460 

80984 

221917 

0.052 

-2.95651 

15604 

007097 

0.102 

-2.28278 

24656 

978660 

0. 003 

-5.80914 

29903 

140274 

0.053 

-2.93746 

33654 

300152 

0.103 

-2. 27302 

62907 

525013 

0. 004 

-5. 52146 

09178 

622464 

0.054 

-2.91877 

12324 

178627 

0.104 

-2.26336 

43798 

407644 

0. 005 

-5. 29831 

73665 

480367 

0.055 

-2.90042 

20937 

496661 

0.105 

-2.25379 

49288 

246137 

0.006 

-5.11599 

58097 

540821 

0.056 

-2.88240 

35882 

469878 

0.106 

-2.24431 

61848 

700699 

0.007 

-4.96184 

51299 

268237 

0.057 

-2.86470 

40111 

475869 

0.107 

-2.23492 

64445 

202309 

0.008 

-4.82831 

37373 

023011 

0.058 

-2. 84731 

22684 

357177 

0.108 

-2.22562 

40518 

579174 

0.009 

-4. 71053 

07016 

459177 

0.059 

-2.83021 

78350 

764176 

0.109 

-2.21640 

73967 

529934 

0.010 

-4. 60517 

01859 

880914 

0. 060 

-2.81341 

07167 

600364 

0.110 

-2.20727 

49131 

897208 

0.011 

-4. 50986 

00061 

837665 

0,061 

-2. 79688 

14148 

088258 

0.111 

-2. 19822 

50776 

698029 

0.012 

-4. 42284 

86291 

941367 

0.062 

-2.78062 

08939 

370455 

0.112 

-2.18925 

64076 

870425 

0.013 

-4. 34280 

59215 

206003 

0.063 

-2.76462 

05525 

906044 

0.113 

-2. 18036 

74602 

697965 

0. 014 

-4. 26869 

79493 

668784 

0.064 

-2.74887 

21956 

224652 

0.114 

-2.17155 

68305 

876416 

0. 015 

-4.19970 

50778 

799270 

0.065 

-2.73336 

80090 

864999 

0.115 

-2.16282 

31506 

188870 

0.016 

-4.13516 

65567 

423558 

0.066 

-2.71810 

05369 

557115 

0.116 

-2.15416 

50878 

757724 

0.017 

-4. 07454 

19349 

259210 

0.067 

-2.70306 

26595 

911710 

0.117 

-2. 14558 

13441 

843809 

0.018 

-4.01738 

35210 

859724 

0.068 

-2. 68824 

75738 

060304 

0.118 

-2. 13707 

06545 

164723 

0.019 

-3.96331 

62998 

156966 

0.069 

-2.67364 

87743 

848777 

0.119 

-2. 12863 

17858 

706077 

0. 020 

-3.91202 

30054 

281461 

0. 070 

-2. 65926 

00369 

327781 

0.120 

-2. 12026 

35362 

000911 

0.021 

-3. 86323 

28412 

587141 

0.071 

-2. 64507 

54019 

408216 

0.121 

-2.11196 

47333 

853960 

0.022 

-3.81671 

28256 

238212 

0.072 

-2. 63108 

91599 

660817 

0.122 

-2. 10373 

42342 

488805 

0.023 

-3.77226 

10630 

529874 

0. 073 

-2.61729 

58378 

337459 

0.123 

-2. 09557 

09236 

097196 

0.024 

-3. 72970 

14486 

341914 

0.074 

-2. 60369 

01857 

779673 

0.124 

-2.08747 

37133 

771002 

0.025 

-3. 68887 

94541 

139363 

0.075 

-2. 59026 

71654 

458266 

0.125 

-2. 07944 

15416 

798359 

0.026 

-3. 64965 

87409 

606550 

0.076 

-2. 57702 

19386 

958060 

0.126 

-2.07147 

33720 

306591 

0. 027 

-3. 61191 

84129 

778080 

0.077 

-2. 56394 

98571 

284532 

0.127 

-2.06356 

81925 

235458 

0. 028 

-3. 57555 

07688 

069331 

0.078 

-2.55104 

64522 

925453 

0.128 

-2. 05572 

50150 

625199 

0. 029 

-3. 54045 

94489 

956630 

0.079 

-2.53830 

74265 

151156 

0.129 

-2. 04794 

28746 

204649 

0. 030 

-3. 50655 

78973 

199817 

0.080 

-2. 52572 

86443 

082554 

0.130 

-2.04022 

08285 

265546 

0.031 

-3. 47376 

80744 

969908 

0.081 

-2.51330 

61243 

096983 

0.131 

-2. 03255 

79557 

809855 

0.032 

-3. 44201 

93761 

824105 

0.082 

-2.50103 

60317 

178839 

0.132 

-2.02495 

33563 

957662 

0.033 

-3.41124 

77175 

156568 

0.083 

-2. 48891 

46711 

855391 

0.133 

-2.01740 

61507 

603833 

0.034 

-3. 38139 

47543 

659757 

0.084 

-2.47693 

84801 

388234 

0.134 

-2. 00991 

54790 

312257 

0.035 

-3. 35240 

72174 

927234 

0.085 

-2.46510 

40224 

918206 

0.135 

-2. 00248 

05005 

437076 

0.036 

-3.32423 

63405 

260271 

0.086 

-2.45340 

79827 

286293 

0.136 

-1. 99510 

03932 

460850 

0.037 

-3. 29683 

73663 

379126 

0.087 

-2. 44184 

71603 

275533 

0.137 

-1.98777 

43531 

540121 

0.038 

-3.27016 

91192 

557513 

0.088 

-2.43041 

84645 

039306 

0.138 

-1.98050 

15938 

249324 

0. 039 

-3.24419 

36328 

524906 

0.089 

-2.41911 

89092 

499972 

0.139 

-1. 97328 

13458 

514453 

0.040 

-3.21887 

58248 

682007 

0. 090 

-2. 40794 

56086 

518720 

0.140 

-1.96611 

28563 

728328 

0. 041 

-3.19418 

32122 

778292 

0.091 

-2. 39689 

57724 

652870 

0.141 

-1.95899 

53886 

039688 

0. 042 

-3. 17008 

56606 

987687 

0. 092 

-2.38596 

67019 

330967 

0.142 

-1. 95192 

82213 

808763 

0.043 

-3. 14655 

51632 

885746 

0.093 

-2.37515 

57858 

288811 

0.143 

-1.94491 

06487 

222298 

0. 044 

-3.12356 

56450 

638759 

0.094 

-2.36446 

04967 

121332 

0.144 

-1.93794 

19794 

061364 

0. 045 

-3.10109 

27892 

118173 

0. 095 

-2.35387 

83873 

815962 

0.145 

-1.93102 

15365 

615627 

0.046 

-3.07911 

38824 

930421 

0.096 

-2.34340 

70875 

143008 

0.146 

-1.92414 

86572 

738006 

0.047 

-3. 05760 

76772 

720785 

0. 097 

-2. 33304 

43004 

787542 

0.147 

-1.91732 

26922 

034008 

0. 048 

-3. 03655 

42680 

742461 

0. 098 

-2.32278 

78003 

115651 

0.148 

-1.91054 

30052 

180220 

0.049 

-3. 01593 

49808 

715104 

0. 099 

-2.31263 

54288 

475471 

0.149 

-1.90380 

89730 

366779 

0.050 

-2. 99573 

22735 

539910 

0.100 

-2.30258 

50929 

940457 

0.150 

-1. 89711 

99848 

858813 



For use of natural logarithms see Examples 4-7. 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


101 


x In a; 


0.150 

-1. 89711 

99848 

858813 

0.151 

-1. 89047 

54421 

672127 

0.152 

-1. 88387 

47581 

358607 

0.153 

-1. 87731 

73575 

897016 

0.154 

-1. 87080 

26765 

685079 

0.155 

-1. 86433 

01620 

628904 

0.156 

-1. 85789 

92717 

326000 

0.157 

-1. 85150 

94736 

338290 

0.158 

-1. 84516 

02459 

551702 

0.159 

-1. 83885 

10767 

619055 

0.160 

-1.83258 

14637 

483101 

0.161 

-1. 82635 

09139 

976741 

0.162 

-1.82015 

89437 

497530 

0.163 

-1.81400 

50781 

753747 

0.164 

-1. 80788 

88511 

579386 

0.165 

-1.80180 

98050 

815564 

0.166 

-1. 79576 

74906 

255938 

0.167 

-1.78976 

14665 

653819 

0.168 

-1.78379 

12995 

788781 

0.169 

-1. 77785 

65640 

590636 

0.170 

-1.77195 

68419 

318753 

0.171 

-1.76609 

17224 

794772 

0.172 

-1. 76026 

08021 

686840 

0.173 

-1. 75446 

36844 

843581 

0.174 

-1. 74869 

99797 

676080 

0.175 

-1.74296 

93050 

586230 

0.176 

-1.73727 

12839 

439853 

0.177 

-1.73160 

55464 

083079 

0.178 

-1. 72597 

17286 

900519 

0.179 

-1.72036 

94731 

413821 

0.180 

-1.71479 

84280 

919267 

0.181 

-1.70925 

82477 

163113 

0.182 

-1. 70374 

85919 

053417 

0.183 

-1. 69826 

91261 

407161 

0.184 

-1. 69281 

95213 

731514 

0.185 

-1. 68739 

94539 

038122 

0.186 

-1. 68200 

86052 

689358 

0.187 

-1. 67664 

66621 

275504 

0.188 

-1. 67131 

33161 

521878 

0.189 

-1. 66600 

82639 

224947 

0.190 

-1.66073 

12068 

216509 

0.191 

-1. 65548 

18509 

355072 

0.192 

-1.65025 

99069 

543555 

0.193 

-1. 64506 

50900 

772515 

0.194 

-1. 63989 

71199 

188089 

0.195 

-1. 63475 

57204 

183903 

0.196 

-1. 62964 

06197 

516198 

0.197 

-1.62455 

15502 

441485 

0.198 

-1.61948 

82482 

876018 

0.199 

-1.61445 

04542 

576447 

0.200 

-1. 60943 

79124 

341004 




NATURAL LOGARITHMS 


* In x 


0.200 

-1. 60943 

79124 

341004 

0.201 

-1. 60445 

03709 

230613 

0.202 

-1. 59948 

75815 

809323 

0.203 

-1.59454 

92999 

403497 

0.204 

-1. 58963 

52851 

379207 

0.205 

-1.58474 

52998 

437289 

0.206 

-1.57987 

91101 

925560 

0.207 

-1.57503 

64857 

167680 

0.208 

-1. 57021 

71992 

808191 

0.209 

-1.56542 

10270 

173260 

0.210 

-1. 56064 

77482 

646684 

0.211 

-1. 55589 

71455 

060706 

0.212 

-1.55116 

90043 

101246 

0.213 

-1. 54646 

31132 

727119 

0.214 

-1.54177 

92639 

602856 

0.215 

-1. 53711 

72508 

544743 

0.216 

-1. 53247 

68712 

979720 

0.217 

-1.52785 

79254 

416775 

0.218 

-1. 52326 

02161 

930480 

0.219 

-1.51868 

35491 

656362 

0.220 

-1. 51412 

77326 

297755 

0.221 

-1.50959 

25774 

643842 

0.222 

-1. 50507 

78971 

098576 

0.223 

-1.50058 

35075 

220183 

0.224 

-1. 49610 

92271 

270972 

0.225 

-1. 49165 

48767 

777169 

0.226 

-1. 48722 

02797 

098512 

0.227 

-1. 48280 

52615 

007344 

0.228 

-1. 47840 

96500 

276963 

0.229 

-1. 47403 

32754 

278974 

0.230 

-1. 46967 

59700 

589417 

0.231 

-1. 46533 

75684 

603435 

0.232 

-1.46101 

79073 

158271 

0.233 

-1. 45671 

68254 

164365 

0.234 

-1. 45243 

41636 

244356 

0.235 

-1. 44816 

97648 

379781 

0. 236 

-1.44392 

34739 

565270 

0.237 

-1.43969 

51378 

470059 

0.238 

-1.43548 

46053 

106624 

0.239 

-1.43129 

17270 

506264 

0.240 

-1. 42711 

63556 

401457 

0.241 

-1.42295 

83454 

914821 

0.242 

-1. 41881 

75528 

254507 

0.243 

-1. 41469 

38356 

415886 

0.244 

-1.41058 

70536 

889352 

0.245 

-1.40649 

70684 

374101 

0.246 

-1. 40242 

37430 

497742 

0.247 

-1. 39836 

69423 

541599 

0.248 

-1. 39432 

65328 

171549 

0.249 

-1. 39030 

23825 

174294 

0.250 

-1. 38629 

43611 

198906 


m 


In 10 = 2.30258 50929 940457 


Table 4.2 


x In a; 


0.250 

-1.38629 

43611 

198906 

0.251 

-1. 38230 

23398 

503532 

0.252 

-1. 37832 

61914 

707137 

0.253 

-1. 37436 

57902 

546168 

0.254 

-1.37042 

10119 

636005 

0.255 

-1. 36649 

17338 

237109 

0.256 

-1. 36257 

78345 

025746 

0.257 

-1. 35867 

91940 

869173 

0.258 

-1. 35479 

56940 

605196 

0.259 

-1. 35092 

72172 

825993 

0.260 

-1.34707 

36479 

666093 

0.261 

-1.34323 

48716 

594436 

0.262 

-1.33941 

07752 

210402 

0.263 

-1. 33560 

12468 

043725 

0.264 

-1. 33180 

61758 

358209 

0.265 

-1. 32802 

54529 

959148 

0.266 

-1. 32425 

89702 

004380 

0.267 

-1. 32050 

66205 

818875 

0.268 

-1. 31676 

82984 

712804 

0.269 

-1.31304 

38993 

802979 

0.270 

-1. 30933 

33199 

837623 

0.271 

-1.30563 

64581 

024362 

0.272 

-1.30195 

32126 

861397 

0.273 

-1. 29828 

34837 

971773 

0.274 

-1.29462 

71725 

940668 

0.275 

-1.29098 

41813 

155658 

0.276 

-1.28735 

44132 

649871 

0.277 

-1. 28373 

77727 

947986 

0.278 

-1.28013 

41652 

915000 

0.279 

-1. 27654 

34971 

607714 

0.280 

-1. 27296 

56758 

128874 

0.281 

-1. 26940 

06096 

483913 

0.282 

-1.26584 

82080 

440235 

0.283 

-1. 26230 

83813 

388994 

0.284 

-1. 25878 

10408 

209310 

0.285 

-1.25526 

60987 

134865 

0.286 

-1.25176 

34681 

622845 

0.287 

-1. 24827 

30632 

225159 

0.288 

-1.24479 

47988 

461911 

0.289 

-1.24132 

85908 

697049 

0.290 

-1.23787 

43560 

016173 

0.291 

-1. 23443 

20118 

106445 

0.292 

-1.23100 

14767 

138553 

0.293 

-1.22758 

26699 

650697 

0.294 

-1.22417 

55116 

434554 

0.295 

-1. 22077 

99226 

423172 

0.296 

-1.21739 

58246 

580767 

0.297 

-1.21402 

31401 

794374 

0.298 

-1.21066 

17924 

767326 

0.299 

-1.20731 

17055 

914506 

0.300 

-1.20397 

28043 

259360 


m 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.2 NATURAL LOGARITHMS 


a- 


In ,7' 


.)• 


In .v 


X 


In .r 


0.300 

-1. 20397 

28043 

259360 

0. 350 

-1.04982 

21244 

986777 

0.400 

-0.91629 

07318 

741551 

0.301 

-1. 20064 

50142 

332613 

0. 351 

-1. 04696 

90555 

162712 

0.401 

-0.91379 

38516 

755679 

0.302 

-1.19732 

82616 

072674 

0. 352 

-1. 04412 

41033 

840400 

0.402 

-0.91130 

31903 

631160 

0.303 

-1. 19402 

24734 

727679 

0.353 

-1.04128 

72220 

488403 

0.403 

-0.90881 

87170 

354541 

0.304 

-1. 19072 

75775 

759154 

0. 354 

-1.03845 

83658 

483626 

0.404 

-0.90634 

04010 

209870 

0. 305 

-1.18744 

35023 

747254 

0. 355 

-1.03563 

74895 

067213 

0. 405 

-0. 90386 

82118 

755979 

0.306 

-1.18417 

01770 

297563 

0.356 

-1. 03282 

45481 

301066 

0.406 

-0.90140 

21193 

804044 

0.307 

-1. 18090 

75313 

949399 

0. 357 

-1. 03001 

94972 

024980 

0.407 

-0.89894 

20935 

395421 

0. 308 

-1.17765 

54960 

085626 

0. 358 

-1. 02722 

22925 

814367 

0.408 

-0. 89648 

81045 

779754 

0.309 

-1. 17441 

40020 

843916 

0. 359 

-1. 02443 

28904 

938582 

0. 409 

-0. 89404 

01229 

393353 

0. 310 

-1.17118 

29815 

029451 

0.360 

-1.02165 

12475 

319814 

0.410 

-0.89159 

81192 

837836 

0.311 

-1.16796 

23668 

029029 

0. 361 

-1.01887 

73206 

492561 

0.411 

-0. 88916 

20644 

859024 

0.312 

-1. 16475 

20911 

726547 

0. 362 

-1.01611 

10671 

563660 

0.412 

-0. 88673 

19296 

326107 

0. 313 

-1.16155 

20884 

419838 

0. 363 

-1.01335 

24447 

172863 

0. 413 

-0. 88430 

76860 

211043 

0.314 

-1. 15836 

22930 

738837 

0.364 

-1.01060 

14113 

453964 

0.414 

-0. 88188 

93051 

568227 

0. 315 

-1.15518 

26401 

565040 

0. 365 

-1.00785 

79253 

996455 

0.415 

-0. 87947 

67587 

514388 

0.316 

-1. 15201 

30653 

952249 

0.366 

-1.00512 

19455 

807708 

0.416 

-0. 87707 

00187 

208738 

0.317 

-1. 14885 

35051 

048564 

0.367 

-1. 00239 

34309 

275668 

0.417 

-0. 87466 

90571 

833356 

0.318 

-1.14570 

38962 

019602 

0.368 

-0.99967 

23408 

132061 

0.418 

-0. 87227 

38464 

573807 

0.319 

-1. 14256 

41761 

972925 

0. 369 

-0.99695 

86349 

416099 

0.419 

-0. 86988 

43590 

599993 

0. 320 

-1. 13943 

42831 

883648 

0. 370 

-0. 99425 

22733 

438669 

0.420 

-0. 86750 

05677 

047231 

0.321 

-1. 13631 

41558 

521212 

0. 371 

-0.99155 

32163 

747019 

0.421 

-0.86512 

24452 

997556 

0. 322 

-1.13320 

37334 

377287 

0.372 

-0.98886 

14247 

089905 

0.422 

-0. 86274 

99649 

461252 

0. 323 

-1.13010 

29557 

594805 

0.373 

-0.98617 

68593 

383215 

0. 423 

-0. 86038 

30999 

358591 

0. 324 

-1.12701 

17631 

898077 

0.374 

-0.98349 

94815 

676051 

0. 424 

-0. 85802 

18237 

501793 

0. 325 

-1. 12393 

00966 

523996 

0.375 

-0. 98082 

92530 

117262 

0. 425 

-0. 85566 

61100 

577202 

0. 326 

-1. 12085 

78976 

154294 

0. 376 

-0.97816 

61355 

922425 

0. 426 

-0. 85331 

59327 

127666 

0.327 

-1.11779 

51080 

848837 

0.377 

-0.97551 

00915 

341263 

0.427 

-0.85097 

12657 

535125 

0. 328 

-1.11474 

16705 

979933 

0. 378 

-0.97286 

10833 

625494 

0.428 

-0. 84863 

20834 

003403 

0.329 

-1.11169 

75282 

167652 

0.379 

-0.97021 

90738 

997107 

0.429 

-0. 84629 

83600 

541201 

0.330 

-1.10866 

26245 

216111 

0. 380 

-0.96758 

40262 

617056 

0.430 

-0. 84397 

00702 

945289 

0.331 

-1. 10563 

69036 

050742 

0.381 

-0.96495 

59038 

554361 

0.431 

-0.84164 

71888 

783893 

0.332 

-1. 10262 

03100 

656485 

0.382 

-0. 96233 

46703 

755619 

0.432 

-0.83932 

96907 

380267 

0. 333 

-1. 09961 

27890 

016932 

0. 383 

-0.95972 

02898 

014911 

0.433 

-0.83701 

75509 

796472 

0.334 

-1. 09661 

42860 

054366 

0. 384 

-0.95711 

27263 

944102 

0.434 

-0.83471 

07448 

817322 

0.335 

-1. 09362 

47471 

570706 

0. 385 

-0.95451 

19446 

943528 

0. 435 

-0. 83240 

92478 

934530 

0.336 

-1. 09064 

41190 

189328 

0. 386 

-0.95191 

79095 

173062 

0.436 

-0.83011 

30356 

331027 

0.337 

-1. 08767 

23486 

297753 

0.387 

-0. 94933 

05859 

523552 

0.437 

-0.82782 

20838 

865469 

0.338 

-1.08470 

93834 

991183 

0.388 

-0.94674 

99393 

588636 

0.438 

-0. 82553 

63686 

056909 

0.339 

-1.08175 

51716 

016868 

0. 389 

-0. 94417 

59353 

636908 

0.439 

-0. 82325 

58659 

069657 

0.340 

-1. 07880 

96613 

719300 

0.390 

-0.94160 

85398 

584449 

0. 440 

-0. 82098 

05520 

698302 

0.341 

-1. 07587 

28016 

986203 

0.391 

-0. 93904 

77189 

967713 

0.441 

-0. 81871 

04035 

352911 

0. 342 

-1. 07294 

45419 

195319 

0. 392 

-0.93649 

34391 

916745 

0.442 

-0.81644 

53969 

044389 

0. 343 

-1. 07002 

48318 

161971 

0. 393 

-0. 93394 

56671 

128758 

0.443 

-0.81418 

55089 

370014 

0.344 

-1. 06711 

36216 

087387 

0. 394 

-0.93140 

43696 

842032 

0.444 

-0. 81193 

07165 

499123 

0. 345 

-1. 06421 

08619 

507773 

0.395 

-0.92886 

95140 

810152 

0. 445 

-0. 80968 

09968 158968 

0. 346 

-1.06131 

65039 

244128 

0. 396 

-0.92634 

10677 

276565 

0. 446 

-0. 80743 

63269 

620730 

0.347 

-1.05843 

04990 

352779 

0. 397 

-0.92381 

89982 

949466 

0.447 

-0.80519 

66843 

685682 

0.348 

-1.05555 

27992 

076627 

0. 398 

-0.92130 

32736 

976993 

0. 448 

-0. 80296 

20465 

671519 

0.349 

-1. 05268 

33567 

797099 

0. 399 

-0. 91879 

38620 

922736 

0.449 

-0. 80073 

23912 

398828 

0. 350 

-1. 04982 

21244 

986777 

0.400 

-0.91629 

07318 

741551 

0.450 

-0.79850 

76962 

177716 
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NATURAL LOGARITHMS Table 4.2 


X 


In x 


X 


In x 


X 


In x 


0. 450 

-0. 79850 

76962 

177716 

0.500 

-0.69314 

71805 

599453 

0.550 

-0.59783 

70007 

556204 

0.451 

-0.79628 

79394 

794587 

0.501 

-0. 69114 

91778 

972723 

0.551 

-0.59602 

04698 

292226 

0.452 

-0. 79407 

30991 

499059 

0.502 

-0.68915 

51592 

904079 

0.552 

-0. 59420 

72327 

050417 

0.453 

-0.79186 

31534 

991030 

0.503 

-0. 68716 

51088 

823978 

0.553 

-0. 59239 

72774 

598023 

0.454 

-0.78965 

80809 

407891 

0.504 

-0. 68517 

90109 

107684 

0.554 

-0. 59059 

05922 

348532 

0.455 

-0. 78745 

78600 

311866 

0.505 

-0.68319 

68497 

067772 

0.555 

-0. 58878 

71652 

357025 

0. 456 

-0. 78526 

24694 

677510 

0.506 

-0.68121 

86096 

946715 

0.556 

-0. 58698 

69847 

315547 

0. 457 

-0.78307 

18880 

879324 

0.507 

-0. 67924 

42753 

909539 

0.557 

-0. 58519 

00390 

548530 

0. 458 

-0.78088 

60948 

679521 

0.508 

-0. 67727 

38314 

036552 

0.558 

-0. 58339 

63166 

008261 

0.459 

-0.77870 

50689 

215919 

0.509 

-0. 67530 

72624 

316143 

0.559 

-0.58160 

58058 

270379 

0.460 

-0.77652 

87894 

989964 

0.510 

-0. 67334 

45532 

637656 

0.560 

-0. 57981 

84952 

529421 

0.461 

-0.77435 

72359 

854885 

0.511 

-0.67138 

56887 

784326 

0.561 

-0. 57803 

43734 

594407 

0. 462 

-0.77219 

03879 

003982 

0.512 

-0. 66943 

06539 

426293 

0.562 

-0. 57625 

34290 

884460 

0.463 

-0.77002 

82248 

959030 

0.513 

-0. 66747 

94338 

113675 

0.563 

-0. 57447 

56508 

424467 

0.464 

-0.76787 

07267 

558818 v 

0.514 

-0. 66553 

20135 

269719 

0.564 

-0. 57270 

10274 

840782 

0.465 

-0. 76571 

78733 

947807 

0.515 

-0.66358 

83783 

184009 

0.565 

-0. 57092 

95478 

356961 

0.466 

-0.76356 

96448 

564912 

0.516 

-0. 66164 

85135 

005743 

0.566 

-0. 56916 

12007 

789541 

0. 467 

-0.76142 

60213 

132397 

0.517 

-0. 65971 

24044 

737079 

0.567 

-0. 56739 

59752 

543850 

0. 468 

-0. 75928 

69830 

644903 

0.518 

-0. 65778 

00367 

226540 

0.568 

-0. 56563 

38602 

609857 

0. 469 

-0. 75715 

25105 

358577 

0.519 

-0. 65585 

13958 

162484 

0.569 

-0. 56387 

48448 

558061 

0.470 

-0. 75502 

25842 

780328 

0.520 

-0. 65392 

64674 

066640 

0.570 

-0. 56211 

89181 

535412 

0. 471 

-0.75289 

71849 

657193 

0.521 

-0. 65200 

52372 

287701 

0.571 

-0. 56036 

60693 

261268 

0.472 

-0. 75077 

62933 

965817 

0.522 

-0. 65008 

76910 

994983 

0.572 

-0. 55861 

62876 

023392 

0.473 

-0. 74865 

98904 

902041 

0.523 

-0. 64817 

38149 

172142 

0.573 

-0. 55686 

95622 

673975 

0.474 

-0. 74654 

79572 

870606 

0.524 

-0. 64626 

35946 

610949 

0.574 

-0. 55512 

58826 

625706 

0.475 

-0. 74444 

04749 

474958 

0.525 

-0. 64435 

70163 

905133 

0.575 

-0. 55338 

52381 

847866 

0.476 

-0.74233 

74247 

507170 

0.526 

-0. 64245 

40662 

444272 

0.576 

-0.55164 

76182 

862458 

0.477 

-0. 74023 

87880 

937958 

0.527 

-0. 64055 

47304 

407747 

0.577 

-0.54991 

30124 

740375 

0.478 

-0. 73814 

45464 

906811 

0.528 

-0. 63865 

89952 

758756 

0.578 

-0.54818 

14103 

097596 

0.479 

-0. 73605 

46815 

712218 

0.529 

-0. 63676 

68471 

238377 

0.579 

-0. 54645 

28014 

091418 

0. 480 

-0. 73396 

91750 

802004 

0.530 

-0. 63487 

82724 

359695 

0.580 

-0. 54472 

71754 

416720 

0. 481 

-0.73188 

80088 

763759 

0.531 

-0. 63299 

32577 

401982 

0.581 

-0. 54300 

45221 

302258 

0. 482 

-0.72981 

11649 

315367 

0.532 

-0.63111 

17896 

404927 

0.582 

-0. 54128 

48312 

506992 

0. 483 

-0. 72773 

86253 

295644 

0.533 

-0. 62923 

38548 

162925 

0.583 

-0. 53956 

80926 

316447 

0.484 

-0.72567 

03722 

655053 

0.534 

-0. 62735 

94400 

219422 

0.584 

-0. 53785 

42961 

539100 

0.485 

-0. 72360 

63880 

446539 

0.535 

-0. 62548 

85320 

861305 

0.585 

-0. 53614 

34317 

502806 

0.486 

-0.72154 

66550 

816433 

0.536 

-0. 62362 

11179 

113351 

0.586 

-0. 53443 

54894 

051244 

0.487 

-0.71949 

11558 

995473 

0.537 

-0. 62175 

71844 

732724 

0.587 

-0. 53273 

04591 

540406 

0.488 

-0. 71743 

98731 

289899 

0.538 

-0. 61989 

67188 

203526 

0.588 

-0.53102 

83310 

835101 

0.489 

-0.71539 

27895 

072650 

0.539 

-0.61803 

97080 

731399 

0.589 

-0. 52932 

90953 

305503 

0.490 

-0.71334 

98878 

774648 

0.540 

-0. 61618 

61394 

238170 

0.590 

-0. 52763 

27420 

823719 

0.491 

-0.71131 

11511 

876165 

0. 541 

-0. 61433 

60001 

356555 

0.591 

-0. 52593 

92615 

760389 

0. 492 

-0.70927 

65624 

898289 

0.542 

-0. 61248 

92775 

424908 

0.592 

-0. 52424 

86440 

981314 

0.493 

-0. 70724 

61049 

394469 

0.543 

-0.61064 

59590 

482016 

0.593 

-0. 52256 

08799 

844116 

0. 494 

-0. 70521 

97617 

942145 

0.544 

-0. 60880 

60321 

261944 

0.594 

-0. 52087 

59596 

194921 

0. 495 

-0. 70319 

75164 

134468 

0.545 

-0. 60696 

94843 

188930 

0.595 

-0.51919 

38734 

365073 

0. 496 

-0.70117 

93522 

572096 

0.546 

-0.60513 

63032 

372320 

0.596 

-0. 51751 

46119 

167873 

0.497 

-0.69916 

52528 

855083 

0.547 

-0. 60330 

64765 

601558 

0.597 

-0.51583 

81655 

895350 

0. 498 

-0. 69715 

52019 

574841 

0.548 

-0. 60147 

99920 

341215 

0.598 

-0.51416 

45250 

315053 

0.499 

-0. 69514 

91832 

306184 

0. 549 

-0.59965 

68374 

726064 

0.599 

-0. 51249 

36808 

666877 

0. 500 

-0. 69314 

71805 

599453 

0.550 

-0. 59783 

70007 

556204 

0.600 

-0. 51082 

56237 

659907 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.2 NATURAL LOGARITHMS 


X 


In x 


X 


In x 


X 


In x 


0. 600 

-0.51082 

56237 

659907 

0.650 

-0.43078 

29160 

924543 

0.700 

-0. 35667 

49439 

387324 

0. 601 

-0.50916 

03444 

469295 

0.651 

-0. 42924 

56367 

735678 

0.701 

-0.35524 

73919 

475470 

0.602 

-0. 50749 

78336 

733160 

0.652 

-0. 42771 

07170 

554841 

0.702 

-0. 35382 

18749 

563259 

0. 603 

-0.50583 

80822 

549516 

0.653 

-0. 42617 

81497 

057060 

0.703 

-0. 35239 

83871 

714721 

0. 604 

-0.50418 

10810 

473221 

0.654 

-0. 42464 

79275 

249384 

0.704 

-0. 35097 

69228 

240947 

0. 605 

-0. 50252 

68209 

512956 

0.655 

-0. 42312 

00433 

468851 

0.705 

-0. 34955 

74761 

698684 

0.606 

-0.50087 

52929 

128226 

0.656 

-0. 42159 

44900 

380480 

0.706 

-0. 34814 

00414 

888950 

0. 607 

-0.49922 

64879 

226388 

0. 657 

-0. 42007 

12604 

975265 

0.707 

-0. 34672 

46130 

855643 

0.608 

-0. 49758 

03970 

159700 

0.658 

-0.41855 

03476 

568199 

0.708 

-0. 34531 

11852 

884173 

0. 609 

-0.49593 

70112 

722400 

0.659 

-0.41703 

17444 

796298 

0.709 

-0. 34389 

97524 

500096 

0.610 

-0. 49429 

63218 

147801 

0.660 

-0.41551 

54439 

616658 

0.710 

-0. 34249 

03089 

467759 

Q. 611 

-0. 49265 

83198 

105417 

0. 661 

-0. 41400 

14391 

304508 

0.711 

-0. 34108 

28491 

788962 

Q. 612 

-0.49102 

29964 

698110 

0.662 

-0.41248 

97230 

451288 

0. 712 

-0. 33967 

73675 

701613 

0.613 

-0.48939 

03430 

459257 

0.663 

-0.41098 

02887 

962745 

0. 713 

-0. 33827 

38585 

678411 

0. 614 

-0.48776 

03508 

349946 

0.664 

-0.40947 

31295 

057032 

0.714 

-0. 33687 

23166 

425527 

0.615 

-0. 48613 

30111 

756192 

0. 665 

-0. 40796 

82383 

262829 

0.715 

-0. 33547 

27362 

881294 

0.616 

-0. 48450 

83154 

486173 

0.666 

-0. 40646 

56084 

417479 

0.716 

-0. 33407 

51120 

214914 

0. 617 

-0. 48288 

62550 

767492 

0.667 

-0. 40496 

52330 

665133 

0.717 

-0.33267 

94383 

825167 

0.618 

-0.48126 

68215 

244463 

0.668 

-0.40346 

71054 

454913 

0, 718 

-0. 33128 

57099 

339129 

0.619 

-0.47965 

00062 

975409 

0.669 

-0.40197 

12188 

539086 

0.719 

-0. 32989 

39212 

610904 

0.620 

-0. 47803 

58009 

429998 

0.670 

-0. 40047 

75665 

971253 

0.720 

-0. 32850 

40669 

720361 

0.621 

-0. 47642 

41970 

486583 

0.671 

-0. 39898 

61420 

104553 

0.721 

-0. 32711 

61416 

971880 

0.622 

-0.47481 

51862 

429576 

0. 672 

-0. 39749 

69384 

589875 

0.722 

-0. 32573 

01400 

893108 

0. 623 

-0.47320 

87601 

946839 

0. 673 

-0. 39600 

99493 

374092 

0.723 

-0. 32434 

60568 

233724 

0. 624 

-0.47160 

49106 

127094 

0. 674 

-0. 39452 

51680 

698300 

0.724 

-0. 32296 

38865 

964207 

0. 625 

-0. 47000 

36292 

457356 

0. 675 

-0. 39304 

25881 

096072 

0.725 

-0. 32158 

36241 

274623 

0.626 

-0. 46840 

49078 

820385 

0.676 

-0.39156 

22029 

391730 

0.726 

-0. 32020 

52641 

573410 

0. 627 

-0. 46680 

87383 

492164 

0. 677 

-0. 39008 

40060 

698621 

0. 727 

-0.31882 

88014 

486177 

0.628 

-0. 46521 

51125 

139384 

0. 678 

-0. 38860 

79910 

417415 

0.728 

-0.31745 

42307 

854511 

0. 629 

-0. 46362 

40222 

816965 

0. 679 

-0. 38713 

41514 

234409 

0.729 

-0. 31608 

15469 

734789 

0.630 

-0, 46203 

54595 

965587 

0.680 

-0. 38566 

24808 

119847 

0.730 

-0. 31471 

07448 

397002 

0.631 

-0.46044 

94164 

409239 

0.681 

-0. 38419 

29728 

326247 

0.731 

-0.31334 

18192 

323585 

0.632 

-0.45886 

58848 

352796 

0.682 

-0. 38272 

56211 

386750 

0.732 

-0. 31197 

47650 

208255 

0. 633 

-0.45728 

48568 

379609 

0.683 

-0.38126 

04194 

113470 

0.733 

-0. 31060 

95770 

954856 

0.634 

-0. 45570 

63245 

449111 

0.684 

-0. 37979 

73613 

595866 

0.734 

-0. 30924 

62503 

676215 

0. 635 

-0. 45413 

02800 

894454 

0.685 

-0. 37833 

64407 

199118 

0.735 

-0. 30788 

47797 

693004 

0. 636 

-0. 45255 

67156 

420149 

0. 686 

-0. 37687 

76512 

562518 

0.736 

-0. 30652 

51602 

532608 

0.637 

-0.45098 

56234 

099737 

0. 687 

-0. 37542 

09867 

597877 

0.737 

-0. 30516 

73867 

928004 

0. 638 

-0. 44941 

69956 

373472 

0. 688 

-0. 37396 

64410 

487934 

0.738 

-0. 30381 

14543 

816646 

0. 639 

-0.44785 

08246 

046022 

0.689 

-0. 37251 

40079 

684785 

0.739 

-0. 30245 

73580 

339353 

0.640 

-0.44628 

71026 

284195 

0.690 

-0. 37106 

36813 

908320 

0.740 

-0.30110 

50927 

839216 

0. 641 

-0. 44472 

58220 

614670 

0.691 

-0. 36961 

54552 

144672 

0. 741 

-0.29975 

46536 

860502 

0.642 

-0. 44316 

69752 

921759 

0.692 

-0.36816 

93233 

644675 

0. 742 

-0.29840 

60358 

147566 

0.643 

-0. 44161 

05547 

445177 

0.693 

-0. 36672 

52797 

922338 

0.743 

-0.29705 

92342 

643779 

0.644 

-0. 44005 

65528 

777834 

0.694 

-0. 36528 

33184 

753326 

0.744 

-0.29571 

42441 

490452 

0.645 

-0. 43850 

49621 

863646 

0.695 

-0. 36384 

34334 

173449 

0.745 

-0. 29437 

10606 

025775 

0. 646 

-0. 43695 

57751 

995352 

0. 696 

-0. 36240 

56186 

477174 

0.746 

-0.29302 

96787 

783762 

0. 647 

-0. 43540 

89844 

812365 

0.697 

-0. 36096 

98682 

216132 

0.747 

-0. 29169 

00938 

493197 

0. 648 

-0. 43386 

45826 

298624 

0.698 

-0.35953 

61762 

197646 

0.748 

-0.29035 

23010 

076598 

0.649 

-0.43232 

25622 

780471 

0.699 

-0. 35810 

45367 

483268 

0.749 

-0.28901 

62954 

649176 

0. 650 

-0. 43078 

29160 

924543 

0.700 

-0.35667 

49439 

387324 

0.750 

-0.28768 

20724 

517809 
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NATURAL LOGARITHMS Table 4.2 


X 


In x 


X 


In x 


X 


In x 


0.750 

-0.28768 

20724 

517809 

0.800 

-0. 22314 

35513 

142098 

0. 850 

-0. 16251 

89294 

977749 

0.751 

-0.28634 

96272 

180023 

0.801 

-0.22189 

43319 

137778 

0.851 

-0.16134 

31504 

087629 

0.752 

-0.28501 

89550 

322973 

0. 802 

-0.22064 

66711 

156226 

0.852 

-0.16016 

87521 

528213 

0. 753 

-0.28369 

00511 

822435 

0.803 

-0.21940 

05650 

353754 

0.853 

-0. 15899 

57314 

904579 

0.754 

-0.28236 

29109 

741810 

0.804 

-0.21815 

60098 

031707 

0.854 

-0. 15782 

40851 

935672 

0.755 

-0.28103 

75297 

331123 

0.805 

-0. 21691 

30015 

635737 

0.855 

-0. 15665 

38100 

453768 

0.756 

-0.27971 

39028 

026041 

0.806 

-0.21567 

15364 

755088 

0.856 

-0. 15548 

49028 

403950 

0.757 

-0.27839 

20255 

446883 

0. 807 

-0.21443 

16107 

121883 

0.857 

-0. 15431 

73603 

843573 

0. 758 

-0. 27707 

18933 

397654 

0. 808 

-0.21319 

32204 

610417 

0.858 

-0.15315 

11794 

941748 

0.759 

-0.27575 

35015 

865071 

0.809 

-0.21195 

63619 

236454 

0.859 

-0.15198 

63569 

978817 

0.760 

-0.27443 

68457 

017603 

0.810 

-0.21072 

10313 

156526 

0.860 

-0. 15082 

28897 

345836 

0.761 

-0. 27312 

19211 

204512 

0.811 

-0.20948 

72248 

667241 

0.861 

-0.14966 

07745 

544063 

0.762 

-0.27180 

87232 

954908 

0.812 

-0.20825 

49388 

204591 

0.862 

-0. 14850 

00083 

184440 

0.763 

-0. 27049 

72476 

976800 

0.813 

-0.20702 

41694 

343265 

0.863 

-0. 14734 

05878 

987091 

0.764 

-0.26918 

74898 

156166 

0.814 

-0.20579 

49129 

795968 

0.864 

-0.14618 

25101 

780814 

0.765 

-0.26787 

94451 

556012 

0.815 

-0. 20456 

71657 

412743 

0.865 

-0. 14502 

57720 

502577 

0.766 

-0.26657 

31092 

415458 

0.816 

-0.20334 

09240 

180300 

0.866 

-0. 14387 

03704 

197019 

0.767 

-0.26526 

84776 

148809 

0.817 

-0.20211 

61841 

221342 

0.867 

-0. 14271 

63022 

015952 

0.768 

-0. 26396 

55458 

344649 

0.818 

-0.20089 

29423 

793900 

0.868 

-0.14156 

35643 

217869 

0.769 

-0. 26266 

43094 

764931 

0.819 

-0. 19967 

11951 

290676 

0.869 

-0. 14041 

21537 

167450 

0.770 

-0.26136 

47641 

344075 

0.820 

-0.19845 

09387 

238383 

0.870 

-0. 13926 

20673 

335076 

0.771 

-0. 26006 

69054 

188076 

0.821 

-0.19723 

21695 

297088 

0.871 

-0.13811 

33021 

296343 

0. 772 

-0.25877 

07289 

573609 

0.822 

-0.19601 

48839 

259571 

0.872 

-0. 13696 

58550 

731574 

0. 773 

-0.25747 

62303 

947151 

0. 823 

-0. 19479 

90783 

050672 

0.873 

-0. 13581 

97231 

425348 

0.774 

-0.25618 

34053 

924099 

0.824 

-0. 19358 

47490 

726654 

0.874 

-0. 13467 

49033 

266016 

0.775 

-0. 25489 

22496 

287901 

0. 825 

-0. 19237 

18926 

474561 

0.875 

-0. 13353 

13926 

245226 

0.776 

-0. 25360 

27587 

989183 

0. 826 

-0.19116 

05054 

611590 

0.876 

-0. 13238 

91880 

457456 

0.777 

-0. 25231 

49286 

144896 

0.827 

-0.18995 

05839 

584457 

0.877 

-0.13124 

82866 

099540 

0.778 

-0.25102 

87548 

037454 

0. 828 

-0. 18874 

21245 

968774 

0.878 

-0.13010 

86853 

470204 

0.779 

-0. 24974 

42331 

113888 

0.829 

-0. 18753 

51238 

468421 

0.879 

-0. 12897 

03812 

969601 

0.780 

-0.24846 

13592 

984996 

0. 830 

-0. 18632 

95781 

914934 

0.880 

-0. 12783 

33715 

098849, 

0.781 

-0.24718 

01291 

424511 

0.831 

-0.18512 

54841 

266889 

0.881 

-0. 12669 

76530 

459575 

0. 782 

-0. 24590 

05384 

368260 

0.832 

-0. 18392 

28381 

609285 

0.882 

-0. 12556 

32229 

753457 

0. 783 

-0.24462 

25829 

913340 

0.833 

-0.18272 

16368 

152944 

0. 883 

-0.12443 

00783 

781770 

0.784 

-0.24334 

62586 

317292 

0.834 

-0.18152 

18766 

233903 

0.884 

-0. 12329 

82163 

444936 

0.785 

-0.24207 

15611 

997286 

0.835 

-0. 18032 

35541 

312816 

0. 885 

-0.12216 

76339 

742075 

0.786 

-0. 24079 

84865 

529305 

0.836 

-0.17912 

66658 

974354 

0.886 

-0.12103 

83283 

770561 

0.787 

-0.23952 

70305 

647338 

0.837 

-0.17793 

12084 

926617 

0.887 

-0.11991 

02966 

725576 

0.788 

-0.23825 

71891 

242579 

0. 838 

-0. 17673 

71785 

000540 

0.888 

-0.11878 

35359 

899670 

0.789 

-0.23698 

89581 

362628 

0.839 

-0. 17554 

45725 

149309 

0.889 

-0.11765 

80434 

682325 

0.790 

-0. 23572 

23335 

210699 

0. 840 

-0. 17435 

33871 

447778 

0.890 

-0.11653 

38162 

559515 

0.791 

-0. 23445 

73112 

144832 

0. 841 

-0.17316 

36190 

091890 

0.891 

-0.11541 

08515 

113277 

0.792 

-0.23319 

38871 

677112 

0.842 

-0.17197 

52647 

398103 

0.892 

-0.11428 

91464 

021277 

0.793 

-0.23193 

20573 

472891 

0.843 

-0. 17078 

83209 

802816 

0.893 

-0.11316 

86981 

056380 

0. 794 

-0.23067 

18177 

350013 

0.844 

-0.16960 

27843 

861799 

0.894 

-0.11204 

95038 

086229 

0.795 

-0.22941 

31643 

278052 

0. 845 

-0. 16841 

86516 

249632 

0.895 

-0.11093 

15607 

072817 

0.796 

-0.22815 

60931 

377540 

0. 846 

-0. 16723 

59193 

759138 

0.896 

-0. 10981 

48660 

072066 

0.797 

-0.22690 

06001 

919220 

0. 847 

-0. 16605 

45843 

300827 

0.897 

-0.10869 

94169 

233409 

0.798 

-0.22564 

66815 

323283 

0.848 

-0. 16487 

46431 

902340 

0.898 

-0. 10758 

52106 

799374 

0.799 

-0. 22439 

43332 

158624 

0.849 

-0. 16369 

60926 

707897 

0.899 

-0. 10647 

22445 

105168 

0. 800 

-0. 22314 

35513 

142098 

0.850 

-0. 16251 

89294 

977749 

0.900 

-0. 10536 

05156 

578263 
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Table 4.2 


x 

0.900 -0. 

0.901 -0, 

0.902 -0, 

0.903 -0, 

0.904 -0. 

0. 905 -0. 

0. 906 -0. 

0.907 -0. 
0.908 -0. 

0.909 -0. 

0.910 -0. 

0.911 -0. 

0.912 -0. 

0.913 -0, 

0.914 -0. 

0.915 -0. 
0.916 -0. 

0.917 -0. 

0.918 -0. 

0.919 -0. 

0.920 -0. 

0.921 -0. 

0. 922 -0. 

0. 923 -0. 
0.924 -0. 

0. 925 -0. 
0.926 -0. 

0.927 -0. 

0.928 -0. 

0. 929 -0. 

*0.930 -0. 

0.931 -0. 
0.932 -0. 

0.933 -0. 

0.934 -0. 

0. 935 -0. 

0.936 -0. 
0.937 -0. 

0. 938 -0. 

0.939 -0. 

0.940 -0. 

0.941 -0. 

0.942 -0. 

0.943 -0. 

0. 944 -0. 

0. 945 -0. 
0. 946 -0. 
0.947 -0. 

0. 948 -0. 

0. 949 -0. 

0.950 -0. 


NATURAL LOGARITHMS 



In x 


X 


In x 


X 


In x 


.10536 

05156 

578263 

0.950 

-0. 05129 

32943 

875505 

1. 000 

0. 00000 

00000 

000000 

, 10425 

00213 

737991 

0.951 

-0. 05024 

12164 

367467 

1.001 

0. 00099 

95003 

330835 

.10314 

07589 

195134 

0.952 

-0. 04919 

02441 

907717 

1. 002 

0. 00199 

80026 

626731 

.10203 

27255 

651516 

0.953 

-0. 04814 

03753 

279349 

1. 003 

0. 00299 

55089 

797985 

,10092 

59185 

899606 

0.954 

-0. 04709 

16075 

338505 

1. 004 

0. 00399 

20212 

695375 

,09982 

03352 

822109 

0. 955 

-0.04604 

39385 

014068 

1. 005 

0.00498 

75415 

110391 

,09871 

59729 

391577 

0.956 

-0. 04499 

73659 

307358 

1. 006 

0. 00598 

20716 

775475 

,09761 

28288 

670004 

0.957 

-0.04395 

18875 

291828 

1. 007 

0. 00697 

56137 

364252 

,09651 

09003 

808438 

0.958 

-0.04290 

75010 

112765 

1.008 

0. 00796 

81696 

491769 

,09541 

01848 

046582 

0. 959 

-0. 04186 

42040 

986988 

1.009 

0.00895 

97413 

714719 

,09431 

06794 

712413 

0.960 

-0. 04082 

19945 

202551 

1. 010 

0.00995 

03308 

531681 

,09321 

23817 

221787 

0.961 

-0. 03978 

08700 

118446 

1.011 

0.01093 

99400 

383344 

,09211 

52889 

078057 

0.962 

-0.03874 

08283 

164306 

1.012 

0. 01192 

85708 

652738 

,09101 

93983 

871686 

0.963 

-0.03770 

18671 

840115 

1.013 

0. 01291 

62252 

665463 

,08992 

47075 

279870 

0.964 

-0. 03666 

39843 

715914 

1.014 

0.01390 

29051 

689914 

,08883 

12137 

066157 

0. 965 

-0. 03562 

71776 

431511 

1. 015 

0.01488 

86124 

937507 

,08773 

89143 

080068 

0.966 

-0. 03459 

14447 

696191 

1. 016 

0.01587 

33491 

562901 

,08664 

78067 

256722 

0.967 

-0. 03355 

67835 

288427 

1. 017 

0. 01685 

71170 

664229 

,08555 

78883 

616466 

0.968 

-0.03252 

31917 

055600 

1.018 

0. 01783 

99181 

283310 

08446 

91566 

264500 

0.969 

-0.03149 

06670 

913708 

1.019 

0. 01882 

17542 

405878 

08338 

16089 

390511 

0.970 

-0.03045 

92074 

847085 

1. 020 

0.01980 

26272 

961797 

08229 

52427 

268302 

0.971 

-0.02942 

88106 

908121 

1. 021 

0. 02078 

25391 

825285 

08121 

00554 

255432 

0.972 

-0.02839 

94745 

216980 

1. 022 

0.02176 

14917 

815127 

08012 

60444 

792849 

0.973 

-0. 02737 

11967 

961320 

1. 023 

0. 02273 

94869 

694894 

07904 

32073 

404529 

0.974 

-0.02634 

39753 

396020 

1.024 

0. 02371 

65266 

173160 

, 07796 

15414 

697119 

0.975 

-0.02531 

78079 

842899 

1. 025 

0. 02469 

26125 

903715 

07688 

10443 

359577 

0.976 

-0. 02429 

26925 

690446 

1.026 

0.02566 

77467 

485778 

07580 

17134 

16281*5 

0.977 

-0.02326 

86269 

393543 

1. 027 

0. 02664 

19309 

464212 

07472 

35461 

959365 

0.978 

-0.02224 

56089 

473197 

1.028 

0.02761 

51670 

329734 

07364 

65401 

682985 

0. 979 

-0.02122 

36364 

516267 

1. 029 

0. 02858 

74568 

519126 

07257 

06928 

348354 

0.980 

-0. 02020 

27073 

175194 

1. 030 

0. 02955 

88022 

415444 

07149 

60017 

050700 

0.981 

-0.01918 

28194 

167740 

1. 031 

0. 03052 

92050 

348229 

07042 

24642 

965459 

0.982 

-0.01816 

39706 

276712 

1. 032 

0.03149 

86670 

593710 

06935 

00781 

347932 

0.983 

-0. 01714 

61588 

349705 

1. 033 

0. 03246 

71901 

375015 

06827 

88407 

532944 

0.984 

-0.01612 

93819 

298836 

1.034 

0. 03343 

47760 

862374 

06720 

87496 

934501 

0.985 

-0.01511 

36378 

100482 

1. 035 

0. 03440 

14267 

173324 

06613 

98025 

045450 

0.986 

-0. 01409 

89243 

795016 

1. 036 

0. 03536 

71438 

372913 

06507 

19967 

437149 

0.987 

-0.01308 

52395 

486555 

1. 037 

0. 03633 

19292 

473903 

06400 

53299 

759124 

0.988 

-0.01207 

25812 

342692 

1.038 

0. 03729 

57847 

436969 

06293 

97997 

738741 

0.989 

-0.01106 

09473 

594249 

1.039 

0.03825 

87121 

170903 

06187 

54037 

180875 

0.990 

-0.01005 

03358 

535014 

1. 040 

0.03922 

07131 

532813 

06081 

21393 

967574 

0.991 

-0.00904 

07446 

521491 

1. 041 

0. 04018 

17896 

328318 

05975 

00044 

057740 

0.992 

-0.00803 

21716 

972643 

1. 042 

0.04114 

19433 

311752 

05868 

89963 

486796 

0.993 

-0. 00702 

46149 

369645 

1. 043 

0. 04210 

11760 

186354 

05762 

91128 

366364 

0. 994 

-0.00601 

80723 

255630 

1. 044 

0. 04305 

94894 

604470 

05657 

03514 

883943 

0. 995 

-0.00501 

25418 

235443 

1. 045 

0.04401 

68854 

167743 

05551 

27099 

302588 

0.996 

-0.00400 

80213 

975388 

1. 046 

0. 04497 

33656 

427312 

05445 

61857 

960588 

0.997 

-0. 00300 

45090 

202987 

1.047 

0. 04592 

89318 

883998 

05340 

07767 

271152 

0.998 

-0.00200 

20026 

706731 

1.048 

0. 04688 

35858 

988504 

05234 

64803 

722092 

0. 999 

-0.00100 

05003 

335835 

1.049 

0. 04783 

73294 

141601 

05129 

32943 

875505 

1.000 

0.00000 

00000 

000000 

1.050 

0.04879 

01641 

694320 

[ 

( 1 )2 ] 



I 

'(-7)1' 

6 

] 


[ 

(-7)1- 

6 

1 
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NATURAL LOGARITHMS Table 4 2 


X 


In x 


X 


In x 


X 


In x 


1. 050 

0.04879 

01641 

694320 

1.100 

0. 09531 

01798 

043249 

1.150 

0. 13976 

19423 

751587 

1. 051 

0. 04974 

20918 

948141 

1.101 

0. 09621 

88577 

405429 

1.151 

0. 14063 

11297 

397456 

1.052 

0. 05069 

31143 

155181 

1.102 

0. 09712 

67107 

307227 

1.152 

0.14149 

95622 

736995 

1. 053 

0.05164 

32331 

518384 

1.103 

0. 09803 

37402 

713654 

1.153 

0. 14236 

72412 

869220 

1. 054 

0. 05259 

24501 

191706 

1.104 

0. 09893 

99478 

549036 

1.154 

0. 14323 

41680 

859078 

1. 055 

0.05354 

07669 

280298 

1.105 

0. 09984 

53349 

697161 

1.155 

0.14410 

03439 

737569 

1. 056 

0. 05448 

81852 

840697 

1.106 

0. 10074 

99031 

001431 

1.156 

0.14496 

57702 

501857 

1.057 

0. 05543 

47068 

881006 

1.107 

0.10165 

36537 

264998 

1.157 

0. 14583 

04482 

115395 

1.058 

0. 05638 

03334 

361076 

1.108 

0. 10255 

65883 

250921 

1.158 

0. 14669 

43791 

508035 

1.059 

0.05732 

50666 

192694 

1.109 

0. 10345 

87083 

682300 

1.159 

0. 14755 

75643 

576147 

1.060 

0.05826 

89081 

239758 

1.110 

0. 10436 

00153 

242428 

1.160 

0. 14842 

00051 

182733 

1. 061 

0.05921 

18596 

318461 

1.111 

0.10526 

05106 

574929 

1.161 

0. 14928 

17027 

157544 

1. 062 

0. 06015 

39228 

197471 

1.112 

0.10616 

01958 

283906 

1.162 

0.15014 

26584 

297195 

1.063 

0.06109 

50993 

598109 

1.113 

0. 10705 

90722 

934078 

1.163 

0.15100 

28735 

365274 

1. 064 

0. 06203 

53909 

194526 

1.114 

0. 10795 

71415 

050923 

1.164 

0.15186 

23493 

092461 

1.065 

0.06297 

47991 

613884 

1.115 

0. 10885 

44049 

120821 

1.165 

0. 15272 

10870 

176639 

1. 066 

0.06391 

33257 

436528 

1.116 

0. 10975 

08639 

591192 

1.166 

0. 15357 

90879 

283006 

1. 067 

0.06485 

09723 

196163 

1.117 

0.11064 

65200 

870637 

1.167 

0. 15443 

63533 

044189 

1.068 

0. 06578 

77405 

380031 

1.118 

0.11154 

13747 

329074 

1.168 

0. 15529 

28844 

060353 

1. 069 

0. 06672 

36320 

429082 

1.119 

0.11243 

54293 

297882 

1.169 

0.15614 

86824 

899314 

1.070 

0.06765 

86484 

738148 

1.120 

0.11332 

86853 

070032 

1.170 

0. 15700 

37488 

096648 

1. 071 

0. 06859 

27914 

656117 

1.121 

0.11422 

11440 

900229 

1.171 

0. 15785 

80846 

155803 

1. 072 

0. 06952 

60626 

486102 

1.122 

0.11511 

28071 

005046 

1.172 

0.15871 

16911 

548209 

1.073 

0.07045 

84636 

485614 

1.123 

0.11600 

36757 

563061 

1.173 

0. 15956 

45696 

713384 

1.074 

0.07138 

99960 

866729 

1.124 

0.11689 

37514 

714993 

1.174 

0. 16041 

67214 

059047 

1. 075 

0. 07232 

06615 

796261 

1.125 

0.11778 

30356 

563835 

1.175 

0.16126 

81475 

961223 

1.076 

0. 07325 

04617 

395927 

1.126 

0.11867 

15297 

174986 

1.176 

0.16211 

88494 

764352 

1.077 

0. 07417 

93981 

742515 

1.127 

0.11955 

92350 

576392 

1.177 

0. 16296 

88282 

781397 

1. 078 

0. 07510 

74724 

868054 

1.128 

0. 12044 

61530 

758672 

1.178 

0. 16381 

80852 

293950 

1.079 

0. 07603 

46862 

759976 

1.129 

0.12133 

22851 

675250 

1.179 

0. 16466 

66215 

552339 

1.080 

0.07696 

10411 

361283 

1.130 

0.12221 

76327 

242492 

1.180 

0. 16551 

44384 

775734 

1.081 

0. 07788 

65386 

570712 

1.131 

0.12310 

21971 

339834 

1.181 

0.16636 

15372 

152253 

1.082 

0.07881 

11804 

242898 

1.132 

0. 12398 

59797 

809912 

1.182 

0.16720 

79189 

839065 

1. 083 

0.07973 

49680 

188536 

1.133 

0.12486 

89820 

458693 

1.183 

0. 16805 

35849 

962497 

1. 084 

0.08065 

79030 

174545 

1.134 

0.12575 

12053 

055603 

1.184 

0. 16889 

85364 

618139 

1. 085 

0. 08157 

99869 

924229 

1.135 

0.12663 

26509 

333660 

1.185 

0. 16974 

27745 

870945 

1.086 

0.08250 

12215 

117437 

1.136 

0. 12751 

33202 

989596 

1.186 

0. 17058 

63005 

755337 

1.087 

0.08342 

16081 

390724 

1.137 

0. 12839 

32147 

683990 

1.187 

0.17142 

91156 

275310 

1.088 

0.08434 

11484 

337509 

1.138 

0. 12927 

23357 

041392 

1.188 

0. 17227 

12209 

404532 

1.089 

0. 08525 

98439 

508234 

1.139 

0.13015 

06844 

650451 

1.189 

0.17311 

26177 

086448 

1. 090 

0.08617 

76962 

410523 

1.140 

0.13102 

82624 

064041 

1.190 

0. 17395 

33071 

234380 

1.091 

0. 08709 

47068 

509338 

1.141 

0.13190 

50708 

799386 

1.191 

0. 17479 

32903 

731631 

1.092 

0. 08801 

08773 

227133 

1.142 

0.13278 

11112 

338185 

1.192 

0. 17563 

25686 

431580 

1. 093 

0. 08892 

62091 

944015 

1.143 

0.13365 

63848 

126736 

1.193 

0. 17647 

11431 

157791 

1.094 

0. 08984 

07039 

997895 

1.144 

0. 13453 

08929 

576062 

1.194 

0. 17730 

90149 

704103 

1. 095 

0.09075 

43632 

684641 

1.145 

0.13540 

46370 

062030 

1.195 

0.17814 

61853 

834740 

1.096 

0.09166 

71885 

258238 

1.146 

0. 13627 

76182 

925478 

1.196 

0.17898 

26555 

284400 

1. 097 

0. 09257 

91812 

930932 

1.147 

0.13714 

98381 

472336 

1.197 

0. 17981 

84265 

758361 

1. 098 

0.09349 

03430 

873389 

1.148 

0. 13802 

12978 

973747 

1.198 

0. 18065 

34996 

932576 

1. 099 

0.09440 

06754 

214843 

1.149 

0. 13889 

19988 

666186 

1.199 

0.18148 

78760 

453772 

1.100 

0. 09531 

01798 

043249 

1.150 

0. 13976 

19423 

751587 

1.200 

0. 18232 

15567 

939546 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.2 NATURAL LOGARITHMS 


X 


In x 


X 


In x 


X 


In x 


1.200 

0. 18232 

15567 

939546 

1.250 

0. 22314 

35513 

142098 

1. 300 

0.26236 

42644 

674911 

1.201 

0.18315 

45430 

978465 

1.251 

0.22394 

32314 

847741 

1.301 

0.26313 

31995 

303682 

1.202 

0. 18398 

68361 

130158 

1.252 

0.22474 

22726 

779068 

1.302 

0. 26390 

15437 

863775 

1.203 

0.18481 

84369 

925418 

1.253 

0. 22554 

06759 

139312 

1.303 

0.26466 

92981 

427081 

1.204 

0.18564 

93468 

866293 

1.254 

0.22633 

84422 

107290 

1.304 

0.26543 

64635 

044612 

1.205 

0.18647 

95669 

426183 

1.255 

0. 22713 

55725 

837472 

1.305 

0.26620 

30407 

746567 

1.206 

0.18730 

90983 

049937 

1.256 

0.22793 

20680 

460069 

1. 306 

0.26696 

90308 

542393 

1. 207 

0.18813 

79421 

153944 

1.257 

0. 22872 

79296 

081104 

1. 307 

0. 26773 

44346 

420849 

1.208 

0. 18896 

60995 

126232 

1.258 

0.22952 

31582 

782488 

1.308 

0.26849 

92530 

350070 

1.209 

0. 18979 

35716 

326556 

1.259 

0.23031 

77550 

622101 

1. 309 

0. 26926 

34869 

277629 

1.210 

0.19062 

03596 

086497 

1.260 

0.23111 

17209 

633866 

1. 310 

0.27002 

71372 

130602 

1.211 

0.19144 

64645 

709552 

1.261 

0.23190 

50569 

827825 

1.311 

0.27079 

02047 

815628 

1.212 

0.19227 

18876 

471227 

1.262 

0.23269 

77641 

190214 

1. 312 

0. 27155 

26905 

218973 

1.213 

0.19309 

66299 

619131 

1.263 

0.23348 

98433 

683541 

1. 313 

0. 27231 

45953 

206591 

1.214 

0. 19392 

06926 

373065 

1.264 

0.23428 

12957 

246657 

1. 314 

0. 27307 

59200 

624188 

1.215 

0.19474 

40767 

925118 

1.265 

0.23507 

21221 

794836 

1. 315 

0.27383 

66656 

297279 

1. 216 

0. 19556 

67835 

439753 

1.266 

0. 23586 

23237 

219844 

1.316 

0.27459 

68329 

031255 

1.217 

0.19638 

88140 

053901 

1.267 

0.23665 

19013 

390020 

1.317 

0.27535 

64227 

611440 

1.218 

0.19721 

01692 

877053 

1.268 

0.23744 

08560 

150342 

1.318 

0.27611 

54360 

803155 

1.219 

0. 19803 

08504 

991345 

1.269 

0.23822 

91887 

322506 

1.319 

0.27687 

38737 

351775 

1. 220 

0.19885 

08587 

451652 

1.270 

0.23901 

69004 

704999 

1.320 

0. 27763 

17365 

982795 

1.221 

0. 19967 

01951 

285676 

1.271 

0.23980 

39922 

073170 

1. 321 

0.27838 

90255 

401883 

1.222 

0.20048 

88607 

494036 

1.272 

0.24059 

04649 

179304 

1.322 

0.27914 

57414 

294945 

1. 223 

0.20130 

68567 

050353 

1.273 

0. 24137 

63195 

752695 

1. 323 

0.27990 

18851 

328186 

1.224 

0.20212 

41840 

901343 

1.274 

0.24216 

15571 

499716 

1. 324 

0. 28065 

74575 

148165 

1.225 

0. 20294 

08439 

966903 

1.275 

0.24294 

61786 

103895 

1. 325 

0.28141 

24594 

381855 

1. 226 

0.20375 

68375 

140197 

1.276 

0.24373 

01849 

225981 

1. 326 

0.28216 

68917 

636708 

1.227 

0.20457 

21657 

287744 

1.277 

0. 24451 

35770 

504022 

1. 327 

0. 28292 

07553 

500705 

1.228 

0.20538 

68297 

249507 

1.278 

0. 24529 

63559 

553431 

1. 328 

0.28367 

40510 

542421 

1.229 

0.20620 

08305 

838978 

1.279 

0.24607 

85225 

967056 

1. 329 

0. 28442 

67797 

311083 

1.230 

0. 20701 

41693 

843261 

1.280 

0. 24686 

00779 

315258 

1. 330 

0. 28517 

89422 

336624 

1.231 

0.20782 

68472 

023165 

1.281 

0.24764 

10229 

145972 

1. 331 

0.28593 

05394 

129746 

1.232 

0.20863 

88651 

113280 

1.282 

0. 24842 

13584 

984783 

1.332 

0. 28668 

15721 

181974 

1.233 

0.20945 

02241 

822072 

1.283 

0. 24920 

10856 

334994 

1.333 

0. 28743 

20411 

965716 

1.234 

0.21026 

09254 

831961 

1.284 

0. 24998 

02052 

677694 

1. 334 

0. 28818 

19474 

934320 

1.235 

0.21107 

09700 

799405 

1. 285 

0.25075 

87183 

471831 

1.335 

0. 28893 

12918 

522129 

1.236 

0.21188 

03590 

354990 

1.286 

0.25153 

66258 

154276 

1.336 

0.28968 

00751 

144540 

1.237 

0.21268 

90934 

103508 

1.287 

0. 25231 

39286 

139896 

1. 337 

0.29042 

82981 

198061 

1.238 

0.21349 

71742 

624044 

1.288 

0.25309 

06276 

821619 

1. 338 

0.29117 

59617 

060367 

1.239 

0.21430 

46026 

470054 

1.289 

0.25386 

67239 

570503 

1.339 

0.29192 

30667 

090355 

1.240 

0.21511 

13796 

169455 

1.290 

0. 25464 

22183 

735807 

1. 340 

0.29266 

96139 

628200 

1.241 

0.21591 

75062 

224702 

1.291 

0.25541 

71118 

645054 

1. 341 

0. 29341 

56042 

995415 

1.242 

0.21672 

29835 

112870 

1.292 

0.25619 

14053 

604101 

1. 342 

0.29416 

10385 

494901 

1.243 

0.21752 

78125 

285741 

1. 293 

0.25696 

50997 

897204 

1. 343 

0. 29490 

59175 

411005 

1.244 

0.21833 

19943 

169877 

1.294 

0.25773 

81960 

787088 

1. 344 

0. 29565 

02421 

009578 

1. 245 

0.21913 

55290 

166709 

1. 295 

0.25851 

06951 

515011 

1. 345 

0. 29639 

40130 

538024 

1.246 

0.21993 

84203 

652614 

1.296 

0.25928 

25979 

300830 

1.346 

0.29713 

72312 

225361 

1.247 

0.22074 

06666 

978994 

1.297 

0.26005 

39053 

343068 

1.347 

0.29787 

98974 

282269 

1.248 

0.22154 

22699 

472359 

1.298 

0.26082 

46182 

818983 

1. 348 

0. 29862 

20124 

901153 

1.249 

0.22234 

32311 

434406 

1.299 

0. 26159 

47376 

884625 

1. 349 

0.29936 

35772 

256188 

1.250 

0.22314 

35513 

142098 

1. 300 

0.26236 

42644 

674911 

1.350 

0.30010 

45924 

503381 
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NATURAL LOGARITHMS Table 4.2 


X 


In x 


X 


In x 


X 


In x 


1.350 

0. 30010 

45924 

503381 

1. 400 

0.33647 

22366 

212129 

1.450 

0.37156 

35564 

324830 

1.351 

0. 30084 

50589 

780618 

1. 401 

0.33718 

62673 

548700 

1.451 

0. 37225 

29739 

020508 

1.352 

0.30158 

49776 

207723 

1.402 

0. 33789 

97886 

123983 

1.452 

0.37294 

19164 

026043 

1. 353 

0. 30232 

43491 

886510 

1.403 

0. 33861 

28011 

203239 

1.453 

JO. 37363 

03845 

881459 

1. 354 

0. 30306 

31744 

900833 

1. 404 

0.33932 

53056 

036194 

1.454 

0. 37431 

83791 

113276 

1.355 

0. 30380 

14543 

316642 

1.405 

0. 34003 

73027 

857091 

1.455 

0. 37500 

59006 

234558 

1.356 

0.30453 

91895 

182038 

1. 406 

0. 34074 

87933 

884732 

1.456 

0. 37569 

29497 

744942 

1.357 

0.30527 

63808 

527321 

1.407 

0.34145 

97781 

322520 

1.457 

0. 37637 

95272 

130678 

1. 358 

0. 30601 

30291 

365044 

1.408 

0. 34217 

02577 

358507 

1.458 

0. 37706 

56335 

864664 

1. 359 

0.30674 

91351 

690067 

1.409 

0. 34288 

02329 

165432 

1.459 

0. 37775 

12695 

406486 

1. 360 

0. 30748 

46997 

479606 

1. 410 

0.34358 

97043 

900769 

1.460 

0. 37843 

64357 

202451 

1. 361 

0. 30821 

97236 

693290 

1.411 

0. 34429 

86728 

706770 

1.461 

0.37912 

11327 

685624 

1.362 

0. 30895 

42077 

273206 

1.412 

0. 34500 

71390 

710503 

1.462 

0. 37980 

53613 

275868 

1.363 

0.30968 

81527 

143956 

1.413 

0. 34571 

51037 

023904 

1.463 

0. 38048 91220 

379873 

1. 364 

0. 31042 

15594 

212704 

1.414 

0.34642 

25674 

743810 

1.464 

0.38117 

24155 

391198 

1.365 

0.31115 

44286 

369231 

1.415 

0. 34712 

95310 

952009 

1.465 

0.38185 

52424 

690306 

1. 366 

0.31188 

67611 

485983 

1.416 

0. 34783 

59952 

715280 

1.466 

0. 38253 

76034 

644597 

1. 367 

0.31261 

85577 

418125 

1.417 

0. 34854 

19607 

085434 

1.467 

0. 38321 

94991 

608447 

1. 368 

0. 31334 

98192 

003587 

1. 418 

0. 34924 

74281 

099358 

1. 468 

0. 38390 

09301 

923238 

1.369 

0. 31408 

05463 

063118 

1.419 

0. 34995 

23981 

779056 

1.469 

0. 38458 

18971 

917403 

1.370 

0. 31481 

07398 

400335 

1. 420 

0. 35065 

68716 

131694 

1.470 

0. 38526 

24007 

906449 

1. 371 

0. 31554 

04005 

801773 

1. 421 

0. 35136 

08491 

149636 

1. 471 

0. 38594 

24416 

193005 

1.372 

0. 31626 

95293 

036935 

1.422 

0. 35206 

43313 

810491 

1.472 

0. 38662 

20203 

066845 

1.373 

0.31699 

81267 

858340 

1.423 

0. 35276 

73191 

077153 

1.473 

0. 38730 

11374 

804932 

1.374 

0. 31772 

61938 

001576 

1.424 

0. 35346 

98129 

897840 

1.474 

0. 38797 

97937 

671449 

1.375 

0. 31845 

37311 

185346 

1. 425 

0. 35417 

18137 

206138 

1.475 

0. 38865 

79897 

917831 

1. 376 

0. 31918 

07395 

111519 

1.426 

0. 35487 

33219 

921042 

1.476 

0.38933 

57261 

782808 

1.377 

0. 31990 

72197 

465178 

1. 427 

0. 35557 

43384 

946994 

1.477 

0. 39001 

30035 

492427 

1. 378 

0. 32063 

31725 

914668 

1.428 

0. 35627 

48639 

173926 

1.478 

0.39068 

98225 

260100 

1.379 

0. 32135 

85988 

111648 

1.429 

0. 35697 

48989 

477304 

1.479 

0.39136 

61837 

286627 

1.380 

0. 32208 

34991 

691133 

1.430 

0. 35767 

44442 

718159 

1.480 

0. 39204 

20877 

760237 

1.381 

0. 32280 

78744 

271551 

1.431 

0. 35837 

35005 

743139 

1.481 

0. 39271 

75352 

856617 

1.382 

0. 32353 

17253 

454782 

1.432 

0. 35907 

20685 

384539 

1.482 

0. 39339 

25268 

738951 

1.383 

0. 32425 

50526 

826212 

1.433 

0. 35977 

01488 

460348 

1.483 

0. 39406 

70631 

557950 

1.384 

0. 32497 

78571 

954778 

1.434 

0. 36046 

77421 

774286 

1.484 

0.39474 

11447 

451887 

1.385 

0. 32570 

01396 

393018 

1.435 

0.36116 

48492 

115844 

1. 485 

0. 39541 

47722 

546629 

1. 386 

0. 32642 

19007 

677115 

1. 436 

0. 36186 

14706 

260324 

1.486 

0.39608 

79462 

955674 

1. 387 

0. 32714 

31413 

326945 

1.437 

0. 36255 

76070 

968879 

1.487 

0. 39676 

06674 

780180 

1.388 

0. 32786 

38620 

846128 

1.438 

0. 36325 

32592 

988549 

1.488 

0. 39743 

29364 

109001 

1.389 

0. 32858 

40637 

722067 

1.439 

0. 36394 

84279 

052308 

1.489 

0. 39810 

47537 

018719 

1.390 

0. 32930 

37471 

426004 

1.440 

0.36464 

31135 

879093 

1.490 

0.39877 

61199 

573678 

1.391 

0. 33002 

29129 

413059 

1. 441 

0. 36533 

73170 

173850 

1.491 

0. 39944 

70357 

826014 

1.392 

0. 33074 

15619 

122279 

1.442 

0. 36603 

10388 

627573 

1.492 

0.40011 

75017 

815691 

1.393 

0. 33145 

96947 

976686 

1. 443 

0. 36672 

42797 

917338 

1.493 

0.40078 

75185 

570533 

1.394 

0. 33217 

73123 

383321 

1. 444 

0. 36741 

70404 

706345 

1.494 

0. 40145 

70867 

106256 

1.395 

0.33289 

44152 

733290 

1. 445 

0. 36810 

93215 

643955 

1.495 

0.40212 

62068 

426497 

1.396 

0. 33361 

10043 

401807 

1.446 

0.36880 

11237 

365729 

1.496 

0. 40279 

48795 

522855 

1. 397 

0. 33432 

70802 

748248 

1. 447 

0. 36949 

24476 

493468 

1.497 

0. 40346 

31054 

374913 

1.398 

0. 33504 

26438 

116185 

1. 448 

0. 37018 

32939 

635246 

1.498 

0. 40413 

08850 

950277 

1.399 

0. 33575 

76956 

833441 

1. 449 

0. 37087 

36633 

385453 

1.499 

0. 40479 

82191 

204607 

1.400 

0. 33647 

22366 

212129 

1.450 

0.37156 

35564 

324830 

1.500 

0. 40546 

51081 

081644 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 


x 

1. 500 

1.501 

1.502 

1.503 

1.504 

1.505 
1. 506 
1.507 
1. 508 
1. 509 

1.510 

1.511 

1.512 

1.513 

1.514 

1.515 

1.516 

1.517 

1.518 
1. 519 

1.520 
1. 521 

1.522 

1.523 

1.524 

1.525 

1.526 
1. 527 
1.528 
1. 529 

1.530 

1.531 

1.532 

1.533 
1. 534 

1. 535 
1. 536 

1.537 

1.538 

1.539 

1.540 

1.541 
1. 542 

1.543 

1.544 

1. 545 
1. 546 
1. 547 
1.548 
1. 549 

1. 550 


NATURAL LOGARITHMS 



In x 


X 


In x 


X 


In x 


0. 40546 

51081 

081644 

1.550 

0. 43825 

49309 

311553 

1.600 

0. 47000 

36292 

457356 

0. 40613 

15526 

513249 

1. 551 

0. 43889 

98841 

944018 

1.601 

0.47062 

84340 

145776 

0. 40679 

75533 

419430 

1. 552 

0. 43954 

44217 

610270 

1.602 

0.47125 

28486 

461675 

0.40746 

31107 

708374 

1.553 

0. 44018 

85441 

665500 

1.603 

0.47187 

68736 

274159 

0.40812 

82255 

276481 

1.554 

0. 44083 

22519 

454557 

1.604 

0. 47250 

05094 

443228 

0. 40879 

28982 

008391 

1.555 

0. 44147 

55456 

311975 

1.605 

0. 47312 

37565 

819792 

0. 40945 

71293 

777018 

1.556 

0. 44211 

84257 

561999 

1.606 

0,47374 66155 

245699 

0.41012 

09196 

443584 

1.557 

0. 44276 

08928 

518613 

1.607 

0.47436 90867 

553755 

0.41078 

42695 

857643 

1.558 

0. 44340 

29474 

485565 

1.608 

0.47499 

11707 

567746 

0. 41144 

71797 

857118 

1. 559 

0. 44404 

45900 

756395 

1.609 

0. 47561 28680 

102462 

0. 41210 

96508 

268330 

1.560 

0. 44468 

58212 

614457 

1.610 

0.47623 

41789 

963716 

0.41277 

16832 

906025 

1.561 

0. 44532 

66415 

332950 

1.611 

0. 47685 

51041 

948373 

0. 41343 

32777 

573413 

1.562 

0. 44596 

70514 

174942 

1.612 

0.47747 

56440 

844365 

0.41409 

44348 

062189 

1.563 

0.44660 

70514 

393396 

1.613 

0.47809 57991 

430718 

0. 41475 

51550 

152570 

1.564 

0. 44724 

66421 

231193 

1.614 

0. 47871 

55698 

477571 

0. 41541 

54389 

613325 

1.565 

0.44788 

58239 

921165 

1.615 

0.47933 

49566 

746199 

0. 41607 

52872 

201799 

1.566 

0. 44852 

45975 

686114 

1. 616 

0. 47995 

39600 

989036 

0. 41673 

47003 

663952 

1.567 

0. 44916 

29633 

738838 

1.617 

0.48057 

25805 

949698 

0. 41739 

36789 

734382 

1. 568 

0. 44980 

09219 

282161 

1. 618 

0. 48119 

08186 

362999 

0. 41805 

22236 

136358 

1.569 

0. 45043 

84737 

508955 

1. 619 

0. 48180 

86746 

954981 

0. 41871 

03348 

581850 

1.570 

0. 45107 

56193 

602167 

1.620 

0. 48242 

61492 

442927 

0.41936 

80132 

771558 

1. 571 

0.45171 

23592 

734841 

1.621 

0.48304 

32427 

535391 

0. 42002 

52594 

394941 

1.572 

0.45234 

86940 

070148 

1. 622 

0.48365 

99556 

932212 

0.42068 

20739 

130248 

1. 573 

0. 45298 

46240 

761408 

1. 623 

0.48427 

62885 

324542 

0.42133 

84572 

644545 

1,574 

0. 45362 

01499 

952115 

1.624 

0. 48489 

22417 

394862 

0. 42199 

44100 

593749 

1.575 

0. 45425 

52722 

775964 

1.625 

0. 48550 

78157 

817008 

0. 42264 

99328 

622653 

1.576 

0. 45488 

99914 

356874 

1.626 

0. 48612 

30111 

256188 

0. 42330 

50262 

364954 

1. 577 

0. 45552 

43079 

809013 

1.627 

0.48673 

78282 

369007 

0. 42395 

96907 

443287 

1.578 

0.45615 

82224 

236825 

1.628 

0. 48735 

22675 

803486 

0. 42461 

39269 

469252 

1. 579 

0. 45679 

17352 

735050 

1.629 

0.48796 63296 

199081 

0.42526 

77354 

043441 

1.580 

0.45742 

48470 

388754 

1.630 

0. 48858 

00148 

186710 

0. 42592 

11166 

755467 

1.581 

0. 45805 

75582 

273350 

1. 631 

0.48919 33236 

388768 

0. 42657 

40713 

183996 

1.582 

0.45868 

98693 

454621 

1.632 

0. 48980 

62565 

419153 

0. 42722 

65998 

896771 

1.583 

0.45932 

17808 

988751 

1.633 

0. 49041 

88139 

883281 

0. 42787 

87029 

450644 

1.584 

0.45995 

32933 

922341 

1.634 

0. 49103 

09964 

378111 

0. 42853 

03810 

391605 

1.585 

0. 46058 

44073 

292439 

1.635 

0. 49164 

28043 

492167 

0. 42918 

16347 

254804 

1.586 

0.46121 

51232 

126562 

1. 636 

0.49225 

42381 

805553 

0. 42983 

24645 

564588 

1.587 

0.46184 

54415 

442720 

1.637 

0.49286 

52983 

889979 

0.43048 

28710 

834522 

1. 588 

0. 46247 

53628 

249440 

1. 638 

0. 49347 

59854 

308777 

0. 43113 

28548 

567422 

1.589 

0. 46310 

48875 

545789 

1.639 

0.49408 

62997 

616926 

0. 43178 

24164 

255378 

1. 590 

0. 46373 

40162 

321402 

1.640 

0. 49469 

62418 

361071 

0. 43243 

15563 

379787 

1.591 

0. 46436 

27493 

556498 

1. 641 

0. 49530 

58121 

079538 

0. 43308 

02751 

411377 

1.592 

0. 46499 

10874 

221913 

1.642 

0. 49591 

50110 

302365 

0. 43372 

85733 

810238 

1. 593 

0. 46561 

90309 

279115 

1.643 

0. 49652 

38390 

551310 

0. 43437 

64516 

025844 

1.594 

0, 46624 

65803 

680233 

1.644 

0.49713 

22966 

339882 

0. 43502 

39103 

497088 

1.595 

0. 46687 

37362 

368079 

1. 645 

0. 49774 

03842 

173352 

0.43567 

09501 

652302 

1.596 

0.46750 

04990 

276170 

1.646 

0. 49834 

81022 

548781 

0. 43631 

75715 

909291 

1. 597 

0.46812 

68692 

328754 

1. 647 

0. 49895 

54511 

955033 

0.43696 

37751 

675354 

1.598 

0.46875 

28473 

440829 

1.648 

0.49956 

24314 

872800 

0. 43760 

95614 

347316 

1.599 

0.46937 

84338 

518172 

1. 649 

0. 50016 90435 

774619 

0. 43825 

49309 

311553 

1.600 

0.47000 

36292 

457356 

1.650 

0. 50077 

52879 

124892 
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NATURAL LOGARITHMS Table 4.2 


X 


In x 


X 


In x 


X 


In x 


1. 650 

0. 50077 

52879 

124892 

1.700 

0. 53062 

82510 

621704 

1. 750 

0. 55961 

57879 

354227 

1. 651 

0. 50138 

11649 

379910 

1.701 

0.53121 

63134 

137247 

1.751 

0. 56018 

70533 

037148 

1. 652 

0.50198 

66750 

987863 

1. 702 

0.53180 

40301 

511824 

1.752 

0.56075 

79925 

141997 

1. 653 

0.50259 

18188 

388871 

1.703 

0.53239 

14016 

805512 

1.753 

,0.56132 

86059 

390974 

1. 654 

0. 50319 

65966 

014996 

1.704 

0. 53297 

84284 

071240 

1.754 

0.56189 

88939 

499913 

1. 655 

0.50380 

10088 

290262 

1. 705 

0. 53356 

51107 

354801 

1.755 

0.56246 

88569 

178291 

1. 656 

0. 50440 

50559 

630679 

1.706 

0.53415 

14490 

694874 

1.756 

0.56303 

84952 

129249 

1.657 

0. 50500 

87384 

444259 

1. 707 

0. 53473 

74438 

123036 

1. 757 

0.56360 

78092 

049601 

1.658 

0. 50561 

20567 

131032 

1.708 

0. 53532 

30953 

663781 

1.758 

0.56417 

67992 

629853 

1.659 

0.50621 

50112 

083074 

1. 709 

0. 53590 

84041 

334538 

1.759 

0.56474 

54657 

554211 

1.660 

0. 50681 

76023 

684519 

1.710 

0.53649 

33705 

145685 

1.760 

0. 56531 

38090 

500604 

1.661 

0.50741 

98306 

311578 

1.711 

0. 53707 

79949 

100564 

1.761 

0.56588 

18295 

140691 

1.662 

0. 50802 

16964 

332564 

1. 712 

0. 53766 

22777 

195504 

1.762 

0. 56644 

95275 

139878 

1. 663 

0. 50862 

32002 

107906 

1.713 

0.53824 

62193 

419829 

1.763 

0. 56701 

69034 

157332 

1.664 

0. 50922 

43423 

990168 

1.714 

0.53882 

98201 

755880 

1.764 

0. 56758 

39575 

845996 

1.665 

0. 50982 

51234 

324071 

1. 715 

0. 53941 

30806 

179032 

1.765 

0. 56815 

06903 

852601 

1.666 

0. 51042 

55437 

446509 

1.716 

0. 53999 

60010 

657705 

1.766 

0.56871 

71021 

817683 

1.667 

0. 51102 

56037 

686569 

1.717 

0.54057 

85819 

153385 

1. 767 

0. 56928 

31933 

375593 

1. 668 

0. 51162 

53039 

365550 

1.718 

0.54116 

08235 

620636 

1.768 

0. 56984 

89642 

154517 

1.669 

0. 51222 

46446 

796980 

1.719 

0. 54174 

27264 

007122 

1.769 

0. 57041 

44151 

776482 

1. 670 

0.51282 

36264 

286637 

1. 720 

0.54232 

42908 

253617 

1.770 

0. 57097 

95465 

857378 

1.671 

0. 51342 

22496 

132567 

1. 721 

0. 54290 

55172 

294024 

1.771 

0.57154 

43588 

006965 

1.672 

0.51402 

05146 

625099 

1.722 

0.54348 

64060 

055391 

1.772 

0. 57210 

88521 

828892 

1. 673 

0. 51461 

84220 

046869 

1.723 

0. 54406 

69575 

457926 

1.773 

0. 57267 

30270 

920708 

1. 674 

0.51521 

59720 

672836 

1. 724 

0. 54464 

71722 

415014 

1.774 

0. 57323 

68838 

873877 

1. 675 

0.51581 

31652 

770298 

1. 725 

0. 54522 

70504 

833231 

1.775 

0. 57380 

04229 

273791 

1. 676 

0. 51641 

00020 

598913 

1. 726 

0. 54580 

65926 

612362 

1.776 

0.57436 

36445 

699783 

1. 677 

0.51700 

64828 

410718 

1. 727 

0.54638 

57991 

645415 

1. 777 

0.57492 

65491 

725143 

1. 678 

0. 51760 

26080 

450144 

1.728 

0.54696 

46703 

818639 

1.778 

0. 57548 

91370 

917128 

1. 679 

0.51819 

83780 

954038 

1.729 

0. 54754 

32067 

011534 

1.779 

0. 57605 

14086 

836981 

1.680 

0.51879 

37934 

151676 

1.730 

0.54812 

14085 

096876 

1.780 

0. 57661 

33643 

039938 

1. 681 

0.51938 

88544 

264786 

1. 731 

0.54869 

92761 

940722 

1.781 

0. 57717 

50043 

075246 

1.682 

0.51998 

35615 

507563 

1.732 

0. 54927 

68101 

402434 

1.782 

0.57773 

63290 

486176 

1.683 

0. 52057 

79152 

086690 

1.733 

0. 54985 

40107 

334690 

1.783 

0. 57829 

73388 

810034 

1. 684 

0.52117 

19158 

201350 

1.734 

0. 55043 

08783 

583501 

1.784 

0. 57885 

80341 

578176 

1. 685 

0.52176 

55638 

043250 

1.735 

0. 55100 

74133 

988225 

1.785 

0.57941 

84152 

316024 

1. 686 

0. 52235 

88595 

796637 

1. 736 

0.55158 

36162 

381584 

1.786 

0. 57997 

84824 

543073 

1. 687 

0. 52295 

18035 

638312 

1.737 

0.55215 

94872 

589679 

1.787 

0. 58053 

82361 

772910 

1. 688 

0. 52354 

43961 

737654 

1.738 

0. 55273 

50268 

432003 

1.788 

0.58109 

76767 

513224 

1.689 

0. 52413 

66378 

256630 

1. 739 

0. 55331 

02353 

721460 

1. 789 

0. 58165 

68045 

265821 

1. 690 

0.52472 

85289 

349821 

1. 740 

0. 55388 

51132 

264377 

1.790 

0. 58221 

56198 

526636 

1. 691 

0. 52532 

00699 

164432 

1. 741 

0. 55445 

96607 

860520 

1.791 

0. 58277 

41230 

785747 

1.692 

0. 52591 

12611 

840315 

1.742 

0.55503 

38784 

303111 

1.792 

0.58333 

23145 

527387 

1. 693 

0.52650 

21031 

509983 

1.743 

0.55560 

77665 

378839 

1.793 

0. 58389 

01946 

229958 

1. 694 

0. 52709 

25962 

298627 

1. 744 

0. 55618 

13254 

867879 

1.794 

0. 58444 

77636 

366044 

1.695 

0. 52768 

27408 

324136 

1.745 

0. 55675 

45556 

543905 

1.795 

0. 58500 

50219 

402422 

1.696 

0. 52827 

25373 

697113 

1. 746 

0.55732 

74574 

174105 

1.796 

0. 58556 

19698 

800079 

1.697 

0.52886 

19862 

520893 

1.747 

0. 55790 

00311 

519195 

1.797 

0.58611 

86078 

014220 

1. 698 

0.52945 

10878 

891556 

1. 748 

0.55847 

22772 

333437 

1. 798 

0.58667 

49360 

494285 

1. 699 

0. 53003 

98426 

897950 

1.749 

0.55904 

41960 

364650 

1. 799 

0. 58723 

09549 

683961 

1. 700 

0. 53062 

82510 

621704 

1. 750 

0. 55961 

57879 

354227 

1.800 

0. 58778 

66649 

021190 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.2 


x In x 


1. 800 

0. 58778 

66649 

021190 

1. 801 

0.58834 

20661 

938190 

1.802 

0. 58889 

71591 

861462 

1.803 

0.58945 

19442 

211802 

1.804 

0. 59000 

64216 

404319 

1. 805 

0.59056 

05917 

848442 

1.806 

0. 59111 

44549 

947937 

1,807 

0.59166 

80116 

100914 

1.808 

0. 59222 

12619 

699848 

1.809 

0. 59277 

42064 

131581 

1.810 

0. 59332 

68452 

777344 

1.811 

0, 59387 

91789 

012763 

1.812 

0. 59443 

12076 

207876 

1.813 

0. 59498 

29317 

727140 

1.814 

0. 59553 

43516 

929449 

1.815 

0.59608 

54677 

168141 

1. 816 

0. 59663 

62801 

791016 

1.817 

0.59718 

67894 

140341 

1.818 

0.59773 

69957 

552871 

1.819 

0. 59828 

68995 

359852 

1. 820 

0. 59883 

65010 

887040 

1. 821 

0. 59938 

58007 

454709 

1. 822 

0. 59993 

47988 

377666 

1.823 

0. 60048 

34956 

965260 

1.824 

0. 60103 

18916 

521396 

1. 825 

0. 60157 

99870 

344548 

1. 826 

0. 60212 

77821 

727767 

1.827 

0. 60267 

52773 

958697 

1. 828 

0.60322 

24730 

319583 

1. 829 

0. 60376 

93694 

087286 

1. 830 

0. 60431 

59668 

533296 

1. 831 

0. 60486 

22656 

923737 

1. 832 

0. 60540 

82662 

519385 

1. 833 

0. 60595 

39688 

575680 

1.834 

0.60649 

93738 

342731 

1.835 

0. 60704 

44815 

065336 

1.836 

0. 60758 

92921 

982987 

1. 837 

0. 60813 

38062 

329886 

1.838 

0.60867 

80239 

334953 

1.839 

0. 60922 

19456 

221840 

1.840 

0. 60976 

55716 

208943 

1.841 

0.61030 

89022 

509408 

1. 842 

0.61085 

19378 

331151 

1.843 

0. 61139 

46786 

876862 

1.844 

0. 61193 

71251 

344021 

1. 845 

0. 61247 

92774 

924905 

1. 846 

0.61302 

11360 

806604 

1.847 

0.61356 

27012 

171029 

1. 848 

0. 61410 

39732 

194924 

1.849 

0. 61464 

49524 

049878 

1.850 

0.61518 

56390 

902335 


m 


NATURAL LOGARITHMS 


x In x 


1.850 

0. 61518 

56390 

902335 

1. 851 

0. 61572 

60335 

913605 

1. 852 

0. 61626 

61362 

239876 

1. 853 

0.61680 

59473 

032227 

1.854 

0. 61734 

54671 

436634 

1. 855 

0.61788 

46960 

593985 

1.856 

0.61842 

36343 

640088 

1.857 

0.61896 

22823 

705687 

1. 858 

0. 61950 

06403 

916468 

1. 859 

0. 62003 

87087 

393070 

1.860 

0.62057 

64877 

251099 

1. 861 

0. 62111 

39776 

601137 

1. 862 

0.62165 

11788 

548753 

1. 863 

0. 62218 

80916 

194514 

1.864 

0. 62272 

47162 

633994 

1. 865 

0. 62326 

10530 

957789 

1. 866 

0. 62379 

71024 

251521 

1. 867 

0.62433 

28645 

595856 

1. 868 

0. 62486 

83398 

066509 

1. 869 

0. 62540 

35284 

734258 

1. 870 

0. 62593 

84308 

664953 

1.871 

0. 62647 

30472 

919526 

1. 872 

0. 62700 

73780 

554003 

1. 873 

0.62754 

14234 

619515 

1.874 

0.62807 

51838 

162304 

1. 875 

0. 62860 

86594 

223741 

1. 876 

0. 62914 

18505 

840329 

1. 877 

0. 62967 

47576 

043718 

1.878 

0. 63020 

73807 

860712 

1.879 

0. 63073 

97204 

313283 

1.880 

0.63127 

17768 

418578 

1. 881 

0.63180 

35503 

188933 

1.882 

0.63233 

50411 

631879 

1.883 

0. 63286 

62496 

750154 

1. 884 

0.63339 

71761 

541713 

1. 885 

0. 63392 

78208 

999741 

1. 886 

0. 63445 

81842 

112658 

1. 887 

0. 63498 

82663 

864132 

1. 888 

0.63551 

80677 

233089 

1. 889 

0. 63604 

75885 

193725 

1.890 

0. 63657 

68290 

715510 

1. 891 

0.63710 

57896 

763204 

1. 892 

0. 63763 

44706 

296865 

1.893 

0. 63816 

28722 

271858 

1. 894 

0.63869 

09947 

638865 

1. 895 

0. 63921 

88385 

343897 

1.896 

0.63974 

64038 

328301 

1. 897 

0.64027 

36909 

528772 

1. 898 

0. 64080 

07001 

877361 

1. 899 

0. 64132 

74318 

301488 

1. 900 

0. 64185 

38861 

723948 


[<f] 


X 

In * 


1.900 

0. 64185 38861 

723948 

1.901 

0.64238 00635 

062921 

1.902 

0.64290 59641 

231986 

1.903 

0. 64343 15883 

140124 

1.904 

0. 64395 69363 

691736 

1.905 

0.64448 20085 

786643 

1.906 

0. 64500 68052 

320104 

1.907 

0. 64553 13266 

182820 

1.908 

0. 64605 55730 

260948 

1.909 

0.64657 954*47 

436106 

1. 910 

0. 64710 32420 

585385 

1.911 

0. 64762 66652 

581360 

1. 912 

0. 64814 98146 

292095 

1.913 

0. 64867 26904 

581158 

1.914 

0.64919 52930 

307625 

1.915 

0. 64971 76226 

326093 

1.916 

0.65023 96795 

486688 

1.917 

0.65076 14640 

635074 

1.918 

0.65128 29764 

612465 

1.919 

0. 65180 42170 

255629 

1. 920 

0. 65232 51860 

396902 

1. 921 

0. 65284 58837 

864196 

1. 922 

0.65336 63105 

481007 

1.923 

0. 65388 64666 

066427 

1.924 

0. 65440 63522 

435147 

1.925 

0. 65492 59677 

397475 

1.926 

0. 65544 53133 

759338 

1. 927 

0.65596 43894 

322293 

1.928 

0.65648 31961 

883539 

1.929 

0. 65700 17339 

235920 

1.930 

0. 65752 00029 

167942 

1.931 

0. 65803 80034 

463774 

1.932 

0. 65855 57357 

903263 

1.933 

0. 65907 32002 

261938 

1.934 

0. 65959 03970 

311026 

1.935 

0.66010 73264 

817451 

1.936 

0. 66062 39888 

543853 

1. 937 

0. 66114 03844 

248588 

1.938 

0.66165 65134 

685745 

1.939 

0. 66217 23762 

605148 

1.940 

0. 66268 79730 

752368 

1.941 

0.66320 33041 

868732 

1.942 

0.66371 83698 

691332 

1.943 

0. 66423 31703 

953030 

1.944 

0. 66474 77060 

382473 

1.945 

0. 66526 19770 

704096 

1.946 

0. 66577 59837 

638133 

1. 947 

0. 66628 97263 

900626 

1. 948 

0.66680 32052 

203434 

1. 949 

0.66731 64205 

254238 

1.950 

0.66782 93725 

756554 


[ i r] 
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NATURAL LOGARITHMS Table 4.2 


X 


In x 


X 


In x 


X 


In x 


1.950 

0. 66782 

93725 

756554 

2. 000 

0. 69314 

71805 

599453 

2.050 

0.71783 

97931 

503168 

1.951 

0.66834 

20616 

409742 

2.001 

0.69364 

70556 

015964 

2.051 

0.71832 

74790 

902436 

1.952 

0. 66885 

44879 

909007 

2. 002 

0. 69414 

66808 

930288 

2. 052 

0. 71881 

49273 

085231 

1. 953 

0. 66936 

66518 

945419 

2.003 

0. 69464 

60566 

836812 

2.053 

0. 71930 

21380 

367965 

1.954 

0. 66987 

85536 

205910 

2.004 

0. 69514 

51832 

226184 

2.054 

0. 71978 

91115 

063665 

1.955 

0. 67039 

01934 

373291 

2. 005 

0.69564 

40607 

585325 

2.055 

0. 72027 

58479 

481979 

1. 956 

0. 67090 

15716 

126256 

2.006 

0.69614 

26895 

397438 

2. 056 

0. 72076 

23475 

929187 

1.957 

0.67141 

26884 

139392 

2.007 

0. 69664 

10698 

142011 

2.057 

0.72124 

86106 

708201 

1.958 

0.67192 

35441 

083186 

2.008 

0. 69713 

92018 

294828 

2.058 

0.72173 

46374 

118579 

1.959 

0. 67243 

41389 

624037 

2.009 

0. 69763 

70858 

327974 

2. 059 

0.72222 

04280 

456524 

1.960 

0. 67294 

44732 

424259 

2. 010 

0.69813 

47220 

709844 

2.060 

0. 72270 

59828 

014897 

1.961 

0. 67345 

45472 

142092 

2.011 

0. 69863 

21107 

905150 

2.061 

0. 72319 

13019 

083220 

1.962 

0. 67396 

43611 

431713 

2.012 

0.69912 

92522 

374928 

2.062 

0. 72367 

63855 

947682 

1.963 

0. 67447 

39152 

943240 

2.013 

0.69962 

61466 

576544 

2.063 

0.72416 

12340 

891148 

1.964 

0. 67498 

32099 

322741 

2.014 

0.70012 

27942 

963706 

2.064 

0. 72464 

58476 

193163 

1. 965 

0. 67549 

22453 

212246 

2. 015 

0. 70061 

91953 

986463 

2.065 

0. 72513 

02264 

129961 

1.966 

0. 67600 

10217 

249748 

2.016 

0.70111 

53502 

091222 

2.066 

0. 72561 

43706 

974468 

1.967 

0.67650 

95394 

069220 

2. 017 

0.70161 

12589 

720747 

2.067 

0. 72609 

82806 

996312 

1.968 

0.67701 

77986 

300617 

2.018 

0.70210 

69219 

314172 

2.068 

0. 72658 

19566 

461827 

1.969 

0. 67752 

57996 

569885 

2.019 

0. 70260 

23393 

307004 

2.069 

0. 72706 

53987 

634060 

1.970 

0.67803 

35427 

498971 

2.020 

0.70309 

75114 

131134 

2. 070 

0.72754 

86072 

772777 

1.971 

0. 67854 

10281 

705832 

2.021 

0.70359 

24384 

214840 

2.071 

0.72803 

15824 

134471 

1.972 

0. 67904 

82561 

804437 

2. 022 

0.70408 

71205 

982797 

2.072 

0. 72851 

43243 

972366 

1.973 

0. 67955 

52270 

404783 

2.023 

0. 70458 

15581 

856084 

2. 073 

0.72899 

68334 

536425 

1.974 

0. 68006 

19410 

112898 

2. 024 

0.70507 

57514 

252191 

2.074 

0. 72947 

91098 

073356 

1.975 

0. 68056 

83983 

530852 

2.025 

0. 70556 

97005 

585025 

2.075 

0. 72996 

11536 

826616 

1. 976 

0. 68107 

45993 

256761 

2.026 

0. 70606 

34058 

264916 

2.076 

0.73044 

29653 

036422 

1. 977 

0. 68158 

05441 

884799 

2. 027 

0.70655 

68674 

698630 

2.077 

0. 73092 

45448 

939753 

1.978 

0. 68208 

62332 

005204 

2.028 

0.70705 

00857 

289367 

2.078 

0.73140 

58926 

770357 

1.979 

0. 68259 

16666 

204287 

2.029 

0.70754 

30608 

436777 

2.079 

0.73188 

70088 

758759 

1.980 

0.68309 

68447 

064439 

2.030 

0.70803 

57930 

536960 

2. 080 

0. 73236 

78937 

132266 

1.981 

0. 68360*17677 

164139 

2.031 

0. 70852 

82825 

982476 

2.081 

0. 73284 

85474 

114974 

1.982 

0.68410 

64359 

077962 

2.032 

0.70902 

05297 

162355 

2.082 

0. 73332 

89701 

927771 

1.983 

0.68461 

08495 

376589 

2. 033 

0. 70951 

25346 

462096 

2.083 

0. 73380 

91622 

788349 

1. 984 

0. 68511 

50088 

626811 

2. 034 

0. 71000 

42976 

263682 

2. 084 

0. 73428 

91238 

911205 

1.985 

0.68561 

89141 

391537 

2. 035 

0.71049 

58188 

945583 

2.085 

0. 73476 

88552 

507648 

1.986 

0.68612 

25656 

229808 

2.036 

0. 71098 

70986 

882763 

2.086 

0.73524 

83565 

785807 

1.987 

0. 68662 

59635 

696798 

2.037 

0.71147 

81372 

446688 

2.087 

0.73572 

76280 

950637 

1.988 

0. 68712 

91082 

343823 

2.038 

0. 71196 

89348 

005331 

2.088 

0.73620 

66700 

203923 

1.989 

0. 68763 

19998 

718351 

2.039 

0. 71245 

94915 

923181 

2.089 

0.73668 

54825 

744287 

1.990 

0.68813 

46387 

364010 

2.040 

0. 71294 

98078 

561250 

2. 090 

0.73716 

40659 

767196 

1.991 

0.68863 

70250 

820592 

2.041 

0.71343 

98838 

277077 

2.091 

0. 73764 

24204 

464965 

1. 992 

0.68913 

91591 

624065 

2.042 

0.71392 

97197 

424738 

2.092 

0. 73812 

05462 

026765 

1. 993 

0. 68964 

10412 

306577 

2. 043 

0.71441 

93158 

354850 

2.093 

0. 73859 

84434 

638627 

1. 994 

0. 69014 

26715 

396466 

2.044 

0,71490 

86723 

414580 

2.094 

0.73907 

61124 

483451 

1. 995 

0. 69064 

40503 

418268 

2.045 

0.71539 

77894 

947651 

2.095 

0.73955 

35533 

741011 

1. 996 

0. 69114 

51778 

892722 

2.046 

0. 71588 

66675 

294347 

2. 096 

0.74003 

07664 

587957 

1.997 

0. 69164 

60544 

336782 

2. 047 

0. 71637 

53066 

791525 

2. 097 

0.74050 

77519 

197829 

1.998 

0. 69214 

66802 

263618 

2.048 

0.71686 

37071 

772614 

2.098 

0.74098 

45099 

741054 

1.999 

0.69264 

70555 

182630 

2. 049 

0. 71735 

18692 

567627 

2.099 

0.74146 

10408 

384959 

2. 000 

0. 69314 

71805 

599453 

2.050 

0.71783 

97931 

503168 

2.100 

0. 74193 

73447 

293773 


1 

■(-8)3' 

5 

] 


ra 




] 


For ar>2.1 see Example 5. 
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Table 4.3 RADIX TABLE OF NATURAL LOGARITHMS 


X 

n 


In 

(1+xlO 

,-n) 



— In 

(1-zlO-") 


1 

10 

0 . 00000 

00000 

99999 

99999 

50000 

0 . 00000 

00001 

00000 

00000 

50000 

2 

10 

0 . 00000 

00001 

99999 

99998 

00000 

0 . 00000 

00002 

00000 

00002 

00000 

3 

10 

0.00000 

00002 

99999 

99995 

50000 

0 . 00000 

00003 

00000 

00004 

50000 

4 

10 

0.00000 

00003 

99999 

99992 

00000 

0 . 00000 

00004 

00000 

00008 

00000 

5 

10 

0 . 00000 

00004 

99999 

99987 

50000 

0 . 00000 

00005 

00000 

00012 

50000 

6 

10 

0.00000 

00005 

99999 

99982 

00000 

0 . 00000 

00006 

00000 

00018 

00000 

7 

10 

0.00000 

00006 

99999 

99975 

50000 

0 . 00000 

00007 

00000 

00024 

50000 

8 

10 

0 . 00000 

00007 

99999 

99968 

00000 

0.00000 

00008 

00000 

00032 

00000 

9 

10 

0 . 00000 

00008 

99999 

99959 

50000 

0 . 00000 

00009 

00000 

00040 

50000 

1 

9 

0 . 00000 

00009 

99999 

99950 

00000 

0.00000 

00010 

00000 

00050 

00000 

2 

9 

0 . 00000 

00019 

99999 

99800 

00000 

0.00000 

00020 

00000 

00200 

00000 

3 

9 

0 . 00000 

00029 

99999 

99550 

00000 

0 . 00000 

00030 

00000 

00450 

00000 

4 

9 

0 . 00000 

00039 

99999 

99200 

00000 

0 . 00000 

00040 

00000 

00800 

00000 

5 

9 

0.00000 

00049 

99999 

98750 

00000 

0 . 00000 

00050 

00000 

01250 

00000 

6 

9 

0 . 00000 

00059 

99999 

98200 

00001 

0 . 00000 

00060 

00000 

01800 

00001 

7 

9 

0 . 00000 

00069 

99999 

97550 

00001 

0 . 00000 

00070 

00000 

02450 

00001 

8 

9 

0 . 00000 

00079 

99999 

96800 

00002 

0 . 00000 

00080 

00000 

03200 

00002 

9 

9 

0 . 00000 

00089 

99999 

95950 

00002 

0.00000 

00090 

00000 

04050 

00002 

1 

8 

0 . 00000 

00099 

99999 

95000 

00003 

0 . 00000 

00100 

00000 

05000 

00003 

2 

8 

0 . 00000 

00199 

99999 

80000 

00027 

0 . 00000 

00200 

00000 

20000 

00027 

3 

8 

0.00000 

00299 

99999 

55000 

00090 

0 . 00000 

00300 

00000 

45000 

00090 

4 

8 

0 . 00000 

00399 

99999 

20000 

00213 

0 . 00000 

00400 

00000 

80000 

00213 

5 

8 

0.00000 

00499 

99998 

75000 

00417 

0 . 00000 

00500 

00001 

25000 

00417 

6 

8 

0 . 00000 

00599 

99998 

20000 

00720 

0.00000 

00600 

00001 

80000 

00720 

7 

8 

0 . 00000 

00699 

99997 

55000 

01143 

0 . 00000 

00700 

00002 

45000 

01143 

8 

8 

0 . 00000 

00799 

99996 

80000 

01707 

0 . 00000 

00800 

00003 

20000 

01707 

9 

8 

0 . 00000 

00899 

99995 

95000 

02430 

0 . 00000 

00900 

00004 

05000 

02430 

1 

7 

0.00000 

00999 

99995 

00000 

03333 

0.00000 

01000 

00005 

00000 

03333 

2 

7 

0 . 00000 

01999 

99980 

00000 

26667 

0.00000 

02000 

00020 

00000 

26667 

3 

7 

0 . 00000 

02999 

99955 

00000 

90000 

0.00000 

03000 

00045 

00000 

90000 

4 

7 

0 . 00000 

03999 

99920 

00002 

13333 

0 . 00000 

04000 

00080 

00002 

13333 

5 

7 

0 . 00000 

04999 

99875 

00004 

16667 

0 . 00000 

05000 

00125 

00004 

16667 

6 

7 

0 . 00000 

05999 

99820 

00007 

20000 

0 . 00000 

06000 

00180 

00007 

20000 

7 

7 

0 . 00000 

06999 

99755 

00011 

43333 

0 . 00000 

07000 

00245 

00011 

43334 

8 

7 

0 . 00000 

07999 

99680 

00017 

06666 

0 . 00000 

08000 

00320 

00017 

06668 

9 

7 

0 . 00000 

08999 

99595 

00024 

29998 

0 . 00000 

09000 

00405 

00024 

30002 

1 

6 

0 . 00000 

09999 

99500 

00033 

33331 

0 . 00000 

10000 

00500 

00033 

33336 

2 

6 

0 . 00000 

19999 

98000 

00266 

66627 

0 . 00000 

20000 

02000 

00266 

66707 

3 

6 

0 . 00000 

29999 

95500 

00899 

99798 

0 . 00000 

30000 

04500 

00900 

00203 

4 

6 

0.00000 

39999 

92000 

02133 

32693 

0 . 00000 

40000 

08000 

02133 

33973 

5 

6 

0 . 00000 

49999 

87500 

04166 

65104 

0 . 00000 

50000 

12500 

04166 

68229 

6 

6 

0 . 00000 

59999 

82000 

07199 

96760 

0 . 00000 

60000 

18000 

07200 

03240 

7 

6 

0 . 00000 

69999 

75500 

11433 

27331 

0.00000 

70000 

24500 

11433 

39336 

8 

6 

0 . 00000 

79999 

68000 

17066 

56427 

0 . 00000 

80000 

32000 

17066 

76907 

9 

6 

0.00000 

89999 

59500 

24299 

83598 

0 . 00000 

90000 

40500 

24300 

16403 


For n>10, In (l±xlO- n ) = ±zl0-«-iz 2 10- 2 * to 25D. 
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RADIX TABLE OF NATURAL LOGARITHMS Table 4.3 


x n In (1 H-xlO—”) -In (l-zlO-») 

1 5 0. 00000 99999 130000 33333 08334 0. 00001 00000 50000 33333 58334 

2 5 0.00001 99998 00002 66662 66673 0.00002 00002 00002 66670 66673 

3 5 0.00002 99995 50008 99979 75049 0.00003 00004 50009 00020 25049 

4 5 0.00003 99992 00021 33269 33538 0.00004 00008 00021 33397 33538 

5 5 0.00004 99987 50041 66510 42292 0.00005 00012 50041 66822 92292 

6 5 0.00005 99982 00071 99676 01555 0.00006 00018 00072 00324 01555 

7 5 0.00006 99975 50114 32733 11695 0.00007 00024 50114 33933 61695 

8 5 0.00007 99968 00170 65642 73220 0.00008 00032 00170 67690 73221 

9 5 0.00008 99959 50242 98359 86809 0.00009 00040 50243 01640 36811 

1 4 0.00009 99950 00333 30833 53332 0.00010 00050 00333 35833 53335 

2 4 0.00019 99800 D2666 26673 06560 0.00020 00200 02667 06673 06773 

3 4 0.00029 99550 08997 97548 58785 0.00030 00450 09002 02548 61215 

4 4 0.00039 99200 21326 93538 06509 0.00040 00800 21339 73538 20162 

5 4 0.00049 98750 41651 04791 40636 0.00050 01250 41682 29791 92719 

6 4 0.00059 98200 71967 61554 42280 0.00060 01800 72032 41555 97800 

7 4 0.00069 97551 14273 34192 77369 0.00070 02451 14393 39196 69533 

8 4 0.00079 96801 70564 33215 90059 0.00080 03201 70769 13224 63873 

9 4 0.00089 95952 42836 09300 94948 0.00090 04052 43164 14318 66419 

1 3 0.00099 95003 33083 53316 68094 0.00100 05003 33583 53350 01430 

2 3 0.00199 80026 62673 05601 82538 0.00200 20026 70673 07735 16511 

3 3 0.00299 55089 79798 47881 16106 0.00300 45090 20298 72181 32509 

4 3 0.00399 20212 69537 45299 90751 0.00400 80213 97538 81834 87927 

5 3 0.00498 75415 11039 07361 21022 0.00501 25418 23544 28204 30937 

6 3 0.00598 20716 77547 46378 20189 0.00601 80723 25563 01620 19350 

7 3 0.00697 56137 36425 24209 95222 0.00702 46149 36964 45987 41123 

8 3 0.00796 81696 49176 87351 07973 0.00803 21716 97264 25903 86494 

9 3 0.00895 97413 71471 90444 31465 0.00904 07446 52149 06220 55241 

1 2 0.00995 03308 53168 08284 82154 0.01005 03358 53501 44118 35489 

2 2 0.01980 26272 96179 71302 60291 0.02020 27073 17519 44840 80453 

3 2 0.02955 88022 41544 40273 26194 0.03045 92074 84708 54591 92613 

4 2 0.03922 07131 53281 29626 92009 0.04082 19945 20255 12955 45771 

5 2 0.04879 01641 69432 00306 53744 0.05129 32943 87550 53342 61961 

6 2 0.05826 89081 23975 77552 57184 0.06187 54037 18087 47179 78001 

7 2 0.06765 86484 73814 80526 84159 0.07257 06928 34835 43071 15733 

8 2 0.07696 10411 36128 32498 42170 0.08338 16089 39051 05839 47658 

9 2 0.08617 76962 41052 33234 13335 0.09431 06794 71241 32687 71427 

1 1 0.09531 01798 04324 86004 39521 0.10536 05156 57826 30122 75010 

2 1 0.18232 15567 93954 62621 17180 0.22314 35513 14209 75576 62951 

3 1 0.26236 42644 67491 05203 54960 0.35667 49439 38732 37891 26387 

4 1 0.33647 22366 21212 93050 45934 0.51082 56237 65990 68320 55141 

5 1 0.40546 51081 08164 38197 80131 0.69314 71805 59945 30941 72321 

6 1 0.47000 36292 45735 55365 09370 0.91629 07318 74155 06518 35272 

7 1 0.53062 82510 62170 39623 15432 1.20397 28043 25935 99262 27462 

8 1 0.58778 66649 02119 00818 97311 1.60943 79124 34100 37460 07593 

9 1 0.64185 38861 72394 77599 10360 2.30258 50929 94045 68401 79915 

1 0 0. 69314 71805 59945 30941 72321 00 
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Table 4.4 


x 


0.000 

1. 00000 

0. 001 

1.00100 

0.002 

1.00200 

0. 003 

1. 00300 

0. 004 

1.00400 

0.005 

1.00501 

0. 006 

1. 00601 

0.007 

1. 00702 

0.008 

1. 00803 

0. 009 

1. 00904 

0. 010 

1.01005 

0.011 

1.01106 

0. 012 

1.01207 

0. 013 

1.01308 

0. 014 

1.01409 

0. 015 

1.01511 

0.016 

1.01612 

0. 017 

1.01714 

0.018 

1.01816 

0.019 

1. 01918 

0.020 

1.02020 

0.021 

1. 02122 

0.022 

1. 02224 

0.023 

1. 02326 

0. 024 

1.02429 

0. 025 

1.02531 

0.026 

1.02634 

0. 027 

1.02736 

0. 028 

1. 02839 

0.029 

1.02942 

0.030 

1. 03045 

0. 031 

1.03148 

0.032 

1. 03251 

0.033 

1. 03355 

0.034 

1.03458 

0. 035 

1.03561 

0.036 

1.03665 

0. 037 

1.03769 

0. 038 

1. 03873 

0.039 

1. 03977 

0.040 

1. 04081 

0. 041 

1.04185 

0. 042 

1. 04289 

0. 043 

1.04393 

0. 044 

1. 04498 

0.045 

1.04602 

0. 046 

1. 04707 

0. 047 

1. 04812 

0.048 

1.04917 

0.049 

1.05022 

0.050 

1.05127 


EXPONENTIAL FUNCTION 


e x 


00000 

00000 

000 

05001 

66708 

342 

20013 

34000 

267 

45045 

03377 

026 

80106 

77341 

872 

25208 

59401 

063 

80360 

54064 

865 

45572 

66848 

555 

20855 

04273 

431 

06217 

73867 

814 

01670 

84168 

058 

07224 

44719 

556 

22888 

66077 

754 

48673 

59809 

158 

84589 

38492 

345 

30646 

15718 

979 

86854 

06094 

822 

53223 

25240 

748 

29763 

89793 

761 

16486 

17408 

011 

13400 

26755 

810 

20516 

37528 

653 

37844 

70438 

235 

65395 

47217 

475 

03178 

90621 

534 

51205 

24428 

841 

09484 

73442 

115 

78027 

63489 

392 

56844 

21425 

045 

45944 

75130 

820 

45339 

53516 

856 

55038 

86522 

716 

75053 

05118 

420 

05392 

41305 

472 

46067 

28117 

894 

97087 

99623 

260 

58464 

90923 

727 

30208 

38157 

074 

12328 

78497 

733 

04836 

50157 

831 

07741 

92388 

227 

21055 

45479 

549 

44787 

50763 

238 

78948 

50612 

586 

23548 

88443 

779 

78599 

08716 

943 

44109 

56937 

184 

20090 

79655 

638 

06553 

24470 

516 

03507 

40028 

148 

10963 

76024 

040 

r(-7)ii 


L 6 

J 



e~ x 


1.00000 

00000 

00000 

000 

0.99900 

04998 

33374 

992 

0. 99800 

19986 

67333 

067 

0.99700 

44955 

03372 

976 

0.99600 

79893 

43991 

472 

0.99501 

24791 

92682 

313 

0.99401 

79640 

53935 

265 

0.99302 

44429 

33235 105 

0.99203 

19148 

37060 

630 

0.99104 

03787 

72883 

662 

0.99004 

,8337 

49168 

054 

0.98906 

02787 

75368 

698 

0.98807 

17128 

61930 

540 

0.98708 

41350 

20287 

583 

0. 98609 

75442 

62861 

903 

0.98511 

19396 

03062 

661 

0.98412 

73200 

55285 

115 

0.98314 

36846 

34909 

635 

0. 98216 

10323 

58300 

718 

0.98117 

93622 

42806 

006 

0.98019 

86733 

06755 

302 

0.97921 

89645 

69459 

588 

0. 97824 

02350 

51210 

045 

0.97726 

24837 

73277 

073 

0. 97628 

57097 

57909 

314 

0.97530 

99120 

28332 

669 

0. 97433 

50896 08749 

328 

0. 97336 

12415 

24336 

791 

0.97238 

83668 

01246 

891 

0.97141 

64644 

66604 

825 

0. 97044 

55335 

48508 

177 

0. 96947 

55730 

76025 

948 

0. 96850 

65820 

79197 

585 

0. 96753 

85595 

89032 

009 

0. 96657 

15046 

37506 

651 

0. 96560 

54162 

57566 

478 

0. 96464 

02934 83123 

030 

0.96367 

61353 

49053 452 

0. 96271 

29408 91199 

529 

0.96175 

07091 

46366 

723 

0.96078 

94391 

52323 

209 

0.95982 

91299 

47798 

914 

0.95886 

97805 

72484 

552 

0.95791 

13900 

67030 

669 

0. 95695 

39574 

73046 

678 

0. 95599 

74818 

33099 

907 

0. 95504 

19621 

90714 

635 

0. 95408 

73975 

90371 

141 

0. 95313 

37870 77504 745 

0.95218 

11296 98504 

853 

0. 95122 

94245 

00714 

009 


m 


£ 

'2 


For use and extension of the table see Examples 8-11. 

See Table 7.1 for values of 4= e ** and Table 26.1 for -A= t 
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EXPONENTIAL FUNCTION Table 4.4 


x e x e ~* 


0. 050 

1.05127 

10963 

76024 

040 

0.95122 

94245 

00714 

009 

0.051 

1. 0 5232 

28932 

83203 

913 

0.95027 

86705 

32426 

935 

0. 052 

1. 03337 

57425 

13364 

763 

0.94932 

88668 

42889 

583 

0. 053 

1. 0 5442 

96451 

19355 

907 

0.94838 

00124 

82298 

184 

0.054 

1. 05548 

46021 

55080 

041 

0. 94743 

21065 

01798 

300 

0. 055 

1. 05654 

06146 

75494 

286 

0. 94648 

51479 

53483 

869 

0.056 

1. 0 5759 

76837 

36611 

252 

0. 94553 

91358 

90396 

267 

0. 057 

1. 0 3865 

58103 

95500 

087 

0.94459 

40693 

66523 

349 

0. 058 

1. 05971 

49957 

10287 

540 

0. 94364 

99474 

36798 

514 

0.059 

1. 03077 

52407 

40159 

012 

0. 94270 

67691 

57099 

754 

0.060 

1.06183 

65465 

45359 

622 

0. 94176 

45335 

84248 

710 

0. 061 

1. 03289 

89141 

87195 

264 

0. 94082 

32397 

76009 

730 

0.062 

1. 0 3396 

23447 

28033 

669 

0.93988 

28867 

91088 

928 

0.063 

1. 0 3502 

68392 

31305 

464 

0.93894 

34736 

89133 

241 

0. 064 

1. 0 3609 

23987 

61505 

244 

0.93800 

49995 

30729 

488 

0.065 

1. 03715 

90243 

84192 

625 

0.93706 

74633 

77403 

433 

0.066 

1. 0 3822 

67171 

65993 

321 

0. 93613 

08642 

91618 

844 

0.067 

1. 0 3929 

54781 

74600 

202 

0. 93519 

52013 

36776 

558 

0.068 

1. 07036 

53084 

78774 

366 

0.93426 

04735 

77213 

542 

0.069 

1.07143 

62091 

48346 

205 

0.93332 

66800 

78201 

958 

0.070 

1. 07250 

81812 

54216 

479 

0.93239 

38199 

05948 

229 

0. 071 

1.07358 

12258 

68357 

383 

0.93146 

18921 

27592 

106 

0.072 

1. 07465 

53440 

63813 

620 

0. 93053 

08958 

11205 

732 

0. 073 

1.07573 

05369 

14703 

476 

0. 92960 

08300 

25792 

713 

0. 074 

1. 07680 

68054 

96219 

891 

0.92867 

16938 

41287 

187 

0.075 

1.07788 

41508 

84631 

536 

0.92774 

34863 

28552 

892 

0.076 

1. 07896 

25741 

5728^ 

889 

0.92681 

62065 

59382 

237 

0.077 

1.03004 

20763 

92600 

313 

0. 92588 

98536 

06495 

377 

0. 078 

1.03112 

26586 

70083 

133 

0.92496 

44265 

43539 

280 

0.079 

1.03220 

43220 

70314 717 

0. 92403 

99244 

45086 

807 

0.080 

1. 03328 

70676 

74958 

554 

0.92311 

63463 

86635 

783 

0.081 

1. 03437 

08965 

66760 

341 

0.92219 

36914 

44608 

072 

0.082 

1. 03545 

58098 

29549 

059 

0.92127 

19586 

96348 

654 

0.083 

1.03654 

18085 

48238 

061 

0.92035 

11472 

20124 

706 

0.084 

1. 03762 

88938 

08826 

156 

0.91943 

12560 

95124 

674 

0. 085 

1.03871 

70666 

98398 

696 

0.91851 

22844 

01457 

356 

0.086 

1.03980 

63283 

05128 

660 

0.91759 

42312 

20150 

982 

0. 087 

1. 09089 

66797 

18277 

747 

0,91667 

70956 

33152 

295 

0.088 

1.09198 

81220 

28197 

460 

0.91576 

08767 

23325 

631 

0. 089 

1.09308 

06563 

26330 

201 

0.91484 

55735 

74452 

003 

0. 090 

1. 09417 

42837 

05210 

358 

0.91393 

11852 

71228 

187 

0. 091 

1. 09526 

90052 

58465 

401 

0.91301 

77108 

99265 

803 

0. 092 

1. 09636 

48220 

80816 

975 

0.91210 

51495 

45090 

403 

0. 093 

1.09746 

17352 

68081 

994 

0.91119 

35002 

96140 

557 

0.094 

1. 09855 

97459 

17173 

736 

0.91028 

27622 

40766 

940 

0. 095 

1. 09965 

88551 

26102 

942 

0.90937 

29344 

68231 

420 

0.096 

1.19075 

90639 

93978 

912 

0.90846 

40160 

68706 

150 

0.097 

1.19186 

03736 

21010 

606 

0. 90755 

60061 

33272 

654 

0. 098 

1. 19296 

27851 

08507 

743 

0. 90664 

89037 

53920 

921 

0.099 

1.19406 

62995 

58881 

902 

, 0.90574 

27080 

23548 

496 

0.100 

1.13517 

09180 

75647 

625 

0. 90483 

74180 

35959 

573 



[ ( 'e 7)1 ] 



[‘-a" 1 ] 
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Table 4.4 EXPONENTIAL FUNCTION 


x e x e x 


0.100 

1.10517 

09180 

75647 

625 

0. 90483 

74180 

35959 

573 

0.101 

1. 10627 

66417 

63423 

521 

0.90393 

30328 

85864 

089 

0.102 

1. 10738 

34717 

27933 

371 

0.90302 

95516 

68876 

819 

0.103 

1.10849 

14090 

76007 

230 

0. 90212 

69734 

81516 

470 

0.104 

1. 10960 

04549 

15582 

540 

0.90122 

52974 

21204 

780 

0.105 

1.11071 

06103 

55705 

232 

0.90032 

45225 

86265 

613 

0.106 

1.11182 

18765 

06530 

839 

0. 89942 

46480 

75924 

059 

0.107 

1. 11293 

42544 

79325 

605 

0. 89852 

56729 

90305 

534 

0.108 

1.11404 

77453 

86467 

594 

0.89762 

75964 

30434 

876 

0.109 

1.11516 

23503 

41447 

807 

0. 89673 

04174 

98235 

450 

0.110 

1.11627 

80704 

58871 

292 

0. 89583 

41352 

96528 

251 

0.111 

1.11739 

49068 

54458 

258 

0. 89493 

87489 

29031 

000 

0.112 

1.11851 

28606 

45045 

196 

0.89404 

42575 

00357 

257 

0. 113 

1.11963 

19329 

48585 

987 

0.89315 

06601 

16015 

519 

0.114 

1. 12075 

21248 

84153 

031 

0. 89225 

79558 

82408 

325 

0.115 

1.12187 

34375 

71938 

354 

0. 89136 

61439 

06831 

368 

0.116 

1. 12299 

58721 

33254 

738 

0. 89047 

52232 

97472 

599 

0.117 

1.12411 

94296 

90536 

839 

0. 88958 

51931 

63411 

334 

0.118 

1. 12524 

41113 

67342 

307 

0.88869 

60526 

14617 

364 

0.119 

1.12636 

99182 

88352 

913 

0. 88780 

78007 

61950 

067 

0.120 

1.12749 

68515 

79375 

671 

0. 88692 

04367 

17157 

516 

0.121 

1. 12862 

49123 

67343 

967 

0. 88603 

39595 

92875 

591 

0.122 

1. 12975 

41017 

80318 

682 

0. 88514 

83685 

02627 

096 

0.123 

1. 13088 

44209 

47489 

324 

0. 88426 

36625 

60820 

866 

0. 124 

1. 13201 

58709 

99175 

153 

0.88337 

98408 

82750 

886 

0.125 

1.13314 

84530 

66826 

317 

0. 88249 

69025 

84595 

403 

0.126 

1. 13428 

21682 

83024 

976 

0.88161 

48467 

83416 

046 

0.127 

1. 13541 

70177 

81486 

442 

0.88073 

36725 

97156 

940 

0. 128 

1. 13655 

30026 

97060 

307 

0. 87985 

33791 

44643 

827 

0.129 

1. 13769 

01241 

65731 

582 

0.87897 

39655 

45583 

178 

0.130 

1.13882 

83833 

24621 

831 

0. 87809 

54309 

20561 

324 

0.131 

1. 13996 

77813 

11990 

306 

0. 87721 

77743 

91043 

564 

0.132 

1.14110 

83192 

67235 

091 

0. 87634 

09950 

79373 

297 

0.133 

1. 14224 

99983 

30894 

235 

0. 87546 

50921 

08771 

138 

0.134 

1. 14339 

28196 

44646 

898 

0.87459 

00646 

03334 

043 

0.135 

1.14453 

67843 

51314 

488 

0.87371 

59116 

88034 

434 

0.136 

1. 14568 

18935 

94861 

807 

0. 87284 

26324 

88719 

322 

0.137 

1.14682 

81485 

20398 

195 

0. 87197 

02261 

32109 

436 

0.138 

1. 14797 

55502 

74178 

672 

0. 87109 

86917 

45798 

347 

0.139 

1.14912 

41000 

03605 

088 

0.87022 

80284 

58251 

595 

0.140 

1. 15027 

37988 

57227 

268 

0. 86935 

82353 

98805 

820 

0.141 

1.15142 

46479 

84744 

161 

0.86848 

93116 

97667 

890 

0.142 

1.15257 

66485 

37004 

992 

0. 86762 

12564 

85914 

032 

0.143 

1. 15372 

98016 

66010 

407 

0. 86675 

40688 

95488 

962 

0.144 

1. 15488 

41085 

24913 

632 

0. 86588 

77480 

59205 

017 

0.145 

1. 15603 

95702 

68021 

623 

0. 86502 

22931 

10741 

288 

0.146 

1.15719 

61880 

50796 

218 

0.86415 

77031 

84642 

755 

0.147 

1. 15835 

39630 

29855 

297 

0. 86329 

39774 

16319 

421 

0.148 

1. 15951 

28963 

62973 

936 

0. 86243 

11149 

42045 

443 

0.149 

1. 16067 

29892 

09085 

563 

0.86156 

91148 

98958 

277 

0.150 

1.16183 

42427 

28283 

123 

0.86070 

79764 

25057 

807 
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X 


0.150 

1.16183 

0.151 

1.16299 

0.152 

1.16416 

0.153 

1. 16532 

0.154 

1. 16649 

0.155 

1. 16765 

0.156 

1. 16882 

0.157 

1. 16999 

0.158 

1.17116 

0.159 

1. 17233 

0.160 

1. 17351 

0.161 

1. 17468 

0.162 

1. 17586 

0.163 

1. 17703 

0.164 

1. 17821 

0.165 

1. 17939 

0.166 

1. 18057 

0.167 

1.18175 

0.168 

1. 18293 

0.169 

1.18412 

0.170 

1. 18530 

0.171 

1.18649 

0.172 

1.18767 

0.173 

1.18886 

0.174 

1. 19005 

0.175 

1.19124 

0.176 

1. 19243 

0.177 

1. 19363 

0.178 

1. 19482 

0.179 

1.19602 

0.180 

1. 19721 

0.181 

1. 19841 

0.182 

1. 19961 

0.183 

1. 20081 

0.184 

1. 20201 

0.185 

1. 20321 

0.186 

1. 20442 

0.187 

1. 2 0562 

0.188 

1.2 0683 

0.189 

1. 20804 

0.190 

1. 2:0924 

0.191 

1.21045 

0.192 

1.21167 

0.193 

1.21288 

0.194 

1.21409 

0.195 

1.21531 

0.196 

1.21652 

0.197 

1.2:1774 

0.198 

1.21896 

0.199 

1.2:2018 

0.200 

1.212140 


EXPONENTIAL FUNCTION 


e x 

42427 28283 123 
66580 81820 230 
02364 32112 335 
49789 42737 886 
08867 78439 490 

79611 05125 080 
62030 89869 080 
56139 00913 572 
61947 07669 465 
79466 80717 662 

08709 91810 235 
49688 13871 592 
02413 20999 654 
66896 88467 025 
43150 92722 171 

31187 11390 594 
31017 23276 011 
42653 08361 533 
66106 47810 843 
01389 23969 378 

48513 20365 514 
07490 21711 746 
78332 13905 874 
61050 84032 188 
55658 20362 660 

62166 12358 122 
80586 50669 468 
10931 27138 834 
53212 34800 796 
07441 67883 563 

73631 21810 165 
51792 93199 657 
41938 79868 311 
44080 80830 812 
58230 96301 462 

84401 27695 376 
22603 77629 686 
72850 49924 742 
35153 49605 317 
09524 82901 811 

95976 57251 458 
94520 81299 533 
05169 64900 562 
27935 19119 527 
62829 56233 085 

09864 89730 774 
69053 34316 229 
40407 05908 396 
23938 21642 747 
19658 99872 499 

27581 60169 834 


Table 4.4 


0.86070 79764 25057 807 
0.85984 76986 59205 488 
0.85898 82807 41123 482 
0.85812 97218 11393 800 
0. 85727 20210 11457 440 

0.85641 51774 83613 531 
0.85555 91903 71018 473 
0. 85470 40588 17685 083 
0. 85384 97819 68481 735 
0.85299 63589 69131 511 

0.85214 37889 66211 338 
0.85129 20711 07151 144 
0. 85044 12045 40232 998 
0.84959 11884 14590 263 
0. 84874 20218 80206 741 

0. 84789 37040 87915 828 
0.84704 62341 89399 660 
0. 84619 96113 37188 270 
0.84535 38346 84658 733 
0. 84450 89033 86034 326 

0.84366 48165 96383 682 
0.84282 15734 71619 939 
0.84197 91731 68499 904 
0.84113 76148 44623 201 
0.84029 68976 58431 438 

0.83945 70207 69207 358 
0.83861 79833 37074 003 
0.83777 97845 22993 869 
0.83694 24234 88768 073 
0.83610 58993 97035 511 

0.83527 02114 11272 021 
0.83443 53586 95789 549 
0.83360 13404 15735 309 
0.83276 81557 37090 951 
0.83193 58038 26671 728 

0.83110 42838 52125 659 
0.83027 35949 81932 701 
0. 82944 37363 85403 915 
0.82861 47072 32680 634 
0.82778 65066 94733 637 

0.82695 91339 43362 318 
0. 82613 25881 51193 854 
0.82530 68684 91682 387 
0.82448 19741 39108 186 
0. 82365 79042 68576 832 

0.82283 46580 56018 384 
0. 82201 22346 78186 562 
0. 82119 06333 12657 919 
0.82036 98531 37831 021 
0. 81954 98933 32925 626 

0.81873 07530 77981 859 
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Table 4.4 


EXPONENTIAL FUNCTION 


X 


ex 




e -x 



0. 200 

1.22140 

27581 

60169 

834 

0. 81873 

07530 

77981 

859 

0.201 

1.22262 

47718 

23327 

112 

0.81791 

24315 

53859 

397 

0.202 

1.22384 

80081 

11358 

099 

0. 81709 

49279 

42236 649 

0.203 

1. 22507 

24682 

47499 

185 

0.81627 

82414 

25609 

934 

0.204 

1.22629 

81534 

56210 

607 

0.81546 

23711 

87292 

668 

0.205 

1.22752 

50649 

63177 

678 

0.81464 

73164 

11414 

545 

0. 206 

1.22875 

32039 

95312 

005 

0. 81383 

30762 

82920 720 

0.207 

1. 22998 

25717 

80752 

723 

0. 81301 

96499 

87570 998 

0.208 

1.23121 

31695 

48867 

721 

0.81220 

70367 

11939 

015 

0.209 

1.23244 

49985 

30254 

869 

0. 81139 

52356 

43411 

427 

0.210 

1.23367 

80599 

56743 

251 

0. 81058 

42459 

70187 

100 

0.211 

1.23491 

23550 

61394 

396 

0.80977 

40668 

81276 

291 

0.212 

1.23614 

78850 

78503 

512 

0. 80896 

46975 

66499 

845 

0.213 

1.23738 

46512 

43600 

719 

0.80815 

61372 

16488 

379 

0.214 

1.23862 

26547 

93452 

285 

0.80734 

83850 

22681 

475 

0.215 

1. 23986 

18969 

66061 

862 

0. 80654 

14401 

77326 

874 

0.216 

1.24110 

23790 

00671 

728 

0. 80573 

53018 

73479 

662 

0.217 

1. 24234 

41021 

37764 

020 

0.80492 

99693 

05001 

467 

0.218 

1. 24358 

70676 

19061 

978 

0.80412 

54416 

66559 

655 

0.219 

1. 24483 

12766 

87531 

187 

0. 80332 

17181 

53626 

521 

0.220 

1.24607 

67305 

87380 

820 

0. 80251 

87979 

62478 

483 

0.221 

1.24732 

34305 

64064 

879 

0.80171 

66802 

90195 

284 

0.222 

1. 24857 

13778 

64283 

447 

0.80091 

53643 

34659 

186 

0.223 

1.24982 

05737 

35983 

926 

0.80011 

48492 

94554 

165 

0.224 

1.25107 

10194 

28362 

294 

0. 79931 

51343 

69365 

114 

0.225 

1. 25232 

27161 

91864 

345 

0.79851 

62187 

59377 

043 

0.226 

1.25357 

56652 

78186 

948 

0.79771 

81016 

65674 

274 

0. 227 

1.25482 

98679 

40279 

295 

0. 79692 

07822 

90139 

647 

0.228 

1.25608 

53254 

32344 

151 

0. 79612 

42598 

35453 

721 

0.229 

1. 25734 

20390 

09839 

113 

0.79532 

85335 

05093 973 

0.230 

1.25860 

00099 

29477 

863 

0. 79453 

36025 

03334 

008 

0.231 

1.25985 

92394 

4^231 

426 

0. 79373 

94660 

35242 758 

0.232 

1.26111 

97288 

28329 

426 

0.79294 

61233 

06683 

687 

0.233 

1.26238 

14793 

27261 

349 

0.79215 

35735 

24314 

003 

0.234 

1. 26364 

44922 

07777 

797 

0. 79136 

18158 

95583 

855 

0.235 

1.26490 

87687 

32891 

756 

0. 79057 

08496 

28735 

550 

0.236 

1.26617 

43101 

66879 

857 

0.78978 

06739 

32802 

754 

0.237 

1.26744 

11177 

75283 

640 

0. 78899 

12880 

17609 

706 

0.238 

1.26870 

91928 

24910 

818 

0.78820 

26910 

93770 

426 

0.239 

1. 26997 

85365 

83836 

547 

0. 78741 

48823 

72687 

922 

0.240 

1.27124 

91503 

21404 

692 

0.78662 

78610 

66553 

409 

0.241 

1.27252 

10353 

08229 

095 

0.78584 

16263 

88345 

515 

0.242 

1.27379 

41928 

16194 

849 

0.78505 

61775 

51829 

496 

0.243 

1. 27506 

86241 

18459 

570 

0. 78427 

15137 

71556 

451 

0.244 

1. 27634 

43304 

89454 

665 

0. 78348 

76342 

62862 

532 

0.245 

1. 27762 

13132 

04886 

611 

0. 78270 

45382 

41868 

168 

0.246 

1. 27889 

95735 

41738 

230 

0.78192 

22249 

25477 

270 

0.247 

1.28017 

91127 

78269 

966 

0.78114 

06935 

31376 458 

0. 248 

1.28145 

99321 

94021 

162 

0.78035 

99432 

78034 

273 

0.249 

1.28274 

20330 

69811 

341 

0.77957 

99733 

84700 

396 

0.250 

1. 28402 

54166 

87741 

484 

0.77880 

07830 

71404 868 
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x 


0.250 

1.2B402 

0.251 

1.28531 

0.252 

1.28659 

0. 253 

1.28788 

0.254 

1.2B917 

0.255 

1.29046 

0.256 

1.29175 

0.257 

1. 29304 

0.258 

1.29433 

0.259 

1. 29563 

0.260 

1.29693 

0.261 

1.29822 

0.262 

1.29952 

0. 263 

1. 30082 

0.264 

1. 30212 

0.265 

1.30343 

0.266 

1. 30473 

0.267 

1. 30604 

0.268 

1. 30734 

0.269 

1. 30865 

0.270 

1. 30996 

0.271 

1. 31127 

0. 272 

1.31258 

0.273 

1.31390 

0.274 

1.31521 

0.275 

1.31653 

0.276 

1.31784 

0.277 

1. 31916 

0.278 

1.32048 

0.279 

1.32180 

0.280 

1. 32312 

0.281 

1.32445 

0.282 

1. 32577 

0.283 

1. 32710 

0.284 

1. 32843 

0.285 

1. 32976 

0.286 

1.33109 

0. 287 

1. 33242 

0.288 

1. 33375 

0.289 

1. 33509 

0. 290 

1. 33642 

0.291 

1.33776 

0.292 

1. 33910 

0. 293 

1.34044 

0.294 

1.34178 

0.295 

1. 34312 

0.296 

1.34447 

0.297 

1.34581 

0.298 

1. 34716 

0.299 

1. 34850 

0.300 

1. 34985 


EXPONENTIAL FUNCTION 

e* 

54166 87741 484 
00843 31195 317 
60372 84840 591 
32768 34630 366 
18042 67804 299 

16208 72889 931 
27279 39703 974 
51267 59353 603 
88186 24237 745 
38048 28048 373 

00866 65771 798 
76654 33689 967 
65424 29381 755 
67189 51724 266 
81963 00894 131 

09757 78368 808 
50586 86927 883 
04463 30654 372 
71400 14936 028 
51410 46466 646 

44507 33247 364 
50703 84587 979 
70013 11108 252 
02448 24739 218 
48022 38724 500 

06748 67621 623 
78640 27303 324 
63710 34958 873 
61972 09095 387 
73438 69539 151 

98123 37436 936 
36039 35257 318 
87199 86792 007 
51618 17157 164 
29307 52794 731 

20281 21473 753 
24552 52291 710 
42134 75675 843 
73041 23384 488 
17285 28508 403 

74880 25472 103 
45839 50035 199 
30176 39293 724 
27904 31681 481 
39036 66971 373 

63586 86276 747 
01568 32052 735 
52994 48097 594 
17878 79554 052 
96234 72910 654 

88075 76003 104 

[ ( - 6 7)2 ] 


Table 4.4 

e-x 

0.77880 07830 71404 868 
0.77802 23715 58957 312 
0.77724 47380 68946 150 
0.77646 78818 23737 828 
0.77569 18020 46476 034 

0.77491 64979 61080 928 
0.77414 19687 92248 360 
0.77336 82137 65449 096 
0.77259 52321 06928 045 
0.77182 30230 43703 483 

0.77105 15858 03566 284 
0.77028 09196 15079 142 
0.76951 10237 07575 806 
0.76874 18973 11160 303 
0.76797 35396 56706 173 

0.76720 59499 75855 698 
0.76643 91275 01019 133 
0.76567 30714 65373 938 
0. 76490 77811 02864 015 
0.76414 32556 48198 937 

0.76337 94943 36853 186 
0. 76261 64964 05065 386 
0.76185 42610 89837 543 
0.76109 27876 28934 278 
0.76033 20752 60882 066 

0.75957 21232 24968 476 
0.75881 29307 61241 409 
0.75805 44971 10508 337 
0.75729 68215 14335 547 
0.75653 99032 15047 380 

0.75578 37414 55725 472 
0.75502 83354 80208 002 
0.75427 36845 33088 932 
0. 75351 97878 59717 250 
0.75276 66447 06196 222 

0.75201 42543 19382 630 
0.75126 26159 46886 026 
0. 75051 17288 37067 974 
0. 74976 15922 39041 301 
0.74901 22054 02669 348 

0.74826 35675 78565 215 
0.74751 56780 18091 016 
0.74676 85359 73357 128 
0.74602 21406 97221 444 
0.74527 64914 43288 626 

0.74453 15874 65909 357 
0.74378 74280 20179 599 
0.74304 40123 61939 843 
0.74230 13397 47774 369 
0.74155 94094 35010 502 

0.74081 82206 81717 866 

[‘“a" 1 ] 
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Table 4.4 


EXPONENTIAL FUNCTION 


x 


e x 


0. 300 

1.34985 

88075 

76003 

104 

0.74081 

82206 

81717 

866 

0. 301 

1.35120 

93415 

38015 

618 

0. 74007 

77727 

46707 

647 

0.302 

1.35256 

12267 

09482 

272 

0. 73933 

80648 

89531 

848 

0. 303 

1. 35391 

44644 

42288 

348 

0. 73859 

90963 

70482 

549 

0.304 

1. 35526 

90560 

89671 

692 

0. 73786 

08664 

50591 

171 

0. 305 

1. 35662 

50030 

06224 

066 

0. 73712 

33743 

91627 

732 

0.306 

1. 35798 

23065 

47892 

497 

0.73638 

66194 

56100 

112 

0. 307 

1. 35934 

09680 

71980 

642 

0.73565 

06009 

07253 

313 

0. 308 

1. 36070 

09889 

37150 

137 

0.73491 

53180 

09068 

726 

0.309 

1. 36206 

23705 

03421 

961 

0. 73418 

07700 

26263 

391 

0.310 

1. 36342 

51141 

32177 

794 

0.73344 

69562 

24289 

264 

0.311 

1.36478 

92211 

86161 

378 

0.73271 

38758 

69332 

482 

0.312 

1. 36615 

46930 

29479 

880 

0.73198 

15282 

28312 

628 

0.313 

1.36752 

15310 

27605 

258 

0.73124 

99125 

68882 

001 

0. 314 

1. 36888 

97365 

47375 

624 

0. 73051 

90281 

59424 

881 

0. 315 

1. 37025 

93109 

56996 

611 

0. 72978 

88742 

69056 

797 

0. 316 

1. 37163 

02556 

26042 

743 

0. 72905 

94501 

67623 

797 

0.317 

1. 37300 

25719 

25458 

804 

0. 72833 

07551 

25701 

720 

0.318 

1. 37437 

62612 

27561 

208 

0. 72760 

27884 

14595 

463 

0. 319 

1. 37575 

13249 

06039 

370 

0. 72687 

55493 

06338 

254 

0. 320 

1.37712 

77643 

35957 

085 

0. 72614 

90370 

73690 

925 

0. 321 

1.37850 

55808 

93753 

895 

0.72542 

32509 

90141 

181 

0. 322 

1. 37988 

47759 

57246 

476 

0. 72469 

81903 

29902 

880 

0.323 

1.38126 

53509 

05630 

003 

0.72397 

38543 

67915 

300 

0. 324 

1. 38264 

73071 

19479 

542 

0. 72325 

02423 

79842 

419 

0.325 

1.38403 

06459 

80751 

421 

0. 72252 

73536 

42072 

189 

0. 326 

1. 38541 

53688 

72784 

617 

0.72180 

51874 

31715 

812 

0. 327 

1. 38680 

14771 

80302 

136 

0.72108 

37430 

26607 

016 

0. 328 

1. 38818 

89722 

89412 

403 

0.72036 

30197 

05301 

338 

0. 329 

1. 38957 

78555 

87610 

642 

0. 71964 

30167 

47075 

395 

0.330 

1. 39096 

81284 

63780 

266 

0.71892 

37334 

31926 

170 

0.331 

1.39235 

97923 

08194 

268 

0.71820 

51690 

40570 

286 

0.332 

1.39375 

28485 

12516 

609 

0.71748 

73228 

54443 

294 

0.333 

1. 39514 

72984 

69803 

608 

0.71677 

01941 

55698 

947 

0. 334 

1.39654 

31435 

74505 

339 

0.71605 

37822 

27208 

486 

0. 335 

1.39794 

03852 

22467 

023 

0.71533 

80863 

52559 

924 

0.336 

1. 39933 

90248 

10930 

424 

0.71462 

31058 

16057 

326 

0.337 

1. 40073 

90637 

38535 

249 

0.71390 

88399 

02720 

095 

0. 338 

1.40214 

05034 

05320 

540 

0.71319 

52878 

98282 

260 

0.339 

1. 40354 

33452 

12726 

081 

0.71248 

24490 

89191 

756 

0. 340 

1.40494 

75905 

63593 

797 

0.71177 

03227 

62609 

715 

0. 341 

1. 40635 

32408 

62169 

155 

0. 71105 

89082 

06409 

751 

0. 342 

1. 40776 

02975 

14102 

572 

0.71034 

82047 

09177 

248 

0.343 

1.40916 

87619 

26450 

817 

0.70963 

82115 

60208 

649 

0. 344 

1.41057 

86355 

07678 

418 

0.70892 

89280 

49510 

748 

0.345 

1.41198 

99196 

67659 

075 

0.70822 

03534 

67799 

973 

0. 346 

1.41340 

26158 

17677 

066 

0. 70751 

24871 

06501 

685 

0. 347 

1.41481 

67253 

70428 

658 

0. 70680 

53282 

57749 

463 

0. 348 

1.41623 

22497 

40023 

522 

0.70609 

88762 

14384 

398 

0.349 

1.41764 

91903 

41986 

146 

0.70539 

31302 

69954 

390 

0.350 

1.41906 

75485 

93257 

248 

0.70468 

80897 

18713 

434 


m [ ( -e 8)9 ] 
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EXPONENTIAL FUNCTION Table 4.4 


X 

0. 350 

1.41906 

e x 

75485 

93257 

248 

0.70468 

e~ x 

80897 

18713 

434 

0.351 

1. 42048 

73259 

12195 

200 

0.70398 

37538 

55620 

921 

0.352 

1.42190 

85237 

18577 

438 

0. 70328 

01219 

76340 

929 

0.353 

1.42333 

11434 

33601 

886 

0. 70257 

71933 

77241 

521 

0. 354 

1. 42475 

51864 

79888 

380 

0. 70187 

49673 

55394 

037 

0. 355 

1.42618 

06542 

81480 

082 

0.70117 

34432 

08572 

398 

0. 356 

1. 42760 

75482 

63844 

915 

0.70047 

26202 

35252 

399 

0. 357 

1. 42903 

58698 

53876 

979 

0. 69977 

24977 

34611 

008 

0.358 

1. 43046 

56204 

79897 

983 

0.69907 

30750 

06525 

666 

0. 359 

1.43189 

68015 

71658 

672 

0. 69837 

43513 

51573 

587 

0. 360 

1.43332 

94145 

60340 

258 

0.69767 

63260 

71031 

057 

0. 361 

1. 43476 

34608 

78555 

848 

0. 69697 

89984 

66872 

738 

0. 362 

1. 43619 

89419 

60351 

880 

0.69628 

23678 

41770 

967 

0. 363 

1. 43763 

58592 

41209 

556 

0. 69558 

64334 

99095 

062 

0.364 

1. 43907 

42141 

58046 

276 

0. 69489 

11947 

42910 

621 

0. 365 

1. 44051 

40081 

49217 

078 

0. 69419 

66508 

77978 

831 

0. 366 

1. 44195 

52426 

54516 

071 

0. 69350 

28012 

09755 

768 

0.367 

1.44339 

79191 

15177 

881 

0. 69280 

96450 

44391 

707 

0. 368 

1.44484 

20389 

73879 

090 

0. 69211 

71816 

88730 

425 

0.369 

1.44628 

76036 

74739 

677 

0.69142 

54104 

50308 

508 

0. 370 

1.44773 

46146 

63324 

462 

0. 69073 

43306 

37354 

660 

0.371 

1. 44918 

30733 

86644 

554 

0.69004 

39415 

58789 

010 

0. 372 

1.45063 

29812 

93158 

799 

0. 68935 

42425 

24222 

423 

0.373 

1. 45208 

43398 

32775 

223 

0. 68866 

52328 

43955 

806 

0. 374 

1. 45353 

71504 

56852 

487 

0. 68797 

69118 

28979 

422 

0. 375 

1.45499 

14146 

18201 

336 

0.68728 

92787 

90972 

199 

0. 376 

1.45644 

71337 

71086 

052 

0. 68660 

23330 

42301 

040 

0.377 

1. 45790 

43093 

71225 

910 

0.68591 

60738 

96020 

141 

0. 378 

1. 45936 

29428 

75796 

632 

0. 68523 

05006 

65870 

297 

0. 379 

1. 46082 

30357 

43431 

842 

0.68454 

56126 

66278 

222 

0. 380 

1.46228 

45894 

34224 

532 

0.68386 

14092 

12355 

858 

0.381 

1. 46374 

76054 

09728 

512 

0. 68317 

78896 

19899 

696 

0.382 

1.46521 

20851 

32959 

881 

0.68249 

50532 

05390 

084 

0.383 

1.46667 

80300 

68398 

485 

0.68181 

28992 

85990 

553 

0. 384 

1. 46814 

54416 

81989 

380 

0. 68113 

14271 

79547 

125 

0.385 

1.46961 

43214 

41144 

302 

0.68045 

06362 

04587 

638 

0.386 

1.47108 

46708 

14743 

133 

0. 67977 

05256 

80321 

060 

0.387 

1.47255 

64912 

73135 

370 

0. 67909 

10949 

26636 

810 

0. 388 

1.47402 

97842 

88141 

592 

0.67841 

23432 

64104 

077 

0.389 

1. 47550 

45513 

33054 

939 

0. 67773 

42700 

13971 

142 

0. 390 

1. 47698 

07938 

82642 

577 

0. 67705 

68744 

98164 

700 

0. 391 

1.47845 

85134 

13147 

180 

0. 67638 

01560 

39289 

177 

0. 392 

1. 47993 

77114 

02288 

401 

0. 67570 

41139 

60626 

058 

0.393 

1.48141 

83893 

29264 

352 

0.67502 

87475 

86133 

209 

0. 394 

1. 48290 

05486 

74753 

084 

0. 67435 

40562 

40444 

198 

0. 395 

1.48438 

41909 

20914 

066 

0. 67368 

00392 

48867 

624 

0. 396 

1. 48586 

93175 

51389 

667 

0. 67300 

66959 

37386 

438 

0. 397 

1.48735 

59300 

51306 

642 

0. 67233 

40256 

32657 

274 

0. 398 

1.48884 

40299 

07277 

615 

0.67166 

20276 

62009 

771 

0. 399 

1. 49033 

36186 

07402 

565 

0. 67099 

07013 

53445 

901 

0.400 

1.49182 

46976 

41270 

318 

0.67032 

00460 

.35639 

301 
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Table 4.4 EXPONENTIAL FUNCTION 


x e x e- x 


0. 400 

1. 49182 

46976 

41270 

318 

0. 67032 

00460 

35639 

301 

0.401 

1.49331 

72684 

99960 

030 

0.66965 

00610 

37934 

596 

0. 402 

1. 49481 

13326 

76042 

686 

0. 66898 

07456 

90346 

733 

0.403 

1.49630 

68916 

63582 

585 

0. 66831 

20993 

23560 

309 

0. 404 

1. 49780 

39469 

58138 

840 

0. 66764 

41212 

68928 

902 

0.405 

1. 49930 

25000 

56766 

870 

0. 66697 

68108 

58474 

400 

0. 406 

1. 50080 

25524 

58019 

898 

0. 66631 

01674 

24886 

338 

0. 407 

1. 50230 

41056 

61950 

452 

0. 66564 

41903 

01521 

227 

0.408 

1.50380 

71611 

70111 

860 

0. 66497 

88788 

22401 

888 

0. 409 

1. 50531 

17204 

85559 

754 

0. 66431 

42323 

22216 

786 

0.410 

1. 50681 

77851 

12853 

578 

0. 66365 

02501 

36319 

366 

0. 411 

1.50832 

53565 

58058 

082 

0. 66298 

69316 

00727 

386 

0.412 

1.50983 

44363 

28744 

838 

0. 66232 

42760 

52122 

256 

0. 413 

1.51134 

50259 

33993 

742 

0. 66166 

22828 

27848 

372 

0.414 

1. 51285 

71268 

84394 

526 

0. 66100 

09512 

65912 

454 

0.415 

1.51437 

07406 

92048 

265 

0. 66034 

02807 

04982 

886 

0.416 

1. 51588 

58688 

70568 

894 

0.65968 

02704 

84389 

050 

0. 417 

1.51740 

25129 

35084 

718 

0. 65902 

09199 

44120 

673 

0.418 

1. 51892 

06744 

02239 

927 

0.65836 

22284 

24827 

158 

0.419 

1. 52044 

03547 

90196 

115 

0. 65770 

41952 

67816 

932 

0. 420 

1. 52196 

15556 

18633 

796 

0. 65704 

68198 

15056 

782 

0. 421 

1.52348 

42784 

08753 

926 

0. 65639 

01014 

09171 

201 

0. 422 

1. 52500 

85246 

83279 

422 

0.65573 

40393 

93441 

728 

0.423 

1. 52653 

42959 

66456 

685 

0. 65507 

86331 

11806 

293 

0. 424 

1.52806 

15937 

84057 

126 

0.65442 

38819 

08858 

560 

0.425 

1.52959 

04196 

63378 

690 

0.65376 

97851 

29847 

271 

0. 426 

1. 53112 

07751 

33247 

382 

0. 65311 

63421 

20675 

593 

0.427 

1. 53265 

26617 

24018 

802 

0.65246 

35522 

27900 

462 

0. 428 

1. 53418 

60809 

67579 

666 

0.65181 

14147 

98731 

930 

0. 429 

1. 53572 

10343 

97349 

347 

0. 65115 

99291 

81032 

515 

0. 430 

1.53725 

75235 

48281 

402 

0. 65050 

90947 

23316 

545 

0.431 

1. 53879 

55499 

56865 

110 

0. 64985 

89107 

74749 

506 

0.432 

1. 54033 

51151 

61127 

008 

0. 64920 

93766 

85147 

398 

0.433 

1.54187 

62207 

00632 

428 

0.64856 

04918 

04976 

075 

0.434 

1.54341 

88681 

16487 

038 

0.64791 

22554 

85350 

604 

0.435 

1.54496 

30589 

51338 

384 

0. 64726 

46670 

78034 

611 

0.436 

1. 54650 

87947 

49377 

427 

0. 64661 

77259 

35439 

635 

0.437 

1. 54805 

60770 

56340 

096 

0. 64597 

14314 

10624 

479 

0.438 

1.54960 

49074 

19508 

826 

0. 64532 

57828 

57294 

565 

0.439 

1.55115 

52873 

87714 

108 

0.64468 

07796 

29801 

285 

0.440 

1.55270 

72185- 

11336 

042 

0.64403 

64210 

83141 

359 

0. 441 

1. 55426 

07023 

42305 

879 

0. 64339 

27065 

72956 

185 

0. 442 

1. 55581 

57404 

34107 

580 

0. 64274 

96354 

55531 

200 

0.443 

1. 55737 

23343 

41779 

367 

0. 64210 

72070 

87795 

233 

0. 444 

1.55893 

04856 

21915 

277 

0. 64146 

54208 

27319 

863 

0. 445 

1.56049 

01958 

32666 

719 

0. 64082 

42760 

32318 

776 

0.446 

1.56205 

14665 

33744 

035 

0.64018 

37720 

61647 

123 

0. 447 

1.56361 

42992 

86418 

055 

0. 63954 

39082 

74800 

880 

0. 448 

1.56517 

86956 

53521 

663 

0.63890 

46840 

31916 

208 

0. 449 

1. 56674 

46571 

99451 

356 

0.63826 

60986 

93768 

809 

0. 450 

1.56831 

21854 

90168 

811 

0.63762 

81516 

21773 

293 
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EXPONENTIAL FUNCTION Table 4.4 


X 

0.450 

1. 56831 

e 1 

21854 

90168 

811 

0. 63762 

e~ x 

81516 

21773 

293 

0.451 

1. 56988 

12820 

93202 

449 

0. 63699 

08421 

77982 

535 

0.452 

1.57145 

19485 

77649 

003 

0. 63635 

41697 

25087 

037 

0. 453 

1. 57302 

41865 

14175 

089 

0.63571 

81336 

26414 

293 

0.454 

1. 57459 

79974 

75018 

775 

0.63508 

27332 

45928 

153 

0.455 

1. 57617 

33830 

33991 

152 

0. 63444 

79679 

48228 

182 

0.456 

1. 57775 

03447 

66477 

911 

0. 63381 

38370 

98549 

030 

0.457 

1. 57932 

88842 

49440 

916 

0. 63318 

03400 

62759 

794 

0. 458 

1. 53090 

90030 

61419 

781 

0. 63254 

74762 

07363 

387 

0.459 

1. 53249 

07027 

82533 

449 

0.63191 

52448 

99495 

898 

0. 460 

1. 53407 

39849 

94481 

775 

0.63128 

36455 

06925 

969 

0. 461 

1. 53565 

88512 

80547 

101 

0. 63065 

26773 

98054 

154 

0. 462 

1. 5 3724 

53032 

25595 

846 

0. 63002 

23399 

41912 

291 

0. 463 

1. 5 3883 

33424 

16080 

087 

0. 62939 

26325 

08162 

872 

0.464 

1. 59042 

29704 

40039 

147 

0. 62876 

35544 

67098 

411 

0.465 

1. 59201 

41888 

87101 

182 

0. 62813 

51051 

89640 

814 

0.466 

1. 59360 

69993 

48484 

772 

0. 62750 

72840 

47340 

750 

0. 467 

1. 59520 

14034 

17000 

511 

0. 62688 

00904 

12377 

027 

0.468 

1. 59679 

74026 

87052 

601 

0. 62625 

35236 

57555 

956 

0.469 

1. 59839 

49987 

54640 

444 

0.62562 

75831 

56310 

730 

0.470 

1. 59999 

41932 

17360 

241 

0. 62500 

22682 

82700 

796 

0. 471 

1. 60159 

49876 

74406 

589 

0. 62437 

75784 

11411 

229 

0.472 

1. 60319 

73837 

26574 

077 

0. 62375 

35129 

17752 

104 

0. 473 

1. 60480 

13829 

76258 

891 

0. 62313 

00711 

77657 

876 

0. 474 

1. 60640 

69870 

27460 

416 

0. 62250 

72525 

67686 

754 

0. 475 

1. 60801 

41974 

85782 

835 

0. 62188 

50564 

65020 

075 

0.476 

1. 60962 

30159 

58436 

741 

0.62126 

34822 

47461 

685 

0. 477 

1.61123 

34440 

54240 

740 

0. 62064 

25292 

93437 

314 

0.478 

1.61284 

54833 

83623 

064 

0. 62002 

21969 

81993 

957 

0.479 

1. 61445 

91355 

58623 

174 

0. 61940 

24846 

92799 

250 

0.480 

1. 61607 

44021 

92893 

382 

0.61878 

33918 

06140 

853 

0. 481 

1.61769 

12849 

01700 

456 

0.61816 

49177 

02925 

827 

0. 482 

1. 61930 

97853 

01927 

238 

0. 61754 

70617 

64680 

018 

0.483 

1.62092 

99050 

12074 

265 

0. 61692 

98233 

73547 

436 

0. 484 

1. 62255 

16456 

52261 

382 

0.61631 

32019 

12289 

639 

0. 485 

1. 62417 

50088 

44229 

364 

0. 61569 

71967 

64285 

113 

0. 486 

1. 62579 

99962 

11341 

538 

0.61508 

18073 

13528 

659 

0. 487 

1.62742 

66093 

78585 

406 

0.61446 

70329 

44630 

776 

0.488 

1. 62905 

48499 

72574 

272 

0. 61385 

28730 

42817 

043 

0. 489 

1. 63068 

47196 

21548 

865 

0. 61323 

93269 

93927 

508 

0. 490 

1. 63231 

62199 

55378 

970 

0.61262 

63941 

84416 

069 

0. 491 

1.63394 

93526 

05565 

057 

0. 61201 

40740 

01349 

867 

0.492 

1.63558 

41192 

05239 

912 

0. 61140 

23658 

32408 

668 

0.493 

1. 63722 

05213 

89170 

270 

0. 61079 

12690 

65884 

251 

0. 494 

1.63885 

85607 

93758 

453 

0.61018 

07830 

90679 

799 

0. 495 

1. 64049 

82390 

57044 

002 

0. 60957 

09072 

96309 

287 

0. 496 

1. 64213 

95578 

18705 

315 

0. 60896 

16410 

72896 

868 

0. 497 

1.64378 

25187 

20061 

292 

0. 60835 

29838 

11176 

269 

0. 498 

1.64542 

71234 

04072 

971 

0. 60774 

49349 

02490 

178 

0.499 

1. 64707 

33735 

15345 

173 

0.60713 

74937 

38789 

634 

0.500 

1. 64872 

12707 

00128 

147 

0. 60653 

06597 

12633 

424 
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Table 4.4 EXPONENTIAL FUNCTION 


x e x e~ x 


0. 500 

1. 64872 

12707 

00128 

147 

0. 60653 

06597 

12633 

424 

0.501 

1. 65037 

08166 

06319 

214 

0.60592 

44322 

17187 

470 

0.502 

1. 65202 

20128 

83464 

418 

0. 60531 

88106 

46224 

228 

0.503 

1. 65367 

48611 

82760 

175 

0. 60471 

37943 

94122 

075 

0.504 

1.65532 

93631 

57054 

920 

0. 60410 

93828 

55864 

709 

0.505 

1. 65698 

55204 

60850 

766 

0. 60350 

55754 

27040 

541 

0.506 

1.65864 

33347 

50305 

156 

0. 60290 

23715 

03842 

093 

0.507 

1.66030 

28076 

83232 

516 

0. 60229 

97704 

83065 

390 

0.508 

1.66196 

39409 

19105 

918 

0. 60169 

77717 

62109 

362 

0.509 

1.66362 

67361 

19058 

736 

0. 60109 

63747 

38975 

237 

0.510 

1. 66529 

11949 

45886 

308 

0. 60049 

55788 

12265 

943 

0.511 

1.66695 

73190 

64047 

601 

0. 59989 

53833 

81185 

502 

0.512 

1.66862 

51101 

39666 

871 

0. 59929 

57878 

45538 

434 

0.513 

1. 67029 

45698 

40535 

333 

0. 59869 

67916 

05729 

153 

0.514 

1.67196 

56998 

36112 

826 

0. 59809 

83940 

62761 

369 

0.515 

1. 67363 

85017 

97529 

486 

0. 59750 

05946 

18237 

489 

0. 516 

1. 67531 

29773 

97587 

414 

0. 59690 

33926 

74358 

019 

0.517 

1. 67698 

91283 

10762 

348 

0. 59630 

67876 

33920 

965 

0.518 

1. 67866 

69562 

13205 

342 

0. 5957.1 

07789 

00321 

238 

0.519 

1. 68034 

64627 

82744 

439 

0.59511 

53658 

77550 

053 

0. 520 

1.68202 

76496 

98886 

347 

0. 59452 

05479 

70194 

339 

0. 521 

1. 68371 

05186 

42818 

123 

0. 59392 

63245 

83436 

138 

0. 522 

1. 68539 

50712 

97408 

851 

0. 59333 

26951 

23052 

015 

0. 523 

1.68708 

13093 

47211 

326 

0. 59273 

96589 

95412 

460 

0. 524 

1.68876 

92344 

78463 

738 

0. 59214 

72156 

07481 

294 

0. 525 

1. 69045 

88483 

79091 

359 

0.59155 

53643 

66815 

082 

0.526 

1. 69215 

01527 

38708 

232 

0. 59096 

41046 

81562 

533 

0. 527 

1.69384 

31492 

48618 

855 

0. 59037 

34359 

60463 

912 

0.528 

1. 69553 

78396 

01819 

881 

0. 58978 

33576 

12850 

450 

0. 529 

1.69723 

42254 

93001 

803 

0. 58919 

38690 

48643 

749 

0. 530 

1. 69893 

23086 

18550 

654 

0.58860 

49696 

78355 

196 

0.531 

1. 70063 

20906 

76549 

702 

0.58801 

66589 

13085 

372 

0. 532 

1.70233 

35733 

66781 

146 

0. 58742 

89361 

64523 

463 

0.533 

1. 70403 

67583 

90727 

817 

0.58684 

18008 

44946 

670 

0.534 

1.70574 

16474 

51574 

883 

0. 58625 

52523 

67219 

626 

0.535 

1. 70744 

82422 

54211 

545 

0.58566 

92901 

44793 

803 

0.536 

1. 70915 

65445 

05232 

748 

0. 58508 

39135 

91706 

932 

0.537 

1.71086 

65559 

12940 

887 

0.58449 

91221 

22582 

409 

0.538 

1.71257 

82781 

87347 

510 

0. 58391 

49151 

52628 

716 

0.539 

1. 71429 

17130 

40175 

036 

0. 58333 

12920 

97638 

836 

0.540 

1.71600 

68621 

84858 

460 

0. 58274 

82523 

73989 

665 

0. 541 

1.71772 

37273 

36547 

069 

0.58216 

57953 

98641 

430 

0.542 

1.71944 

23102 

12106 

159 

0.58158 

39205 

89137 

107 

0.543 

1. 72116 

26125 

30118 

747 

0.58100 

26273 

63601 

839 

0.544 

1. 72288 

46360 

10887 

296 

0. 58042 

19151 

40742 

351 

0.545 

1. 72460 

83823 

76435 

429 

0.57984 

17833 

39846 

373 

0.546 

1. 72633 

38533 

50509 

656 

0. 57926 

22313 

80782 

055 

0. 547 

1. 72806 

10506 

58581 

095 

0.57868 

32586 

83997 

389 

0.548 

1. 72978 

99760 

27847 

197 

0. 57810 

48646 

70519 

631 

0.549 

1.73152 

06311 

87233 

477 

0.57752 

70487 

61954 

718 

0.550 

1.73325 

30178 

67395 

237 

0.57694 

98103 

80486 

695 
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X 


0. 550 

1. 73325 

0.551 

1. 73498 

0.552 

1. 73672 

0.553 

1. 73846 

0. 554 

1.74019 

0. 555 

1. 74194 

0.556 

1. 74368 

0.557 

1.74542 

0.558 

1. 74717 

0.559 

1.74892 

0.560 

1. 75067 

0. 561 

1.75242 

0.562 

1.75417 

0.563 

1.75593 

0.564 

1. 75768 

0. 565 

1.75944 

0.566 

1.76120 

0. 567 

1. 76297 

0.568 

1. 76473 

0.569 

1.76649 

0.570 

1.76826 

0.571 

1. 77003 

0.572 

1.77180 

0.573 

1. 77357 

0.574 

1.77535 

0.575 

1.77713 

0.576 

1. 77890 

0.577 

1.78068 

0.578 

1.78246 

0.579 

1.78425 

0.580 

1.78603 

0.581 

1.78782 

0.582 

1.78961 

0.583 

1.79140 

0.584 

1.79319 

0.585 

1. 79499 

0.586 

1.79678 

0.587 

1. 79858 

0.588 

1.80038 

0.589 

1.80218 

0. 590 

1.80398 

0.591 

1. 80579 

0.592 

1. 80760 

0.593 

1. 80940 

0.594 

1.81121 

0.595 

1.81303 

0.596 

1. 81484 

0.597 

1. 81666 

0.598 

1.81847 

0.599 

1. 82029 

0.600 

1.82211 


EXPONENTIAL FUNCTION 


e x 

30178 67395 237 
71378 00719 302 
29927 21325 750 
05843 65069 647 
99144 69542 780 

09847 74075 399 
37970 19737 955 
83529 49342 837 
46543 07446 121 
27028 40349 310 

25002 96101 083 
40484 24499 041 
73489 77091 459 
24037 07179 036 
92143 69816 648 

77827 21815 104 
81105 21742 902 
01995 29927 989 
40515 08459 520 
96682 21189 621 

70514 33735 152 
62029 13479 471 
71244 29574 208 
98177 52941 024 
42846 56273 392 

05269 14038 362 
85463 02478 341 
83445 99612 864 
99235 85240 377 
32850 40940 016 

84307 50073 382 
53624 97786 336 
40820 71010 772 
45912 58466 414 
68918 50662 599 

09856 39900 067 
68744 20272 757 
45599 87669 600 
40441 39776 313 
53286 76077 198 

84153 97856 940 
33061 08202 413 
00026 12004 477 
85067 15959 787 
88202 28572 596 

09449 60156 569 
48827 22836 588 
06353 30550 566 
82045 99051 264 
75923 45908 101 

88003 90508 975 


Table 4.4 


e -x 

0.57694 98103 80486 695 
0.57637 31489 48877 132 
0.57579 70638 90464 548 
0.57522 15546 29163 839 
0. 57464 66205 89465 693 

0.57407 22611 96436 024 
0. 57349 84758 75715 391 
0.57292 52640 53518 425 
0.57235 26251 56633 257 
0.57178 05586 12420 941 

0.57120 90638 48814 886 
0. 57063 81402 94320 280 
0.57006 77873 78013 522 
0.56949 80045 29541 648 
0.56892 87911 79121 761 

0.56836 01467 57540 464 
0.56779 20706 96153 288 
0.56722 45624 26884 125 
0. 56665 76213 82224 657 
0.56609 12469 95233 792 

0.56552 54386 99537 097 
0.56496 01959 29326 229 
0.56439 55181 19358 370 
0.56383 14047 04955 664 
0.56326 78551 22004 648 

0.56270 48688 06955 693 
0.56214 24451 96822 437 
0.56158 05837 29181 224 
0. 56101 92838 42170 538 
0. 56045 85449 74490 445 

0.55989 83665 65402 033 
0.55933 87480 54726 843 
0.55877 96888 82846 320 
0.55822 11884 90701 245 
0. 55766 32463 19791 179 

0. 55710 58618 12173 905 
0.55654 90344 10464 868 
0.55599 27635 57836 621 
0.55543 70486 98018 264 
0.55488 18892 75294 892 

0. 55432 72847 34507 035 
0.55377 32345 21050 107 
0.55321 97380 80873 848 
0.55266 67948 60481 771 
0. 55211 44043 06930 610 

0.55156 25658 67829 766 
0. 55101 12789 91340 753 
0.55046 05431 26176 649 
0.54991 03577 21601 542 
0.54936 07222 27429 984 

0. 54881 16360 94026 433 
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EXPONENTIAL FUNCTION 


0. 600 

1.82211 

88003 

90508 

975 

0.54881 

16360 

94026 

433 

0. 601 

1. 82394 

18305 

54062 

083 

0.54826 

30987 

72304 

710 

0. 602 

1.82576 

66846 

59597 

740 

0. 54771 

51097 

13727 

448 

0. 603 

1.82759 

33645 

31970 

203 

0. 54716 

76683 

70305 

543 

0. 604 

1.82942 

18719 

97859 

499 

0. 54662 

07741 

94597 

605 

0. 605 

1.83125 

22088 

85773 

244 

0. 54607 

44266 

39709 

413 

0. 606 

1.83308 

43770 

26048 

479 

0.54552 

86251 

59293 

368 

0. 607 

1. 83491 

83782 

50853 

497 

0. 54498 

33692 

07547 

943 

0. 608 

1. 83675 

42143 

94189 

676 

0.54443 

86582 

39217 

140 

0. 609 

1. 83859 

18872 

91893 

312 

0. 54389 

44917 

09589 

946 

0. 610 

1.84043 

13987 

81637 

455 

0. 54335 

08690 

74499 

787 

0.611 

1. 84227 

27507 

02933 

750 

0.54280 

77897 

90323 

981 

0. 612 

1.84411 

59448 

97134 

270 

0. 54226 

52533 

13983 

200 

0. 613 

1. 84596 

09832 

07433 

364 

0.54172 

32591 

02940 

922 

0.614 

1. 84780 

78674 

78869 

496 

0.54118 

18066 

15202 

890 

0. 615 

1.84965 

65995 

58327 

090 

0.54064 

08953 

09316 

571 

0.616 

1.85150 

71812 

94538 

381 

0. 54010 

05246 

44370 

616 

0. 617 

1.85335 

96145 

38085 

258 

0.53956 

06940 

79994 

313 

0.618 

1.85521 

39011 

41401 

120 

0.53902 

14030 

76357 

053 

0. 619 

1.85707 

00429 

58772 

725 

0.53848 

26510 

94167 

789 

0. 620 

1.85892 

80418 

46342 

044 

0. 53794 

44375 

94674 

492 

0. 621 

1.86078 

78996 

62108 

121 

0.53740 

67620 

39663 

618 

0. 622 

1. 86264 

96182 

65928 

925 

0. 53686 

96238 

91459 

568 

0. 623 

1.86451 

31995 

19523 

215 

0.53633 

30226 

12924 

149 

0. 624 

1. 86637 

86452 

86472 

402 

0.53579 

69576 

67456 

037 

0. 625 

1. 86824 

59574 

32222 

407 

0.53526 

14285 

18990 

242 

0. 626 

1. 87011 

51378 

24085 

530 

0. 53472 

64346 

31997 

571 

0. 627 

1.87198 

61883 

31242 

321 

0.53419 

19754 

71484 

093 

0. 628 

1.87385 

91108 

24743 

442 

0.53365 

80505 

02990 

602 

0. 629 

1. 87573 

39071 

77511 

543 

0.53312 

46591 

92592 

086 

0.630 

1.87761 

05792 

64343 

132 

0. 53259 

18010 

06897 

190 

0.631 

1.87948 

91289 

61910 

454 

0.53205 

94754 

13047 

683 

0,632 

1.88136 

95581 

48763 

361 

0.53152 

76818 

78717 

927 

0.633 

1.88325 

18687 

05331 

198 

0.53099 

64198 

72114 

344 

0. 634 

1. 88513 

60625 

13924 

678 

0.53046 

56888 

61974 

883 

0. 635 

1.88702 

21414 

58737 

766 

0.52993 

54883 

17568 

489 

0. 636 

1.88891 

01074 

25849 

565 

0.52940 

58177 

08694 

574 

0. 637 

1.89079 

99623 

03226 

199 

0. 52887 

66765 

05682 

485 

0. 638 

1. 89269 

17079 

80722 

703 

0.52834 

80641 

79390 

975 

0. 639 

1.89458 

53463 

50084 

912 

0.52781 

99802 

01207 

673 

0. 640 

1. 89648 

08793 

04951 

353 

0.52729 

24240 

43048 

557 

0. 641 

1. 89837 

83087 

40855 

140 

0. 52676 

53951 

77357 

426 

0. 642 

1. 90027 

76365 

55225 

865 

0.52623 

88930 

77105 

369 

0. 643 

1. 90217 

88646 

47391 

502 

0. 52571 

29172 

15790 

242 

0. 644 

1.90408 

19949 

18580 

301 

0.52518 

74670 

67436 

140 

0. 645 

1.90598 

70292 

71922 

692 

0. 52466 

25421 

06592 

872 

0. 646 

1.90789 

39696 

12453 

188 

0.52413 

81418 

08335 

432 

0.647 

1.90980 

28178 

47112 

287 

0. 52361 

42656 

48263 

478 

0. 648 

1.91171 

35758 

84748 

384 

0.52309 

09131 

02500 

807 

0. 649 

1.91362 

62456 

36119 

674 

0.52256 

80836 

47694 

830 

0.650 

1.91554 

08290 

13896 

070 

0. 52204 

57767 

61016 

048 
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EXPONENTIAL FUNCTION Table 4.4 


X 

0. 650 

1.91554 

e x 

08290 

13896 

070 

0.52204 

e~ x 

57767 

61016 

048 

0. 651 

1.91745 

73279 

32661 

108 

0. 52152 

39919 

20157 

530 

0.652 

1.91937 

57443 

08913 

867 

0.52100 

27286 

03334 

394 

0. 653 

1.92129 

60800 

61070 

883 

0.52048 

19862 

89283 

277 

0. 654 

1.92321 

83371 

09468 

067 

0. 51996 

17644 

57261 

823 

0. 655 

1. 92514 

25173 

76362 

630 

0.51944 

20625 

87048 

156 

0.656 

1.92706 

86227 

85934 

997 

0.51892 

28801 

58940 

364 

0.657 

1. 92899 

66552 

64290 

740 

0.51840 

42166 

53755 

974 

0. 658 

1. 93092 

66167 

39462 

496 

0.51788 

60715 

52831 

438 

0. 659 

1.93285 

85091 

41411 

902 

0.51736 

84443 

38021 

612 

0. 660 

1.93479 

23344 

02031 

522 

0.51685 

13344 

91699 

238 

0. 661 

1.93672 

80944 

55146 

776 

0. 51633 

47414 

96754 

426 

0. 662 

1. 93866 

57912 

36517 

879 

0.51581 

86648 

36594 

140 

0. 663 

1.94060 

54266 

83841 

774 

0.51530 

31039 

95141 

674 

0.664 

1.94254 

70027 

36754 

070 

0.51478 

80584 

56836 

146 

0.665 

1.94449 

05213 

36830 

982 

0.51427 

35277 

06631 

974 

0. 666 

1.94643 

59844 

27591 

272 

0.51375 

95112 

29998 

365 

0. 667 

1.94838 

33939 

54498 

192 

0.51324 

60085 

12918 

798 

0. 668 

1.95033 

27518 

64961 

432 

0.51273 

30190 

41890 

516 

0. 669 

1. <55228 

40601 

08339 

065 

0.51222 

05423 

03924 

002 

0. 670 

1.95423 

73206 

35939 

496 

0.51170 

85777 

86542 

478 

0. 671 

1. 95619 

25354 

01023 

417 

0.51119 

71249 

77781 

383 

0. 672 

1.95814 

97063 

58805 

754 

0.51068 

61833 

66187 

865 

0. 673 

1. 96010 

88354 

66457 

630 

0.51017 

57524 

40820 

271 

0.674 

1.96206 

99246 

83108 

314 

0.50966 

58316 

91247 

632 

0. 675 

1.96403 

29759 

69847 

187 

0.50915 

64206 

07549 

157 

0.676 

1. 96599 

79912 

89725 

700 

0.50864 

75186 

80313 

718 

0. 677 

1. 96796 

49726 

07759 

335 

0. 50813 

91254 

00639 

348 

0. 678 

1.96993 

39218 

90929 

575 

0. 50763 

12402 

60132 

723 

0. 679 

1.97190 

48411 

08185 

868 

0.50712 

38627 

50908 

661 

0.680 

1.97387 

77322 

30447 

594 

0. 50661 

69923 

65589 

610 

0. 681 

1. 97585 

25972 

30606 

040 

0.50611 

06285 

97305 

142 

0.682 

1.97782 

94380 

83526 

371 

0.50560 

47709 

39691 

448 

0.683 

1.97980 

82567 

66049 

605 

0.50509 

94188 

86890 

827 

0. 684 

1. 98178 

90552 

56994 

589 

0. 50459 

45719 

33551 

185 

0. 685 

1. 98377 

18355 

37159 

979 

0.50409 

02295 

74825 

526 

0. 686 

1, 98575 

65995 

89326 

220 

0. 50358 

63913 

06371 

449 

0. 687 

1,98774 

33493 

98257 

531 

0. 50308 

30566 

24350 

644 

0. 688 

1,98973 

20869 

50703 

885 

0.50258 

"2250 

25428 

387 

0.689 

1.99172 

28142 

35403 

001 

0. 50207 

.3960 

06773 

037 

0.690 

1. 99371 

55332 

43082 

329 

0.50157 

60690 

66055 

534 

0. 691 

1.99571 

02459 

66461 

043 

0.50107 

47437 

01448 

895 

0.692 

1.99770 

69544 

00252 

033 

0.50057 

39194 

11627 

713 

0.693 

1.99970 

56605 

41163 

899 

0. 50007 

35956 

95767 

658 

0. 694 

2.00170 

63663 

87902 

948 

0.49957 

37720 

53544 

971 

0. 695 

2. 00370 

90739 

41175 

193 

0. 49907 

44479 

85135 

969 

0. 696 

2.00571 

37852 

03688 

356 

0.49857 

56229 

91216 

541 

0. 697 

;>. 00772 

05021 

80153 

865 

0. 49807 

72965 

72961 

653 

0. 698 

2.00972 

92268 

77288 

865 

0. 49757 

94682 

32044 

844 

0. 699 

2.01173 

99613 

03818 

219 

0. 49708 

21374 

70637 

732 

0.700 

2.01375 

27074 

70476 

522 

0.49658 

53037 

91409 

515 


m [ ( -e 8)6 ] 
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Table 4.4 EXPONENTIAL FUNCTION 


X 

0.700 

2.01375 

27074 

70476 

522 

0.49658 

e~ x 

53037 

91409 

515 

0. 701 

2.01576 

74673 

90010 

108 

0. 49608 

89666 

97526 

471 

0.702 

2.01778 

42430 

77179 

065 

0. 49559 

31256 

92651 

465 

0. 703 

2.01980 

30365 

48759 

247 

0. 49509 

77802 

80943 

451 

0. 704 

2.02182 

38498 

23544 

296 

0. 49460 

29299 

67056 

976 

0.705 

2.02384 

66849 

22347 

653 

0.49410 

85742 

56141 

685 

0.706 

2.02587 

15438 

68004 

586 

0. 49361 

47126 

53841 

826 

0.707 

2.02789 

84286 

85374 

210 

0.49312 

13446 

66295 

756 

0. 708 

2. 02992 

73414 

01341 

511 

0. 49262 

84698 

00135 

445 

0. 709 

2.03195 

82840 

44819 

374 

0. 49213 

60875 

62485 

987 

0. 710 

2. 03399 

12586 

46750 

612 

0.49164 

41974 

60965 

102 

0.711 

2. 03602 

62672 

40109 

996 

0.49115 

27990 

03682 

649 

0. 712 

2. 03806 

33118 

59906 

288 

0. 49066 

18916 

99240 

129 

0.713 

2. 04010 

23945 

43184 

280 

0. 49017 

14750 

56730 

197 

0.714 

2. 04214 

35173 

29026 

822 

0. 48968 

15485 

85736 

169 

0.715 

2.04418 

66822 

58556 

873 

0. 48919 

21117 

96331 

534 

0.716 

2. 04623 

18913 

74939 

531 

0.48870 

31641 

99079 

460 

0.717 

2. 04827 

91467 

23384 

083 

0. 48821 

47053 

05032 

312 

0.718 

2. 05032 

84503 

51146 

049 

0.48772 

67346 

25731 

153 

0.719 

2.05237 

98043 

07529 

226 

0.48723 

92516 

73205 

263 

0.720 

2.05443 

32106 

43887 

743 

0.48675 

22559 

59971 

650 

0. 721 

2. 05648 

86714 

13628 

106 

0. 48626 

57469 

99034 

560 

0.722 

2. 05854 

61886 

72211 

257 

0. 48577 

97243 

03884 

990 

0. 723 

2.06060 

57644 

77154 

626 

0. 48529 

41873 

88500 

207 

0. 724 

2. 06266 

74008 

88034 

189 

0.48480 

91357 

67343 

253 

0.725 

2.06473 

10999 

66486 

529 

0. 48432 

45689 

55362 

467 

0. 726 

2.06679 

68637 

76210 

896 

0. 48384 

04864 

67990 

997 

0. 727 

2.06886 

46943 

82971 

273 

0.48335 

68878 

21146 

315 

0. 728 

2.07093 

45938 

54598 

438 

0.48287 

37725 

31229 

734 

0.729 

2. 07300 

65642 

60992 

036 

0. 48239 

11401 

15125 

923 

0.730 

2.07508 

06076 

74122 

645 

0. 48190 

89900 

90202 

427 

0. 731 

2. 07715 

67261 

68033 

852 

0. 48142 

73219 

74309 

180 

0.732 

2.07923 

49218 

18844 

323 

0.48094 

61352 

85778 

027 

0. 733 

2. 08131 

51967 

04749 

882 

0. 48046 

54295 

43422 

238 

0. 734 

2. 08339 

75529 

06025 

589 

0.47998 

52042 

66536 

031 

0. 735 

2. 08548 

19925 

05027 

819 

0. 47950 

54589 

74894 

090 

0. 736 

2.08756 

85175 

86196 

344 

0. 47902 

61931 

88751 

082 

0. 737 

2. 08965 

71302 

36056 

419 

0.47854 

74064 

28841 

182 

0.738 

2.09174 

78325 

43220 

868 

0. 47806 

90982 

16377 

589 

0.739 

2.09384 

06265 

98392 

173 

0. 47759 

12680 

73052 

052 

0. 740 

2.09593 

55144 

94364 

563 

0.47711 

39155 

21034 

388 

0. 741 

2.09803 

24983 

26026 

109 

0. 47663 

70400 

82972 

004 

0. 742 

2.10013 

15801 

90360 

816 

0.47616 

06412 

81989 

423 

0.743 

2. 10223 

27621 

86450 

725 

0.47568 

47186 

41687 

803 

0. 744 

2. 10433 

60464 

15478 

007 

0. 47520 

92716 

86144 

466 

0. 745 

2. 10644 

14349 

80727 

065 

0.47473 

42999 

39912 

416 

0. 746 

2. 10854 

89299 

87586 

641 

0. 47425 

98029 

28019 

867 

0.747 

2.11065 

85335 

43551 

917 

0. 47378 

57801 

75969 

767 

0.748 

2.11277 

02477 

58226 

625 

0.47331 

22312 

09739 

326 

0.749 

2.11488 

40747 

43325 

155 

0.47283 

91555 

55779 

537 

0.750 

2.11700 

00166 

12674 

669 

0.47236 

65527 

41014 

707 


r(-7)3i 

rc-sjeri 

L 6 J 

L 6 J 
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EXPONENTIAL FUNCTION Table 4.4 


x e x 


0. 750 

2.11700 

00166 

12674 

669 

0. 47236 

65527 

41014 

707 

0.751 

2.11911 

80754 

82217 

212 

0.47189 

44222 

92841 

982 

0.752 

2.12123 

82534 

70011 

830 

0.47142 

27637 

39130 

875 

0.753 

2. 12336 

05526 

96236 

688 

0.47095 

15766 

08222 

791 

0. 754 

2. 12548 

49752 

83191 

190 

0.47048 

08604 

28930 

562 

0.755 

2. 12761 

15233 

55298 

098 

0. 47001 

06147 

30537 

969 

0.756 

2. 12974 

01990 

39105 

663 

0. 46954 

08390 

42799 

274 

0.757 

2.13187 

10044 

63289 

745 

0. 46907 

15328 

95938 

749 

0.758 

2. 13400 

39417 

58655 

946 

0.46860 

26958 

20650 

211 

0.759 

2.13613 

90130 

58141 

739 

0.46813 

43273 

48096 

543 

0. 760 

2. 13827 

62204 

96818 

602 

0. 46766 

64270 

09909 

234 

0.761 

2. 14041 

55662 

11894 

152 

0.46719 

89943 

38187 

907 

0.762 

2.14255 

70523 

42714 

282 

0. 46673 

20288 

65499 

852 

0.763 

2. 14470 

06810 

30765 

301 

0.46626 

55301 

24879 

557 

0.764 

2.14684 

64544 

19676 

075 

0.46579 

94976 

49828 

242 

0.765 

2. 14899 

43746 

55220 

173 

0.46533 

39309 

74313 

393 

0.766 

2.15114 

44438 

85318 

010 

0.46486 

88296 

32768 

297 

0.767 

2. 15329 

66642 

60038 

993 

0.46440 

41931 

60091 

573 

0.768 

2.15545 

10379 

31603 

678 

0.46394 

00210 

91646 

708 

0.769 

2.15760 

75670 

54385 

916 

0.46347 

63129 

63261 

598 

0. 770 

2. 15976 

62537 

84915 

008 

0.46301 

30683 

11228 

073 

0.771 

2.16192 

71002 

81877 

866 

0.46255 

02866 

72301 

444 

0. 772 

2.16409 

01087 

06121 

167 

0. 46208 

79675 

83700 

034 

0.773 

2. 16625 

52812 

20653 

514 

0.46162 

61105 

83104 

714 

0. 774 

2. 16842 

26199 

90647 

604 

0.46116 

47152 

08658 

446 

0. 775 

2. 17059 

21271 

83442 

386 

0. 46070 

37809 

98965 

818 

0.776 

2. 17276 

38049 

68545 

234 

0.46024 

33074 

93092 

580 

0.777 

2. 17493 

76555 

17634 

114 

0. 45978 

32942 

30565 

189 

0.778 

2.17711 

36810 

04559 

757 

0. 45932 

37407 

51370 

344 

0. 779 

2. 17929 

18836 

05347 

830 

0.45886 

46465 

95954 

527 

0.780 

2.18147 

22654 

98201 

117 

0.45840 

60113 

05223 

545 

0.781 

2.18365 

48288 

63501 

691 

0.45794 

78344 

20542 

069 

0.782 

2. 18583 

95758 

83813 

099 

0.45749 

01154 

83733 

175 

0.783 

2.18802 

65087 

43882 

545 

0.45703 

28540 

37077 

890 

0.784 

2. 19021 

56296 

30643 

070 

0. 45657 

60496 

23314 

727 

0.785 

2. 19240 

69407 

33215 

744 

0.45611 

97017 

85639 

236 

0.786 

2.19460 

04442 

42911 

852 

0. 45566 

38100 

67703 

540 

0.787 

2. 19679 

61423 

53235 

086 

0. 45520 

83740 

13615 

885 

0.788 

2. 19899 

40372 

59883 

740 

0. 45475 

33931 

67940 

176 

0.789 

2.20119 

41311 

60752 

903 

0. 45429 

88670 

75695 

532 

0.790 

2.20339 

64262 

55936 

659 

0.45384 

47952 

82355 

822 

0.791 

2.20560 

09247 

47730 

288 

0. 45339 

11773 

33849 

215 

0.792 

2. 20780 

76288 

40632 

465 

0.45293 

80127 

76557 

724 

0.793 

2.21001 

65407 

41347 

466 

0.45248 

53011 

57316 

754 

0.794 

2.21222 

76626 

58787 

377 

0. 45203 

30420 

23414 

649 

0. 795 

2.21444 

09968 

04074 

299 

0.45158 

12349 

22592 

237 

0. 796 

2. 21665 

65453 

90542 

561 

0.45112 

98794 

03042 

379 

0. 797 

2.21887 

43106 

33740 

936 

0. 45067 

89750 

13409 

518 

0.798 

2.22109 

42947 

51434 

850 

0. 45022 

85213 

02789 

227 

0.799 

2. 22331 

64999 

63608 

607 

0.44977 

85178 

20727 

758 

0.800 

2.22554 

09284 

92467 

605 

0.44932 

89641 

17221 

591 
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Table 4.4 EXPONENTIAL FUNCTION 

x e* e~ x 


0.800 

2.22554 

09284 

92467 

605 

0. 44932 

89641 

17221 

591 

0. 801 

2.22776 

75825 

62440 

556 

0.44887 

98597 

42716 

986 

0.802 

2.22999 

64644 

00181 

717 

0. 44843 

12042 

48109 

530 

0. 803 

2.23222 

75762 

34573 

111 

0.44798 

29971 

84743 

691 

0. 804 

2.23446 

09202 

96726 

759 

0.44753 

52381 

04412 

369 

0.805 

2.23669 

64988 

19986 

909 

0. 44708 

79265 

59356 

447 

0.806 

2. 23893 

43140 

39932 

270 

0.44664 

10621 

02264 

340 

0.807 

2.24117 

43681 

94378 

249 

0.44619 

46442 

86271 

556 

0.808 

2.24341 

66635 

23379 

186 

0.44574 

86726 

64960 

242 

0. 809 

2.24566 

12022 

69230 

599 

0. 44530 

31467 

92358 

738 

0.810 

2. 24790 

79866 

76471 

419 

0. 44485 

80662 

22941 

134 

0. 811 

2.25015 

70189 

91886 

242 

0. 44441 

34305 

11626 

826 

0. 812 

2. 25240 

83014 

64507 

569 

0.44396 

92392 

13780 

063 

0.813 

2.25466 

18363 

45618 

061 

0. 44352 

54918 

85209 

512 

0. 814 

2.25691 

76258 

88752 

788 

0. 44308 

21880 

82167 

806 

0.815 

2.25917 

56723 

49701 

480 

0.44263 

93273 

61351 

106 

0. 816 

2.26143 

59779 

86510 

786 

0.44219 

69092 

79898 

654 

0. 817 

2.26369 

85450 

59486 

532 

0.44175 

49333 

95392 

332 

0. 818 

2. 26596 

33758 

31195 

979 

0.44131 

33992 

65856 

218 

0.819 

2. 26823 

04725 

66470 

087 

0.44087 

23064 

49756 

146 

0.820 

2.27049 

98375 

32405 

781 

0. 44043 

16545 

05999 

263 

0. 821 

2.27277 

14729 

98368 

215 

0.43999 

14429 

93933 

588 

0.822 

2.27504 

53812 

35993 

046 

0. 43955 

16714 

73347 

574 

0. 823 

2.27732 

15645 

19188 

700 

0.43911 

23395 

04469 

662 

0.824 

2.27960 

00251 

24138 

650 

0.43867 

34466 

47967 

847 

0.825 

2.28188 

07653 

29303 

690 

0.43823 

49924 

64949 

237 

0.826 

2.28416 

37874 

15424 

217 

0.43779 

69765 

16959 

611 

0.827 

2.28644 

90936 

65522 

506 

0.43735 

93983 

65982 

985 

0.828 

2.28873 

66863 

64904 

998 

0.43692 

22575 

74441 

171 

0.829 

2.29102 

65678 

01164 

583 

0. 43648 

55537 

05193 

342 

0.830 

2.29331 

87402 

64182 

888 

0.43604 

92863 

21535 

593 

0. 831 

2.29561 

32060 

46132 

567 

0.43561 

34549 

87200 

502 

0.832 

2.29790 

99674 

41479 

593 

0.43517 

80592 

66356 

699 

0.833 

2. 30020 

90267 

46985 

553 

0.43474 

30987 

23608 

428 

0. 834 

2. 30251 

03862 

61709 

945 

0. 43430 

85729 

23995 

109 

0.835 

2.30481 

40482 

87012 

474 

0. 43387 

44814 

32990 

906 

0.836 

2. 30712 

00151 

26555 

358 

0. 43344 

08238 

16504 

293 

0. 837 

2.30942 

82890 

86305 

628 

0.43300 

75996 

40877 

616 

0.838 

2. 31173 

88724 

74537 

437 

0.43257 

48084 

72886 

664 

0.839 

2.31405 

17676 

01834 

366 

0.43214 

24498 

79740 

233 

0. 840 

2.31636 

69767 

81091 

734 

0.43171 

05234 

29079 

693 

0.841 

2.31868 

45023 

27518 

913 

0.43127 

90286 

88978 

558 

0. 842 

2.32100 

43465 

58641 

644 

0. 43084 

79652 

27942 

052 

0. 843 

2. 32332 

65117 

94304 

351 

0.43041 

73326 

14906 

679 

0. 844 

2. 32565 

10003 

56672 

462 

0.42998 

71304 

19239 

788 

0.845 

2. 32797 

78145 

70234 

734 

0.42955 

73582 

10739 

148 

0.846 

2.33030 

69567 

61805 

575 

0. 42912 

80155 

59632 

516 

0. 847 

2. 33263 

84292 

60527 

370 

0.42869 

91020 

36577 

204 

0.848 

2.33497 

22343 

97872 

812 

0.42827 

06172 

12659 

654 

0.849 

2.33730 

83745 

07647 

233 

0. 42784 

25606 

59395 

005 

0.850 

2. 33964 

68519 

25990 

937 

0. 42741 

49319 

48726 

670 
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X 


0.850 

2.33964 

0. 851 

2. 34198 

0.852 

2.34433 

0.853 

2. 34667 

0.854 

2. 34902 

0.855 

2. 35137 

0. 856 

2.35372 

0. 857 

2.35608 

0. 858 

2. 35843 

0.859 

2. 36079 

0. 860 

2. 36316 

0. 861 

2.36552 

0.862 

2. 36789 

0.863 

2.37026 

0. 864 

2. 37263 

0.865 

2. 37500 

0.866 

2. 37738 

0.867 

2. 37976 

0.868 

2.38214 

0.869 

2. 38452 

0.870 

2.38691 

0. 871 

2. 38929 

0. 872 

2.39168 

0. 873 

2. 39408 

0. 874 

2.39647 

0.875 

2. 39887 

0.876 

2.40127 

0.877 

2.40367 

0. 878 

2.40608 

0.879 

2. 40849 

0. 880 

2.41089 

0. 881 

2. 41331 

0.882 

2.41572 

0. 883 

2.41814 

0. 884 

2.42056 

0.885 

2. 42298 

0. 886 

2. 42540 

0.887 

2. 42783 

0.888 

2.43026 

0.889 

2. 43269 

0. 890 

2. 43512 

0. 891 

2. 43756 

0. 892 

2.44000 

0.893 

2.44244 

0.894 

2.44488 

0.895 

2.44733 

0. 896 

2.44978 

0. 897 

2. 45223 

0.898 

2.45468 

0. 899 

2. 45714 

0. 900 

2.45960 


EXPONENTIAL FUNCTION 


e x 

68519 25990 937 
76689 91381 538 
08280 44636 295 
63314 28914 459 
41814 89719 607 

43805 74901 997 
69310 34660 911 
18352 21547 002 
90954 90464 656 
87141 98674 336 

06937 05794 948 
50363 73806 196 
17445 67050 946 
08206 52237 586 
22669 98442 400 

60859 77111 933 
22799 62065 359 
08513 29496 863 
18024 57978 010 
51357 28460 126 

08535 24276 682 
89582 31145 671 
94522 37171 999 
23379 32849 872 
76177 11065 184 

52939 67097 915 
53690 98624 518 
78455 05720 327 
27255 90861 947 
00117 58929 666 

97064 17209 851 
18119 75397 361 
63308 45597 956 
32654 42330 708 
26181 82530 413 

43914 85550 015 
85877 73163 018 
52094 69565 911 
42590 01380 593 
57387 97656 799 

96512 89874 527 
59989 11946 472 
47841 00220 460 
60092 93481 882 
96769 32956 134 

57894 62311 060 
43493 27659 394 
53589 77561 203 
88208 63026 343 
47374 37516 904 

31111 56949 664 



Table 4.4 


0.42741 49319 48726 670 
0.42698 77306 53025 901 
0.42656 09563 45091 367 
0.42613 46085 98148 726 
0.42570 86869 85850 193 

0.42528 31910 82274 123 
0.42485 81204 61924 574 
0.42443 34746 99730 893 
0.42400 92533 71047 281 
0.42358 54560 51652 373 

0.42316 20823 17748 817 
0.42273 91317 45962 841 
0.42231 66039 13343 840 
0.42189 44983 97363 945 
0.42147 28147 75917 606 

0.42105 15526 27321 165 
0.42063 07115 30312 439 
0.42021 02910 64050 296 
0.41979 02908 08114 234 
0.41937 07103 42503 963 

0.41895 15492 47638 983 
0.41853 28071 04358 162 
0.41811 44834 93919 324 
0.41769 65779 97998 822 
0.41727 90901 98691 126 

0.41686 20196 78508 403 
0.41644 53660 20380 096 
0.41602 91288 07652 513 
0.41561 33076 24088 408 
0.41519 79020 53866 560 

0.41478 29116 81581 367 
0.41436 83360 92242 420 
0.41395 41748 71274 097 
0.41354 04276 04515 140 
0.41312 70938 78218 250 

0.41271 41732 79049 666 
0. 41230 16653 94088 753 
0.41188 95698 10827 593 
0.41147 78861 17170 568 
0.41106 66139 01433 949 

0.41065 57527 52345 488 
0.41024 53022 59044 001 
0.40983 52620 11078 959 
0.40942 56315 98410 082 
0.40901 64106 11406 922 

0.40860 75986 40848 458 
0.40819 91952 77922 685 
0.40779 12001 14226 207 
0.40738 36127 41763 826 
0.40697 64327 52948 135 

0.40656 96597 40599 112 
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Table 4.4 EXPONENTIAL FUNCTION 


X 

0.900 

2.45960 

31111 

56949 

664 

0. 40656 

e~ x 

96597 

40599 

112 

0.901 

2.46206 

39444 

79698 

548 

0. 40616 

32932 

97943 

710 

0.902 

2.46452 

72398 

66597 

083 

0. 40575 

73330 

18615 

453 

0.903 

2.46699 

29997 

80940 

863 

0.40535 

17784 

96654 

028 

0. 904 

2.46946 

12266 

88490 

006 

0. 40494 

66293 

26504 

879 

0. 905 

2.47193 

19230 

57471 

626 

0. 40454 

18851 

03018 

802 

0.906 

2.47440 

50913 

58582 

298 

0.40413 

75454 

21451 

540 

0.907 

2. 47688 

07340 

64990 

529 

0. 40373 

36098 

77463 377 

0.908 

2.47935 

88536 

52339 

232 

0. 40333 

00780 

67118 

736 

0.909 

2.48183 

94525 

98748 

200 

0.40292 

69495 

86885 

773 

0.910 

2.48432 

25333 

84816 

587 

0. 40252 

42240 

33635 

975 

0.911 

2.48680 

80984 

93625 

386 

0.40212 

19010 

04643 

753 

0.912 

2.48929 

61504 

10739 

912 

0.40171 

99800 

97586 

047 

0.913 

2.49178 

66916 

24212 

291 

0.40131 

84609 

10541 

915 

0.914 

2. 49427 

97246 

24583 

942 

0. 40091 

73430 

41992 

136 

0.915 

2.49677 

52519 

04888 

075 

0.40051 

66260 

90818 

809 

0.916 

2. 49927 

32759 

60652 

177 

0.40011 

63096 

56304 

950 

0.917 

2.50177 

37992 

89900 

513 

0. 39971 

63933 

38134 

089 

0.918 

2.50427 

68243 

93156 

620 

0.39931 

68767 

36389 

877 

0.919 

2.50678 

23537 

73445 

810 

0.39891 

77594 

51555 

677 

0.920 

2. 50929 

03899 

36297 

671 

0.39851 

90410 

84514 

173 

0.921 

2.51180 

09353 

89748 

577 

0.39812 

07212 

36546 

962 

0.922 

2.51431 

39926 

44344 

189 

0. 39772 

27995 

09334 

165 

0.923 

2.51682 

95642 

13141 

971 

0.39732 

52755 

04954 

021 

0.924 

2.51934 

76526 

11713 

703 

0.39692 

81488 

25882 

492 

0.925 

2.52186 82603 

58147 

991 

0. 39653 

14190 

74992 

866 

0.926 

2.52439 

13899 

73052 

794 

0. 39613 

50858 

55555 

360 

0. 927 

2.52691 

70439 

79557 

936 

0.39573 

91487 

71236 

720 

0.928 

2.52944 

52249 

03317 

633 

0.39534 

36074 

26099 

830 

0.929 

2.53197 

59352 

72513 

022 

0.39494 

84614 

24603 

311 

0.930 

2. 53450 

91776 

17854 

680 

0.39455 

37103 

71601 

130 

0.931 

2.53704 

49544 

72585 

166 

0. 39415 

93538 

72342 

199 

0.932 

2.53958 

32683 

72481 

544 

0.39376 

53915 

32469 

987 

0.933 

2.54212 

41218 

55857 

927 

0. 39337 

18229 

58022 

122 

0.934 

2.54466 

75174 

63568 

010 

0.39297 

86477 

55429 996 

0.935 

2. 54721 

34577 

39007 

611 

0. 39258 

58655 

31518 

373 

0.936 

2.54976 

19452 

28117 

220 

0.39219 

34758 

93504 

997 

0.937 

2.55231 

29824 

79384 

537 

0.39180 

14784 

49000 

198 

0.938 

2. 55486 

65720 

43847 

026 

0. 39140 

98728 

06006 497 

0.939 

2.55742 

27164 

75094 

464 

0. 39101 

86585 

72918 221 

0.940 

2.55998 

14183 

29271 

496 

0.39062 

78353 

58521 

102 

0. 941 

2.56254 

26801 

65080 

189 

0.39023 

74027 

71991 

894 

0. 942 

2. 56510 

65045 

43782 

593 

0.38984 

73604 

22897 

977 

0 . 943 

2.56767 

28940 

29203 

299 

0.38945 

77079 

21196 

971 

0.944 

2. 57024 

18511 

87732 

007 

0. 38906 

84448 

77236 

341 

0.945 

2.57281 

33785 

88326 

089 

0. 38867 

95709 

01753 

010 

0.946 

2.57538 

74788 

02513 

161 

0. 38829 

10856 

05872 

971 

0.947 

2.57796 

41544 

04393 

651 

0. 38790 

29886 

OHIO 896 

0.948 

2.58054 

34079 

70643 

376 

0.38751 

52794 

99369 

747 

0. 949 

2.58312 

52420 

80516 

117 

0. 38712 

79579 

12940 

390 

0.950 

2. 58570 96593 

15846 

199 

0.38674 

10234 

54501 

207 


(-7)3*1 R-8)5- 
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EXPONENTIAL FUNCTION Table 4.4 


x e z e~ x 


0. 950 

2.58570 

96593 

15846 

199 

0.38674 

10234 

54501 

207 

0. 951 

2.58829 

66622 

61051 

072 

0. 38635 

44757 

37117 

707 

0.952 

2.59088 

62535 

03133 

898 

0. 38596 

83143 

74242 

140 

0.953 

2.59347 

84356 

31686 

135 

0. 38558 

25389 

79713 

111 

0. 954 

2.59607 

32112 

38890 

126 

0.38519 

71491 

67755 

194 

0.955 

2.59867 

05829 

19521 

695 

0. 38481 

21445 

52978 

545 

0.956 

2.60127 

05532 

70952 

740 

0.38442 

75247 

50378 

516 

0.957 

2. 60387 

31248 

93153 

828 

0.38404 

32893 

75335 

273 

0.958 

2.60647 

83003 

88696 

799 

0. 38365 

94380 

43613 

409 

0.959 

2.60908 

60823 

62757 

366 

0.38327 

59703 

71361 

560 

0.960 

2.61169 

64734 

23117 

718 

0.38289 

28859 

75112 

023 

0.961 

2.61430 

94761 

80169 

136 

0.38251 

01844 

71780 

368 

0.962 

2.61692 

50932 

46914 

592 

0. 38212 

78654 

78665 

061 

0.963 

2.61954 

33272 

38971 

373 

0.38174 

59286 

13447 

076 

0.964 

2 . 62216 

41807 

74573 

688 

0.38136 

43734 

94189 

517 

0.965 

2.62478 

76564 

74575 

291 

0.38098 

31997 

39337 

233 

0.966 

2. 62741 

37569 

62452 

101 

0.38060 

24069 

67716 

437 

0.967 

2.63004 

24848 

64304 

825 

0. 38022 

19947 

98534 

325 

0.968 

2. 63267 

38428 

08861 

583 

0. 37984 

19628 

51378 

697 

0. 969 

2.63530 

78334 

27480 

539 

0.37946 

23107 

46217 

574 

0. 970 

2.63794 

44593 

54152 

532 

0.37908 

30381 

03398 

818 

0.971 

2.64058 

37232 

25503 

708 

0. 37870 

41445 

43649 

757 

0.972 

2. 64322 

56276 

80798 

158 

0.37832 

56296 

88076 

798 

0.973 

2. 64587 

01753 

61940 

558 

0. 37794 

74931 

58165 

054 

0.974 

2.64851 

73689 

13478 

808 

0.37756 

97345 

75777 

964 

0.975 

2.65116 

72109 

82606 

682 

0.37719 

23535 

63156 

913 

0.976 

2. 65381 

97042 

19166 

470 

0. 37681 

53497 

42920 

859 

0.977 

2.65647 

48512 

75651 

628 

0. 37643 

87227 

38065 

949 

0. 978 

2.65913 

26548 

07209 

434 

0. 37606 

24721 

71965 

147 

0.979 

2.66179 

31174 

71643 

642 

0.37568 

65976 

68367 

855 

0.980 

2.66445 

62419 

29417 

138 

0. 37531 

10988 

51399 

539 

0. 981 

2.66712 

20308 

43654 

602 

0. 37493 

59753 

45561 

350 

0. 982 

2.66979 

04868 

80145 

169 

0.37456 

12267 

75729 

751 

0.983 

2. 67246 

16127 

07345 

099 

0. 37418 

68527 

67156 

142 

0. 984 

2. 67513 

54109 

96380 

441 

0. 37381 

28529 

45466 

482 

0.985 

2.67781 

18844 

21049 

708 

0. 37343 

92269 

36660 

918 

0. 986 

2.68049 

10356 

57826 

547 

0.37306 

59743 

67113 

412 

0. 987 

2.68317 

28673 

85862 

418 

0.37269 

30948 

63571 

361 

0.988 

2.68585 

73822 

86989 

272 

0.37232 

05880 

53155 

231 

0.989 

2.68854 

45830 

45722 

235 

0.37194 

84535 

63358 

181 

0.990 

2.69123 

44723 

49262 

289 

0.37157 

66910 

22045 

691 

0.991 

2.69392 

70528 

87498 

962 

0.37120 

53000 

57455 

187 

0.992 

2.69662 

23273 

53013 

016 

0. 37083 

42802 

98195 

674 

0 . 993 

2.69932 

02984 

41079 

142 

0. 37046 

36313 

73247 

362 

0. 994 

2.70202 

09688 

49668 

652 

0.37009 

33529 

11961 

296 

0. 995 

2.70472 

43412 

79452 

181 

0. 36972 

34445 

44058 

983 

0. 996 

2.70743 

04184 

33802 

382 

0.36935 

39058 

99632 

024 

0. 997 

2.71013 

92030 

18796 

637 

0. 36898 

47366 

09141 

744 

0.998 

2.71285 

06977 

43219 

755 

0.36861 

59363 

03418 

822 

0. 999 

2.71556 

49053 

18566 

687 

0. 36824 

75046 

13662 

921 

1.000 

2.71828 

18284 

59045 

235 

0.36787 

94411 

71442 

322 
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Table 4.4 EXPONENTIAL FUNCTION 


X 


e x 



e~ 

■x 


0.0 

1.00000 

00000 

00000 

1 . 00000 

00000 

00000 

00000 

0.1 

1.10517 

09180 

75648 

0.90483 

74180 

35959 

57316 

0.2 

1.22140 

27581 

60170 

0. 81873 

07530 

77981 

85867 

0.3 

1.34985 

88075 

76003 

0.74081 

82206 

81717 

86607 

0.4 

1.49182 

46976 

41270 

0. 67032 

00460 

35639 

30074 

0.5 

1.64872 

12707 

00128 

0.60653 

06597 

12633 

42360 

0.6 

1 . 82211 

88003 

90509 

0.54881 

16360 

94026 

43263 

0.7 

2.01375 

27074 

70477 

0.49658 

53037 

91409 

51470 

0.8 

2.22554 

09284 

92468 

0.44932 

89641 

17221 

59143 

0.9 

2.45960 

31111 

56950 

0. 40656 

96597 

40599 

11188 

1 . 0 

2. 71828 

18284 

59045 

0. 36787 

94411 

71442 

32160 

1.1 

3.00416 

60239 

46433 

0.33287 

10836 

98079 

55329 

1.2 

3. 32011 

69227 

36547 

0.30119 

42119 

12202 

09664 

1.3 

3. 66929 

66676 

19244 

0. 27253 

17930 

34012 

60312 

1.4 

4. 05519 

99668 

44675 

0.24659 

69639 

41606 

47694 

1.5 

4.48168 

90703 

38065 

0.22313 

01601 

48429 

82893 

1.6 

4. 95303 

24243 

95115 

0.20189 

65179 

94655 

40849 

1.7 

5.47394 

73917 

27200 

0.18268 

35240 

52734 

65022 

1.8 

6.04964 

74644 

12946 

0.16529 

88882 

21586 

53830 

1.9 

6 . 68589 

44422 

79269 

0.14956 

86192 

22635 

05264 

2 . 0 

7. 38905 

60989 

30650 

0.13533 

5.2832 

36612 

69189 

2.1 

8.16616 

99125 

67650 

0.12245 

64282 

52981 

91022 

2.2 

9. 02501 

34994 

34121 

0.11080 

31583 

62333 

88333 

2.3 

9.97418 

24548 

14721 

0. 10025 

88437 

22803 

73373 

2.4 

11.02317 

63806 

41602 

0 . 09071 

79532 

89412 

50338 

2.5 

12. 18249 

39607 

03473 

0.08208 

49986 

23898 

79517 

2.6 

13. 46373 

80350 

01690 

0. 07427 

35782 

14333 

88043 

2.7 

14. 87973 

17248 

72834 

0. 06720 

55127 

39749 

76513 

2.8 

16.44464 

67710 

97050 

0.06081 

00626 

25217 

96500 

2.9 

18.17414 

53694 

43061 

0. 05502 

32200 

56407 

22903 

3.0 

20.08553 

69231 

87668 

0. 04978 

70683 

67863 

94298 

3.1 

22. 19795 

12814 

41633 

0. 04504 

92023 

93557 

80607 

3.2 

24. 53253 

01971 

09349 

0.04076 

22039 

78366 

21517 

3.3 

27. 11263 

89206 

57887 

0.03688 

31674 

01240 

00545 

3.4 

29.96410 

00473 

97013 

0.03337 

32699 

60326 

07948 

3.5 

33.11545 

19586 

92314 

0. 03019 

73834 

22318 

50074 

3.6 

36. 59823 

44436 

77988 

0.02732 

37224 

47292 

56080 

3.7 

40. 44730 

43600 

67391 

0.02472 

35264 

70339 

39120 

3.8 

44.70118 

44933 

00823 

0. 02237 

07718 

56165 

59578 

3.9 

49.40244 

91055 

30174 

0.02024 

19114 

45804 

38847 

4. 0 

54.59815 

00331 

44239 

0.01831 

56388 

88734 

18029 

4.1 

60. 34028 

75973 

61969 

0. 01657 

26754 

01761 

24754 

4.2 

66.68633 

10409 

25142 

0.01499 

55768 

20477 

70621 

4.3 

73.69979 

36995 

95797 

0.01356 

85590 

12200 

93176 

4. 4 

81.45086 

86649 

68117 

0.01227 

73399 

03068 

44118 

4.5 

90.01713 

13005 

21814 

0.01110 

89965 

38242 

30650 

4. 6 

99.48431 

56419 

33809 

0.01005 

18357 

44633 

58164 

4.7 

109.94717 

24521 

23499 

0. 00909 

52771 

01695 

81709 

4.8 

121.51041 

75187 

34881 

0.00822 

97470 

49020 

02884 

4.9 

134.28977 

96849 

35485 

0.00744 

65830 

70924 

34052 

5.0 

148. 41315 

91025 

76603 

0. 00673 

79469 

99085 

46710 


From C. E. Van Orstrand, Tables of the exponential function and of the circular sine and cosine 
to radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth Memoir. U.S. 


Government Printing Office, Washington, D.C., 1921 (with permission) for e~ x , x<2A. 
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EXPONENTIAL FUNCTION Table 4.4 


x e x e ~ x 


5.0 

148.41315 

91025 

77 

0. 00673 

79469 

99085 

46710 

5. 1 

164. 02190 

72999 

02 

0. 00609 

67465 

65515 

63611 

5.2 

181. 27224 

18751 

51 

0. 00551 

65644 

20760 

77242 

5.3 

200. 33680 

99747 

92 

0. 00499 

15939 

06910 

21621 

5.4 

221. 40641 

62041 

87 

0. 00451 

65809 

42612 

66798 

5.5 

244. 69193 22642 

20 

0. 00408 

67714 

38464 

06699 

5.6 

270.42640 

74261 

53 

0.00369 

78637 

16482 

93082 

5.7 

298. 86740 

09670 

60 

0.00334 

59654 

57471 

27277 

5.8 

330.29955 

99096 

49 

0. 00302 

75547 

45375 

81475 

5.9 

365. 03746 

78653 

29 

0. 00273 

94448 

18768 

36923 

6.0 

403.42879 

34927 

35 

0. 00247 

87521 

76666 

35842 

6.1 

445.85777 

00825 

17 

0. 00224 

28677 

19485 

80247 

6.2 

492. 74904 

10932 

56 

0 . 00202 

94306 

36295 

73436 

6.3 

544.57191 

01259 

29 

0. 00183 

63047 

77028 

90683 

6.4 

601.84503 

78720 

82 

0.00166 

15572 

73173 

93450 

6.5 

665.14163 

30443 

62 

0.00150 

34391 

92977 

57245 

6.6 

735.09518 

92419 

73 

0.00136 

03680 

37547 

89342 

6.7 

812. 40582 

51675 

43 

0.00123 

09119 

02673 

48118 

6.8 

897.84729 

16504 

18 

0.00111 

37751 

47844 

80308 

6.9 

992.27471 

56050 

26 

0.00100 

77854 

29048 

51076 

7.0 

1096. 63315 

84284 

59 

0. 00091 

18819 

65554 

51621 

7.1 

1211.96707 

44925 

77 

0.00082 

51049 

23265 

90427 

7. 2 

1339.43076 

43944 

18 

0.00074 

65858 

08376 

67937 

7.3 

1480.29992 

75845 

45 

0.00067 

55387 

75193 

84424 

7.4 

1635. 98442 

99959 

27 

0 . 00061 

12527 

61129 

57256 

7.5 

1808. 04241 

44560 

63 

0. 00055 

30843 

70147 

83358 

7.6 

1998. 19589 

51041 

18 

0.00050 

04514 

33440 

61070 

7.7 

2208. 34799 

18872 

09 

0.00045 

28271 

82886 

79706 

7.8 

2440. 60197 

76244 

99 

0.00040 

97349 

78979 

78671 

7.9 

2697. 28232 

82685 

09 

0.00037 

07435 

40459 

08837 

8.0 

2980.95798 

70417 

28 

0. 00033 

54626 

27902 

51184 

8.1 

3294. 46807 

52838 

41 

0.00030 

35391 38078 

86666 

8.2 

3640.95030 

73323 

55 

0. 00027 

46535 

69972 

14233 

8.3 

4023.87239 

38223 

10 

0. 00024 

85168 

27107 

95202 

8.4 

4447.06674 

76998 

56 

0 . 00022 

48673 

24178 

84827 

8.5 

4914.76884 

02991 

34 

0 . 00020 

34683 

69010 

64417 

8.6 

5431. 65959 

13629 

80 

0. 00018 41057 

93667 

57912 

8.7 

6002. 91221 

72610 

22 

0 . 00016 

65858 

10987 

63341 

8.8 

6634.24400 

62778 

85 

0. 00015 

07330 

75095 

47660 

8.9 

7331. 97353 91559 

93 

0.00013 

63889 

26482 

01145 

9. 0 

8103.08392 

75753 

84 

0 . 00012 

34098 

04086 

67955 

9.1 

8955.29270 

34825 

12 

0 . 00011 

16658 

08490 

11474 

9.2 

9897. 12905 

87439 

16 

0 . 00010 

10394 

01837 

09335 

9.3 

10938.01920 

81651 

84 

0. 00009 

14242 

31478 

17334 

9.4 

12088. 38073 

02169 

84 

0 . 00008 

27240 

65556 

63226 

9. 5 

13359. 72682 

96618 

72 

0. 00007 

48518 29887 

70059 

9. 6 

14764. 78156 

55772 

73 

0. 00006 77287 

36490 

85387 

9.7 

16317. 60719 

80154 

32 

0 . 00006 

12834 95053 

22210 

9.8 

18033. 74492 

78285 

11 

0. 00005 

54515 

99432 

17698 

9.9 

19930. 37043 

82302 

89 

0.00005 

01746 

82056 

17530 

10.0 

22026.46579 48067 

17 

0. 00004 

53999 

29762 

48485 


/ 
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Table 4.4 EXPONENTIAL FUNCTION 


X 

0 ( 

0 ) 1 . 00000 

e x 

00000 

00000 

000 ( 

0 ) 

1 1 . 00000 

0 

H O 

1 O 

O 
O 

00000 

000 

i ! 

0 ) 

12.71828 

18284 

59045 

235 

- 1 ) 

1 3. 67879 

44117 

14423 

216 

2 

0] 

17. 38905 

60989 

30650 

227 — ( 

“ 1 

11.35335 

28323 

66126 

919 

3 

1 ) 

1 2. 00855 

36923 

18766 

774 — 

“ 2 

>4. 97870 

68367 

86394 

298 

4 

1 ) 

15. 45981 

50033 

14423 

908 ( 

- 2 ] 

11.83156 

38888 

73418 

029 

5 

2 ) 

11. 48413 

15910 

25766 

034 — ( 

~ 3 ) 

16. 73794 

69990 

85467 

097 

6 

2 

14. 03428 

79349 

27351 

226 — 

~ 3 

12. 47875 

21766 

66358 

423 

7 

3] 

11. 09663 

31584 

28458 

599 ( 

“ 4 

>9.11881 

96555 

45162 

080 

8 

3 

12. 98095 

79870 

41728 

275 ( 

“ 4 

> 3. 35462 

62790 

25118 

388 

9 

' 3)8. 10308 

39275 

75384 

008 — ( 

- 4 i 

>1.23409 

80408 

66795 

495 

10 

; 

12.20264 

65794 

80671 

652 — ( 

- 5] 

>4.53999 

29762 

48485 

154 

11 

4 ! 

1 5. 98741 

41715 

19781 

846 — ( 

- 5 

>1. 67017 

00790 

24565 

931 

12 

■ 5 

11. 62754 

79141 

90039 

208 ( 

“ 6 

>6.14421 

23533 

28209 

759 

13 

; 5 

14.42413 

39200 

89205 

033 —- 

- 6 

>2.26032 

94069 

81054 

326 

14 

! 6; 

11.20260 

42841 

64776 

778-*- ( 

- 7 

> 8 . 31528 

71910 

35678 

841 

15 

: 

>3. 26901 

73724 

72110 

639 — ( 

- r. 

>3. 05902 

32050 

18257 

884 

16 

; 6 ' 

> 8 . 88611 

05205 

07872 

637 ( 

- 7 

>1. 12535 

17471 

92591 

145 

17 

7 i 

>2.41549 

52,753 

57529 

821 ( 

- 8 

>4.13993 

77187 

85166 

660 

18 

7 

>6.56599 

69137 

33051 

114 — ( 

- 8 

>1.52299 

79744 

71262 

844 

19 

! 8 ! 

11. 78482 

30096 

31872 

608 ( 

!“ 9| 

>5. 60279 

64375 

37267 

540 

20 

; b; 

>4.85165 

19540 

97902 

780 — 

[- 9’ 

>2.06115 

36224 

38557 

828 

21 

9 

>1.31881 

57344 

83214 

697 — 

-10 

>7. 58256 

04279 

11906 

728 

22 

9 

>3. 58491 

28461 

31591 

562 ~ 

-10 

>2. 78946 

80928 

68924 

808 

23 

9 

>9. 74480 

34462 

48902 

600- 

-10 

>1.02618 

79631 

70189 

030 

24 

[io! 

>2.64891 

22129 

84347 

229 

!-n! 

>3. 77513 

45442 

79097 

752 

25 

[ 10 ' 

>7.20048 

99337 

38587 

252 

[- 11 : 

>1. 38879 

43864 

96402 

059 

26 

li 

>1. 95729 

60942 

88387 

643 

-12 

>5. 10908 

90280 

63324 

720 

27 

H 

>5. 32048 

24060 

17986 

167 

-12 

>1.87952 

88165 

39083 

295 

28 

r 12 

)1. 44625 

70642 

91475 

174 — 

-13 

>6.91440 

01069 

40203 009 

29 

[ 12 ! 

>3.93133 

42971 

44042 

074 — 

(-13! 

>2.54366 

56473 

76922 

910 

30 

( i3 ' 

>1. 06864 

74581 

52446 

215 — 

(-I 4 ' 

>9. 35762 

29688 

40174 

605 

31 

13 

2. 90488 

49665 

24742 

523 — 

-14' 

3. 44247 

71084 

69976 

458 

32 

13 

7.89629 

60182 

68069 

516 

-14)1.26641 

65549 

09417 

572 

33 

( 14 

2. 14643 

57978 

59160 

646 — 

-15 

4. 65888 

61451 

03397 

364 

34 

U 4 ' 

>5.83461 

74252 

74548 

814 

(-15 

>1.71390 

84315 

42012 

966 

35 

(15 

) 1. 58601 

34523 

13430 

728 

(-16 

> 6 . 30511 

67601 

46989 

386 

36 

1.5 

) 4. 31123 

15471 

15195 

227 _ 

-16 

2.31952 

28302 

43569 

388 

37 

16' 

1.17191 

42372 

80261 

131 w. 

-17 

8 . 53304 

76257 

44065 

794 

38 

i i 6 

>3. 18559 

31757 

11375 

622 

-17 

3.13913 

27920 

48029 

629 

39 

(16) 8 . 65934 

00423 

99374 

695 

(-17 

>1.15482 

24173 

01578 

599 

40 

(17)2. 35385 

26683 

70199 

854 

(-18 

>4.24835 

42552 

91588 

995 

41 

17 

6 . 39843 

49353 

00549 

492 

-18 

>1.56288 

21893 

34988 

768 

42 

18 

>1. 73927 

49415 

20501 

047 

-19 

5. 74952 

22642 

93559 

807 

43 

(18 

>4.72783 

94682 

29346 

561 

-19 

>2.11513 

10375 

91080 

487 

44 

(19 

) 1.28516 

00114 

35930 

828 

(-20 

>7.78113 

22411 

33796 

516 

45 

(19 

) 3. 49342 

71057 

48509 

535 i 

(-20 

>2.86251 

85805 

49393 

644 

46 

19 

>9.49611 

94206 

02448 

875 

-20 

>1.05306 

17357 

55381 

238 

47 

20 

2.58131 

28861 

90067 

396 

-21 

) 3. 87399 

76286 

87187 

113 

48 

20 

>7.01673 

59120 

97631 

739 

-21 

>1.42516 

40827 

40935 

106 

49 

(21 

>1. 90734 

65724 

95099 

691 

(-22 

>5.24288 

56633 

63463 

937 

50 

(21)5. 18470 

55285 

87072 

464 

(-22)1.92874 

98479 

63917 

783 
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Table 4.4 


x 


e x 


50 (21)5. 18470 55285 87072 464 

51 (22)1. 40934 90824 26938 796 

52 (22)3. 83100 80007 16576 849 

53 23 1.04137 59433 02908 780 

54 (23)2. 83075 33032 74693 900 

55 (23)7.69478 52651 42017 138 

56 (24)2.09165 94960 12996 154 

57 24 5.68571 99993 35932 223 

58 25)1. 54553 89355 90103 930 

59 (25)4. 20121 04037 90514 255 

60 (26)1.14200 73898 15684 284 

61 (26)3. 10429 79357 01919 909 

62 (26 8.43835 66687 41454 489 

63 27)2.29378 31594 69609 879 

64 (27)6.23514 90808 11616 883 

65 (28)1.69488 92444 10333 714 

66 (28)4.60718 66343 31291 543 

67 (29)1.25236 31708 42213 781 

68 (29)3.40427 60499 31740 521 

69 (29)9.25378 17255 87787 600 

70 (30)2. 51543 86709 19167 006 

71 30 6.83767 12297 62743 867 

72 (31 1.85867 17452 84127 980 

73 (31 5.05239 36302 76104 195 

74 (32)1.37338 29795 40176 188 

75 (32) 3.73324 19967 99001 640 

76 (33)1. 01480 03881 13888 728 

77 33)2. 75851 34545 23170 206 

78 33)7.49841 69969 90120 435 

79 (34)2. 03828 10665 12668 767 

80 (34)5.54062 23843 93510 053 

81 35)1.50609 73145 85030 548 

82 (35)4. 09399 69621 27454 697 

83 36 1.11286 37547 91759 412 

84 (36)3. 02507 73222 01142 338 

85 (36)8. 22301 27146 22913 510 

86 (37)2.23524 66037 34715 047 

87 37)6. 07603 02250 56872 150 

88 (38)1. 65163 62549 94001 856 

89 (38)4. 48961 28191 74345 246 

90 (39)1.22040 32943 17840 802 

91 (39)3. 31740 00983 35742 626 

92 (39 9. 01762 84050 34298 931 

93 40)2.45124 55429 20085 786 

94 (40)6.66317 62164 10895 834 

95 (41)1.81123 90828 89023 282 

96 (4l)4.92345 82860 12058 400 

97 (42)1.33833 47192 04269 500 

98 (42)3. 63797 09476 08804 579 

99 (42)9.88903 03193 46946 771 

100 (43)2.68811 71418 16135 448 

For |x|>100 see Example 11 . 


(-22 

>1. 92874 

98479 

63917 

783 

-23 

>7. 09547 

41622 

84704 

139 

(-23 

>2. 61027 

90696 

67704 

805 

-24 

>9.60268 

00545 

08676 

030 

(-24 

>3. 53262 

85722 

00807 

030 

(-24 

>1. 29958 

14250 

07503 

074 

-25 

>4.78089 

28838 

85469 

081 

-25 

>1.75879 

22024 

24311 

649 

-26 

16.47023 

49256 

45460 

326 

(-26 

>2.38026 

64086 

94400 

606 

(-27 

>8. 75651 

07626 

96520 

338 

"27 

>3.22134 

02859 

92516 

089 

-27 

>1. 18506 

48642 

33981 

006 

-28 

>4. 35961 

00000 

63080 

974 

(-28 

>1. 60381 

08905 

48637 

853 

(-29 

>5. 90009 

05415 

97061 

391 

(-29 

>2. 17052 

20113 

03639 

412 

(-30 

>7.98490 

42456 

86978 

808 

-30 

>2. 93748 

21117 

10802 

947 

(-30 

>1.08063 

92777 

07278 

495 

(-31 

> 3. 97544 

97359 

08646 

808 

-31 

> 1. 46248 

62272 

51230 

947 

-32 

>5.38018 

61600 

21138 

414 

-32 

>1. 97925 

98779 

46904 

554 

(-33 

>7. 28129 

01783 

21643 

834 

(-33 

>2. 67863 

69618 

08077 

944 

(-34 

>9. 85415 

46861 

11258 

029 

-34 

>3.62514 

09191 

43559 

224 

-34 

>1. 33361 

48155 

02261 

341 

(-35 

>4.90609 

47306 

49280 

566 

(-35 

>1. 80485 

13878 

45415 

172 

(-36 

>6. 63967 

71995 

80734 

401 

-36 

>2. 44260 

07377 

40527 

679 

-37 

>8.98582 

59440 

49380 

670 

(-37 

>3. 30570 

06267 

60734 

298 

(-37 

>1.21609 

92992 

52825 

564 

-38 

>4.47377 

93061 

81120 

735 

-38 

>1.64581 

14310 

82273 

651 

(-39 

>6. 05460 

18954 

01185 

885 

(-39 

>2. 22736 

35617 

95743 

739 

(-40 

>8. 19401 

26239 

90515 

430 

(-40 

>3.01440 

87850 

65374 

553 

-40 

>1. 10893 

90193 

12136 

379 

(-41 

) 4. 07955 

86671 

77560 

158 

(-41 

>1. 50078 

57627 

07394 

888 

(—42 

>5. 52108 

22770 

28532 

732 

(-42 

>2. 03109 

26627 

34810 

926 

-43 

>7. 47197 

23373 

42990 

161 

(-43 

2. 74878 

50079 

10214 

930 

(-43 

)l. 01122 

14926 

10448 

530 

(-44) 3. 72007 

59760 

20835 

963 
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Table 4*5 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 

RADIX TABLE OF THE EXPONENTIAL FUNCTION 


X 

n 



e xlO- n 





e -xlO-> 

X 


1 

10 

1.00000 

00001 

00000 

00000 

50000 

0.99999 

99999 

00000 

00000 

50000 

2 

10 

1. 00000 

00002 

00000 

00002 

00000 

0. 99999 

99998 

00000 

00002 

00000 

3 

10 

1. 00000 

00003 

00000 

00004 

50000 

0.99999 

99997 

00000 

00004 

50000 

4 

10 

1. 00000 

00004 

00000 

00008 

00000 

0.99999 

99996 

00000 

00008 

00000 

5 

10 

1.00000 

00005 

00000 

00012 

50000 

0.99999 

99995 

00000 

00012 

50000 

6 

10 

1. 00000 

00006 

00000 

00018 

00000 

0. 99999 

99994 

00000 

00018 

00000 

7 

10 

1. 00000 

00007 

00000 

00024 

50000 

0.99999 

99993 

00000 

00024 

50000 

8 

10 

1. 00000 

00008 

00000 

00032 

00000 

0. 99999 

99992 

00000 

00032 

00000 

9 

10 

1. 00000 

00009 

00000 

00040 

50000 

0.99999 

99991 

00000 

00040 

50000 

1 

9 

1.00000 

00010 

00000 

00050 

00000 

0.99999 

99990 

00000 

00050 

00000 

2 

9 

1. 00000 

00020 

00000 

00200 

00000 

0. 99999 

99980 

00000 

00200 

00000 

3 

9 

1. 00000 

00030 

00000 

00450 

00000 

0.99999 

99970 

00000 

00450 

00000 

4 

9 

1. 00000 

00040 

00000 

00800 

00000 

0.99999 

99960 

00000 

00800 

00000 

5 

9 

1.00000 

00050 

00000 

01250 

00000 

0.99999 

99950 

00000 

01250 

00000 

6 

9 

1.00000 

00060 

00000 

01800 

00000 

0. 99999 

99940 

00000 

01800 

00000 

7 

9 

1.00000 

00070 

00000 

02450 

00001 

0. 99999 

99930 

00000 

02449 

99999 

8 

9 

1.00000 

00080 

00000 

03200 

00001 

0.99999 

99920 

00000 

03199 

99999 

9 

9 

1.00000 

00090 

00000 

04050 

00001 

0.99999 

99910 

00000 

04049 

99999 

1 

8 

1.00000 

00100 

00000 

05000 

00002 

0.99999 

99900 

00000 

04999 

99998 

2 

8 

1.00000 

00200 

00000 

20000 

00013 

0. 99999 

99800 

00000 

19999 

99987 

3 

8 

1.00000 

00300 

00000 

45000 

00045 

0. 99999 

99700 

00000 

44999 

99955 

4 

8 

1. 00000 

00400 

00000 

80000 

00107 

0.99999 

99600 

00000 

79999 

99893 

5 

8 

1. 00000 

00500 

00001 

25000 

00208 

0. 99999 

99500 

00001 

24999 

99792 

6 

8 

1.00000 

00600 

00001 

80000 

00360 

0. 99999 

99400 

00001 

79999 

99640 

7 

8 

1. 00000 

00700 

00002 

45000 

00572 

0. 99999 

99300 

00002 

44999 

99428 

8 

8 

1.00000 

00800 

00003 

20000 

00853 

0.99999 

99200 

00003 

19999 

99147 

9 

8 

1.00000 

00900 

00004 

05000 

01215 

0.99999 

99100 

00004 

04999 

98785 

1 

7 

1. 00000 

01000 

00005 

00000 

01667 

0. 99999 

99000 

00004 

99999 

98333 

2 

7 

1.00000 

02000 

00020 

00000 

13333 

0. 99999 

98000 

00019 

99999 

86667 

3 

7 

1. 00000 

03000 

00045 

00000 

45000 

0.99999 

97000 

00044 

99999 

55000 

4 

7 

1.00000 

04000 

00080 

00001 

06667 

0. 99999 

96000 

00079 

99998 

93333 

5 

7 

1.00000 

05000 

00125 

00002 

08333 

0. 99999 

95000 

00124 

99997 

91667 

6 

7 

1.00000 

06000 

00180 

00003 

60000 

0.99999 

94000 

00179 

99996 

40000 

7 

7 

1. 00000 

07000 

00245 

00005 

71667 

0. 99999 

93000 

00244 

99994 

28333 

8 

7 

1.00000 

08000 

00320 

00008 

53334 

0.99999 

92000 

00319 

99991 

46667 

9 

7 

1. 00000 

09000 

00405 

00012 

15000 

0.99999 

91000 

00404 

99987 

85000 

1 

6 

1. 00000 

10000 

00500 

00016 

66667 

0.99999 

90000 

00499 

99983 

33334 

2 

6 

1. 00000 

20000 

02000 

00133 

33340 

0.99999 

80000 

01999 

99866 

66673 

3 

6 

1.00000 

30000 

04500 

00450 

00034 

0. 99999 

70000 

04499 

99550 

00034 

4 

6 

1. 00000 

40000 

08000 

01066 

66773 

0.99999 

60000 

07999 

98933 

33440 

5 

6 

1.00000 

50000 

12500 

02083 

33594 

0. 99999 

50000 

12499 

97916 

66927 

6 

6 

1. 00000 

60000 

18000 

03600 

00540 

0.99999 

40000 

17999 

96400 

00540 

7 

6 

1. 00000 

70000 

24500 

05716 

67667 

0.99999 

30000 

24499 

94283 

34334 

8 

6 

1.00000 

80000 

32000 

08533 

35040 

0. 99999 

20000 

31999 

91466 

68373 

9 

6 

1.00000 

90000 

40500 

12150 

02734 

0. 99999 

10000 

40499 

87850 

02734 

For n>10, 


l±zlO~ 

n +i a;210 _2 " to 25D. 







Compiled from C. E. Van Orstrand, Tables of the exponential function and of the circular sine 


and cosine to radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth 
Memoir. U.S. Government Printing Office, Washington, D.C., 1921 (with permission). 
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RADIX TABLE OF THE EXPONENTIAL FUNCTION Table 4.5 


X 

ft 



e xlO- n 





g-xlO ~n 



1 

5 

1. 00001 

00000 

50000 

16666 

70833 

0. 99999 

00000 

49999 

83333 

37500 

2 

5 

1.00002 

00002 

00001 

33334 

00000 

0.99998 

00001 

99998 

66667 

33333 

3 

5 

1.00003 

00004 

50004 

50003 

37502 

0.99997 

00004 

49995 

50003 

37498 

4 

5 

1.00004 

00008 

00010 

66677 

33342 

0. 99996 

00007 

99989 

33343 

99991 

5 

5 

1. 00005 

00012 

50020 

83359 

37526 

0.99995 

00012 

49979 

16692 

70807 

6 

5 

1. 00006 

00018 

00036 

00054 

00065 

0. 99994 

00017 

99964 

00053 

99935 

7 

5 

1.00007 

00024 

50057 

16766 

70973 

0.99993 

00024 

49942 

83433 

37360 

8 

5 

1.00008 

00032 

00085 

33504 

00273 

0.99992 

00031 

99914 

66837 

33060 

9 

5 

1. 00009 

00040 

50121 

50273 

37992 

0.99991 

00040 

49878 

50273 

37008 

1 

4 

1.00010 

00050 

00136 

67083 

34167 

0.99990 

00049 

99833 

33749 

99167 

2 

4 

1. 00020 

00200 

01333 

40000 

26668 

0.99980 

00199 

98666 

73333 

06668 

3 

4 

1.00030 

00450 

04500 

33752 

02510 

0.99970 

00449 

95500 

33747 

97510 

4 

4 

1. 00040 

00800 

10667 

73341 

86724 

0. 99960 

00799 

89334 

39991 

46724 

5 

4 

1.00050 

01250 

20835 

93776 

04384 

0.99950 

01249 

79169 

27057 

29384 

6 

4 

1.00060 

01800 

36005 

40064 

80648 

0. 99940 

01799 

64005 

39935 

20648 

7 

4 

1. 00070 

02450 

57176 

67223 

40801 

0.99930 

02449 

42843 

33609 

95801 

8 

4 

1. 00080 

03200 

85350 

40273 

10308 

0.99920 

03199 

14683 

73060 

30307 

9 

4 

1. 00090 

04051 

21527 

34242 

14882 

0.99910 

04048 

78527 

33257 

99880 

1 

3 

1.00100 

05001 

66708 

34166 

80558 

0.99900 

04998 

33374 

99166 

80554 

2 

3 

1.00200 

20013 

34000 

26675 

55810 

0.99800 

19986 

67333 

06675 

55302 

3 

3 

1.00300 

45045 

03377 

02601 

29341 

0. 99700 

44955 

03372 

97601 

20662 

4 

3 

1.00400 

80106 

77341 

87235 

88080 

0.99600 

79893 

43991 

47235 

23064 

5 

3 

1. 00501 

25208 

59401 

06338 

35662 

0.99501 

24791 

92682 

31335 

25642 

6 

3 

1.00601 

80360 

54064 

86485 

55845 

0. 99401 

79640 

53935 

26474 

44988 

7 

3 

1.00702 

45572 

66848 

55523 

16000 

0. 99302 

44429 

33235 

10490 

47970 

8 

3 

1.00803 

20855 

04273 

43117 

20736 

0.99203 

19148 

37060 

63033 

98697 

9 

3 

1.00904 

06217 

73867 

81406 

25705 

0.99104 

03787 

72883 

66216 

45648 

1 

2 

1.01005 

01670 

84168 

05754 

21655 

0.99004 

98337 

49168 

05357 

39060 

2 

2 

1.02020 

13400 

26755 

81016 

01439 

0.98019 

86733 

06755 

30222 

08141 

3 

2 

1. 03045 

45339 

53516 

85561 

24400 

0. 97044 

55335 

48508 

17693 

25284 

4 

2 

1.04081 

07741 

92388 

22675 

70448 

0.96078 

94391 

52323 

20943 

92107 

5 

2 

1.05127 

10963 

76024 

03969 

75176 

0.95122 

94245 

00714 

00909 

14253 

6 

2 

1.06183 

65465 

45359 

62222 

46849 

0.94176 

45335 

84248 

70953 

71528 

7 

2 

1.07250 

81812 

54216 

47905 

31039 

0.93239 

38199 

05948 

22885 

79726 

8 

2 

1. 08328 

70676 

74958 

55443 

59878 

0. 92311 

63463 

86635 

78291 

07598 

9 

2 

1. 09417 

42837 

05210 

35787 

28976 

0.91393 

11852 

71228 

18674 

73535 

1 

1 

1.10517 

09180 

75647 

62481 

17078 

0.90483 

74180 

35959 

57316 

42491 

2 

1 

1.22140 

27581 

60169 

83392 

10720 

0.81873 

07530 

77981 

85866 

99355 

3 

1 

1.34985 

88075 

76003 

10398 

37443 

0. 74081 

82206 

81717 

86606 

68738 

4 

1 

1.49182 

46976 

41270 

31782 

48530 

0.67032 

00460 

35639 

30074 

44329 

5 

1 

1.64872 

12707 

00128 

14684 

86508 

0.60653 

06597 

12633 

42360 

37995 

6 

1 

1. 82211 

88003 

90508 

97487 

53677 

0.54881 

16360 

94026 

43262 

84589 

7 

1 

2.01375 

27074 

70476 

52162 

45494 

0.49658 

53037 

91409 

51470 

48001 

8 

1 

2.22554 

09284 

92467 

60457 

95375 

0. 44932 

89641 

17221 

59143 

01024 

9 

1 

2. 45960 

31111 

56949 

66380 

01266 

0.40656 

96597 

40599 

11188 

34542 

1 

0 

2.71828 

18284 

59045 

23536 

02875 

0. 36787 

94411 

71442 

32159 

55238 
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Table 4.6 

CIRCULAR 

SINES 

AND COSINES FOR RADIAN ARGUMENTS 

X 




sin x 





COS x 



0 . 000 

0 . 

00000 

00000 

00000 

00000 

000 

1 . 00000 

00000 

00000 

00000 

000 

0.001 

0 . 

00099 

99998 

33333 

34166 

667 

0.99999 

95000 

00041 

66666 

528 

0.002 

0 . 

00199 

99986 

66666 

93333 

331 

0.99999 

80000 

00666 

66657 

778 

0. 003 

0 . 

00299 

99955 

00002 

02499 

957 

0.99999 

55000 

03374 

99898 

750 

0.004 

0 . 

00399 

99893 

33341 

86666 

342 

0.99999 

20000 

10666 

66097 

778 

0.005 

0 . 

00499 

99791 

66692 

70831 

783 

0.99998 

75000 

26041 

64496 

529 

0.006 

0 . 

00599 

99640 

00064 

79994 

446 

0. 99998 

20000 

53999 

93520 

004 

0.007 

0 . 

00699 

99428 

33473 

39150 

327 

0.99997 

55001 

00041 

50326 

542 

0 . 008 

0 . 

00799 

99146 

66939 

73291 

723 

0.99996 

80001 

70666 

30257 

819 

0.009 

0 . 

00899 

98785 

00492 

07405 

100 

0.99995 

95002 

73374 

26188 

857 

0 . 010 

0 . 

00999 

98333 

34166 

66468 

254 

0.99995 

00004 

16665 

27778 

026 

0.011 

0 . 

01099 

97781 

68008 

75446 

684 

0.99993 

95006 

10039 

20617 

059 

0.012 

0 . 

01199 

97120 

02073 

59289 

053 

0.99992 

80008 

63995 

85281 

066 

0. 013 

0 . 

01299 

96338 

36427 

42921 

659 

0. 99991 

55011 

90034 

96278 

551 

0.014 

0 . 

01399 

95426 

71148 

51241 

801 

0.99990 

20016 

00656 

20901 

438 

0. 015 

0.01499 

94375 

06328 

09109 

944 

0. 99988 

75021 

09359 

17975 

106 

0.016 

0 . 

01599 

93173 

42071 

41340 

585 

0.99987 

20027 

30643 

36508 

430 

0.017 

0 . 

01699 

91811 

78498 

72691 

726 

0. 99985 

55034 

80008 

14243 

829 

0 . 018 

0 . 

01799 

90280 

15746 

27852 

832 

0. 99983 

80043 

73952 

76107 

331 

0.019 

0 . 

01899 

88568 

53967 

31431 

205 

0.99981 

95054 

29976 

32558 

650 

0 . 020 

0 . 

01999 

86666 

93333 

07936 

649 

0. 99980 

00066 

66577 

77841 

270 

0 . 021 

0 . 

02099 

84565 

34033 

81764 

335 

0. 99977 

95081 

03255 

88132 

556 

0 . 022 

0. 02199 

82253 

76279 

77175 

771 

0. 99975 

80097 

60509 

19593 

878 

0. 023 

0 . 

02299 

79722 

20302 

18277 

769 

0. 99973 

55116 

59836 

06320 

750 

0. 024 

0 . 

02399 

76960 

66354 

28999 

311 

0.99971 

20138 

23734 

58193 

002 

0. 025 

0 . 

02499 

73959 

14712 

33066 

217 

0.99968 

75162 

75702 

58624 

967 

0 . 026 

0 . 

02599 

70707 

65676 

53973 

517 

0. 99966 

20190 

40237 

62215 

698 

0. 027 

0 . 

02699 

67196 

19572 

14955 

411 

0.99963 

55221 

42836 

92299 

214 

0 . 028 

0 . 

02799 

63414 

76750 

38952 

746 

0. 99960 

80256 

09997 

38394 

779 

0.029 

0 . 

02899 

59353 

37589 

48577 

881 

0.99957 

95294 

69215 

53557 

207 

0.030 

0 . 

02999 

55002 

02495 

66076 

853 

0.99955 

00337 

48987 

51627 

216 

0. 031 

0 . 

03099 

50350 

71904 

13288 

752 

0.99951 

95384 

78809 

04381 

810 

0.032 

0 . 

03199 

45389 

46280 

11602 

188 

0. 99948 

80436 

89175 

38584 

710 

0.033 

0 . 

03299 

40108 

26119 

81908 

762 

0. 99945 

55494 

11581 

32936 

824 

0.034 

0 . 

03399 

34497 

11951 

44553 

435 

0. 99942 

20556 

78521 

14926 

773 

0.035 

0 . 

03499 

28546 

04336 

19281 

702 

0.99938 

75625 

23488 

57581 

460 

0.036 

0 . 

03599 

22245 

03869 

25183 

461 

0.99935 

20699 

80976 

76116 

700 

0. 037 

0 . 

03699 

15584 

11180 

80633 

489 

0.99931 

55780 

86478 

24487 

902 

0. 038 

0 . 

03799 

08553 

26937 

03228 

414 

0.99927 

80868 

76484 

91840 

819 

0.039 

0 . 

03899 

01142 

51841 

09720 

085 

0.99923 

95963 

88487 

98862 

358 

0. 040 

0 . 

03998 

93341 

86634 

15945 

255 

0. 99920 

01066 

60977 

94031 

457 

0. 041 

0 . 

04098 

85141 

32096 

36751 

449 

0.99915 

96177 

33444 

49770 

040 

0.042 

0 . 

04198 

76530 

89047 

85918 

946 

0. 99911 

81296 

46376 

58494 

043 

0. 043 

0 . 

04298 

67500 

58349 

76078 

755 

0.99907 

56424 

41262 

28564 

524 

0. 044 

0 . 

04398 

58040 

40905 

18626 

492 

0. 99903 

21561 

60588 

80138 

853 

0. 045 

0 . 

04498 

48140 

37660 

23632 

066 

0.99898 

76708 

47842 

40921 

992 

0. 046 

0 . 

04598 

37790 

49604 

99745 

054 

0.99894 

21865 

47508 

41817 

869 

0.047 

0 . 

04698 

26980 

77774 

54095 

689 

0.99889 

57033 

05071 

12480 

849 

0. 048 

0 . 

04798 

15701 

23249 

92191 

340 

0.99884 

82211 

67013 

76767 

299 

0. 049 

0 . 

04898 

03941 

87159 

17808 

403 

0.99879 

97401 

80818 

48087 

272 

0. 050 

0 . 

04997 

91692 

70678 

32879 

487 

0.99875 

02603 

94966 

24656 

287 



For conversion from degrees to radians see Example 13. 

For use and extension of the table see Examples 15-17. 

From C. E. Van Orstrand, Tables of the exponential function and of the cir¬ 
cular sine and cosine to radian arguments,Memoirs of the National Academy of 
Sciences, vol. 14, Fifth Memoir. U.S. Government Printing Office, Washington, 
D.C., 1921 (with permission). Known errors have been corrected. 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 

x sin x cos x 


0. 050 

0.04997 

91692 

70678 

32879 

487 

0.99875 

02603 

94966 

24656 

287 

0. 051 

0. 05097 

78943 

75032 

37375 

800 

0.99869 

97818 

58936 

84647 

237 

0. 052 

0.05197 

65685 

01496 

29184 

649 

0.99864 

83046 

23208 

81242 

407 

0. 053 

0. 05297 

51906 

51396 

03981 

925 

0. 99859 

58287 

39259 

37585 

623 

0.054 

0. 05397 

37598 

26109 

55099 

505 

0.99854 

23542 

59564 

41634 

531 

0. 055 

0.05497 

22750 

27067 

73387 

446 

0. 99848 

78812 

37598 

40913 

005 

0.056 

0. 05597 

07352 

55755 

47070 

891 

0.99843 

24097 

27834 

37163 

704 

0.057 

0. 05696 

91395 

13712 

61601 

567 

0.99837 

59397 

85743 

80900 

770 

0.058 

0. 05796 

74868 

02534 

99503 

794 

0. 99831 

84714 

67796 

65862 

676 

0. 059 

0. 05896 

57761 

23875 

40214 

896 

0.99826 

00048 

31461 

23365 

235 

0.060 

0. 05996 

40064 

79444 

59919 

909 

0. 99820 

05399 

35204 

16554 

766 

0.061 

0. 06096 

21768 

71012 

31380 

500 

0. 99814 

00768 

38490 

34561 

437 

0 . 062 

0. 06196 

02863 

00408 

23757 

982 

0. 99807 

86156 

01782 

86552 

769 

0. 063 

0. 06295 

83337 

69523 

02430 

343 

0. 99801 

61562 

86542 

95687 

334 

0. 064 

0. 06395 

63182 

80309 

28803 

166 

0. 99795 

26989 

55229 

92968 

628 

0.065 

0. 06495 

42388 

34782 

60114 

361 

0. 99788 

82436 

71301 

10999 

144 

0.066 

0. 06595 

20944 

35022 

49232 

601 

0. 99782 

27904 

99211 

77634 

635 

0. 067 

0. 06694 

98840 

83173 

44449 

361 

0. 99775 

63395 

04415 

09538 

592 

0.068 

0.06794 

76067 

81445 

89264 

458 

0.99768 

88907 

53362 

05636 

926 

0.069 

0. 06894 

52615 

32117 

22165 

004 

0. 99762 

04443 

13501 

40472 

866 

0. 070 

0. 06994 

28473 

37532 

76397 

655 

0. 99755 

10002 

53279 

57462 

091 

0.071 

0.07094 

03632 

00106 

79734 

071 

0. 99748 

05586 

42140 

62048 

084 

0.072 

0.07193 

78081 

22323 

54229 

480 

0.99740 

91195 

50526 

14757 

726 

0.073 

0. 07293 

51811 

06738 

15974 

250 

0. 99733 

66830 

49875 

24157 

139 

0. 074 

0. 07393 

24811 

55977 

74838 

360 

0. 99726 

32492 

12624 

39707 

777 

0. 075 

0. 07492 

97072 

72742 

34208 

684 

0. 99718 

88181 

12207 

44522 

774 

0.076 

0. 07592 

68584 

59805 

90718 

980 

0.99711 

33898 

23055 

48023 

568 

0.077 

0.07692 

39337 

20017 

33972 

485 

0 . 99703 

69644 

20596 

78496 

785 

0. 078 

0. 07792 

09320 

56301 

46257 

015 

0.99695 

95419 

81256 

75551 

417 

0.079 

0. 07891 

78524 

71660 

02252 

478 

0. 99688 

11225 

82457 

82476 

279 

0 . 080 

0. 07991 

46939 

69172 

68730 

688 

0.99680 

17063 

02619 

38497 

771 

0.081 

0. 08091 

14555 

51998 

04247 

389 

0. 99672 

12932 

21157 

70937 

933 

0 . 082 

0.08190 

81362 

23374 

58826 

394 

0. 99663 

98834 

18485 

87272 

823 

0. 083 

0. 08290 

47349 

86621 

73635 

718 

0. 99655 

74769 

76013 

67091 

212 

0.084 

0. 08390 

12508 

45140 

80655 

638 

0.99647 

40739 

76147 

53953 

598 

0.085 

0. 08489 

76828 

02416 

02338 

544 

0. 99638 

96745 

02290 

47151 

570 

0 . 086 

0. 08589 

40298 

62015 

51260 

514 

0.99630 

42786 

38841 

93367 

506 

0. 087 

0. 08689 

02910 

27592 

29764 

492 

0. 99621 

78864 

71197 

78234 

626 

0 . 088 

0. 08788 

64653 

02885 

29594 

973 

0.99613 

04980 

85750 

17797 

412 

0.089 

0 . 08888 

25516 

91720 

31524 

112 

0. 99604 

21135 

69887 

49872 

388 

0.090 

0.08987 

85491 

98011 

04969 

125 

0. 99595 

27330 

11994 

25309 

284 

0.091 

0. 09087 

44568 

25760 

07600 

919 

0. 99586 

23565 

01450 

99152 

586 

0. 092 

0.09187 

02735 

79059 

84943 

819 

0.99577 

09841 

28634 

21703 

483 

0. 093 

0. 09286 

59984 

62093 

69966 

323 

0. 99567 

86159 

84916 

29482 

217 

0. 094 

0. 09386 

16304 

79136 

82662 

751 

0.99558 

52521 

62665 

36090 

844 

0. 095 

0. 09485 

71686 

34557 

29625 

724 

0. 99549 

08927 

55245 

22976 

426 

0. 096 

0. 09585 

26119 

32817 

03609 

347 

0. 99539 

55378 

57015 

30094 

649 

0. 097 

0. 09684 

79593 

78472 

83083 

006 

0. 99529 

91875 

63330 

46473 

881 

0.098 

0. 09784 

32099 

76177 

31775 

683 

0.99520 

18419 

70541 

00679 

686 

0.099 

0. 09883 

83627 

30679 

98210 

683 

0. 99510 

35011 

75992 

51179 

796 

0.100 

0. 09983 

34166 

46828 

15230 

681 

0.99500 

41652 

78025 

76609 

556 



[ 
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Table 

4.6 CIRCULAR SINES AND COSINES FOR 

RADIAN ARGUMENTS 

X 



sin x 





COS X 



0.100 

0.09983 

34166 

46828 

15230 

681 

0.99500 

41652 

78025 

76609 

556 

0.101 

0 . 10082 

83707 

29567 

99512 

975 

0.99490 

38343 

75976 

65937 

840 

0.102 

0.10182 

32239 

83945 

51074 

864 

0.99480 

25085 

70176 

08533 

469 

0.103 

0 . 10281 

79754 

15107 

52769 

040 

0. 99470 

01879 

61949 

84132 

117 

0.104 

0. 10381 

26240 

28302 

69768 

897 

0. 99459 

68726 

53618 

52703 

737 

0.105 

0.10480 

71688 

28882 

49043 

655 

0.99449 

25627 

48497 

44220 

501 

0.106 

0.10580 

16088 

22302 

18823 

209 

0.99438 

72583 

50896 

48325 

268 

0.107 

0.10679 

59430 

14121 

88052 

588 

0.99428 

09595 

66120 

03900 

596 

0.108 

0.10779 

01704 

10007 

45835 

941 

0.99417 

36665 

00466 

88538 

307 

0.109 

0. 10878 

42900 

15731 

60869 

939 

0.99406 

53792 

61230 

07909 

607 

0.110 

0.10977 

83008 

37174 

80866 

495 

0. 99395 

60979 

56696 

85035 

784 

0.111 

0.11077 

22018 

80326 

31964 

714 

0. 99384 

58226 

96148 

49459 

483 

0.112 

0.11176 

59921 

51285 

18131 

952 

0. 99373 

45535 

89860 

26316 

578 

0.113 

0.11275 

96706 

56261 

20553 

909 

0. 99362 

22907 

49101 

25308 

652 

0.114 

0.11375 

32364 

01575 

97013 

636 

0,99350 

90342 

86134 

29576 

080 

0.115 

0.11474 

66883 

93663 

81259 

372 

0.99339 

47843 

14215 

84471 

755 

0.116 

0.11574 

00256 

39072 

82361 

097 

0. 99327 

95409 

47595 

86235 

439 

0.117 

0.11673 

32471 

44465 

84055 

722 

0.99316 

33043 

01517 

70568 

768 

0.118 

0.11772 

63519 

16621 

44080 

790 

0. 99304 

60744 

92218 

OHIO 

921 

0.119 

0.11871 

93389 

62434 

93496 

613 

0. 99292 

78516 

36926 

57814 

950 

0.120 

0.11971 

22072 

88919 

35996 

735 

0. 99280 

86358 

53866 

25224 

810 

0.121 

O'. 12070 

49559 

03206 

47206 

615 

0.99268 

84272 

62252 

80653 

067 

0.122 

0.12169 

75838 

12547 

73970 

447 

0. 99256 

72259 

82294 

82259 

329 

0.123 

0.12269 

00900 

24315 

33626 

003 

0.99244 

50321 

35193 

57029 

382 

0.124 

0. 12368 

24735 

46003 

13267 

407 

0. 99232 

18458 

43142 

88655 

070 

0.125 

0. 12467 

47333 

85227 

68995 

744 

0. 99219 

76672 

29329 

05314 

910 

0.126 

0. 12566 

68685 

49729 

25157 

389 

0. 99207 

24964 

17930 

67355 

462 

0.127 

0. 12665 

88780 

47372 

73569 

978 

0.99194 

63335 

34118 

54873 

474 

0.128 

0. 12765 

07608 

86148 

72735 

909 

0. 99181 

91787 

04055 

55198 

803 

0.129 

0.12864 

25160 

74174 

47043 

273 

0.99169 

10320 

54896 

50278 

123 

0.130 

0 . 12963 

41426 

19694 

85954 

121 

0.99156 

18937 

14788 

03959 

451 

0.131 

0. 13062 

56395 

31083 

43179 

968 

0.99143 

17638 

12868 

49177 

481 

0.132 

0.13161 

70058 

16843 

35844 

433 

0. 99130 

06424 

79267 

75039 

751 

0.133 

0. 13260 

82404 

85608 

43632 

907 

0.99116 

85298 

45107 

13813 

659 

0.134 

0. 13359 

93425 

46144 

07929 

171 

0. 99103 

54260 

42499 

27814 

325 

0,135 

0. 13459 

03110 

07348 

30938 

844 

0.99090 

13312 

04547 

96193 

339 

0.136 

0. 13558 

11448 

78252 

74799 

575 

0.99076 

62454 

65348 

01628 

375 

0.137 

0. 13657 

18431 

68023 

60677 

867 

0.99063 

01689 

59985 

16913 

714 

0.138 

0.13756 

24048 

85962 

67852 

453 

0.99049 

31018 

24535 

91451 

667 

0.139 

0.13855 

28290 

41508 

32784 

107 

0.99035 

50441 

96067 

37644 

937 

0.140 

0.13954 

31146 

44236 

48171 

799 

0,99021 

59962 

12637 

17189 

895 

0.141 

0. 14053 

32607 

03861 

61995 

092 

0.99007 

59580 

13293 

27270 

829 

0.142 

0.14152 

32662 

30237 

76542 

691 

0.98993 

49297 

38073 

86655 

145 

0.143 

0.14251 

31302 

33359 

47427 

025 

0.98979 

29115 

28007 

21689 

546 

0.144 

0. 14350 

28517 

23362 

82584 

791 

0.98964 

99035 

25111 

52197 

214 

0.145 

0. 14449 

24297 

10526 

41263 

332 

0. 98950 

59058 

72394 

77275 

984 

0.146 

0. 14548 

18632 

05272 

32992 

773 

0. 98936 

09187 

13854 

60997 

551 

0.147 

0. 14647 

11512 

18167 

16543 

800 

0. 98921 

49421 

94478 

18007 

704 

0. 148 

0.14746 

02927 

59922 

98870 

997 

0.98906 

79764 

60241 

99027 

617 

0.149 

0. 14844 

92868 

41398 

34041 

627 

0.98892 

00216 

58111 

76256 

193 

0.150 

0.14943 

81324 

73599 

22149 

773 

0. 98877 

10779 

36042 

28673 

498 


m [ ( - 7 7)i ] 
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Table 4.6 

x sin x cos x 


0. 150 

0. 14943 

81324 

73599 

22149 

773 

0. 98877 

10779 

36042 

28673 

498 

0.151 

0. 15042 

68286 

67680 

08215 

725 

0. 98862 

11454 

42977 

27245 

283 

0.152 

0.15141 

53744 

34944 

81070 

532 

0. 98847 

02243 

28849 

20028 

611 

0.153 

0. 15240 

37687 

86847 

72225 

604 

0.98831 

83147 

44579 

17178 

614 

0.154 

0. 15339 

20107 

34994 

54727 

267 

0.98816 

54168 

42076 

75856 

382 

0.155 

0. 15438 

00992 

91143 

41996 

190 

0.98801 

15307 

74239 

85038 

006 

0.156 

0. 15536 

80334 

67205 

86651 

555 

0. 98785 

66566 

94954 

50224 

794 

0.157 

0. 15635 

58122 

75247 

79319 

902 

0. 98770 

07947 

59094 

78054 

663 

0.158 

0. 15734 

34347 

27490 

47428 

529 

0. 98754 

39451 

22522 

60814 

736 

0.159 

0. 15833 

08998 

36311 

53983 

354 

0. 98738 

61079 

42087 

60855 

150 

0.160 

0.15931 

82066 

14245 

96331 

146 

0.98722 

72833 

75626 

94904 

095 

0.161 

0. 16030 

53540 

73987 

04906 

020 

0.98706 

74715 

81965 

18284 

099 

0.162 

0.16129 

23412 

28387 

41960 

095 

0.98690 

66727 

20914 

09029 

574 

0.163 

0. 16227 

91670 

90460 

00278 

226 

0. 98674 

48869 

53272 

51905 

638 

0.164 

0. 16326 

58306 

73379 

01876 

705 

0.98658 

21144 

40826 

22328 

234 

0.165 

0. 16425 

23309 

90480 

96685 

825 

0. 98641 

83553 

46347 

70185 

554 

0.166 

0.16523 

86670 

55265 

61216 

228 

0.98625 

36098 

33596 

03560 

791 

0.167 

0. 16622 

48378 

81396 

97208 

916 

0. 98608 

78780 

67316 

72356 

233 

0.168 

0. 16721 

08424 

82704 

30268 

843 

0.98592 

11602 

13241 

51818 

712 

0.169 

0.16819 

66798 

73183 

08481 

981 

0.98575 

34564 

38088 

25966 

434 

0.170 

0.16918 

23490 

66996 

01015 

762 

0.98558 

47669 

09560 

70917 

193 

0.171 

0.17016 

78490 

78473 

96702 

805 

0. 98541 

50917 

96348 

38117 

998 

0.172 

0.17115 

31789 

22117 

02607 

812 

0. 98524 

44312 

68126 

37476 

124 

0.173 

0.17213 

83376 

12595 

42577 

560 

0.98507 

27854 

95555 

20391 

598 

0.174 

0.17312 

33241 

64750 

55773 

865 

0. 98490 

01546 

50280 

62691 

158 

0.175 

0.17410 

81375 

93595 

95189 

433 

0.98472 

65389 

04933 

47463 

670 

0.176 

0. 17509 

27769 

14318 

26146 

505 

0.98455 

19384 

33129 

47797 

052 

0.177 

0. 17607 

72411 

42278 

24778 

176 

0.98437 

63534 

09469 

09416 

699 

0.178 

0. 17706 

15292 

93011 

76492 

317 

0.98419 

97840 

09537 

33225 

443 

0. 179 

0. 17804 

56403 

82230 

74417 

975 

0.98402 

22304 

09903 

57745 

046 

0.180 

0. 17902' 

95734 

25824 

17834 

180 

0.98384 

36927 

88121 

41459 

272 

0.181 

0. 18001 

33274 

39859 

10581 

029 

0. 98366 

41713 

22728 

45058 

522 

0.182 

0. 18099 

69014 

40581 

59452 

980 

0. 98348 

36661 

93246 

13586 

083 

0.183 

0.18198 

02944 

44417 

72574 

233 

0. 98330 

21775 

80179 

58485 

974 

0.184 

0. 18296 

35054 

67974 

57756 

116 

0.98311 

97056 

65017 

39552 

448 

0.185 

0. 18394 

65335 

28041 

20836 

370 

0.98293 

62506 

30231 

46781 

122 

0.186 

0.18492 

93776 

41589 

64000 

231 

0.98275 

18126 

59276 

82121 

799 

0.187 

0, 18591 

20368 

25775 

84083 

224 

0. 98256 

63919 

36591 

41132 

959 

0.188 

0.18689 

45100 

97940 

70855 

554 

0. 98237 

99886 

47595 

94537 

971 

0.189 

0. 18787 

67964 

75611 

05288 

013 

0.98219 

26029 

78693 

69683 

022 

0.190 

0. 18885 

88949 

76500 

57799 

285 

0. 98200 

42351 

17270 

31896 

788 

0.191 

0. 18984 

08046 

18510 

86484 

571 

0. 98181 

48852 

51693 

65751 

875 

0.192 

0. 19082 

25244 

19732 

35325 

424 

0. 98162 

45535 

71313 

56228 

034 

0.193 

0.19180 

40533 

98445 

32380 

691 

0.98143 

32402 

66461 

69777 

178 

0. 194 

0. 19278 

53905 

73120 

87958 

485 

0.98124 

09455 

28451 

35290 

214 

0.195 

0. 19376 

65349 

62421 

92769 

058 

0.98104 

76695 

49577 

24965 

723 

0.196 

0. 19474 

74855 

85204 

16058 

510 

0.98085 

34125 

23115 

35080 

479 

0.197 

0. 19572 

82414 

60517 

03723 

204 

0.98065 

81746 

43322 

66661 

867 

0.198 

0. 19670 

88016 

07604 

76404 

820 

0.98046 

19561 

05437 

06062 

170 

0.199 

0. 19768 

91650 

45907 

27565 

917 

0.98026 

47571 

05677 

05434 

796 

0.200 

0. 19866 

93307 

95061 

21545 

941 

0.98006 

65778 

41241 

63112 

420 
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x sin x cos x 


0.200 

0.19866 

93307 95061 

21545 

941 

0. 98006 

65778 

41241 

63112 

420 

0.201 

0.19964 

92978 

74900 

91597 

545 

0.97986 

74185 

10310 

03887 

090 

0.202 

0. 20062 

90653 

05459 

37903 

151 

0.97966 

72793 

12041 

59192 

306 

0.203 

0.20160 

86321 

06969 

25571 

640 

0.97946 

61604 

46575 

47187 

084 

0.204 

0.20258 

79972 

99863 

82615 

083 

0.97926 

40621 

15030 

52742 

047 

0.205 

0.20356 

71599 

04777 

97905 

397 

0. 97906 

09845 

19505 

07327 

536 

0.206 

0.20454 

61189 

42549 

19110 

856 

0.97885 

69278 

63076 

68803 

784 

0.207 

0.20552 

48734 

34218 

50612 

330 

0.97865 

18923 

49802 

01113 

156 

0.208 

0.20650 

34224 

01031 

51399 

175 

0. 97844 

58781 

84716 

53874 

491 

0.209 

0.20748 

17648 

64439 

32944 

665 

0. 97823 

88855 

73834 

41879 

553 

0.210 

0.20845 

98998 

46099 

57060 

871 

0.97803 

09147 

24148 

24491 

614 

0.211 

0.20943 

78263 

67877 

33732 

895 

0.97782 

19658 

43628 

84946 

201 

0.212 

0.21041 

55434 

51846 

18932 

346 

0.97761 

20391 

41225 

09554 

014 

0.213 

0.21139 

30501 

20289 

12409 

982 

0.97740 

11348 

26863 

66806 

039 

0.214 

0.21237 

03453 

95699 

55467 

398 

0.97718 

92531 

11448 

86380 

882 

0.215 

0.21334 

74283 

00782 

28707 

677 

0.97697 

63942 

06862 

38054 

344 

0.216 

0.21432 

42978 

58454 

49764 

905 

0. 97676 

25583 

25963 

10511 

247 

0.217 

0.21530 

09530 

91846 

71012 

439 

0.97654 

77456 

82586 

90059 

555 

0.218 

0.21627 

73930 24303 

77249 

851 

0. 97633 

19564 

91546 

39246 

782 

0.219 

0.21725 

36166 

79385 

83368 

434 

0.97611 

51909 

68630 

75378 

736 

0.220 

0.21822 

96230 

80869 

31995 

179 

0. 97589 

74493 

30605 

48940 

602 

0.221 

0.21920 

54112 

52747 

91115 

124 

0. 97567 

87317 

95212 

21920 

392 

0.222 

0.22018 

09802 

19233 

51671 

977 

0. 97545 

90385 

81168 

46034 

788 

0.223 

0.22115 

63290 

04757 

25146 

920 

0. 97523 

83699 

08167 

40857 

388 

0.224 

0.22213 

14566 

33970 

41115 

484 

0. 97501 

67259 

96877 

71849 

392 

0.225 

0.22310 

63621 

31745 

44782 

417 

0.97479 

41070 

68943 

28292 

737 

0.226 

0.22408 

10445 

23176 

94494 

428 

0. 97457 

05133 

46983 

01125 

708 

0.227 

0.22505 

55028 

33582 

59230 

720 

0.97434 

59450 

54590 

60681 

052 

0.228 

0.22602 

97360 

88504 

16071 

214 

0. 97412 

04024 

16334 

34326 

607 

0.229 

0.22700 

37433 13708 

47642 

363 

0.97389 

38856 

57756 

84008 

477 

0.230 

0. 22797 

75235 

35188 

39540 

462 

0. 97366 

63950 

0.5374 

83696 

773 

0.231 

0. 22895 

10757 

79163 

77732 

354 

0.97343 

79306 

86678 

96733 

940 

0.232 

0.22992 

43990 

72082 

45933 

437 

0. 97320 

84929 

30133 

53085 

695 

0.233 

0.23089 

74924 

40621 

22962 

869 

0.97297 

80819 

65176 

26494 

602 

0.234 

0.23187 

03549 11686 

80075 

884 

0. 97274 

66980 

22218 

11536 294 

0.235 

0.23284 

29855 

12416 

78273 

112 

0.97251 

43413 

32643 

00578 389 

0.236 

0.23381 

53832 

70180 

65586 

809 

0.97228 

10121 

28807 

60642 

091 

0.237 

0. 23478 

75472 

12580 

74343 

904 

0.97204 

67106 

44041 

10166 

529 

0.238 

0. 23575 

94763 

67453 

18405 

752 

0.97181 

14371 

12644 

95675 

843 

0.239 

0.23673 

11697 

62868 

90384 

520 

0.97157 

51917 

69892 

68349 

034 

0.240 

0.23770 

26264 

27134 

58836 

079 

0. 97133 

79748 

52029 

60492 

618 

0.241 

0. 23867 

38453 

88793 

65429 

334 

0. 97109 

97865 

96272 

61916 

095 

0.242 

0. 23964 

48256 

76627 

22091 

869 

0. 97086 

06272 

40809 

96210 

262 

0.243 

0.24061 

55663 

19655 

08131 

828 

0.97062 

04970 

24800 

96928 

391 

0.244 

0.24158 

60663 

47136 

67335 

933 

0.97037 

93961 

88375 

83670 

294 

0.245 

0. 24255 

63247 

88572 

05043 

522 

0. 97013 

73249 

72635 

38069 

313 

0.246 

0. 24352 

63406 73702 

85196 

546 

0. 96989 

42836 

19650 

79682 

233 

0.247 

0. 24449 

61130 

32513 

27365 

389 

0. 96965 

02723 

72463 

41782 

166 

0.248 

0. 24546 

56408 

95231 

03750 

445 

0.96940 

52914 

75084 

47054 

425 

0.249 

0.24643 

49232 

92328 

36159 

337 

0.96915 

93411 

72494 

83195 

397 

0. 250 

0. 24740 

39592 

54522 

[(-s> 3; 

92959 

] 

685 

0.96891 

242H 

10644 

"(-7)r 

7 

78414 

1 

459 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


0.250 

0.24740 

39592 

54522 

92959 

685 

0.96891 

24217 

10644 

78414 

459 

0.251 

0.24837 

27478 

12778 

86007 

332 

0.96866 

45333 

36453 

76838 

955 

0.252 

0. 24934 

12879 

98307 

67549 

922 

0.96841 

56762 

97810 

13822 

250 

0.253 

0. 25030 

95788 

42569 

27105 

742 

0.96816 

58508 

43570 

91154 

897 

0.254 

0.25127 

76193 

77272 

88317 

722 

0. 96791 

50572 

23561 

52178 

941 

0.255 

0. 25224 

54086 

34378 

05782 

506 

0. 96766 

32956 

88575 

56805 

375 

0.256 

0.25321 

29456 

46095 

61854 

486 

0.96741 

05664 

90374 

56434 

780 

0.257 

0. 25418 

02294 

44888 

63424 

714 

0. 96715 

68698 

81687 

68781 

180 

0.258 

0. 25514 

72590 

63473 

38674 

587 

0.96690 

22061 

16211 

52599 

126 

0.259 

0.25611 

40335 

34820 

33804 

209 

0.96664 

65754 

48609 

82314 

035 

0.260 

0.25708 

05518 

92155 

09735 

339 

0.96638 

99781 

34513 

22555 

822 

0.261 

0.25804 

68131 

68959 

38788 

820 

0.96613 

24144 

30519 

02595 

835 

0.262 

0.25901 

28163 

98972 

01336 

401 

0. 96587 

38845 

94190 

90687 

131 

0.263 

0.25997 

85606 

16189 

82426 

844 

0. 96561 

43888 

84058 

68308 

107 

0.264 

0. 26094 

40448 

54868 

68386 

239 

0. 96535 

39275 

59618 

04309 

520 

0.265 

0.26190 

92681 

49524 

43392 

399 

0. 96509 

25008 

81330 

28964 

923 

0.266 

0.26287 

42295 

34933 

86023 

278 

0.96483 

01091 

10622 

07924 

537 

0.267 

0. 26383 

89280 

46135 

65779 

278 

0.96456 

67525 

09885 

16072 

584 

0.268 

0. 26480 

33627 

18431 

39579 

372 

0.96430 

24313 

42476 

11288 

118 

0.269 

0.26576 

75325 

87386 

48230 

942 

0.96403 

71458 

72716 

08109 

368 

0.270 

0. 26673 

14366 

88831 

12873 

229 

0.96377 

08963 

65890 

51301 

623 

0.271 

0.26769 

50740 

58861 

31394 

301 

0. 96350 

36830 

88248 

89328 

696 

0.272 

0. 26865 

84437 

33839 

74821 

451 

0.96323 

55063 

07004 

47727 

972 

0.273 

0.26962 

15447 

50396 

83684 

915 

0.96296 

63662 

90334 

02389 

084 

0.274 

0.27058 

43761 

45431 

64354 

828 

0. 96269 

62633 

07377 

52736 

246 

0.275 

0.27154 

69369 

56112 

85351 

302 

0.96242 

51976 

28237 

94814 

248 

0.276 

0.27250 

92262 

19879 

73627 

557 

0. 96215 

31695 

23980 

94278 

169 

0.277 

0.27347 

12429 

74443 

10825 

981 

0.96188 

01792 

66634 

59286 

807 

0.278 

0.27443 

29862 

57786 

29507 

043 

0.96160 

62271 

29189 

13299 

879 

0.279 

0.27539 

44551 

08166 

09350 

952 

0.96133 

13133 

85596 

67778 

997 

0.280 

0. 27635 

56485 

64113 

73331 

967 

0.96105 

54383 

10770 

94792 

459 

0.281 

0.27731 

65656 

64435 

83865 

270 

0. 96077 

86021 

80586 

99523 

878 

0.282 

0.27827 

72054 

48215 

38926 

293 

0.96050 

08052 

71880 

92684 

682 

0.283 

0. 27923 

75669 

54812 

68142 

411 

0.96022 

20478 

62449 

62830 

504 

0.284 

0.28019 

76492 

23866 

28856 

909 

0.95994 

23302 

31050 

48581 

495 

0.285 

0.28115 

74512 

95294 

02165 

110 

0. 95966 

16526 

57401 

10746 

590 

0.286 

0.28211 

69722 

09293 

88922 

591 

0.95938 

00154 

22179 

04351 

746 

0.287 

0.28307 

62110 

06345 

05725 

374 

0. 95909 

74188 

07021 

50572 

193 

0.288 

0.28403 

51667 

27208 

80861 

997 

0.95881 

38630 

94525 

08568 

713 

0.289 

0.28499 

38384 

12929 

50237 

384 

0. 95852 

93485 

68245 

47227 

984 

0.290 

0. 28595 

22251 

04835 

53268 

394 

0.95824 

38755 

12697 

16807 

013 

0.291 

0.28691 

03258 

44540 

28750 

981 

0.95795 

74442 

13353 

20481 

688 

0. 292 

0. 28786 

81396 

73943 

10698 

841 

0.95767 

00549 

56644 

85799 

478 

0.293 

0.28882 

56656 

35230 

24153 

475 

0.95738 

17080 

29961 

36036 

308 

0.294 

0. 28978 

29027 

70875 

80965 

551 

0. 95709 

24037 

21649 

61457 

636 

0.295 

0. 29073 

98501 

23642 

75547 

489 

0. 95680 

21423 

21013 

90483 

768 

0. 296 

0.29169 

65067 

36583 

80597 

155 

0.95651 

09241 

18315 

60759 

429 

0.297 

0. 29265 

28716 

53042 

42792 

582 

0.95621 

87494 

04772 

90127 

632 

0.298 

0. 29360 

89439 

16653 

78457 

616 

0.95592 

56184 

72560 

47507 

858 

0.299 

0.29456 

47225 

71345 

69198 

389 

0. 95563 

15316 

14809 

23678 

590 

0.300 

0.29552 

02066 

61339 

57510 

532 

0. 95533 

64891 

25606 

01964 

231 


[ ( - 8 ) 4 ] [<-;>■] 
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Table 4.6 

CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 

X 


g 

tin x 





COS X 



0.300 

0. 29552 

02066 

61339 

57510 

532 

0.95533 

64891 

25606 

01964 

231 

0. 301 

0.29647 

53952 

31151 

42357 

025 

0.95504 

04912 

99993 

28826 

414 

0.302 

0.29743 

02873 

25592 

74716 

586 

0.95474 

35384 

33968 

84359 

763 

0. 303 

0.29838 

48819 

89771 

53102 

518 

0.95444 

56308 

24485 

52692 

116 

0.304 

0.29933 

91782 

69093 

19051 

897 

0.95414 

67687 

69450 

92289 

242 

0.305 

0. 30029 

31752 

09261 

52585 

026 

0.95384 

69525 

67727 

06164 

084 

0.306 

0.30124 

68718 

56279 

67635 

045 

0.95354 

61825 

19130 

11990 

559 

0.307 

0.30220 

02672 

56451 

07447 

613 

0.95324 

44589 24430 12121 

945 

0.308 

0. 30315 

33604 56380 

39950 

549 

0.95294 

17820 

85350 

63513 

878 

0.309 

0.30410 

61505 

02974 

53093 

365 

0.95263 

81523 

04568 

47552 

001 

0. 310 

0.30505 

86364 

43443 

50156 

564 

0.95233 

35698 85713 

39784 281 

0. 311 

0. 30601 

08173 

25301 

45030 

632 

0.95202 

80351 

33367 

79558 

038 

0.312 

0. 30696 

26921 

96367 

57464 

615 

0.95172 

15483 

53066 

39561 

711 

0. 313 

0. 30791 

42601 

04767 

08284 

189 

0.95141 

41098 

51295 

95271 

383 

0.314 

0. 30886 

55200 

98932 

14579 

138 

0.95110 

57199 

35494 

94302 

111 

0.315 

0.30981 

64712 

27602 

84860 

120 

0.95079 

63789 

14053 

25664 

080 

0.316 

0.31076 

71125 

39828 

14184 

658 

0.95048 60870 

96311 

88923 

617 

0.317 

0. 31171 

74430 

84966 

79252 

234 

0.95017 

48447 

92562 

63269 

094 

0.318 

0.31266 

74619 

12688 

33468 402 

0.94986 

26523 

14047 

76481 

749 

0.319 

0.31361 

71680 

72974 

01977 

833 

0.94954 

95099 

72959 

73811 

467 

0.320 

0.31456 

65606 

16117 

76666 

176 

0.94923 54180 

82440 

86757 

531 

0. 321 

0. 31551 

56385 

92727 

11130 

659 

0.94892 

03769 

56583 

01754 

395 

0.322 

0. 31646 

44010 

53724 

15619 

332 

0.94860 

43869 

10427 

28762 

501 

0. 323 

0. 31741 

28470 

50346 

51938 

844 

0. 94828 

74482 

59963 

69764 

173 

0.324 

0. 31836 

09756 

34148 

28330 

674 

0.94796 95613 

22130 

87164 

613 

0. 325 

0.31930 

87858 

57000 

94315 

718 

0. 94765 

07264 

14815 

72098 

048 

0. 326 

0.32025 

62767 

71094 

35507 

128 

0.94733 

09438 

56853 

12639 

034 

0. 327 

0.32120 

34474 

28937 

68391 

319 

0.94701 02139 

68025 

61918 

976 

0.328 

0. 32215 

02968 83360 

35077 

048 

0.94668 

85370 

69063 

06147 

877 

0. 329 

0. 32309 

68241 

87512 

98012 

460 

0. 94636 

59134 81642 

32541 

351 

0. 330 

0. 32404 

30283 

94868 

34670 

020 

0. 94604 

23435 

28386 

97152 

941 

0.331 

0. 32498 

89085 

59222 

32199 

224 

0. 94571 

78275 

32866 92611 

768 

0.332 

0. 32593 

44637 

34694 

82047 

Oil 

0. 94539 

23658 

19598 

15765 

535 

0.333 

0. 32687 

96929 

75730 

74545 

756 

0.94506 

59587 

14042 

35228 939 

0. 334 

0. 32782 

45953 

37100 

93468 

777 

0. 94473 

86065 42606 58837 502 

0. 335 

0.32876 

91698 

73903 

10553 

241 

0.94441 

03096 

32643 

01006 

864 

0.336 

0. 32971 

34156 

41562 

79990 

386 

0.94408 

10683 

12448 

49997 

577 

0.337 

0.33065 

73316 

95834 

32882 

957 

0.94375 

08829 

11264 

35085 

413 

0.338 

0. 33160 

09170 

92801 

71669 

766 

0.94341 

97537 

59275 

93637 

243 

0.339 

0. 33254 

41708 

88879 

64517 

288 

0. 94308 

76811 

87612 

38092 

499 

0. 340 

0.33348 

70921 

40814 

39678 

177 

0. 94275 

46655 

28346 

22850 

264 

0. 341 

0. 33442 

96799 

05684 

79816 

635 

0.94242 

07071 

14493 

11062 

025 

0. 342 

0. 33537 

19332 

40903 

16300 

519 

0.94208 

58062 

80011 

41330 105 

0. 343 

0. 33631 

38512 

04216 

23460 

104 

0.94174 

99633 

59801 

94311 

834 

0.344 

0. 33725 

54328 

53706 

12813 

399 

0. 94141 

31786 

89707 

59229 

468 

0. 345 

0.33819 

66772 

47791 

27257 

928 

0.94107 

54526 

06513 

00285 

905 

0.346 

0. 33913 

75834 

45227 

35228 

880 

0.94073 67854 47944 

22986 

218 

0. 347 

0. 34007 

81505 

05108 24823 531 

0.94039 

71775 

52668 

40365 

059 

0. 348 

0.34101 

83774 

86866 97891 

850 

0. 94005 

66292 

60293 

39119 

944 

0. 349 

0.34195 

82634 

50276 

64093 

188 

0.93971 

51409 

11367 

45650 473 

0.350 

0. 34289 

78074 

55451 

34918 

963 

0.93937 

27128 

47378 

92003 

503 


m [ ( - 7 7)i ] 
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x sin x cos x 


0. 350 

0. 34289 

78074 

55451 

34918 

963 

0.93937 

27128 

47378 

92003 

503 

0.351 

0. 34383 

70085 

62847 

17681 

237 

0. 93902 

93454 

10755 

81724 

321 

0.352 

0. 34477 

58658 

33263 

09467 

102 

0.93868 

50389 

44865 

55613 

841 

0.353 

0. 34571 

43783 

27841 

91058 

778 

0.93833 

97937 

94014 

57391 

869 

0. 354 

0. 34665 

25451 

08071 

20819 

319 

0.93799 

36103 

03447 

99266 

461 

0. 355 

0. 34759 

03652 

35784 

28543 

852 

0.93764 

64888 

19349 

27409 

412 

0.356 

0. 34852 

78377 

73161 

09276 

237 

0.93729 

84296 

88839 

87337 

915 

0. 357 

0. 34946 

49617 

82729 

17091 

064 

0. 93694 

94332 

59978 

89202 

418 

0.358 

0. 35040 

17363 

27364 

58840 

891 

0. 93659 

94998 

81762 

72980 

716 

0.359 

0. 35133 

81604 

70292 

87868 

632 

0. 93624 

86299 

04124 

73578 

312 

0. 360 

0.35227 

42332 

75089 

97684 

991 

0. 93589 

68236 

77934 

85835 

091 

0.361 

0. 35320 

99538 

05683 

15610 

866 

0. 93554 

40815 

54999 

29438 

322 

0. 362 

0.35414 

53211 

26351 

96384 

608 

0.93519 

04038 

88060 

13742 

042 

0. 363 

0. 35508 

03343 

01729 

15734 

065 

0. 93483 

57910 

30795 

02492 

855 

0. 364 

0. 35601 

49923 

96801 

63913 

294 

0. 93448 

02433 

37816 

78462 

165 

0. 365 

0. 35694 

92944 

76911 

39203 

863 

0.93412 

37611 

64673 

07984 

897 

0.366 

0. 35788 

32396 

07756 

41380 

647 

0.93376 

63448 

67846 

05404 

739 

0. 367 

0.35881 

68268 

55391 

65142 

021 

0. 93340 

79948 

04751 

97425 

922 

0.368 

0. 35975 

00552 

86229 

93504 

354 

0. 93304 

87113 

33740 

87371 

606 

0.369 

0. 36068 

29239 

67042 

91160 

721 

0. 93268 

84948 

14096 

19348 

871 

0. 370 

0.36161 

54319 

64961 

97803 

729 

0.93232 

73456 

06034 

42320 

381 

0.371 

0. 36254 

75783 

47479 

21412 

373 

0.93196 

52640 

70704 

74082 

737 

0.372 

0. 36347 

93621 

82448 

31502 

813 

0.93160 

22505 

70188 

65151 

560 

0. 373 

0. 36441 

07825 

38085 

52343 

006 

0. 93123 

83054 

67499 

62553 

347 

0.374 

0. 36534 

18384 

82970 

56131 

067 

0.93087 

34291 

26582 

73524 

125 

0. 375 

0. 36627 

25290 

86047 

56137 

291 

0.93050 

76219 

12314 

29114 

948 

0.376 

0. 36720 

28534 

16625 

99809 

733 

0.93014 

08841 

90501 

47704 

265 

0.377 

0. 36813 

28105 

44381 

61843 

251 

0.92977 

32163 

27881 

98417 

211 

0.378 

0. 36906 

23995 

39357 

37211 

926 

0.92940 

46186 

92123 

64451 

836 

0. 379 

0. 36999 

16194 

71964 

34164 

758 

0.92903 

50916 

51824 

06312 

328 

0. 380 

0. 37092 

04694 

12982 

67184 

549 

0. 92866 

46355 

76510 

24949 

253 

0.381 

0.37184 

89484 

33562 

49909 

881 

0.92829 

32508 

36638 

24806 

858 

0. 382 

0.37277 

70556 

05224 

88020 

096 

0.92792 

09378 

03592 

76777 

471 

0.383 

0. 37370 

47899 

99862 

72083 

184 

0. 92754 

76968 

49686 

81063 

030 

0.384 

0. 37463 

21506 

89741 

70366 

479 

0. 92717 

35283 

48161 

29943 

792 

0.385 

0. 37555 

91367 

47501 

21610 

089 

0.92679 

84326 

73184 

70454 

235 

0.386 

0. 37648 

57472 

46155 

27762 

945 

0.92642 

24101 

99852 

66966 

223 

0.387 

0.37741 

19812 

59093 

46681 

397 

0.92604 

54613 

04187 

63679 

438 

0. 388 

0.37833 

78378 

60081 

84790 

240 

0.92566 

75863 

63138 

47019 

143 

0.389 

0.37926 

33161 

23263 

89706 

110 

0.92528 

87857 

54580 

07941 

297 

0.390 

0. 38018 

84151 

23161 

42823 

118 

0.92490 

90598 

57313 

04145 

068 

0.391 

0.38111 

31339 

34675 

51860 

671 

0.92452 

84090 

51063 

22192 

776 

0.392 

0.38203 

74716 

33087 

43373 

349 

0.92414 

68337 

16481 

39537 

314 

0.393 

0. 38296 

14272 

94059 

55222 

774 

0.92376 

43342 

35142 

86457 

070 

0.394 

0. 38388 

49999 

93636 

29011 

366 

0.92338 

09109 

89547 

07898 

401 

0. 395 

0.38480 

81888 

08245 

02477 

888 

0.92299 

65643 

63117 

25225 

693 

0. 396 

0.38573 

09928 

14697 

01854 

707 

0.92261 

12947 

40199 

97879 

040 

0. 397 

0.38665 

34110 

90188 

34186 

658 

0.92222 

51025 

06064 

84939 

589 

0. 398 

0. 38757 

54427 

12300 

79611 

426 

0. 92183 

79880 

46904 

06602 

584 

0.399 

0. 38849 

70867 

59002 

83601 

363 

0. 92144 

99517 

49832 

05558 

150 

0. 400 

0.38941 

83423 

08650 

49166 

631 

0.92106 


02885 

08279 

853 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


x sin x cos x 


0.400 

0.38941 

83423 

08650 

49166 

631 

0.92106 

09940 

02885 

08279 

853 

0.401 

0. 39033 

92084 

39988 

29019 

595 

0. 92067 

11151 

95020 

86221 

075 

0. 402 

0. 39125 

96842 

32150 

17700 

358 

0.92028 

03157 

16118 

16919 

248 

0. 403 

0. 39217 

97687 

64660 

43663 

363 

0.91988 

85959 

56976 

45007 

979 

0.404 

0. 39309 

94611 

17434 

61324 

955 

0.91949 

59563 

09315 

43137 

110 

0.405 

0. 39401 

87603 

70780 

43071 

820 

0.91910 

23971 

65774 

72800 

745 

0.406 

0. 39493 

76656 

05398 

71230 

202 

0.91870 

79189 

19913 

45073 

295 

0.407 

0. 39585 

61759 

02384 

29995 

816 

0.91831 

25219 

66209 

81253 

568 

0.408 

0. 39677 

42903 

43226 

97324 

356 

0. 91791 

62067 

00060 

73416 

956 

0.409 

0. 39769 

20080 

09812 

36782 

508 

0.91751 

89735 

17781 

44875 

737 

0.410 

0. 39860 

93279 

84422 

89359 

380 

0.91712 

08228 

16605 

10547 

564 

0.411 

0. 39952 

62493 

49738 

65238 

251 

0.91672 

17549 

94682 

37232 

150 

0. 412 

0.40044 

27711 

88838 

35528 

558 

0.91632 

17704 

51081 

03796 

202 

0. 413 

0.40135 

88925 

85200 

23958 

010 

0.91592 

08695 

85785 

61266 

649 

0.414 

0. 40227 

46126 

22702 

98524 

766 

0.91551 

90527 

99696 

92832 

194 

0.415 

0.40318 

99303 

85626 

63109 

550 

0.91511 

63204 

94631 

73753 

232 

0.416 

0. 40410 

48449 

58653 

49047 

645 

0.91471 

26730 

73322 

31180 

180 

0. 417 

0.40501 

93554 

26869 

06660 

654 

0.91430 

81109 

39416 

03880 

251 

0. 418 

0. 40593 

34608 

75762 

96747 

939 

0.91390 

26344 

97475 

01872 

722 

0.419 

0.40684 

71603 

91229 

82037 

655 

0.91349 

62441 

52975 

65972 

725 

0. 420 

0.40776 

04530 

59570 

18597 

279 

0.91308 

89403 

12308 

27243 

609 

0. 421 

0.40867 

33379 

67491 

47203 

546 

0.91268 

07233 

82776 

66357 

915 

0. 422 

0. 40958 

58142 

02108 

84671 

703 

0.91227 

15937 

72597 

72866 

996 

0. 423 

0.41049 

78808 

50946 

15143 

980 

0.91186 

15518 

90901 

04379 

332 

0.424 

0.41140 

95370 

01936 

81337 

201 

0.91145 

05981 

47728 

45647 

576 

0. 425 

0. 41232 

07817 

43424 

75749 

435 

0.91103 

87329 

54033 

67564 

373 

0. 426 

0.41323 

16141 

64165 

31825 

593 

0.91062 

59567 

21681 

86066 

990 

0. 427 

0.41414 

20333 

53326 

15081 

889 

0.91021 

22698 

63449 

20950 

808 

0.428 

0.41505 

20384 

00488 

14189 

067 

0. 90979 

76727 

93022 

54591 

701 

0. 429 

0.41596 

16283 

95646 

32014 

301 

0. 90938 

21659 

24998 

90577 

360 

0.430 

0.41687 

08024 

29210 

76621 

692 

0.90896 

57496 

74885 

12247 

591 

0. 431 

0.41777 

95595 

92007 

52231 

243 

0. 90854 

84244 

59097 

41143 

638 

0. 432 

0.41868 

78989 

75279 

50136 

257 

0.90813 

01906 

94960 

95366 

563 

0.433 

0.41959 

58196 

70687 

39579 

028 

0.90771 

10488 

00709 

47844 

729 

0.434 

0. 42050 

33207 

70310 

58584 

774 

0.90729 

09991 

95484 

84510 

435 

0.435 

0.42141 

04013 

66648 

04753 

684 

0.90687 

00422 

99336 

62385 

731 

0. 436 

0, 42231 

70605 

52619 

26011 

018 

0.90644 

81785 

33221 

67577 

465 

0. 437 

0. 42322 

32974 

21565 

11315 

146 

0.90602 

54083 

19003 

73181 

601 

0. 438 

0.42412 

91110 

67248 

81323 

456 

0.90560 

17320 

79452 

97096 

848 

0.439 

0. 42503 

45005 

83856 

79016 

027 

0.90517 

71502 

38245 

59747 

647 

0. 440 

0.42593 

94650 

65999 

60276 

972 

0.90475 

16632 

19963 

41716 

554 

0. 441 

0. 42684 

40036 

08712 

84433 

381 

0. 90432 

52714 

50093 

41286 

061 

0. 442 

0. 42774 

81153 

07458 

04751 

750 

0. 90389 

79753 

55027 

31889 

904 

0. 443 

0. 42865 

17992 

58123 

58891 

823 

0. 90346 

97753 

62061 

19473 

892 

0. 444 

0. 42955 

50545 

57025 

59317 

745 

0.90304 

06718 

99394 

99766 

305 

0. 445 

0.43045 

78803 

00908 

83666 

443 

0.90261 

06653 

96132 

15457 

899 

0.446 

0.43136 

02755 

86947 

65073 

141 

0.90217 

97562 

82279 

13291 

573 

0.447 

0.43226 

22395 

12746 

82453 

917 

0.90174 

79449 

88745 

01061 

718 

0.448 

0.43316 

37711 

76342 

50745 

219 

0. 90131 

52319 

47341 

04523 

319 

0. 449 

0. 43406 

48696 

76203 

11100 244 

0.90088 

16175 

90780 

24210 

832 

0.450 

0.43496 

55341 

11230 

21042 

084 

0.90044 

71023 

52676 

92166 

884 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


0. 450 

0.43496 

55341 

11230 

21042 

084 

0. 90044 

71023 

52676 

92166 

884 

0.451 

0.43586 

57635 

80759 

44573 

567 

0.90001 

16866 

67546 

28580 

847 

0.452 

0. 43676 

55571 

84561 

42243 

681 

0. 89957 

53709 

70803 

98337 

319 

0. 453 

0. 43766 

49140 

22842 

61170 

507 

0. 89913 

81556 

98765 

67474 

569 

0. 454 

0. 43856 

38331 

96246 

25020 

568 

0. 89870 

00412 

88646 

59552 

965 

0. 455 

0. 43946 

23138 

05853 

23944 

492 

0. 89826 

10281 

78561 

11933 

463 

0.456 

0. 44036 

03549 

53183 

04468 

918 

0. 89782 

11168 

07522 

31966 

167 

0.457 

0. 44125 

79557 

40194 

59344 

542 

0. 89738 

03076 

15441 

53089 

030 

0. 458 

0.44215 

51152 

69287 

17350 

215 

0. 89693 

86010 

43127 

90836 

721 

0.459 

0. 44305 

18326 

43301 

33053 

008 

0.89649 

59975 

32287 

98759 

714 

0. 460 

0. 44394 

81069 

65519 

76524 

151 

0. 89605 

24975 

25525 

24253 

639 

0.461 

0. 44484 

39373 

39668 

23010 

752 

0. 89560 

81014 

66339 

64298 

937 

0.462 

0. 44573 

93228 

69916 

42563 

218 

0. 89516 

28097 

99127 

21110 

867 

0.463 

0. 44663 

42626 

60878 

89618 

275 

0. 89471 

66229 

69179 

57699 

908 

0. 464 

0.44752 

87558 

17615 

92537 

506 

0. 89426 

95414 

22683 

53342 

602 

0.465 

0. 44842 

28014 

45634 

43101 

319 

0. 89382 

15656 

06720 

58962 

873 

0.466 

0. 44931 

63986 

50888 

85958 

244 

0. 89337 

26959 

69266 

52423 

883 

0.467 

0.45020 

95465 

39782 

08029 

479 

0. 89292 

29329 

59190 

93730 

459 

0.468 

0.45110 

22442 

19166 

27868 

603 

0. 89247 

22770 

26256 

80142 

134 

0.469 

0. 45199 

44907 

96343 

84976 

342 

0. 89202 

07286 

21120 

01196 

857 

0.470 

0.45288 

62853 

79068 

29070 

327 

0. 89156 

82881 

95328 

93645 

402 

0. 471 

0.45377 

76270 

75545 

09309 

736 

0. 89111 

49562 

01323 

96296 

541 

0. 472 

0. 45466 

85149 

94432 

63474 

735 

0. 89066 

07330 

92437 

04773 

005 

0. 473 

0. 45555 

89482 

44843 

07100 

635 

0. 89020 

56193 

22891 

26178 

292 

0. 474 

0. 45644 

89259 

36343 

22566 

671 

0. 88974 

96153 

47800 

33674 

367 

0.475 

0.45733 

84471 

78955 

48139 

307 

0. 88929 

27216 

23168 

20970 

288 

0.476 

0.45822 

75110 

83158 

66969 

994 

0. 88883 

49386 

05888 

56721 

822 

0. 477 

0. 45911 

61167 

59888 

96047 

279 

0. 88837 

62667 

53744 

38842 

074 

0. 478 

0. 46000 

42633 

20540 

75103 

180 

0. 88791 

67065 

25407 

48723 

197 

0. 479 

0. 46089 

19498 

76967 

55473 

739 

0. 88745 

62583 

80438 

05369 

212 

0.480 

0.46177 

91755 

41482 

88913 

664 

0. 88699 

49227 

79284 

19439 

995 

0.481 

0. 46266 

59394 

26861 

16364 

968 

0. 88653 

27001 

83281 

47206 

469 

0. 482 

0. 46355 

22406 

46338 

56679 

522 

0. 88606 

95910 

54652 

44417 

051 

0.483 

0. 46443 

80783 

13613 

95295 

430 

0. 88560 

55958 

56506 

20075 

401 

0.484 

0. 46532 

34515 

42849 

72867 

132 

0.88514 

07150 

52837 

90129 

517 

0.485 

0. 46620 

83594 

48672 

73849 

162 

0. 88467 

49491 

08528 

31072 

223 

0.486 

0.46709 

28011 

46175 

15033 

451 

0. 88420 

82984 

89343 

33453 

094 

0.487 

0. 46797 

67757 

50915 

34040 

104 

0. 88374 

07636 

61933 

55301 

874 

0. 488 

0. 46886 

02823 

78918 

77761 

558 

0. 88327 

23450 

93833 

75463 

416 

0. 489 

0. 46974 

33201 

46678 

90760 

024 

0.88280 

30432 

53462 

46844 

214 

0.490 

0. 47062 

58881 

71158 

03618 

136 

0.88233 

28586 

10121 

49570 

547 

0. 491 

0.47150 

79855 

69788 

21242 

715 

0. 88186 

17916 

33995 

44058 

307 

0. 492 

0. 47238 

96114 

60472 

11121 

556 

0.88138 

98427 

96151 

23994 

541 

0. 493 

0. 47327 

07649 

61583 

91533 

149 

0. 88091 

70125 

68537 

69230 

763 

0.494 

0. 47415 

14451 

91970 

19709 

261 

0.88044 

33014 

23984 

98588 

075 

0.495 

0. 47503 

16512 

70950 

79950 

264 

0. 87996 

87098 

36204 

22574 

157 

0. 496 

0.47591 

13823 

18319 

71693 

150 

0. 87949 

32382 

79786 

96012 

154 

0. 497 

0. 47679 

06374 

54345 

97532 

118 

0. 87901 

68872 

30204 

70581 

529 

0. 498 

0. 47766 

94157 

99774 

51191 

668 

0. 87853 

96571 

63808 

47270 

917 

0.499 

0. 47854 

77164 

75827 

05452 

099 

0. 87806 

15485 

57828 

28743 

023 

0.500 

0. 47942 

55386 

04203 

00027 

329 

0.87758 

25618 

90372 

71611 

628 
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x sin x cos x 


0.500 

0.47942 

55386 

04203 

00027 

329 

0. 87758 

25618 

90372 

71611 

628 

0.501 

0.48030 

28813 

07080 

29394 

947 

0. 87710 

26976 

40428 

38630 733 

0.502 

0. 48117 

97437 

07116 

30578 

414 

0. 87662 

19562 

87859 

50795 903 

0. 503 

0.48205 

61249 

27448 

70881 

314 

0. 87614 

03383 

13407 

39357 

847 

0.504 

0. 48293 

20240 

91696 

35573 

583 

0.87565 

78441 

98689 

97748 

295 

0.505 

0.48380 

74403 

23960 

15529 

617 

0.87517 

44744 

26201 

33418 203 

0.506 

0. 48468 

23727 

48823 

94818 

170 

0.87469 

02294 

79311 

19588 355 

0.507 

0. 48555 

68204 

91355 

38243 

967 

0.87420 

51098 

42264 

46912 

391 

0.508 

0.48643 

07826 

77106 

78840 

928 

0. 87371 

91160 

00180 

75052 

318 

0.509 

0. 48730 

42584 

32116 

05316 

931 

0.87323 

22484 

39053 84166 

561 

0.510 

0.48817 

72468 

82907 

49450 

013 

0.87274 

45076 

45751 

26310 

581 

0. 511 

0. 48904 

97471 

56492 

73435 

934 

0.87225 

58941 

08013 

76750 

129 

0. 512 

0. 48992 

17583 

80371 

57187 

006 

0. 87176 

64083 

14454 

85187 

176 

0. 513 

0.49079 

32796 

82532 

85582 

104 

0.87127 

60507 

54560 

26898 

565 

0.514 

0.49166 

43101 

91455 

35667 

778 

0.87078 

48219 

18687 

53787 

441 

0. 515 

0.49253 

48490 

36108 

63810 

364 

0.87029 

27222 

98065 

45347 

504 

0.516 

0.49340 

48953 

45953 

92799 

025 

0. 86979 

97523 

84793 

59540 

132 

0.517 

0.49427 

44482 

50944 

98899 

617 

0. 86930 

59126 

71841 

83584 

429 

0.518 

0. 49514 

35068 

81528 

98859 

309 

0.86881 

12036 

53049 

84660 

240 

0.519 

0. 49601 

20703 

68647 

36861 

855 

0.86831 

56258 

23126 60524 189 

0.520 

0.49688 

01378 

43736 

71433 

446 

0.86781 

91796 

77649 

90038 

785 

0.521 

0.49774 

77084 

38729 

62299 

043 

0. 86732 

18657 

13065 

83614 

647 

0.522 

0.49861 

47812 

86055 

57189 

109 

0. 86682 

36844 

26688 

33565 

898 

0.523 

0.49948 

13555 

18641 

78596 

658 

0.86632 

46363 

16698 

64378 

779 

0. 524 

0. 50034 

74302 

69914 

10484 

518 

0.86582 

47218 

82144 82893 

524 

0. 525 

0.50121 

30046 

73797 

84942 

748 

0. 86532 

39416 

22941 28399 

561 

0.526 

0. 50207 

80778 

64718 

68796 

092 

0. 86482 

22960 

39868 22644 

077 

0. 527 

0. 50294 

26489 

77603 

50161 

411 

0. 86431 

97856 

34571 

19753 

996 

0.528 

0.50380 

67171 

47881 

24954 

981 

0. 86381 

64109 

09560 

56071 

436 

0.529 

0. 50467 

02815 

11483 

83349 

596 

0. 86331 

21723 

68210 

99902 

671 

0.530 

0. 50553 

33412 

04846 

96181 

366 

0.86280 

70705 

14761 

01180 

670 

0.531 

0. 50639 

58953 

64911 

01306 

143 

0.86230 

11058 

54312 

41041 

248 

0. 532 

0.50725 

79431 

29121 

89905 

473 

0. 86179 

42788 

92829 

81312 

894 

0.533 

0.50811 

94836 

35431 

92741 

999 

0.86128 

65901 

37140 

13920 

311 

0.534 

0.50898 

05160 

22300 

66364 

220 

0. 86077 

80400 

94932 

10201 

726 

0.535 

0. 50984 

10394 

28695 

79260 

534 

0. 86026 

86292 

74755 

70140 

025 

0. 536 

0.51070 

10529 

94093 

97962 

456 

0.85975 

83581 

86021 71507 760 

0.537 

0.51156 

05558 

58481 

73096 

946 

0. 85924 

72273 

39001 

18926 

068 

0.538 

0. 51241 

95471 

62356 

25387 

754 

0.85873 

52372 

44824 

92837 

581 

0.539 

0.51327 

80260 

46726 

31605 

686 

0.85822 

23884 

15482 98393 

339 

0. 540 

0.51413 

59916 

53113 

10467 

728 

0.85770 

86813 

63824 

14253 

797 

0.541 

0.51499 

34431 

23551 

08484 

914 

0.85719 

41166 

03555 

41303 947 

0. 542 

0.51585 

03796 

00588 

85758 

874 

0.85667 

86946 

49241 

51282 

623 

0. 543 

0. 51670 

68002 

27290 

01726 

969 

0. 85616 

24160 

16304 

35326 

032 

0.544 

0.51756 

27041 

47234 

00855 

920 

0.85564 

52812 

21022 

52425 

567 

0.545 

0. 51841 

80905 

04516 

98283 

861 

0, 85512 

72907 

80530 

77799 

957 

0.546 

0.51927 

29584 

43752 

65410 

714 

0. 85460 

84452 

12819 

51181 

787 

0.547 

0.52012 

73071 

10073 

15436 

812 

0. 85408 

87450 

36734 25018 472 

0.548 

0. 52098 

11356 

49129 

88849 

675 

0. 85356 

81907 

71975 

12587 

703 

0.549 

0. 52183 

44432 

07094 

38858 

868 

0.85304 

67829 

39096 36027 

442 

0.550 

0.52268 

72289 

30659 

16778 

838 

0.85252 

45220 

59505 

74280 

498 



I 

"(-8)7‘ 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


0. 550 

0.52268 

72289 

30659 

16778 

838 

0. 85252 

45220 

59505 

74280 

498 

0. 551 

0.52353 

94919 

67038 

57359 

653 

0. 85200 

14086 

55464 

10953 

761 

0.552 

0. 52439 

12314 

63969 

64065 

565 

0. 85147 

74432 

50084 

82092 

114 

0. 553 

0. 52524 

24465 

69712 

94301 

297 

0.85095 

26263 

67333 

23867 

110 

0. 554 

0. 52609 

31364 

33053 

44585 

976 

0. 85042 

69585 

32026 

20180 

431 

0. 555 

0.52694 

33002 

03301 

35674 

635 

0. 84990 

04402 

69831 

50182 

218 

0. 556 

0.52779 

29370 

30292 

97627 

180 

0. 84937 

30721 

07267 

35704 

287 

0.557 

0.52864 

20460 

64391 

54824 

757 

0. 84884 

48545 

71701 

88608 

318 

0.558 

0. 52949 

06264 

56488 

10933 

415 

0. 84831 

57881 

91352 

58049 

047 

0. 559 

0.53033 

86773 

58002 

33815 

002 

0.84778 

58734 

95285 

77652 

517 

0. 560 

0.53118 

61979 

20883 

40385 

187 

0. 84725 

51110 

13416 

12609 

452 

0. 561 

0. 53203 

31872 

97610 

81418 

533 

0. 84672 

35012 

76506 

06683 

799 

0.562 

0.53287 

96446 

41195 

26300 

543 

0. 84619 

10448 

16165 

29136 

481 

0. 563 

0.53372 

55691 

05179 

47726 

585 

0.84565 

77421 

64850 

21564 

438 

0. 564 

0.53457 

09598 

43639 

06347 

607 

0. 84512 

35938 

55863 

44654 

991 

0.565 

0.53541 

58160 

11183 

35362 

572 

0. 84458 

86004 

23353 

24855 

579 

0.566 

0.53626 

01367 

62956 

25057 

521 

0. 84405 

27624 

02313 

00958 

945 

0.567 

0.53710 

39212 

54637 

07291 

168 

0.84351 

60803 

28580 

70603 

796 

0. 568 

0.53794 

71686 

42441 

39926 

969 

0.84297 

85547 

38838 

36691 

Oil 

0.569 

0.53878 

98780 

83121 

91211 

553 

0.84244 

01861 

70611 

53715 

445 

0.570 

0.53963 

20487 

33969 

24099 

446 

0.84190 

09751 

62268 

74013 

376 

0. 571 

0.54047 

36797 

52812 

80524 

005 

0. 84136 

09222 

53020 

93925 

658 

0. 572 

0.54131 

47702 

98021 

65614 

465 

0. 84082 

00279 

82920 

99876 

632 

0.573 

0. 54215 

53195 

28505 

31859 

028 

0.84027 

82928 

92863 

14368 

839 

0.574 

0. 54299 

53266 

03714 

63213 

905 

0.83973 

57175 

24582 

41893 

605 

0.575 

0. 54383 

47906 

83642 

59158 

222 

0. 83919 

23024 

20654 

14757 

543 

0. 576 

0.54467 

37109 

28825 

18694 

718 

0. 83864 

80481 

24493 

38825 

019 

0. 577 

0.54551 

20865 

00342 

24296 

136 

0.83810 

29551 

80354 

39176 

658 

0. 578 

0. 54634 

99165 

59818 

25797 

231 

0. 83755 

70241 

33330 

05683 

918 

0.579 

0. 54718 

72002 

69423 

24232 

321 

0. 83701 

02555 

29351 

38499 

807 

0.580 

0.54802 

39367 

91873 

55618 

270 

0. 83646 

26499 

15186 

93465 

789 

0.581 

0. 54886 

01252 

90432 

74682 

851 

0. 83591 

42078 

38442 

27434 

927 

0.582 

0.54969 

57649 

28912 

38538 

382 

0. 83536 

49298 

47559 

43511 

337 

0.583 

0.55053 

08548 

71672 

90300 

563 

0. 83481 

48164 

91816 

36205 

988 

0.584 

0.55136 

53942 

83624 

42652 

424 

0. 83426 

38683 

21326 

36508 

907 

0.585 

0. 55219 

93823 

30227 

61353 

309 

0.83371 

20858 

87037 

56877 

861 

0. 586 

0.55303 

28181 

77494 

48692 

799 

0.83315 

94697 

40732 

36143 

543 

0. 587 

0. 55386 

57009 

91989 

26889 

504 

0. 83260 

60204 

35026 

84331 

337 

0.588 

0. 55469 

80299 

40829 

21434 

637 

0.83205 

17385 

23370 

27399 

720 

0. 589 

0. 55552 

98041 

91685 

44380 

278 

0.83149 

66245 

60044 

51895 

332 

0.590 

0.55636 

10229 

12783 

77572 

254 

0. 83094 

06791 

00163 

49524 

800 

0.591 

0.55719 

16852 

72905 

55827 

556 

0.83038 

39026 

99672 

61643 

346 

0.592 

0.55802 

17904 

41388 

50056 

192 

0.82982 

62959 

15348 

23660 

255 

0.593 

0. 55885 

13375 

88127 

50327 

409 

0.82926 

78593 

04797 

09361 

243 

0. 594 

0.55968 

03258 

83575 

48880 

201 

0.82870 

85934 

26455 

75147 

786 

0.595 

0.56050 

87544 

98744 

23078 

004 

0. 82814 

84988 

39590 

04193 

468 

0.596 

0.56133 

66226 

05205 

18307 

516 

0.82758 

75761 

04294 

50517 

407 

0.597 

0. 56216 

39293 

75090 

30821 

541 

0.82702 

58257 

81491 

82974 

799 

0.598 

0. 56299 

06739 

81092 

90525 

792 

0. 82646 

32484 

32932 

29164 

660 

0.599 

0.56381 

68555 

96468 

43709 

545 

0. 82589 

98446 

21193 

19254 

799 

0. 600 

0. 56464 

24733 

95035 

35720 

095 

0. 82533 

56149 

09678 

29724 

095 


[ ( r] m 
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Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


x sin x cos x 


0. 600 

0.56464 

24733 

95035 

35720 

095 

0.82533 

56149 

09678 

29724 

095 

0. 601 

0. 56546 

75265 

51175 

93580 

897 

0.82477 

05598 

62617 

27022 

123 

0. 602 

0. 56629 

20142 

39837 

08553 

336 

0.82420 

46800 

45065 

11146 

193 

0.603 

0. 56711 

59356 

36531 

18642 

028 

0.82363 

79760 

22901 

59135 

858 

0.604 

0.56793 

92899 

17336 

91043 

574 

0. 82307 

04483 

62830 

68484 

934 

0. 605 

0.56876 

20762 

58900 

04538 

687 

0.82250 

20976 

32380 

00471 

116 

0.606 

0. 56958 

42938 

38434 

31827 

607 

0.82193 

29243 

99900 

23403 

216 

0. 607 

0. 57040 

59418 

33722 

21808 

719 

0.82136 

29292 

34564 

55786 

102 

0.608 

0.57122 

70194 

23115 

81800 

299 

0. 82079 

21127 

06368 

09403 

380 

0. 609 

0.57204 

75257 

85537 

59705 

300 

0.82022 

04753 

86127 

32317 

893 

0.610 

0.57286 

74601 

00481 

26119 

098 

0.81964 

80178 

45479 

51790 

075 

0. 611 

0.57368 

68215 

48012 

56380 

111 

0. 81907 

47406 

56882 

17114 

225 

0.612 

0.57450 

56093 

08770 

12563 

221 

0.81850 

06443 

93612 

42372 

770 

0. 613 

0.57532 

38225 

63966 

25415 

904 

0.81792 

57296 

29766 

49108 549 

0. 614 

0.57614 

14604 

95387 

76236 

989 

0. 81734 

99969 

40259 

08915 

198 

0. 615 

0. 57695 

85222 

85396 

78697 

975 

0. 81677 

34469 

00822 

85945 

685 

0. 616 

0. 57777 

50071 

16931 

60606 

809 

0.81619 

60800 

88007 

79339 

051 

0.617 

0. 57859 

09141 

73507 

45614 

047 

0. 81561 

78970 

79180 

65565 

411 

0.618 

0. 57940 

62426 

39217 

34861 

330 

0.81503 

88984 

52524 

40689 

288 

0. 619 

0.58022 

09916 98732 

88572 

073 

0.81445 

90847 

87037 

62551 

318 

0. 620 

0.58103 

51605 

37305 

07584 

296 

0. 81387 

84566 

62533 

92868 

400 

0. 621 

0.58184 

87483 

40765 

14825 

522 

0.81329 

70146 

59641 

39252 

335 

0.622 

0. 58266 

17542 

95525 

36729 

641 

0.81271 

47593 

59801 

97147 

027 

0.623 

0. 58347 

41775 

88579 

84595 

681 

0.81213 

16913 

45270 

91684 

290 

0. 624 

0. 58428 

60174 

07505 

35888 

387 

0.81154 

78111 

99116 

19458 

331 

0. 625 

0. 58509 

72729 

40462 

15480 

540 

0.81096 

31195 

05217 

90218 

953 

0.626 

0. 58590 

79433 

76194 

76836 

923 

0.81037 

76168 

48267 

68483 

556 

0. 627 

0.58671 

80279 

04032 

83139 

861 

0.80979 

13038 

13768 

15067 

973 

0.628 

0. 58752 

75257 

13891 

88356 

252 

0.80920 

41809 

88032 

28536 

214 

0.629 

0. 58833 

64359 

96274 

18246 

006 

0.80861 

62489 

58182 

86569 

178 

0. 630 

0. 58914 

47579 

42269 

51311 

811 

0.80802 

75083 

12151 

87252 

371 

0. 631 

0.58995 

24907 

43555 

99690 

151 

0.80743 

79596 

38679 

90282 

722 

0.632 

0. 59075 

96335 

92400 

89983 

484 

0.80684 

76035 

27315 

58094 

522 

0.633 

0.59156 

61856 

81661 

44033 

509 

0.80625 

64405 

68414 

96904 

569 

0.634 

0. 59237 

21462 

04785 

59635 

440 

0.80566 

44713 

53140 

97676 

566 

0.635 

0.59317 

75143 

55812 

91193 

198 

0.80507 

16964 

73462 

77004 

837 

0.636 

0. 59398 

22893 29375 

30315 

454 

0. 80447 

81165 

22155 

17917 

411 

0. 637 

0. 59478 

64703 

20697 

86352 

425 

0.80388 

37320 

92798 

10598 

548 

0.638 

0. 59559 

00565 

25599 

66873 

364 

0. 80328 

85437 

79775 

93030 

752 

0. 639 

0. 59639 

30471 

40494 

58084 

641 

0. 80269 

25521 

78276 

91556 

338 

0. 640 

0. 59719 

54413 

62392 

05188 

355 

0. 80209 

57578 

84292 

61358 

611 

0. 641 

0.59799 

72383 

88897 

92681 

375 

0.80149 

81614 

94617 

26862 

715 

0. 642 

0.59879 

84374 

18215 

24594 

757 

0. 80089 

97636 

06847 

22056 

216 

0.643 

0. 59959 

90376 

49145 

04673 

426 

0. 80030 

05648 

19380 

30729 

469 

0. 644 

0. 60039 

90382 

81087 

16496 

070 

0.79970 

05657 

31415 

26635 

842 

0. 645 

0.60119 

84385 

14041 

03535 

151 

0.79909 

97669 

42951 

13571 

848 

0. 646 

0.60199 

72375 48606 

49156 

949 

0.79849 

81690 

54786 

65377 

243 

0.647 

0. 60279 

54345 

85984 

56561 

576 

0.79789 

57726 

68519 

65855 

159 

0.648 

0. 60359 

30288 

27978 

28662 

868 

0.79729 

25783 

86546 

48612 

327 

0. 649 

0. 60439 

00194 

76993 

47908 

070 

0.79668 

85868 

12061 

36819 

444 

0.650 

0.60518 

64057 

36039 

f(-8)8 

56037 

1 

252 

0.79608 

37985 

1 

49055 

82891 

1 

760 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


0. 650 

0. 60518 

64057 

36039 

56037 

252 

0. 79608 

37985 

49055 

82891 

760 

0. 651 

0. 60598 

21868 

08730 

33782 

358 

0. 79547 

82142 

02318 

08089 

927 

0. 652 

0. 60677 

73618 

99284 

80505 

818 

0. 79487 

18343 

77432 

42041 

183 

0. 653 

0. 60757 

19302 

12527 

93778 

646 

0. 79426 

46596 

80778 

62180 

929 

0. 654 

0.60836 

58909 

53891 

48897 

929 

0.79365 

66907 

19531 

33114 

757 

0. 655 

0.60915 

92433 

29414 

78343 

652 

0. 79304 

79281 

01659 

45900 

987 

0. 656 

0. 60995 

19865 

45745 

51174 

755 

0. 79243 

83724 

35925 

57253 

785 

0. 657 

0.61074 

41198 

10140 

52364 

359 

0. 79182 

80243 

31885 

28666 

909 

0. 658 

0. 61153 

56423 

30466 

62074 

073 

0.79121 

68843 

99886 

65458 

154 

0. 659 

0. 61232 

65533 

15201 

34867 

307 

0.79060 

49532 

51069 

55734 

550 

0.660 

0.61311 

68519 

73433 

78861 

515 

0.78999 

22314 

97365 

09278 

382 

0. 661 

0.61390 

65375 

14865 

34819 

272 

0. 78937 

87197 

51494 

96354 

080 

0. 662 

0.61469 

56091 

49810 

55178 

137 

0.78876 

44186 

26970 

86436 

061 

0.663 

0.61548 

40660 

89197 

83019 

186 

0.78814 

93287 

38093 

86857 

558 

0. 664 

0.61627 

19075 

44570 

30974 

165 

0. 78753 

34506 

99953 

81380 

523 

0. 665 

0.61705 

91327 

28086 

60071 

171 

0.78691 

67851 

28428 

68686 

643 

0. 666 

0.61784 

57408 

52521 

58518 

785 

0. 78629 

93326 

40184 

00789 

551 

0.667 

0.61863 

17311 

31267 

20428 

576 

0. 78568 

10938 

52672 

21368 

279 

0. 668 

0. 61941 

71027 

78333 

24475 

901 

0. 78506 

20693 

84132 

04022 

017 

0.669 

0. 62020 

18550 

08348 

12498 

919 

0. 78444 

22598 

53587 

90446 

244 

0.670 

0.62098 

59870 

36559 

68035 

744 

0.78382 

16658 

80849 

28530 

294 

0. 671 

0.62176 

94980 

78835 

94799 

654 

0.78320 

02880 

86510 

10376 

414 

0. 672 

0.62255 

23873 

51665 

95092 

281 

0. 78257 

81270 

91948 

10240 

374 

0.673 

0. 62333 

46540 

72160 

48154 

700 

0.78195 

51835 

19324 

22393 

698 

0.674 

0. 62411 

62974 

58052 

88456 

349 

0. 78133 

14579 

91581 

98907 

578 

0. 675 

0.62489 

73167 

27699 

83921 

682 

0. 78070 

69511 

32446 

87358 

526 

0.676 

0. 62567 

77111 

00082 

14094 

496 

0.78008 

16635 

66425 

68455 

830 

0. 677 

0. 62645 

74797 

94805 

48239 

849 

0. 77945 

55959 

18805 

93590 

877 

0. 678 

0.62723 

66220 

32101 

23383 

477 

0. 77882 

87488 

15655 

22308 

414 

0.679 

0. 62801 

51370 

32827 

22288 

658 

0. 77820 

11228 

83820 

59699 

786 

0.680 

0. 62879 

30240 

18468 

51370 

418 

0. 77757 

27187 

50927 

93718 

239 

0. 681 

0. 62957 

02822 

11138 

18547 

018 

0.77694 

35370 

45381 

32416 

339 

0. 682 

0. 63034 

69108 

33578 

11028 

644 

0.77631 

35783 

96362 

41105 

566 

0. 683 

0. 63112 

29091 

09159 

73043 

207 

0. 77568 

28434 

33829 

79438 

156 

0. 684 

0. 63189 

82762 

61884 

83499 

197 

0.77505 

13327 

88518 

38411 

247 

0.685 

0. 63267 

30115 

16386 

33585 

498 

0. 77441 

90470 

91938 

77293 

390 

0.686 

0. 63344 

71140 

97929 

04308 

084 

0. 77378 

59869 

76376 

60473 

500 

0.687 

0. 63422 

05832 

32410 

43963 

542 

0. 77315 

21530 

74891 

94232 

293 

0. 688 

0. 63499 

34181 

46361 

45549 

306 

0.77251 

75460 

21318 

63436 

286 

0. 689 

0. 63576 

56180 

66947 

24110 

566 

0.77188 

21664 

50263 

68154 

418 

0. 690 

0. 63653 

71822 

21967 

94023 

743 

0.77124 

60149 

97106 

60197 

354 

0.691 

0. 63730 

81098 

39859 

46216 

467 

0. 77060 

90922 

97998 

79579 

541 

0. 692 

0. 63807 

84001 

49694 

25323 

984 

0. 76997 

13989 

89862 

90904 

069 

0. 693 

0.63884 

80523 

81182 

06781 

899 

0.76933 

29357 

10392 

19670 

418 

0. 694 

0.63961 

70657 

64670 

73855 

200 

0. 76869 

37030 

98049 

88505 

132 

0. 695 

0. 64038 

54395 

31146 

94603 

464 

0.76805 

37017 

92068 

53315 

502 

0. 696 

0. 64115 

31729 

12236 

98782 

185 

0.76741 

29324 

32449 

39366 

321 

0. 697 

0. 64192 

02651 

40207 

54680 

136 

0. 76677 

13956 

59961 

77279 

757 

0.698 

0.64268 

67154 

47966 

45892 

698 

0. 76612 

90921 

16142 

38958 

434 

0.699 

0. 64345 

25230 

69063 

48031 

063 

0.76548 

60224 

43294 

73431 

759 

0.700 

0. 64421 

76872 

37691 

05367 

261 

0.76484 

21872 

84488 

42625 

586 
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COS X 


0.700 

0.64421 

76872 

37691 

05367 

261 

0.76484 

21872 

84488 

42625 

586 

0.701 

0. 64498 

22071 

88685 

07414 

902 

0.76419 

75872 

83558 

57055 

252 

0. 702 

0.64574 

60821 

57525 

65445 583 

0.76355 

22230 

85105 

11442 

075 

0.703 

0. 64650 

93113 

80337 

88940 

870 

0.76290 

60953 

34492 

20253 

368 

0.704 

0.64727 

18940 

93892 

61979 

783 

0. 76225 

92046 

77847 

53166 

023 

0.705 

0.64803 

38295 

35607 

19561 

705 

0.76161 

15517 

62061 

70453 

752 

0.706 

0.64879 

51169 

43546 

23864 

641 

0.76096 

31372 

34787 

58298 

030 

0.707 

0. 64955 

57555 

56422 

40438 

747 

0. 76031 

39617 

44439 

64022 

815 

0.708 

0. 65031 

57446 

13597 

14335 

062 

0.75966 

40259 

40193 

31253 

107 

0.709 

0. 65107 

50833 

55081 

46169 

354 

0. 75901 

33304 

71984 

34997 406 

0.710 

0.65183 

37710 

21536 

68121 

013 

0. 75836 

18759 

90508 

16654 

146 

0.711 

0. 65259 

18068 

54275 

19866 915 

0.75770 

96631 

47219 

18942 

159 

0.712 

0.65334 

91900 

95261 

24450 

173 

0. 75705 

66925 

94330 

20755 

235 

0.713 

0. 65410 

59199 

87111 

64083 

709 

0. 75640 

29649 

84811 

71940 

852 

0.714 

0. 65486 

19957 

73096 

55888 

565 

0.75574 

84809 

72391 

28003 

128 

0. 715 

0. 65561 

74166 

97140 

27566 

883 

0.75509 

32412 

11552 

84730 

074 

0.716 

0. 65637 

21820 

03821 

93009 

463 

0. 75443 

72463 

57536 

12745 

203 

0.717 

0. 65712 

62909 

38376 

27837 

851 

0.75378 

04970 

66335 

91983 

563 

0.718 

0. 65787 

97427 

46694 

44880 

853 

0.75312 

29939 

94701 

46092 

263 

0.719 

0. 65863 

25366 

75324 

69585 

417 

0.75246 

47378 

00135 

76755 

558 

0. 720 

0. 65938 

46719 

71473 

15361 

800 

0.75180 

57291 

40894 

97944 

549 

0.721 

0. 66013 

61478 

83004 

58862 

952 

0.75114 

59686 

75987 

70091 

576 

0.722 

0.66088 

69636 

58443 

15198 

027 

0.75048 

54570 

65174 

34189 

363 

0.723 

0.66163 

71185 

46973 

13079 

967 

0. 74982 

41949 

68966 

45814 

983 

0.724 

0. 66238 

66117 

98439 

69907 

065 

0. 74916 

21830 

48626 

09078 

707 

0. 725 

0. 66313 

54426 

63349 

66778 

441 

0. 74849 

94219 

66165 

10497 

806 

0. 726 

0. 66388 

36103 

92872 

23443 

354 

0. 74783 

59123 

84344 

52795 

369 

0. 727 

0. 66463 

11142 

38839 

73184 

280 

0.74717 

16549 

66673 

88624 

209 

0.728 

0. 66537 

79534 

53748 

37633 

666 

0. 74650 

66503 

77410 

54215 

910 

0.729 

0. 66612 

41272 

90759 

01524 

309 

0.74584 

08992 

81559 

02955 

103 

0. 730 

0. 66686 

96350 

03697 

87373 

259 

0.74517 

44023 

44870 

38879 

013 

0. 731 

0. 66761 

44758 

47057 

30099 

195 

0. 74450 

71602 

33841 

50102 

364 

0.732 

0. 66835 

86490 

75996 

51573 

181 

0. 74383 

91736 

15714 

42167 

693 

0. 733 

0.66910 

21539 

46342 

35102 

739 

0.74317 

04431 

58475 

71321 

153 

0.734 

0.66984 

49897 

14589 

99849 

159 

0.74250 

09695 

30855 

77713 862 

0.735 

0. 67058 

71556 

37903 

75177 

973 

0.74183 

07534 

02328 

18528 

866 

0.736 

0.67132 

86509 

74117 

74942 

523 

0. 74115 

97954 

43109 

01033 

791 

0.737 

0.67206 

94749 

81736 

71700 

537 

0.74048 

80963 

24156 

15559 

237 

0.738 

0.67280 

96269 

19936 

70863 

650 

0. 73981 

56567 

17168 

68402 

998 

0.739 

0.67354 

91060 

48565 

84779 

796 

0.73914 

24772 

94586 

14660 

158 

0. 740 

0.67428 

79116 

28145 

06748 

388 

0. 73846 

85587 

29587 

90979 

142 

0. 741 

0.67502 

60429 

19868 84968 

216 

0.73779 

39016 

96092 

48243 

787 

0. 742 

0. 67576 

34991 

85605 

96417 

996 

0.73711 

85068 

68756 

84181 

492 

0. 743 

0. 67650 

02796 

87900 

20669 

485 

0.73644 

23749 

22975 

75897 

532 

0. 744 

0. 67723 

63836 

89971 

13633 

096 

0.73576 

55065 

34881 

12335 

582 

0.745 

0.67797 

18104 

55714 

81235 

936 

0.73508 

79023 

81341 

26664 

537 

0.746 

0. 67870 

65592 

49704 

53032 

193 

0.73440 

95631 

39960 

28591 

681 

0.747 

0.67944 

06293 

37191 

55745 

803 

0. 73373 

04894 

89077 

36602 

285 

0.748 

0. 68017 

40199 

84105 

86745 

313 

0.73305 

06821 

07766 

10125 

695 

0.749 

0. 68090 

67304 

57056 

87450 

880 

0. 73237 

01416 

75833 

81627 

975 

0.750 

0.68163 

87600 

23334 

16673 

324 

0.73168 

88688 

73820 

88631 

184 


[(—8)9] [<-?>] 
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x sin x cos x 


0. 750 

0.68163 

87600 

23334 

16673 

324 

0.73168 

88688 

73820 

88631 

184 

0. 751 

0.68237 

01079 

50908 

23885 

163 

0.73100 

68643 

83000 

05659 

342 

0.752 

0. 68310 

07735 

08431 

22423 

554 

0.73032 

41288 

85375 

76111 

160 

0.753 

0. 68383 

07559 

65237 

62625 

080 

0.72964 

06630 

63683 

44059 

608 

0. 754 

0. 68456 

00545 

91345 

04892 

285 

0.72895 

64676 

01388 

85978 

367 

0.755 

0. 68528 

86686 

57454 

92691 

917 

0.72827 

15431 

82687 

42395 

268 

0. 756 

0. 68601 

65974 

34953 

25484 

772 

0.72758 

58904 

92503 

49472 

750 

0.757 

0. 68674 

38401 

95911 

31587 

089 

0. 72689 

95102 

16489 

70515 

436 

0.758 

0. 68747 

03962 

13086 

40963 

419 

0. 72621 

24030 

41026 

27404 

867 

0.759 

0.68819 

62647 

59922 

57950 

885 

0.72552 

45696 

53220 

31961 

494 

0.760 

0.68892 

14451 

10551 

33914 

776 

0. 72483 

60107 

40905 

17233 

969 

0. 761 

0. 68964 

59365 

39792 

39835 

383 

0.72414 

67269 

92639 

68715 

814 

0.762 

0.69036 

97383 

23154 

38826 

030 

0.72345 

67190 

97707 

55489 

548 

0.763 

0.69109 

28497 

36835 

58582 

200 

0. 72276 

59877 

46116 

61298 

318 

0.764 

0.69181 

52700 

57724 

63761 

700 

0.72207 

45336 

28598 

15545 

123 

0. 765 

0. 69253 

69985 

63401 

28295 

794 

0.72138 

23574 

36606 

24219 

693 

0.766 

0. 69325 

80345 

32137 

07631 

223 

0.72068 

94598 

62317 

00753 

084 

0.767 

0. 69397 

83772 

42896 

10903 

039 

0.71999 

58415 

98627 

96800 

072 

0.768 

0. 69469 

80259 

75335 

73038 

195 

0.71930 

15033 

39157 

32949 

410 

0. 769 

0. 69541 

69800 

09807 

26789 

802 

0. 71860 

64457 

78243 

29362 

010 

0.770 

0. 69613 

52386 

27356 

74701 

988 

0.71791 

06696 

10943 

36337 

129 

0.771 

0. 69685 

28011 

09725 

61005 

296 

0.71721 

41755 

33033 

64806 

626 

0.772 

0.69756 

96667 

39351 

43442 

524 

0.71651 

69642 

41008 

16757 

355 

0.773 

0. 69828 

58347 

99368 

65024 

972 

0.71581 

90364 

32078 

15581 

770 

0.774 

0. 69900 

13045 

73609 

25718 

983 

0.71512 

03928 

04171 

36356 

807 

0.775 

0. 69971 

60753 

46603 

54062 

747 

0.71442 

10340 

55931 

36051 

117 

0. 776 

0.70043 

01464 

03580 

78713 

256 

0.71372 

09608 

86716 

83660 

709 

0. 777 

0.70114 

35170 

30469 

99923 

379 

0.71302 

01739 

96600 

90273 

093 

0.778 

0.70185 

61865 

13900 

60948 

949 

0.71231 

86740 

86370 

39059 

972 

0. 779 

0.70256 

81541 

41203 

19385 

818 

0.71161 

64618 

57525 

15198 

564 

0. 780 

0. 70327 

94192 

00410 

18436 

790 

0.71091 

35380 

12277 

35721 

626 

0. 781 

0. 70398 

99809 

80256 

58108 

374 

0. 71020 

99032 

53550 

79296 

239 

0. 782 

0. 70469 

98387 

70180 

66337 

280 

0. 70950 

55582 

84980 

15931 

435 

0.783 

0. 70540 

89918 

60324 

70046 

581 

0. 70880 

05038 

10910 

36614 

737 

0.784 

0. 70611 

74395 

41535 

66131 

480 

0.70809 

47405 

36395 

82877 

671 

0.785 

0. 70682 

51811 

05365 

92374 

614 

0. 70738 

82691 

67199 

76290 

330 

0.786 

0.70753 

22158 

44073 

98290 

801 

0. 70668 

10904 

09793 

47885 

059 

0.787 

0. 70823 

85430 

50625 

15901 

193 

0. 70597 

32049 

71355 

67509 

330 

0.788 

0. 70894 

41620 

18692 

30436 

730 

0. 70526 

46135 

59771 

73107 

880 

0.789 

0. 70964 

90720 

42656 

50970 

857 

0.70455 

53168 

83632 

99934 

173 

0. 790 

0. 71035 

32724 

17607 

80981 

403 

0. 70384 

53156 

52236 

09691 

278 

0.791 

0.71105 

67624 

39345 

88841 

574 

0.70313 

46105 

75582 

19602 

208 

0.792 

0.71175 

95414 

04380 

78239 

979 

0. 70242 

32023 

64376 

31409 

812 

0.793 

0.71246 

16086 

09933 

58529 

620 

0.70171 

10917 

30026 

60306 

275 

0. 794 

0.71316 

29633 

53937 

15005 

776 

0.70099 

82793 

84643 

63792 

314 

0. 795 

0.71386 

36049 

35036 

79112 

713 

0.70028 

47660 

41039 

70466 

123 

0. 796 

0.71456 

35326 

52590 

98579 

148 

0. 69957 

05524 

12728 

08742 

151 

0.797 

0.71526 

27458 

06672 

07482 

391 

0. 69885 

56392 

13922 

35499 

779 

0. 798 

0.71596 

12436 

98066 

96241 

109 

0. 69814 

00271 

59535 

64661 

971 

0.799 

0. 71665 

90256 

28277 

81536 

630 

0. 69742 

37169 

65179 

95703 

964 

0.800 

0.71735 

60908 

99522 

76162 

718 

0.69670 

67093 

47165 

42092 

075 


[ ( - 7 S)9 ] [ ( -; 8)9 ] 
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x sin x cos x 


0.800 

0.71735 

60908 

99522 

76162 

718 

0. 69670 

67093 

47165 

42092 

075 

0. 801 

0.71805 

24388 

14736 

58803 

753 

0. 69598 

90050 

22499 

59652 

695 

0. 802 

0. 71874 

80686 

77571 

43741 

255 

0. 69527 

06047 

08886 

74871 

538 

0.803 

0.71944 

29797 

92397 

50488 

651 

0. 69455 

15091 

24727 

13123 

218 

0.804 

0. 72013 

71714 

64303 

73354 

263 

0. 69383 

17189 

89116 

26831 

236 

0. 805 

0.72083 

06429 

99098 

50932 

396 

0. 69311 

12350 

21844 

23558 

425 

0. 806 

0.72152 

33937 

03310 

35522 

503 

0. 69239 

00579 

43394 

94027 

956 

0.807 

0. 72221 

54228 

84188 

62476 

322 

0.69166 

81884 

74945 

40074 

951 

0. 808 

0. 72290 

67298 

49704 

19472 

935 

0. 69094 

56273 

38365 

02528 

784 

0. 809 

0. 72359 

73139 

08550 

15721 

677 

0. 69022 

23752 

56214 

89026 

151 

0.810 

0.72428 

71743 

70142 

51092 

818 

0.68949 

84329 

51747 

01754 

964 

0.811 

0. 72497 

63105 

44620 

85175 

959 

0. 68877 

38011 

48903 

65129 

158 

0.812 

0. 72566 

47217 

42849 

06266 

069 

0. 68804 

84805 

72316 

53394 

472 

0. 813 

0. 72635 

24072 

76416 

00277 

085 

0. 68732 

24719 

47306 

18165 

280 

0.814 

0. 72703 

93664 

57636 

19583 

027 

0. 68659 

57759 

99881 

15892 

545 

0. 815 

0. 72772 

55985 

99550 

51786 

534 

0. 68586 

83934 

56737 

35262 

969 

0. 816 

0.72841 

11030 

15926 

88414 

775 

0. 68514 

03250 

45257 

24529 

414 

0.817 

0. 72909 

58790 

21260 

93542 

651 

0.68441 

15714 

93509 

18772 

652 

0. 818 

0. 72977 

99259 

30776 

72343 

223 

0. 68368 

21335 

30246 

67094 

544 

0.819 

0. 73046 

32430 

60427 

39565 

302 

0.68295 

20118 

84907 

59742 

692 

0. 820 

0.73114 

58297 

26895 

87938 

131 

0.68222 

12072 

87613 

55166 

656 

0. 821 

0.73182 

76852 

47595 

56503 

084 

0.68148 

97204 

69169 

07005 

802 

0.822 

0. 73250 

88089 

40670 

98872 

320 

0.68075 

75521 

61060 

91008 

857 

0.823 

0. 73318 

92001 

24998 

51414 

329 

0. 68002 

47030 

95457 

31885 

232 

0. 824 

0. 73386 

88581 

20187 

01366 

283 

0. 67929 

11740 

05207 

30088 

213 

0. 825 

0.73454 

77822 

46578 

54873 

150 

0. 67855 

69656 

23839 

88530 

058 

0. 826 

0.73522 

59718 

25249 

04953 

477 

0. 67782 

20786 

85563 

39229 

106 

0.827 

0. 73590 

34261 

78008 

99391 

793 

0.67708 

65139 

25264 

69888 

949 

0. 828 

0. 73658 

01446 

27404 

08557 

557 

0. 67635 

02720 

78508 

50409 

750 

0. 829 

0. 73725 

61264 

96715 

93150 

579 

0. 67561 

33538 

81536 

59331 

781 

0. 830 

0.73793 

13711 

09962 

71872 

858 

0. 67487 

57600 

71267 

10211 

246 

0. 831 

0. 73860 

58777 

91899 

89026 

752 

0. 67413 

74913 

85293 

77928 

481 

0.832 

0. 73927 

96458 

68020 

82039 

434 

0. 67339 

85485 

61885 

24928 

580 

0.833 

0. 73995 

26746 

64557 

48913 

544 

0. 67265 

89323 

39984 

27394 

537 

0. 834 

0. 74062 

49635 

08481 

15603 

989 

0.67191 

86434 

59207 

01352 

983 

0. 835 

0.74129 

65117 

27503 

03320 

808 

0.67117 

76826 

59842 

28712 

570 

0.836 

0.74196 

73186 

50074 

95758 

049 

0. 67043 

60506 

82850 

83235 

098 

0. 837 

0.74263 

73836 

05390 

06248 

576 

0. 66969 

37482 

69864 

56439 

445 

0. 838 

0. 74330 

67059 

23383 

44844 

755 

0. 66895 

07761 

63185 

83438 

385 

0.839 

0. 74397 

52849 

34732 

85324 

932 

0. 66820 

71351 

05786 

68708 

357 

0. 840 

0.74464 

31199 

70859 

32125 

657 

0. 66746 

28258 

41308 

11792 

267 

0. 841 

0.74531 

02103 

63927 

87199 

577 

0. 66671 

78491 

14059 

32935 

396 

0.842 

0.74597 

65554 

46848 

16798 

923 

0. 66597 

22056 

69016 

98654 

482 

0. 843 

0. 74664 

21545 

53275 

18184 

539 

0. 66522 

58962 

51824 

47240 

065 

0.844 

0. 74730 

70070 

17609 

86260 

385 

0. 66447 

89216 

08791 

14192 

152 

0. 845 

0. 74797 

11121 

74999 

80133 

429 

0. 66373 

12824 

86891 

57589 

286 

0. 846 

0. 74863 

44693 

61339 

89598 

886 

0. 66298 

29796 

33764 

83391 

100 

0. 847 

0. 74929 

70779 

13273 

01550 

724 

0. 66223 

40137 

97713 

70674 

409 

0. 848 

0. 74995 

89371 

68190 

66317 

368 

0. 66148 

43857 

27703 

96802 

946 

0.849 

0. 75062 

00464 

64233 

63922 

547 

0. 66073 

40961 

73363 

62530 

783 

0. 850 

0.75128 

04051 

40292 

70271 

207 

0. 65998 

31458 

84982 

17039 

542 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


0.850 

0.75128 

04051 

40292 

70271 

207 

0. 65998 

31458 

84982 

17039 

542 

0.851 

0. 75194 

00125 

36009 

23260 

432 

0. 65923 

15356 

13509 

82909 

449 

0.852 

0. 75259 

88679 

91775 

88815 

295 

0. 65847 

92661 

10556 

81024 

321 

0. 853 

0. 75325 

69708 

48737 

26849 

594 

0.65772 

63381 

28392 

55410 

547 

0.854 

0. 75391 

43204 

48790 

57151 

380 

0. 65697 

27524 

19944 

98010 

152 

0.855 

0. 75457 

09161 

34586 

25193 

237 

0. 65621 

85097 

38799 

73388 

013 

0. 856 

0. 75522 

67572 

49528 

67867 

227 

0. 65546 

36108 

39199 

43373 

300 

0. 857 

0. 75588 

18431 

37776 

79144 

450 

0.65470 

80564 

76042 

91635 

218 

0. 858 

0. 75653 

61731 

44244 

75659 

143 

0. 65395 

18474 

04884 

48193 

134 

0. 859 

0.75718 

97466 

14602 

62217 

260 

0. 65319 

49843 

81933 

13861 

148 

0. 860 

0.75784 

25628 

95276 

97229 

459 

0. 65243 

74681 

64051 

84627 

203 

0. 861 

0. 75849 

46213 

33451 

58068 

441 

0. 65167 

92995 

08756 

75966 

794 

0. 862 

0. 75914 

59212 

77068 

06350 

566 

0. 65092 

04791 

74216 

47091 

357 

0. 863 

0. 75979 

64620 

74826 

53141 

684 

0. 65016 

10079 

19251 

25131 

418 

0.864 

0. 76044 

62430 

76186 

24087 

122 

0. 64940 

08865 

03332 

29254 

574 

0. 865 

0.76109 

52636 

31366 

24465 

750 

0. 64864 

01156 

86580 

94718 

373 

0. 866 

0. 76174 

35230 

91346 

04168 

073 

0. 64787 

86962 

29767 

96858 

196 

0.867 

0. 76239 

10208 

07866 

22598 

272 

0. 64711 

66288 

94312 

75010 

176 

0. 868 

0.76303 

77561 

33429 

13500 

144 

0. 64635 

39144 

42282 

56369 

276 

0. 869 

0.76368 

37284 

21299 

49706 

858 

0. 64559 

05536 

36391 

79782 

561 

0. 870 

0. 76432 

89370 

25505 

07814 

480 

0. 64482 

65472 

40001 

19477 

766 

0.871 

0. 76497 

33813 

00837 

32779 

191 

0.64406 

18960 

17117 

08727 

234 

0. 872 

0. 76561 

70606 

02852 

02438 

134 

0. 64329 

66007 

32390 

63447 

280 

0. 873 

0. 76625 

99742 

87869 

91953 

834 

0. 64253 

06621 

51117 

05733 

091 

0. 874 

0. 76690 

21217 

12977 

38182 

114 

0. 64176 

40810 

39234 

87329 

202 

0. 875 

0.76754 

35022 

36027 

03963 

458 

0. 64099 

68581 

63325 

13035 

656 

0.876 

0. 76818 

41152 

15638 

42337 

736 

0. 64022 

89942 

90610 

64049 

903 

0.877 

0. 76882 

39600 

11198 

60682 

252 

0. 63946 

04901 

88955 

21244 

528 

0. 878 

0. 76946 

30359 

82862 

84773 

027 

0. 63869 

13466 

26862 

88380 

872 

0. 879 

0. 77010 

13424 

91555 

22769 

271 

0. 63792 

15643 

73477 

15258 

639 

0. 880 

0.77073 

88788 

98969 

29120 

965 

0. 63715 

11441 

98580 

20801 

550 

0.881 

0. 77137 

56445 

67568 

68399 

506 

0. 63638 

00868 

72592 

16079 

131 

0.882 

0. 77201 

16388 

60587 

79051 

337 

0. 63560 

83931 

66570 

27264 

710 

0.883 

0.77264 

68611 

42032 

37074 

497 

0. 63483 

60638 

52208 

18529 

695 

0.884 

0. 77328 

13107 

76680 

19618 

049 

0. 63406 

30997 

01835 

14874 

218 

0.885 

0. 77391 

49871 

30081 

68504 

290 

0. 63328 

95014 

88415 

24894 

213 

0.886 

0. 77454 

78895 

68560 

53673 

706 

0.63251 

52699 

85546 

63485 

020 

0. 887 

0. 77518 

00174 

59214 

36552 

600 

0. 63174 

04059 

67460 

74481 

571 

0. 888 

0. 77581 

13701 

69915 

33343 

321 

0. 63096 

49102 

09021 

53235 

256 

0. 889 

0. 77644 

19470 

69310 

78237 

045 

0. 63018 

87834 

85724 

69127 

530 

0. 890 

0. 77707 

17475 

26823 

86549 

033 

0. 62941 

20265 

73696 

88020 

355 

0. 891 

0. 77770 

07709 

12654 

17776 

316 

0. 62863 

46402 

49694 

94643 

540 

0. 892 

0. 77832 

90165 

97778 

38577 

722 

0. 62785 

66252 

91105 

14919 

057 

0. 893 

0. 77895 

64839 

53950 

85676 

211 

0. 62707 

79824 

75942 

38222 

428 

0.894 

0. 77958 

31723 

53704 

28683 

432 

0. 62629 

87125 

82849 

39581 

242 

0. 895 

0. 78020 

90811 

70350 

32846 

443 

0. 62551 

88163 

91096 

01810 

880 

0. 896 

0. 78083 

42097 

77980 

21716 

548 

0. 62473 

82946 

80578 

37587 

545 

0. 897 

0.78145 

85575 

51465 

39740 

163 

0. 62395 

71482 

31818 

11458 

656 

0. 898 

0.78208 

21238 

66458 

14771 

667 

0. 62317 

53778 

25961 

61790 

683 

0. 899 

0. 78270 

49080 

99392 

20508 

171 

0. 62239 

29842 

44779 

22654 

524 

0. 900 

0. 78332 

69096 

27483 

38846 

138 

0. 62160 

99682 

70664 

45648 

472 
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Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


x sin x cos x 


0.900 

0.78332 

69096 

27483 

38846 

138 

0. 62160 

99682 

70664 

45648 

472 

0. 901 

0.78394 

81278 28730 

22159 

796 

0.62082 

63306 

86633 

21658 870 

0.902 

0.78456 

85620 

81914 

55501 

279 

0. 62004 

20722 

76323 

02558 530 

0.903 

0. 78518 

82117 

66602 

18722 

439 

0. 61925 

71938 

23992 

22842 

983 

0.904 

0.78580 

70762 

63143 

48518 

260 

0.61847 

16961 

14519 

21204 

658 

0.905 

0. 78642 

51549 

52674 

00391 

817 

0. 61768 

55799 

33401 

62045 

040 

0.906 

0.78704 

24472 

17115 

10540 

713 

0.61689 

88460 

66755 

56924 

921 

0.907 

0. 78765 

89524 

39174 

57664 

940 

0.61611 

14953 

01314 

85952 

792 

0.908 

0.78827 

46700 

02347 

24696 

094 

0.61532 

35284 

24430 

19111 

466 

0.909 

0. 78888 

95992 90915 

60447 

888 

0.61453 

49462 

24068 

37523 

020 

0.910 

0.78950 

37396 

89950 

41187 

896 

0. 61374 

57494 

88811 

54652 

118 

0.911 

0.79011 

70905 

85311 

32130 

474 

0.61295 

59390 

07856 

37447 

803 

0. 912 

0. 79072 

96513 63647 

48850 

789 

0.61216 

55155 

71013 

27423 839 

0. 913 

0.79134 

14214 

12398 

18619 

897 

0. 61137 

44799 

68705 

61677 

674 

0. 914 

0.79195 

24001 

19793 

41660 

812 

0.61058 

28329 

91968 

93848 

110 

0.915 

0.79256 

25868 

74854 

52325 

499 

0.60979 

05754 

32450 

15011 

758 

0.916 

0.79317 

19810 

67394 

80192 

738 

0.60899 

77080 

82406 

74518 

350 

0.917 

0.79378 

05820 

88020 

11086 

785 

0.60820 

42317 

34706 

00764 999 

0.918 

0.79438 

83893 

28129 

48016 

785 

0.60741 

01471 

82824 

21909 476 

0,919 

0. 79499 

54021 

79915 

72036 

860 

0. 60661 

54552 

20845 

86522 

589 

0.920 

0. 79560 

16200 

36366 

03026 

828 

0.60582 

01566 

43462 

84179 

741 

0.921 

0. 79620 

70422 91262 

60393 

471 

0. 60502 

42522 

45973 

65991 

745 

0.922 

0.79681 

16683 

39183 

23692 

319 

0. 60422 

77428 

24282 

65074 984 

0.923 

0.79741 

54975 

75501 

93169 

858 

0.60343 

06291 

74899 

16960 

980 

0.924 

0. 79801 

85293 

96389 

50226 

129 

0.60263 

29120 

94936 

79945 468 

0. 925 

0.79862 

07631 

98814 

17797 

639 

0.60183 

45923 

82112 

55377 -043 

0. 926 

0.79922 

21983 

80542 

20660 

537 

0. 60103 

56708 

34746 

07885 

466 

0. 927 

0. 79982 

28343 

40138 

45653 

978 

0. 60023 

61482 

51758 

85549 703 

0. 928 

0, 80042 

26704 

76967 

01823 

638 

0. 59943 

60254 

32673 

40005 

791 

0.929 

0.80102 

17061 

91191 

80485 

294 

0.59863 

53031 

77612 

46494 

584 

0.930 

0.80161 

99408 

83777 

15208 

432 

0.59783 

39822 

87298 

23849 

491 

0.931 

0.80221 

73739 

56488 

41719 

806 

0.59703 

20635 

63051 

54424 

260 

0.932 

0. 80281 

40048 

11892 

57726 

899 

0.59622 

95478 

06791 

03960 

905 

0.933 

0.80340 

98328 

53358 

82661 

218 

0.59542 

64358 

21032 

41397 

846 

0.934 

0. 80400 

48574 

85059 

17341 

371 

0. 59462 

27284 

08887 

58618 

345 

0.935 

0.80459 

90781 

11969 

03555 

863 

0. 59381 

84263 

74063 

90139 

324 

0.936 

0. 80519 

24941 

39867 

83565 

545 

0.59301 

35305 

20863 

32740 

634 

0.937 

0. 80578 

51049 

75339 

59525 

671 

0.59220 

80416 

54181 

65034 

867 

0.938 

0. 80637 

69100 

25773 

52827 

488 

0.59140 

19605 

79507 

66977 

785 

0.939 

0. 80696 

79086 

99364 

63359 

313 

0. 59059 

52881 

02922 

39319 443 

0.940 

0.80755 

81004 

05114 

28687 

022 

0.58978 

80250 

31098 

22996 

099 

0.941 

0. 80814 

74845 

52830 

83153 

915 

0. 58898 

01721 

71298 

18462 

976 

0. 942 

0. 80873 

60605 

53130 

16899 

872 

0.58817 

17303 

31375 

04967 

973 

0. 943 

0. 80932 

38278 

17436 

34799 

758 

0. 58736 

27003 

19770 

59766 388 

0.944 

0. 80991 

07857 

57982 

15321 

017 

0.58655 

30829 

45514 

77276 748 

0. 945 

0. 81049 

69337 87809 

69300 

383 

0.58574 

28790 

18224 

88177 

827 

0.946 

0. 81108 

22713 

20770 

98639 

669 

0.58493 

20893 

48104 

78446 913 

0.947 

0. 81166 

67977 

71528 

54920 

560 

0.58412 

07147 

45944 

08339 

436 

0.948 

0. 81225 

05125 

55555 

97938 

351 

0.58330 

87560 

23117 

31310 

012 

0. 949 

0. 81283 

34150 

89138 

54154 

591 

0. 58249 

62139 

91583 

12874 

994 

0.950 

0.81341 


89373 

75068 

542 

0.58168 

30894 

63883 

49416 

618 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x 


sin x 


cos x 


0. 950 

0.81341 

55047 

89373 75068 542 

0.951 

0.81399 

67810 

74171 

95507 

433 

0.952 

0.81457 

72433 

62256 91835 

411 

0.953 

0.81515 

68910 73166 40081 

165 

0.954 

0.81573 

57236 

27252 

73984 

145 

0.955 

0.81631 

37404 

45683 

42959 

322 

0.956 

0. 81689 

09409 

50441 

69980 

433 

0.957 

0.81746 

73245 

64327 

09381 

654 

0.958 

0.81804 

28907 

10956 

04577 

644 

0.959 

0.81861 

76388 

14762 

45701 

891 

0.960 

0.81919 

15683 

00998 

27163 

322 

0.961 

0.81976 

46785 

95734 

05121 

101 

0. 962 

0.82033 

69691 

25859 

54877 

569 

0. 963 

0.82090 

84393 

19084 

28189 

263 

0.964 

0.82147 

90886 

03938 

10495 962 

0.965 

0.82204 

89164 

09771 

78067 

694 

0. 966 

0.82261 

79221 

66757 

55069 

656 

0.967 

0.82318 

61053 

05889 

70544 

986 

0.968 

0.82375 

34652 

58985 

15315 

328 

0.969 

0. 82432 

00014 58683 98799 

136 

0. 970 

0. 82488 

57133 

38450 

05747 

662 

0.971 

0. 82545 

06003 

32571 

52898 

564 

0.972 

0. 82601 

46618 

76161 

45547 

087 

0.973 

0. 82657 

78974 

05158 

34034 

750 

0.974 

0. 82714 

03063 

56326 

70155 

495 

0. 975 

0. 82770 

18881 

67257 

63479 

226 

0.976 

0. 82826 

26422 

76369 

37592 

699 

0.977 

0. 82882 

25681 

22907 

86257 

689 

0. 978 

0.82938 16651 

46947 

29486 

397 

0.979 

0. 82993 

99327 

89390 

69534 022 

0.980 

0. 83049 

73704 

91970 

46808 

453 

0.981 

0.83105 

39776 

97248 

95697 

028 

0.982 

0. 83160 97538 

48619 

00310 

290 

0.983 

0. 83216 

46983 

90304 

50142 

703 

0.984 

0. 83271 

88107 

67360 

95650 

254 

0. 985 

0. 83327 

20904 

25676 

03744 

902 

0. 986 

0. 83382 

45368 

11970 

13205 

801 

0.987 

0.83437 

61493 73796 90007 

262 

0.988 

0.83492 

69275 

59543 82563 

379 

0. 989 

0. 83547 

68708 

18432 

76889 

279 

0. 990 

0. 83602 

59786 

00520 

51678 

926 

0.991 

0.83657 

42503 

56699 

33299 444 

0.992 

0.83712 

16855 

38697 

50701 

883 

0. 993 

0. 83766 

82835 

99079 

90248 

385 

0. 994 

0. 83821 

40439 

91248 50455 

694 

0. 995 

0. 83875 

89661 69442 

96654 

953 

0.996 

0. 83930 

30495 

88741 

15567 

733 

0. 997 

0. 83984 

62937 

05059 

69798 

245 

0.998 

0.84038 86979 

75154 

52241 

668 

0.999 

0. 84093 

02618 

56621 

40408 

555 

1.000 

0.84147 

09848 

07896 

50665 

250 


m 


0.58168 30894 
0.58086 93832 
0.58005 50961 
0. 57924 02290 
0.57842 47826 

0. 57760 87578 
0. 57679 21554 
0.57597 49762 
0.57515 72210 
0. 57433 88907 

0.57351 99860 
0.57270 05078 
0.57188 04569 
0.57105 98342 
0.57023 86403 

0.56941 68763 
0. 56859 45428 
0.56777 16407 
0. 56694 81708 
0. 56612 41340 

0.56529 95311 
0. 56447 43629 
0. 56364 86302 
0.56282 23338 
0.56199 54747 

0.56116 80535 
0. 56034 00712 
0.55951 15285 
0. 55868 24263 
0. 55785 27654 

0.55702 25467 
0.55619 17710 
0.55536 04390 
0. 55452 85517 
0.55369 61099 

0.55286 31144 
0.55202 95660 
0.55119 54656 
0.55036 08140 
0.54952 56120 

0.54868 98605 
0.54785 35603 
0.54701 67123 
0.54617 93173 
0.54534 13760 

0.54450 28894 
0. 54366 38584 
0.54282 42836 
0.54198 41661 
0.54114 35065 

0.54030 23058 


63883 49416 618 
53142 86928 810 
73067 39704 748 
37944 08966 253 
62640 01435 096 

62601 47846 300 
53853 21403 511 
52997 56176 536 
77213 65441 113 
44256 59961 007 

72456 66212 505 
80718 44551 395 
88520 07322 513 
15912 36911 940 
83518 03741 923 

12530 84208 614 
24714 78562 699 
42403 28733 004 
88498 36093 162 
86469 79171 417 

60354 31303 653 
34754 78229 727 
34839 35633 190 
86340 66624 480 
15554 99167 663 

49341 43450 813 
15121 09200 110 
40876 22937 736 
55149 45183 654 
87042 87601 358 

66217 30087 666 
22891 37806 645 
87840 78167 757 
92397 37748 295 
68448 39160 207 

48435 57861 376 
65354 38911 453 
52753 13672 322 
44732 16453 272 
75943 01100 969 

81587 57534 313 
97417 28224 252 
59732 24618 647 
05380 43512 268 
71756 83362 006 

96802 60547 375 
19004 25576 412 
77392 79237 026 
11542 88693 907 
61572 03531 067 

68139 71740 094 

[(—8)7] 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 
Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


x sin x cos x 


1.000 

0. 84147 

09848 

07896 

50665 

250 

0.54030 

23058 

68139 

71740 

094 

1. 001 

0. 84201 

08662 

88256 

92390 

268 

0. 53946 

05648 

72446 

55654 

214 

1.002 

0. 84254 

99057 

57821 

22046 

578 

0. 53861 

82844 

16233 

47828 

237 

1.003 

0. 84308 

81026 

77549 

97169 

747 

0.53777 

54653 

41780 

86864 465 

1. 004 

0.84362 

54565 

09246 

30271 

873 

0. 53693 

21084 

91907 

73184 

669 

1. 005 

0.84416 

19667 

15556 

42661 

273 

0.53608 

82147 

09970 

84748 

188 

1. 006 

0. 84469 

76327 

59970 

18177 

851 

0. 53524 

37848 

39863 

92716 

262 

1. 007 

0.84523 

24541 

06821 

56844 

116 

0.53439 

88197 

26016 

77062 

668 

1.008 

0.84576 

64302 

21289 

28431 

774 

0. 53355 

33202 

13394 

42130 747 

1. 009 

0. 84629 

95605 

69397 

25943 

853 

0. 53270 

72871 

47496 

32136 904 

1.010 

0. 84683 

18446 

18015 

19012 

310 

0. 53186 

07213 

74355 

46620 

673 

1.011 

0. 84736 

32818 

34859 

07211 

051 

0.53101 

36237 

40537 

55841 

426 

1. 012 

0. 84789 

38716 

88491 

73284 

331 

0.53016 

59950 

93140 

16121 

808 

1. 013 

0. 84842 

36136 

48323 

36290 

466 

0.52931 

78362 

79791 

85137 984 

1.014 

0. 84895 

25071 

84612 

04660 

810 

0.52846 

91481 

48651 

37156 798 

1. 015 

0. 84948 

05517 

68464 

29173 

940 

0.52761 

99315 

48406 

78219 

896 

1. 016 

0. 85000 

77468 

71835 

55845 

003 

0.52677 

01873 

28274 

61274 

932 

1.017 

0.85053 

40919 

67530 

78730 

164 

0.52591 

99163 

37999 

01253 

921 

1. 018 

0.85105 

95865 

29204 

92646 

111 

0.52506 

91194 

27850 

90098 832 

1. 019 

0.85158 

42300 

31363 

45804 

549 

0.52421 

77974 

48627 

11734 

503 

1. 020 

0. 85210 

80219 

49362 

92361 

655 

0. 52336 

59512 

51649 

56988 961 

1. 021 

0. 85263 

09617 

59411 

44882 

415 

0.52251 

35816 

88764 

38461 

245 

1.022 

0. 85315 

30489 

38569 

26719 

808 

0.52166 

06896 

12341 

05336 

792 

1.023 

0. 85367 

42829 

64749 

24308 

778 

0.52080 

72758 

75271 

58150 502 

1. 024 

0. 85419 

46633 

16717 

39374 

945 

0.51995 

33413 

30969 

63497 

542 

1.025 

0. 85471 

41894 

74093 

41057 

997 

0.51909 

88868 

33369 

68691 

985 

1.026 

0. 85523 

28609 

17351 

17949 

715 

0.51824 

39132 

36926 

16373 

373 

1. 027 

0. 85575 

06771 

27819 

30046 

586 

0.51738 

84213 

96612 

59061 

276 

1.028 

0. 85626 

76375 

87681 

60616 

931 

0.51653 

24121 

67920 

73657 956 

1. 029 

0.85678 

37417 

79977 

67982 

525 

0.51567 

58864 

06859 

75899 

186 

1. 030 

0. 85729 

89891 

88603 

37214 

627 

0.51481 

88449 

69955 

34753 

350 

1. 031 

0. 85781 

33792 

98311 

31744 

398 

0.51396 

12887 

14248 

86768 

878 

1.032 

0. 85832 

69115 

94711 

44887 

626 

0.51310 

32184 

97296 

50370 

116 

1. 033 

0. 85883 

95855 

64271 

51283 

734 

0.51224 

46351 

77168 

40101 

715 

1.034 

0. 85935 

14006 

94317 

58248 

998 

0.51138 

55396 

12447 

80821 

625 

1. 035 

0.85986 

23564 

73034 

57043 

938 

0. 51052 

59326 

62230 

21842 776 

1.036 

0. 86037 

24523 

89466 

74054 

819 

0. 50966 

58151 

86122 

51023 

535 

1. 037 

0. 86088 

16879 

33518 

21889 

224 

0. 50880 

51880 

44242 

08807 

028 

1.038 

0.86139 

00625 

95953 

50385 

634 

0.50794 

40520 

97216 

02209 

404 

1. 039 

0. 86189 

75758 

68397 

97536 

975 

0. 50708 

24082 

06180 

18757 

138 

1. 040 

0. 86240 

42272 

43338 

40328 

079 

0.50622 

02572 

32778 

40373 

447 

1.041 

0. 86291 

00162 

14123 

45486 

997 

0.50535 

76000 

39161 

57213 

919 

1.042 

0. 86341 

49422 

74964 

20150 

131 

0.50449 

44374 

87986 

81451 

427 

1. 043 

0. 86391 

90049 

20934 

62441 

124 

0.50363 

07704 

42416 

61010 

426 

1. 044 

0. 86442 

22036 

47972 

11963 

456 

0.50276 

65997 

66117 

93250 711 

1.045 

0. 86492 

45379 

52878 

00206 

699 

0.50190 

19263 

23261 

38600 

728 

1. 046 

0. 86542 

60073 

33318 

00866 

385 

0.50103 

67509 

78520 

34140 

520 

1. 047 

0.86592 

66112 

87822 

80077 

424 

0. 50017 

10745 

97070 

07134 

396 

1. 048 

0. 86642 

63493 

15788 

46561 

037 

0. 49930 

48980 

44586 

88513 

415 

1. 049 

0. 86692 

52209 

17477 

01685 

140 

0. 49843 

82221 

87247 

26307 

756 

1. 050 

0.86742 

32255 

94016 

89438 

141 

0. 49757 

10478 

91726 

99029 

085 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 
CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


1.050 

0. 86742 

32255 

94016 

89438 

141 

0.49757 

10478 

91726 

99029 

085 

1.051 

0. 86792 

03628 

47403 

46316 

092 

0. 49670 

33760 

25200 

29002 

975 

1. 052 

0. 86841 

66321 

80499 

51123 

146 

0.49583 

52074 

55338 

95651 

499 

1. 053 

0. 86891 

20330 

97035 

74685 

276 

0. 49496 

65430 

50311 

48726 

051 

1. 054 

0. 86940 

65651 

01611 

29477 

198 

0. 49409 

73836 

78782 

21490 

510 

1. 055 

0. 86990 

02276 

99694 

19162 

460 

0.49322 

77302 

09910 

43854 

806 

1.056 

0. 87039 

30203 

97621 

88046 

624 

0. 49235 

75835 

13349 

55459 

008 

1.057 

0. 87088 

49427 

02601 

70443 

529 

0.49148 

69444 

59246 

18707 

979 

1. 058 

0. 87137 

59941 

22711 

39954 

543 

0.49061 

58139 

18239 

31756 

732 

1. 059 

0.87186 

61741 

66899 

58660 

794 

0. 48974 

41927 

61459 

41446 

534 

1. 060 

0. 87235 

54823 

44986 

26228 

295 

0.48887 

20818 

60527 

56191 

864 

1. 061 

0. 87284 

39181 

67663 

28925 

947 

0. 48799 

94820 

87554 

58818 

317 

1.062 

0. 87333 

14811 

46494 

88556 

345 

0.48712 

63943 

15140 

19351 

528 

1. 063 

0. 87381 

81707 

93918 

11299 

356 

0.48625 

28194 

16372 

07757 

202 

1.064 

0. 87430 

39866 

23243 

36468 

402 

0. 48537 

87582 

64825 

06632 

362 

1.065 

0. 87478 

89281 

48654 

85179 

424 

0. 48450 

42117 

34560 

23847 

867 

1.066 

0.87527 

29948 

85211 

08932 

453 

0.48362 

91807 

00124 

05142 

311 

1.067 

0. 87575 

61863 

48845 

38105 

753 

0.48275 

36660 

36547 

46667 

387 

1.068 

0. 87623 

85020 

56366 

30362 

492 

0. 48187 

76686 

19345 

07484 

800 

1.069 

0. 87671 

99415 

25458 

18969 

874 

0.48100 

11893 

24514 

22014 

811 

1. 070 

0. 87720 

05042 

74681 

61030 

706 

0.48012 

42290 

28534 

12436 

509 

1. 071 

0. 87768 

01898 

23473 

85627 

336 

0. 47924 

67886 

08365 

01039 

904 

1. 072 

0. 87815 

89976 

92149 

41877 

919 

0. 47836 

88689 

41447 

22529 

904 

1.073 

0.87863 

69274 

01900 

46904 

963 

0.47749 

04709 

05700 

36282 

289 

1. 074 

0. 87911 

39784 

74797 

33716 

111 

0.47661 

15953 

79522 

38551 

762 

1. 075 

0. 87959 

01504 

33788 

98997 

101 

0.47573 

22432 

41788 

74632 

160 

1. 076 

0.88006 

54428 

02703 

50816 

869 

0. 47485 

24153 

71851 

50968 

911 

1.077 

0. 88053 

98551 

06248 

56244 

731 

0.47397 

21126 

49538 

47223 

840 

1. 078 

0.88101 

33868 

70011 

88879 

619 

0.47309 

13359 

55152 

28292 

396 

1. 079 

0. 88148 

60376 

20461 

76291 

297 

0.47221 

00861 

69469 

56273 

392 

1. 080 

0.88195 

78068 

84947 

47373 

533 

0.47132 

83641 

73740 

02391 

353 

1. 081 

0. 88242 

86941 

91699 

79609 

169 

0.47044 

61708 

49685 

58871 

547 

1.082 

0. 88289 

86990 

69831 

46247 

031 

0.46956 

35070 

79499 

50767 

810 

1. 083 

0, 88336 

78210 

49337 

63390 

660 

0.46868 

03737 

45845 

47743 

217 

1.084 

0. 88383 

60596 

61096 

36998 

790 

0.46779 

67717 

31856 

75803 

727 

1. 085 

0. 88430 

34144 

36869 

09797 

534 

0. 46691 

27019 

21135 

28984 

862 

1. 086 

0. 88476 

98849 

09301 

08104 

243 

0.46602 

81651 

97750 

80991 

522 

1. 087 

0. 88523 

54706 

11921 

88562 

972 

0. 46514 

31624 

46239 

96791 

014 

1. 088 

0. 88570 

01710 

79145 

84791 

522 

0, 46425 

76945 

51605 

44159 

401 

1.089 

0. 88616 

39858 

46272 

53940 

000 

0.46337 

17623 

99315 

05181 

235 

1. 090 

0. 88662 

69144 

49487 

23160 

860 

0.46248 

53668 

75300 

87702 

790 

1. 091 

0.88708 

89564 

25861 

35990 

371 

0.46159 

85088 

65958 

36738 

852 

1.092 

0. 88755 

01113 

13352 

98641 

470 

0.46071 

11892 

58145 

45833 

190 

1. 093 

0.88801 

03786 

50807 

26207 

951 

0.45982 

34089 

39181 

68372 

764 

1.094 

0. 88846 

97579 

77956 

88779 

948 

0. 45893 

51687 

96847 

28855 

783 

1. 095 

0. 88892 

82488 

35422 

57470 

660 

0.45804 

64697 

19382 

34113 

686 

1. 096 

0. 88938 

58507 

64713 

50354 

274 

0. 45715 

73125 

95485 

84487 

142 

1. 097 

0. 88984 

25633 

08227 

78315 

047 

0.45626 

76983 

14314 

84956 

158 

1.098 

0.89029 

83860 

09252 

90807 

488 

0.45537 

76277 

65483 

56224 

382 

1. 099 

0. 89075 

33184 

11966 

21527 

609 

0. 45448 

71018 

39062 

45757 

688 

1.100 

0.89120 

73600 

61435 

33995 

180 

0.45359 

61214 

25577 

38777 

137 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 
Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


x sin x cos x 


1.100 

0.89120 

73600 

61435 

33995 

180 

0.45359 

61214 

25577 

38777 

137 

1.101 

0. 89166 

05105 

03618 

67046 

971 

0. 45270 

46874 

16008 

69206 400 

1.102 

0. 89211 

27692 

85365 

80240 

901 

0.45181 

28007 

01790 

30573 

730 

1.103 

0. 89256 

41359 

54417 

99171 

080 

0.45092 

04621 

74808 

86868 

576 

1.104 

0.89301 

46100 

59408 

60693 

678 

0.45002 

76727 

27402 

83352 

928 

1.105 

0.89346 

41911 

49863 

58063 

585 

0.44913 

44332 

52361 

57327 

478 

1.106 

0. 89391 

28787 

76201 

85981 

812 

0.44824 

07446 

42924 

48852 

689 

1.107 

0. 89436 

06724 

89735 

85553 

594 

0.44734 

66077 

92780 

11424 866 

1.108 

0.89480 

75718 

42671 

89157 

146 

0.44645 

20235 

96065 

22607 

305 

1.109 

0.89525 

35763 

88110 

65223 

027 

0.44555 

69929 

47363 

94616 

628 

1.110 

0. 89569 

86856 

80047 

62924 

063 

0. 44466 

15167 

41706 

84864 

374 

1.111 

0. 89614 

28992 

73373 

56775 

801 

0. 44376 

55958 

74570 

06453 951 

1.112 

0. 89658 

62167 

23874 

91147 

427 

0. 44286 

92312 

41874 

38633 

030 

1.113 

0. 89702 

86375 

88234 

24683 

120 

0. 44197 

24237 

39984 

37201 

474 

1.114 

0. 89747 

01614 

24030 

74633 

785 

0. 44107 

51742 

65707 

44874 

890 

1.115 

0. 89791 

07877 

89740 

61099 

138 

0. 44017 

74837 

16293 

01603 

891 

1.116 

0. 89835 

05162 

44737 

51180 

079 

0. 43927 

93529 

89431 

54849 

166 

1.117 

0. 89878 

93463 

49293 

03041 

321 

0. 43838 

07829 

83253 

69812 

438 

1.118 

0. 89922 

72776 

64577 

09884 

230 

0.43748 

17745 

96329 

39623 410 

1.119 

0. 89966 

43097 

52658 

43829 

826 

0.43658 

23287 

27666 

95482 

777 

1.120 

0.90010 

04421 

76504 

99711 

910 

0.43568 

24462 

76712 

16761 

399 

1.121 

0. 90053 

56744 

99984 

38780 

263 

0.43478 

21281 

43347 

41055 

736 

1.122 

0. 90097 

00062 

87864 

32313 

880 

0.43388 

13752 

27890 

74199 

612 

1.123 

0. 90140 

34371 

05813 

05144 

201 

0.43298 

01884 

31095 

00232 

420 

1.124 

0.90183 

59665 

20399 

79088 

276 

0.43207 

85686 

54146 

91323 845 

1.125 

0. 90226 

75940 

99095 

16291 

842 

0.43117 

65167 

98666 

17655 

197 

1.126 

0.90269 

83194 

10271 

62482 

258 

0.43027 

40337 

66704 

57257 

452 

1.127 

0.90312 

81420 

23203 

90131 

256 

0.42937 

11204 

60745 

05806 

078 

1.128 

0.90355 

70615 

08069 

41527 

464 

0.42846 

77777 

83700 

86372 

749 

1.129 

0. 90398 

50774 

35948 

71758 

658 

0.42756 

40066 

38914 

59134 

030 

1.130 

0.90441 

21893 

78825 

91603 

708 

0.42665 

98079 

30157 

31037 

122 

1.131 

0. 90483 

83969 

09589 

10334 

160 

0.42575 

51825 

61627 

65422 

763 

1.132 

0.90526 

36996 

02030 

78425 

425 

0.42485 

01314 

37950 

91605 

376 

1.133 

0. 90568 

80970 

30848 

30177 

523 

0.42394 

46554 

64178 

14410 

540 

1.134 

0. 90611 

15887 

71644 

26245 

348 

0.42303 

87555 

45785 

23669 902 

1.135 

0.90653 

41744 

00926 

96078 

401 

0.42213 

24325 

88672 

03673 585 

1.136 

0. 90695 

58534 

96110 

80269 

960 

0.42122 

56874 

99161 

42580 

219 

1.137 

0. 90737 

66256 

35516 

72815 

632 

0. 42031 

85211 

83998 

41784 656 

1.138 

0. 90779 

64903 

98372 

63281 

260 

0.41941 

09345 

50349 

25243 478 

1.139 

0.90821 

54473 

64813 

78880 

126 

0.41850 

29285 

05800 

48758 

379 

1.140 

0. 90863 

34961 

15883 

26459 

422 

0.41759 

45039 

58358 

09217 

519 

1.141 

0. 90905 

06362 

33532 

34395 

940 

0.41668 

56618 

16446 

53794 933 

1.142 

0. 90946 

68673 

00620 

94400 

939 

0.41577 

64029 

88907 

89108 

094 

1.143 

0. 90988 

21889 

00918 

03234 

153 

0.41486 

67283 

85000 

90333 

707 

1.144 

0.91029 

66006 

19102 

04326 

885 

0.41395 

66389 

14400 

10281 

852 

1.145 

0.91071 

01020 

40761 

29314 

164 

0.41304 

61354 

87194 

88428 

529 

1.146 

0.91112 

26927 

52394 

39475 

912 

0.41213 

52190 

13888 

59906 

732 

1.147 

0.91153 

43723 

41410 

67087 

073 

0.41122 

38904 

05397 

64456 

120 

1.148 

0.91194 

51403 

96130 

56676 

684 

0.41031 

21505 

73050 

55331 

381 

1.149 

0.91235 

49965 

05786 

06195 

821 

0. 40940 

00004 

28587 

08169 

395 

1.150 

0.91276 

39402 

60521 

08094 

403 

0. 40848 

74408 

84157 

29815 

258 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


1.150 

0.91276 

39402 

60521 

08094 

403 

0.40848 

74408 

84157 

29815 

258 

1.151 

0.91317 

19712 

51391 

90306 

792 

0. 40757 

44728 

52320 

67107 

284 

1.152 

0.91357 

90890 

70367 

57146 

165 

0.40666 

10972 

46045 

15621 

071 

1.153 

0.91398 

52933 

10330 

30107 

602 

0. 40574 

73149 

78706 

28372 

706 

1.154 

0.91439 

05835 

65075 

88579 

865 

0. 40483 

31269 

64086 

24481 

224 

1.155 

0.91479 

49594 

29314 

10465 

816 

0.40391 

85341 

16372 

97790 

397 

1.156 

0.91519 

84204 

98669 

12711 

431 

0.40300 

35373 

50159 

25449 

945 

1.157 

0. 91560 

09663 

69679 

91743 

383 

0. 40208 

81375 

80441 

76456 

266 

1.158 

0.91600 

25966 

39800 

63815 

143 

0. 40117 

23357 

22620 

20152 

779 

1.159 

0.91640 

33109 

07401 

05261 

556 

0. 40025 

61326 

92496 

34689 

958 

1.160 

0.91680 

31087 

71766 

92661 

866 

0. 39933 

95294 

06273 

15445 

164 

1.161 

0.91720 

19898 

33100 

42911 

136 

0. 39842 

25267 

80553 

83402 

355 

1.162 

0.91759 

99536 

92520 

53200 

023 

0. 39750 

51257 

32340 

93491 

775 

1.163 

0. 91799 

69999 

52063 

40902 

883 

0. 39658 

73271 

79035 

42889 

706 

1.164 

0. 91839 

31282 

14682 

83374 

147 

0. 39566 

91320 

38435 

79278 

377 

1.165 

0. 91878 

83380 

84250 

57652 

941 

0.39475 

05412 

28737 

09066 

125 

1.166 

0.91918 

26291 

65556 

80075 

906 

0. 39383 

15556 

68530 

05567 

898 

1.167 

0.91957 

60010 

64310 

45798 

178 

0. 39291 

21762 

76800 

17146 

187 

1.168 

0.91996 

84533 

87139 

68222 

492 

0.39199 

24039 

72926 

75312 

486 

1.169 

0. 92035 

99857 

41592 

18336 

360 

0. 39107 

22396 

76682 

02789 

366 

1.170 

0. 92075 

05977 

36135 

63957 

301 

0. 39015 

16843 

08230 

21533 

266 

1.171 

0. 92114 

02889 

80158 

08886 

071 

0. 38923 

07387 

88126 

60718 

072 

1.172 

0. 92152 

90590 

83968 

31967 

851 

0. 38830 

94040 

37316 

64679 

599 

1.173 

0.92191 

69076 

58796 

26061 

369 

0. 38738 

76809 

77135 

00821 

054 

1.174 

0.92230 

38343 

16793 

36915 

902 

0. 38646 

55705 

29304 

67479 

575 

1.175 

0.92268 

98386 

71033 

01956 

127 

0. 38554 

30736 

15936 

01753 

942 

1.176 

0.92307 

49203 

355i0 

88974 

783 

0. 38462 

01911 

59525 

87293 

547 

1.177 

0. 92345 

90789 

25145 

34733 

097 

0.38369 

69240 

82956 

62048 

718 

1.178 

0.92384 

23140 

55777 

83468 

944 

0.38277 

32733 

09495 

25982 

487 

1.179 

0. 92422 

46253 

44173 

25312 

701 

0.38184 

92397 

62792 

48743 

902 

1.180 

0.92460 

60124 

08020 

34610 

754 

0. 38092 

48243 

66881 

77302 

960 

1.181 

0.92498 

64748 

65932 

08156 

619 

0.38000 

00280 

46178 

43547 

271 

1.182 

0. 92536 

60123 

37446 

03329 

642 

0.37907 

48517 

25478 

71840 

534 

1.183 

0. 92574 

46244 

43024 

76141 

242 

0. 37814 

92963 

29958 

86542 

917 

1.184 

0.92612 

23108 

04056 

19188 

645 

0. 37722 

33627 

85174 

19493 

444 

1.185 

0. 92649 

90710 

42853 

99516 

095 

0. 37629 

70520 

17058 

17454 

471 

1.186 

0.92687 

49047 

82657 

96383 

480 

0.37537 

03649 

51921 

49518 

342 

1.187 

0. 92724 

98116 

47634 

38942 

352 

0. 37444 

33025 

16451 

14476 

334 

1.188 

0. 92762 

37912 

62876 

43819 

290 

0.37351 

58656 

37709 

48149 

962 

1.189 

0. 92799 

68432 

54404 

52606 

588 

0. 37258 

80552 

43133 

30684 

752 

1.190 

0. 92836 

89672 

49166 

69260 

202 

0.37165 

98722 

60532 

93806 

568 

1.191 

0.92874 

01628 

75038 

97404 

950 

0. 37073 

13176 

18091 

28040 

589 

1.192 

0. 92911 

04297 

60825 

77546 

899 

0. 36980 

23922 

44362 

89893 

026 

1.193 

0. 92947 

97675 

36260 

24192 

928 

0.36887 

30970 

68273 

08995 

672 

1.194 

0. 92984 

81758 

32004 

62877 

403 

0. 36794 

34330 

19116 

95213 

382 

1.195 

0. 93021 

56542 

79650 

67095 

956 

0.36701 

34010 

26558 

45714 

570 

1.196 

0. 93058 

22025 

11719 

95146 

303 

0.36608 

30020 

20629 

52004 

819 

1.197 

0.93094 

78201 

61664 

26876 

083 

0.36515 

22369 

31729 

06923 

698 

1.198 

0.93131 

25068 

63866 

00337 

679 

0.36422 

11066 

90622 

11604 

876 

1.199 

0. 93167 

62622 

53638 

48349 

974 

0.36328 

96122 

28438 

82399 

631 

1.200 

0.93203 

90859 

67226 

34967 

013 

0. 36235 

77544 

76673 

57763 

837 
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Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


x sin x cos' x 


1.200 

0.93203 

90859 

67226 

34967 

013 

0. 36235 

77544 

76673 

57763 

837 

1.201 

0.93240 

09776 

41805 

91853 

542 

0. 36142 

55343 

67184 

05108 

539 

1.202 

0.93276 

19369 

15485 

54567 

367 

0.36049 

29528 

32190 

27614 

189 

1. 203 

0. 93312 

19634 

27305 

98748 

519 

0. 35956 

00108 

04273 

71008 

651 

1.204 

0.93348 

10568 

17240 

76215 

175 

0. 35862 

67092 

16376 

30309 

065 

1.205 

0. 93383 

92167 

26196 

50966 

302 

0. 35769 

30490 

01799 

56527 

660 

1.206 

0. 93419 

64427 

96013 

35090 

992 

0. 35675 

90310 

94203 

63341 

607 

1.207 

0. 93455 

27346 

69465 

24584 

444 

0. 35582 

46564 

27606 

33727 

018 

1.208 

0.93490 

80919 

90260 

35070 

567 

0. 35488 

99259 

36382 

26557 

166 

1.209 

0.93526 

25144 

03041 

37431 

162 

0. 35395 

48405 

55261 

83165 

039 

1.210 

0.93561 

60015 

53385 

93341 

646 

0. 35301 

94012 

19330 

33870 

301 

1.211 

0.93596 

85530 

87806 

90713 

291 

0.35208 

36088 

64027 

04470 

775 

1.212 

0.93632 

01686 

53752 

79041 

926 

0. 35114 

74644 

25144 

22698 

521 

1.213 

0. 93667 

08478 

99608 

04663 

095 

0. 35021 

09688 

38826 

24640 

616 

1.214 

0. 93702 

05904 

74693 

45913 

598 

0. 34927 

41230 

41568 

61124 

730 

1.215 

0.93736 

93960 

29266 

48199 

416 

0. 34833 

69279 

70217 

04069 

578 

1.216 

0.93771 

72642 

14521 

58969 

959 

0. 34739 

93845 

61966 

52800 

358 

1.217 

0.93806 

41946 

82590 

62598 

617 

0. 34646 

14937 

54360 

40329 

260 

1.218 

0. 93841 

01870 

86543 

15169 

574 

0. 34552 

32564 

85289 

39601 

140 

1.219 

0. 93875 

52410 

80386 

79170 

848 

0.34458 

46736 

92990 

69704 

455 

1.220 

0.93909 

93563 

19067 

58093 

524 

0.34364 

57463 

16047 

02047 

552 

1.221 

0. 93944 

25324 

58470 

30937 

151 

0. 34270 

64752 

93385 

66500 

405 

1.222 

0. 93978 

47691 

55418 

86621 

257 

0.34176 

68615 

64277 

57501 

890 

1. 223 

0.94012 

60660 

67676 

58302 

957 

0. 34082 

69060 

68336 

40132 

702 

1.224 

0.94046 

64228 

53946 

57600 

622 

0. 33988 

66097 

45517 

56153 

996 

1.225 

0.94080 

58391 

73872 

08723 

559 

0.33894 

59735 

36117 

30011 

855 

1.226 

0.94114 

43146 

88036 

82507 

685 

0. 33800 

49983 

80771 

74807 

668 

1.227 

0.94148 

18490 

57965 

30357 

157 

0. 33706 

36852 

20455 

98234 

533 

1. 228 

0. 94181 

84419 

46123 

18091 

912 

0.33612 

20349 

96483 

08479 

750 

1.229 

0. 94215 

40930 

15917 

59701 

104 

0. 33518 

00486 

50503 

20093 

523 

1.230 

0. 94248 

88019 

31697 

51002 

382 

0.33423 

77271 

24502 

59823 

955 

1.231 

0. 94282 

25683 

58754 

03206 

998 

0.33329 

50713 

60802 

72418 

427 

1.232 

0. 94315 

53919 

63320 

76390 

684 

0. 33235 

20823 

02059 

26391 

462 

1.233 

0.94348 

72724 

12574 

12870 

299 

0.33140 

87608 

91261 

19759 

164 

1.234 

0. 94381 

82093 

74633 

70486 

175 

0. 33046 

51080 

71729 

85740 

328 

1.235 

0. 94414 

82025 

18562 

55790 

164 

0. 32952 

11247 

87117 

98424 

316 

1.236 

0.94447 

72515 

14367 

57139 

322 

0. 32857 

68119 

81408 

78405 

786 

1.237 

0.94480 

53560 

32999 

77695 

223 

0.32763 

21705 

98914 

98386 

387 

1.238 

0.94513 

25157 

46354 

68328 

851 

0. 32668 

72015 

84277 

88743 

487 

1.239 

0. 94545 

87303 

27272 

60431 

046 

0. 32574 

19058 

82466 

43066 

054 

1.240 

0. 94578 

39994 

49538 

98628 

471 

0.32479 

62844 

38776 

23657 

769 

1.241 

0. 94610 

83227 

87884 

73405 

063 

0.32385 

03381 

98828 

67007 

475 

1.242 

0. 94643 

17000 

17986 

53628 

942 

0. 32290 

40681 

08569 

89227 

042 

1.243 

0.94675 

41308 

16467 

18984 

738 

0.32195 

74751 

14269 

91456 

764 

1.244 

0. 94707 

56148 

60895 

92311 

309 

0.32101 

05601 

62521 

65238 

364 

1.245 

0. 94739 

61518 

29788 

71844 

815 

0.32006 

33242 

00239 

97855 

712 

1.246 

0. 94771 

57414 

02608 

63367 

118 

0.31911 

57681 

74660 

77643 

341 

1.247 

0.94803 

43832 

59766 

12259 

472 

0. 31816 

78930 

33339 

99262 

871 

1. 248 

0.94835 2077Q 

82619 

35461 

479 

0.31721 

96997 

24152 

68947 

423 

1.249 

0. 94866 

88225 

53474 

53335 

262 

0.31627 

11891 

95292 

09714 

116 

1.250 

0. 94898 

46193 

55586 

21434 

849 

0.31532 

23623 

95268 

66544 

754 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 

x sin x cos x 


1.250 

0. 94898 

46193 

55586 

21434 

1. 251 

0.94929 

94671 

73157 

62180 

1.252 

0. 94961 

33656 

91340 

96439 

1.253 

0. 94992 

63145 

96237 

75008 

1.254 

0. 95023 

83135 

74899 

10006 

1.255 

0. 95054 

93623 

15326 

06166 

1.256 

0. 95085 

94605 

06469 

92038 

1.257 

0.95116 

86078 

38232 

51091 

1.258 

0.95147 

68040 

01466 

52726 

1.259 

0.95178 

40486 

87975 

83188 

1.260 

0. 95209 

03415 

90515 

76385 

1.261 

0.95239 

56824 

02793 

44617 

1.262 

0. 95270 

00708 

19468 

09200 

1.263 

0.95300 

35065 

36151 

31003 

1.264 

0. 95330 

59892 

49407 

40886 

1.265 

0.95360 

75186 

56753 

70045 

1.266 

0.95390 

80944 

56660 

80258 

1.267 

0.95420 

77163 

48552 

94039 

1.268 

0. 95450 

63840 

32808 

24694 

1.269 

0. 95480 

40972 

10759 

06289 

1.270 

0.95510 

08555 

84692 

23509 

1.271 

0. 95539 

66588 

57849 

41432 

1.272 

0. 95569 

15067 

34427 

35209 

1.273 

0. 95598 

53989 

19578 

19640 

1.274 

0.95627 

83351 

19409 

78657 

1.275 

0.95657 

03150 

40985 

94719 

1.276 

0. 95686 

13383 

92326 

78101 

1.277 

0.95715 

14048 

82408 

96095 

1.278 

0.95744 

05142 

21166 

02109 

1.279 

0.95772 

86661 

19488 

64678 

1.280 

0.95801 

58602 

89224 

96370 

1. 281 

0.95830 

20964 

43180 

82604 

1. 282 

0.95858 

73742 

95120 

10371 

1.283 

0.95887 

16935 

59764 

96853 

1.284 

0.95915 

50539 

52796 

17957 

1.285 

0.95943 

74551 

90853 

36739 

1.286 

0. 95971 

88969 

91535 

31748 

1.287 

0.95999 

93790 

73400 

25260 

1.288 

0. 96027 

89011 

55966 

11427 

1.289 

0. 96055 

74629 

59710 

84322 

1.290 

0. 96083 

50642 

06072 

65890 

1.291 

0.96111 

17046 

17450 

33810 

1.292 

0. 96138 

73839 

17203 

49249 

1.293 

0.96166 

21018 

29652 

84528 

1.294 

0.96193 

58580 

80080 

50693 

1.295 

0. 96220 

86523 

94730 

24982 

1.296 

0. 96248 

04845 

00807 

78203 

1.297 

0.96275 

13541 

26481 

02013 

1.298 

0.96302 

12610 

00880 

36103 

1.299 

0.96329 

02048 

54098 

95282 

1. 300 

0.96355 

81854 

17192 

96470 

/ 



[ ( r 

] 


849 

0. 31532 

23623 

95268 

66544 

754 

713 

0.31437 

32202 

72909 

11534 

791 

444 

0.31342 

37637 

77355 

49010 

665 

528 

0. 31247 

39938 

58064 

20615 

601 

196 

0. 31152 

39114 

64805 

10363 

979 

303 

0. 31057 

35175 

47660 

49664 

355 

225 

0. 30962 

28130 

57024 

22311 

242 

729 

0.30867 

17989 

43600 

69445 

729 

783 

0. 30772 

04761 

58403 

94485 

052 

287 

0. 30676 

88456 

52756 

68021 

196 

682 

0. 30581 

69083 

78289 

32688 

634 

416 

0. 30486 

46652 

86939 

08001 

291 

227 

0. 30391 

21173 

30948 

95158 

833 

222 

0. 30295 

92654 

62866 

81822 

373 

709 

0. 30200 

61106 

35544 

46859 

693 

767 

0.30105 

26538 

02136 

65060 

070 

512 

0. 30009 

88959 

16100 

11818 

814 

032 

0.29914 

48379 

31192 

67791 

595 

963 

0. 29819 

04808 

01472 

23518 

675 

671 

0. 29723 

58254 

81295 

84019 

121 

018 

0. 29628 

08729 

25318 

73355 

114 

673 

0. 29532 

56240 

88493 

39166 

425 

944 

0.29437 

00799 

26068 

57175 

182 

104 

0.29341 

42413 

93588 

35661 

000 

170 

0. 29245 

81094 

46891 

19906 

579 

118 

0. 29150 

16850 

42108 

96613 

869 

497 

0.29054 

49691 

35665 

98290 

890 

419 

0.28958 

79626 

84278 

07609 

308 

886 

0.28863 

06666 

44951 

61732 

860 

437 

0.28767 

30819 

74982 

56616 

726 

075 

0. 28671 

52096 

31955 

51277 

939 

453 

0.28575 

70505 

73742 

72036 

934 

286 

0.28479 

86057 

58503 

16730 

332 

962 

0.28383 

98761 

44681 

58895 

050 

320 

0.28288 

08626 

91007 

51923 

831 

577 

0. 28192 

15663 

56494 

33192 

303 

357 

0.28096 

19881 

00438 

28157 

651 

814 

0.28000 

21288 

82417 

54428 

993 

805 

0.27904 

19896 

62291 

25809 

577 

094 

0.27808 

15714 

00198 

56310 

871 

556 

0. 27712 

08750 

56557 

64138 

661 

354 

0. 27615 

99015 

92064 

75651 

234 

056 

0.27519 

86519 

67693 

29289 

769 

675 

0. 27423 

71271 

44692 

79480 

997 

590 

0.27327 

53280 

84588 

00512 

263 

339 

0.27231 

32557 

49177 

90379 

053 

231 

0.27135 

09111 

00534 

74605 

108 

782 

0.27038 

82951 

01003 

10035 

206 

915 

0.26942 

54087 

13198 

88600 

711 

920 

0.26846 

22529 

00008 

41057 

992 

135 

0. 26749 

88286 

24587 

40699 

798 


m 
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x sin x cos x 


1.300 

0.96355 

81854 

17192 

96470 

135 

0. 26749 

88286 

24587 

40699 

798 

1.301 

0.96382 

52024 

22181 

85589 

331 

0.26653 

51368 

50360 

07039 

695 

1. 302 

0.96409 

12556 

02048 

64366 

761 

0.26557 

11785 

41018 

09469 

650 

1. 303 

0.96435 

63446 

90740 

17032 

855 

0. 26460 

69546 

60519 

70890 

877 

1.304 

0.96462 

04694 

23167 

36927 

537 

0.26364 

24661 

73088 

71318 

016 

1.305 

0. 96488 

36295 

35205 

53009 

126 

0. 26267 

77140 

43213 

51456 

761 

1.306 

0. 96514 

58247 

63694 

56266 

806 

0.26171 

26992 

35646 

16255 

031 

1.307 

0.96540 

70548 

46439 

26036 

635 

0.26074 

74227 

15401 

38427 

774 

1.308 

0.96566 

73195 

22209 

56221 

061 

0.25978 

18854 

47755 

61955 

494 

1.309 

0.96592 

66185 

30740 

81411 

924 

0.25881 

60883 

98246 

05556 

626 

1. 310 

0.96618 

49516 

12734 

02916 

926 

0.25785 

00325 

32669 

66133 

818 

1.311 

0.96644 

23185 

09856 

14689 

520 

0.25688 

37188 

17082 

22194 

242 

1.312 

0. 96669 

87189 

64740 

29162 

218 

0.25591 

71482 

17797 

37244 

030 

1. 313 

0.96695 

41527 

20986 

02983 

276 

0.25495 

03217 

01385 

63156 

911 

1.314 

0.96720 

86195 

23159 

62656 

736 

0.25398 

32402 

34673 

43517 

173 

1.315 

0. 96746 

21191 

16794 

3Q0B5 

794 

0.25301 

59047 

84742 

16937 

022 

1.316 

0.96771 

46512 

48390 

48019 

478 

0,25204 

83163 

18927 

20348 

457 

1. 317 

0.96796 

62156 

65416 

05402 

607 

0.25108 

04758 

04816 

92269 

738 

1. 318 

0. 96821 

68121 

16306 

62628 

991 

0.25011 

23842 

10251 

76046 

556 

1. 319 

0, 96846 

64403 

50465 

76697 

879 

0.24914 

40425 

03323 

23067 

996 

1.320 

0. 96871 

51001 

18265 

26273 

590 

0.24817 

54516 

52372 

95957 

398 

1.321 

0. 96896 

27911 

71045 

36648 

340 

0.24720 

66126 

25991 

71738 

199 

1.322 

0.96920 

95132 

61115 

04608 211 

0. 24623 

75263 

93018 

44974 

865 

1. 323 

0.96945 

52661 

41752 

23202 

252 

0.24526 

81939 

22539 

30889 

004 

1. 324 

0.96970 

00495 

67204 

06414 

685 

0.24429 

86161 

83886 

68450 

760 

1. 325 

0. 96994 

38632 

92687 

13740 

188 

0. 24332 

87941 

46638 

23445 

582 

1. 326 

0.97018 

67070 

74387 

74662 

236 

0. 24235 

87287 

80615 

91516 

463 

1. 327 

0.97042 

85806 

69462 

13034 

465 

0.24138 

84210 

55885 

01181 

759 

1. 328 

0.97066 

94838 

36036 

71365 

051 

0.24041 

78719 

42753 

16828 

662 

1.329 

0.97090 

94163 

33208 

35004 

060 

0.23944 

70824 

11769 

41682 

448 

1.330 

0.97114 

83779 

21044 

56233 

768 

0.23847 

60534 

33723 

20751 

578 

1.331 

0.97138 

63683 

60583 

78261 

900 

0.23750 

47859 

79643 

43748 

768 

1. 332 

0.97162 

33874 

13835 

59117 

786 

0.23653 

32810 

20797 

47988 

097 

1.333 

0.97185 

94348 

43780 

95451 

405 

0.23556 

15395 

28690 

21258 

288 

1. 334 

0. 97209 

45104 

14372 

46235 

282 

0. 23458 

95624 

75063 

04672 

221 

1.335 

0. 97232 

86138 

90534 

56369 

230 

0.23361 

73508 

31892 

95492 

805 

1.336 

0.97256 

17450 

38163 

80187 

900 

0.23264 

49055 

71391 

49935 

286 

1.337 

0.97279 

39036 

24129 

04871 

129 

0.23167 

22276 

66003 

85946 

099 

1.338 

0.97302 

50894 

16271 

73757 

0A6 

0.23069 

93180 

88407 

85958 

358 

1.339 

0.97325 

53021 

83406 

09557 

931 

0.22972 

61778 

11512 

99624 

085 

1.340 

0.97348 

45416 

95319 

37478 

787 

0.22875 

28078 

08459 

46523 

264 

1.341 

0. 97371 

28077 

22772 

08238 

616 

0.22777 

92090 

52617 

18849 

831 

1.342 

0.97394 

01000 

37498 

2-0994 

365 

0.22680 

53825 

17584 

84074 

691 

1.343 

0. 97416 

64184 

12205 

46167 

522 

0.22583 

13291 

77188 

87585 

859 

1. 344 

0.97439 

17626 

20575 

48173 

349 

0.22485 

70500 

05482 

55305 

819 

1. 345 

0.97461 

61324 

37264 

08052 

713 

0.22388 

25459 

76744 

96286 

212 

1. 346 

0.97483 

95276 

37901 

46006 

501 

0. 22290 

78180 

65480 

05279 

929 

1. 347 

0.97506 

19479 

99092 

43832 

603 

0.22193 

28672 

46415 

65290 

729 

1.348 

0. 97528 

33932 

98416 

67265 

423 

0. 22095 

76944 

94502 

50100 

463 

1.349 

0.97550 

38633 

14428 

88217 

916 

0.21998 

23007 

84913 

26774 

007 

1.350 

0.97572 

33578 

26659 

06926 

111 

0.21900 

66870 

93041 

58142 

002 





ELEMENTARY TRANSCENDENTAL FUNCTIONS 
CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


1.350 

0.97572 

33578 

26659 

06926 

111 

0.21900 

66870 

93041 

58142 

002 

1.351 

0.97594 

18766 

15612 

73996 

110 

0.21803 

08543 

94501 

05261 

504 

1.352 

0. 97615 

94194 

62771 

12353 

536 

0.21705 

48036 

65124 

29854 

627 

1.353 

0. 97637 

59861 

50591 

39095 

407 

0.21607 

85358 

80961 

96725 

291 

i. 354 

0. 97659 

15764 

62506 

87244 

418 

0.21510 

20520 

18281 

76154 

163 

1.355 

0.97680 

61901 

82927 

27405 

609 

0.21412 

53530 

53567 

46271 

899 

1.356 

0.97701 

98270 

97238 

89325 

386 

0.21314 

84399 

63517 

95410 

772 

1.357 

0. 97723 

24869 

91804 

83352 

894 

0.21217 

13137 

25046 

24434 

790 

1.358 

0.97744 

41696 

53965 

21803 

706 

0.21119 

39753 

15278 

49048 

406 

1.359 

0.97765 

48748 

72037 

40225 

805 

0.21021 

64257 

11553 

02083 

908 

1.360 

0. 97786 

46024 

35316 

18567 

849 

0.20923 

86658 

91419 

35767 

598 

1. 361 

0.97807 

33521 

34074 

02249 

690 

0.20826 

06968 

32637 

23964 

842 

1. 362 

0. 97828 

11237 

59561 

23135 

125 

0.20728 

25195 

13175 

64404 

112 

1.363 

0. 97848 

79171 

04006 

20406 

864 

0.20630 

41349 

11211 

80880 

089 

1.364 

0.97869 

37319 

60615 

61343 

685 

0.20532 

55440 

05130 

25435 

952 

1. 365 

0. 97889 

85681 

23574 

61999 

774 

0.20434 

67477 

73521 

80524 

932 

1.366 

0. 97910 

24253 

88047 

07786 

196 

0.20336 

77471 

95182 

61151 

240 

1.367 

0. 97930 

53035 

50175 

73954 

516 

0.20238 

85432 

49113 

16990 

457 

1.368 

0.97950 

72024 

07082 

45982 

521 

0.20140 

91369 

14517 

34489 

495 

1.369 

0.97970 

81217 

56868 

39862 

027 

0.20042 

95291 

70801 

38946 

217 

1. 370 

0.97990 

80613 

98614 

22288 

769 

0.19944 

97209 

97572 

96568 

820 

1. 371 

0. 98010 

70211 

32380 

30754 

328 

0. 19846 

97133 

74640 

16515 

079 

1. 372 

0. 98030 

50007 

59206 

93540 

094 

0. 19748 

95072 

82010 

52911 

545 

1.373 

0.98050 

20000 

81114 

49613 

233 

0. 19650 

91036 

99890 

06852 

798 

1.374 

0. 98069 

80189 

01103 

68424 

652 

0. 19552 

85036 

08682 

28380 

853 

1.375 

0. 98089 

30570 

23155 

69608 

920 

0. 19454 

77079 

88987 

18444 

822 

1.376 

0.98108 

71142 

52232 

42586 

155 

0. 19356 

67178 

21600 

30840 

918 

1.377 

0.98128 

01903 

94276 

66065 

826 

0.19258 

55340 

87511 

74132 

912 

1. 378 

0.98147 

22852 

56212 

27452 

479 

0.19160 

41577 

67905 

13553 

129 

1. 379 

0. 98166 

33986 

45944 

42153 

343 

0. 19062 

25898 

44156 

72884 

094 

1. 380 

0.98185 

35303 

72359 

72787 

813 

0.18964 

08312 

97834 

36320 

915 

1. 381 

0.98204 

26802 

45326 

48298 

791 

0. 18865 

88831 

10696 

50314 

508 

1. 382 

0.98223 

08480 

75694 

82965 

850 

0. 18767 

67462 

64691 

25395 

757 

1. 383 

0. 98241 

80336 

75296 

95320 

221 

0.18669 

44217 

41955 

37980 

715 

1.384 

0. 98260 

42368 

56947 

26961 

571 

0. 18571 

19105 

24813 

32156 

930 

1. 385 

0.98278 

94574 

34442 

61276 

561 

0.18472 

92135 

95776 

21451 

016 

1. 386 

0. 98297 

36952 

22562 

42059 

162 

0. 18374 

63319 

37540 

90577 

542 

1.387 

0. 98315 

69500 

37068 

92032 

708 

0.18276 

32665 

32988 

97169 

360 

1.388 

0.98333 

92216 

94707 

31273 

673 

0.18178 

00183 

65185 

73489 

451 

1.389 

0.98352 

05100 

13205 

95537 

148 

0. 18079 

65884 

17379 

28124 

404 

1.390 

0. 98370 

08148 

11276 

54484 

004 

0. 17981 

29776 

72999 

47659 

616 

1.391 

0. 98388 

01359 

08614 

29809 

722 

0.17882 

91871 

15656 

98336 

311 

1.392 

0. 98405 

84731 

25898 

13274 

870 

0. 17784 

52177 

29142 

27690 

484 

1. 393 

0. 98423 

58262 

84790 

84637 

207 

0.17686 

10704 

97424 

66173 

860 

1. 394 

0. 98441 

21952 

07939 

29485 

405 

0. 17587 

67464 

04651 

28756 

976 

1. 39-5 

0. 98458 

75797 

18974 

56974 

360 

0.17489 

22464 

35146 

16514 

467 

1. 396 

0.98476 

19796 

42512 

17462 

083 

0. 17390 

75715 

73409 

18192 

681 

1. 397 

0. 98493 

53948 

04152 

20048 

145 

0.17292 

27228 

04115 

11759 

690 

1. 398 

0. 98510 

78250 

30479 

50013 

670 

0.17193 

77011 

12112 

65937 

830 

1. 399 

0.98527 

92701 

49063 

86162 

846 

0.17095 

25074 

82423 

41718 

833 

1. 400 

0.98544 


88460 

18065 

947 

0.16996 


00240 

93861 

675 



97299^ 

[ ( r 

] 



71429^ 


] 
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Table 


x 

1.400 
1. 401 

1.402 

1.403 

1.404 

1. 405 
1. 406 

1.407 

1.408 

1.409 

1.410 

1.411 
1. 412 
1. 413 
1. 414 

1. 415 

1.416 

1.417 

1.418 

1.419 

1.420 
1. 421 
1. 422 
1. 423 
1.424 

1. 425 
1.426 
1. 427 

1.428 

1.429 

1.430 

1.431 

1.432 

1.433 

1.434 

1. 435 

1.436 

1.437 

1.438 
1. 439 

1.440 

1.441 
1. 442 
1. 443 
1. 444 

1. 445 
1. 446 
1. 447 
1.448 
1. 449 

1.450 


4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS 


sin x 


cos x 


0. 98544 

97299 

88460 

18065 

947 

0.16996 

71429 

00240 

93861 

675 

0. 98561 

92043 

78208 

63203 840 

0.16898 

16083 

50929 

72373 

233 

0. 98578 

76931 

48834 

84013 

966 

0. 16799 

59048 

20024 

23971 

842 

0.98595 

51961 

31850 

04837 

776 

0.16701 

00332 

93227 

93533 

854 

0. 98612 

17131 

59751 

28769 

609 

0.16602 

39947 

56412 

25523 

303 

0. 98628 

72440 

66021 

54406 

982 

0.16503 

77901 

95615 

65404 

770 

0. 98645 

17886 

85129 

92502 

294 

0. 16405 

14205 

97042 

61039 

544 

0. 98661 

53468 

52531 

82515 

912 

0.16306 

48869 

47062 

64065 

184 

0. 98677 

79184 

04669 

09070 

631 

0. 16207 

81902 

32209 

31258 

571 

0. 98693 

95031 

78970 

18307 486 

0.16109 

13314 

39179 

25882 

568 

0. 98710 

01010 

13850 

34142 

909 

0.16010 

43115 

54831 

19016 

356 

0. 98725 

97117 

48711 

74427 

198 

0.15911 

71315 

66184 

90869 

577 

0.98741 

83352 

23943 

67004 

304 

0.15812 

97924 

60420 

32080 

359 

0.98757 

59712 

80922 

65672 

895 

0.15714 

22952 

24876 

44997 

336 

0.98773 

26197 

62012 

66048 

706 

0.15615 

46408 

47050 

44945 

751 

0. 98788 

82805 

10565 21328 

142 

0.15516 

68303 

14596 

61477 

752 

0.98804 

29533 

70919 

57953 

120 

0.15417 

88646 

15325 

39606 967 

0. 98819 

66381 

88402 

91177 

144 

0.15319 

07447 

37202 

41027 

471 

0. 98834 

93348 09330 40532 

586 

0.15220 

24716 

68347 

45317 

231 

0.98850 

10430 

81005 

45199 

170 

0.15121 

40463 

97033 

51126 

135 

0.98865 

17628 

51719 

79273 

627 

0. 15022 

54699 

11685 

77348 

698 

0.98880 

14939 

70753 

66940 

521 

0.14923 

67432 

00880 

64281 

559 

0.98895 

02362 

88375 

97544 

222 

0. 14824 

78672 

53344 

74765 

840 

0. 98909 

79896 

55844 

40562 

021 

0.14725 

88430 

57953 

95314 

499 

0.98924 

47539 

25405 

60478 

351 

0.14626 

96716 

03732 

37224 

747 

0.98939 

05289 

50295 

31560 

129 

0.14528 

03538 

79851 

37675 

648 

0.98953 

53145 

84738 

52533 

174 

0.14429 

08908 

75628 

60810 

986 

0. 98967 

91106 

83949 

61159 

714 

0.14330 

12835 

80526 

98807 

514 

0. 98982 

19171 

04132 

48716 

941 

0. 14231 

15329 

84153 

72928 

666 

0.98996 

37337 

02480 74376 619 

0.14132 

16400 

76259 

34563 848 

0. 99010 

45603 

37177 

79485 

729 

0.14033 

16058 

46736 

66253 

390 

0.99024 

43968 

67397 

01748 

121 

0.13934 

14312 

85619 

82699 

275 

0. 99038 

32431 

53301 

89307 

176 

0. 13835 

11173 

83083 

31761 

733 

0. 99052 

10990 

56046 

14729 

460 

0.13736 

06651 

29440 

95441 

799 

0. 99065 

79644 

37773 

88889 

346 

0.13637 

00755 

15144 

90849 

940 

0. 99079 

38391 

61619 

74754 

605 

0.13537 

93495 

30784 

71160 

849 

0.99092 

87230 

91709 

01072 

941 

0.13438 

84881 

67086 

26554 

495 

0.99106 

26160 93157 

75959 

459 

0. 13339 

74924 

14910 

85143 

546 

0.99119 

55180 

32073 

00385 

060 

0.13240 

63632 

65254 

13887 

244 

0. 99132 

74287 

75552 

81565 

735 

0.13141 

51017 

09245 

19491 

852 

0. 99145 

83481 

91686 

46252 

760 

0.13042 

37087 

38145 

49297 

752 

0.99158 

82761 

49554 

53923 

766 

0.12943 

21853 

43347 

92153 306 

0.99171 

72125 

19229 

09874 

676 

0.12844 

05325 

16375 

79275 

576 

0.99184 

51571 

71773 

78212 

505 

0.12744 

87512 

48881 

85098 

002 

0.99197 

21099 

79243 

94748 

990 

0.12645 

68425 

32647 

28105 

135 

0. 99209 

80708 

14686 

79795 

055 

0.12546 

48073 

59580 

71654 

525 

0. 99222 

30395 

52141 

50856 

088 

0.12447 

26467 

21717 

24785 

871 

0. 99234 

70160 

66639 

35228 

024 

0. 12348 

03616 

11217 

43017 

513 

0.99247 

00002 

34203 

82494 

216 

0.12248 

79530 

20366 

29130 

391 

0. 99259 

19919 

31850 

76923 

086 

0.12149 

54219 

41572 

33939 

548 

0.99271 

29910 

37588 

49766 

535 

0.12050 

27693 

67366 

57053 287 



[ ( T 

] 




[ ( r 

] 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


1.450 

0. 99271 

29910 

37588 

49766 

535 

0. 12050 

27693 

67366 

57053 

287 

1.451 

0. 99283 

29974 

30417 

91459 

118 

0.11950 

99962 

90401 

47620 

080 

1. 452 

0.99295 

20109 

90332 

63717 

946 

0.11851 

71037 

03450 

05063 

327 

1. 453 

0.99307 

00315 

98319 

11543 

325 

0.11752 

40925 

99404 

79804 

068 

1.454 

0. 99318 

70591 

36356 

75120 

114 

0.11653 

09639 

71276 

73971 

735 

1.455 

0. 99330 

30934 

87418 

01619 

777 

0.11553 

77188 

12194 

42103 

061 

1.456 

0.99341 

81345 

35468 

56903 

143 

0.11454 

43581 

15402 

91829 

237 

1. 457 

0. 99353 

21821 

65467 

37123 

830 

0.11355 

08828 

74262 

84551 

407 

1.458 

0. 99364 

52362 

63366 

80232 

355 

0.11255 

72940 

82249 

36104 

618 

1.459 

0. 99375 

72967 

16112 

77380 

893 

0.11156 

35927 

32951 

17410 

313 

1. 460 

0. 99386 

83634 

11644 

84228 

683 

0.11056 

97798 

20069 

55117 

465 

1.461 

0. 99397 

84362 

38896 

32148 

075 

0.10957 

58563 

37417 

32232 

463 

1. 462 

0. 99408 

75150 

87794 

39331 

194 

0. 10858 

18232 

78917 

88737 

835 

1. 463 

0.99419 

55998 

49260 

21797 

223 

0. 10758 

76816 

38604 

22199 

915 

1. 464 

0. 99430 

26904 

15209 

04300 

286 

0.10659 

34324 

10617 

88365 

556 

1.465 

0. 99440 

87866 

78550 

31137 

923 

0. 10559 

90765 

89208 

01747 

983 

1.466 

0. 99451 

38885 

33187 

76860 

141 

0.10460 

46151 

68730 

36201 

884 

1. 467 

0.99461 

79958 

74019 

56879 

043 

0. 10361 

00491 

43646 

25487 

846 

1. 468 

0. 99472 

11085 

96938 

37979 

012 

0. 10261 

53795 

08521 

63826 

230 

1.469 

0. 99482 

32265 

98831 

48727 

437 

0.10162 

06072 

58026 

06440 

584 

1. 470 

0.99492 

43497 

77580 

89785 

993 

0. 10062 

57333 

86931 

70090 

698 

1. 471 

0. 99502 

44780 

32063 

44122 

430 

0. 09963 

07588 

90112 

33595 

391 

1.472 

0. 99512 

36112 

62150 

87122 

898 

0. 09863 

56847 

62542 

38345 

147 

1. 473 

0.99522 

17493 

68709 

96604 

762 

0. 09764 

05119 

99295 

88804 

678 

1.474 

0. 99531 

88922 

53602 

62729 

932 

0. 09664 

52415 

95545 

53005 

525 

1.475 

0. 99541 

50398 

19685 

97818 

664 

0. 09564 

98745 

46561 

63028 

806 

1.476 

0.99551 

01919 

70812 

46063 

854 

0. 09465 

44118 

47711 

15478 

186 

1. 477 

0.99560 

43486 

11829 

93145 

787 

0.09365 

88544 

94456 

71943 

189 

1. 478 

0. 99569 

75096 

48581 

75747 

356 

0. 09266 

32034 82355 

59452 

948 

1. 479 

0.99578 

96749 

87906 

90969 

720 

0.09166 

74598 

07058 

70920 

484 

1.480 

0.99588 

08445 

37640 

05648 

408 

0. 09067 

16244 

64309 

65577 

623 

1.481 

0. 99597 

10182 

06611 

65569 

851 

0.08967 

56984 

49943 

69400 

641 

1.482 

0. 99606 

01959 

04648 

04588 

337 

0.08867 

96827 

59886 

75526 

752 

1. 483 

0.99614 

83775 

42571 

53643 

374 

0. 08768 

35783 

90154 

44661 

519 

1. 484 

0.99623 

55630 

32200 

49677 

461 

0.08668 

73863 

36851 

05477 

303 

1. 485 

0. 99632 

17522 

86349 

44454 

246 

0.08569 

11075 

96168 

55002 

845 

1.486 

0. 99640 

69452 

18829 

13277 

079 

0.08469 

47431 

64385 

59004 

070 

1.487 

0. 99649 

11417 

44446 

63607 

933 

0.08369 

82940 

37866 

52356 

240 

1.488 

0. 99657 

43417 

79005 

43586 

693 

0. 08270 

17612 

13060 

39407 

518 

1.489 

0. 99665 

65452 

39305 

50450 

815 

0.08170 

51456 

86499 

94334 

076 

1. 490 

0. 99673 

77520 

43143 

38855 

320 

0. 08070 

84484 

54800 

61486 

832 

1. 491 

0.99681 

79621 

09312 

29093 

143 

0.07971 

16705 

14659 

55729 

907 

1. 492 

0.99689 

71753 

57602 

15215 

811 

0. 07871 

48128 

62854 

62770 

926 

1. 493 

0.99697 

53917 

08799 

73054 

448 

0.07771 

78764 

96243 

39483 

234 

1.494 

0. 99705 

26110 

84688 

68141 

099 

0.07672 

08624 

11762 

14220 

152 

1.495 

0. 99712 

88334 

08049 

63530 

364 

0.07572 

37716 

06424 

87121 

354 

1. 496 

0. 99720 

40586 

02660 

27521 

334 

0. 07472 

66050 

77322 

30411 

478 

1. 497 

0. 99727 

82865 

93295 

41279 

821 

0.07372 

93638 

21620 

88691 

060 

1. 498 

0. 99735 

15173 

05727 

06360 

877 

0.07273 

20488 

36561 

79219 

898 

1.499 

0. 99742 

37506 

66724 

52131 

595 

0.07173 

46611 

19459 

92192 

943 

1.500 

0. 99749 

49866 

04054 

43094 

172 

0.07073 

72016 

67702 

91008 

819 
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x sin x cos x 


1.500 

0.99749 

49866 

04054 

43094 

172 

0. 07073 

72016 

67702 

91008 

819 

1.501 

0. 99756 

52250 

46480 

86109 

251 

0.06973 

96714 

78750 

12531 

065 

1.502 

0.99763 

44659 

23765 

37519 

509 

0. 06874 

20715 

50131 

67342 

208 

1.503 

0.99770 

27091 

66667 

10173 

501 

0.06774 

44028 

79447 

39990 

761 

1. 504 

0.99776 

99547 

06942 

80349 

750 

0.06674 

66664 

64365 

89231 

245 

1.505 

0. 99783 

62024 

77346 

94581 

063 

0.06574 

88633 

02623 

48257 

343 

1. 506 

0.99790 

14524 

11631 

76379 

092 

0.06475 

09943 

92023 

24928 

268 

1.507 

0.99796 

57044 

44547 

32859 

104 

0. 06375 

30607 

30434 

01988 

470 

1.508 

0.99802 

89585 

11841 

61264 

976 

0.06275 

50633 

15789 

37280 

758 

1.509 

0.99809 

12145 

50260 

55394 

397 

0. 06175 

70031 

46086 

63952 

953 

1. 510 

0.99815 

24724 

97548 

11924 

274 

0.06075 

88812 

19385 

90658 

160 

1.511 

0.99821 

27322 

92446 

36636 

332 

0.05976 

06985 

33809 

01748 

769 

1.512 

0.99827 

19938 

74695 

50542 

912 

0.05876 

24560 

87538 

57464 

281 

1.513 

0. 99833 

02571 

85033 

95912 

947 

0. 05776 

41548 

78816 

94113 

053 

1. 514 

0. 99838 

75221 

65198 

42198 

118 

0.05676 

57959 

05945 

24248 

072 

1.515 

0. 99844 

37887 

57923 

91859 

188 

0. 05576 

73801 

67282 

36836 

851 

1.516 

0. 99849 

90569 

06943 

86092 

495 

0.05476 

89086 

61243 

97425 

545 

1.517 

0.99855 

33265 

56990 

10456 

612 

0. 05377 

03823 

86301 

48297 

399 

1.518 

0.99860 

65976 

53793 

00399 

163 

0. 05277 

18023 

40981 

08625 

609 

1.519 

0.99865 

88701 

44081 

46683 

784 

0.05177 

31695 

23862 

74620 

716 

1.520 

0.99871 

01439 

75583 

00717 

231 

0. 05077 

44849 

33579 

19672 

613 

1.521 

0. 99876 

04190 

97023 

79776 

634 

0. 04977 

57495 

68814 

94487 

284 

1.522 

0. 99880 

96954 

58128 

72136 

872 

0. 04877 

69644 

28305 

27218 

360 

1. 523 

0. 99885 

79730 

09621 

42098 

089 

0. 04777 

81305 

10835 

23593 

598 

1. 524 

0. 99890 

52517 

03224 

34913 

328 

0.04677 

92488 

15238 

67036 

388 

1. 525 

0.99895 

15314 

91658 

81616 

285 

0. 04578 

03203 

40397 

18782 

371 

1.526 

0.99899 

68123 

28645 

03749 

180 

0.04478 

13460 

85239 

17991 

291 

1.527 

0. 99904 

10941 

68902 

17990 

729 

0.04378 

23270 

48738 

81854 

166 

1.528 

0.99908 

43769 

68148 

40684 

234 

0. 04278 

32642 

29915 

05695 

871 

1.529 

0.99912 

66606 

83100 

92265 

762 

0. 04178 

41586 

27830 

63073 

262 

I. 530 

0. 99916 

79452 

71476 

01592 

427 

0.04078 

50112 

41591 

05868 

899 

1.531 

0. 99920 

82306 

91989 

10170 

755 

0. 03978 

58230 

70343 

64380 

513 

1.532 

0. 99924 

75169 

04354 

76285 

152 

0.03878 

65951 

13276 

47406 

277 

1.533 

0. 99928 

58038 

69286 

79026 

436 

0. 03778 

73283 

69617 

42326 

008 

1.534 

0. 99932 

30915 

48498 

22220 

463 

0.03678 

80238 

38633 

15178 

390 

1. 535 

0.99935 

93799 

04701 

38256 

819 

0.03578 

86825 

19628 

10734 

312 

1.536 

0. 99939 

46689 

01607 

91817 

592 

0.03478 

93054 

11943 

52566 

435 

1.537 

0.99942 

89585 

03928 

83506 

202 

0.03378 

98935 

14956 

43115 

073 

1.538 

0.99946 

22486 

77374 

53376 

306 

0.03279 

04478 

28078 

63750 

505 

1.539 

0. 99949 

45393 

88654 

84360 

752 

0.03179 

09693 

50755 

74831 

796 

1.540 

0.99952 

58306 

05479 

05600 

596 

0. 03079 

14590 

82466 

15762 

248 

1. 541 

0. 99955 

61222 

96555 

95674 

180 

0. 02979 

19180 

22720 

05041 

568 

1.542 

0. 99958 

54144 

31593 

85726 

242 

0. 02879 

23471 

71058 

40314 

858 

1. 543 

0.99961 

37069 

81300 

62497 

095 

0. 02779 

27475 

27051 

98418 

526 

1.544 

0. 99964 

09999 

17383 

71251 

832 

0.02679 

31200 

90300 

35423 

217 

1.545 

0. 99966 

72932 

12550 

18609 

586 

0. 02579 

34658 

60430 

86673 

867 

1.546 

0.99969 

25868 

40506 

75272 

821 

0. 02479 

37858 

37097 

66826 

971 

1.547 

0.99971 

68807 

75959 

78656 

660 

0. 02379 

40810 

19980 

69885 

184 

1.548 

0. 99974 

01749 

94615 

35418 

249 

0.02279 

43524 

08784 

69229 

328 

1.549 

0. 99976 

24694 

73179 

23886 

150 

0. 02179 

46010 

03238 

17647 

934 

1.550 

0.99978 

37641 

89356 

96389 

761 

0. 02079 

48278 

03092 

47364 

391 


m m 
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6 


x sin x cos x 


1.550 

0.99978 

37641 

89356 

96389 

761 

0. 02079 

48278 

03092 

47364 

391 

1.551 

0.99980 

40591 

21853 

81488 

767 

0.01979 

50338 

08120 

70061 

827 

1.552 

0. 99982 

33542 

50374 

86102 

606 

0.01879 

52200 

18116 

76905 

802 

1.553 

0. 99984 

16495 

55624 

97539 

966 

0. 01779 

53874 

32894 

38564 

929 

1. 554 

0. 99985 

89450 

19308 

85428 

298 

0.01679 

55370 

52286 

05229 

507 

1. 555 

0. 99987 

52406 

24131 

03543 

342 

0.01579 

56698 

76142 

06628 

284 

1. 556 

0.99989 

05363 

53795 

91538 

676 

0.01479 

57869 

04329 

52043 

433 

1. 557 

0. 99990 

48321 

93007 

76575 

277 

0.01379 

58891 

36731 

30323 

849 

1. 558 

0. 99991 

81281 

2f470 

74851 

093 

0. 01279 

59775 

73245 

09896 

874 

1.559 

0. 99993 

04241 

43888 

93030 

623 

0. 0117? 

60532 

13782 

38778 

533 

1.560 

0.99994 

17202 

29966 

29574 

517 

0. 01079 

61170 

58267 

44582 

392 

1. 561 

0. 99995 

20163 

74406 

75969 

172 

0. 00979 

61701 

06636 

34527 

146 

1.562 

0. 99996 

13125 

66914 

17856 

344 

0. 00879 

62133 

58835 

95443 

014 

1.563 

0. 99996 

96087 

98192 

36062 

758 

0.00779 

62478 

14822 

93777 

062 

1. 564 

0. 99997 

69050 

59945 

07529 

731 

0.00679 

62744 

74562 

75597 

546 

1. 565 

0. 99998 

32013 

44876 

06142 

794 

0. 00579 

62943 

38028 

66597 

372 

1.566 

0. 99998 

84976 

46689 

03461 

318 

0.00479 

63084 

05200 

72096 

784 

1.567 

0. 99999 

27939 

60087 

6934,8 

142 

0. 00379 

63176 

76064 

77045 

359 

1.568 

0. 99999 

60902 

80775 

72499 

201 

0.00279 

63231 

50611 

46023 

436 

1. 569 

0. 99999 

83866 

05456 

80873 

162 

0. 00179 

63258 

28835 

23243 

059 

1.570 

0.99999 

96829 

31834 

62021 

053 

+0. 00079 

63267 

10733 

32548 

541 

1. 571 

0. 99999 

99792 

58612 

83315 

895 

-0. 00020 

36732 

03695 

22583 

254 

1. 572 

0.99999 

92755 

85495 

12082 

337 

-0.00120 

36729 

14450 

59042 

804 

1.573 

0.99999 

75719 

13185 

15626 

285 

-0. 00220 

36714 

21533 

14087 

901 

1.574 

0.99999 

48682 

43386 

61164 

539 

-0. 00320 

36677 

24944 

45343 

613 

1.575 

0.99999 

11645 

78803 

15654 

423 

-0. 00420 

36608 

24688 

30802 

109 

1. 576 

0.99998 

64609 

23138 

45523 

419 

-0. 00520 

36497 

20771 

68822 

280 

1. 577 

0. 99998 

07572 

81096 

16298 

798 

-0.00620 

36334 

13205 

78129 

029 

1.578 

0.99997 

40536 

58379 

92137 

261 

-0. 00720 

36109 

02006 

97812 

142 

1.579 

0.99996 

63500 

61693 

35254 

568 

-0. 00820 

35811 

87197 

87324 

647 

1.580 

0.99995 

76464 

98740 

05255 

179 

-0. 00920 

35432 

68808 

26480 

539 

1. 581 

0. 99994 

79429 

78223 

58361 

895 

-0. 01020. 34961 

46876 

15451 

796 

1.582 

0. 99993 

72395 

09847 

46545 

499 

-0. 01120 

34388 

21448 

74764 

568 

1.583 

0. 99992 

55361 

04315 

16554 

408 

-0.01220 

33702 

92583 

45294 

454 

1. 584 

0.99991 

28327 

73330 

08844 

324 

-0. 01320 

32895 

60348 

88260 

743 

1.585 

0. 99989 

91295 

29595 

56407 

893 

-0. 01420 

31956 

24825 

85219 

553 

1. 586 

0.99988 

44263 

86814 

83504 

374 

-0. 01520 

30874 

86108 

38055 

737 

1.587 

0. 99986 

87233 

59691 

04289 

313 

-0. 01620 

29641 

44304 

68973 

475 

1.588 

0.99985 

20204 

63927 

21344 

232 

-0.01720 

28245 

99538 

20485 

440 

1.589 

0.99983 

43177 

16226 

24106 

322 

-0.01820 

26678 

51948 

55400 

452 

1.590 

0.99981 

56151 

34290 

87198 

158 

-0. 01920 

24929 

01692 

56809 

503 

1. 591 

0. 99979 

59127 

36823 

68657 

422 

-0. 02020 

22987 

48945 

28070 

065 

1.592 

0. 99977 

52105 

43527 

08066 

646 

-0. 02120 

20843 

93900 

92788 

583 

1.593 

0. 99975 

35085 

75103 

24582 

972 

-0. 02220 

18488 

36773 

94801 

039 

1.594 

0. 99973 

08068 

53254 

14867 

933 

-0. 02320 

15910 

77799 

98151 

502 

1. 595 

0. 99970 

71054 

00681 

50917 

259 

-0.02420 

13101 

17236 

87068 

552 

1.596 

0. 99968 

24042 

41086 

77790 

702 

-0. 02520 

10049 

55365 

65939 

492 

1. 597 

0.99965 

67033 

99171 

11241 

891 

-0. 02620 

06745 

92491 

59282 

234 

1. 598 

0. 99963 

00029 

00635 

35248 

219 

-0. 02720 

03180 

28945 

11714 

764 

1.599 

0. 99960 

23027 

72179 

99440 

759 

-0. 02819 

99342 

65082 

87922 

093 

1. 600 

0.99957 

36030 

41505 

16434 

211 

-0. 02919 

95223 

01288 

72620 

577 



r(-9)3i 

L 7 J 

L 7 J 


For c>1.6 see Example 16. 

1=1.57079 63267 94896 61923 132 *=3.14159 26535 89793 23846 264 
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RADIX TABLE OF CIRCULAR SINES AND COSINES 


.)• 

V 


sin .rlO' 

-n 




20S i'10 

i-ii 


1 

10 

0.00000 

00001 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99999 

50000 

2 

10 

0.00000 

00002 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99998 

ooooo 

3 

10 

0. 00000 

00003 

ooooo 

ooooo 

ooooo • 

0. 99999 

99999 

99999 

99995 

50000 

4 

10 

0. 00000 

00004 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99992 

ooooo 

5 

10 

0. 00000 

00005 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99987 

50000 

6 

10 

0.00000 

00006 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99982 

OOOOO 

7 

10 

0. 00000 

00007 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99975 

50000 

8 

10 

0. 00000 

00008 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99968 

ooooo 

9 

10 

0. 00000 

00009 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99959 

50000 

1 

9 

0.00000 

00010 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99950 

ooooo 

2 

9 

0. 00000 

00020 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99800 

ooooo 

3 

9 

0.00000 

00030 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99550 

ooooo 

4 

9 

0.00000 

00040 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99200 

ooooo 

5 

9 

0. 00000 

00050 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

98750 

ooooo 

6 

9 

0. 00000 

00060 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

98200 

ooooo 

7 

9 

0.00000 

00069 

99999 

99999 

99999 

0.99999 

99999 

99999 

97550 

ooooo 

8 

9 

0. 00000 

00079 

99999 

99999 

99999 

0.99999 

99999 

99999 

96800 

ooooo 

9 

9 

0.00000 

00089 

99999 

99999 

99999 

0.99999 

99999 

99999 

95950 

ooooo 

1 

8 

0.00000 

00099 

99999 

99999 

99998 

0.99999 

99999 

99999 

95000 

ooooo 

2 

8 

0.00000 

00199 

99999 

99999 

99987 

0.99999 

99999 

99999 

80000 

ooooo 

3 

8 

0.00000 

00299 

99999 

99999 

99955 

0. 99999 

99999 

99999 

55000 

ooooo 

4 

8 

0.00000 

00399 

99999 

99999 

99893 

0.99999 

99999 

99999 

20000 

ooooo 

5 

8 

0. 00000 

00499 

99999 

99999 

99792 

0.99999 

99999 

99998 

75000 

ooooo 

6 

8 

0.00000 

00599 

99999 

99999 

99640 

0.99999 

99999 

99998 

20000 

ooooo 

7 

8 

0. 00000 

00699 

99999 

99999 

99428 

0. 99999 

99999 

99997 

55000 

ooooo 

8 

8 

0. 00000 

00799 

99999 

99999 

99147 

0.99999 

99999 

99996 

80000 

ooooo 

9 

8 

0.00000 

00899 

99999 

99999 

98785 

0.99999 

99999 

99995 

95000 

ooooo 

1 

7 

0.00000 

00999 

99999 

99999 

98333 

0.99999 

99999 

99995 

ooooo 

ooooo 

2 

7 

0.00000 

01999 

99999 

99999 

86667 

0.99999 

99999 

99980 

ooooo 

ooooo 

3 

7 

0.00000 

02999 

99999 

99999 

55000 

0.99999 

99999 

99955 

ooooo 

ooooo 

4 

7 

0.00000 

03999 

99999 

99998 

93333 

0.99999 

99999 

99920 

ooooo 

ooooo 

5 

7 

0.ooooo 

04999 

99999 

99997 

91667 

0.99999 

99999 

99875 

ooooo 

ooooo 

6 

7 

0.00000 

05999 

99999 

99996 

40000 

0. 99999 

99999 

99820 

ooooo 

ooooo 

7 

7 

0.00000 

06999 

99999 

99994 

28333 

0.99999 

99999 

99755 

ooooo 

ooooo 

8 

7 

0.00000 

07999 

99999 

99991 

46667 

0.99999 

99999 

99680 

ooooo 

ooooo 

9 

7 

0.ooooo 

08999 

99999 

99987 

85000 

0.99999 

99999 

99595 

ooooo 

ooooo 

1 

6 

o.ooooo 

09999 

99999 

99983 

33333 

0.99999 

99999 

99500 

ooooo 

ooooo 

2 

6 

o.ooooo 

19999 

99999 

99866 

66667 

0.99999 

99999 

98000 

ooooo 

00007 

3 

6 

o.ooooo 

29999 

99999 

99550 

ooooo 

0.99999 

99999 

95500 

ooooo 

00034 

4 

6 

o.ooooo 

39999 

99999 

98933 

33333 

0.99999 

99999 

92000 

ooooo 

00107 

5 

6 

o.ooooo 

49999 

99999 

97916 

66667 

0.99999 

99999 

87500 

ooooo 

00260 

6 

6 

0.00000 

59999 

99999 

96400 

ooooo 

0.99999 

99999 

82000 

ooooo 

00540 

7 

6 

o.ooooo 

69999 

99999 

94283 

33333 

0.99999 

99999 

75500 

ooooo 

01000 

8 

6 

o.ooooo 

79999 

99999 

91466 

66667 

0.99999 

99999 

68000 

ooooo 

01707 

9 

6 

0. 00000 

89999 

99999 

87850 

ooooo 

0.99999 

99999 

59500 

ooooo 

02734 

1 

5 

0.00000 

99999 

99999 

83333 

33333 

0.99999 

99999 

50000 

ooooo 

04167 

2 

5 

0.00001 

99999 

99998 

66666 

66667 

0.99999 

99998 

0000Q 

ooooo 

66667 

3 

5 

0.00002 

99999 

99995 

50000 

00002 

0. 99999 

99995 

50000 

00003 

37500 

4 

5 

0.00003 

99999 

99989 

33333 

33342 

0.99999 

99992 

ooooo 

00010 

66667 

5 

5 

0.00004 

99999 

99979 

16666 

66693 

0.99999 

99987 

50000 

00026 

04167 

6 

5 

0. 00005 

99999 

99964 

ooooo 

00065 

0.99999 

99982 

ooooo 

00054 

ooooo 

7 

5 

0. 00006 

99999 

99942 

83333 

33473 

0.99999 

99975 

50000 

00100 

04167 

8 

5 

0.00007 

99999 

99914 

66666 

66940 

0.99999 

99968 

ooooo 

00170 

66667 

9 

5 

0.00008 

99999 

99878 

50000 

00492 

0.99999 

99959 

50000 

00273 

37500 

1 

4 

0. 00009 

99999 

99833 

33333 

34167 

0.99999 

99950 

OOOOO 

00416 

66667 

2 

4 

0.00019 

99999 

98666 

66666 

93333 

0.99999 

99800 

00000 

06666 

66666 

3 

4 

0.00029 

99999 

95500 

00002 

02500 

0.99999 

99550 

ooooo 

33749 

99990 

4 

4 

0.00039 

99999 

89333 

33341 

86667 

0.99999 

99200 

00001 

06666 

66610 

5 

4 

0. 00049 

99999 

79166 

66692 

70833 

0.99999 

98750 

00002 

60416 

66450 

6 

4 

0.00059 

99999 

64000 

00064 

80000 

0.99999 

98200 

00005 

39999 

99352 

7 

4 

0.00069 

99999 

42833 

33473 

39167 

0.99999 

97550 

0001D 

00416 

65033 

8 

4 

0.00079 

99999 

14666 

66939 

73333 

0.99999 

96800 

00017 

06666 

63026 

9 

4 

0.00089 

99998 

78500 

00492 

07499 

0.99999 

95950 

00027 

33749 

92619 

1 

3 

0. 00099 

99998 

33333 

34166 

66665 

0.99999 

95000 

00041 

66666 

52778 


For n >10, sin ;rl0-« = .rl(M; cos .t10-« = 1 - g *>210— 2 » ; to 25D. 

From C. E. Van Orstrand, Tables of tKe exponential function and of the circular sine and cosine to 
radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth Memoir. U.S. 
Government Printing Office, Washington, D.C., 1921 (with permission). 
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CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS Table 4.8 


sin x cos x 


0 

0. 00000 

00000 

00000 

00000 

000 

1.00000 

00000 

00000 

00000 

000 

1 

+0. 84147 

09848 

07896 

50665 

250 

+0. 54030 

23058 

68139 

71740 

094 

2 

+0.90929 

74268 

25681 

69539 

602 

-0.41614 

68365 

47142 

38699 

757 

3 

+0.14112 

00080 

59867 

22210 

074 

-0. 98999 

24966 

00445 

45727 

157 

4 

-0.75680 

24953 

07928 

25137 

264 

-0. 65364 

36208 

63611 

91463 

917 

5 

-0.95892 

42746 

63138 

46889 

315 

+0.28366 

21854 

63226 

26446 

664 

6 

-0. 27941 

54981 

98925 

87281 

156 

+0.96017 

02866 

50366 

02054 

565 

7 

+0. 65698 

65987 

18789 

09039 

700 

+0. 75390 

22543 

43304 

63814 

120 

8 

+0.98935 

82466 

23381 

77780 

812 

-0.14550 

00338 

08613 

52586 

884 

9 

+0.41211 

84852 

41756 

56975 

627 

-0.91113 

02618 

84676 

98836 829 

10 

-0.54402 

11108 

89369 

81340 

475 

-0. 83907 

15290 

76452 

45225 

886 

11 

-0.99999 

02065 

50703 

45705 

156 

+0. 00442 

56979 

88050 

78574 

836 

12 

-0. 53657 

29180 

00434 

97166 

537 

+0.84385 

39587 

32492 

10465 

396 

13 

+0. 42016 

70368 

26640 

92186 

896 

+0. 90744 

67814 

50196 

21385 

269 

14 

+0. 99060 

73556 

94870 

30787 

535 

+0. 13673 

72182 

07833 

59424 

893 

15 

+0.65028 

78401 

57116 

86582 

974 

-0. 75968 

79128 

58821 

27384 

815 

16 

-0. 28790 

33166 

65065 

29478 

446 

-0. 95765 

94803 

23384 

64189 

964 

17 

-0.96139 

74918 

79556 

85726 

164 

-0. 27516 

33380 

51596 

92222 

034 

18 

-0. 75098 

72467 

71676 

10375 

016 

+0. 66031 

67082 

44080 

14481 

610 

19 

+0. 14987 

72096 

62952 

32975 

424 

+0. 98870 

46181 

86669 

25289 

835 

20 

+0. 91294 

52507 

27627 

65437 

610 

+0. 40808 

20618 

13391 

98606 227 

21 

+0. 83665 

56385 

36056 

03186 

648 

-0.54772 

92602 

24268 

42138 

427 

22 

-0.00885 

13092 

90403 

87592 

169 

-0.99996 

08263 

94637 

12645 

417 

23 

-0. 84622 

04041 

75170 

63524 

133 

-0. 53283 

30203 

33397 

55521 

576 

24 

-0. 90557 

83620 

06623 

84513 

579 

+0. 42417 

90073 

36996 

97593 705 

25 

-0. 13235 

17500 

97773 

02890 

201 

+0. 99120 

28118 

63473 

59808 

329 

26 

+0.76255 

84504 

79602 

73751 

582 

+0. 64691 

93223 

28640 

34272 

138 

27 

+0. 95637 

59284 

04503 

01343 

254 

-0. 29213 

88087 

33836 

19337 

140 

28 

+0.27090 

57883 

07869 

01998 

634 

-0. 96260 

58663 

13566 

60197 

545 

29 

-0. 66363 

38842 

12967 

50215 

117 

-0. 74805 

75296 

89000 

35176 

519 

30 

-0. 98803 

16240 

92861 

78998 

775 

+0. 15425 

14498 

87584 

05071 

866 

31 

-0. 40403 

76453 

23065 

00604 

877 

+0. 91474 

23578 

04531 

27896 

244 

32 

+0.55142 

66812 

41690 

55066 

156 

+0. 83422 

33605 

06510 

27221 

553 

33 

+0. 99991 

18601 

07267 

14572 

808 

-0.01327 

67472 

23059 

47891 

522 

34 

+0. 52908 

26861 

20023 

82083 

249 

-0. 84857 

02747 

84605 

18659 

997 

35 

-0. 42818 

26694 

96151 

00440 

675 

-0. 90369 

22050 

91506 

75984 

730 

36 

-0. 99177 

88534 

43115 

73683 

529 

-0. 12796 

36896 

27404 

68102 

833 

37 

-0. 64353 

81333 

56999 

46068 

567 

+0. 76541 

40519 

45343 

35649 

108 

38 

+0.29636 

85787 

09385 

31739 

230 

+0.95507 

36440 

47294 

85758 

654 

39 

+0. 96379 

53862 

84087 

75326 

066 

+0. 26664 

29323 

59937 

25152 

683 

40 

+0.74511 

31604 

79348 

78698 

771 

-0. 66693 

80616 

52261 

84438 

409 

41 

-0. 15862 

26688 

04708 

98710 

332 

-0.98733 

92775 

23826 

45822 

883 

42 

-0. 91652 

15479 

15633 

78589 

899 

-0. 39998 

53149 

88351 

29395 

471 

43 

-0. 83177 

47426 

28598 

28820 

958 

+0. 55511 

33015 

20625 

67704 

483 

44 

+0. 01770 

19251 

05413 

57780 

795 

+0. 99984 

33086 

47691 

22006 

901 

45 

+0. 85090 

35245 

34118 

42486 

238 

+0. 52532 

19888 

17729 

69604 

746 

46 

+0.90178 

83476 

48809 

18503 

329 

-0. 43217 

79448 

84778 

29495 

278 

47 

+0. 12357 

31227 

45224 

00406 

153 

-0. 99233 

54691 

50928 

71827 

975 

48 

-0. 76825 

46613 

23666 

79904 

497 

-0.64014 

43394 

69199 

73131 

294 

49 

-0.95375 

26527 

59471 

81836 

042 

+0. 30059 

25437 

43637 

08368 703 

50 

-0.26237 

48537 

03928 

78591 

439 

+0. 96496 

60284 

92113 

27406 

896 


From C. E. Van Orstrand, Tables of the exponential function and of the circular sine and cosine to 
radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth Memoir. U.S. 
Government Printing Office, Washington, D.C., 1921 (with permission) for x< 100. 
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Table 4.8 


x 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 
61 
62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 
81 
82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

100 


CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


sin x 


cos x 


-0.26237 48537 
+0. 67022 91758 
+0.98662 75920 
+0. 39592 51501 
-0.55878 90488 

-0.99975 51733 
-0.52155 10020 
+0. 43616 47552 
+0.99287 26480 
+0.63673 80071 

-0.30481 06211 
-0.96611 77700 
-0.73918 06966 
+0.16735 57003 
+0.92002 60381 

+0.82682 86794 
-0. 02655 11540 
-0.85551 99789 
-0.89792 76806 
-0. 11478 48137 

+0.77389 06815 
+0.95105 46532 
+0.25382 33627 
-0.67677 19568 
-0. 98514 62604 

-0. 38778 16354 
+0.56610 76368 
+0.99952 01585 
+0. 51397 84559 
-0.44411 26687 

-0.99388 86539 
-0.62988 79942 
+0. 31322 87824 
+0.96836 44611 
+0.73319 03200 

-0.17607 56199 
-0.92345 84470 
-0. 82181 78366 
+0.03539 83027 
+0. 86006 94058 

+0.89399 66636 
+0. 10598 75117 
-0.77946 60696 
-0.94828 21412 
-0.24525 19854 

+0.68326 17147 
+0. 98358 77454 
+0.37960 77390 
-0. 57338 18719 
-0.99920 68341 

-0. 50636 56411 


03928 78591 439 
43374 73449 435 
40485 29658 757 
81834 18150 339 
51616 24581 787 

58619 83659 863 
86911 88018 741 
47824 95908 053 
84537 11816 509 
39137 88077 123 

02216 70562 565 
08392 94701 829 
49222 86727 602 
02806 92152 784 
96790 68335 154 

90103 46771 021 
23966 79446 384 
75322 25899 683 
89291 26040 073 
83187 22054 507 

57889 09778 733 
54374 63665 657 
62036 27306 903 
87307 62215 498 
68247 37085 189 

09430 43773 094 
98180 32361 028 
80731 24386 610 
87535 21169 609 
07508 36850 760 

23375 18973 081 
74453 87856 521 
33085 15263 353 
00185 40435 015 
73292 16636 321 

48587 07696 212 
04059 80260 163 
30822 54487 211 
33660 68362 543 
12453 22683 685 

00557 89051 827 
51156 85002 021 
15804 68855 400 
69947 23213 104 
67654 32522 044 

36120 98369 958 
34344 85760 773 
27521 69648 192 
90422 88494 922 
86353 69443 272 

09758 79365 656 


+0. 96496 60284 
+0.74215 41968 
-0. 16299 07807 
-0.91828 27862 
-0. 82930 98328 

+0.02212 67562 
+0.85322 01077 
+0.89986 68269 
+0.11918 01354 
-0. 77108 02229 

-0. 95241 29804 
-0.25810 16359 
+0. 67350 71623 
+0.98589 65815 
+0. 39185 72304 

-0.56245 38512 
-0.99964 74559 
-0.51776 97997 
+0. 44014 30224 
+0.99339 03797 

+0.63331 92030 
-0. 30902 27281 
-0. 96725 05882 
-0.73619 27182 
+0. 17171 73418 

+0. 92175 12697 
+0.82433 13311 
-0.03097 50317 
-0.85780 30932 
-0. 89597 09467 

-0. 11038 72438 
+0.77668 59820 
+0. 94967 76978 
+0.24954 01179 
-0. 68002 34955 

-0.98437 66433 
-0.38369 84449 
+0.56975 03342 
+0.99937 32836 
+0.51017 70449 

-0.44807 36161 
-0.99436 74609 
-0.62644 44479 
+0.31742 87015 
+0.96945 93666 

+0.73017 35609 
-0. 18043 04492 
-0.92514 75365 
-0.81928 82452 
+0.03982 08803 

+0.86231 88722 


92113 27406 896 
13782 53946 738 
95705 48100 333 
12.118 89119 973 
63150 14772 785 

61955 73456 356 
22584 11396 968 
69193 78650 300 
48819 28543 584 
75845 22938 744 

15156 29269 382 
38267 44570 121 
23586 25288 783 
82549 69743 864 
29550 00516 171 

38172 03106 212 
66349 96483 045 
89505 06565 339 
96040 70593 105 
22271 63756 155 

86299 83233 201 
66070 70291 749 
73882 48729 171 
27315 96016 815 
30777 55609 845 

24749 31639 230 
07557 75991 501 
31216 45752 196 
44987 85540 835 
90963 14833 703 

39047 55811 787 
21631 15768 342 
82543 20471 326 
73338 12437 735 
87338 79542 720 

94041 89491 821 
49741 84477 893 
65311 92000 851 
95124 65698 442 
41668 89902 379 

29170 15236 548 
28201 52610 672 
10339 06880 027 
19701 64974 551 
69987 60380 439 

94819 66479 352 
91083 95011 850 
96413 89170 475 
91459 25267 566 
93138 89816 180 

87683 93410 194 
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CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS Table 4.8 


X 

sin x 


COS X 


X 

sin x 


COS X 


100 

-0. 50636 

564 

+0.86231 

887 

150 

-0. 71487 

643 

+0. 69925 

081 

101 

+0. 45202 

579 

+0. 89200 

487 

151 

+0.20214 

988 

+0. 97935 

460 

102 

+0. 99482 

679 

+0.10158 

570 

152 

+0.93332 

052 

+0.35904 

429 

103 

-rO. 62298 

863 

-0.78223 

089 

153 

+0. 80640 

058 

-0.59136 

968 

104 

-0. 32162 

240 

-0. 94686 

801 

154 

-0.06192 

034 

-0. 99808 

109 

105 

-0.97053 

528 

-0.24095 

905 

155 

-0. 87331 

198 

-0. 48716 

135 

106 

-0. 72714 

250 

+0. 68648 

655 

156 

-0.88178 

462 

+0.47165 

229 

107 

+0. 18478 

174 

+0.98277 

958 

157 

-0. 07954 

854 

+0. 99683 

099 

108 

+0.92681 

851 

+0.37550 

960 

158 

+0.79582 

410 

+0.60552 

787 

109 

+0. 81674 

261 

-0.57700 

218 

159 

+0.93951 

973 

-0.34249 

478 

110 

-0. 04424 

268 

-0.99902 

081 

160 

+0.21942 

526 

-0.97562 

931 

111 

-0. 86455 

145 

-0.50254 

432 

161 

-0. 70240 

779 

-0.71177 

476 

112 

-0. 88999 

560 

+0. 45596 

910 

162 

-0, 97845 

035 

+0. 20648 

223 

113 

-0. 09718 

191 

+0. 99526 

664 

163 

-0. 35491 

018 

+0.93490 

040 

114 

+0.78498 

039 

+0. 61952 

061 

164 

+0.59493 

278 

+0. 80377 

546 

115 

+0.94543 

533 

-0. 32580 

981 

165 

+0. 99779 

728 

-0.06633 

694 

116 

+0.23666 

139 

-0. 97159 

219 

166 

+0.48329 

156 

-0. 87545 

946 

117 

-0. 68969 

794 

-0.72409 

720 

167 

-0. 47555 

019 

-0.87968 

859 

118 

-0.98195 

217 

+0.18912 

942 

168 

-0. 99717 

329 

-0. 07513 

609 

119 

-0. 37140 

410 

+0. 92847 

132 

169 

-0. 60199 

987 

+0. 79849 

619 

120 

+0. 58061 

118 

+0.81418 

097 

170 

+0. 34664 

946 

+0. 93799 

475 

121 

+0.99881 

522 

-0.04866 

361 

171 

+0. 97659 

087 

+0.21510 

527 

122 

+0. 49871 

315 

-0. 86676 

709 

172 

+0.70865 

914 

-0.70555 

101 

123 

-0. 45990 

349 

-0.88796 

891 

173 

-0.21081 

053 

-0.97752 

694 

124 

-0. 99568 

699 

-0. 09277 

620 

174 

-0. 93646 

197 

-0. 35076 

911 

125 

-0. 61604 

046 

+0. 78771 

451 

175 

-0. 80113 

460 

+0. 59848 

422 

126 

+0. 32999 

083 

+0. 94398 

414 

176 

+0.07075 

224 

+0.99749 

392 

127 

+0.97263 

007 

+0.23235 

910 

177 

+0. 87758 

979 

+0.47941 

231 

128 

+0. 72103 

771 

-0.69289 

582 

178 

+0. 87757 

534 

-0.47943 

877 

129 

-0.19347 

339 

-0.98110 

552 

179 

+0. 07072 

217 

-0.99749 

605 

130 

-0.93010 

595 

-0. 36729 

133 

180 

-0.80115 

264 

-0. 59846 

007 

131 

-0. 81160 

339 

+0. 58420 

882 

181 

-0. 93645 

140 

+0. 35079 

734 

132 

+0.05308 

359 

+0. 99859 

007 

182 

-0.21078 

107 

+0.97753 

329 

133 

+0. 86896 

576 

+0. 49487 

222 

183 

+0. 70868 

041 

+0.70552 

964 

134 

+0. 88592 

482 

-0.46382 

887 

184 

+0.97658 

438 

-0.21513 

471 

135 

+0. 08836 

869 

-0.99608 

784 

185 

+0. 34662 

118 

-0.93800 

520 

136 

-0.79043 

321 

-0.61254 

824 

186 

-0.60202 

394 

-0.79847 

804 

137 

-0.94251 

445 

+0. 33416 

538 

187 

-0.99717 

102 

+0. 07516 

615 

138 

-0.22805 

226 

+0. 97364 

889 

188 

-0. 47552 

367 

+0.87970 

293 

139 

+0. 69608 

013 

+0. 71796 

410 

189 

+0. 48331 

795 

+0. 87544 

489 

140 

+0.98023 

966 

-0.19781 

357 

190 

+0.99779 

928 

+0.06630 

686 

141 

+0. 36317 

137 

-0. 93172 

236 

191 

+0.59490 

855 

-0. 80379 

339 

142 

-0. 58779 

501 

-0. 80900 

991 

192 

-0. 35493 

836 

-0.93488 

971 

143 

-0. 99834 

536 

+0. 05750 

253 

193 

-0.97845 

657 

-0.20645 

273 

144 

-0. 49102 

159 

+0. 87114 

740 

194 

-0.70238 

633 

+0.71179 

593 

145 

+0.46774 

516 

+0. 88386 

337 

195 

+0.21945 

467 

+0. 97562 

270 

146 

+0. 99646 

917 

+0. 08395 

944 

196 

+0.93953 

006 

+0.34246 

646 

147 

+0. 60904 

402 

-0. 79313 

642 

197 

+0. 79580 

584 

-0. 60555 

186 

148 

-0.33833 

339 

-0. 94102 

631 

198 

-0.07957 

859 

-0. 99682 

859 

149 

-0.97464 

865 

-0.22374 

095 

199 

-0. 88179 

884 

-0.47162 

571 

150 

-0.71487 

643 

+0. 69925 

081 

200 

-0.87329 

730 

+0.48718 

768 
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Table 4.8 CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


X 

sin x 

COS X 

X 

sin x 

COS X 

200 

-0.87329 730 

+0. 48718 768 

250 

-0. 97052 802 

+0. 24098 831 

201 

-0. 06189 025 

+0. 99808 296 

251 

-0.32159 386 

+0.94687 771 

202 

+0. 80641 841 

+0. 59134 538 

252 

+0. 62301 221 

+0.78221 211 

203 

+0. 93330 970 

-0. 35907 242 

253 

+0.99482 373 

-0.10161 569 

204 

+0. 20212 036 

-0.97936 069 

254 

+0.45199 890 

-0. 89201 850 

205 

-0.71489 751 

-0. 69922 926 

255 

-0. 50639 163 

-0. 86230 361 

206 

-0.97464 190 

+0.22377 033 

256 

-0.99920 803 

-0. 03979 076 

207 

-0.33830 503 

+0. 94103 651 

257 

-0. 57335 717 

+0.81930 553 

208 

+0. 60906 793 

+0. 79311 806 

258 

+0. 37963 563 

+0.92513 609 

209 

+0.99646 664 

-0. 08398 947 

259 

+0.98359 318 

+0. 18040 080 

210 

+0.46771 852 

-0. 88387 747 

260 

+0.68323 970 

-0. 73019 416 

211 

-0.49104 785 

-0. 87113 260 

261 

-0. 24528 121 

-0.96945 197 

212 

-0.99834 709 

-0.05747 243 

262 

-0.94829 171 

-0. 31740 012 

213 

-0.58777 062 

+0. 80902 763 

263 

-0.77944 719 

+0. 62646 794 

214 

+0. 36319 945 

+0.93171 141 

264 

+0.10601 749 

+0.99436 427 

215 

+0.98024 562 

+0. 19778 403 

265 

+0. 89401 017 

+0.44804 667 

216 

+0. 69605 849 

-0. 71798 508 

266 

+0. 86005 403 

-0.51020 297 

217 

-0.22808 161 

-0.97364 202 

267 

+0.03536 818 

-0. 99937 435 

218 

-0. 94252 453 

-0. 33413 697 

268 

-0. 82183 501 

-0.56972 556 

219 

-0.79041 474 

+0. 61257 207 

269 

-0.92344 688 

+0. 38372 628 

220 

+0.08839 871 

+0. 99608 517 

270 

-0.17604 595 

+0. 98438 195 

221 

+0. 88593 880 

+Q. 46380 216 

271 

+0.73321 082 

+0. 68000 139 

222 

+ 0. 86895 084 

-0. 49489 841 

272 

+ 0.96835 694 

-0. 24956 931 

223 

+0.05305 349 

-0.99859 167 

273 

+0.31320 015 

-0. 94968 714 

224 

-0.81162 100 

-0.58418 435 

274 

-0.62991 141 

-0. 77666 699 

225 

-0.93009 488 

+0. 36731 937 

275 

-0.99388 533 

+0. 11041 720 

226 

-0.19344 382 

+0.98111 135 

276 

-0.44408 566 

+0. 89598 433 

227 

+0.72105 860 

+0. 69287 409 

277 

+0. 51400 431 

+0.85778 760 

228 

+0.97262 306 

-0.23238 842 

278 

+0. 99952 109 

+0.03094 490 

229 

+0. 32996 237 

-0. 94399 409 

279 

+0. 56608 279 

-0.82434 840 

230 

-0. 61606 420 

-0. 78769 594 

280 

-0. 38780 942 

-0.92173 958 

231 

-0. 99568 419 

+0.09280 622 

281 

-0.98515 144 

-0. 17168 765 

232 

-0.45987 672 

+0. 88798 277 

282 

-0.67674 976 

+0.73621 312 

233 

+0.49873 928 

+0. 86675 206 

283 

+0. 25385 252 

+ 0.96724 294 

234 

+0. 99881 669 

+0. 04863 350 

284 

+0. 95106 397 

+0. 30899 406 

235 

+0.58058 664 

-0. 81419 847 

285 

+0.77387 159 

-0.63334 253 

236 

-0. 37143 209 

-0. 92846 012 

286 

-0. 11481 476 

-0. 99338 692 

237 

-0. 98195 787 

-0. 18909 982 

287 

-0.89794 095 

-0.44011 595 

238 

-0. 68967 611 

+0. 72411 799 

288 

-0. 85550 437 

+0.51779 559 

239 

+0.23669 068 

+0.97158 506 

289 

-0. 02652 102 

+0.99964 826 

240 

+0. 94544 515 

+0. 32578 131 

290 

+0.82684 563 

+0. 56242 893 

241 

+0.78496 171 

-0. 61954 428 

291 

+0. 92001 423 

-0. 39188 496 

242 

-0. 09721 191 

-0. 99526 371 

292 

+0. 16732 598 

-0. 98590 163 

243 

-0. 89000 935 

-0.45594 228 

293 

-0.73920 100 

-0.67348 488 

244 

-0. 86453 630 

+0. 50257 038 

294 

-0.96610 999 

+0. 25813 076 

245 

-0.04421 256 

+ 0. 99902 215 

295 

-0. 30478 191 

+ 0.95242 217 

246 

+0. 81676 000 

+0.57697 756 

296 

+0. 63676 125 

+0. 77106 103 

247 

+0.92680 719 

-0. 37553 754 

297 

+0.99286 906 

-0.11921 006 

248 

+0. 18475 212 

-0. 98278 515 

298 

+0.43613 763 

-0. 89987 997 

249 

-0.72716 319 

-0. 68646 463 

299 

-0.52157 672 

-0. 85320 439 

250 

-0.97052 802 

+0.24098 831 

300 

-0.99975 584 

-0. 02209 662 
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CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS Table 4.8 


X 

sin x 


COS X 


X 

sin x 


COS X 


300 

-0. 99975 

584 

-0. 02209 

662 

350 

-0.95893 

283 

-0.28363 

328 

301 

-0.55876 

405 

+0.82932 

668 

351 

-0.75678 

279 

+0. 65366 

643 

302 

+0. 39595 

283 

+0.91827 

085 

352 

+0.14114 

985 

+0.98998 

824 

303 

+0. 98663 

250 

+ 0.16296 

104 

353 

+0.90930 

997 

+0. 41611 

943 

304 

+0. 67020 

680 

-0. 74217 

440 

354 

+0.84145 

470 

-0.54032 

767 

305 

-0.26240 

394 

-0.96495 

812 

355 

-0.00003 

014 

-1. 00000 

000 

306 

-0. 95376 

171 

-0. 30056 

379 

356 

-0. 84148 

727 

-0. 54027 

694 

307 

-0. 76823 

536 

+0. 64016 

750 

357 

-0.90928 

488 

+0. 41617 

425 

308 

+0. 12360 

304 

+0.99233 

174 

358 

-0.14109 

017 

+0.98999 

675 

309 

+0.90180 

137 

+0.43215 

076 

359 

+0.75682 

220 

+0. 65362 

081 

310 

+0. 85088 

769 

-0. 52534 

764 

360 

+0.95891 

572 

-0. 28369 

109 

311 

+0. 01767 

179 

-0.99984 

384 

361 

+0.27938 

655 

-0. 96017 

871 

312 

-Q. 83179 

148 

-0. 55508 

823 

362 

-0. 65700 

932 

-0.75388 

245 

313 

-0.91650 

949 

+0. 40001 

294 

363 

-0.98935 

386 

+0. 14552 

986 

314 

-0. 15859 

291 

+0. 98734 

406 

364 

-0.41209 

102 

+0. 91114 

268 

315 

+0.74513 

326 

+0. 66691 

560 

365 

+0.54404 

640 

+0. 83905 

513 

316 

+0. 96378 

735 

-0. 26667 

199 

366 

+0.99999 

007 

-0. 00445 

584 

317 

+0.29633 

979 

-0.95508 

258 

367 

+0. 53654 

748 

-0.84387 

013 

318 

-0. 64356 

121 

-0. 76539 

465 

368 

-0.42019 

439 

-0.90743 

412 

319 

-0.99177 

500 

+0. 12799 

359 

369 

-0.99061 

148 

-0.13670 

736 

320 

-0. 42815 

543 

+0.90370 

511 

370 

-0. 65026 

494 

+0.75970 

752 

321 

+0. 52910 

827 

+0. 84855 

433 

371 

+0. 28793 

218 

+0.95765 

080 

322 

+0. 99991 

226 

+0. 01324 

661 

372 

+0.96140 

579 

+0.27513 

436 

323 

+0.55140 

153 

-0. 83423 

998 

373 

+0.75096 

734 

-0. 66033 

935 

324 

-0. 40406 

522 

-0. 91473 

018 

374 

-0. 14990 

701 

-0. 98870 

010 

325 

-0.98803 

627 

-0. 15422 

167 

375 

-0.91295 

755 

-0.40805 

454 

326 

-0. 66361 

133 

+0. 74807 

753 

376 

-0.83663 

913 

+0. 54775 

448 

327 

+0.27093 

481 

+0.96259 

770 

377 

+0. 00888 

145 

+0. 99996 

056 

328 

+0. 95638 

473 

+0.29210 

998 

378 

+0. 84623 

647 

+0. 53280 

751 

329 

+0. 76253 

895 

-0. 64694 

231 

379 

+0. 90556 

557 

-0. 42420 

631 

330 

-0.13238 

163 

-0. 99119 

882 

380 

+0. 13232 

187 

-0. 99120 

680 

331 

-0.90559 

115 

-0.42415 

171 

381 

-0. 76257 

795 

-0. 64689 

634 

332 

-0. 84620 

434 

+0. 53285 

853 

382 

-0. 95636 

712 

+0.29216 

764 

333 

-0. Q0882 

117 

+0.99996 

109 

383 

-0.27087 

677 

+0.96261 

403 

334 

+0. 83667 

215 

+0.54770 

404 

384 

+0.66365 

643 

+0. 74803 

752 

335 

+0.91293 

295 

-0. 40810 

958 

385 

+0. 98802 

697 

-0.15428 

123 

336 

+0. 14984 

741 

-0. 98870 

914 

386 

+0. 40401 

007 

-0.91475 

454 

337 

-0. 75100 

715 

-0. 66029 

407 

387 

-0.55145 

183 

-0. 83420 

674 

338 

-0. 96138 

920 

+0. 27519 

232 

388 

-0. 99991 

146 

+0.01330 

689 

339 

-0. 28787 

445 

+0. 95766 

816 

389 

-0.52905 

711 

+0. 84858 

622 

340 

+0.65031 

074 

+0. 75966 

831 

390 

+0. 42820 

991 

+0.90367 

930 

341 

+0. 99060 

323 

-0.13676 

708 

391 

+0. 99178 

271 

+0. 12793 

379 

342 

+0. 42013 

968 

-0.90745 

945 

392 

+0. 64351 

506 

-0.76543 

345 

343 

-0.53659 

836 

-0. 84383 

778 

393 

-0. 29639 

737 

-0.95506 

471 

344 

-0.99999 

034 

-0. 00439 

555 

394 

-0.96380 

342 

-0.26661 

388 

345 

-0. 54399 

582 

+0. 83908 

793 

395 

-0.74509 

306 

+0. 66696 

052 

346 

+ 0.41214 

595 

+0.91111 

784 

396 

+0. 15865 

243 

+0. 98733 

450 

347 

+0. 98936 

263 

+0. 14547 

021 

397 

+0.91653 

361 

+0. 39995 

769 

348 

+0. 65696 

387 

-0.75392 

206 

398 

+0.83175 

801 

-0.55513 

837 

349 

-0.27944 

444 

-0.96016 

186 

399 

-0. 01773 

206 

-0. 99984 

277 

350 

-0.95893 

283 

-0.28363 

328 

400 

-0. 85091 

936 

-0.52529 

634 
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Table 4.8 CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS 


X 

sin x 

COS X 


X 

sin x 

COS X 

400 

-0.85091 936 

-0. 52529 

634 

450 

-0. 68328 373 

-0. 73015 296 

401 

-0. 90177 532 

+0. 43220 

513 

451 

-0.98358 231 

+0. 18046 010 

402 

-0. 12354 321 

+0.99233 

919 

452 

-0.37957 985 

+0.92515 898 

403 

+0.76827 396 

+0. 64012 

118 

453 

+0.57340 657 

+0. 81927 096 

404 

+0. 95374 359 

-0. 30062 

129 

454 

+0.99920 563 

-0.03985 100 

405 

+0.26234 577 

-0.96497 

394 

455 

+0.50633 965 

-0.86233 414 

406 

-0.67025 155 

-0. 74213 

399 

456 

-0. 45205 268 

-0.89199 124 

407 

-0. 98662 268 

+0. 16302 

052 

457 

-0. 99482 985 

-0. 10155 572 

408 

-0. 39589 747 

+0.91829 

472 

458 

-0.62296 505 

+0. 78224 967 

409 

+0.55881 405 

+0.82929 

299 

459 

+0.32165 095 

+0. 94685 832 

410 

+0.99975 451 

-0.02215 

689 

460 

+0.97054 255 

+0.24092 979 

411 

+0.52152 528 

-0.85323 

583 

461 

+0. 72712 181 

-0. 68650 847 

412 

-0.43619 188 

-0.89985 

368 

462 

-0. 18481 137 

-0.98277 401 

413 

-0.99287 624 

-0.11915 

021 

463 

-0.92682 982 

-0.37548 166 

414 

-0. 63671 476 

+0.77109 

942 

464 

-0. 81672 521 

+0. 57702 680 

415 

+0. 30483 933 

+0.95240 

379 

465 

+0. 04427 279 

+0. 99901 948 

416 

+0.96612 555 

+0. 25807 

251 

466 

+0. 86456 660 

+0.50251 826 

417 

+0.73916 039 

-0. 67352 

944 

467 

+0. 88998 186 

-0.45599 593 

418 

-0. 16738 542 

-0.98589 

154 

468 

+0. 09715 190 

-0.99526 957 

419 

-0.92003 785 

-0. 39182 

950 

469 

-0. 78499 906 

-0. 61949 695 

420 

-0. 82681 172 

+0.56247 

878 

470 

-0.94542 551 

+0. 32583 830 

421 

+0. 02658 129 

+0.99964 

666 

471 

-0.23663 211 

+0. 97159 932 

422 

+0.85553 559 

+0.51774 

401 

472 

+0. 68971 977 

+0. 72407 641 

423 

+0.89791 441 

-0.44017 

009 

473 

+0.98194 647 

-0.18915 902 

424 

+0. 11475 487 

-0.99339 

384 

474 

+0. 37137 611 

-0. 92848 252 

425 

-0.77390 977 

-0. 63329 

587 

475 

-0.58063 573 

-0. 81416 347 

426 

-0.95104 534 

+0. 30905 

140 

476 

-0. 99881 376 

+0.04869 372 

427 

-0. 25379 421 

+0.96725 

824 

477 

-0.49868 703 

+0. 86678 212 

428 

+0. 67679 415 

+0.73617 

232 

478 

+0. 45993 026 

+0. 88795 504 

429 

+0.98514 108 

-0.17174 

704 

479 

+0. 99568 978 

+0.09274 619 

430 

+0. 38775 385 

-0.92176 

296 

480 

+0. 61601 671 

-0.78773 308 

431 

-0.56613 249 

-0. 82431 

427 

481 

-0.33001 928 

-0.94397 419 

432 

-0. 99951 922 

+0.03100 

516 

482 

-0. 97263 707 

-0.23232 978 

433 

-0. 51395 260 

+0. 85781 

859 

483 

-0.72101 682 

+0. 69291 756 

434 

+0.44413 968 

+0.89595 

756 

484 

+0. 19350 297 

+0.98109 969 

435 

+0.99389 198 

+0.11035 

728 

485 

+0. 93011 702 

+0. 36726 329 

436 

+0. 62986 458 

-0. 77670 

497 

486 

+0.81158 578 

-0. 58423 328 

437 

-0. 31325 741 

-0.94966 

826 

487 

-0.05311 369 

-0. 99858 847 

438 

-0. 96837 198 

-0. 24951 

093 

488 

-0.86898 067 

-0. 49484 603 

439 

-0. 73316 982 

+0.68004 

560 

489 

-0.88591 083 

+0. 46385 557 

440 

+0. 17610 529 

+0.98437 

134 

490 

-0.08833 866 

+0.99609 050 

441 

+0.92347 001 

+0. 38367 

061 

491 

+0. 79045 167 

+0. 61252 441 

442 

+0.82180 066 

-0. 56977 

511 

492 

+0. 94250 438 

-0. 33419 379 

443 

-0.03542 843 

-0.99937 

222 

493 

+0. 22802 291 

-0.97365 577 

444 

-0. 86008 478 

-0.51015 

112 

494 

-0.69610 177 

-0.71794 312 

445 

-0. 89398 316 

+0.44810 

056 

495 

-0.98023 370 

+0. 19784 312 

446 

-0. 10595 754 

+0.99437 

066 

496 

-0.36314 328 

+0. 93173 331 

447 

+0. 77948 495 

+0.62642 

095 

497 

+0.58781 939 

+0.80899 219 

448 

+0.94827 257 

-0.31745 

729 

498 

+0. 99834 363 

-0. 05753 262 

449 

+0.24522 276 

-0.96946 

676 

499 

+0.49099 533 

-0. 87116 220 

450 

-0. 68328 373 

-0.73015 

296 

500 

-0.46777 181 

-0. 88384 927 
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X 

sin x 

COS X 


X 

sin x 



500 

-0.46777 181 

-0. 88384 

927 

550 

-0. 21948 

408 

-0. 

501 

-0.99647 170 

-0.08392 

940 

551 

-0.93954 

038 

-0. 

502 

-0. 60902 011 

+0. 79315 

478 

552 

-0. 79578 

759 

+0. 

503 

+0.33836 176 

+0. 94101 

611 

553 

+0. 07960 

864 

+0. 

504 

+0.97465 539 

+0. 22371 

157 

554 

+0. 88181 

305 

+0. 

505 

+0. 71485 535 

-0.69927 

236 

555 

+0. 87328 

261 

-0. 

506 

-0.20217 940 

-0. 97934 

850 

556 

+0.06186 

016 

-0. 

507 

-0.93333 135 

-0.35901 

615 

557 

-0.80643 

623 

-0. 

508 

-0. 80638 275 

+0.59139 

399 

558 

-0. 93329 

888 

+0. 

509 

+0. 06195 042 

+0. 99807 

923 

559 

-0.20209 

084 

+0. 

510 

+0. 87332 667 

+0.48713 

502 

560 

+0. 71491 

859 

+0. 

511 

+0. 88177 040 

-0. 47167 

887 

561 

+0. 97463 

516 

-0. 

512 

+0. 07951 849 

-0. 99683 

339 

562 

+0. 33827 

666 

-0. 

513 

-0.79584 235 

-0.60550 

389 

563 

-0. 60909 

184 

-0. 

514 

-0.93950 941 

+0.34252 

310 

564 

-0. 99646 

411 

+0. 

515 

-0.21939 585 

+0.97563 

593 

565 

-0.46769 

187 

+0. 

516 

+0.70242 924 

+0.71175 

358 

566 

+0. 49107 

411 

+0. 

517 

+0.97844 413 

-0.20651 

172 

567 

+0. 99834 

883 

+0. 

518 

+0. 35488 199 

-0.93491 

110 

568 

+0. 58774 

623 

-0. 

519 

-0.59495 701 

-0. 80375 

753 

569 

-0. 36322 

754 

-0. 

520 

-0. 99779 528 

+0.06636 

701 

* 570 

-0. 98025 

158 

-0. 

521 

-0. 48326 517 

+0. 87547 

403 

571 

-0. 69603 

684 

+0. 

522 

+0.47557 670 

+0. 87967 

426 

572 

+0. 22811 

096 

+0. 

523 

+0.99717 555 

+0. 07510 

603 

573 

+0.94253 

460 

+0. 

524 

+0. 60197 580 

-0. 79851 

433 

574 

+0. 79039 

628 

-0. 

525 

-0. 34667 773 

-0. 93798 

430 

575 

-0. 08842 

874 

-0. 

526 

-0.97659 735 

-0.21507 

583 

576 

-0. 88595 

278 

-0. 

527 

-0. 70863 787 

+0.70557 

237 

577 

-0. 86893 

592 

+0. 

528 

+0.21084 000 

+0.97752 

059 

578 

-0. 05302 

338 

+0. 

529 

+0.93647 255 

+0. 35074 

088 

579 

+0.81163 

861 

+0. 

530 

+0. 80111 655 

-0. 59850 

837 

580 

+0.93008 

380 

-0. 

531 

-0. 07078 230 

-0.99749 

179 

581 

+0.19341 

424 

-0. 

532 

-0.87760 424 

-0. 47938 

586 

582 

-0.72107 

948 

-0. 

533 

-0.87756 088 

+0.47946 

522 

583 

-0.97261 

606 

+0. 

534 

-0.07069 210 

+0.99749 

818 

584 

-0. 32993 

391 

+0. 

535 

+0. 80117 068 

+0. 59843 

592 

585 

+0.61608 

795 

+0. 

536 

+0.93644 083 

-0.35082 

557 

586 

+0. 99568 

139 

-0. 

537 

+0.21075 160 

-0.97753 

965 

587 

+0.45984 

996 

-0. 

538 

-0.70870 168 

-0. 70550 

828 

588 

-0. 49876 

541 

-0. 

539 

-0.97657 790 

+0.21516 

415 

589 

-0. 99881 

816 

-0. 

540 

-0.34659 290 

+0.93801 

565 

590 

-0. 58056 

210 

+0. 

541 

+0. 60204 801 

+0. 79845 

989 

591 

+0. 37146 

008 

+0. 

542 

+0.99716 876 

-0. 07519 

621 

592 

+0.98196 

357 

+0. 

543 

+0.47549 715 

-0.87971 

726 

593 

+0. 68965 

428 

-0, 

544 

-0. 48334 434 

-0. 87543 

032 

594 

-0.23671 

997 

-0. 

545 

-0.99780 128 

-0. 06627 

678 

595 

-0. 94545 

497 

-0. 

546 

-0.59488 432 

+0. 80381 

133 

596 

-0.78494 

304 

+0, 

547 

+0.35496 654 

+0.93487 

901 

597 

+0. 09724 

191 

+0. 

548 

+0.97846 280 

+0.20642 

324 

598 

+0. 89002 

309 

+0. 

549 

+0. 70236 487 

-0.71181 

710 

599 

+0. 86452 

115 

-0, 

550 

-0.21948 408 

-0.97561 

608 

600 

+0.04418 

245 

-0. 


Table 4.8 


COS X 

97561 608 
34243 814 
60557 585 
99682 620 
47159 913 

48721 400 
99808 483 
59132 107 
35910 055 
97936 678 

69920 771 
22379 971 
94104 671 
79309 970 
08401 951 

88389 157 
87111 780 
05744 234 
80904 534 
93170 046 

19775 448 
71800 607 
97363 514 
33410 856 
61259 589 

99608 251 
46377 546 
49492 461 
99859 327 
58415 989 

36734 740 
98111 719 
69285 235 
23241 774 
94400 403 

78767 737 
09283 623 
88799 663 
86673 702 
,04860 339 

,81421 597 
92844 893 
,18907 022 
,72413 878 
,97157 792 

.32575 281 
,61956 794 
,99526 078 
,45591 545 
,50259 644 

,99902 348 
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X 

sin x 

COS X 

X 

sin x 

COS X 

600 

+0.04418 245 

-0.99902 348 

650 

+0. 30475 320 

-0.95243 136 

601 

-0. 81677 739 

-0. 57695 294 

651 

-0. 63678 449 

-0. 77104 183 

602 

-0.92679 586 

+0. 37556 547 

652 

-0.99286 546 

+0. 11923 999 

603 

-0. 18472 249 

+0.98279 072 

653 

-0.43611 050 

+0. 89989 312 

604 

+0.72718 389 

+0. 68644 271 

654 

+0.52160 244 

+0. 85318 866 

605 

+0.97052 075 

-0.24101 756 

655 

+0.99975 651 

+0. 02206 648 

606 

+0. 32156 532 

-0. 94688 740 

656 

+0. 55873 905 

-0. 82934 352 

607 

-0. 62303 579 

-0. 78219 333 

657 

-0. 39598 051 

-0.91825 891 

608 

-0. 99482 067 

+0. 10164 568 

658 

-0.98663 742 

-0. 16293 130 

609 

-0.45197 201 

+0. 89203 212 

659 

-0. 67018 443 

+0. 74219 460 

610 

+0.50641 763 

+0. 86228 834 

660 

+0. 26243 303 

+0.96495 021 

611 

+0.99920 923 

+0.03976 064 

661 

+0. 95377 077 

+0. 30053 504 

612 

+0. 57333 248 

-0. 81932 281 

662 

+0.76821 607 

-0.64019 066 

613 

-0. 37966 351 

-0.92512 465 

663 

-0.12363 295 

-0.99232 802 

614 

-0. 98359 862 

-0. 18037 115 

664 

-0.90181 440 

-0.43212 358 

615 

-0. 68321 769 

+0. 73021 475 

665 

-0. 85087 185 

+0.52537 329 

616 

+0.24531 043 

+0.96944 458 

666 

-0.01764 165 

+0.99984 437 

617 

+0.94830 128 

+0.31737 153 

667 

+0.83180 821 

+0. 55506 315 

618 

+0.77942 830 

-0.62649 144 

668 

+0.91649 743 

-0.40004 057 

619 

-0. 10604 746 

-0.99436 107 

669 

+0. 15856 314 

-0.98734 884 

620 

-0. 89402 368 

-0.44801 972 

670 

-0.74515 337 

-0. 66689 314 

621 

-0. 86003 865 

+0.51022 890 

671 

-0.96377 931 

+ 0.26670 104 

622 

-0.03533 805 

+0.99937 542 

672 

-0. 29631 100 

+0. 95509 151 

623 

+0. 82185 218 

+0. 56970 079 

673 

+0.64358 428 

+0. 76537 525 

624 

+0.92343 531 

-0. 38375 412 

674 

+0.99177 114 

-0. 12802 348 

625 

+0. 17601 627 

-0.98438 726 

675 

+0.42812 819 

-0. 90371 802 

626 

-0.73323 132 

-0. 67997 929 

676 

-0.52913 384 

-0. 84853 838 

627 

-0.96834 941 

+0.24959 850 

677 

-0.99991 266 

-0. 01321 646 

628 

-0.31317 153 

+ 0.94969 658 

678 

-0.55137 639 

+0. 83425 660 

629 

+0. 62993 482 

+0.77664 801 

679 

+0.40409 279 

+0. 91471 800 

630 

+0.99388 200 

-0.11044 716 

680 

+0.98804 092 

+0.15419 188 

631 

+0.44405 865 

-0. 89599 772 

681 

+0. 66358 878 

-0.74809 754 

632 

-0.51403 017 

-0.85777 210 

682 

-0.27096 382 

-0.96258 953 

633 

-0.99952 202 

-0.03091 477 

683 

-0. 95639 354 

-0.29208 115 

634 

-0.56605 794 

+0. 82436 546 

684 

-0.76251 945 

+0. 64696 529 

635 

+0. 38783 721 

+0.92172 789 

685 

+0.13241 151 

+0.99119 483 

636 

+0. 98515 661 

+0. 17165 795 

686 

+0.90560 393 

+0.42412 441 

637 

+0.67672 757 

-0.73623 352 

687 

+0.84618 828 

-0. 53288 404 

638 

-0.25388 168 

-0.96723 528 

688 

+0.00879 102 

-0.99996 136 

639 

-0.95107 328 

-0. 30896 539 

689 

-0.83668 866 

-0.54767 882 

640 

-0.77385 250 

+0.63336 586 

690 

-0.91292 065 

+0.40813 710 

641 

+0.11484 470 

+0.99338 346 

691 

-0. 14981 760 

+0.98871 365 

642 

+0.89795 421 

+0. 44008 889 

692 

+0.75102 706 

+0.66027 143 

643 

+0. 85548 876 

-0.51782 138 

693 

+0. 96138 090 

-0.27522 130 

644 

+0. 02649 089 

-0.99964 905 

694 

+0.28784 558 

-0.95767 684 

645 

-0.82686 259 

-0. 56240 400 

695 

-0.65033 364 

-0.75964 871 

646 

-0.92000 241 

+0.39191 270 

696 

-0.99059 911 

+0. 13679 694 

647 

-0.16729 626 

+0. 98590 667 

697 

-0.42011 233 

+0.90747 211 

648 

+0.73922 130 

+0. 67346 260 

698 

+0. 53662 379 

+0. 84382 161 

649 

+0.96610 221 

-0.25815 988 

699 

+0.99999 047 

+0.00436 541 

650 

+0. 30475 320 

-0. 95243 136 

700 

+0.54397 052 

-0. 83910 433 
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X 

sin x 


COS X 

X 

sm x 

COS X 

700 

+0. 54397 

052 

-0.83910 433 

750 

+0.74507 295 

-0.66698 298 

701 

-0.41217 

342 

-0.91110 541 

751 

-0. 15868 219 

-0.98732 971 

702 

-0. 98936 

702 

-0. 14544 039 

752 

-0.91654 566 

-0. 39993 006 

703 

-0. 65694 

115 

+ 0.75394 186 

753 

-0. 83174 127 

+0. 55516 345 

704 

+0.27947 

339 

+0.96015 344 

754 

+0. 01776 220 

+0.99984 224 

705 

+0. 95894 

137 

+0.28360 437 

755 

+0.85093 519 

+0.52527 069 

706 

+0.75676 

309 

-0. 65368 925 

756 

+0.90176 229 

-0.43223 231 

707 

-0.14117 

969 

-0.98998 399 

757 

+0.12351 330 

-0.99234 292 

708 

-0. 90932 

251 

-0.41609 202 

758 

-0.76829 325 

-0. 64009 802 

709 

-0. 84143 

841 

+0.54035 304 

759 

-0.95373 453 

+0. 30065 004 

710 

+0.00006 

029 

+1. 00000 000 

760 

-0. 26231 668 

+0.96498 184 

711 

+0. 84150 

356 

+0.54025 157 

761 

+0. 67027 392 

+0.74211 379 

712 

+0. 90927 

234 

-0.41620 166 

762 

+0.98661 776 

-0. 16305 026 

713 

+0.14106 

032 

-0. 99000 100 

763 

+0. 39586 979 

-0.91830 665 

714 

-0.75684 

190 

-0.65359 799 

764 

-0. 55883 905 

-0.82927 614 

715 

-0.95890 

717 

+0.28372 000 

765 

-0.99975 384 

+0. 02218 703 

716 

-0.27935 

761 

+0.96018 713 

766 

-0. 52149 956 

+0. 85325 155 

717 

+0. 65703 

205 

+0.75386 264 

767 

+0.43621 901 

+ 0.89984 053 

718 

+0. 98934 

947 

-0. 14555 968 

768 

+0.99287 983 

+0. 11912 028 

719 

+0.41206 

355 

-0.91115 511 

769 

+0. 63669 152 

-0. 77111 861 

720 

-0.54407 

170 

-0.83903 873 

770 

-0.30486 804 

-0. 95239 460 

721 

-0. 99998 

994 

+0. 00448 599 

771 

-0.96613 333 

-0. 25804 339 

722 

-0. 53652 

204 

+0.84388 631 

772 

-0. 73914 009 

+0. 67355 173 

723 

+0. 42022 

174 

+0. 90742 145 

773 

+0.16741 514 

+0.98588 649 

724 

+0. 99061 

560 

+0. 13667 750 

774 

+0.92004 966 

+0. 39180 176 

725 

+0. 65024 

204 

-0.75972 712 

775 

+0. 82679 477 

-0.56250 370 

726 

-0.28796 

105 

-0. 95764 212 

776 

-0. 02661 142 

-0.99964 585 

727 

-0.96141 

408 

-0. 27510 538 

777 

-0. 85555 119 

-0.51771 822 

728 

-0. 75094 

744 

+0.66036 198 

778 

-0. 89790 114 

+0. 44019 716 

729 

+0.14993 

682 

+0.98869 558 

779 

-0. 11472 492 

+0.99339 730 

730 

+0.91296 

985 

+0. 40802 702 

780 

+0.77392 886 

+0. 63327 255 

731 

+0. 83662 

262 

-0.54777 970 

781 

+0.95103 602 

-0. 30908 007 

732 

-0.00891 

160 

-0. 99996 029 

782 

+0. 25376 505 

-0.96726 589 

733 

-0. 84625 

253 

-0. 53278 200 

783 

-0.67681 634 

-0.73615 192 

734 

-0. 90555 

279 

+0. 42423 360 

784 

-0.98513 591 

+0. 17177 673 

735 

-0. 13229 

199 

+ 0. 99121 079 

785 

-0. 38772 606 

+0.92177 465 

736 

+0. 76259 

745 

+0. 64687 335 

786 

+0. 56615 733 

+0.82429 720 

737 

+0.95635 

831 

-0.29219 647 

787 

+0.99951 829 

-0. 03103 529 

738 

+0.27084 

775 

-0. 96262 220 

788 

+0. 51392 674 

-0. 85783 408 

739 

-0. 66367 

898 

-0.74801 752 

789 

-0. 44416 668 

-0.89594 417 

740 

-0. 98802 

232 

+0. 15431 102 

790 

-0.99389 531 

-0. 11032 732 

741 

-0. 40398 

250 

+0. 91476 672 

791 

-0. 62984 117 

+0. 77672 396 

742 

+0.55147 

697 

+0. 83419 011 

792 

+0.31328 604 

+0.94965 881 

743 

+0. 99991 

106 

-0. 01333 703 

793 

+0. 96837 950 

+0. 24948 174 

744 

+0. 52903 

153 

-0.84860 217 

794 

+0. 73314 932 

-0. 68006 770 

745 

-0. 42823 

715 

-0. 90366 639 

795 

-0. 17613 497 

-0. 98436 603 

746 

-0.99178 

657 

-0. 12790 390 

796 

-0.92348 158 

-0. 38364 277 

747 

-0.64349 

199 

+0.76545 285 

797 

-0.82178 349 

+0. 56979 988 

748 

+0. 29642 

616 

+0.95505 577 

798 

+0.03545 855 

+0.99937 115 

749 

+0.96381 

146 

+0.26658 483 

799 

+0. 86010 016 

+0.51012 519 

750 

+0.74507 

295 

-0. 66698 298 

800 

+0.89396 965 

-0. 44812 751 
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X 

sin x 

COS X 

X 

sin x 


COS X 

800 

+0. 89396 965 

-0. 44812 751 

850 

+0. 98022 

773 

-0. 19787 267 

801 

+ 0. 10592 756 

-0.99437 385 

851 

+0. 36311 

519 

-0.93174 426 

802 

-0. 77950 384 

-0. 62639 745 

852 

-0.58784 

378 

-0. 80897 447 

803 

-0. 94826 300 

+0. 31748 587 

853 

-0.99834 

189 

+0.05756 271 

804 

-0. 24519 354 

+0. 96947 415 

854 

-0.49096 

907 

+0.87117 700 

805 

+0. 68330 573 

+0.73013 237 

855 

+0. 46779 

845 

+0. 88383 517 

806 

+0. 98357 687 

-0. 18048 975 

856 

+0.99647 

423 

+0. 08389 936 

807 

+0. 37955 196 

-0.92517 042 

857 

+0.60899 

620 

-0.79317 314 

808 

-0. 57343 126 

-0.81925 368 

858 

-0. 33839 

013 

-0. 94100 591 

809 

-0. 99920 443 

+0. 03988 112 

859 

-0.97466 

214 

-0. 22368 219 

810 

-0. 50631 365 

+0. 86234 940 

860 

-0.71483 

427 

+0.69929 390 

811 

+0. 45207 956 

+0. 89197 762 

861 

+0.20220 

893 

+0.97934 241 

812 

+0. 99483 291 

+0.10152 573 

862 

+0.93334 

217 

+0.35898 802 

813 

+0. 62294 147 

-0.78226 845 

863 

+0. 80636 

493 

-0. 59141 830 

814 

-0. 32167 949 

-0. 94684 862 

864 

-0.06198 

051 

-0. 99807 736 

815 

-0.97054 981 

-0. 24090 054 

865 

-0.87334 

135 

-0. 48710 870 

816 

-0.72710 111 

+0. 68653 039 

866 

-0. 88175 

618 

£0.47170 545 

817 

+ 0. 18484 099 

+ 0. 98276 844 

867 

-0. 07948 

845 

+0. 99683 579 

818 

+0.92684 114 

+0.37545 372 

868 

+0. 79586 

060 

+0. 60547 989 

819 

+0. 81670 782 

-0. 57705 142 

869 

+0. 93949 

908 

-0. 34255 142 

820 

-0. 04430 291 

-0. 99901 814 

870 

+0.21936 

644 

-0. 97564 254 

821 

-0. 86458 174 

-0. 50249 220 

871 

-0. 70245 

070 

-0.71173 241 

822 

-0.88996 811 

+0.45602 276 

872 

-0. 97843 

790 

+0. 20654 122 

823 

-0. 09712 190 

+0.99527 249 

873 

-0. 35485 

381 

+0.93492 180 

824 

+0.78501 774 

+0. 61947 329 

874 

+0. 59498 

124 

+0.80373 959 

825 

+0. 94541 569 

-0. 32586 680 

875 

+0. 99779 

328 

-0. 06639 709 

826 

+0.23660 282 

-0. 97160 646 

876 

+0. 48323 

878 

-0. 87548 859 

827 

-0.68974 159 

-0.72405 561 

877 

-0. 47560 

322 

-0.87965 992 

828 

-0.98194 076 

+0. 18918 862 

878 

-0.99717 

782 

-0.07507 597 

829 

-0. 37134 812 

+0.92849 371 

879 

-0. 60195 

173 

+0.79853 248 

830 

+0. 58066 027 

+0. 81414 596 

880 

+0. 34670 

601 

+0. 93797 385 

831 

+0. 99881 229 

-0. 04872 383 

881 

+0.97660 

383 

+0. 21504 639 

832 

+0.49866 090 

-0. 86679 716 

882 

+0. 70861 

660 

-0.70559 373 

833 

-0. 45995 702 

-0, 88794 118 

883 

-0.21086 

947 

-0.97751 423 

834 

-0.99569 258 

-0. 09271 618 

884 

-0. 93648 

312 

-0. 35071 265 

835 

-0. 61599 297 

+0. 78775 165 

885 

-0. 80109 

851 

+0.59853 252 

836 

+0. 33004 774 

+0. 94396 424 

886 

+0. 07081 

237 

+0. 99748 965 

837 

+0. 97264 407 

+0.23230 046 

887 

+0. 87761 

869 

+0. 47935 940 

838 

+ 0. 72099 594 

-0. 69293 929 

888 

+0.87754 

643 

-0. 47949 167 

839 

-0. 19353 254 

-0. 98109 386 

889 

+0. 07066 

203 

-0.99750 031 

840 

-0. 93012 809 

-0. 36723 525 

890 

-0. 80118 

871 

-0. 59841 177 

841 

-0. 81156 816 

+0. 58425 775 

891 

-0. 93643 

025 

+0. 35085 380 

842 

+0. 05314 379 

+0. 99858 687 

892 

-0.21072 

213 

+0.97754 600 

843 

+0. 86899 559 

+0. 49481 983 

893 

+0. 70872 

294 

+0. 70548 692 

844 

+0.88589 685 

-0.46388 228 

894 

+0. 97657 

141 

-0.21519 358 

845 

+0. 08830 863 

-0.99609 316 

895 

+0. 34656 

463 

-0.93802 610 

846 

-0.79047 014 

-0.61250 058 

896 

-0. 60207 

208 

-0. 79844 174 

847 

-0.94249 431 

+0.33422 221 

897 

-0. 99716 

649 

+0. 07522 627 

848 

-0.22799 356 

+0. 97366 264 

898 

-0.47547 

063 

+ 0.87973 159 

849 

+0. 69612 342 

+0. 71792 213 

899 

+0. 48337 

073 

+0. 87541 575 

850 

+0.98022 773 

-0. 19787 267 

900 

+0. 99780 

327 

+0. 06624 670 
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CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS Table 4.8 


X 

sin x 

COS X 

X 

sin x 

COS X 

900 

+0.99780 327 

+0. 06624 670 

950 

+0.94546 479 

+0. 32572 431 

901 

+0. 59486 009 

-0. 80382 926 

951 

+0.78492 436 

-0.61959 160 

902 

-0.35499 472 

-0.93486 831 

952 

-0. 09727 191 

-0. 99525 784 

903 

-0. 97846 902 

-0.20639 374 

953 

-0.89003 684 

-0.45588 862 

904 

-0. 70234 341 

+0.71183 827 

954 

-0. 86450 600 

+0. 50262 250 

905 

+0. 21951 349 

+0.97560 947 

955 

-0.04415 233 

+0.99902 481 

906 

+0.93955 070 

+0. 34240 981 

956 

+0. 81679 478 

+0.57692 832 

907 

+0. 79576 933 

-0.60559 984 

957 

+0.92678 454 

-0.37559 341 

908 

-0.07963 869 

-0.99682 380 

958 

+0. 18469 287 

-0.98279 629 

909 

-0. 88182 727 

-0. 47157 255 

959 

-0.72720 458 

-0. 68642 079 

910 

-0.87326 792 

+0. 48724 032 

960 

-0.97051 349 

+0.24104 682 

911 

-0. 06183 008 

+0.99808 669 

961 

-0. 32153 677 

+0.94689 709 

912 

+0. 80645 406 

+0.59129 676 

962 

+0. 62305 937 

+0. 78217 455 

913 

+0.93328 805 

-0. 35912 869 

963 

+0.99481 760 

-0. 10167 567 

914 

+0.20206 131 

-0.97937 287 

964 

+0.45194 512 

-0.89204 574 

915 

-0.71493 966 

-0. 69918 616 

965 

-0. 50644 362 

-0. 86227 308 

916 

-0.97462 841 

+0. 22382 909 

966 

-0.99921 043 

-0. 03973 052 

917 

-0. 33824 829 

+0.94105 690 

967 

-0.57330 778 

+0.81934 009 

918 

+0. 60911 575 

+0.79308 134 

968 

+0. 37969 140 

+0. 92511 320 

919 

+0.99646 158 

-0.08404 955 

969 

+0.98360 406 

+0. 18034 150 

920 

+0. 46766 523 

-0. 88390 567 

970 

+0.68319 568 

-0.73023 535 

921 

-0. 49110 037 

-0. 87110 299 

971 

-0.24533 966 

-0. 96943 718 

922 

-0.99835 056 

-0. 05741 224 

972 

-0.94831 084 

-0. 31734 294 

923 

-0. 58772 184 

+0.80906 306 

973 

-0.77940 942 

+0.62651 493 

924 

+0. 36325 562 

+0.93168 952 

974 

+0. 10607 744 

+0.99435 787 

925 

+0.98025 754 

+0. 19772 493 

975 

+0. 89403 718 

+0. 44799 277 

926 

+0. 69601 520 

-0.71802 705 

976 

+0.86002 327 

-0. 51025 482 

927 

-0. 22814 031 

-0.97362 827 

977 

+0.03530 793 

-0.99937 648 

928 

-0.94254 467 

-0. 33408 015 

978 

-0. 82186 936 

-0. 56967 601 

929 

-0.79037 781 

+0. 61261 972 

979 

-0.92342 374 

+0.38378 195 

930 

+0.08845 877 

+0. 99607 984 

980 

-0.17598 660 

+0.98439 256 

931 

+0. 88596 676 

+ 0. 46374 875 

981 

+0. 73325 181 

+0.67995 719 

932 

+0. 86892 100 

-0. 49495 080 

982 

+0. 96834 189 

-0.24962 769 

933 

+0.05299 328 

-0. 99859 487 

983 

+0. 31314 290 

-0, 94970 602 

934 

-0.81165 622 

-0. 58413 542 

984 

-0. 62995 823 

-0. 77662 902 

935 

-0.93007 273 

+0. 36737 544 

985 

-0.99387 867 

+0. 11047 712 

936 

-0.19338 467 

+0.98112 302 

986 

-0. 44403 164 

+0.89601 111 

937 

+0.72110 037 

+0. 69283 061 

987 

+0.51405 603 

+0. 85775 661 

938 

+0.97260 905 

-0.23244 706 

988 

+0.99952 296 

+0.03088 464 

939 

+0.32990 546 

-0.94401 398 

989 

+0. 56603 309 

-0. 82438 252 

940 

-0.61611 169 

-0.78765 880 

990 

-0. 38786 499 

-0.92171 620 

941 

-0.99567 859 

+0.09286 625 

991 

-0.98516 179 

-0.17162 825 

942 

-0. 45982 319 

+0.88801 049 

992 

-0. 67670 538 

+0. 73625 392 

943 

+ 0.49879 154 

+0. 86672 199 

993 

+0.25391 083 

+0.96722 763 

944 

+0.99881 962 

+0.04857 328 

994 

+0.95108 260 

+0. 30893 672 

945 

+0.58053 755 

-0. 81423 347 

995 

+0. 77383 341 

-0.63338 919 

946 

-0. 37148 806 

-0. 92843 773 

996 

-0.11487 465 

-0. 99338 000 

947 

-0.98196 927 

-0. 18904 062 

997 

-0. 89796 748 

-0. 44006 182 

948 

-0.68963 246 

+0.72415 957 

998 

-0. 85547 315 

+0.51784 716 

949 

+0. 23674 926 

+0.97157 078 

999 

-0.02646 075 

+0.99964 985 

950 

+0.94546 479 

+0. 32572 431 

1000 

+0. 82687 954 

+0.56237 908 


For x>1000 see Example 16. 
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Table 4.9 


CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS FOR RADIAN ARGUMENTS 


X 

tan x 

cot X 


sec x 


CSC X 


a; -1 —cot x 

CSC x—x 

■ -1 

0.00 

0.00000 0000 

00 


1.00000 

00 

00 


0.00000 

000 

0.00000 

000 

0.01 

0.01000 

0333 

99.99666 

66 

1.00005 

00 

100.00166 

67 

0.00333 

335 

0.00166 

668 

0.02 

0.02000 

2667 

49.99333 

32 

1.00020 

00 

50.00333 

35 

0.00666 

684 

0.00333 

349 

0.03 

0.03000 

9003 

33.32333 

27 

1.00045 

02 

33.33833 

39 

0.01000 

060 

0.00500 

053 

0.04 

0.04002 

1347 

24.98666 

52 

1.00080 

05 

25.00666 

79 

0.01333 

476 

0.00666 

791 

0.05 

0.05004 

1708 

19.98333 

06 

1.00125 

13 

20.00833 

58 

0.01666 

944 

0.00833 

576 

0.06 

0.06007 

2104 

16.64666 

19 

1.00180 

27 

16.67667 

09 

0.02000 

480 

0.01000 

420 

0.07 

0.07011 

4558 

14.26237 

33 

1.00245 

50 

14.29738 

76 

0.02334 

096 

0.01167 

334 

0.08 

0.08017 

1105 

12.47332 

19 

1.00320 

86 

12.51334 

32 

0.02667 

805 

0.01334 

330 

0.09 

0.09024 

3790 

11.08109 

49 

1.00406 

37 

11.12612 

53 

0.03001 

621 

0.01501 

419 

0.10 

0.10033 

467 

9.96664 

44 

1.00502 

09 

10.01668 

61 

0.03335 

558 

0.01668 

614 

0.11 

0.11044 

582 

9.05421 

28 

1.00608 

07 

9.10926 

83 

0.03669 

628 

0.01835 

925 

0.12 

0.12057 

934 

8.29329 

49 

1.00724 

35 

8.35336 70 

0.04003 

845 

0.02003 

365 

0.13 

0.13073 

732 

7.64892 

55 

1.00850 

99 

7.71401 

72 

0.04338 

223 

0.02170 

946 

0.14 

0.14092 

189 

7.09612 

94 

1.00988 

07 

7.16624 

39 

0.04672 

776 

0.02338 

680 

0.15 

0.15113 

522 

6.61659 

15 

1.01135 

64 

6.69173 

24 

0.05007 

516 

0.02506 

578 

0.16 

0.16137 

946 

6.19657 

54 

1.01293 

80 

6.27674 

65 

0.05342 

458 

0.02674 

653 

0.17 

0.17165 

682 

5.82557 

68 

1.01462 

61 

5.91078 

21 

0.05677 

615 

0.02842 

915 

0.18 

0.18196 

953 

5.49542 

56 

1.01642 

16 

5.58566 

93 

0.06013 

000 

0.03011 

379 

0.19 

0.19231 

984 

5.19967 

16 

1.01832 

55 

5.29495 

84 

0.06348 

628 

0.03180 

054 

0.20 

0.20271 

004 

4.93315 

49 

1.02033 

88 

5.03348 

95 

0.06684 

512 

0.03348 

955 

0.21 

0.21314 

244 

4.69169 

81 

1.02246 

26 

4.79708 

57 

0.07020 

667 

0.03518 

092 

0.22 

0.22361 

942 

4.47188 

35 

1.02469 

78 

4.58232 

93 

0.07357 

105 

0.03687 

477 

0.23 

0.23414 

336 

4.27088 

77 

1.02704 

58 

4.38639 

73 

0.07693 

841 

0.03857 

124 

0.24 

0.24471 

670 

4.08635 

78 

1.02950 

78 

4.20693 

.71 

0.08030 

889 

0.04027 

044 

0.25 

0.25534 

192 

3.91631 

74 

1.03208 

50 

4.04197 

25 

0.08368 

264 

0.04197 

250 

0.26 

0.26602 

154 

3.75909 

41 

1.03477 

89 

3.88983 

14 

0.08705 

978 

0.04367 

754 

0.27 

0.27675 

814 

3.61326 

32 

1.03759 

10 

3.74908 

94 

0.09044 

046 

0.04538 

569 

0.28 

0.28755 

433 

3.47760 

37 

1.04052 

27 

3.61852 

56 

0.09382 

483 

0.04709 

707 

0.29 

0.29841 

279 

3.35106 

28 

1.04357 

57 

3.49708 

77 

0.09721 

302 

0.04881 

181 

0.30 

0.30933 

625 

3.23272 

81 

1.04675 

16 

3.38386 

34 

0.10060 

519 

0.05053 

003 

0.31 

0.32032 

751 

3.12180 

50 

1.05005 

22 

3.27805 

83 

0.10400 

147 

0.05225 

186 

0.32 

0.33138 

941 

3.01759 

80 

1.05347 

94 

3.17897 

74 

0.10740 

202 

0.05397 

744 

0.33 

0.34252 

487 

2.91949 

61 

1.05703 

51 

3.08600 

99 

0.11080 

697 

0.05570 

689 

0.34 

0.35373 

688 

2.82696 

00 

1.06072 

13 

2.99861 

68 

0.11421 

648 

0.05744 

034 

0.35 

0.36502 

849 

2.73951 

22 

1.06454 

02 

2.91632 

08 

0.11763 

070 

0.05917 

792 

0.36 

0.37640 

285 

2.65672 

80 

1.06849 

38 

2.83869 

75 

0.12104 

976 

0.06091 

976 

0.37 

0.38786 

316 

2.57822 

89 

1.07258 

47 

2.76536 

87 

0.12447 

383 

0.06266 

601 

0.38 

0.39941 

272 

2.50367 

59 

1.07681 

50 

2.69599 

57 

0.12790 

306 

0.06441 

678 

0.39 

0.41105 

492 

2.43276 

50 

1.08118 

74 

2.63027 

48 

0.13133 

759 

0.06617 

222 

0.40 

0.42279 

322 

2.36522 

24 

1.08570 

44 

2.56793 

25 

0.13477 

758 

0.06793 

246 

0.41 

0.43463 

120 

2.30080 

12 

1.09036 

89 

2.50872 

20 

0,13822 

318 

0.06969 

763 

0.42 

0.44657 

255 

2.23927 

78 

1.09518 

36 

2.45242 

03 

0.14167 

456 

0.07146 

789 

0.43 

0.45862 

102 

2.18044 

95 

1.10015 

15 

2.39882 

48 

0.14513 

185 

0.07324 

336 

0.44 

0.47078 

053 

2.12413 

20 

1.10527 

57 

2.34775 

15 

0.14859 

524 

0.07502 

418 

0.45 

0.48305 

507 

2.07015 

74 

1.11055 

94 

2.29903 

27 

0.15206 

486 

0.07681 

051 

0.46 

0.49544 

877 

2.01837 

22 

1.11600 

60 

2.25251 

55 

0.15554 

089 

0.07860 

247 

0.47 

0.50796 

590 

1.96863 

61 

1.12161 

91 

2.20805 

98 

0.15902 

348 

0.08040 

022 

0.48 

0.52061 

084 

1.92082 

05 

1.12740 

22 

2.16553 

72 

0.16251 

280 

0.08220 

390 

0.49 

0.53338 

815 

1.87480 

73 

1.13335 

91 

2.12483 

00 

0.16600 

901 

0.08401 

366 

0.50 

0.54630 

249 

1.83048 

77 

1.13949 

39 

2.08582 

96 

0.16951 

228 

0.08582 

964 


rn 



[ ( t )2 ] 



[ ( -4 7)9 ] 

['-;»] 


Compilation of tan x and cotx from National Bureau of Standards, Table of circular and hyperbolic tangents and cotan¬ 


gents for radian arguments, 2d printing. Columbia Univ. Press, New York, N.Y., 1947 (with permission). 
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CIRCULAR TANGENTS, 

COTANGENTS, SECANTS AND COSECANTS 

Table 4.9 



FOR RADIAN ARGUMENTS 



X 

tan x 

cot X 

sec x 


CSC X 

0.50 

0.54630 249 

1.83048 772 

1.13949 

39 

2.08582 96 

0.51 

0.55935 872 

1.78776 154 

1.14581 

07 

2.04843 63 

0.52 

0.57256 183 

1.74653 626 

1.15231 

38 

2.01255 78 

0.53 

0.58591 701 

1.70672 634 

1.15900 

77 

1.97810 89 

0.54 

0.59942 962 

1.66825 255 

1.16589 

70 

1.94501 07 

0.55 

0.61310 521 

1.63104 142 

1.17298 

68 

1.91319 00 

0.56 

0.62694 954 

1.59502 471 

1.18028 

21 

1.88257 90 

0.57 

0.64096 855 

1.56013 894 

1.18778 

81 

1.85311 45 

0.58 

0.65516 845 

1.52632 503 

1.19551 

06 

1.82473 78 

0.59 

0.66955 565 

1.49352 784 

1.20345 

53 

1.79739 41 

0.60 

0.68413 681 

1.46169 595 

1.21162 

83 

1.77103 22 

0.61 

0.69891 886 

1.43078 125 

1.22003 

59 

1.74560 45 

0.62 

0.71390 901 

1.40073 873 

1.22868 

47 

1.72106 62 

0.63 

0.72911 473 

1.37152 626 

1.23758 

16 

1.69737 57 

0.64 

0.74454 382 

1.34310 429 

1.24673 

39 

1.67449 37 

0.65 

0.76020 440 

1.31543 569 

1.25614 

92 

1.65238 34 

0.66 

0.77610 491 

1.28848 559 

1.26583 

52 

1.63101 05 

0.67 

0.79225 417 

1.26222 118 

1.27580 

04 

1.61034 23 

0.68 

0.80866 138 

1.23661 155 

1.28605 

34 

1.59034 84 

0.69 

0.82533 611 

1.21162 759 

1.29660 

31 

1.57100 01 

0.70 

0.84228 838 

1.18724 IB3 

1.30745 

93 

1.55227 03 

0.71 

0.85952 867 

1.16342 833 

1.31863 

17 

1.53413 35 

0.72 

0.87706 790 

1.14016 258 

1.33013 

09 

1.51656 54 

0.73 

0.89491 753 

1.11742 140 

1.34196 

77 

1.49954 35 

0.74 

0.91308 953 

1.09518 285 

1.35415 

38 

1.48304 60 

0.75 

0.93159 646 

1.07342 615 

1.36670 

11 

1.46705 27 

0.76 

0.95045 146 

1.05213 158 

1.37962 

24 

1.45154 43 

0.77 

0.96966 833 

1.03128 046 

1.39293 

10 

1.43650 25 

0.78 

0.98926 154 

1.01085 503 

1.40664 

08 

1.42190 99 

0.79 

1.00924 629 

0.99083 842 

1.42076 

67 

1.40775 03 

0.80 

1.02963 857 

0.97121 460 

1.43532 

42 

1.39400 78 

0.81 

1.05045 514 

0.95196 830 

1.45032 

96 

1.38066 78 

0.82 

1.07171 372 

0.93308 500 

1.46580 

02 

1.36771 62 

0.83 

1.09343 292 

0.91455 085 

1.48175 

42 

1.35513 96 

0.84 

1.11563 235 

0.89635 264 

1.49821 

08 

1.34292 52 

0.85 

1.13833 271 

0.87847 778 

1.51519 

02 

1.33106 09 

0.86 

1.16155 586 

0.86091 426 

1.53271 

39 

1.31953 53 

0.87 

1.18532 486 

0.84365 058 

1.55080 

46 

1.30833 72 

0.88 

1.20966 412 

0.82667 575 

1.56948 

63 

1.29745 63 

0.89 

1.23459 946 

0.80997 930 

1.58878 

44 

1.28688 25 

0.90 

1.26015 822 

0.79355 115 

1.60872 

58 

1.27660 62 

0.91 

1.28636 938 

0.77738 169 

1.62933 

92 

1.26661 84 

0.92 

1.31326 370 

0.76146 169 

1.65065 

49 

1.25691 05 

0.93 

1.34087 383 

0.74578 232 

1.67270 

52 

1.24747 40 

0.94 

1.36923 448 

0.73033 510 

1.69552 

44 

1.23830 10 

0.95 

1.39838 259 

0.71511 188 

1.71914 

92 

1.22938 40 

0.96 

1.42835 749 

0.70010 485 

1.74361 

84 

1.22071 57 

0.97 

1.45920 113 

0.68530 649 

1.76897 

37 

1.21228 91 

0.98 

1.49095 827 

0.67070 959 

1.79525 

95 

1.20409 77 

0.99 

1.52367 674 

0.65630 719 

1.82252 

32 

1.19613 51 

1.00 

1.55740 772 

0.64209 262 

1.85081 

57 

1.18839 51 



r (-4)2-1 

r(-4>n 

r ( ~ 4)2 i 


l & J 

L 6 J 

L 5 

J 

L a J 


'See page n. 
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Table 4.9 CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS 
FOR RADIAN ARGUMENTS 



tan :r 

cot r 

sec x 

CSC X 

1.00 

1.55740 77 

0.64209 262 

1.85081 57 

1.18839 51 

1.01 

1.59220 60 

0.62805 942 

1.88019 15 

1.18087 20 

1.02 

1.62813 04 

0.61420 141 

1.91070 89 

1.17356 01 

1.03 

1.66524 40 

0.60051 260 

1.94243 08 

1.16645 42 

1.04 

1.70361 46 

0.58698 722 

1.97542 47 

1.15954 90 

1.05 

1.74331 53 

0.57361 970 

2.00976 32 

1.15283 98 

1.06 

1.78442 48 

0.56040 467 

.. 2.04552 49 

1.14632 17 

1.07 

1.82702 82 

0.54733 693 

2.08279 43 

1.13999 02 

1.08 

1.87121 73 

0.53441 147 

2.12166 31 

1.13384 11 

1.09 

1.91709 18 

0.52162 342 

2.16223 06 

1.12787 01 

1.10 

1.96475 97 

0.50896 811 

2.20460 44 

1.12207 33 

1.11 

2.01433 82 

0.49644 096 

2.24890 16 

1.11644 69 

1.12 

2.06595 53 

0.48403 759 

2.29524 97 

1.11098 71 

1.13 

2.11975 01 

0.47175 371 

2.34378 77 

1.10569 05 

1.14 

2.17587 51 

0.45958 520 

2.39466 75 

1.10055 37 

1.15 

2.23449 69 

0.44752 802 

2.44805 57 

1.09557 35 

1.16 

2.29579 85 

0.43557 829 

2.50413 48 

1.09074 67 

1.17 

2.35998 11 

0.42373 221 

2.56310 57 

1.08607 04 

1.18 

2.42726 64 

0.41198 610 

2.62518 99 

1.08154 17 

1.19 

2.49789 94 

0.40033 638 

2.69063 21 

1.07715 79 

1.20 

2.57215 16 

0.38877 957 

2.75970 36 

1.07291 64 

1.21 

2.65032 46 

0.37731 227 

2.83270 55 

1.06881 46 

1.22 

2.73275 42 

0.36593 119 

2.90997 35 

1.06485 01 

1.23 

2.81981 57 

0.35463 310 

2.99188 25 

1.06102 06 

1.24 

2.91192 99 

0.34341 486 

3.07885 30 

1.05732 39 

1.25 

3.00956 97 

0.33227 342 

3.17135 77 

1.05375 79 

1.26 

3.11326 91 

0.32120 577 

3.26993 04 

1.05032 05 

1.27 

3.22363 32 

0.31020 899 

3.37517 57 

1.04700 98 

1.28 

3.34135 00 

0.29928 023 

3.48778 15 

1.04382 41 

1.29 

3.46720 57 

0.28841 670 

3.60853 36 

1.04076 14 

1.30 

3.60210 24 

0.27761 565 

3.73833 41 

1.03782 00 

1.31 

3.74708 10 

0.26687 440 

3.87822 33 

1.03499 85 

1.32 

3.90334 78 

0.25619 034 

4.02940 74 

1.03229 53 

1.33 

4.07230 98 

0.24556 088 

4.19329 31 

1.02970 88 

1.34 

4.25561 79 

0.23498 350 

4.37153 10 

1.02723 77 

1.35 

4.45522 18 

0.22445 572 

4.56607 06 

1.02488 07 

1.36 

4.67344 12 

0.21397 509 

4.77923 14 

1.02263 65 

1.37 

4.91305 81 

0.20353 922 

5.01379 49 

1.02050 39 

1.38 

5.17743 74 

0.19314 574 

5.27312 60 

1.01848 18 

1.39 

5.47068 86 

0.18279 234 

5.56133 39 

1.01656 93 

1.40 

5.79788 37 

0.17247 673 

5.88349 01 

1.01476 51 

1.41 

6.16535 61 

0.16219 663 

6.24592 80 

1.01306 85 

1.42 

6.58111 95 

0.15194 983 

6.65666 08 

1.01147 85 

1.43 

7.05546 38 

0.14173 413 

7.12597 85 

1.00999 43 

1.44 

7.60182 61 

0.13154 734 

7.66731 76 

1.00861 52 

1.45 

8.23809 28 

0.12138 732 

8.29856 45 

1.00734 05 

1.46 

8.98860 76 

0.11125 194 

9.04406 25 

1.00616 95 

1.47 

9.88737 49 

0.10113 908 

9.93781 58 

1.00510 15 

1.48 

10.98337 93 

0.09104 6660 

11.02880 87 

1.00413 62 

1.49 

12.34985 64 

0.08097 2601 

12.39027 66 

1.00327 29 

1.50 

14.10141 99 

0.07091 4844 

14.13683 29 

1.00251 13 

1.51 

16.42809 17 

0.06087 1343 

16.45849 92 

1.00185 09 

1.52 

19.66952 78 

0.05084 0061 

19.69493 14 

1.00129 15 

1.53 

24.49841 04 

0.04081 8975 

24.51881 14 

1.00083 27 

1.54 

32.46113 89 

0.03080 6066 

32.47653 83 

1.00047 44 

1.55 

48.07848 25 

0.02079 9325 

48.08888 10 

1.00021 63 

1.56 

92.62049 63 

0.01079 6746 

92.62589 45 

1.00005 83 

1.57 

+1255.76559 15 

+ 0.00079 6327 

+1255.76598 97 

1.00000 03 

1.58 

- 108.64920 36 

- 0.00920 3933 

- 108.65380 55 

1.00004 24 

1.59 

- 52.06696 96 

- 0.01920 6034 

- 52.07657 18 

1.00018 44 

1.60 

- 34.23253 27 

- 0.02921 1978 

- 34.24713 56 

1.00042 66 
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CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE Table 4.10 


e 

0. 0° 

0. 00000 

sin 0 

00000 

00000 

1.00000 

cos 0 

00000 

00000 

90° -0 
90. 0° 

0.1 

0.00174 

53283 

65898 

0.99999 

84769 

13288 

89.9 

0.2 

0. 00349 

06514 

15224 

0.99999 

39076 

57790 

89.8 

0.3 

0.00523 

59638 

31420 

0. 99998 

62922 

47427 

89. 7 

0.4 

0. 00698 

12602 

97962 

0.99997 

56307 

05395 

89.6 

0.5 

0.00872 

65354 

98374 

0.99996 

19230 

64171 

89.5 

0.6 

0. 01047 

17841 

16246 

0. 99994 

51693 

65512 

89.4 

0.7 

0.01221 

70008 

35247 

0. 99992 

53696 

60452 

89.3 

0. 8 

0.01396 

21803 

39145 

0. 99990 

25240 

09304 

89.2 

0.9 

0. 01570 

73173 

11821 

0. 99987 

66324 

81661 

89.1 

1.0 

0. 01745 

24064 

37284 

0. 99984 

76951 

56391 

89.0 

1.1 

0.01919 

74423 

99690 

0. 99981 

57121 

21644 

88.9 

1.2 

0. 02094 

24198 

83357 

0.99978 

06834 

74845 

88.8 

1.3 

0. 02268 

73335 

72781 

0.99974 26093 

22698 

88.7 

1.4 

0. 02443 

21781 

52653 

0. 99970 

14897 

81183 

88.6 

1.5 

0. 02617 

69483 

07873 

0.99965 

73249 

75557 

88.5 

1.6 

0. 02792 

16387 

23569 

0. 99961 

01150 

40354 

88.4 

1.7 

0.02966 

62440 

85111 

0.99955 

98601 

19384 

88.3 

1.8 

0.03141 

07590 

78128 

0. 99950 

65603 

65732 

88.2 

1.9 

0. 03315 

51783 

88526 

0. 99945 

02159 

41757 

88.1 

2.0 

0.03489 

94967 

02501 

0.99939 

08270 

19096 

88.0 

2.1 

0. 03664 

37087 

06556 

0.99932 

83937 

78656 

87.9 

2.2 

0. 03838 

78090 

87520 

0.99926 

29164 

10621 

87.8 

2.3 

0. 04013 

17925 

32560 

0. 99919 

43951 

14446 

87.7 

2.4 

0. 04187 

56537 

29200 

0.99912 

28300 

98858 

87.6 

2.5 

0.04361 

93873 

65336 

0.99904 

82215 

81858 

87.5 

2.6 

0. 04536 

29881 

29254 

0. 99897 

05697 

90715 

87.4 

2.7 

0. 04710 

64507 

09643 

0.99888 

98749 

61970 

87.3 

2.8 

0. 04884 

97697 

95613 

0. 99880 

61373 

41434 

87.2 

2.9 

0. 05059 

29400 

76713 

0. 99871 

93571 

84186 

87.1 

3.0 

0. 05233 

59562 

42944 

0. 99862 

95347 

54574 

87.0 

3.1 

0.05407 

88129 

84775 

0.99853 

66703 

26212 

86.9 

3.2 

0. 05582 

15049 

93164 

0. 99844 

07641 

81981 

86.8 

3.3 

0. 05756 

40269 

59567 

0. 99834 

18166 

14028 

86.7 

3.4 

0.05930 

63735 

75962 

0.99823 

98279 

23765 

86.6 

3.5 

0. 06104 

85395 

34857 

0.99813 

47984 

21867 

86.5 

3.6 

0.06279 

05195 

29313 

0. 99802 

67284 

28272 

86.4 

3. 7 

0. 06453 

23082 

52958 

0. 99791 

56182 

72179 

86.3 

3.8 

0.06627 

39004 

00000 

0.99780 

14682 

92050 

86.2 

3.9 

0. 06801 

52906 

65248 

0. 99768 

42788 

35605 

86.1 

4.0 

0.06975 

64737 

44125 

0.99756 40502 

59824 

86.0 

4.1 

0. 07149 

74443 

32686 

0.99744 

07829 

30944 

85.9 

4.2 

0.07323 

81971 

27632 

0. 99731 

44772 

24458 

85.8 

4.3 

0. 07497 

87268 

26328 

0. 99718 51335 

25116 

85.7 

4.4 

0. 07671 

90281 

26819 

0. 99705 

27522 

26920 

85.6 

4.5 

0. 07845 

90957 

27845 

0.99691 

73337 

33128 

85.5 

4.6 

0.08019 

89243 

28859 

0. 99677 

88784 

56247 

85.4 

4.7 

0. 08193 

85086 

30041 

0. 99663 

73868 

18037 

85.3 

4.8 

0. 08367 

78433 

32315 

0.99649 

28592 

49504 

85.2 

4.9 

0. 08541 

69231 

37367 

0.99634 

52961 

90906 

85.1 

5.0 

0.08715 

57427 

47658 

0.99619 

46980 

91746 

85.0 

90° —0 cos 9 

* m 

For conversion from radians to c 

iegrees see 

[' 

Example 14. 

sin 0 

■T] 


0 


•See page n. 
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Table 4.10 


e 

5.0° 

5.1 

5.2 

5.3 

5.4 

5.5 

5.6 
5. 7 

5.8 

5.9 

6.0 

6.1 

6.2 

6.3 

6.4 

6.5 

6.6 

6.7 

6.8 

6.9 

7.0 

7.1 

7.2 

7.3 

7.4 

7.5 

7.6 

7.7 

7.8 

7.9 

8 . 0 
8.1 
8.2 

8.3 

8.4 

8.5 

8.6 

8. 7 

8.8 

8.9 

9.0 

9.1 

9.2 

9. 3 

9.4 

9.5 

9.6 

9.7 

9.8 
9. 9 

10 . 0 

90° -d 


CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


0.08715 

sin d 

57427 

47658 

0. 99619 

cos e 

46980 

91746 

90° ~d 

85.0° 

0.08889 

42968 

66442 

0.99604 

10654 

10770 

84.9 

0. 09063 

25801 

97780 

0.99588 

43986 

15970 

84.8 

0. 09237 

05874 

46562 

0.99572 

46981 

84582 

84.7 

0. 09410 

83133 

18514 

0.99556 

19646 

03080 

84.6 

0. 09584 

57525 

20224 

0. 99539 

61983 

67179 

84.5 

0. 09758 

28997 

59149 

0. 99522 

73999 

81831 

84.4 

0. 09931 

97497 

43639 

0.99505 

55699 

61226 

84.3 

0.10105 

62971 

82946 

0. 99488 

07088 

28788 

84.2 

0. 10279 

25367 

87247 

0.99470 

28171 

17174 

84.1 

0.10452 

84632 

67653 

0.99452 

18953 

68273 

84.0 

0. 10626 

40713 

36233 

0.99433 

79441 

33205 

83.9 

0.10799 

93557 

06023 

0.99415 

09639 

72315 

83.8 

0.10973 

43110 

91045 

0.99396 

09554 

55180 

83.7 

0.11146 

89322 

06325 

0.99376 

79191 

60596 

83.6 

0.11320 

32137 

67907 

0. 99357 

18556 

76587 

83.5 

0.11493 

71504 

92867 

0. 99337 

27656 

00396 

83.4 

0.11667 

07370 

99333 

0. 99317 

06495 

38486 

83.3 

0.11840 

39683 

06501 

0.99296 

55081 

06537 

83.2 

0.12013 

68388 

34647 

0.99275 

73419 

29446 

83.1 

0.12186 

93434 

05147 

0. 99254 

61516 

41322 

83.0 

0. 12360 

14767 

40493 

0.99233 

19378 

85489 

82.9 

0.12533 

32335 

64304 

0.99211 

47013 

14478 

82.8 

0. 12706 

46086 

01350 

0.99189 

44425 

90030 

82. 7 

0. 12879 

55965 

77563 

0.99167 

11623 

83090 

82.6 

0. 13052 

61922 

20052 

0.99144 

48613 

73810 

82.5 

0. 13225 

63902 

57122 

0.99121 

55402 

51542 

82.4 

0. 13398 

61854 

18292 

0.99098 

31997 

14836 

82.3 

0.13571 

55724 

34304 

0.99074 

78404 

71444 

82.2 

0.13744 

45460 

37147 

0.99050 

94632 

38309 

82.1 

0.13917 

31009 

60065 

0.99026 

80687 

41570 

82. 0 

0.14090 

12319 

37583 

0.99002 

36577 

16558 

81.9 

0.14262 

89337 

05512 

0.98977 

62309 

07789 

81.8 

0. 14435 

62010 

00973 

0. 98952 

57890 

68969 

81.7 

0. 14608 

30285 

62412 

0. 98927 

23329 

62988 

81.6 

0.14780 

94111 

29611 

0.98901 

58633 

61917 

81.5 

0.14953 

53434 

43710 

0.98875 

63810 

47006 

81.4 

0.15126 

08202 

47219 

0.98849 

38868 

08684 

81.3 

0.15298 

58362 

84038 

0.98822 

83814 

46553 

81.2 

0. 15471 

03862 

99468 

0.98795 

98657 

69389 

81.1 

0. 15643 

44650 

40231 

0.98768 

83405 

95138 

81.0 

0.15815 

80672 

54484 

0.98741 

38067 

50911 

80.9 

0. 15988 

11876 

91835 

0. 98713 

62650 

72988 

80.8 

0.16160 

38211 

03361 

0.98685 

57164 

06807 

80.7 

0. 16332 

59622 

41622 

0.98657 

21616 

06969 

80.6 

0.16504 

76058 

60678 

0.98628 

56015 

37231 

80.5 

0.16676 

87467 

16102 

0. 98599 

60370 

70505 

80.4 

0.16848 

93795 

65003 

0.98570 

34690 

88854 

80.3 

0.17020 

94991 

66033 

0.98540 

78984 

83490 

80.2 

0.17192 

91002 

79410 

0.98510 

93261 

54774 

80.1 

0.17364 

81776 

66930 

C. 98480 

77530 

12208 

B0. 0 


COS 6 


1 

sin 0 
"(-7)4‘ 
5 

] 

0 


•See page n. 
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CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE Table 4.10 


0 


sin 6 



COS 0 


90°-0 

10.0° 

0. 17364 

81776 

66930 

0.98480 

77530 

12208 

80.0° 

10.1 

0.17536 

67260 

91987 

0.98450 

31799 

74437 

79.9 

10.2 

0. 17708 

47403 

19583 

0.98419 

56079 

69242 

79.8 

10. 3 

0. 17880 

22151 

16350 

0.98388 

50379 

33542 

79.7 

10.4 

0. 18051 

91452 

50560 

0.98357 

14708 

13386 

79.6 

10.5 

0. 18223 

55254 

92147 

0.98325 

49075 

63955 

79.5 

10.6 

0.18395 

13506 

12720 

0.98293 

53491 

49554 

79.4 

10.7 

0. 18566 

66153 

85577 

0. 98261 

27965 

43615 

79.3 

10.8 

0.18738 

13145 

85725 

0.98228 

72507 

28689 

79.2 

10.9 

0. 18909 

54429 

89891 

0.98195 

87126 

96444 

79.1 

11.0 

0. 19080 

89953 

76545 

0.98162 

71834 

47664 

79.0 

11.1 

0. 19252 

19665 

25907 

0.98129 

26639 

92245 

78.9 

11.2 

0. 19423 

43512 

19972 

0.98095 

51553 

49192 

78.8 

11.3 

0. 19594 

61442 

42518 

0.98061 

46585 

46613 

78.7 

11.4 

0.19765 

73403 

79126 

0. 98027 

11746 

21722 

78.6 

11.5 

0. 19936 

79344 

17197 

0.97992 

47046 

20830 

78.5 

11. 6 

0.20107 

79211 

45965 

0.97957 

52495 

99344 

78.4 

11.7 

0. 20278 

72953 

56512 

0.97922 

28106 

21766 

78.3 

11.8 

0. 20449 

60518 

41790 

0.97886 

73887 

61685 

78.2 

11.9 

0.20620 

41853 

96630 

0.97850 

89851 

01778 

78.1 

12.0 

0. 20791 

16908 

17759 

0.97814 

76007 

33806 

78.0 

12.1 

0.20961 

85629 

03822 

0.97778 

32367 58606 

77.9 

12.2 

0.21132 

47964 

55389 

0.97741 

58942 

86096 

77.8 

12.3 

0.21303 

03862 

74977 

0.97704 

55744 

35264 

77.7 

12.4 

0.21473 

53271 

67063 

0.97667 

22783 

34168 

77.6 

12.5 

0.21643 

96139 

38103 

0. 97629 

60071 

19933 

77.5 

12.6 

0.21814 

32413 

96543 

0. 97591 

67619 

38747 

77.4 

12.7 

0.21984 

62043 

52838 

0.97553 

45439 

45857 

77.3 

12.8 

0.22154 

84976 

19467 

0.97514 

93543 

05563 

77.2 

12.9 

0. 22325 

01160 

10951 

0.97476 

11941 

91222 

77.1 

13. 0 

0.22495 

10543 

43865 

0.97437 

00647 

85235 

77.0 

13.1 

0.22665 

13074 

36855 

0. 97397 

59672 

79052 

76.9 

13.2 

0. 22835 

08701 

10656 

0.97357 

89028 

73160 

76.8 

13. 3 

0. 23004 

97371 

88104 

0. 97317 

88727 

77088 

76.7 

13.4 

0.23174 

79034 

94157 

0. 97277 

58782 

09397 

76.6 

13. 5 

0. 23344 

53638 

55905 

0. 97236 

99203 

97677 

76.5 

13. 6 

0. 23514 

21131 

02590 

0.97196 

10005 

78546 

76.4 

13.7 

0. 23683 

81460 

65619 

0.97154 

91199 

97646 

76.3 

13.8 

0.23853 

34575 

78581 

0.97113 

42799 

09636 

76.2 

13.9 

0.24022 

80424 

77264 

0. 97071 

64815 

78191 

76.1 

14.0 

0.24192 

18955 

99668 

0.97029 

57262 

75996 

76.0 

14.1 

0. 24361 

50117 

86023 

0. 96987 

20152 

84747 

75.9 

14.2 

0.24530 

73858 

78803 

0.96944 

53498 

95139 

75.8 

14.3 

0. 24699 

90127 

22743 

0.96901 

57314 

06870 

75.7 

14.4 

0. 24868 

98871 

64855 

0.96858 

31611 

28631 

75.6 

14. 5 

0. 25038 

00040 

54441 

0. 96814 

76403 

78108 

75.5 

14. 6 

0. 25206 

93582 

43114 

0.96770 

91704 

81971 

75.4 

14.7 

0. 25375 

79445 

84806 

0. 96726 

77527 

75877 

75.3 

14.8 

0. 25544 

57579 

35791 

0.96682 

33886 

04459 

75.2 

14.9 

0. 25713 

27931 

54696 

0.96637 

60793 

21329 

75.1 

15. 0 

0.25881 

90451 

02521 

0.96592 

58262 

89068 

75.0 

90° -e 


cos e 



sin 6 


e 



r. w 

] 


[(-7H 

] 
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Table 4.10 CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


0 


sin 0 



cos 0 


90°-0 

15. 0° 

0. 25881 

90451 

02521 

0. 96592 

58262 

89068 

75. 0° 

15.1 

0.26050 

45086 

42648 

0.96547 

26308 

79225 

74.9 

15.2 

0. 26218 

91786 

40865 

0.96501 

64944 

72311 

74.8 

15. 3 

0. 26387 

30499 

65373 

0.96455 

74184 

57798 

74.7 

15.4 

0. 26555 

61174 

86809 

0. 96409 

54042 

34110 

74.6 

15.5 

0. 26723 

83760 

78257 

0.96363 

04532 

08623 

74.5 

15.6 

0.26891 

98206 

15266 

0.96316 

25667 

97658 

74.4 

15.7 

0. 27060 

04459 

75864 

0.96269 

17464 

26479 

74.3 

15.8 

0. 27228 

02470 

40574 

0.96221 

79935 

29285 

74.2 

15.9 

0.27395 

92186 92432 

0.96174 

13095 

49211 

74.1 

16.0 

0. 27563 

73558 

16999 

0.96126 

16959 

38319 

74.0 

16.1 

0.27731 

46533 

02378 

0.96077 

91541 

57594 

73.9 

16.2 

0. 27899 

11060 

39229 

0.96029 

36856 

76943 

73.8 

16.3 

0.28066 

67089 

20788 

0.95980 

52919 

75187 

73.7 

16.4 

0.28234 

14568 

42876 

0.95931 

39745 

40058 

73.6 

16.5 

0.28401 

53447 

03923 

0.95881 

97348 

68193 

73.5 

16.6 

0.28568 

83674 

04974 

0.95832 

25744 

65133 

73.4 

16.7 

0.28736 

05198 

49712 

0.95782 

24948 

45315 

73.3 

16.8 

0.28903 

17969 

44472 

0.95731 

94975 

32067 

73.2 

16.9 

0. 29070 

21935 

98252 

0.95681 

35840 

57607 

73.1 

17.0 

0.29237 

17047 

22737 

0.95630 

47559 

63035 

73.0 

17.1 

0. 29404 

03252 

32304 

0.95579 

30147 

98330 

72.9 

17.2 

0. 29570 

80500 

44047 

0.95527 

83621 

22344 

72.8 

17.3 

0.29737 

48740 

77786 

0.95476 

07995 

02797 

72.7 

17.4 

0. 29904 

07922 

56087 

0.95424 

03285 

16277 

72.6 

17.5 

0. 30070 

57995 

04273 

0.95371 

69507 

48227 

72.5 

17.6 

0. 30236 

98907 

50445 

0. 95319 

06677 

92947 

72.4 

17.7 

0. 30403 

30609 

25490 

0.95266 

14812 

53586 

72.3 

17.8 

0. 30569 

53049 

63106 

0.95212 

93927 

42139 

72.2 

17.9 

0.30735 

66177 

99807 

0.95159 

44038 

79438 

72.1 

18.0 

0. 30901 

69943 

74947 

0.95105 

65162 

95154 

72.0 

18.1 

0.31067 

64296 

30732 

0.95051 

57316 

27784 

71.9 

18.2 

0. 31233 

49185 

12233 

0.94997 

20515 

24653 

71.8 

18.3 

0. 31399 

24559 

67405 

0.94942 

54776 

41904 

71.7 

18.4 

0.31564 

90369 

47102 

0.94887 

60116 

44497 

71.6 

18.5 

0. 31730 

46564 

05092 

0.94832 

36552 

06199 

71.5 

18.6 

0.31895 

93092 

98070 

0.94776 

84100 

09586 

71.4 

18.7 

0. 32061 

29905 

85676 

0.94721 

02777 

46029 

71.3 

18.8 

0. 32226 

56952 

30511 

0.94664 

92601 

15696 

71.2 

18.9 

0.32391 

74181 

98149 

0.94608 

53588 

27545 

71.1 

19.0 

0. 32556 

81544 

57157 

0.94551 

85755 

99317 

71.0 

19.1 

0.32721 

78989 

79104 

0.94494 

89121 

57531 

70.9 

19.2 

0. 32886 

66467 

38583 

0.94437 

63702 

37481 

70.8 

19.3 

0. 33051 

43927 

13223 

0.94380 

09515 

83229 

70.7 

19.4 

0.33216 

11318 

83703 

0.94322 

26579 

47601 

70.6 

19.5 

0. 33380 

68592 

33771 

0,94264 

14910 

92178 

70.5 

19.6 

0. 33545 

15697 

50255 

0.94205 

74527 

87297 

70.4 

19.7 

0. 33709 

52584 

23082 

0.94147 

05448 

12038 

70.3 

19.8 

0.33873 

79202 

45291 

0.94088 

07689 

54225 

70.2 

19.9 

0. 34037 

95502 

13050 

0.94028 

81270 

10419 

70.1 

20.0 

0. 34202 

01433 

25669 

0. 93969 

26207 

85908 

70.0 

90° -0 


cos 0 



sin 0 


0 



[ ( r 

] 

[ 

( -5 7H ] 
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CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE Table 4.10 


e 


sin e 



cos d 


90 °-0 

20. 0° 

0.34202 

01433 

25669 

0.93969 

26207 

85908 

70. 0° 

20.1 

0. 34365 

96945 

85616 

0.93909 

42520 

94709 

69.9 

20.2 

0. 34529 

81989 

98535 

0.93849 

30227 

59556 

69.8 

20.3 

0.34693 

56515 

73256 

0.93788 

89346 

11898 

69. 7 

20.4 

0.34857 

20473 

21815 

0.93728 

19894 

91892 

69.6 

20.5 

0. 35020 

73812 

59467 

0.93667 

21892 

48398 

69.5 

20.6 

0. 35184 

16484 

04702 

0. 93605 

95357 

38973 

69.4 

20.7 

0. 35347 

48437 

79257 

0. 93544 

40308 

29867 

69.3 

20.8 

0.35510 

69624 

08137 

0.93482 

56763 

96014 

69.2 

20.9 

0. 35673 

79993 

19625 

0.93420 

44743 

21030 

69.1 

21. 0 

0.35836 

79495 

45300 

0.93358 

04264 

97202 

69.0 

21.1 

0. 35999 

68081 

20051 

0. 93295 

35348 

25489 

68.9 

21.2 

0. 36162 

45700 

82092 

0.93232 

38012 

15512 

68.8 

21.3 

0. 36325 

12304 

72978 

0. 93169 

12275 

85549 

68.7 

21.4 

0. 36487 

67843 

37620 

0.93105 

58158 

62528 

68.6 

21.5 

0. 36650 

12267 

24297 

0.93041 

75679 

82025 

68.5 

21.6 

0. 36812 

45526 

84678 

0.92977 

64858 

88251 

68.4 

21.7 

0. 36974 

67572 

73829 

0.92913 

25715 

34056 

68.3 

21.8 

0.37136 

78355 

50235 

0. 92848 

58268 

80914 

68.2 

21.9 

0. 37298 

77825 

75809 

0. 92783 

62538 

98920 

68.1 

22.0 

0. 37460 

65934 

15912 

0. 92718 

38545 

66787 

68.0 

22.1 

0.37622 

42631 

39366 

0.92652 

86308 

71837 

67.9 

22.2 

0. 37784 

07868 

18467 

0.92587 

05848 

09995 

67.8 

22.3 

0. 37945 

61595 

29005 

0.92520 

97183 

85782 

67.7 

22.4 

0. 38107 

03763 

50274 

0.92454 

60336 

12313 

67.6 

22.5 

0. 38268 

34323 

65090 

0.92387 

95325 

11287 

67.5 

22.6 

0. 38429 

53226 

59804 

0.92321 

02171 

12981 

67.4 

22.7 

0. 38590 

60423 

24319 

0.92253 

80894 

56246 

67. 3 

22.8 

0. 38751 

55864 

52103 

0.92186 

31515 

88501 

67.2 

22.9 

0. 38912 

39501 

40206 

0.92118 

54055 

65721 

67.1 

23.0 

0. 39073 

11284 

89274 

0. 92050 

48534 

52440 

67.0 

23.1 

0. 39233 

71166 

03561 

0. 91982 

14973 

21738 

66.9 

23.2 

0. 39394 

19095 

90951 

0.91913 

53392 

55234 

66.8 

23.3 

0. 39554 

55025 

62965 

0. 91844 

63813 

43087 

66.7 

23.4 

0. 39714 

78906 

34781 

0.91775 

46256 

83981 

66.6 

23.5 

0. 39874 

90689 

25246 

0.91706 

00743 

85124 

66. 5 

23.6 

0. 40034 

90325 

56895 

0.91636 

27295 

62240 

66.4 

23.7 

0. 40194 

77766 

55960 

0.91566 

25933 

39561 

66.3 

23.8 

0.40354 

52963 

52390 

0.91495 

96678 

49825 

66.2 

23.9 

0.40514 

15867 

79863 

0.91425 

39552 

34264 

66.1 

24. 0 

0. 40673 

66430 

75800 

0. 91354 

54576 

42601 

66.0 

24.1 

0. 40833 

04603 

81385 

0.91283 

41772 

33043 

65.9 

24.2 

0. 40992 

30338 

41573 

0. 91212 

01161 

72273 

65.8 

24.3 

0.41151 

43586 

05109 

0.91140 

32766 

35445 

65.7 

24.4 

0. 41310 

44298 

24542 

0. 91068 

36608 

06177 

65.6 

24.5 

0. 41469 

32426 

56239 

0. 90996 

12708 

76543 

65.5 

24.6 

0.41628 

07922 

60401 

0.90923 

61090 

47069 

65.4 

24.7 

0.41786 

70738 

01077 

0. 90850 

81775 

26722 

65.3 

24.8 

0.41945 

20824 

46177 

0.90777 

74785 

32909 

65.2 

24.9 

0.42103 

58133 

67491 

0.90704 

40142 

91465 

65.1 

25.0 

0.42261 

82617 

40699 

0.90630 

77870 

36650 

65.0 

90°— 0 


cos 6 



sin 6 


e 


* 

rr: 

1 

[ 

( — 7)4" 
5 

1 



*See page n. 
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Table 4.10 CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


e 


sin 6 


cos B 

90° -e 

25. 0° 

0. 42261 

82617 

40699 

0.90630 77870 36650 

65. 0° 

25.1 

0.42419 

94227 

45390 

0.90556 87990 11140 

64.9 

25.2 

0. 42577 

92915 

65073 

0.90482 70524 66020 

64. 8 

25.3 

0. 42735 

78633 

87192 

0. 90408 25496 60778 

64.7 

25.4 

0.42893 

51334 

03146 

0.90333 52928 63301 

64.6 

25.5 

0.43051 

10968 

08295 

0.90258 52843 49861 

64.5 

25.6 

0. 43208 

57488 

01982 

0.90183 25264 05114 

64.4 

25.7 

0.43365 

90845 

87544 

0.90107 70213 22092 

64. 3 

25.8 

0.43523 

10993 

72328 

0. 90031 87714 02194 

64.2 

25.9 

0. 43680 

17883 

67702 

0.89955 77789 55180 

64.1 

26.0 

0.43837 

11467 

89077 

0. 89879 40462 99167 

64.0 

26.1 

0. 43993 

91698 

55915 

0. 89802 75757 60616 

63.9 

26.2 

0.44150 

58527 

91745 

0. 89725 83696 74328 

63.8 

26. 3 

0. 44307 

11908 

24180 

0.89648 64303 83441 

63.7 

26.4 

0. 44463 

51791 

84927 

0.89571 17602 39413 

63.6 

26.5 

0.44619 

78131 

09809 

0.89493 43616 02025 

63.5 

26.6 

0. 44775 

90878 

38770 

0.89415 42368 39368 

63.4 

26.7 

0. 44931 

89986 

15897 

0.89337 13883 27838 

63.3 

26.8 

0.45087 

75406 

89431 

0. 89258 58184 52125 

63.2 

26.9 

0.45243 

47093 

11783 

0. 89179 75296 05214 

63.1 

27. 0 

0.45399 

04997 

39547 

0. 89100 65241 88368 

63.0 

27.1 

0. 45554 

49072 

33516 

0. 89021 28046 11127 

62.9 

27.2 

0. 45709 

79270 

58694 

0.88941 63732 91298 

62.8 

27.3 

0. 45864 

95544 

84315 

0.88861 72326 54949 

62.7 

27.4 

0. 46019 

97847 

83852 

0.88781 53851 36401 

62.6 

27.5 

0.46174 

86132 

35034 

0.88701 08331 78222 

62.5 

27.6 

0.46329 

60351 

19862 

0.88620 35792 31215 

62.4 

27.7 

0.46484 

20457 

24620 

0.88539 36257 54416 

62.3 

27.8 

0.46638 

66403 

39891 

0.88458 09752 15084 

62.2 

27.9 

0. 46792 

98142 

60573 

0. 88376 56300 88693 

62.1 

28. 0 

0.46947 

15627 

85891 

0.88294 75928 58927 

62.0 

28. 1 

0.47101 

18812 

19410 

0. 88212 68660 17668 

61.9 

28.2 

0. 47255 

07648 

69054 

0. 88130 34520 64992 

61.8 

28. 3 

0. 47408 

82090 

47116 

0. 88047 73535 09162 

61. 7 

28.4 

0.47562 

42090 

70275 

0. 87964 85728 66617 

61.6 

28.5 

0. 47715 

87602 

59608 

0.87881 71126 61965 

61.5 

28.6 

0. 47869 

18579 

40607 

0.87798 29754 27981 

61.4 

28.7 

0. 48022 

34974 

43189 

0. 87714 61637 05589 

61.3 

28.8 

0.48175 

36741 

01715 

0.87630 66800 43864 

61.2 

28.9 

0.48328 

23832 

55002 

0.87546 45270 00018 

61.1 

29.0 

0. 48480 

96202 

46337 

0.87461 97071 39396 

61.0 

29.1 

0. 48633 

53804 

23490 

0.87377 22230 35465 

60.9 

29.2 

0.48785 

96591 

38733 

0. 87292 20772 69810 

60.8 

29.3 

0.48938 

24517 

48846 

0.87206 92724 32121 

60.7 

29.4 

0.49090 

37536 

15141 

0.87121 38111 20189 

60.6 

29.5 

0. 49242 

35601 

03467 

0.87035 56959 39900 

60.5 

29.6 

0. 49394 

18665 

84231 

0.86949 49295 05219 

60.4 

29.7 

0. 49545 

86684 

32408 

0.86863 15144 38191 

60.3 

29.8 

0. 49697 

39610 

27555 

0.86776 54533 68928 

60.2 

29. 9 

0. 49848 

77397 

53830 

0.86689 67489 35603 

60.1 

30.0 

0.50000 

00000 

00000 

0.86602 54037 84439 

60. 0 

90° -e 


cos e 


sin 6 

e 


*[ 

( T] 


m 



*See page II. 
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CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE Table 4.10 


B 


sin B 



cos e 


90° -0 

30. 0° 

0. 50000 

00000 

00000 

0.86602 

54037 

84439 

60.0° 

30.1 

0.50151 

07371 

59457 

0. 86515 

14205 

69704 

59.9 

30.2 

0.50301 

99466 

30235 

0.86427 

48019 

53705 

59.8 

30. 3 

0. 50452 

76238 

15019 

0.86339 

55506 

06772 

59.7 

30.4 

0.50603 

37641 

21164 

0. 86251 

36692 

07257 

59.6 

30.5 

0. 50753 

83629 

60704 

0.86162 

91604 

41526 

59.5 

30.6 

0. 50904 

14157 

50371 

0. 86074 

20270 

03944 

59.4 

30.7 

0.51054 

29179 

11606 

0.85985 

22715 

96873 

59.3 

30.8 

0.51204 

28648 

70572 

0. 85895 

98969 

30664 

59.2 

30.9 

0.51354 

12520 

58170 

0.85806 

49057 

23645 

59.1 

31. 0 

0.51503 

80749 

10054 

0. 85716 

73007 

02112 

59. 0 

31.1 

0.51653 

33288 

66642 

0. 85626 

70846 

00328 

58.9 

31.2 

0. 51802 

70093 

73130 

0.85536 

42601 

60507 

58.8 

31.3 

0.51951 

91118 

79509 

0.85445 

88301 

32807 

58.7 

31.4 

0.52100 

96318 

40576 

0. 85355 

07972 

75327 

58.6 

31.5 

0.52249 

85647 

15949 

0.85264 

01643 

54092 

58.5 

31.6 

0.52398 

59059 

70079 

0.85172 

69341 

43048 

58.4 

31.7 

0.52547 

16510 

72268 

0.85081 

11094 

24051 

58.3 

31.8 

0. 52695 

57954 

96678 

0.84989 

26929 

86864 

58.2 

31.9 

0. 52843 

83347 

22347 

0. 84897 

16876 

29141 

58.1 

32.0 

0. 52991 

92642 

33205 

0. 84804 

80961 

56426 

58.0 

32.1 

0.53139 

85795 

18083 

0.84712 

19213 

82137 

57.9 

32.2 

0. 53287 

62760 

70730 

0. 84619 

31661 

27564 

57.8 

32.3 

0.53435 

23493 

89826 

0. 84526 

18332 

21856 

57.7 

32.4 

0. 53582 

67949 

78997 

0. 84432 

79255 

02015 

57. 6 

32.5 

0. 53729 

96083 

46824 

0.84339 

14458 

12886 

57.5 

32. 6 

0.53877 

07850 

06863 

0.84245 

23970 

07148 

57.4 

32.7 

0.54024 

03204 

77655 

0.84151 

07819 

45306 

57. 3 

32.8 

0. 54170 

82102 

82740 

0.84056 

66034 

95684 

57.2 

32.9 

0. 54317 

44499 

50671 

0. 83961 

98645 

34413 

57.1 

33.0 

0. 54463 

90350 

15027 

0.83867 

05679 

45424 

57.0 

33.1 

0. 54610 

19610 

14429 

0.83771 

87166 

20439 

56.9 

33.2 

0. 54756 

32234 

92550 

0.83676 

43134 

58962 

56.8 

33. 3 

0.54902 

28179 

98132 

0.83580 

73613 

68270 

56.7 

33.4 

0. 55048 

07400 

84996 

0. 83484 

78632 

63407 

56.6 

33.5 

0. 55193 

69853 

12058 

0. 83388 

58220 

67168 

56.5 

33.6 

0. 55339 

15492 

43344 

0. 83292 

12407 

10099 

56.4 

33.7 

0.55484 

44274 

47999 

0. 83195 

41221 

30483 

56.3 

33.8 

0.55629 

56155 

00305 

0.83098 

44692 

74328 

56.2 

33.9 

0. 55774 

51089 

79690 

0. 83001 

22850 

95367 

56.1 

34. 0 

0. 55919 

29034 

70747 

0.82903 

75725 

55042 

56. 0 

34.1 

0. 56063 

89945 

63242 

0. 82806 

03346 

22494 

55.9 

34.2 

0. 56208 

33778 

52131 

0.82708 

05742 

74562 

55.8 

34.3 

0.56352 

60489 

37571 

0. 82609 

82944 

95764 

55.7 

34.4 

0. 56496 

70034 

24938 

0. 82511 

34982 

78295 

55.6 

34.5 

0. 56640 

62369 

24833 

0.82412 

61886 

22016 

55.5 

34.6 

0.56784 

37450 

53101 

0. 82313 

63685 

34442 

55.4 

34.7 

0.56927 

95234 

30844 

0. 82214 

40410 

30737 

55.3 

34.8 

0. 57071 

35676 

84432 

0.82114 

92091 

33704 

55.2 

34.9 

0. 57214 

58734 

45516 

0. 82015 

18758 

73772 

55.1 

35. 0 

0. 57357 

64363 

51046 

0.81915 

20442 

88992 

55.0 

90° — 6 


cos e 



sin d 


e 


* 

rr 

] 
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Table 4.10 CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE 


e 


sin 6 



cos e 


90°-9 

35. 0° 

0. 57357 

64363 

51046 

0.81915 

20442 

88992 

55. 0° 

35.1 

0. 57500 

52520 

43279 

0.81814 

97174 

25023 

54.9 

35.2 

0. 57643 

23161 

69793 

0.81714 

48983 

35129 

54.8 

35.3 

0. 57785 

76243 

83505 

0.81613 

75900 

80160 

54.7 

35.4 

0. 57928 

11723 

42679 

0.81512 

77957 

28554 

54.6 

35.5 

0. 58070 

29557 

10940 

0.81411 

55183 

56319 

54.5 

35.6 

0. 58212 

29701 

57289 

0.81310 

07610 

47028 

54.4 

35.7 

0. 58354 

12113 

56118 

0.81208 

35268 

91806 

54.3 

35.8 

0. 58495 

76749 

87215 

0. 81106 

38189 

89327 

54.2 

35.9 

0. 58637 

23567 

35789 

0. 81004 

16404 

45796 

54.1 

36.0 

0.58778 

52522 

92473 

0. 80901 

69943 

74947 

54.0 

36.1 

0. 58919 

63573 

53342 

0.80798 

98838 

98031 

53.9 

36.2 

0. 59060 

56676 

19925 

0. 80696 

03121 

43802 

53.8 

36.3 

0. 59201 

31787 

99220 

0. 80592 

82822 

48516 

53.7 

36.4 

0. 59341 

88866 

03701 

0. 80489 

37973 

55914 

53.6 

36.5 

0. 59482 

27867 

51341 

0. 80385 

68606 

17217 

53.5 

36.6 

0.59622 

48749 

65616 

0. 80281 

74751 

91115 

53.4 

36.7 

0. 59762 

51469 

75521 

0. 80177 

56442 

43754 

53.3 

36.8 

0. 59902 

35985 

15586 

0.80073 

13709 

48733 

53.2 

36.9 

0. 60042 

02253 

25884 

0.79968 

46584 

87091 

53.1 

37.0 

0. 60181 

50231 

52048 

0. 79863 

55100 

47293 

53.0 

37.1 

0. 60320 

79877 

45282 

0.79758 

39288 

25229 

52.9 

37.2 

0. 60459 

91148 

62375 

0. 79652 

99180 

24196 

52.8 

37.3 

0. 60598 

84002 

65711 

0.79547 

34808 

54896 

52.7 

37.4 

0. 60737 

58397 

23287 

0. 79441 

46205 

35418 

52.6 

37.5 

0. 60876 

14290 

08721 

0.79335 

33402 

91235 

52.5 

37.6 

0.61014 

51639 

01268 

0. 79228 

96433 

55191 

52.4 

37.7 

0. 61152 

70401 

85831 

0.79122 

35329 

67490 

52.3 

37.8 

0.61290 

70536 

52976 

0. 79015 

50123 

75690 

52.2 

37.9 

0. 61428 

52000 

98943 

0.78908 

40848 

34691 

52.1 

38.0 

0. 61566 

14753 

25658 

0. 78801 

07536 

06722 

52.0 

38.1 

0.61703 

58751 

40749 

0.78693 

50219 

61337 

51.9 

38.2 

0. 61840 

83953 

57554 

0. 78585 

68931 

75402 

51.8 

38.3 

0. 61977 

90317 

95140 

0. 78477 

63705 

33083 

51.7 

38.4 

0. 62114 

77802 

78310 

0.78369 

34573 

25840 

51.6 

38.5 

0.62251 

46366 

37620 

0. 78260 

81568 

52414 

51.5 

38.6 

0. 62387 

95967 

09386 

0.78152 

04724 

18819 

51.4 

38.7 

0. 62524 

26563 

35705 

0.78043 

04073 

38330 

51.3 

38.8 

0. 62660 

38113 

64461 

0. 77933 

79649 

31474 

51.2 

38.9 

0. 62796 

30576 

49338 

0. 77824 

31485 

26021 

51.1 

39.0 

0.62932 

03910 

49837 

0. 77714 

59614 

56971 

51.0 

39.1 

0. 63067 

58074 

31286 

0. 77604 

64070 

66546 

50.9 

39.2 

0. 63202 

93026 

64851 

0.77494 

44887 

04180 

50.8 

39.3 

0. 63338 

08726 

27550 

0.77384 

02097 

26506 

50.7 

39. 4 

0.63473 

05132 

02268 

0.77273 

35734 

97351 

50.6 

39.5 

0. 63607 

82202 

77764 

0. 77162 

45833 

87720 

50.5 

39.6 

0.63742 

39897 

48690 

0. 77051 

32427 

75789 

50.4 

39.7 

0. 63876 

78175 

15598 

0. 76939 

95550 

46895 

50.3 

39.8 

0. 64010 

96994 

84955 

0.76828 

35235 

93523 

50.2 

39.9 

0. 64144 

96315 

69158 

0. 76716 

51518 

15300 

50.1 

40.0 

0. 64278 

76096 

86539 

0.76604 

44431 

18978 

50.0 

90° -o 


cos 0 



sin 0 


e 



rr 

] 

I 

"(-7)3- 

5 

] 
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CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE Table 4.10 


e 


sin 6 



cos d 


90° -e 

40.0° 

0.64278 

76096 

86539 

0.76604 

44431 

18978 

50.0° 

40.1 

0.64412 

36297 

61387 

0.76492 

14009 

18432 

49.9 

40.2 

0. 64545 

76877 

23951 

0. 76379 

60286 

34642 

49.8 

40. 3 

0. 64678 

97795 

10460 

0. 76266 

83296 

95688 

49.7 

40.4 

0.64811 

99010 

63131 

0.76153 

83075 

36737 

49.6 

40.5 

0. 64944 

80483 

30184 

0.76040 

59656 

00031 

49.5 

40.6 

0. 65077 

42172 

65851 

0. 75927 

13073 

34881 

49.4 

40.7 

0. 65209 

84038 

30392 

0. 75813 

43361 

97652 

49. 3 

40.8 

0.65342 

06039 

90105 

0. 75699 

50556 

51756 

49.2 

40.9 

0. 65474 

08137 

17340 

0.75585 

34691 

67640 

49.1 

41.0 

0. 65605 

90289 

90507 

0.75470 

95802 

22772 

49.0 

41.1 

0. 65737 

52457 

94096 

0. 75356 

33923 

01638 

48.9 

41.2 

0. 65868 

94601 

18680 

0.75241 

49088 

95724 

48.8 

41.3 

0. 66000 

16679 

60937 

0.75126 

41335 

03511 

48.7 

41.4 

0. 66131 

18653 

23652 

0. 75011 

10696 

30460 

48.6 

41.5 

0. 66262 

00482 

15737 

0. 74895 

57207 

89002 

48.5 

41.6 

0. 66392 

62126 

52242 

0.74779 

80904 

98532 

48.4 

41. 7 

0. 66523 

03546 

54361 

0. 74663 

81822 

85391 

48.3 

41.8 

0. 66653 

24702 

49452 

0.74547 

59996 

82862 

48.2 

41.9 

0. 66783 

25554 

71047 

0. 74431 

15462 

31154 

48.1 

42.0 

0.66913 

06063 

58858 

0. 74314 

48254 

77394 

48.0 

42.1 

0. 67042 

66189 

58799 

0.74197 

58409 

75616 

47.9 

42.2 

0.67172 

05893 

22990 

0.74080 

45962 

86750 

47.8 

42.3 

0. 67301 

25135 

09773 

0.73963 

10949 

78610 

47.7 

42.4 

0. 67430 

23875 

83723 

0.73845 

53406 

25884 

47.6 

42.5 

0.67559 

02076 

15660 

0.73727 

73368 

10124 

47.5 

42.6 

0. 67687 

59696 

82661 

0. 73609 

70871 

19734 

47.4 

42.7 

0. 67815 

96698 

68071 

0.73491 

45951 

49960 

47.3 

42.8 

0. 67944 

13042 

61517 

0.73372 

98645 

02876 

47.2 

42.9 

0.68072 

08689 

58918 

0.73254 

28987 

87379 

47.1 

43. 0 

0.68199 

83600 

62499 

0.73135 

37016 

19170 

47.0 

43.1 

0. 68327 

37736 

80799 

0.73016 

22766 

20752 

46.9 

43.2 

0. 68454 

71059 

28689 

0. 72896 

86274 

21412 

46.8 

43. 3 

0. 68581 

83529 

27376 

0.72777 

27576 

57210 

46.7 

43.4 

0. 68708 

75108 

04423 

0.72657 

46709 

70976 

46.6 

43.5 

0. 68835 

45756 

93754 

0.72537 

43710 

12288 

46.5 

43.6 

0. 68961 

95437 

35670 

0.72417 

18614 

37468 

46.4 

43.7 

0. 69088 

24110 

76858 

0.72296 

71459 

09568 

46.3 

43.8 

0. 69214 

31738 

70407 

0. 72176 

02280 

98362 

46.2 

43.9 

0. 69340 

18282 

75813 

0. 72055 

11116 

80330 

46.1 

44.0 

0. 69465 

83704 

58997 

0. 71933 

98003 

38651 

46.0 

44.1 

0. 69591 

27965 

92314 

0.71812 

62977 

63189 

45.9 

44.2 

0. 69716 

51028 

54565 

0. 71691 

06076 

50483 

45.8 

44.3 

0. 69841 

52854 

31006 

0.71569 

27337 

03736 

45.7 

44.4 

0. 69966 

33405 

13365 

0. 71447 

26796 

32803 

45.6 

44.5 

0. 70090 

92642 

99851 

0.71325 

04491 

54182 

45.5 

44.6 

0.70215 

30529 

95162 

0.71202 

60459 

90996 

45. 4 

44.7 

0.70339 

47028 

10504 

0.71079 

94738 

72992 

45.3 

44.8 

0.70463 

42099 

63595 

0.70957 

07365 

36521 

45.2 

44.9 

0. 70587 

15706 

78681 

0. 70833 

98377 

24529 

45.1 

45.0 

0.70710 

67811 

86548 

0.70710 

67811 

86548 

45.0 

90° -0 


cos e 



sin 0 


e 



[ ( T 

I 


[ ( -7,3- 

] 
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Table 4.11 CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS 






TO FIVE TENTHS OF A DEGREE 




e 


tan 8 



cot 0 


sec i 

9 

esc 9 


90°—0 

0, 0° 

0. 00000 

00000 

00000 


CO 


1. 00000 

000 

00 


90. 0° 

0.5 

0.00872 

68677 

90759 

114. 58865 

01293 

09608 

1. 00003 

808 

114.59301 

348 

89.5 

1.0 

0.01745 

50649 28217 

57.28996 

16307 

59424 

1.00015 

233 

57.29868 

850 

89.0 

1.5 

0. 02618 

59215 

69187 

38.18845 

92970 

25609 

1.00034 

279 

38.20155 

001 

88.5 

2. 0 

0.03492 

07694 

91747 

28.63625 

32829 

15603 

1.00060 

954 

28.65370 

835 

88.0 

2.5 

0. 04366 

09429 

08512 

22.90376 

55484 

31198 

1.00095 

269 

22. 92558 

563 

87.5 

3.0 

0. 05240 

77792 

83041 

19.08113 

66877 

28211 

1.00137 

235 

19. 10732 

261 

87.0 

3.5 

0. 06116 

26201 50484 

16. 34985 

54760 

99672 

1.00186 

869 

16. 38040 

824 

86.5 

4. 0 

0. 06992 

68119 

43510 

14.30066 

62567 

11928 

1.00244 

190 

14.33558 

703 

86.0 

4. 5 

0. 07870 

1706824618 

12.70620 

47361 

74704 

1.00309 

220 

12.74549 

484 

85.5 

5.0 

0. 08748 

86635 

25924 

11.43005 

23027 

61343 

1,00381 

984 

11.47371 

325 

85.0 

5.5 

0. 09628 

90481 

97538 

10. 38539 

70801 

38159 

1.00462 

509 

10.43343 

052 

84.5 

6.0 

0.10510 

42352 

65676 

9.51436 

44542 

22585 

1.00550 

828 

9.56677 

223 

84.0 

6.5 

0.11393 

56083 

01645 

8. 77688 

73568 

69956 

1.00646 

973 

8. 83367 

147 

83.5 

7.0 

0. 12278 

45609 

02904 

8.14434 

64279 

74594 

1. 00750 

983 

8.20550 

905 

83.0 

7.5 

0.13165 

24975 

87396 

7.59575 

41127 

25150 

1.00862 

896 

7.66129 

758 

82.5 

8. 0 

0. 14054 

08347 

02391 

7.11536 

97223 

84209 

1.00982 

757 

7.18529 

653 

82. 0 

8.5 

0. 14945 

10013 

49128 

6. 69115 

62383 

17409 

1.01110 

613 

6.76546 

908 

81.5 

9.0 

0.15838 

44403 24536 

6.31375 

15146 

75043 

1.01246 

513 

6. 39245 

322 

81. 0 

9.5 

0.16734 

26090 

81419 

5.97576 

43644 

33065 

1.01390 

510 

6.05885 

796 

80.5 

10.0 

0. 17632 

69807 

08465 

5.67128 

18196 

17709 

1.01542 

661 

5.75877 

049 

80.0 

10.5 

0. 18533 

90449 

31534 

5. 39551 

71743 

19137 

1.01703 

027 

5.48740 

427 

79.5 

11.0 

0.19438 

03091 

37718 

5. 14455 

40159 

70310 

1.01871 

670 

5.24084 

307 

79.0 

11.5 

0.20345 

22994 

23699 

4.91515 

70310 

71205 

1.02048 

657 

5.01585 

174 

78.5 

12.0 

0.21255 

65616 70022 

4.70463 

01094 

78454 

1. 02234 

059 

4.80973 

435 

78.0 

12.5 

0. 22169 

46626 

42940 

4.51070 

85036 

62057 

1. 02427 

951 

4.62022 

632 

77.5 

13.0 

0.23086 

81911 

25563 

4.33147 

58742 

84155 

1.02630 

411 

4.44541 

148 

77.0 

13.5 

0.24007 

87590 

80116 

4.16529 

97700 

90417 

1.02841 

519 

4.28365 

757 

76.5 

14.0 

0.24932 

80028 

43180 

4. 01078 

09335 

35844 

1.03061 

363 

4.13356 

550 

76.0 

14.5 

0.25861 

75843 55890 

3. 86671 

30948 

98738 

1.03290 

031 

3.99392 

916 

75.5 

15.0 

0. 26794 

91924 

31122 

3.73205 

08075 

68877 

1.03527 

618 

3. 86370 

331 

75.0 

15.5 

0.27732 

45440 59838 

3.60588 

35087 

60874 

1. 03774 

221 

3. 74197 

754 

74.5 

16.0 

0.28674 

53857 

58808 

3.48741 

44438 

40908 

1. 04029 

944 

3. 62795 

528 

74.0 

16.5 

0.29621 

34949 

62080 

3. 37594 

34225 

91246 

1.04294 

891 

3.52093 

652 

73.5 

17. 0 

0.30573 

06814 

58660 

3.27085 

26184 

84141 

1. 04569 

176 

3. 42030 

362 

73.0 

17.5 

0.31529 

87888 

78983 

3.17159 

48023 

63212 

1.04852 

913 

3.32550 

952 

72.5 

18.0 

0. 32491 

96962 

32906 

3.07768 

35371 

75253 

1. 05146 

222 

3.23606 

798 

72.0 

18.5 

0. 33459 

53195 

02073 

2.98868 

49627 

42893 

1. 05449 

231 

3.15154 

530 

71.5 

19. 0 

0. 34432 

76132 

89665 

2.90421 

08776 

75823 

1. 05762 

068 

3.07155 

349 

71.0 

19.5 

0. 35411 

85725 

30698 

2.82391 

28856 

00801 

1.06084 

870 

2. 99574 

431 

70.5 

20.0 

0. 36397 

02342 

66202 

2.74747 

74194 

54622 

1.06417 

777 

2.92380 

440 

70.0 

20.5 

0. 37388 

46794 

84804 

2.67462 

14939 

26824 

1. 06760 

936 

2.85545 

095 

69.5 

21.0 

0.38386 

40350 

35416 

2. 60508 

90646 

93801 

1.07114 

499 

2.79042 

811 

69.0 

21.5 

0. 39391 

04756 

14942 

2.53864 

78956 

64307 

1.07478 

624 

2.72850 

383 

68.5 

22.0 

0. 40402 

62258 

35157 

2.47508 

68534 

16296 

1.07853 

474 

2.66946 

716 

68.0 

22.5 

0. 41421 

35623 73095 

2.41421 

35623 

73095 

1.08239 

220 

2.61312 

593 

67.5 

90° -e 


cot 6 



tan 8 


esc 9 

sec 8 


9 
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CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS Table 4.11 
TO FIVE TENTHS OF A DEGREE 


e 


tan 0 



cot 0 


sec 0 

CSC 0 


90° — 0 

22.5° 

0. 41421 

35623 

73095 

2.41421 

35623 

73095 

1. 08239 

220 

2.61312 

593 

67.5° 

23.0 

0. 42447 

48162 

09604 

2.35585 

23658 

23753 

1. 08636 

038 

2. 55930 

467 

67.0 

23.5 

0. 43481 

23749 

60933 

2.29984 

25472 

36257 

1.09044 

110 

2.50784 

285 

66.5 

24. 0 

0.44522 

86853 

08536 

2.24603 

67739 

04216 

1.09463 

628 

2. 45859 

334 

66.0 

24.5 

0. 45572 

62555 

32584 

2.19429 

97311 

65038 

1. 09894 

787 

2.41142 

102 

65.5 

25.0 

0. 46630 

76581 

54998 

2.14450 

69205 

09558 

1.10337 

792 

2.36620 

158 

65. 0 

25.5 

0. 47697 

55326 98160 

2. 09654 

35990 

88174 

1.10792 

854 

2. 32282 

050 

64.5 

26.0 

0. 48773 

25885 

65861 

2. 05030 

38415 

79296 

1.11260 

194 

2.28117 

203 

64.0 

26.5 

0. 49858 

16080 

53431 

2. 00568 

97082 

59020 

1.11740 

038 

2.24115 

845 

63.5 

27. 0 

0. 50952 

54494 

94429 

1.96261 

05055 

05150 

1.12232 

624 

2.20268 

926 

63.0 

27.5 

0. 52056 

70505 

51746 

1.92098 

21269 

71166 

1.12738 

195 

2. 16568 

057 

62.5 

28.0 

0.53170 

94316 

61479 

1.88072 

64653 

46332 

1. 13257 

005 

2. 13005 

447 

62.0 

28.5 

0. 54295 

56996 

38437 

1.84177 

08860 

33458 

1. 13789 

318 

2. 09573 

853 

61.5 

29.0 

0. 55430 

90514 

52769 

1.80404 

77552 

71424 

1. 14335 

407 

2. 06266 

534 

61.0 

29.5 

0.56577 

27781 

87770 

1.76749 

40162 

42891 

1. 14895 

554 

2. 03077 

204 

60.5 

30.0 

0. 57735 

02691 

89626 

1.73205 

08075 

68877 

1. 15470 

054 

2. 00000 

000 

60.0 

30.5 

0.58904 

50164 

20551 

1.69766 

31193 

26089 

1.16059 

210 

1.97029 

441 

59.5 

31.0 

0.60086 

06190 

27560 

1. 66427 

94823 

50518 

1.16663 

340 

1.94160 

403 

59.0 

31.5 

0. 61280 

07881 

39932 

1.63185 

16871 

28789 

1. 17282 

770 

1.91388 

086 

58.5 

32.0 

0.62486 

93519 

09327 

1.60033 

45290 

41050 

1.17917 

840 

1. 88707 

991 

58.0 

32.5 

0.63707 

02608 

07493 

1.56968 

55771 

17490 

1.18568 

905 

1.86115 

900 

57.5 

33.0 

0. 64940 

75931 

97510 

1. 53986 

49638 

14583 

1.19236 329 

1. 83607 

846 

57.0 

33.5 

0. 66188 

55611 

95691 

1.51083 

51936 

14901 

1.19920 

494 

1.81180 

103 

56.5 

34.0 

0. 67450 

85168 

42426 

1.48256 

09685 

12740 

1.20621 

795 

1. 78829 

165 

56.0 

34.5 

0. 68728 

09586 

01613 

1.45500 

90286 

72445 

1.21340 

641 

1.76551 

728 

55.5 

35.0 

0.70020 

75382 

09710 

1.42814 

80067 

42114 

1.22077 

459 

1. 74344 

680 

55.0 

35.5 

0.71329 

30678 

97005 

1.40194 

82944 

76336 

1.22832 

691 

1. 72205 

082 

54.5 

36.0 

0.72654 

25280 

05361 

1. 37638 

19204 

71173 

1. 23606 

798 

1.70130 

162 

54.0 

36.5 

0. 73996 

10750 28487 

1. 35142 

24379 

45808 

1.24400 

257 

1.68117 

299 

53.5 

37.0 

0. 75355 

40501 

02794 

1. 32704 

48216 

20410 

1.25213 566 

1. 66164 

014 

53.0 

37.5 

0.76732 

69879 

78960 

1. 30322 

53728 

41206 

1.26047 

241 

1.64267 

963 

52.5 

38.0 

0.78128 

56265 

06717 

1.27994 

16321 

93079 

1.26901 

822 

1.62426 

925 

52.0 

38.5 

0. 79543 

59166 

67828 

1. 25717 

22989 

18954 

1.27777 

866 

1. 60638 

793 

51.5 

39. 0 

0. 80978 

40331 

95007 

1.23489 

71565 

35051 

1.28675 

957 

1. 58901 

573 

51. 0 

39.5 

0. 82433 

63858 

17495 

1.21309 

70040 

92932 

1.29596 

700 

1.57213 

369 

50.5 

40.0 

0.83909 

96311 

77280 

1.19175 

35925 

94210 

1.30540 

729 

1. 55572 

383 

50.0 

40.5 

0.85408 

06854 

63466 

1.17084 

95661 

12539 

1.31508 

700 

1. 53976 

904 

49.5 

41.0 

0. 86928 

67378 

16226 

1.15036 

84072 

21009 

1.32501 

299 

1.52425 

309 

49. 0 

41.5 

0. 88472 

52645 

55944 

1.13029 

43863 

61753 

1.33519 

242 

1. 50916 

050 

48.5 

42.0 

0.90040 

40442 

97840 

1.11061 

25148 

29193 

1.34563 

273 

1. 49447 

655 

48.0 

42.5 

0.91633 

11740 

17423 

1. 09130 

85010 

69271 

1.35634 

170 

1.48018 

723 

47.5 

43. 0 

0.93251 

50861 

37661 

1.07236 

87100 

24682 

1.36732 

746 

1.46627 

919 

47.0 

43.5 

0. 94896 

45667 

14880 

1.05378 

01252 

80962 

1.37859 

847 

1. 45273 

967 

46.5 

44.0 

0.96568 

87748 

07074 

1. 03553 

03137 

90569 

1.39016 

359 

1.43955 

654 

46. 0 

44.5 

0. 98269 

72631 

15690 

1.01760 

73929 

72125 

1.40203 

206 

1. 42671 

819 

45.5 

45.0 

1. 00000 

00000 

00000 

1.00000 

00000 

00000 

1.41421 

356 

1.41421 

356 

45. 0 

90° -8 


cot e 



tan 0 


CSC 0 

sec 0 

0 



-(—5)4" 

9 

I 


[(-4)3- 

] 
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Table 4.12 CIRCULAR FUNCTIONS FOR THE ARGUMENT \ x 


X 


sin ■ 

7T 

2 X ‘ 



cos 1 

2 X 



tan 

l x 


l-x 

0.00 

0. 00000 

00000 

00000 

00000 

1.00000 

00000 

00000 

00000 

0.00000 

00000 

00000 

00000 

1.00 

0. 01 

0.01570 

73173 

11820 

67575 

0.99987 

66324 

81660 

59864 

0.01570 

92553 

23664 

91632 

0.99 

0.02 

0.03141 

07590 

78128 

29384 

0.99950 

65603 

65731 

55700 

0.03142 

62660 

43351 

14782 

0.98 

0.03 

0.04710 

64507 

09642 

66090 

0.99888 

98749 

61969 

97264 

0. 04715 

88028 

77480 

47448 

0.97 

0.04 

0.06279 

05195 

29313 

37607 

0.99802 

67284 

28271 

56195 

0.06291 

46672 

53649 

75722 

0.96 

0. 05 

0. 07845 

90957 

27844 

94503 

0.99691 

73337 

33127 

97620 

0. 07870 

17068 

24618 

44806 

0. 95 

0.06 

0. 09410 

83133 

18514 

31847 

0. 99556 

19646 

03080 

01290 

0. 09452 

78311 

79282 

04901 

0. 94 

0. 07 

0. 10973 

43110 

91045 

26802 

0. 99396 

09554 

55179 

68775 

0.11040 

10278 

15818 

94497 

0.93 

0.08 

0. 12533 

32335 

64304 

24537 

0.99211 

47013 

14477 

83105 

0. 12632 

93784 

46108 

17478 

0. 92 

0. 09 

0. 14090 

12319 

37582 

66116 

0.99002 

36577 

16557 

56725 

0.14232 

10757 

02942 

94229 

0.91 

0.10 

0.15643 

44650 

40230 

86901 

0.98768 83405 

95137 

72619 

0.15838 

44403 

24536 

29384 

0.90 

0.11 

0.17192 

91002 

79409 

54661 

0. 98510 

93261 

54773 

91802 

0. 17452 

79388 

94365 

08461 

0.89 

0.12 

0. 18738 

13145 

85724 

63054 

0.98228 

72507 

28688 

68108 

0. 19076 

02022 

18566 

74856 

0.88 

0.13 

0.20278 

72953 

56512 

48344 

0.97922 

28106 

21765 

78086 

0.20709 

00444 

27938 

70402 

0.87 

0.14 

0.21814 

32413 

96542 

55202 

0.97591 

67619 

38747 

39896 

0.22352 

64828 

97149 

10184 

0.86 

0.15 

0. 23344 

53638 

55905 

41177 

0. 97236 

99203 

97676 

60183 

0. 24007 

87590 

80116 

03926 

0.85 

0.16 

0.24868 

98871 

64854 

78824 

0.96858 

31611 

28631 

11949 

0.25675 

63603 

67726 

78332 

0. 84 

0.17 

0.26387 

30499 

65372 

89696 

0. 96455 

74184 

57798 

09366 

0.27356 

90430 

82237 

23655 

0.83 

0.18 

0.27899 

11060 

39229 25185 

0.96029 

36856 

76943 

07175 

0.29052 

68567 

31916 

45432 

0. 82 

0.19 

0. 29404 

03252 

32303 

95777 

0.95579 

30147 

98330 

12664 

0. 30764 

01696 

59898 

29067 

0.81 

0.20 

0. 30901 

69943 

74947 

42410 

0. 95105 

65162 

95153 

57211 

0. 32491 

96962 

32906 

32615 

0.80 

0.21 

0. 32391 

74181 

98149 

41440 

0.94608 

53588 

27545 

31853 

0. 34237 

65257 

28683 

05965 

0.79 

0.22 

0. 33873 

79202 

45291 

38122 

0. 94088 

07689 

54225 

47232 

0. 36002 

21530 

95756 

62634 

0.78 

0.23 

0. 35347 

48437 

79257 

12472 

0.93544 

40308 

29867 

32518 

0. 37786 

85117 

75820 

93670 

0.77 

0.24 

0. 36812 

45526 

84677 

95915 

0. 92977 

64858 

88251 

40366 

0. 39592 

80087 

97721 

26049 

0. 76 

0.25 

0. 38268 

34323 

65089 

77173 

0.92387 

95325 

11286 

75613 

0.41421 

35623 

73095 

04880 

0. 75 

0.26 

0. 39714 

78906 

34780 

61375 

0. 91775 

46256 

83981 

14114 

0. 43273 

86422 

47425 

93197 

0. 74 

0.27 

0.41151 

43586 

05108 

77405 

0.91140 

32766 

35445 

24821 

0. 45151 

73130 

86983 

28945 

0.73 

0.28 

0. 42577 

92915 

65072 

64886 

0.90482 

70524 

66019 

52771 

0.47056 

42812 

12251 

49308 

0.72 

0.29 

0. 43993 

91698 

55915 

14083 

0. 89802 

75757 

60615 

63093 

0. 48989 

49450 

22477 

05270 

0.71 

0. 30 

0.45399 

04997 

39546 

79156 

0. 89100 

65241 

88367 

86236 

0. 50952 

54494 

94428 

81051 

0.70 

0. 31 

0. 46792 

98142 

60573 

37723 

0. 88376 

56300 

88693 

42432 

0. 52947 

27451 

82014 

63252 

0. 69 

0. 32 

0.48175 

36741 

01715 

27498 

0. 87630 

66800 

43863 

58731 

0. 54975 

46521 

92770 

07429 

0. 68 

0. 33 

0. 49545 

86684 

32407 

53805 

0. 86863 

15144 

38191 

24777 

0. 57038 

99296 

73294 

88698 

0. 67 

0.34 

0.50904 

14157 

50371 

30028 

0.86074 

20270 

03943 

63716 

0.59139 

83513 

99471 

09817 

0.66 

0.35 

0. 52249 

85647 

15948 

86499 

0. 85264 

01643 

54092 

22152 

0. 61280 

07881 

39931 

99664 

0. 65 

0. 36 

0. 53582 

67949 

78996 

61827 

0. 84432 

79255 

02015 

07855 

0. 63461 

92975 

44148 

10071 

0. 64 

0.37 

0.54902 

28179 

98131 

74352 

0.83580 

73613 

68270 

25847 

0. 65687 

72224 

01279 

37691 

0.63 

0.38 

0. 56208 

33778 

52130 

60010 

0.82708 

05742 

74561 

82492 

0. 67959 

92982 

24526 

52184 

0. 62 

0. 39 

0. 57500 

52520 

43278 

56590 

0. 81814 

97174 

25023 

43213 

0.70281 

17712 

40357 

33761 

0. 61 

0. 40 

0. 58778 

52522 

92473 

12917 

0. 80901 

69943 

74947 

42410 

0.72654 

25280 

05360 

88589 

0.60 

0. 41 

0.60042 

02253 

25884 

04976 

0.79968 

46584 

87090 

53868 

0.75082 

12380 

38764 

68575 

0.59 

0.42 

0.61290 

70536 

52976 

49336 

0.79015 

50123 

75690 

36516 

0. 77567 

95110 

49613 

10378 

0.58 

0. 43 

0. 62524 

26563 

35705 

17290 

0.78043 

04073 

38329 

73585 

0.80115 

10705 

58751 

23382 

0.57 

0. 44 

0.63742 

39897 

48689 

71017 

0. 77051 

32427 

75789 

23080 

0. 82727 

19459 

72475 

63403 

0.56 

0.45 

0. 64944 

80483 

30183 

65572 

0. 76040 

59656 

00030 

93817 

0.85408 

06854 

63466 

63752 

0.55 

0.46 

0.66131 

18653 

23651 

87657 

0.75011 

10696 

30459 

54151 

0. 88161 

85923 

63189 

11465 

0. 54 

0. 47 

0. 67301 

25135 

09773 

33872 

0.73963 

10949 

78609 

69747 

0. 90992 

99881 

77737 

46579 

0. 53 

0.48 

0.68454 

71059 

28688 

67373 

0.72896 

86274 

21411 

52314 

0.93906 

25058 

17492 

35255 

0.52 

0. 49 

0. 69591 

27965 

92314 

32549 

0.71812 

62977 

63188 

83037 

0.96906 

74171 

93793 

27618 

0.51 

0.50 

0.70710 

67811 

,86547 

52440 

0.70710 

67811 

86547 

52440 

1.00000 

00000 

00000 

00000 

0.50 

1 —X 


cos 

2 X 



sin 

IT 



cot; 

7T 

2 X 


X 



m 



[ ( lf] 



[<- 
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CIRCULAR 

FUNCTIONS FOR THE ARGUMENT \ 

X 


Table 4.12 

X 


cot 

\ x 



sec i 

7T 

2 X 



CSC 9 

X 


1 —X 

0.00 


00 



1.00000 

00000 

00000 

00000 


00 


1.00 

0.01 

63.65674 

11628 

71580 

99500 

1. 00012 

33827 

39761 

81169 

63. 66459 

53060 

00564 

58546 

0.99 

0. 02 

31.82051 

59537 

73958 

03934 

1.00049 

36832 

37144 

42400 

31. 83622 

52090 

97622 

95566 

0. 98 

0. 03 

21.20494 

87896 

88751 

52283 

1.00111 

13587 

85243 

76109 

21.22851 

50958 

16816 

17580 

0.97 

0. 04 

15.89454 

48438 

65303 

44576 

1.00197 

71730 

71142 

10978 

15.92597 

11099 

08654 

59358 

0.96 

0.05 

12. 70620 

47361 

74704 

64602 

1. 00309 

21984 

82825 

50283 

12. 74549 

48431 

82374 

28619 

0.95 

0.06 

10. 57889 

49934 

05635 

52417 

1.00445 

78193 

57019 

51480 

10. 62605 

37962 

83115 

99865 

0.94 

0.07 

9. 05788 

66862 

38928 

19329 

1. 00607 

57361 

86291 

90575 

9.11292 

00161 

49841 

72675 

0.93 

0. 08 

7.91581 

50883 

05826 

84427 

1.00794 

79708 

09297 

28943 

7. 97872 

97555 

59476 

60149 

0.92 

0. 09 

7.02636 

62290 

41380 

19848 

1.01007 

68726 

13784 

19104 

7. 09717 

00264 

69225 

38129 

0.91 

0.10 

6.31375 

15146 

75043 

09898 

1.01246 

51257 

88002 

93136 

6. 39245 

32214 

99661 

54704 

0.90 

0.11 

5.72974 

16467 

24314 

86192 

1.01511 

57576 

62501 

87437 

5.81635 

10329 

24944 

03199 

0. 89 

0.12 

5. 24218 

35811 

13176 

73758 

1.01803 

21481 

91042 

38259 

5. 33671 

14122 

92458 

78659 

0. 88 

0.13 

4. 82881 

73521 

92759 

97818 

1.02121 

80406 

26567 

47910 

4.93127 

53949 

49859 

96253 

0.87 

0.14 

4. 47374 

28292 

11554 

62415 

1. 02467 

75534 

55900 

33566 

4.58414 

38570 

27373 

56913 

0.86 

0.15 

4. 16529 

97700 

90417 

20387 

1. 02841 

51936 

65208 

54585 

4.28365 

75697 

31185 

03924 

0. 85 

0.16 

3. 89474 

28549 

29859 

33474 

1.03243 

587] 4 

17339 

88710 

4. 02107 

22333 

75967 

50952 

0. 84 

0.17 

3. 65538 

43546 

52259 

73004 

1. 03674 

49162 

32016 

53065 

3.78970 

11465 

59780 

81919 

0. 83 

0.18 

3. 44202 

25766 

69218 

62809 

1.04134 

80947 

70681 

14007 

3. 58434 

36523 

72161 

57038 

0.82 

0.19 

3.25055 

08012 

99836 

37634 

1. 04625 

16303 

39647 

78848 

3. 40089 

40753 

61802 

31848 

0.81 

0.20 

3. 07768 

35371 

75253 

40257 

1. 05146 

22242 

38267 

21205 

3. 23606 

79774 

99789 

69641 

0. 80 

0.21 

2.92076 

09892 

98816 

40048 

1. 05698 

70790 

93232 

61183 

3. 08720 

66268 

08416 

38088 

0. 79 

0. 22 

2. 77760 

68539 

14974 

88865 

1.06283 

39243 

36113 

96396 

2.95213 

47928 

09339 

97327 

0.78 

0.23 

2.64642 

32102 

86631 

86514 

1. 06901 

10439 

98926 

01199 

2. 82905 

56388 

91501 

64260 

0.77 

0.24 

2.52571 

16894 

47304 

99451 

1. 07552 

73070 

22247 

78234 

2.71647 

18916 

65871 

74307 

0.76 

0.25 

2.41421 

35623 

73095 

04880 

1.08239 

22002 

92393 

96880 

2.61312 

59297 

52753 

05571 

0.75 

0.26 

2.31086 

36538 

82410 

63708 

1. 08961 

58646 

48705 

30888 

2.51795 

36983 

10349 

34110 

0.74 

0. 27 

2.21475 

44978 

13361 

51875 

1. 09720 

91341 

29537 

26252 

2. 43004 

88648 

55296 

52041 

0.73 

0.28 

2.12510 

81731 

57202 

76115 

1.10518 

35787 

56399 

59380 

2. 34863 

46560 

54351 

86300 

0. 72 

0..29 

2.04125 

39671 

21703 

26026 

1.11355 

15511 

90413 

37268 

2.27304 

15214 

61957 

72361 

0.71 

0.30 

1.96261 

05055 

05150 

58230 

1. 12232 

62376 

34360 

80715 

2. 20268 

92645 

85266 

62156 

0.70 

0.31 

1.88867 

13416 

31067 

67620 

1.13152 

17133 

97749 

42882 

2.13707 

26325 

27611 

85837 

0. 69 

0. 32 

1.81899 

32472 

81066 

27571 

1.14115 

30035 

92241 

17245 

2. 07574 

96076 

48793 

05903 

0. 68 

0. 15 

1.75318 

66324 

72237 

08332 

1.15123 

61494 

81376 

51287 

2.01833 

18280 

89559 

43676 

0. 67 

0. 34 

1.69090 

76557 

85011 

24674 

1.16178 

82810 

72765 

98515 

1.96447 

66988 

67248 

48330 

0.66 

0. 35 

1.63185 

16871 

28789 

61767 

1.17282 

76966 

14008 

94955 

1.91388 

08554 

30942 

72280 

0.65 

0.36 

1.57574 

78599 

68651 

08688 

1. 18437 

39497 

36918 

17500 

1. 86627 

47167 

00567 

54120 

0.64 

0.37 

1.52235 

45068 

96131 

24085 

1.19644 

79450 

89806 

17366 

1.82141 

79214 

74081 

38479 

0.63 

0.38 

1.47145 

53158 

19969 

04283 

1.20907 

20434 

06541 

15436 

1. 77909 

54854 

79867 

33350 

0. 62 

0. 39 

1.42285 

60774 

31870 

59031 

1.22227 

01770 

86068 

14117 

1. 73911 

45497 

30640 

74960 

0.61 

0.40 

1. 37638 

19204 

71173 

53820 

1.23606 

79774 

99789 

69641 

1.70130 

16167 

04079 

86436 

0.60 

0. 41 

1.33187 

49515 

02597 

59439 

1.25049 

29154 

09784 

85573 

1.66550 

01910 

65749 

08074 

0.59 

0. 42 

1.28919 

22317 

85066 

67042 

1.26557 

44560 

72090 

15648 

1.63156 

87575 

13749 

73007 

0.58 

0. 43 

1. 24820 

40363 

53049 

43751 

1.28134 

42308 

20677 

31999 

1.59937 

90408 

68062 

88301 

0. 57 

0.44 

1. 20879 

23504 

09609 

13115 

1.29783 

62271 

84727 

12712 

1. 56881 

45035 

05365 

75750 

0.56 

0. 45 

1. 17084 

95661 

12539 

22520 

1.31508 

69998 

90784 

80424 

1.53976 

90432 

22366 

30748 

0.55 

0. 46 

1. 13427 

73492 

55405 

46422 

1.33313 

59054 

50172 

40410 

1.51214 

58610 

31226 

40092 

0. 54 

0.47 

1.09898 

56505 

36301 

56382 

1.35202 

53634 

40027 

12805 

1. 48585 

64735 

81717 

76608 

0.53 

0.48 

1.06489 

18403 

24791 

86700 

1.37180 

11480 

64918 

28453 

1.46081 

98491 

22513 

12750 

0.52 

0. 49 

1.03191 

99492 

80495 

57182 

1.39251 

27141 

49012 

49662 

1.43696 

16493 

57094 

20394 

0. 51 

0.50 

1. 00000 

00000 

00000 

00000 

1.41421 

35623 

73095 

04880 

1.41421 

35623 

73095 

04880 

0.50 


I-X tan 52: CSCKX 

[ ( - 4)1 ] 


sec g x 



202 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.13 




HARMONIC ANALYSIS 







2 *r 


2 *r 


2 «■ 

2 *t 


2 *t 


2rr 

r 

sin 

— 

cos 


sin 

cos 


sin 


cos 





=3 



5=4 




s=5 

S 

1 

0.86602 

54038 

-0.50000 

00000 

1. 00000 

00000 +0. 00000 

00000 

0.95105 

65163 

+ 0. 30901 

69944 

2 





0.00000 

00000 -1.00000 

00000 

0.58778 

52523 

-0. 80901 

69944 




>=6 



*=7 




>■=8 


1 

0. 86602 

54038 

+0.50000 

00000 

0.78183 

14824 +0. 62348 

98019 

0.70710 

67812 

0.70710 

67812 

2 

0.86602 

54038 

-0. 50000 

00000 

0.97492 

79122 -0.22252 

09340 

1.00000 

00000 

+ 0. 00000 

00000 

3 

0.00000 

00000 

-1.00000 

00000 

0. 43388 

37391 -0.90096 

88679 

0. 70710 

67812 

-0.70710 

67812 

4 








0.00000 

00000 

-1.00000 

00000 




=9 



5=10 



s 

= 11 


1 

0. 64278 

76097 

0.76604 

44431 

0.58778 

52523 0.80901 

69944 

0.54064 

08174 

0.84125 

35328 

2 

0.98480 

77530 

+ 0. 17364 

81777 

0.95105 

65163 +0.30901 

69944 

0.90963 

19953 

+0.41541 

50130 

3 

0. 86602 

54038 

-0.50000 

00000 

0.95105 

65163 -0.30901 

69944 

0.98982 

14419 

-0. 14231 

48383 

4 

0. 34202 

01433 

-0.93969 

26208 

0.58778 

52523 -0. 80901 

69944 

0.75574 

95743 

-0.65486 

07340 

5 





0. 00000 

00000 -1.00000 

00000 

0.28173 

25568 

-0. 95949 

29736 



s 

= 12 



5=13 



s 

=14 


1 

0. 50000 

00000 

0. 86602 

54038 

0.46472 

31720 0.88545 

60257 

0.43388 

37391 

0.90096 

88679 

2 

0. 86602 

54038 

0. 50000 

00000 

0.82298 

38659 0. 56806 

47468 

0.78183 

14825 

0.62348 

98019 

3 

1.00000 

00000 

+0. 00000 

00000 

0.99270 

88741 +0. 12053 

66803 

0.97492 

79122 

+ 0.22252 

09340 

4 

0. 86602 

54038 

-0.50000 

00000 

0.93501 

62427 -0.35460 

48871 

0.97492 

79122 

-0.22252 

09340 

5 

0.50000 

00000 

-0.86602 

54038 

0.66312 

26582 -0. 74851 

07482 

0.78183 

14825 

-0.62348 

98019 

6 

0.00000 

00000 

-1.00000 

00000 

0.23931 

56643 -0.97094 

18174 

0.43388 

37391 

-0. 90096 

88679 

7 








0.00000 

00000 

-1.00000 

00000 



s , 

= 15 



5=16 



s 

=17 


1 

0. 40673 

66431 

0.91354 

54576 

0.38268 

34324 0.92387 

95325 

0.36124 

16662 

0.93247 

22294 

2 

0. 74314 

48255 

0. 66913 

06064 

0.70710 

67812 0.70710 

67812 

0.67369 

56436 

0.73900 

89172 

3 

0.95105 

65163 

+ 0. 30901 

69944 

0.92387 

95325 0.38268 

34324 

0.89516 

32913 

0.44573 

83558 

4 

0.99452 

18954 

-0. 10452 

84633 

1.00000 

00000 +0. 00000 

00000 

0.99573 

41763 

+0.09226 

83595 

5 

0. 86602 

54038 

-0.50000 

00000 

0.92387 

95325 -0.38268 

34324 

0.96182 

56432 

-0. 27366 

29901 

6 

0.58778 

52523 

-0.80901 

69944 

0.70710 

67812 -0.70710 

67812 

0.79801 

72273 

-0. 60263 

46364 

7 

0.20791 

16908 

-0.97814 

76007 

0.38268 

34324 -0.92387 

95325 

0.52643 

21629 

-0. 85021 

71357 

8 





0.00000 

00000 -1.00000 

00000 

0. 18374 

95178 

-0. 98297 

30997 



s- 

=18 



5=19 



s-- 

=20 


1 

0.34202 

01433 

0. 93969 

26208 

0.32469 

94692 0.94581 

72417 

0.30901 

69944 

0.95105 

65163 

2 

0. 64278 

76097 

0. 76604 

44431 

0.61421 

27127 0.78914 

05094 

0.58778 

52523 

0.80901 

69944 

3 

0. 86602 

54038 

0. 50000 

00000 

0.83716 

64782 0.54694 

81581 

0.80901 

69944 

0. 58778 

52523 

4 

0.98480 

77530 

+0. 17364 

81777 

0.96940 

02659 +0.24548 

54872 

0.95105 

65163 

0.30901 

69944 

5 

0.98480 

77530 

-0.17364 

81777 

0.99658 

44930 -0.08257 

93455 

1.00000 

00000 

+0. 00000 

00000 

6 

0. 86602 

54038 

-0. 50000 

00000 

0.91577 

33266 -0.40169 

54247 

0.95105 

65163 

-0.30901 

69944 

7 

0. 64278 

76097 

-0. 76604 

44431 

0.73572 

39107 -0.67728 

15716 

0. 80901 

69944 

-0. 58778 

52523 

8 

0.34202 

01433 

-0. 93969 

26208 

0.47594 

73930 -0.87947 

37512 

0.58778 

52523 

-0.80901 

69944 

9 

0.00000 

00000 

-1.00000 

00000 

0.16459 

45903 -0.98636 

13034 

0.30901 

69944 

-0.95105 

65163 

10 








0. 00000 

00000 

-1. 00000 

00000 



s= 

=21 



5=22 



s= 

=23 


1 

0.29475 

51744 

0.95557 

28058 

0.28173 

25568 0. 95949 

29736 

0.26979 

67711 

0.96291 

72874 

2 

0.56332 

00580 

0. 82623 

87743 

0.54064 

08174 0.84125 

35328 

0.51958 

39500 

0. 85441 

94046 

3 

0. 78183 

14825 

0. 62348 

98019 

0.75574 

95743 0.65486 

07340 

0.73083 

59643 

0. 68255 

31432 

4 

0.93087 

37486 

0. 36534 

10244 

0. 90963 

19953 0.41541 

50130 

0. 88788 

52184 

0. 46006 

50378 

5 

0.99720 

37972 

+0.07473 

00936 

0.98982 

14419 +0. 14231 

48383 

0. 97908 

40877 

+ 0.20345 

60131 

6 

0.97492 

79122 

-0. 22252 

09340 

0.98982 

14419 -0. 14231 

48383 

0. 99766 

87692 

-0.06824 

24134 

7 

0. 86602 

54038 

-0.50000 

00000 

0.90963 

19953 -0.41541 

50130 

0.94226 

09221 

-0. 33487 

96122 

8 

0. 68017 

27378 

-0.73305 

18718 

0. 75574 

95743 -0. 65486 

07340 

0.81696 

98930 

-0.57668 

03221 

9 

0. 43388 

37391 

-0. 90096 

88679 

0. 54064 

08174 -0.84125 

35328 

0.63108 

79443 

-0. 77571 

12907 

10 

0.14904 

22662 

-0.98883 

08262 

0.28173 

25568 -0.95949 

29736 

0.39840 

10898 

-0. 91721 

13015 

11 





0.00000 

00000 -1. 00000 

00000 

0.13616 

66491 

-0.99068 

59460 


s=24 

1 0.25881 90451 0.96592 58263 

2 0.50000 00000 0. 86602 54038 

3 0.70710 67812 0.70710 67812 

4 0.86602 54038 0.50000 00000 

5 0.96592 58263 0.25881 90451 

6 1. 00000 00000 +0. 00000 00000 

7 0.96592 58263 -0.25881 90451 

8 0. 86602 54038 -0. 50000 00000 

9 0.70710 67812 -0.70710 67812 

10 0.50000 00000 -0.86602 54038 

11 0.25881 90451 -0.96592 58263 

12 0 . 00000 00000 - 1 . 00000 00000 


5=25 

0.24868 98872 0.96858 31611 

0.48175 36741 0.87630 66801 

0. 68454 71059 0. 72896 86274 

0.84432 79255 0.53582 67950 

0.95105 65163 0.30901 69944 

0.99802 67284 +0.06279 05196 
0.98228 72507 -0.18738 13146 

0.90482 70525 -0.42577 92916 

0.77051 32428 -0.63742 39898 
0.58778 52523 -0.80901 69944 

0.36812 45527 -0.92977 64859 
0.12533 32336 -0.99211 47013 
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INVERSE CIRCULAR SINES AND TANGENTS Table 4.14 


X 

arcsin x 


arctan x 


X 

arcsin x 


arctan x 


0.000 

0. 00000 

00000 

00 

0. 00000 

00000 

00 

0.050 

0. 05002 

08568 

06 

0. 04995 

83957 

22 

0. 001 

0.00100 

00001 

67 

0. 00099 

99996 

67 

0. 051 

0.05102 

21344 

17 

0. 05095 

58518 

77 

0.002 

0. 00200 

00013 

33 

0.00199 

99973 

33 

0. 052 

0. 05202 

34632 

28 

0. 05195 

32065 

61 

0. 003 

0. 00300 

00045 

00 

0. 00299 

99910 

00 

0.053 

0. 05302 

48442 

51 

0.05295 

04578 

05 

0. 004 

0. 00400 

00106 

67 

0.00399 

99786 

67 

0. 054 

0. 05402 

62784 

97 

0. 05394 

76036 

42 

0.005 

0. 00500 

00208 

34 

0. 00499 

99583 

34 

0. 055 

0.05502 

77669 

81 

0. 05494 

46421 

07 

0. 006 

0. 00600 

00360 

01 

0.00599 

99280 

02 

0.056 

0. 05602 

93107 

15 

0.05594 

15712 

34 

0.007 

0. 00700 

00571 

68 

0. 00699 

98856 

70 

0. 057 

0. 05703 

09107 

14 

0.05693 

83890 

60 

0.008 

0.00800 

00853 

36 

0. 00799 

98293 

40 

0. 058 

0. 05803 

25679 

92 

0. 05793 

50936 

23 

0. 009 

0. 00900 

01215 

04 

0. 00899 

97570 

12 

0. 059 

0. 05903 

42835 

64 

0. 05893 

16829 

64 

0.010 

0. 01000 

01666 

74 

0.00999 

96666 

87 

0.060 

0. 06003 

605'84 

45 

0. 05992 

81551 

21 

0. 011 

0. 01100 

02218 

45 

0. 01099 

95563 

66 

0. 061 

0.06103 

78936 

52 

0. 06092 

45081 

38 

0. 012 

0.01200 

02880 

19 

0.01199 

94240 

50 

0.062 

0. 06203 

97902 

01 

0. 06192 

07400 

58 

0. 013 

0. 01300 

03661 

95 

0.01299 

92 577 

41 

0. 063 

0. 06304 

17491 

09 

0.06291 

68489 

26 

0. 014 

0.01400 

04573 

74 

0.01399 

90354 

41 

0. 064 

0. 06404 

37713 

94 

0. 06391 

28327 

89 

0.015 

0.01500 

05625 

57 

0.01499 

88751 

52 

0. 065 

0. 06504 

58580 

75 

0. 06490 

86896 

93 

0. 016 

0.01600 

06827 

45 

0.01599 

86348 

76 

0. 066 

0. 06604 

80101 

69 

0. 06590 

44176 

90 

0. 017 

0. 01700 

08189 

40 

0. 01699 

83626 

17 

0.067 

0. 06705 

02286 

97 

0. 06690 

00148 

29 

0.018 

0.01800 

09721 

42 

0. 01799 

80563 

78 

0.068 

0. 06805 

25146 

79 

0. 06789 

54791 

63 

0. 019 

0.01900 

11433 

52 

0. 01899 

77141 

62 

0.069 

0.06905 

48691 

36 

0.06889 

08087 

46 

0. 020 

0. 02000 

13335 

73 

0.01999 

73339 

73 

0.070 

0. 07005 

72930 

88 

0. 06988 

60016 

35 

0.021 

0. 02100 

15438 

06 

0. 02099 

69138 

17 

0. 071 

0. 07105 

97875 

58 

0. 07088 

10558 

85 

0.022 

0. 02200 

17750 

53 

0. 02199 

64516 

97 

0.072 

0. 07206 

23535 

68 

0. 07187 

59695 

56 

0. 023 

0. 02300 

20283 

16 

0. 02299 

59456 

20 

0.073 

0. 07306 

49921 

42 

0. 07287 

07407 

09 

0. 024 

0. 02400 

23045 

97 

0. 02399 

53935 

92 

0.074 

0. 07406 

77043 

03 

0. 07386 

53674 

06 

0. 025 

0. 02500 

26048 

99 

0. 02499 

47936 

19 

0. 075 

0.07507 

04910 

77 

0. 07485 

98477 

11 

0.026 

0. 02600 

29302 

25 

0. 02599 

41437 

08 

0.076 

0.07607 

33534 

87 

0. 07585 

41796 

89 

0. 027 

0. 02700 

32815 

77 

0. 02699 

34418 

68 

0. 077 

0. 07707 

62925 

62 

0. 07684 

83614 

08 

0. 028 

0. 02800 

36599 

58 

0. 02799 

26861 

07 

0.078 

0. 07807 

93093 

26 

0. 07784 

23909 

37 

0.029 

0. 02900 

40663 

72 

0. 02899 

18744 

33 

0. 079 

0. 07908 

24048 

07 

0. 07883 

62663 

48 

0.030 

0. 03000 

45018 

23 

0. 02999 

10048 

57 

0.080 

0. 08008 

55800 

34 

0. 07982 

99857 

12 

0. 031 

0. 03100 

49673 

15 

0. 03099 

00753 

89 

0. 081 

0.08108 

88360 

35 

0.08082 

35471 

05 

0.032 

0. 03200 

54638 

51 

0.03198 

90840 

39 

0.082 

0. 08209 

21738 

40 

0.08181 

69486 

04 

0. 033 

0. 03300 

59924 

37 

0. 03298 

80288 

21 

0.083 

0. 08309 

55944 

79 

0. 08281 

01882 

86 

0. 034 

0. 03400 

65540 

77 

0. 03398 

69077 

46 

0.084 

0. 08409 

90989 

83 

0. 08380 

32642 

31 

0.035 

0.03500 

71497 

75 

0. 03498 

57188 

29 

0.085 

0. 08510 

26883 

84 

0. 08479 

61745 

23 

0. 036 

0. 03600 

77805 

38 

0. 03598 

44600 

82 

0.086 

0. 08610 

63637 

15 

0. 08578 

89172 

45 

0.037 

0. 03700 

84473 

72 

0. 03698 

31295 

22 

0.087 

0. 08711 

01260 

09 

0. 08678 

14904 

84 

0.038 

0. 03800 

91512 

81 

0. 03798 

17251 

64 

0. 088 

0. 08811 

39763 

00 

0.08777 

38923 

27 

0.039 

0.03900 

98932 

73 

0. 03898 

02450 

25 

0. 089 

0. 08911 

79156 

23 

0. 08876 

61208 

65 

0. 040 

0. 04001 

06743 

54 

0.03997 

86871 

23 

0. 090 

0. 09012 

19450 

15 

0.08975 

81741 

90 

0.041 

0. 04101 

14955 

31 

0. 04097 

70494 

77 

0. 091 

0.09112 

60655 

11 

0.09075 

00503 

96 

0. 042 

0. 04201 

23578 

12 

0. 04197 

53301 

05 

0. 092 

0. 09213 

02781 

49 

0. 09174 

17475 

79 

0.043 

0. 04301 

32622 

04 

0. 04297 

35270 

30 

0.093 

0.09313 

45839 

68 

0. 09273 

32638 

38 

0. 044 

0. 04401 

42097 

16 

0.04397 

16382 

71 

0. 094 

0. 09413 

89840 

07 

0.09372 

45972 

74 

0.045 

0. 04501 

52013 

56 

0. 04496 

96618 

52 

0. 095 

0. 09514 

34793 

06 

0. 09471 

57459 

88 

0. 046 

0. 04601 

62381 

33 

0.04596 

75957 

97 

0.096 

0. 09614 

80709 

05 

0. 09570 

67080 

87 

0. 047 

0. 04701 

73210 

57 

0.04696 

54381 

30 

0.097 

0. 09715 

27598 

48 

0. 09669 

74816 

76 

0. 048 

0. 04801 

84511 

37 

0. 04796 

31868 

77 

0. 098 

0. 09815 

75471 

75 

0. 09768 

80648 

65 

0.049 

0. 04901 

96293 

83 

0. 04896 

08400 

65 

0. 099 

0. 09916 

24339 

32 

0. 09867 

84557 

66 

0.050 

0. 05002 

08568 

06 

0.04995 

83957 

22 

0.100 

0.10016 

74211 

62 

0. 09966 

86524 

91 


i-1 

50 

OS 


[ ( - 

-f 1 ] 
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For use and extension of the table see Examples 21-25. For other inverse functions see 4.4 and 


4.3.45. ^=1.57079 63267 95 

Compilation of arcsin x from National Bureau of Standards, Table of arcsin x. Columbia Univ. 
Press, New York, N.Y., 1945 (with permission). 
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Table 4.14 INVERSE CIRCULAR SINES AND TANGENTS 

x arcsin x arctan x x arcsin x arctan x 


0.100 

0.10016 

74211 

62 

0. 09966 

86524 

91 

0.150 

0.15056 

82727 

77 

0.14888 

99476 

09 

0.101 

0.10117 

25099 

11 

0.10065 

86531 

58 

0.151 

0.15157 

97940 

40 

0. 14986 

77989 

58 

0.102 

0.10217 

77012 

25 

0.10164 

84558 

83 

0.152 

0. 15259 

14716 

20 

0. 15084 

53616 

21 

0.103 

0.10318 

29961 

53 

0. 10263 

80587 

89 

0.153 

0. 15360 

33066 

23 

0.15182 

26338 

59 

0.104 

0.10418 

83957 

41 

0.10362 

74599 

97 

0.154 

0.15461 

53001 

61 

0.15279 

96139 

37 

0.105 

0.10519 

39010 

40 

0.10461 

66576 

33 

0.155 

0.15562 

74533 

44 

0.15377 

63001 

20 

0.106 

0.10619 

95131 

00 

0. 10560 

56498 

23 

0.156 

0.15663 

97672 

86 

0.15475 

26906 

78 

0.107 

0. 10720 

52329 

72 

0.10659 

44346 

99 

0.157 

0. 15765 

22431 

01 

0. 15572 

87838 

86 

0.108 

0 . 10821 

10617 

08 

0.10758 

30103 

93 

0.158 

0. 15866 

48819 

05 

0. 15670 

45780 

19 

0.109 

0. 10921 

70003 

62 

0.10857 

13750 

39 

0.159 

0.15967 

76848 

15 

0. 15768 

00713 

58 

0.110 

0.11022 

30499 

88 

0.10955 

95267 

74 

0.160 

0. 16069 

06529 

52 

0. 15865 

52621 

86 

0.111 

0.11122 

92116 

41 

0.11054 

74637 

38 

0.161 

0.16170 

37874 

35 

0. 15963 

01487 

91 

0.112 

0.11223 

54863 

77 

0.11153 

51840 

74 

0.162 

0.16271 

70893 

88 

0 . 16060 

47294 

61 

0.113 

0.11324 

18752 

55 

0.11252 

26859 

25 

0.163 

0. 16373 

05599 

34 

0.16157 

90024 

91 

0.114 

0.11424 

83793 

32 

0.11350 

99674 

40 

0.164 

0.16474 

42001 

99 

0. 16255 

29661 

78 

0.115 

0.11525 

49996 

68 

0.11449 

70267 

67 

0.165 

0. 16575 

80113 

10 

0. 16352 

66188 

21 

0.116 

0.11626 

17373 

23 

0.11548 

38620 

60 

0.166 

0.16677 

19943 

96 

0.16449 

99587 

25 

0.117 

0.11726 

85933 

61 

0.11647 

04714 

73 

0.167 

0.16778 

61505 

87 

0.16547 

29841 

97 

0.118 

0.11827 

55688 

42 

0.11745 

68531 

63 

0.168 

0.16880 

04810 

17 

0. 16644 

56935 

49 

0.119 

0.11928 

26648 

32 

0.11844 

30052 

90 

0.169 

0. 16981 

49868 

19 

0. 16741 

80850 

93 

0.120 

0 . 12028 

98823 

95 

0.11942 

89260 

18 

0.170 

0.17082 

96691 

29 

0. 16839 

01571 

48 

0.121 

0. 12129 

72225 

97 

0. 12041 

46135 

12 

0.171 

0.17184 

45290 

84 

0. 16936 

19080 

34 

0.122 

0. 12230 

46865 

07 

0.12140 

00659 

40 

0.172 

0.17285 

95678 

23 

0. 17033 

33360 

78 

0.123 

0. 12331 

22751 

92 

0.12238 

52814 

72 

0.173 

0.17387 

47864 

87 

0.17130 

44396 

07 

0.124 

0. 12431 

99897 

22 

0. 12337 

02582 

82 

0.174 

0.17489 

01862 

19 

0. 17227 

52169 

54 

0.125 

0. 12532 

78311 

68 

0. 12435 

49945 

47 

0.175 

0.17590 

57681 

64 

0. 17324 

56664 

52 

0.126 

0. 12633 

58006 

02 

0.12533 

94884 

45 

0.176 

0.17692 

15334 

66 

0.17421 

57864 

43 

0.127 

0. 12734 

38990 

98 

0. 12632 

37381 

58 

0.177 

0.17793 

74832 

75 

0.17518 

55752 

68 

0.128 

0. 12835 

21277 

29 

0.12730 

77418 

71 

0.178 

0.17895 

36187 

40 

0.17615 

50312 

74 

0.129 

0. 12936 

04875 

72 

0. 12829 

14977 

71 

0.179 

0.17996 

99410 

13 

0.17712 

41528 

10 

0.130 

0. 13036 

89797 

03 

0.12927 

50040 

48 

0.180 

0.18098 

64512 

47 

0.17809 

29382 

31 

0.131 

0.13137 

76052 

01 

0. 13025 

82588 

96 

0.181 

0 . 18200 

31505 

97 

0. 17906 

13858 

94 

0.132 

0. 13238 

63651 

45 

0.13124 

12605 

10 

0.182 

0. 18302 

00402 

20 

0 . 18002 

94941 

59 

0.133 

0. 13339 

52606 

16 

0. 13222 

40070 

89 

0.183 

0.18403 

71212 

76 

0. 18099 

72613 

91 

0.134 

0. 13440 

42926 

95 

0.13320 

64968 

35 

0.184 

0. 18505 

43949 

25 

0.18196 

46859 

59 

0.135 

0.13541 

34624 

67 

0.13418 

87279 

52 

0.185 

0. 18607 

18623 

31 

0. 18293 

17662 

35 

0.136 

0. 13642 

27710 

15 

0.13517 

06986 

49 

0.186 

0.18708 

95246 

57 

0.18389 

85005 

94 

0.137 

0.13743 

22194 

25 

0.13615 

24071 

35 

0.187 

0.18810 

73830 

71 

0.18486 

48874 

16 

0.138 

0. 13844 

18087 

85 

0.13713 

38516 

25 

0.188 

0.18912 

54387 

40 

0. 18583 

09250 

85 

0.139 

0.13945 

15401 

83 

0.13811 

50303 

34 

0.189 

0.19014 

36928 

36 

0.18679 

66119 

87 

0.140 

0.14046 

14147 

10 

0. 13909 

59414 

82 

0.190 

0.19116 

21465 

31 

0. 18776 

19465 

14 

0.141 

0.14147 

14334 

56 

0. 14007 

65832 

92 

0.191 

0.19218 

08009 

99 

0.18872 

69270 

59 

0.142 

0. 14248 

15975 

13 

0.14105 

69539 

90 

0.192 

0.19319 

96574 

17 

0. 18969 

15520 

22 

0.143 

0. 14349 

19079 

77 

0.14203 

70518 

03 

0.193 

0. 19421 

87169 

63 

0.19065 

58198 

05 

0.144 

0. 14450 

23659 

42 

0.14301 

68749 

65 

0.194 

0.19523 

79808 

18 

0.19161 

97288 

15 

0.145 

0. 14551 

29725 

04 

0. 14399 

64217 

09 

0.195 

0. 19625 

74501 

64 

0. 19258 

32774 

60 

0.146 

0. 14652 

37287 

64 

0. 14497 

56902 

74 

0.196 

0.19727 

71261 

85 

0. 19354 

64641 

55 

0.147 

0. 14753 

46358 

19 

0.14595 

46789 

00 

0.197 

0.19829 

70100 

69 

0.19450 

92873 

18 

0.148 

0.14854 

56947 

71 

0.14693 

33858 

33 

0.198 

0.19931 

71030 

03 

0.19547 

17453 

71 

0.149 

0.14955 

69067 

22 

0.14791 

18093 

19 

0.199 

0. 20033 

74061 

80 

0. 19643 

38367 

38 

0.150 

0.15056 

82727 

77 

0.14888 

99476 

09 

0.200 

0.20135 

79207 

90 

0. 19739 

55598 

50 
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X 

arcsin x 


arctan x 


X 

arcsin x 


0.200 

0. 20135 

79207 

90 

0.19739 

55598 

50 

0.250 

0. 25268 

02551 

42 

0.201 

0. 20237 

86480 

31 

0.19835 

69131 

40 

0.251 

0. 25371 

31886 

28 

0.202 

0. 20339 

95890 

97 

0.19931 

78950 

44 

0.252 

0. 25474 

63988 

49 

0.203 

0. 20442 

07451 

90 

0.20027 

85040 

06 

0.253 

0.25577 

98871 

33 

0.204 

0. 20544 

21175 

10 

0.20123 

87384 

69 

0.254 

0. 25681 

36548 

08 

0.205 

0.20646 

37072 

61 

0.20219 

85968 

83 

0.255 

0.25784 

77032 

07 

0.206 

0. 20748 

55156 

48 

0. 20315 

80777 

01 

0.256 

0. 25888 

20336 

66 

0.207 

0.20850 

75438 

81 

0.20411 

71793 

81 

0.257 

0. 25991 

66475 

22 

0.208 

0.20952 

97931 

68 

0. 20507 

59003 

83 

0.258 

0. 26095 

15461 

18 

0.209 

0.21055 

22647 

22 

0.20603 

42391 

73 

0.259 

0.26198 

67307 

97 

0.210 

0.21157 

49597 

58 

0.20699 

21942 

20 

0.260 

0 . 26302 

22029 

08 

0.211 

0.21259 

78794 

93 

0.20794 

97639 

97 

0.261 

0. 26405 

79638 

02 

0.212 

0.21362 

10251 

46 

0.20890 

69469 

83 

0.262 

0. 26509 

40148 

31 

0. 213 

0.21464 

43979 

39 

0.20986 

37416 

57 

0.263 

0.26613 

03573 

53 

0.214 

0.21566 

79990 

96 

0.21082 

01465 

06 

0.264 

0. 26716 

69927 

28 

0.215 

0.21669 

18298 

42 

0.21177 

61600 

20 

0. 265 

0.26820 

39223 

20 

0.216 

0.21771 

58914 

06 

0.21273 

17806 

92 

0.266 

0.26924 

11474 

95 

0.217 

0. 21874 

01850 

19 

0.21368 

70070 

19 

0.267 

0.27027 

86696 

22 

0.218 

0. 21976 

47119 

15 

0. 21464 

18375 

04 

0.268 

0.27131 

64900 

75 

0.219 

0.22078 

94733 

28 

0.21559 

62706 

53 

0.269 

0.27235 

46102 

31 

0.220 

0.22181 

44704 

97 

0.21655 

03049 

76 

0.270 

0.27339 

30314 

67 

0 . 221 

0.22283 

97046 

62 

0.21750 

39389 

87 

0.271 

0.27443 

17551 

69 

0.222 

0. 22386 

51770 

66 

0.21845 

71712 

05 

0.272 

0.27547 

07827 

21 

0.223 

0.22489 

08889 

55 

0.21941 

00001 

53 

0.273 

0.27651 

01155 

13 

0.224 

0.22591 

68415 

75 

0. 22036 

24243 

57 

0.274 

0. 27754 

97549 

38 

0. 225 

0. 22694 

30361 

79 

0.22131 

44423 

48 

0.275 

0.27858 

97023 

92 

0 . 226 

0.22796 

94740 

17 

0.22226 

60526 

61 

0.276 

0.27962 

99592 

75 

0. 227 

0.22899 

61563 

45 

0. 22321 

72538 

37 

0.277 

0.28067 

05269 

90 

0 . 228 

0.23002 

30844 

22 

0. 22416 

80444 

19 

0.278 

0.28171 

14069 

43 

0. 229 

0.23105 

02595 

07 

0. 22511 

84229 

53 

0.279 

0.28275 

26005 

45 

0.230 

0. 23207 

76828 

63 

0.22606 

83879 

94 

0.280 

0.28379 

41092 

08 

0.231 

0.23310 

53557 

56 

0.22701 

79380 

96 

0.281 

0.28483 

59343 

51 

0.232 

0.23413 

32794 

53 

0.22796 

70718 

22 

0.282 

0.28587 

80773 

93 

0.233 

0.23516 

14552 

26 

0.22891 

57877 

34 

0.283 

0.28692 

05397 

58 

0.234 

0.23618 

98843 

48 

0. 22986 

40844 

03 

0.284 

0. 28796 

33228 

75 

0.235 

0.23721 

85680 

94 

0. 23081 

19604 

03 

0.285 

0.28900 

64281 

74 

0.236 

0.23824 

75077 

44 

0.23175 

94143 

10 

0.286 

0. 29004 

98570 

89 

0.237 

0. 23927 

67045 

78 

0. 23270 

64447 

07 

0.287 

0.29109 

36110 

61 

0.238 

0.24030 

61598 

80 

0. 23365 

30501 

80 

0.288 

0.29213 

76915 

30 

0.239 

0. 24133 

58749 

37 

0. 23459 

92293 

19 

0.289 

0. 29318 

20999 

43 

0.240 

0. 24236 

58510 

39 

0.23554 

49807 

21 

0.290 

0.29422 

68377 

49 

0.241 

0.24339 

60894 

77 

0. 23649 

03029 

83 

0.291 

0. 29527 

19064 

01 

0.242 

0. 24442 

65915 

47 

0.23743 

51947 

10 

0.292 

0. 29631 

73073 

57 

0. 243 

0. 24545 

73585 

45 

0.23837 

96545 

10 

0.293 

0.29736 

30420 

76 

0.244 

0. 24648 

83917 

73 

0. 23932 

36809 

95 

0. 294 

0. 29840 

91120 

25 

0. 245 

0.24751 

96925 

34 

0.24026 

72727 

81 

0.295 

0.29945 

55186 

70 

0.246 

0. 24855 

12621 

33 

0. 24121 

04284 

90 

0.296 

0.30050 

22634 

85 

0.247 

0.24958 

31018 

81 

0.24215 

31467 

47 

0. 297 

0.30154 

93479 

45 

0.248 

0.25061 

52130 

88 

0.24309 

54261 

82 

0.298 

0.30259 

67735 

30 

0.249 

0.25164 

75970 

69 

0.24403 

72654 

29 

0.299 

0. 30364 

45417 

24 

0.250 

0.25268 

02551 

42 

0.24497 

86631 

27 

0.300 

0.30469 

26540 

15 
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Table 4.14 

arc tan x 

0. 24497 86631 27 
0.24591 96179 19 
0.24686 01284 51 
0. 24780 01933 77 
0.24873 98113 53 

0. 24967 89810 38 
0.25061 77010 99 
0.25155 59702 05 
0.25249 37870 29 
0. 25343 11502 51 

0.25436 80585 53 
0.25530 45106 23 
0. 25624 05051 53 
0. 25717 60408 40 
0.25811 11163 83 

0. 25904 57304 89 
0. 25997 98818 68 
0. 26091 35692 33 
0.26184 67913 04 
0.26277 95468 05 

0.26371 18344 62 
0.26464 36530 10 
0. 26557 50011 84 
0. 26650 58777 27 
0.26743 62813 84 

0.26836 62109 06 
0. 26929 56650 49 
0.27022 46425 71 
0.27115 31422 39 
0. 27208 11628 19 

0.27300 87030 87 
0.27393 57618 19 
0.27486 23377 99 
0.27578 84298 14 
0.27671 40366 55 

0. 27763 91571 20 
0.27856 37900 08 
0.27948 79341 26 
0.28041 15882 83 
0. 28133 47512 95 

0.28225 74219 81 
0.28317 95991 65 
0. 28410 12816 76 
0.28502 24683 46 
0. 28594 31580 14 

0. 28686 33495 23 
0.28778 30417 18 
0. 28870 22334 53 
0.28962 09235 83 
0. 29053 91109 69 

0. 29145 67944 78 

[ ( -s,e] 
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Table 4.14 INVERSE CIRCULAR SINES AND TANGENTS 


X 

arcsin x 


arctan x 


X 

arcsin x 


arctan x 


0. 300 

0. 30469 

26540 

15 

0.29145 

67944 

78 

0.350 

0. 35757 

11036 

46 

0. 33667 

48193 

87 

0.301 

0. 30574 

11118 

95 

0. 29237 

39729 

79 

0.351 

0.35863 

88378 

55 

0.33756 

54100 58 

0.302 

0. 30678 

99168 

60 

0.29329 

06453 

47 

0.352 

0. 35970 

69995 

85 

0. 33845 

54442 

85 

0.303 

0. 30783 

90704 

09 

0. 29420 

68104 

62 

0.353 

0.36077 

55905 

70 

0. 33934 

49211 

81 

0. 304 

0. 30888 

85740 

46 

0. 29512 

24672 

09 

0.354 

0. 36184 

46125 

51 

0.34023 

38398 

61 

0.305 

0. 30993 

84292 

78 

0.29603 

76144 

75 

0.355 

0. 36291 

40672 

71 

0.34112 

21994 

49 

0.306 

0. 31098 

86376 

19 

0.29695 

22511 

55 

0.356 

0.36398 

39564 

82 

0. 34200 

99990 70 

0. 307 

0. 31203 

92005 

83 

0. 29786 

63761 

46 

0.357 

0. 36505 

42819 

39 

0. 34289 

72378 

56 

0.308 

0.31309 

01196 

91 

0. 29877 

99883 

52 

0.358 

0. 36612 

50454 

05 

0. 34378 

39149 

42 

0.309 

0.31414 

13964 

68 

0.29969 

30866 

80 

0.359 

0.36719 

62486 

46 

0.34467 

00294 

69 

0.310 

0.31519 

30324 

41 

0. 30060 

56700 

42 

0.360 

0.36826 

78934 

37 

0. 34555 

55805 

82 

0.311 

0.31624 

50291 

43 

0.30151 

77373 

55 

0.361 

0.36933 

99815 

54 

0.34644 

05674 

30 

0.312 

0.31729 

73881 

12 

0. 30242 

92875 

41 

0.362 

0.37041 

25147 

84 

0. 34732 

49891 

68 

0.313 

0.31835 

01108 

88 

0. 30334 

03195 

25 

0.363 

0.37148 

54949 

16 

0. 34820 

88449 

54 

0.314 

0.31940 

31990 

18 

0. 30425 

08322 

38 

0.364 

0. 37255 

89237 

46 

0. 34909 

21339 

52 

0.315 

0. 32045 

66540 

50 

0.30516 

08246 

16 

0.365 

0.37363 

28030 

75 

0. 34997 

48553 

30 

0.316 

0.32151 

04775 

38 

0. 30607 

02955 

99 

0. 366 

0.37470 

71347 

12 

0. 35085 

70082 

60 

0. 317 

0.32256 

46710 

42 

0. 30697 

92441 

31 

0.367 

0.37578 

19204 

71 

0. 35173 

85919 

21 

0. 318 

0. 32361 

92361 

24 

0.30788 

76691 

62 

0.368 

0.37685 

71621 

69 

0. 35261 

96054 

93 

0. 319 

0. 32467 

41743 

51 

0. 30879 

55696 

46 

0.369 

0.37793 

28616 

34 

0.35350 

00481 

64 

0. 320 

0. 32572 

94872 

95 

0.30970 

29445 

42 

0.370 

0.37900 

90206 

96 

0.35437 

99191 

23 

0. 321 

0. 32678 

51765 

31 

0.31060 

97928 

14 

0.371 

0.38008 

56411 

93 

0. 35525 

92175 

68 

0.322 

0. 32784 

12436 

42 

0.31151 

61134 

29 

0.372 

0. 38116 

27249 

69 

0. 35613 

79426 

98 

0.323 

0. 32889 

76902 

11 

0. 31242 

19053 

60 

0.373 

0.38224 

02738 

73 

0. 35701 

60937 

18 

0. 324 

0. 32995 

45178 

29 

0.31332 

71675 

84 

0.374 

0.38331 

82897 

61 

0. 35789 

36698 38 

0. 325 

0.33101 

17280 

89 

0. 31423 

18990 

84 

0.375 

0.38439 

67744 

96 

0. 35877 

06702 

71 

0.326 

0. 33206 

93225 

91 

0.31513 

60988 

47 

0.376 

0.38547 

57299 

45 

0.35964 

70942 

35 

0. 327 

0. 33312 

73029 

38 

0.31603 

97658 

63 

0.377 

0.38655 

51579 

83 

0. 36052 

29409 

56 

0. 328 

0. 33418 

56707 

38 

0.31694 

28991 

30 

0.378 

0.38763 

50604 

92 

0.36139 

82096 

58 

0. 329 

0. 33524 

44276 

04 

0. 31784 

54976 

47 

0.379 

0. 38871 

54393 

57 

0.36227 

28995 

76 

0.330 

0.33630 

35751 

54 

0.31874 

75604 

21 

0.380 

0.38979 

62964 

74 

0.36314 

70099 46 

0.331 

0.33736 

31150 

09 

0.31964 

90864 

60 

0.381 

0.39087 

76337 

42 

0. 36402 

05400 

09 

0.332 

0.33842 

30487 

98 

0.32055 

00747 

81 

0.382 

0. 39195 

94530 

68 

0.36489 

34890 12 

0.333 

0. 33948 

33781 

50 

0. 32145 

05244 

03 

0.383 

0.39304 

17563 

64 

0. 36576 

58562 

04 

0.334 

0. 34054 

41047 

05 

0.32235 

04343 

49 

0.384 

0.39412 

45455 

51 

0. 36663 

76408 

40 

0. 335 

0. 34160 

52301 

02 

0.32324 

98036 

48 

0.385 

0. 39520 

78225 

54 

0.36750 

88421 

81 

0. 336 

0. 34266 

67559 

88 

0. 32414 

86313 

34 

0.386 

0.39629 

15893 

06 

0. 36837 

94594 

90 

0. 337 

0. 34372 

86840 

15 

0. 32504 

69164 

46 

0.387 

0. 39737 

58477 

48 

0. 36924 

94920 

36 

0. 338 

0. 34479 

10158 

39 

0. 32594 

46580 

25 

0.388 

0.39846 

05998 

24 

0.37011 

89390 92 

0.339 

0.34585 

37531 

21 

0. 32684 

18551 

19 

0.389 

0. 39954 

58474 

89 

0.37098 

77999 

35 

0. 340 

0.34691 

68975 

27 

0.32773 

85067 

81 

0.390 

0.40063 

15927 

01 

0.37185 

60738 

49 

0.341 

0. 34798 

04507 

29 

0. 32863 

46120 

66 

0.391 

0.40171 

78374 

28 

0. 37272 

37601 

18 

0.342 

0. 34904 

44144 

03 

0.32953 

01700 

37 

0.392 

0.40280 

45836 

44 

0.37359 

08580 

36 

0. 343 

0.35010 

87902 

30 

0. 33042 

51797 

60 

0.393 

0.40389 

18333 

27 

0,37445 

73668 96 

0.344 

0. 35117 

35798 

98 

0.33131 

96403 

04 

0.394 

0. 40497 

95884 

67 

0. 37532 

32860 01 

0.345 

0. 35223 

87850 

97 

0. 33221 

35507 

47 

0.395 

0.40606 

78510 

57 

0. 37618 

86146 

53 

0. 346 

0.35330 

44075 

25 

0. 33310 

69101 

67 

0.396 

0.40715 

66231 

00 

0.37705 

33521 

62 

0. 347 

0. 35437 

04488 

84 

0. 33399 

97176 

49 

0. 397 

0. 40824 

59066 

02 

0. 37791 

74978 

43 

0. 348 

0. 35543 

69108 

81 

0.33489 

19722 

83 

0. 398 

0. 40933 

57035 

81 

0. 37878 

10510 

12 

0. 349 

0. 35650 

37952 

29 

0.33578 

36731 

63 

0.399 

0.41042 

60160 

60 

0. 37964 

40109 

93 

0. 350 

0. 35757 

11036 

46 

0. 33667 

48193 

87 

0.400 

0.41151 

68460 

67 

0.38050 

63771 

12 
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INVERSE CIRCULAR SINES AND TANGENTS Table 4.14 


x arcsin x arctan x x arcsin x arctan x 


0. 400 

0.41151 

68460 

67 

0. 38050 

63771 

12 

0. 450 

0. 46676 

53390 

47 

0. 42285 

39261 

33 

0. 401 

0.41260 

81956 

42 

0.38136 

81487 

02 

0. 451 

0. 46788 

54404 

09 

0. 42368 

52156 

87 

0. 402 

0.41370 

00668 

29 

0. 38222 

93250 

97 

0.452 

0. 46900 

61761 

03 

0.42451 

58823 

89 

0.403 

0.41479 

24616 

80 

0. 38308 

99056 

39 

0. 453 

0. 47012 

75486 

20 

0. 42534 

59257 

92 

0. 404 

0.41588 

53822 

54 

0. 38394 

98896 

72 

0.454 

0. 47124 

95604 

59 

0. 42617 

53454 

56 

0. 405 

0.41697 

88306 

20 

0. 38480 

92765 

46 

0.455 

0. 47237 

22141 

29 

0. 42700 

41409 

43 

0. 406 

0.41807 

28088 

50 

0. 38566 

80656 

14 

0.456 

0.47349 

55121 

50 

0. 42783 

23118 

21 

0.407 

0.41916 

73190 

29 

0. 38652 

62562 

34 

0.457 

0. 47461 

94570 

53 

0. 42865 

98576 

60 

0. 408 

0.42026 

23632 

45 

0. 38738 

38477 

69 

0.458 

0. 47574 

40513 

79 

0. 42948 

67780 

36 

0.409 

0.42135 

79435 

96 

0. 38824 

08395 

85 

0.459 

0. 47686 

92976 

80 

0. 43031 

30725 

28 

0.410 

0. 42245 

40621 

87 

0. 38909 

72310 

55 

0.460 

0.47799 

51985 

19 

0. 43113 

87407 

19 

0. 411 

0. 42355 

07211 

31 

0. 38995 

30215 

54 

0.461 

0.47912 

17564 

68 

0.43196 

37821 

96 

0. 412 

0. 42464 

79225 

49 

0. 39080 

82104 

62 

0.462 

0.48024 

89741 

12 

0. 43278 

81965 

51 

0. 413 

0. 42574 

56685 

70 

0.39166 

27971 

64 

0. 463 

0.48137 

68540 

46 

0. 43361 

19833 

80 

0. 414 

0. 42684 

39613 

30 

0. 39251 

67810 

48 

0.464 

0. 48250 

53988 

75 

0. 43443 

51422 

81 

0. 415 

0.42794 

28029 

74 

0. 39337 

01615 

09 

0.465 

0.48363 

46112 

18 

0. 43525 

76728 

58 

0. 416 

0.42904 

21956 

53 

0. 39422 

29379 

43 

0.466 

0.48476 

44937 

02 

0. 43607 

95747 

19 

0. 417 

0. 43014 

21415 

30 

0.39507 

51097 

52 

0.467 

0. 48589 

50489 

67 

0. 43690 

08474 

74 

0. 418 

0.43124 

26427 

72 

0.39592 

66763 

44 

0.468 

0. 48702 

62796 

64 

0. 43772 

14907 

40 

0. 419 

0.43234 

37015 

57 

0. 39677 

76371 

29 

0. 469 

0. 48815 

81884 

55 

0. 43854 

15041 

36 

0. 420 

0.43344 

53200 

70 

0. 39762 

79915 

22 

0.470 

0.48929 

07780 

14 

0. 43936 

08872 

85 

0. 421 

0.43454 

75005 

03 

0. 39847 

77389 

43 

0.471 

0. 49042 

40510 

26 

0.44017 

96398 

14 

0.422 

0. 43565 

02450 

60 

0.39932 

68788 

14 

0.472 

0. 49155 

80101 

88 

0.44099 

77613 

55 

0. 423 

0.43675 

35559 

49 

0. 40017 

54105 

66 

0.473 

0. 49269 

26582 

08 

0.44181 

52515 

43 

0. 424 

0.43785 

74353 

90 

0.40102 

33336 

29 

0.474 

0.49382 

79978 

07 

0. 44263 

21100 

17 

0. 425 

0. 43896 

18856 

10 

0. 40187 

06474 

40 

0.475 

0.49496 

40317 

17 

0. 44344 

83364 

20 

0. 426 

0. 44006 

69088 

44 

0. 40271 

73514 

42 

0.476 

0.49610 

07626 

82 

0. 44426 

39303 

99 

0.427 

0.44117 

25073 

36 

0.40356 

34450 

79 

0.477 

0.49723 

81934 

59 

0. 44507 

88916 

06 

0. 428 

0. 44227 

86833 

39 

0.40440 

89278 

00 

0.478 

0.49837 

63268 

16 

0. 44589 

32196 

95 

0. 429 

0. 44338 

54391 

16 

0.40525 

37990 

60 

0.479 

0. 49951 

51655 

34 

0. 44670 

69143 

24 

0.430 

0. 44449 

27769 

36 

0. 40609 

80583 

18 

0. 480 

0. 50065 

47124 

05 

0. 44751 

99751 

57 

0.431 

. 0. 44560 

06990 

78 

0.40694 

17050 

34 

0.481 

0.50179 

49702 

34 

0. 44833 

24018 

60 

0. 432 

0. 44670 

92078 

31 

0.40778 

47386 

77 

0.482 

0.50293 

59418 

39 

0.44914 

41941 

03 

0. 433 

0.44781 

83054 

92 

0. 40862 

71587 

18 

0.483 

0. 50407 

76300 

52 

0. 44995 

53515 

61 

0.434 

0. 44892 

79943 

67 

0. 40946 

89646 

31 

0.484 

0. 50522 

00377 

13 

0. 45076 

58739 

11 

0. 435 

0. 45003 

82767 

71 

0.41031 

01558 

96 

0.485 

0.50636 

31676 

79 

0. 45157 

57608 

36 

0. 436 

0.45114 

91550 

28 

0. 41115 

07319 

97 

0.486 

0.50750 

70228 

19 

0. 45238 

50120 

20 

0. 437 

0. 45226 

06314 

71 

0.41199 

06924 

22 

0. 487 

0. 50865 

16060 

14 

0. 45319 

36271 

55 

0.438 

0. 45337 

27084 

44 

0.41283 

00366 

64 

0.488 

0. 50979 

69201 

57 

0.45400 

16059 

33 

0.439 

0.45448 

53882 

99 

0.41366 

87642 

17 

0. 489 

0.51094 

29681 

57 

0. 45480 

89480 

51 

0. 440 

0.45559 

86733 

96 

0.41450 

68745 

85 

0.490 

0.51208 

97529 

34 

0. 45561 

56532 

11 

0. 441 

0. 45671 

25661 

07 

0.41534 

43672 

70 

0.491 

0.51323 

72774 

22 

0. 45642 

17211 

17 

0. 442 

0. 45782 

70688 

11 

0.41618 

12417 

83 

0.492 

0. 51438 

55445 

69 

0. 45722 

71514 

78 

0. 443 

0. 45894 

21838 

99 

0.41701 

74976 

36 

0.493 

0.51553 

45573 

34 

0. 45803 

19440 

06 

0. 444 

0.46005 

79137 

71 

0.41785 

31343 

48 

0.494 

0.51668 

43186 

93 

0.45883 

60984 

16 

0. 445 

0.46117 

42608 

35 

0.41868 

81514 

38 

0.495 

0.51783 

48316 

32 

0. 45963 

96144 

30 

0. 446 

0. 46229 

12275 

10 

0. 41952 

25484 

34 

0.496 

0.51898 

60991 

55 

0. 46044 

24917 

71 

0. 447 

0. 46340 

88162 

25 

0. 42035 

63248 

66 

0.497 

0. 52013 

81242 

77 

0.46124 

47301 

65 

0. 448 

0. 46452 

70294 

19 

0. 42118 

94802 

67 

0.498 

0.52129 

09100 

26 

0. 46204 

63293 

45 

0. 449 

0. 46564 

58695 

40 

0. 42202 

20141 

75 

0.499 

0. 52244 

44594 

47 

0.46284 

72890 

44 

0. 450 

0.46676 

53390 

47 

0.42285 

39261 

33 

0.500 

0.52359 

87755 

98 

0. 46364 

76090 

01 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 
Table 4.14 INVERSE CIRCULAR SINES AND TANGENTS 


x arcsin x 


arctan x 


x arcsin i 


arctan x 


0.500 

0. 52359 

87755 

98 

0.46364 

76090 

01 

0.550 

0.58236 

42378 

69 

0. 50284 

32109 28 

0.501 

0. 52475 

38615 

51 

0.46444 

72889 

58 

0.551 

0. 58356 

20792 

89 

0.50361 

06410 

37 

0. 502 

0. 52590 

97203 

91 ' 

‘ 0.46524 

63286 

62 

0. 552 

0.58476 

08688 

33 

0.50437 

74226 73 

0.503 

0.52706 

63552 

20 

0.46604 

47278 

61 

0.553 

0.58596 

06104 

84 

0. 50514 

35557 

57 

0.504 

0. 52822 

37691 

54 

0.46684 

24863 

09 

0.554 

0.58716 

13082 

43 

0. 50590 

90402 

12 

0.505 

0.52938 

19653 

22 

0.46763 

96037 

63 

0.555 

0.58836 

29661 

37 

0.50667 

38759 

68 

0. 506 

0. 53054 

09468 

69 

0.46843 

60799 

83 

0.556 

0.58956 

55882 

10 

0. 50743 

80629 53 

0.507 

0.53170 

07169 

56 

0.46923 

19147 

34 

0.557 

0.59076 

91785 

32 

0. 50820 

16011 

02 

0.508 

0. 53286 

12787 

56 

0. 47002 

71077 

82 

0.558 

0.59197 

37411 

92 

0. 50896 

44903 

52 

0.509 

0. 53402 

26354 

61 

0,47082 

16589 

00 

0.559 

0. 59317 

92803 

04 

0. 50972 

67306 43 

0.510 

0. 53518 

47902 

76 

0.47161 

55678 

62 

0.560 

0.59438 

58000 

01 

0.51048 

83219 

17 

0.511 

0.53634 

77464 

20 

0. 47240 

88344 

48 

0.561 

0.59559 

33044 

41 

0.51124 

92641 

21 

0. 512 

0.53751 

15071 

30 

0.47320 

14584 

38 

0.562 

0. 59680 

17978 

05 

0.51200 

95572 

04 

0. 513 

0. 53867 

60756 

57 

0. 47399 

34396 

20 

0.563 

0.59801 

12842 

95 

0. 51276 

92011 

19 

0. 514 

0. 53984 

14552 

69 

0. 47478 

47777 

82 

0.564 

0.59922 

17681 

37 

0. 51352 

81958 22 

0.515 

0. 54100 

76492 

49 

0.47557 

54727 

17 

0.565 

0. 60043 

32535 

81 

0. 51428 

65412 

69 

0. 516 

0. 54217 

46608 

96 

0.47636 

55242 

22 

0.566 

0. 60164 

57448 

99 

0.51504 

42374 25 

0. 517 

0.54334 

24935 

25 

0.47715 

49320 

97 

0.567 

0.60285 

92463 

89 

0. 51580 

12842 

52 

0. 518 

0. 54451 

11504 

67 

0. 47794 

36961 

45 

0. 568 

0. 60407 

37623 

71 

0. 51655 

76817 

18 

0.519 

0. 54568 

06350 

69 

0.47873 

18161 

73 

0.569 

0. 60528 

92971 

89 

0. 51731 

34297 

96 

0. 520 

0.54685 

09506 

96 

0.47951 

92919 

93 

0. 570 

0.60650 

58552 

13 

0.51806 

85284 

57 

0. 521 

0.54802 

21007 

28 

0.48030 

61234 

17 

0.571 

0.60772 

34408 

36 

0. 51882 

29776 79 

0. 522 

0. 54919 

40885 

61 

0. 48109 

23102 

64 

0. 572 

0.60894 

20584 

75 

0.51957 

67774 

41 

0. 523 

0. 55036 

69176 

11 

0.48187 

78523 

54 

0.573 

0. 61016 

17125 

74 

0. 52032 

99277 

27 

0. 524 

0.55154 

05913 

07 

0.48266 

27495 

12 

0. 574 

0.61138 

24076 

01 

0.52108 

24285 

22 

0. 525 

0.55271 

51130 

97 

0.48344 

70015 

67 

0.575 

0.61260 

41480 

49 

0.52183 

42798 

14 

0.526 

0. 55389 

04864 

46 

0.48423 

06083 

50 

0.576 

0.61382 

69384 

37 

0. 52258 

54815 

96 

0. 527 

0.55506 

67148 

37 

0.48501 

35696 

94 

0.577 

0.61505 

07833 

09 

0.52333 

60338 

62 

0.528 

0. 55624 

38017 

69 

0.48579 

58854 

40 

0.578 

0. 61627 

56872 

37 

0. 52408 

59366 

09 

0. 529 

0. 55742 

17507 

59 

0.48657 

75554 

29 

0.579 

0.61750 

16548 

17 

0. 52483 

51898 

38 

0.530 

0. 55860 

05653 

43 

0. 48735 

85795 

05 

0.580 

0.61872 

86906 

72 

0. 52558 

37935 

52 

0.531 

0. 55978 

02490 

72 

0. 48813 

89575 

18 

0.581 

0. 61995 

67994 

52 

0. 52633 

17477 

57 

0.532 

0. 56096 

08055 

18 

0.48891 

86893 

19 

0.582 

0. 62118 

59858 

34 

0,52707 

90524 

63 

0. 533 

0.56214 

22382 

69 

0. 48969 

77747 

65 

0.583 

0.62241 

62545 

21 

0. 52782 

57076 

82 

0.534 

0. 56332 

45509 

33 

0. 49047 

62137 

12 

0.584 

0. 62364 

76102 

44 

0. 52857 

17134 

28 

0.535 

0.56450 

77471 

34 

0. 49125 

40060 

25 

0.585 

0. 62488 

00577 

61 

0. 52931 

70697 

19. 

0.536 

0.56569 

18305 

17 

0. 49203 

11515 

68 

0.586 

0.62611 

36018 

60 

0.53006 

17765 

76 

0.537 

0. 56687 

68047 

44 

0.49280 

76502 

10 

0.587 

0.62734 

82473 

54 

0.53080 

58340 

23 

0.538 

0. 56806 

26734 

97 

0.49358 

35018 

23 

0.588 

0. 62858 

39990 

87 

0.53154 

92420 86 

0.539 

0. 56924 

94404 

76 

0.49435 

87062 

83 

0.589 

0. 62982 

08619 

28 

0.53229 

20007 

93 

0. 540 

0. 57043 

71094 

00 

0.49513 

32634 

68 

0. 590 

0.63105 

88407 

78 

0.53303 

41101 77 

0. 541 

0.57162 

56840 

08 

0.49590 

71732 

62 

0.591 

0.63229 

79405 

66 

0.53377 

55702 

73 

0. 542 

0. 57281 

51680 

58 

0. 49668 

04355 

48 

0. 592 

0. 63353 

81662 

50 

0.53451 

63811 

18 

0.543 

0. 57400 

55653 

28 

0.49745 

30502 

17 

0.593 

0. 63477 

95228 

17 

0. 53525 

65427 

53 

0. 544 

0. 57519 

68796 

15 

0. 49822 

50171 

59 

0.594 

0. 63602 

20152 

84 

0.53599 

60552 

20 

0. 545 

0. 57638 

91147 

36 

0.49899 

63362 

71 

0.595 

0.63726 

56487 

00 

0. 53673 

49185 

66 

0.546 

0.57758 

22745 

29 

0. 49976 

70074 

50 

0.596 

0.63851 

04281 

42 

0. 53747 

31328 

39 

0.547 

0. 57877 

63628 

51 

0.50053 

70305 

98 

0.597 

0. 63975 

63587 

17 

0. 53821 

06980 

90 

0.548 

0. 57997 

13835 

79 

0.50130 

64056 

22 

0. 598 

0.64100 

34455 

66 

0.53894 

76143 74 

0. 549 

0.58116 

73406 

12 

0. 50207 

51324 

28 

0. 599 

0. 64225 

16938 

57 

0.53968 

38817 

48 

0.550 

0.58236 

42378 

69 

0. 50284 

32109 

28 

0.600 

0. 64350 

11087 

93 

0. 54041 

95002 

71 
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X 

0.600 
0.601 
0. 602 
0. 603 
0. 604 

0. 605 
0. 606 
0. 607 
0.608 
0. 609 

0. 610 
0. 611 
0.612 
0.613 
0. 614 

0.615 
0.616 
0.617 
0. 618 
0. 619 

0. 620 
0. 621 
0. 622 
0.623 
0. 624 

0. 625 
0. 626 
0. 627 
0.628 
0. 629 

0.630 
0. 631 
0. 632 
0. 633 
0. 634 

0. 635 
0. 636 
0. 637 
0. 638 
0. 639 

0. 640 
0. 641 
0. 642 
0. 643 
0. 644 

0. 645 
0. 646 
0. 647 
0.648 
0. 649 

0.650 


INVERSE CIRCULAR SINES AND TANGENTS 


Table 4.14 


arcsin x 


arctan x 


x arcsin x 


arctan x 


0. 64350 

11087 

93 

0. 54041 

95002 

71 

0.650 

0.70758 

44367 

25 

0.57637 

52205 

91 

0.64475 

16956 

07 

0.54115 

44700 

04 

0. 651 

0.70890 

10818 

82 

0. 57707 

78870 

95 

0.64600 

34595 

63 

0.54188 

87910 

15 

0.652 

0.71021 

92154 

53 

0.57777 

99113 

37 

0. 64725 

64059 

60 

0. 54262 

24633 

69 

0.653 

0.71153 

88447 

93 

0. 57848 

12935 

07 

0. 64851 

05401 

26 

0.54335 

54871 

37 

0.654 

0.71285 

99773 

14 

0.57918 

20337 

94 

0.64976 

58674 

24 

0. 54408 

78623 

92 

0.655 

0.71418 

26204 

76 

0.57988 

21323 94 

0. 65102 

23932 

51 

0. 54481 

95892 

10 

0.656 

0.71550 

67817 

97 

0.58058 

15895 

01 

0. 65228 

01230 

34 

0.54555 

06676 

70 

0.657 

0.71683 

24688 

45 

0.58128 

04053 

13 

0.65353 

90622 

38 

0.54628 

10978 

51 

0. 658 

0. 71815 

96892 

45 

0.58197 

85800 

31 

0. 65479 

92163 

58 

0. 54701 

08798 

38 

0.659 

0.71948 

84506 

75 

0.58267 

61138 

57 

0. 65606 

05909 

25 

0.54774 

00137 

16 

0. 660 

0.72081 

87608 

70 

0.58337 

30069 94 

0.65732 

31915 

05 

0.54846 

84995 

75 

0. 661 

0.72215 

06276 

21 

0. 58406 

92596 

49 

0.65858 

70237 

00 

0. 54919 

63375 

05 

0.662 

0.72348 

40587 

76 

0.58476 

48720 

31 

0.65985 

20931 

44 

0.54992 

35276 

01 

0.663 

0.72481 

90622 

40 

0. 58545 

98443 

49 

0. 66111 

84055 

09 

0. 55065 

00699 

59 

0.664 

0.72615 

56459 

74 

0.58615 

41768 

17 

0.66238 

59665 

02 

0.55137 

59646 

79 

0. 665 

0. 72749 

38180 

01 

0.58684 

78696 

50 

0. 66365 

47818 

67 

0. 55210 

12118 

61 

0.666 

0.72883 

35864 

02 

0.58754 

09230 

63 

0. 66492 

48573 

84 

0.55282 

58116 

10 

0.667 

0.73017 

49593 16 

0. 58823 

33372 

77 

0. 66619 

61988 

69 

0.55354 

97640 

33 

0. 668 

0.73151 

79449 

44 

0. 58892 

51125 

11 

0. 66746 

88121 

78 

0.55427 

30692 

38 

0.669 

0.73286 

25515 

49 

0. 58961 

62489 

89 

0. 66874 

27032 

02 

0.55499 

57273 

39 

0.670 

0.73420 

87874 

53 

0. 59030 

67469 

35 

0. 67001 

78778 

71 

0.55571 

77384 

48 

0.671 

0.73555 

66610 

44 

0. 59099 

66065 

77 

0. 67129 

43421 

53 

0. 55643 

91026 

82 

0.672 

0.73690 

61807 

69 

0. 59168 

58281 

44 

0. 67257 

21020 

54 

0.55715 

98201 

62 

0.673 

0.73825 

73551 

41 

0. 59237 

44118 

66 

0.67385 

11636 

20 

0. 55787 

98910 

07 

0.674 

0.73961 

01927 

39 

0.59306 

23579 

77 

0.67513 

15329 

37 

0.55859 

93153 

44 

0. 675 

0.74096 

47022 

03 

0. 59374 

96667 

11 

0.67641 

32161 

29 

0.55931 

80932 

97 

0.676 

0.74232 

08922 

43 

0.59443 

63383 

05 

0. 67769 

62193 

62 

0.56003 

62249 

97 

0. 677 

0.74367 

87716 

32 

0. 59512 

23729 99 

0. 67898 

05488 

41 

0. 56075 

37105 

74 

0. 678 

0. 74503 

83492 

13 

0. 59580 

77710 

32 

0. 68026 

62108 

12 

0.56147 

05501 

63 

0. 679 

0.74639 

96338 96 

0. 59649 

25326 

49 

0.68155 

32115 

63 

0.56218 

67439 

00 

0.680 

0.74776 

26346 

60 

0.59717 

66580 93 

0.68284 

15574 

24 

0.56290 

22919 

24 

0.681 

0. 74912 

73605 

52 

0.59786 

01476 

11 

0. 68413 

12547 

66 

0. 56361 

71943 

75 

0. 682 

0. 75049 

38206 

91 

0.59854 

30014 

52 

0. 68542 

23100 

04 

0.56433 

14513 

97 

0.683 

0.75186 

20242 

68 

0. 59922 

52198 

66 

0.68671 

47295 

93 

0. 56504 

50631 

37 

0.684 

0. 75323 

19805 

42 

0.59990 

68031 

06 

0.68800 

85200 

35 

0.56575 

80297 

42 

0.685 

0.75460 

36988 

49 

0.60058 

77514 

26 

0. 68930 

36878 

74 

0. 56647 

03513 

63 

0.686 

0. 75597 

71885 

95 

0.60126 

80650 

81 

0.69060 

02396 

97 

0.56718 

20281 

53 

0.687 

0.75735 

24592 

63 

0. 60194 

77443 

31 

0. 69189 

81821 

37 

0.56789 

30602 

67 

0.688 

0. 75872 

95204 

10 

0. 60262 

67894 

35 

0. 69319 

75218 

73 

0.56860 

34478 

63 

0. 689 

0. 76010 

83816 68 

0. 60330 

52006 

54 

0.69449 

82656 

27 

0.56931 

31911 

01 

0.690 

0.76148 

90527 

48 

0.60398 

29782 

53 

0. 69580 

04201 

68 

0.57002 

22901 

42 

0.691 

0.76287 

15434 

36 

0. 60466 

01224 96 

0. 69710 

39923 

13 

0. 57073 

07451 

52 

0.692 

0. 76425 

58636 

00 

0. 60533 

66336 

52 

0. 69840 

89889 

23 

0.57143 

85562 

98 

0.693 

0. 76564 

20231 

84 

0. 60601 

25119 

88 

0. 69971 

54169 

09 

0.57214 

57237 

47 

0. 694 

0.76703 

00322 

15 

0. 60668 

77577 

76 

0.70102 

32832 

27 

0. 57285 

22476 

73 

0.695 

0.76841 

99008 00 

0.60736 

23712 

89 

0.70233 

25948 

84 

0.57355 

81282 

48 

0.696 

0.76981 

16391 

29 

0.60803 

63528 

01 

0. 70364 

33589 

34 

0.57426 

33656 

48 

0.697 

0.77120 

52574 

75 

0. 60870 

97025 

88 

0.70495 

55824 

80 

0.57496 

79600 

51 

0.698 

0.77260 

07661 

95 

0.60938 

24209 

28 

0. 70626 

92726 

76 

0. 57567 

19116 

38 

0. 699 

0.77399 

81757 

30 

0.61005 

45081 

01 

0.70758 

44367 

25 

0.57637 

52205 

91 

0.700 

0.77539 

74966 

11 

0.61072 

59643 

89 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.14 INVERSE CIRCULAR SINES AND TANGENTS 


X 

arcsin x 


arctan x 


X 

arcsin x 


arctan x 


0.700 

0.77539 

74966 

11 

0.61072 

59643 

89 

0.750 

0. 84806 

20789 

81 

0.64350 

11087 

93 

0. 701 

0. 77679 

87394 

52 

0.61139 

67900 

75 

0.751 

0.84957 

52355 

56 

0. 64414 

08016 

53 

0.702 

0.77820 

19149 

57 

0.61206 

69854 

44 

0.752 

0. 85109 

10007 

70 

0.64477 

98804 

75 

0.703 

0.77960 

70339 

20 

0.61273 

65507 

83 

0.753 

0.85260 

93916 

63 

0.64541 

83456 

20 

0.704 

0.78101 

41072 

23 

0.61340 

54863 

79 

0.754 

0. 85413 

04254 

45 

0. 64605 

61974 

52 

0. 705 

0.78242 

31458 

43 

0. 61407 

37925 

25 

0.755 

0.85565 

41195 

04 

0.64669 

34363 

37 

0.706 

0.78383 

41608 

47 

0. 61474 

14695 

10 

0.756 

0. 85718 

04914 

02 

0.64733 

00626 

40 

0.707 

0. 78524 

71633 

95 

0.61540 

85176 

29 

0.757 

0. 85870 

95588 

84 

0.64796 

60767 

30 

0. 708 

0.78666 

21647 

44 

0. 61607 

49371 

78 

0.758 

0. 86024 

13398 

74 

0.64860 

14789 

75 

0. 709 

0. 78807 

91762 

45 

0. 61674 

07284 

52 

0.759 

0. 86177 

58524 

85 

0.64923 

62697 

45 

0. 710 

0. 78949 

82093 

46 

0.61740 

58917 

52 

0.760 

0.86331 

31150 

16 

0. 64987 

04494 

12 

0.711 

0. 79091 

92755 

96 

0. 61807 

04273 

76 

0.761 

0. 86485 

31459 

55 

0.65050 

40183 

48 

0. 712 

0. 79234 

23866 

39 

0. 61873 

43356 

27 

0.762 

0. 86639 

59639 

86 

0.65113 

69769 

28 

0.713 

0. 79376 

75542 

24 

0.61939 

76168 

09 

0.763 

0.86794 

15879 

89 

0.65176 

93255 25 

0.714 

0. 79519 

47901 

99 

0.62006 

02712 

26 

0.764 

0. 86949 

00370 

42 

0.65240 

10645 

18 

0.715 

0.79662 

41065 

16 

0. 62072 

22991 

86 

0.765 

0.87104 

13304 

26 

0.65303 

21942 

83 

0.716 

0. 79805 

55152 

32 

0. 62138 

37009 

97 

0.766 

0. 87259 

54876 

26 

0. 65366 

27151 

99 

0.717 

0. 79948 

90285 

08 

0. 62204 

44769 

70 

0.767 

0.87415 

25283 

38 

0. 65429 

26276 46 

0. 718 

0.80092 

46586 

13 

0. 62270 

46274 

14 

0.768 

0.87571 

24724 

65 

0.65492 

19320 

05 

0.719 

0.80236 

24179 

26 

0.62336 

41526 

45 

0.769 

0. 87727 

53401 

29 

0.65555 

06286 

59 

0.720 

0. 80380 

23189 

33 

0. 62402 

30529 

77 

0.770 

0. 87884 

11516 

69 

0. 65617 

87179 

91 

0. 721 

0. 80524 

43742 

33 

0.62468 

13287 

26 

0.771 

0.88040 

99276 

42 

0.65680 

62003 

87 

0. 722 

0. 80668 

85965 

35 

0. 62533 

89802 

10 

0.772 

0.88198 

16888 

33 

0. 65743 

30762 

31 

0. 723 

0. 80813 

49986 

66 

0. 62599 

60077 

48 

0.773 

0.88355 

64562 

55 

0.65805 

93459 

11 

0. 724 

0.80958 

35935 

64 

0. 62665 

24116 

63 

0.774 

0.88513 

42511 

51 

0.65868 

50098 15 

0.725 

0.81103 

43942 

88 

0. 62730 

81922 

76 

0.775 

0. 88671 

50950 

00 

0.65931 

00683 

33 

0.726 

0. 81248 

74140 

11 

0. 62796 

33499 

11 

0.776 

0. 88829 

90095 

19 

0.65993 

45218 

55 

0.727 

0.81394 

26660 

28 

0.62861 

78848 

95 

0.777 

0. 88988 

60166 

70 

0.66055 

83707 

72 

0. 728 

0. 81540 

01637 

58 

0. 62927 

17975 

54 

0.778 

0.89147 

61386 

58 

0. 66118 

16154 79 

0.729 

0. 81685 

99207 

37 

0. 62992 

50882 

17 

0.779 

0.89306 

93979 

43 

0.66180 

42563 

67 

0.730 

0.81832 

19506 

32 

0.63057 

77572 

15 

0.780 

0. 89466 

58172 

34 

0. 66242 

62938 

33 

0.731 

0. 81978 

62672 

31 

0.63122 

98048 

79 

0.781 

0. 89626 

54195 

03 

0. 66304 

77282 

73 

0. 732 

0. 82125 

28844 

52 

0. 63188 

12315 

41 

0.782 

0. 89786 

82279 

83 

0. 66366 

85600 

83 

0.733 

0. 82272 

18163 

44 

0. 63253 

20375 

38 

0.783 

0. 89947 

42661 

72 

0. 66428 

87896 

62 

0.734 

0. 82419 

30770 

85 

0.63318 

22232 

04 

0.784 

0.90108 

35578 

41 

0. 66490 

84174 09 

0. 735 

0. 82566 

66809 

86 

0.63383 

17888 

78 

0.785 

0.90269 

61270 

38 

0.66552 

74437 26 

0.736 

0. 82714 

26424 

94 

0. 63448 

07348 

99 

0.786 

0.90431 

19980 

87 

0.66614 

58690 12 

0.737 

0. 82862 

09761 

92 

0. 63512 

90616 

06 

0.787 

0.90593 

11956 

01 

0. 66676 

36936 71 

0.738 

0. 83010 

16968 

01 

0. 63577 

67693 

42 

0.788 

0.90755 

37444 

80 

0. 66738 

09181 

07 

0.739 

0.83158 

48191 

83 

0. 63642 

38584 

50 

0.789 

0.90917 

96699 

17 

0. 66799 

75427 

24 

0.740 

0.83307 

03583 

42 

0. 63707 

03292 

76 

0.790 

0.91080 

89974 

07 

0. 66861 

35679 

28 

0. 741 

0.83455 

83294 

24 

0. 63771 

61821 

64 

0.791 

0.91244 

17527 

48 

0. 66922 

89941 

25 

0.742 

0. 83604 

87477 

24 

0. 63836 

14174 

63 

0.792 

0. 91407 

79620 

46 

0.66984 

38217 

24 

0. 743 

0. 83754 

16286 

83 

0. 63900 

60355 

21 

0.793 

0.91571 

76517 

23 

0.67045 

80511 

32 

0.744 

0. 83903 

69878 

93 

0. 63965 

00366 

89 

0.794 

0.91736 

08485 

19 

0. 67107 

16827 

61 

0.745 

0. 84053 

48410 

98 

0.64029 

34213 

19 

0.795 

0.91900 

75795 

02 

0. 67168 

47170 

20 

0. 746 

0. 84203 

52041 

95 

0. 64093 

61897 

63 

0. 796 

0.92065 

78720 

67 

0.67229 

71543 22 

0. 747 

0. 84353 

80932 

39 

0. 64157 

83423 

76 

0.797 

0.92231 

17539 

49 

0. 67290 

89950 

79 

0. 748 

0. 84504 

35244 

42 

0. 64221 

98795 

14 

0.798 

0.92396 

92532 

24 

0. 67352 

02397 

05 

0. 749 

0. 84655 

15141 

77 

0. 64286 

08015 

33 

0.799 

0. 92563 

03983 

15 

0. 67413 

08886 

15 

0. 750 

0.84806 

20789 

81 

0. 64350 

11087 

93 

0.800 

0. 92729 

52180 

02 

0.67474 

09422 

24 
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INVERSE CIRCULAR SINES AND TANGENTS Table 4.14 

x arcsin x arctan x x arcsin x arctan x 

0. 800 0. 92729 52180 02 0. 67474 09422 24 0.850 1. 01598 52938 15 0. 70449 40642 42 

0. 801 0. 92896 37414 22 0. 67535 04009 49 0. 851 1. 01788 65272 25 0. 70507 43293 58 

0. 802 0. 93063 59980 83 0. 67595 92652 08 0.852 1. 01979 36361 62 0.70565 40219 63 

0. 303 0. 93231 20178 64 0.67656 75354 19 0.853 1. 02170 66824 41 0.70623 31425 16 

0.804 0. 93399 18310 25 0. 67717 52120 01 0.854 1. 02362 57289 29 0.70681 16914 73 

0. 805 0.93567 54682 12 0. 67778 22953 77 0.855 1.02555 08395 76 0. 70738 96692 96 

0.806 0.93736 29604 66 0. 67838 87859 65 0. 856 1. 02748 20794 40 0. 70796 70764 42 

0. 807 0. 93905 43392 28 0. 67899 46841 90 0.857 1. 02941 95147 10 0. 70854 39133 73 

0. 808 0. 94074 96363 49 0.67959 99904 74 0.858 1. 03136 32127 41 0.70912 01805 50 

0. 809 0. 94244 88840 95 0. 68020 47052 41 0.859 1. 03331 32420 77 0.70969 58784 34 

0. 810 0. 94415 21151 54 0. 68080 88289 16 0. 860 1.03526 96724 81 0. 71027 10074 87 

0. 811 0. 94585 93626 48 0. 68141 23619 25 0. 861 1. 03723 25749 68 0.71084 55681 72 

0. 812 0. 94757 06601 38 0. 68201 53046 96 0.862 1.03920 20218 39 0. 71141 95609 52 

0. 813 0.94928 60416 29 0.68261 76576 55 0.863 1.04117 80867 05 0. 71199 29862 92 

0.814 0.95100 55415 87 0. 68321 94212 31 0.864 1. 04316 08445 30 0.71256 58446 55 

0. 815 0. 95272 91949 40 0.68382 05958 54 0.865 1. 04515 03716 61 0. 71313 81365 07 

0. 816 0.95445 70370 88 0. 68442 11819 54 0.866 1. 04714 67458 63 0.71370 98623 14 

0. 817 0.95618 91039 18 0. 68502 11799 62 0. 867 1. 04915 00463 62 0. 71428 10225 41 

0. 818 0.95792 54318 04 0.68562 05903 10 0. 868 1. 05116 03538 76 0. 71485 16176 56 

0. 819 0.95966 60576 23 0. 68621 94134 31 0. 869 1. 05317 77506 61 0. 71542 16481 25 

0. 820 0. 96141 10187 64 0. 68681 76497 59 0.870 1. 05520 23205 49 0.71599 11144 16 

0. 821 0.96316 03531 36 0. 68741 52997 28 0.871 1. 05723 41489 91 0.71656 00169 99 

0. 822 0.96491 40991 79 0. 68801 23637 73 0.872 1. 05927 33231 01 0. 71712 83563 41 

0. 823 0.96667 22958 76 0. 68860 88423 31 0.873 1. 06137 99317 03 0. 71769 61329 12 

0. 824 0. 96843 49827 60 0. 68920 47358 39 0. 874 1. 0633 40653 78 0. 71826 33471 82 

0. 825 0.97020 21999 29 0. 68980 00447 34 0. 875 1. 06543 58165 11 0. 71882 99996 22 

0. 826 0. 97197 39880 56 0. 69039 47694 55 0. 876 1. 06750 52793 43 0.71939 60907 02 

0.827 0. 97375 03884 00 0. 69098 89104 41 0.877 1. 06958 25500 24 0.71996 16208 94 

0. 828 0.97553 14428 17 0. 69158 24681 33 0.878 1. 07166 77266 67 0.72052 65906 70 

0. 829 0.97731 71937 77 0. 69217 54429 71 0.879 1. 07376 09094 07 0. 72109 10005 03 

0. 830 0.97910 76843 68 0. 69276 78353 97 0. 880 1. 07586 22004 54 0.72165 48508 65 

0.831 0. 98090 29583 19 0. 69335 96458 54 0. 881 1. 07797 17041 59 0. 72221 81422 30 

0. 832 0. 98270 30600 05 0. 69395 08747 85 0. 882 1.08008 95270 75 0.72278 08750 71 

0. 833 0. 98450 80344 64 0.69454 15226 33 0.883 1.08221 57780 22 0.72334 30498 64 

0. 834 0. 98631 79274 13 0. 69513 15898 44 0.884 1. 08435 05681 59 0.72390 46670 83 

0. 835 0. 98813 27852 56 0.69572 10768 63 0.885 1. 08649 40110 49 0.72446 57272 04 

0. 836 0. 98995 26551 06 0. 69630 99841 36 0. 886 1. 08864 62227 36 0. 72502 62307 01 

0. 837 0. 99177 75847 95 0. 69689 83121 11 0. 887 1. 09080 73218 22 0.72558 61780 53 

0. 838 0. 99360 76228 94 0. 69748 60612 34 0.888 1. 09297 74295 43 0.72614 55697 34 

0. 839 0. 99544 28187 22 0. 69807 32319 55 0. 889 1. 09515 66698 56 0.72670 44062 23 

0. 840 0. 99728 32223 72 0.69865 98247 21 0.890 1. 09734 51695 23 0. 72726 26879 97 

0. 841 0.99912 88847 18 0.69924 58399 85 0. 891 1. 09954 30581 99 0.72782 04155 34 

0.842 1.00097 98574 39 0. 69983 12781 94 0. 892 1. 10175 04685 30 0.72837 75893 12 

0. 843 1.00283 61930 35 0. 70041 61398 02 0. 893 1. 10396 75362 43 0.72893 42098 11 

0. 844 1. 00469 79448 46 0. 70100 04252 59 0. 894 1. 10619 44002 56 0.72949 02775 09 

0.845 1. 00656 51670 67 0.70158 41350 19 0. 895 1. 10843 12027 75 0.73004 57928 87 

0. 846 1. 00843 79147 75 0. 70216 72695 35 0. 896 1. 11067 80894 12 0.73060 07564 24 

0. 847 1.01031 62439 41 0.70274 98292 60 0.897 1. 11293 52092 94 0.73115 51686 02 

0. 848 1. 01220 02114 56 0.70333 18146 49 0.898 1. 11520 27151 85 0. 73170 90299 00 

0. 849 1. 01408 98751 50 0.70391 32261 58 0. 899 1. 11748 07636 13 0. 73226 23408 01 

0. 850 1. 01598 52938 15 0.70449 40642 42 0.900 1. 11976 95149 99 0. 73281 51017 87 
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Table 4.14 


ELEMENTARY TRANSCENDENTAL FUNCTIONS 


INVERSE CIRCULAR SINES AND TANGENTS 


arcsin x arctan x r arcsin x arctan x J (*) 


0. 900 

1.11976 

95149 

99 

0. 73281 

51017 

87 

0. 950 

1.25323 

58975 

03 

0. 75976 

27548 

76 

1.00421 

42513 

02 

0. 901 

1.12206 

91337 

93 

0. 73336 

73133 

38 

0. 951 

1.25645 

42223 

06 

0.76028 

81166 

70 

1.00412 

90197 

55 

0. 902 

1.12437 

97886 

21 

0. 73391 

89759 

38 

0. 952 

1.25970 

47250 

03 

0. 76081 

29540 

28 

1.00404 

38274 

04 

0. 903 

1. 12670 

16524 

29 

0. 73447 

00900 

70 

0. 953 

1.26298 

84259 

28 

0. 76133 

72674 

43 

1.00395 

86742 

15 

0.904 

1.12903 

49026 

45 

0.73502 

06562 

16 

0.954 

1.26630 

64000 

67 

0.76186 

10574 

14 

1.00387 

35601 

52 

0. 905 

1.13137 

97213 

39 

0.73557 

06748 

62 

0.955 

1.26965 

97812 

42 

0.76238 

43244 

37 

1.00378 

84851 

78 

0.906 

1. 13373 

62953 

96 

0.73612 

01464 

89 

0.956 

1.27304 

97667 

20 

0,76290 

70690 

08 

1. 00370 

34492 

58 

0.907 

1.13610 

48166 

99 

0.73666 

90715 

84 

0.957 

1.27647 

76222 

92 

0.76342 

92916 

23 

1.00361 

84523 

57 

0.908 

1. 13848 

54823 

12 

0.73721 

74506 

30 

0.958 

1.27994 

46878 

88 

0.76395 

09927 

81 

1.00353 

34944 

39 

0.909 

1.14087 

84946 

83 

0.73776 

52841 

13 

0.959 

1.28345 

23838 

00 

0.76447 

21729 

78 

1. 00344 

85754 

69 

0.910 

1.14328 

40618 

50 

0.73831 

25725 

17 

0.960 

1.28700 

22175 

87 

0. 76499 

28327 

11 

1. 00336 

36954 

10 

0.911 

1. 14570 

23976 

58 

0.73885 

93163 

30 

0.961 

1.29059 

57917 

69 

0.76551 

29724 

78 

1.00327 

88542 

28 

0.912 

1.14813 

37219 

91 

0.73940 

55160 

36 

0.962 

1.29423 

48124 

14 

0. 76603 

25927 

75 

1.00319 

40518 

88 

0. 913 

1. 15057 

82610 

10 

0.73995 

11721 

22 

0.963 

1.29792 

10987 

43 

0.76655 

16941 

02 

1.00310 

92883 

53 

0.914 

1. 15303 

62474 

12 

0.74049 

62850 

76 

0.964 

1.30165 

65939 

20 

0.76707 

02769 

55 

1. 00302 

45635 

89 

0. 915 

1.15550 

79206 

90 

0.74104 

08553 

83 

0.965 

1.30544 

33771 

97 

0.76758 

83418 

33 

1.00293 

98775 

61 

0.916 

1.15799 

35274 

19 

0.74158 

48835 

32 

0.966 

1.30928 

36776 

35 

0.76810 

58892 

33 

1.00285 

52302 

33 

0.917 

1.16049 

33215 

50 

0.74212 

83700 

10 

0.967 

1.31317 

98896 

52 

0.76862 

29196 

53 

1.00277 

06215 

71 

0.918 

1. 16300 

75647 

25 

0.74267 

13153 

04 

0.968 

1.31713 

45907 

19 

0.76913 

94335 

92 

1.00268 

60515 

39 

0.919 

1. 16553 

65266 

04 

0. 74321 

37199 

05 

0.969 

1.32115 

05615 

54 

0.76965 

54315 

49 

1. 00260 

15201 

02 

0. 920 

1.16808 

04852 

14 

0. 74375 

55842 

99 

0.970 

1.32523 

08092 

80 

0.77017 

09140 

20 

1. 00251 

70272 

25 

0. 921 

1.17063 

97273 

16 

0.74429 

69089 

76 

0.971 

1.32937 

85940 

93 

0.77068 

58815 

06 

1.00243 

25728 

74 

0. 922 

1.17321 

45487 

95 

0.74483 

76944 

25 

0.972 

1,33359 

74601 

02 

0.77120 

03345 

05 

1. 00234 

81570 

13 

0. 923 

1.17580 

5255 Q 

71 

0. 74537 

79411 

35 

0.973 

1.33789 

12711 

79 

0.77171 

42735 

14 

1.00226 

37796 

07 

0. 924 

1.17841 

21615 

31 

0.74591 

76495 

97 

0.974 

1.34226 

42528 

47 

0.77222 

76990 

34 

1. 00217 

94406 

23 

0.925 

1.18103 

55939 

97 ‘ 

0.74645 

68203 

00 

0.975 

1.34672 

10414 

93 

0.77274 

06115 

63 

1.00209 

51400 

25 

0. 926 

1. 18367 

58892 

09 

0. 74699 

54537 

35 

0. 976 

1. 35126 

67425 

45 

0.77325 

30116 

01 

1. 00201 

08777 

78 

0. 927 

1.18633 

33953 

44 

0.74753 

35503 

92 

0.977 

1.35590 

69996 

85 

0.77376 

48996 

45 

1.00192 

66538 

49 

0. 928 

1. 18900 

84725 

71 

0. 74807 

11107 

62 

0. 978 

1.36064 

80777 

70 

0.77427 

62761 

95 

1.00184 

24682 

01 

0. 929 

1. 19170 

14936 

35 

0.74860 

81353 

36 

0.979 

1.36549 

69629 

42 

0.77478 

71417 

51 

1.00175 

83208 

02 

0. 930 

1.19441 

28444 

77 

0.74914 

46246 

06 

0.980 

1. 37046 

14844 

72 

0.77529 

74968 

12 

1.00167 

42116 

16 

0. 931 

1.19714 

29249 

00 

0.74968 

05790 

63 

0.981 

1.37555 

04644 

29 

0. 77580 

73418 

77 

1.00159 

01406 

08 

0. 932 

1. 19989 

21492 

75 

0. 75021 

59991 

99 

0. 982 

1.38077 

39033 

32 

0.77631 

66774 

45 

1.00150 

61077 

45 

0. 933 

1. 20266 

09472 

92 

0.75075 

08855 

06 

0. 983 

1. 38614 

32129 

70 

0. 77682 

55040 

17 

1.00142 

21129 

93 

0. 934 

1. 20544 

97647 

69 

0. 75128 

52384 

76 

0, 984 

1.39167 

15119 

16 

0. 77733 

38220 

91 

1.00133 

81563 

16 

0.935 

1.20825 

90645 

07 

0.75181 

90586 

03 

0.985 

1.39737 

40056 

99 

0.77784 

16321 

67 

1.00125 

42376 

80 

0.936 

1.21108 

93272 

10 

0.75235 

23463 

79 

0.986 

1. 40326 

84832 

96 

0.77834 

89347 

44 

1.00117 

03570 

52 

0.937 

1.21394 

10524 

70 

0.75288 

51022 

96 

0.987 

1.40937 

59766 

46 

0.77885 

57303 

23 

1.00108 

65143 

98 

0.938 

1.21681 

47598 

22 

0. 75341 

73268 

49 

0.988 

1.41572 

16538 

31 

0.77936 

20194 

04 

1.00100 

27096 

82 

0.939 

1.21971 

09898 

74 

0.75394 

90205 

30 

0.989 

1.42233 

60557 

98 

0. 77986 

78024 

85 

1. 00091 

89428 

72 

0. 940 

1.22263 

03055 

22 

0.75448 

01838 

34 

0.990 

1.42925 

68534 

70 

0. 78037 

30800 

67 

1. 00083 

52139 

33 

0.941 

1. 22557 

32932 

59 

0. 75501 

08172 

55 

0.991 

1.43653 

14207 

77 

0.78087 

78526 

49 

1.00075 

15228 

31 

0.942 

1.22854 

05645 

81 

0.75554 

09212 

86 

0.992 

1.44422 

07408 

32 

0.78138 

21207 

32 

1.00066 

78695 

32 

0.943 

1.23153 

27575 

05 

0. 75607 

04964 

22 

0. 993 

1.45240 

56012 

67 

0.78188 

58848 

15 

1.00058 

42540 

02 

0.944 

1. 23455 

05382 

02 

0.75659 

95431 

57 

0.994 

1.46119 

69689 

63 

0.78238 

91453 

98 

1.00050 

06762 

08 

0. 945 

1. 23759 

46027 

74 

0.75712 

80619 

86 

0.995 

1.47075 

46131 

83 

0. 78289 

19029 

81 

1. 00041 

71361 

15 

0. 946 

1. 24066 

56791 

62 

0.75765 

60534 

05 

0.996 

1.48132 

37665 

90 

0.78339 

41580 

64 

1.00033 

36336 

91 

0.947 

1. 24376 

45292 

24 

0.75818 

35179 

08 

0.997 

1.49331 

72818 

71 

0. 78389 

59111 

47 

1.00025 

01689 

01 

0. 948 

1.24689 

19509 

90 

0. 75871 

04559 

90 

0.998 

1.50754 

02279 

20 

0.78439 

71627 

31 

1.00016 

67417 

11 

0. 949 

1.25004 

87811 

06 

0. 75923 

68681 

48 

0. 999 

1.52607 

12396 

26 

0.78489 

79133 

14 

1.00008 

33520 

89 

0. 950 

1. 25323 

58975 

03 

0.75976 

27548 

76 

1. 000 

1.57079 

63267 

95 

0.78539 

81633 

97 

1.00000 

00000 

00 
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HYPERBOLIC FUNCTIONS Table 4.15 


X 

sinh 

X 

cosh x 

tanh 

X 

coth x 


0.00 

0.00000 

0000 

1 . 00000 

0000 

0.00000 

000 

oo 


0 . 01 

0.01000 

0167 

1 . 00005 

0000 

0 . 00999 

967 

100 . 00333 

33 

0.02 

0.02000 

1333 

1 . 00020 

0007 

0.01999 

733 

50 . 00666 

65 

0 . 03 

0 . 03000 

4500 

1.00045 

0034 

0 . 02999 

100 

33.34333 

27 

0 . 04 

0.04001 

0668 

1 . 00080 

0107 

0 . 03997 

868 

25 . 01333 

19 

0.05 

0.05002 

0836 

1.00125 

0260 

0.04995 

838 

20 . 01666 

39 

0.06 

0 . 06003 

6006 

1.00180 

0540 

0 . 05992 

810 

16.68666 

19 

0 . 07 

0 . 07005 

7181 

1.00245 

1001 

0 . 06988 

589 

14 . 30904 

00 

0.08 

0 . 08008 

5361 

1 . 00320 

1707 

0.07982 

977 

12 . 52665 

53 

0.09 

0 . 09012 

1549 

1 . 00405 

2734 

0.08975 

779 

11.14109 

49 

0.10 

0.10016 

6750 

1 . 00500 

4168 

0 . 09966 

800 

10 . 03331 

11 

0.11 

0.11022 

1968 

1.00605 

6103 

0 . 10955 

847 

9 . 12754 

62 

0.12 

0 . 12028 

8207 

1 . 00720 

8644 

0.11942 

730 

8 . 37329 

50 

0.13 

0 . 13036 

6476 

1 . 00846 

1907 

0 . 12927 

258 

7 . 73559 

23 

0.14 

0 . 14045 

7782 

1 . 00981 

6017 

0 . 13909 

245 

7.18946 

29 

0.15 

0 . 15056 

3133 

1.01127 

1110 

0 . 14888 

503 

6.71659 

18 

0.16 

0 . 16068 

3541 

1. 01282 

7330 

0 . 15864 

850 

6.30324 

25 

0.17 

0 . 17082 

0017 

1 . 01448 

4834 

0.16838 

105 

5.93891 

07 

0.18 

0.18097 

3576 

1.01624 

3787 

0 . 17808 

087 

5.61542 

64 

0.19 

0.19114 

5232 

1. 01810 

4366 

0 . 18774 

621 

5 . 32633 

93 

0.20 

0 . 20133 

6003 

1 . 02006 

6756 

0 . 19737 

532 

5.06648 

96 

0.21 

0.21154 

6907 

1 . 02213 

1153 

0 . 20696 

650 

4.83169 

98 

0.22 

0 . 22177 

8966 

1 . 02429 

7764 

0.21651 

806 

4 . 61855 

23 

0.23 

0.23203 

3204 

1 . 02656 

6806 

0 . 22602 

835 

4 . 42422 

37 

0.24 

0.24231 

0645 

1 . 02893 

8506 

0 . 23549 

575 

4 . 24636 

11 

0.25 

0 . 25261 

2317 

1.03141 

3100 

0 . 24491 

866 

4 . 08298 

82 

0.26 

0.26293 

9250 

1 . 03399 

0836 

0 . 25429 

553 

3.93243 

24 

0.27 

0 . 27329 

2478 

1.03667 

1973 

0 . 26362 

484 

3 . 79326 

93 

0.28 

0 . 28367 

3035 

1.03945 

6777 

0 . 27290 

508 

3 . 66427 

77 

0.29 

0 . 29408 

1960 

1 . 04234 

5528 

0 . 28213 

481 

3.54440 

49 

0.30 

0.30452 

0293 

1.04533 

8514 

0 . 29131 

261 

3 . 43273 

84 

0.31 

0 . 31498 

9079 

1.04843 

6035 

0.30043 

710 

3 . 32848 

38 

0 . 32 

0 . 32548 

9364 

1.05163 

8401 

0 . 30950 

692 

3.23094 

55 

0 . 33 

0 . 33602 

2198 

1 . 05494 

5931 

0.31852 

078 

3 . 13951 

26 

0 . 34 

0 . 34658 

8634 

1 . 05835 

8957 

0 . 32747 

740 

3 . 05364 

59 

0.35 

0 . 35718 

9729 

1.06187 

7819 

0 . 33637 

554 

2.97286 

77 

0.36 

0 . 36782 

6544 

1 . 06550 

2870 

0 . 34521 

403 

2 . 89675 

36 

0.37 

0 . 37850 

0142 

1 . 06923 

4473 

0 . 35399 

171 

2.82492 

49 

0 . 38 

0.38921 

1590 

1 . 07307 

2999 

0 . 36270 

747 

2.75704 

28 

0.39 

0.39996 

1960 

1 . 07701 

8834 

0.37136 

023 

2.69280 

32 

0 . 40 

0.41075 

2326 

1.08107 

2372 

0 . 37994 

896 

2.63193 

24 

0.41 

0 . 42158 

3767 

1.08523 

4018 

0 . 38847 

268 

2.57418 

36 

0.42 

0 . 43245 

7368 

1 . 08950 

4188 

0 . 39693 

043 

2.51933 

32 

0 . 43 

0 . 44337 

4214 

1 . 09388 

3309 

0 . 40532 

131 

2.46717 

85 

0 . 44 

0 . 45433 

5399 

1 . 09837 

1820 

0 . 41364 

444 

2.41753 

52 

0 . 45 

0 . 46534 

2017 

1 . 10297 

0169 

0 . 42189 

901 

2 . 37023 

55 

0.46 

0 . 47639 

5170 

1 . 10767 

8815 

0 . 43008 

421 

2.32512 

60 

0.47 

0 . 48749 

5962 

1.11249 

8231 

0.43819 

932 

2 . 28206 

66 

0 . 48 

0 . 49864 

5505 

1.11742 

8897 

0.44624 

361 

2.24092 

84 

0 . 49 

0 . 50984 

4913 

1 . 12247 

1307 

0 . 45421 

643 

2.20159 

36 

0.50 

0.52109 

5305 

1 . 12762 

5965 

0 . 46211 

716 

2 . 16395 

34 


r(- 6)61 

r(-5)ii 

f(-6)91 




L 4 

J 

L 4 

J 

L 4 

J 




For coth x, x < .1 use 4.5.67. 


Compilation of tanh x and coth x from National Bureau of Standards, Table 
of circular and hyperbolic tangents and cotangents for radian arguments, 2d 
printing. Columbia Univ. Press, New York, N.Y., 1947 (with permission). 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.15 HYPERBOLIC FUNCTIONS 


X 

sinh 

X 

cosh 

X 

tanh x 

coth x 


0.50 

0.52109 

5305 

1.12762 

5965 

0.46211 

716 

2. 16395 

34 

0.51 

0. 53239 

7808 

1. 13289 

3387 

0.46994 

520 . 

2.12790 

77 

0. 52 

0.54375 

3551 

1. 13827 

4099 

0.47770 

001 

2.09336 

40 

0.53 

0. 55516 

3669 

1. 14376 

8639 

0.48538 

109 

2.06023 

68 

0.54 

0.56662 

9305 

1.14937 

7557 

0. 49298 

797 

2. 02844 

71 

0.55 

0.57815 

1604 

1.15510 

1414 

0. 50052 

021 

1.99792 

13 

0.56 

0. 58973 

1718 

1. 16094 

0782 

0.50797 

743 

1.96859 

14 

0.57 

0.60137 

0806 

1. 16689 

6245 

0.51535 

928 

1.94039 

39 

0. 58 

0.61307 

0032 

1.17296 

8399 

0.52266 

543 

1.91326 

98 

0.59 

0. 62483 

0565 

1.17915 

7850 

0. 52989 

561 

1. 88716 

42 

0.60 

0. 63665 

3582 

1.18546 

5218 

0. 53704 

957 

1. 86202 

55 

0.61 

0.64854 

0265 

1.19189 

1134 

0.54412 

710 

1.83780 

59 

0. 62 

0. 66049 

1802 

1.19843 

6240 

0. 55112 

803 

1.81446 

04 

0. 63 

0. 67250 

9389 

1.20510 

1190 

0. 55805 

222 

1.79194 

70 

0.64 

0.68459 

4228 

1.21188 

6652 

0.56489 

955 

1. 77022 

62 

0. 65 

0. 69674 

7526 

1.21879 

3303 

0.57166 

997 

1.74926 

10 

0. 66 

0.70897 

0500 

1.22582 

1834 

0. 57836 

341 

1.72901 

67 

0. 67 

0. 72126 

4371 

1.23297 

2949 

0.58497 

988 

1.70946 

05 

0.68 

0. 73363 

0370 

1.24024 

7362 

0.59151 

940 

1.69056 

16 

0. 69 

0. 74606 

9732 

1.24764 

5801 

0. 59798 

200 

1.67229 

11 

0.70 

0. 75858 

3702 

1.25516 

9006 

0. 60436 

778 

1.65462 

16 

0.71 

0.77117 

3531 

1.26281 

7728 

0. 61067 

683 

1.63752 

73 

0.72 

0.78384 

0477 

1.27059 

2733 

0. 61690 

930 

1.62098 

38 

0. 73 

0.79658 

5809 

1. 27849 

4799 

0. 62306 

535 

1.60496 

81 

0.74 

0. 80941 

0799 

1.28652 

4715 

0. 62914 

516 

1. 58945 

83 

0.75 

0. 82231 

6732 

1. 29468 

3285 

0.63514 

895 

1. 57443' 38 

0.76 

0.83530 

4897 

1.30297 

1324 

0.64107 

696 

1.55987 

51 

0. 77 

0.84837 

6593 

1.31138 

9661 

0. 64692 

945 

1.54576 

36 

0. 78 

0.86153 

3127 

1.31993 

9138 

0. 65270 

671 

1.53208 

17 

0.79 

0.87477 

5815 

1. 32862 

0611 

0. 65840 

904 

1.51881 

27 

0.80 

0.88810 

5982 

1.33743 

4946 

0. 66403 

677 

1.50594 

07 

0. 81 

0.90152 

4960 

1.34638 

3026 

0. 66959 

026 

1. 49345 

06 

0. 82 

0.91503 

4092 

1.35546 

5746 

0. 67506 

987 

1.48132 

81 

0. 83 

0.92863 

4727 

1. 36468 

4013 

0.68047 

601 

1.46955 

95 

0. 84 

0.94232 

8227 

1.37403 

8750 

0.68580 

906 

1.45813 

18 

0. 85 

0.95611 

5960 

1.38353 

0892 

0.69106 

947 

1.44703 

25 

0.86 

0.96999 

9306 

1. 39316 

1388 

0.69625 

767 

1.43624 

99 

0.87 

0.98397 

9652 

1.40293 

1201 

0.70137 

413 

1.42577 

26 

0. 88 

0. 99805 

8397 

1.41284 

1309 

0.70641 

932 

1.41558 

98 

0. 89 

1.01223 

6949 

1. 42289 

2702 

0. 71139 

373 

1. 40569 

13 

0.90 

1. 02651 

6726 

1. 43308 

6385 

0. 71629 

787 

1.39606 

73 

0.91 

1.04089 

9155 

1.44342 

3379 

0.72113 

225 

1.38670 

82 

0. 92 

1.05538 

5674 

1. 45390 

4716 

0.72589 

742 

1.37760 

51 

0.93 

1. 06997 

7734 

1. 46453 

1444 

0.73059 

390 

1.36874 

95 

0.94 

1.08467 

6791 

1. 47530 

4627 

0.73522 

225 

1. 36013 

29 

0.95 

1.09948 

4318 

1.48622 

5341 

0.73978 

305 

1.35174 

76 

0.96 

1.11440 

1794 

1.49729 

4680 

0.74427 

687 

1. 34358 

60 

0.97 

1. 12943 

0711 

1.50851 

3749 

0. 74870 

429 

1.33564 

08 

0.98 

1. 14457 

2572 

1. 51988 

3670 

0. 75306 

591 

1. 32790 

50 

0.99 

1. 15982 

8891 

1.53140 

5582 

0. 75736 

232 

1. 32037 

20 

1. 00 

1. 17520 

1194 

1. 54308 

0635 

0.76159 

416 

1. 31303 

53 


r(-5)n 

r(-5)2-i 

["(-6)91 

["(-4)21 


L 4 

J 

L 4 

J 

L 4 

J 

L 5 

J 
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HYPERBOLIC FUNCTIONS Table 4.15 


X 

sinh 

X 

cosh 

X 

tanh 

X 

coth x 


1.00 

1. 17520 

1194 

1.54308 

0635 

0. 76159 

416 

1. 31303 

53 

1. 01 

1. 19069 

1018 

1.55490 

9997 

0. 76576 

202 

1.30588 

87 

1. 02 

1.20629 

9912 

1. 56689 

4852 

0. 76986 

654 

1.29892 

64 

1.03 

1. 22202 

9437 

1. 57903 

6398 

0. 77390 

834 

1.29214 

27 

1. 04 

1. 23788 

1166 

1.59133 

5848 

0. 77788 

807 

1. 28553 

20 

1. 05 

1.25385 

6684 

1. 60379 

4434 

0. 78180 

636 

1.27908 

91 

1. 06 

1.26995 

7589 

1. 61641 

3400 

0. 78566 

386 

1. 27280 

90 

1. 07 

1.28618 

5491 

1. 62919 

4009 

0.78946 

122 

1.26668 

67 

1. 08 

1. 30254 

2013 

1. 64213 

7538 

0. 79319 

910 

1. 26071 

75 

1. 09 

1.31902 

8789 

1. 65524 

5283 

0. 79687 

814 

1.25489 

70 

1.10 

1. 33564 

7470 

1.66851 

8554 

0. 80049 

902 

1. 24922 

08 

1.11 

1.35239 

9717 

1. 68195 

8678 

0.80406 

239 

1.24368 

46 

1.12 

1.36928 

7204 

1. 69556 

6999 

0. 80756 

892 

1.23828 

44 

1.13 

1. 38631 

1622 

1.70934 

4878 

0.81101 

926 

1.23301 

63 

1.14 

1.40347 

4672 

1.72329 

3694 

0. 81441 

409 

1.22787 

66 

1.15 

1.42077 

8070 

1. 73741 

4840 

0.81775 

408 

1.22286 

15 

1.16 

1.43822 

3548 

1. 75170 

9728 

0. 82103 

988 

1.21796 

76 

1.17 

1. 45581 

2849 

1.76617 

9790 

0. 82427 

217 

1.21319 

15 

1.18 

1.47354 

7732 

1. 78082 

6471 

0. 82745 

161 

1.20852 

99 

1.19 

1.49142 

9972 

1. 79565 

1236 

0. 83057 

887 

1.20397 

96 

1.20 

1.50946 

1355 

1.81065 

5567 

0.83365 

461 

1.19953 

75 

1.21 

1.52764 

3687 

1.82584 

0966 

0. 83667 

949 

1. 19520 

08 

1.22 

1.54597 

8783 

1.84120 

8950 

0. 83965 

418 

1.19096 

65 

1.23 

1. 56446 

8479 

1. 85676 

1057 

0.84257 

933 

1.18683 

19 

1.24 

1.58311 

4623 

1.87249 

8841 

0. 84545 

560 

1.18279 

42 

1.25 

1.60191 

9080 

1.88842 

3877 

0.84828 

364 

1.17885 

10 

1.26 

1. 62088 

3730 

1. 90453 

7757 

0.85106 

411 

1. 17499 

96 

1.27 

1. 64001 

0470 

1.92084 

2092 

0. 85379 

765 

1.17123 

77 

1.28 

1.65930 

1213 

1. 93733 

8513 

0. 85648 

492 

1. 16756 

29 

1.29 

1.67875 

7886 

1.95402 

8669 

0. 85912 

654 

1. 16397 

29 

1.30 

1. 69838 

2437 

1.97091 

4230 

0. 86172 

316 

1. 16046 

55 

1.31 

1.71817 

6828 

1. 98799 

6884 

0.86427 

541 

1. 15703 

86 

1. 32 

1.73814 

3038 

2. 00527 

8340 

0.86678 

393 

1.15369 

01 

1. 33 

1. 75828 

3063 

2.02276 

0324 

0.86924 

933 

1. 15041 

79 

1. 34 

1.77859 

8918 

2.04044 

4587 

0. 87167 

225 

1. 14722 

02 

1.35 

1.79909 

2635 

2. 05833 

2896 

0. 87405 

329 

1.14409 

50 

1.36 

1.81976 

6262 

2.07642 

7039 

0.87639 

307 

1.14104 

05 

1.37 

1. 84062 

1868 

2.09472 

8828 

0. 87869 

219 

1. 13805 

50 

1.38 

1.86166 

1537 

2.11324 

0090 

0. 88095 

127 

1.13513 

66 

1.39 

1.88288 

7374 

2.13196 

2679 

0. 88317 

089 

1. 13228 

37 

1.40 

1.90430 

1501 

2. 15089 

8465 

0.88535 

165 

1.12949 

47 

1. 41 

1.92590 

6060 

2. 17004 

9344 

0.88749 

413 

1. 12676 

80 

1.42 

1. 94770 

3212 

2.18941 

7229 

0. 88959 

892 

1.12410 

21 

1. 43 

1.96969 

5135 

2. 20900 

4057 

0. 89166 

660 

1.12149 

54 

1.44 

1.99188 

4029 

2.22881 

1788 

0. 89369 

773 

1.11894 

66 

1.45 

2.01427 

2114 

2. 24884 

2402 

0. 89569 

287 

1.11645 

41 

1.46 

2. 03686 

1627 

2.26909 

7902 

0.89765 

260 

1.11401 

67 

1. 47 

2.05965 

4828 

2. 28958 

0313 

0. 89957 

745 

1.11163 

30 

1.48 

2. 08265 

3996 

2.31029 

1685 

0.90146 

799 

1.10930 

17 

1.49 

2. 10586 

1432 

2. 33123 

4087 

0.90332 

474 

1. 10702 

16 

1.50 

2.12927 

9455 

2.35240 

9615 

0.90514 

825 

1. 10479 

14 


[ ( -/ )3 ] 

ra 

m 
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ELEMENTARY TRANSCENDENTAL FUNCTIONS 


Table 4.15 HYPERBOLIC FUNCTIONS 


X 

sinh: 

l 

cosh 

X 

tanh: 

r 

coth a 


1.50 

2.12927 

9455 

2.35240 

9615 

0.90514 

825 

1.10479 

14 

1.51 

2. 15291 

0408 

2.37382 

0386 

0.90693 

905 

1. 10260 

99 

1. 52 

2. 17675 

6654 

2.39546 

8541 

0.90869 

766 

1. 10047 

60 

1.53 

2. 20082 

0577 

2.41735 

6245 

0. 91042 

459 

1.09838 

86 

1.54 

2. 22510 

4585 

2. 43948 

5686 

0.91212 

037 

1. 09634 

65 

1.55 

2. 24961 

1104 

2.46185 

9078 

0.91378 

549 

1. 09434 

87 

1.56 

2.27434 

2587 

2. 48447 

8658 

0.91542 

046 

1. 09239 

42 

1.57 

2.29930 

1506 

2.50734 

6688 

0.91702 

576 

1. 09048 

19 

1. 58 

2.32449 

0357 

2. 53046 

5455 

0.91860 

189 

1.08861 

09 

1.59 

2.34991 

1658 

2.55383 

7270 

0. 92014 

933 

1.08678 

01 

1.60 

2.37556 

7953 

2. 57746 

4471 

0.92166 

855 

1. 08498 

87 

1. 61 

2.40146 

1807 

2.60134 

9421 

0. 92316 

003 

1. 08323 

58 

1. 62 

2.42759 

5809 

2.62549 

4508 

0. 92462 

422 

1.08152 

04 

1. 63 

2.45397 

2572 

2.64990 

2146 

0. 92606 

158 

1.07984 

18 

1. 64 

2. 48059 

4735 

2.67457 

4777 

0. 92747 

257 

1. 07819 

90 

1.65 

2. 50746 

4959 

2. 69951 

4868 

0.92885 

762 

1. 07659 

13 

1. 66 

2. 53458 

5932 

2.72472 

4912 

0.93021 

718 

1. 07501 

78 

1. 67 

2. 56196 

0366 

2. 75020 

7431 

0.93155 

168 

1.07347 

77 

1. 68 

2. 58959 

0998 

2.77596 

4974 

0.93286 

155 

1.07197 

04 

1. 69 

2. 61748 

0591 

2.80200 

0115 

0. 93414 

721 

1.07049 

51 

1. 70 

2. 64563 

1934 

2. 82831 

5458 

0.93540 

907 

1.06905 

10 

1.71 

2. 67404 

7843 

2. 85491 

3635 

0. 93664 

754 

1.06763 

75 

1. 72 

2.70273 

1158 

2.88179 

7306 

0. 93786 

303 

1. 06625 

38 

1. 73 

2.73168 

4749 

2.90896 

9159 

0.93905 

593 

1.06489 

93 

1.74 

2.76091 

1511 

2.93643 

1912 

0. 94022 

664 

1.06357 

34 

1. 75 

2. 79041 

4366 

2. 96418 

8310 

0. 94137 

554 

1. 06227 

53 

1.76 

2. 82019 

6265 

2.99224 

1129 

0.94250 

301 

1.06100 

46 

1.77 

2. 85026 

0186 

3.02059 

3175 

0.94360 

942 

1.05976 

05 

1.78 

2.88060 

9136 

3. 04924 

7283 

0.94469 

516 

1.05854 

25 

1. 79 

2.91124 

6148 

3. 07820 

6318 

0. 94576 

057 

1.05735 

01 

1. 80 

2.94217 

4288 

3. 10747 

3176 

0.94680 

601 

1.05618 

26 

1. 81 

2.97339 

6648 

3.13705 

0785 

0.94783 

185 

1.05503 

95 

1. 82 

3. 00491 

6349 

3.16694 

2100 

0. 94883 

842 

1. 05392 

02 

1. 83 

3. 03673 

6545 

3.19715 

0113 

0. 94982 

608 

1. 05282 

43 

1. 84 

3. 06886 

0417 

3. 22767 

7844 

0. 95079 

514 

1.05175 

13 

1.85 

3.10129 

1178 

3.25852 

8344 

0.95174 

596 

1.05070 

05 

1. 86 

3. 13403 

2071 

3. 28970 

4701 

0. 95267 

884 

1.04967 

17 

1.87 

3, 16708 

6369 

3. 32121 

0031 

0.95359 

412 

1.04866 

42 

1. 88 

3.20045 

7378 

3. 35304 

7484 

0. 95449 

211 

1.04767 

76 

1. 89 

3.23414 

8436 

3. 38522 

0245 

0.95537 

312 

1.04671 

15 

1.90 

3. 26816 

2912 

3. 41773 

1531 

0.95623 

746 

1.04576 

53 

1.91 

3. 30250 

4206 

3. 45058 

4593 

0.95708 

542 

1.04483 

88 

1. 92 

3. 33717 

5754 

3. 48378 

2716 

0.95791 

731 

1.04393 

14 

1.93 

3. 37218 

1022 

3. 51732 

9220 

0.95873 

341 

1.04304 

28 

1. 94 

3. 40752 

3510 

3.55122 

7460 

0.95953 

401 

1.04217 

25 

1.95 

3. 44320 

6754 

3. 58548 

0826 

0.96031 

939 

1.04132 

02 

1. 96 

3. 47923 

4322 

3. 62009 

2743 

0.96108 

983 

1.04048 

55 

1.97 

3.51560 

9816 

3. 65506 

6672 

0.96184 

561 

1. 03966 

79 

1. 98 

3. 55233 

6874 

3.69040 

6111 

0.96258 

698 

1.03886 

72 

1.99 

3.58941 

9168 

3.72611 

4594 

0.96331 

422 

1. 03808 

29 

2. 00 

3. 62686 

0408 

3. 76219 

5691 

0. 96402 

758 

1. 03731 

47 


rc-5)4i 

r(-5)5i 

r(-6)41 

R-6)61 


L 5 

J 

L 5 

J 

L 4 

J 

L 3 

J 
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HYPERBOLIC FUNCTIONS 


Table 4.15 


x sinh x 


cosh x 


tanh x 


coth x 


2.0 

3.62686 

0408 

3. 76219 

5691 

0. 96402 

75801 

1. 03731 

47207 

2.1 

4.02185 

6742 

4.14431 

3170 

0. 97045 

19366 

1. 03044 

77350 

2.2 

4. 45710 

5171 

4.56790 

8329 

0. 97574 

31300 

1. 02485 

98932 

2.3 

4.93696 

1806 

5. 03722 

0649 

0.98009 

63963 

1.02030 

78022 

2.4 

5. 46622 

9214 

5. 55694 

7167 

0.98367 

48577 

1.01659 

60756 

2.5 

6. 05020 

4481 

6. 13228 

9480 

0.98661 

42982 

1.01356 

73098 

2.6 

6. 69473 

2228 

6. 76900 

5807 

0. 98902 

74022 

1.01109 

43314 

2.7 

7. 40626 

3106 

7.47346 

8619 

0. 99100 

74537 

1. 00907 

41460 

2.8 

8.19191 

8354 

8.25272 

8417 

0. 99263 

15202 

1. 00742 

31773 

2.9 

9. 05956 

1075 

9.11458 

4295 

0. 99396 

31674 

1. 00607 

34973 

3.0 

10. 01787 

4927 

10.06766 

1996 

0.99505 

47537 

1. 00496 

98233 

3.1 

11. 07645 

1040 

11.12150 

0242 

0. 99594 

93592 

1. 00406 

71152 

3.2 

12. 24588 

3997 

12.28664 

6201 

0. 99668 

23978 

1. 00332 

86453 

3.3 

13. 53787 

7877 

13. 57476 

1044 

0. 99728 

29601 

1. 00272 

44423 

3.4 

14. 96536 

3389 

14.99873 

6659 

0. 99777 

49279 

1. 00223 

00341 

3.5 

16.54262 

7288 

16. 57282 

4671 

0. 99817 

78976 

1. 00182 

54285 

3.6 

18. 28545 

5361 

18. 31277 

9083 

0. 99850 

79423 

1.00149 

42872 

3.7 

20.21129 

0417 

20. 23601 

3943 

0. 99877 

82413 

1. 00122 

32532 

3.8 

22. 33940 

6861 

22.36177 

7633 

0. 99899 

95978 

1. 00100 

14040 

3.9 

24. 69110 

3597 

24.71134 

5508 

0. 99918 

08657 

1.00081 

98059 

4.0 

27.28991 

7197 

27.30823 

2836 

0. 99932 

92997 

1. 00067 

11504 

4.1 

30.16185 

7461 

30.17843 

0136 

0. 99945 

08437 

1. 00054 

94581 

4.2 

33. 33566 

7732 

33.35066 

3309 

0. 99955 

03665 

1. 00044 

98358 

4.3 

36.84311 

2570 

36. 85668 

1129 

0. 99963 

18562 

1. 00036 

82794 

4.4 

40. 71929 

5663 

40. 73157 

3002 

0. 99969 

85793 

1. 00030 

15116 

4.5 

45. 00301 

1152 

45.01412 

0149 

0. 99975 

32108 

1. 00024 

68501 

4.6 

49. 73713 

1903 

49.74718 

3739 

0. 99979 

79416 

1. 00020 

20992 

4.7 

54. 96903 

8588 

54.97813 

3865 

0. 99983 

45656 

1. 00016 

54618 

4.8 

60.75109 

3886 

60. 75932 

3633 

0. 99986 

45517 

1. 00013 

54666 

4.9 

67.14116 

6551 

67.14861 

3134 

0. 99988 

91030 

1. 00011 

09093 

5.0 

74. 20321 

0578 

74.20994 

8525 

0. 99990 

92043 

1. 00009 

08040 

5.1 

82.00790 

5277 

82.01400 

2023 

0. 99992 

56621 

1. 00007 

43434 

5.2 

90. 63336 

2655 

90.63887 

9220 

0. 99993 

91369 

1.00006 

08668 

5.3 

100.16590 

9190 

100. 17090 

0784 

0.99995 

01692 

1.00004 

98333 

5.4 

110. 70094 

9812 

110. 70546 

6393 

0.99995 

92018 

1. 00004 

07998 

5.5 

122.34392 

2746 

122. 34800 

9518 

0.99996 

65972 

1.00003 

34040 

5.6 

135.21135 

4781 

135. 21505 

2645 

0.99997 

26520 

1. 00002 

73488 

5.7 

149. 43202 

7501 

149.43537 

3466 

0. 99997 

76093 

1. 00002 

23912 

5.8 

165. 14826 

6177 

165.15129 

3732 

0.99998 

16680 

1. 00001 

83323 

5.9 

182. 51736 

4210 

182.52010 

3655 

0.99998 

49910 

1.00001 

50092 

6.0 

201.71315 

7370 

201.71563 

6122 

0.99998 

77117 

1. 00001 

22885 


[■(-4)11 

f ( —4)21 

L 6 J 

L 9 J 
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Table 4.15 HYPERBOLIC FUNCTIONS 


X 

sinh t 

c 

cosh a 


tanh x 

coth x 

6.0 

201.71315 

7370 

201. 71563 

6122 

0. 99998 

77117 

1. 00001 

22885 

6.1 

222.92776 

3607 

222.93000 

6475 

0. 99998 

99391 

1. 00001 

00610 

6.2 

246. 37350 

5831 

246. 37553 

5262 

0. 99999 

17629 

1. 00000 

82372 

6.3 

272.28503 

6911 

272.28687 

3215 

0. 99999 

32560 

1. 00000 

67441 

6.4 

300.92168 

8157 

300. 92334 

9715 

0. 99999 

44785 

1. 00000 

55216 

6.5 

332. 57006 

4803 

332.57156 

8242 

0. 99999 

54794 

1. 00000 

45207 

6.6 

367.54691 

4437 

367.54827 

4805 

0. 99999 

62988 

1. 00000 

37012 

6.7 

406. 20229 

7128 

406.20352 

8040 

0. 99999 

69697 

1. 00000 

30303 

6.8 

448.92308 

8938 

448.92420 

2713 

0. 99999 

75190 

1. 00000 

24810 

6.9 

496.13685 

3910 

496. 13786 

1695 

0. 99999 

79687 

1. 00000 

20313 

7.0 

548.31612 

3273 

548.31703 

5155 

0.99999 

83369 

1. 00000 

16631 

7.1 

605.98312 

4694 

605.98394 

9799 

0. 99999 

86384 

1. 00000 

13616 

7.2 

669.71500 

8904 

669.71575 

5490 

0. 99999 

88852 

1. 00000 

11148 

7.3 

740. 14962 

6023 

740. 15030 

1562 

0. 99999 

90873 

1. 00000 

09127 

7.4 

817.99190 

9372 

817.99252 

0624 

0. 99999 

92527 

1. 00000 

07473 

7.5 

904. 02093 

0686 

904.02148 

3770 

0. 99999 

93882 

1. 00000 

06118 

7.6 

999.09769 

7326 

999.09819 

7778 

0.99999 

94991 

1. 00000 

05009 

7.7 

1104.17376 

9530 

1104.17422 

2357 

0. 99999 

95899 

1. 00000 

04101 

7.8 

1220.30078 

3945 

1220. 30119 

3680 

0. 99999 

96642 

1. 00000 

03358 

7.9 

1348.64097 

8762 

1348.64134 

9506 

0.99999 

97251 

1. 00000 

02749 

8.0 

1490. 47882 

5790 

1490. 47916 

1252 

0.99999 

97749 

1. 00000 

02251 

8.1 

1647.23388 

5872 

1647.23418 

9411 

0.99999 

98157 

1. 00000 

01843 

8.2 

1820.47501 

6339 

1820. 47529 

0993 

0.99999 

98491 

1. 00000 

01509 

8.3 

2011.93607 

2653 

2011.93632 

1170 

0. 99999 

98765 

1. 00000 

01235 

8.4 

2223.53326 

1416 

2223.53348 

6284 

0. 99999 

98989 

1. 00000 

01011 

8.5 

2457.38431 

8415 

2457.38452 

1884 

0. 99999 

99172 

1. 00000 

00828 

8.6 

2715.82970 

3629 

2715.82988 

7734 

0. 99999 

99322 

1. 00000 

00678 

8.7 

3001.45602 

5338 

3001.45619 

1923 

0. 99999 

99445 

1. 00000 

00555 

8.8 

3317.12192 

7772 

3317.12207 

8505 

0. 99999 

99546 

1.00000 

00454 

8.9 

3665.98670 

1384 

3665.98683 

7772 

0. 99999 

99628 

1.00000 

00372 

9.0 

4051.54190 

2083 

4051.54202 

5493 

0. 99999 

99695 

1.00000 

00305 

9.1 

4477.64629 

5908 

4477.64640 

7574 

0. 99999 

99751 

1. 00000 

00249 

9.2 

4948.56447 

8852 

4948.56457 

9892 

0. 99999 

99796 

1. 00000 

00204 

9.3 

5469.00955 

8370 

5469.00964 

9795 

0. 99999 

99833 

1.00000 

00167 

9.4 

6044.19032 

3746 

6044. 19040 

6471 

0. 99999 

99863 

1. 00000 

00137 

9.5 

6679.86337 

7405 

6679.86345 

2257 

0. 99999 

99888 

1. 00000 

00112 

9.6 

7382.39074 

8924 

7382.39081 

6653 

0. 99999 

99908 

1.00000 

00092 

9.7 

8158.80356 

8366 

8158.80362 

9649 

0.99999 

99925 

1. 00000 

00075 

9.8 

9016.87243 

6188 

9016.87249 

1640 

0. 99999 

99939 

1.00000 

00061 

9.9 

9965.18519 

4028 

9965.18524 

4202 

0.99999 

99950 

1.00000 

00050 

10.0 

11013.23287 

4703 

11013.23292 

0103 

0. 99999 

99959 

1.00000 

00041 


• [ ( -ii m 


For x»0, sinh x~cosh x~~ e x . For x>10, tanh x~l — 2e~ 2x , coth x~l+2e- 2x to 10D. 


•See page n. 
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EXPONENTIAL AND HYPERBOLIC FUNCTIONS FOR THE ARGUMENT «z Table 4.16 


X 

e w: 


e- 


sinh irx 

COSh irX 

tanh 

L TTX 

0.00 

1 . 00000 

00000 

1 . 00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.01 

1.03191 

46153 

0.96907 24263 

0. 03142 

10945 

1.00049 

35208 

0. 03140 

55952 

0.02 

1. 06484 

77733 

0. 93910 13674 

0. 06287 

32029 

1.00197 

45704 

0. 06274 

93000 

0. 03 

1. 09883 

19803 

0.91005 

72407 

0.09438 

73698 

1.00444 46105 

0 . 09396 

97111 

0. 04 

1. 13390 

07803 

0. 88191 

13783 

0.12599 

47010 

1. 00790 

60793 

0.12500 

63906 

0. 05 

1. 17008 

87875 

0. 85463 

59992 

0. 15772 

63942 

1. 01236 

23933 

0. 15580 

03292 

0.06 

1.20743 

17210 

0 . 82820 41813 

0. 18961 

37699 

1. 01781 

79512 

0.18629 

43856 

0. 07 

1.24596 

64399 

0. 80258 98355 

0.22168 83022 

1. 02427 

81377 

0. 21643 

36952 

0.08 

1.28573 

09795 

0.77776 

76792 

0. 25398 

16502 

1. 03174 93294 

0. 24616 

60434 

0. 09 

1. 32676 

45892 

0 . 75371 

32120 

0 . 28652 

56886 

1.04023 89006 

0. 27544 

21974 

0.10 

1.36910 

77706 

0.73040 

26910 

0. 31935 

25398 

1. 04975 

52308 

0. 30421 

61929 

0.11 

1. 41280 

23184 

0. 70781 

31080 

0. 35249 

46052 

1. 06030 77132 

0. 33244 

55730 

0.12 

1. 45789 

13610 

0. 68592 

21659 

0. 38598 

45975 

1. 07190 

67634 

0. 36009 

15776 

0.13 

1.50441 

94029 

0.66470 

82576 

0.41985 

55727 

1. 08456 

38303 

0. 38711 

92833 

0.14 

1.55243 

23694 

0. 64415 

04440 

0.45414 

09627 

1. 09829 

14067 

0. 41349 

76928 

0.15 

1.60197 

76513 

0. 62422 

84336 

0. 48887 

46088 

1. 11310 30425 

0.43919 

97777 

0.16 

1. 65310 

41518 

0. 60492 

25628 

0. 52409 

07945 

1. 12901 

33573 

0. 46420 

24748 

0.17 

1.70586 

23348 

0. 58621 

37756 

0.55982 

42796 

1. 14603 80552 

0. 48848 

66406 

0.18 

1.76030 

42750 

0. 56808 36059 

0. 59611 

03346 

1.16419 39405 

0.51203 

69673 

0.19 

1. 81648 37088 

0.55051 

41583 

0. 63298 

47753 

1. 18349 89335 

0. 53484 

18637 

0.20 

1. 87445 

60876 

0.53348 80911 

0. 67048 

39982 

1.20397 20893 

0. 55689 

33069 

0.21 

1.93427 86325 

0. 51698 85988 

0. 70864 

50169 

1. 22563 

36157 

0. 57818 

66683 

0 . 22 

1.99601 

03910 

0. 50099 

93958 

0. 74750 

54976 

1.24850 

48934 

0. 59872 

05188 

0.23 

2. 05971 

22948 

0.48550 47001 

0. 78710 

37973 

1.27260 

84975 

0. 61849 

64181 

0.24 

2. 12544 

72203 

0. 47048 

92177 

0. 82747 

90013 

1.29796 

82190 

0. 63751 

86920 

0. 25 

2. 19328 

00507 

0.45593 

81278 

0. 86867 

09615 

1. 32460 

90893 

0. 65579 

42026 

0.26 

2.26327 

77398 

0.44183 70677 

0.91072 

03361 

1. 35255 

74038 

0. 67333 

21140 

0. 27 

2. 33550 93782 

0.42817 

21192 

0. 95366 

86295 

1.38184 

07487 

0. 69014 

36583 

0.28 

2. 41004 

62616 

0.41492 

97945 

0. 99755 

82336 

1. 41248 80280 

0. 70624 

19035 

0.29 

2.48696 

19609 

0. 40209 

70227 

1. 04243 

24691 

1. 44452 

94918 

0. 72164 

15276 

0.30 

2.56633 

23952 

0.38966 

11374 

1. 08833 

56289 

1. 47799 67663 

0.73635 

85995 

0. 31 

2.64823 59064 

0. 37760 

98638 

1. 13531 

30213 

1.51292 28851 

0. 75041 

03695 

0. 32 

2.73275 33366 

0. 36593 13069 

1. 18341 

10148 

1. 54934 

23218 

0. 76381 

50706 

0. 33 

2.81996 

81081 

0.35461 

39395 

1. 23267 

70843 

1. 58729 

10238 

0. 77659 

17313 

0. 34 

2.90996 

63054 

0.34364 

65907 

1. 28315 

98573 

1 . 62680 

64481 

0. 78876 

00021 

0.35 

3. 00283 

67606 

0. 33301 

84355 

1.33490 91626 

1. 66792 

75980 

0. 80033 

99933 

0.36 

3. 09867 

11407 

0. 32271 

89833 

1. 38797 60787 

1.71069 

50620 

0. 81135 

21279 

0. 37 

3. 19756 40381 

0.31273 

80681 

1.44241 

29850 

1.75515 

10531 

0 . 82181 

70068 

0. 38 

3. 29961 

30643 

0.30306 58385 

1.49827 

36129 

1.80133 

94514 

0. 83175 

52873 

0.39 

3. 40491 

89460 

0. 29369 

27474 

1. 55561 

30993 

1. 84930 

58467 

0. 84118 

75743 

0.40 

3.51358 

56243 

0.28460 

95433 

1.61448 

80405 

1.89909 

75838 

0. 85013 

43239 

0.41 

3. 62572 

03579 

0.27580 

72607 

1. 67495 

65486 

1.95076 

38093 

0. 85861 

57589 

0. 42 

3. 74143 

38283 

0.26727 

72113 

1.73707 

83085 

2. 00435 55198 

0. 86665 

17947 

0. 43 

3. 86084 

02496 

0.25901 

09757 

1. 80091 

46370 

2.05992 

56127 

0. 87426 

19762 

0. 44 

3. 98405 

74810 

0.25100 

03946 

1.86652 

85432 

2.11752 

89378 

0. 88146 

54241 

0. 45 

4.11120 

71429 

0.24323 75614 

1. 93398 47907 

2.17722 

23522 

0 . 88828 

07899 

0.46 

4. 24241 

47373 

0.23571 

48138 

2. 00334 99617 

2.23906 

47756 

0. 89472 

62194 

0. 47 

4. 37780 

97717 

0.22842 

47266 

2.07469 

25226 

2.30311 

72491 

0. 90081 

93236 

0.48 

4.51752 

58864 

0.22136 

01040 

2. 14808 

28912 

2.36944 

29952 

0.90657 

71557 

0.49 

4.66170 

09873 

0.21451 

39731 

2. 22359 

35071 

2.43810 74802 

0. 91201 

61950 

0.50 

4. 81047 73810 

0.20787 

95764 

2.30129 

89023 

2.50917 

84787 

0 . 91715 

23357 


r<- 

4)61 

R- 

4)11 

R- 

4)31 

[-(- 

4)31 

r<- 

5)91 


L 

6 J 

L 

6 J 

L < 

5 J 

L < 

6 J 

L ' 

7 J 


Compiled from British Association for the Advancement of Science, Mathematical Tables, vol. I. Circular and 


hyperbolic functions, exponential, sine and cosine integrals, factorial function and allied functions, Hermitian 
probability functions, 3d ed. Cambridge Univ. Press, Cambridge, England, 1951 (with permission). Known 
errors have been corrected. 
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Table 4.16 EXPONENTIAL AND HYPERBOLIC FUNCTIONS FOR THE ARGUMENT *2 


X 

e* x 

e~ 

-TTX 

sinh vx 

cosh ttx 

tanh 

tX 

0.50 

4. 81047 

73810 

0.20787 

95764 

2. 30129 

89023 

2.50917 

84787 

0.91715 

23357 

0.51 

4. 96400 

19160 

0.20145 

03654 

2.38127 

57753 

2. 58272 

61407 

0. 92200 

08803 

0. 52 

5.12242 

61276 

0. 19521 

99944 

2. 46360 

30666 

2. 65882 

30610 

0. 92657 

65378 

0.53 

5. 28590 

63869 

0.18918 

23136 

2.54836 

20366 

2. 73754 

43503 

0. 93089 

34251 

0. 54 

5.45460 

40558 

0.18333 

13637 

2. 63563 

63461 

2.81896 

77098 

0. 93496 

50714 

0.55 

5. 62868 

56460 

0. 17766 

13694 

2. 72551 

21383 

2. 90317 

35077 

0. 93880 

44259 

0.56 

5. 80832 

29831 

0.17216 

67343 

2. 81807 

81244 

2.99024 

48587 

0. 94242 

38675 

0.57 

5. 99369 

33767 

0.16684 

20350 

2. 91342 

56709 

3. 08026 

77058 

0. 94583 

52160 

0.58 

6 . 18497 

97951 

0.16168 

20156 

3.01164 

88897 

3. 17333 

09054 

0. 94904 

97460 

0. 59 

6 . 38237 

10460 

0. 15668 

15832 

3.11284 

47314 

3. 26952 

63146 

0. 95207 

82009 

0 . 60 

6.58606 

19627 

0.15183 

58020 

3.21711 

30804 

3.36894 

88823 

0. 95493 

08086 

0 . 61 

6 . 79625 

35967 

0.14713 

98890 

3. 32455 

68538 

3. 47169 

67428 

0. 95761 

72978 

0 . 62 

7. 01315 

34158 

0. 14258 

92093 

3. 43528 

21032 

3. 57787 

13125 

0.96014 

69151 

0. 63 

7.23697 

55091 

0.13817 

92710 

3. 54939 

81191 

3. 68757 

73901 

0. 96252 

84417 

0. 64 

7. 46794 

07985 

0.13390 

57214 

3. 66701 

75386 

3.80092 

32600 

0. 96477 

02118 

0. 65 

7. 70627 

72563 

0. 12976 

43423 

3.78825 

64570 

3.91802 

07993 

0. 96688 

01293 

0 . 66 

7. 95222 

01304 

0. 12575 

10461 

3. 91323 

45422 

4. 03898 

55883 

0.96886 

56859 

0. 67 

8 . 20601 

21768 

0.12186 

18713 

4. 04207 

51527 

4.16393 

70240 

0. 97073 

39783 

0 . 68 

8 . 46790 

38986 

0.11809 

29793 

4. 17490 

54597 

4. 29299 

84390 

0. 97249 

17255 

0. 69 

8 . 73815 

37941 

0.11444 

06500 

4.31185 

65720 

4. 42629 

72220 

0.97414 

52857 

0.70 

9.01702 

86109 

0.11090 

12784 

4. 45306 

36663 

4.56396 

49447 

0. 97570 

06726 

0.71 

9. 30480 

36103 

0. 10747 

13709 

4.59866 

61197 

4.70613 

74906 

0.97716 

35718 

0. 72 

9. 60176 

28381 

0.10414 

75422 

4. 74880 

76480 

4. 85295 

51901 

0.97853 

93563 

0.73 

9.90819 

94054 

0. 10092 

65114 

4. 90363 

64470 

5. 00456 

29584 

0. 97983 

31019 

0. 74 

10. 22441 

57779 

0. 09780 

50993 

5. 06330 

53393 

5.16111 

04386 

0. 98104 

96015 

0. 75 

10. 55072 

40742 

0.09478 

02248 

5.22797 

19247 

5. 32275 

21495 

0.98219 

33800 

0. 76 

10. 88744 

63743 

0.09184 

89025 

5. 39779 

87359 

5. 48964 

76384 

0. 98326 

87071 

0. 77 

11. 23491 

50371 

0. 08900 

82388 

5. 57295 

33992 

5. 66196 

16379 

0. 98427 

96111 

0. 78 

11. 59347 

30285 

0. 08625 

54299 

5. 75360 

87993 

5. 83986 

42292 

0.98522 

98912 

0. 79 

11. 96347 

42604 

0. 08358 

77587 

5. 93994 

32508 

6 . 02353 

10095 

0.98612 

31297 

0.80 

12. 34528 

39392 

0.08100 

25922 

6.13214 

06735 

6.21314 

32657 

0.98696 

27033 

0 . 81 

12.73927 

89270 

0.07849 

73785 

6 . 33039 

07743 

6 . 40888 

81528 

0.98775 

17946 

0 . 82 

13. 14584 

81133 

0. 07606 

96451 

6 . 53488 

92341 

6 . 61095 

88792 

0. 98849 

34022 

0. 83 

13. 56539 

27988 

0. 07371 

69955 

6 . 74583 

79017 

6 . 81955 

48972 

0. 98919 

03509 

0. 84 

13.99832 

70916 

0.07143 

71077 

6.96344 

49919 

7. 03488 

20996 

0.98984 

53014 

0. 85 

14.44507 

83157 

0. 06922 

77313 

7. 18792 

52922 

7.25715 

30235 

0. 99046 

07591 

0 . 86 

14.90608 

74333 

0. 06708 

66855 

7. 41950 

03739 

7. 48658 

70594 

0. 99103 

90830 

0. 87 

15. 38180 

94795 

0. 06501 

18571 

7.65839 

88112 

7.72341 

06683 

0. 99158 

24938 

0 . 88 

15.87271 

40119 

0. 06300 

11981 

7. 90485 

64069 

7.96785 

76050 

0. 99209 

30818 

0. 89 

16. 37928 

55735 

0.06105 

27239 

8.15911 

64248 

8 . 22016 

91487 

0 . 99257 

28142 

0.90 

16. 90202 

41717 

0. 05916 

45113 

8 . 42142 

98302 

8.48059 

43415 

0. 99302 

35419 

0.91 

17.44144 

57711 

0. 05733 

46965 

8 . 69205 

55373 

8 . 74939 

02338 

0. 99344 

70066 

0. 92 

17.99808 

28034 

0. 05556 

14735 

8 . 97126 

06650 

9. 02682 

21384 

0. 99384 

48468 

0.93 

18. 57248 

46925 

0. 05384 30919 

9. 25932 

08003 

9. 31316 

38922 

0. 99421 

86036 

0. 94 

19. 16521 

83968 

0.05217 

78557 

9. 55652 

02706 

9. 60869 

81263 

0.99456 

97268 

0. 95 

19. 77686 

89693 

0. 05056 

41212 

9. 86315 

24240 

9. 91371 

65453 

0. 99489 

95797 

0.96 

20. 40804 

01345 

0.04900 

02956 

10.17951 

99195 

10. 22852 

02151 

0. 99520 

94443 

0. 97 

21. 05935 

48847 

0.04748 

48354 

10. 50593 

50247 

10.55341 

98601 

0. 99550 

05263 

0.98 

21.73145 

60946 

0.04601 

62446 

10. 84271 

99250 

10. 88873 

61696 

0. 99577 

39591 

0. 99 

22. 42500 

71560 

0. 04459 

30738 

11. 19020 

70411 

11.23480 

01149 

0. 99603 

08084 

1 . 00 

23. 14069 

26328 

0.04321 

39183 

11. 54873 

93573 

11. 59195 

32755 

0.99627 

20762 


r(-3)3-i 

f(-5)3-| 

r ( -3)n 

r ( -3)n 

re—5)4-1 

L 6 J 

L 5 J 

L 6 J 

L 6 J 

L 6 J 
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INVERSE HYPERBOLIC FUNCTIONS Table 4.17 


X 

arcsinh x 

arctanh x 

X 

arcsinh x 

arctanh x 

0. 00 

0. 00000 

0000 

0.00000 

0000 

0.50 

0.48121 

1825 

0.54930 

6144 

0. 01 

0. 00999 

9833 

0.01000 

0333 

0.51 

0. 49013 

8161 

0.56272 

9769 

0.02 

0.01999 

8667 

0. 02000 

2667 

0.52 

0. 49902 

8444 

0.57633 

9754 

0.03 

0. 02999 

5502 

0. 03000 

9004 

0.53 

0. 50788 

2413 

0.59014 

5160 

0. 04 

0. 03998 

9341 

0. 04002 

1353 

0.54 

0.51669 

9824 

0.60415 

5603 

0. 05 

0.04997 

9190 

0. 05004 

1729 

0.55 

0.52548 

0448 

0. 61838 

1313 

0. 06 

0. 05996 

4058 

0.06007 

2156 

0.56 

0. 53422 

4074 

0. 63283 

3186 

0. 07 

0. 06994 

2959 

0. 07011 

4671 

0.57 

0.54293 

0505 

0.64752 

2844 

0.08 

0. 07991 

4912 

0.08017 

1325 

0.58 

0.55159 

9562 

0. 66246 

2707 

0. 09 

0. 08987 

8941 

0. 09024 

4188 

0. 59 

0.56023 

1077 

0. 67766 

6068 

0.10 

0.09983 

4079 

0.10033 

5347 

0. 60 

0. 56882 

4899 

0. 69314 

7180 

0.11 

0. 10977 

9366 

0.11044 

6915 

0.61 

0.57738 

0892 

0. 70892 

1359 

0.12 

0.11971 

3851 

0. 12058 

1028 

0. 62 

0. 58589 

8932 

0. 72500 

5087 

0.13 

0. 12963 

6590 

0. 13073 

9850 

0.63 

0.59437 

8911 

0.74141 

6144 

0.14 

0. 13954 

6654 

0.14092 

5576 

0.64 

0. 60282 

0733 

0. 75817 

3745 

0.15 

0. 14944 

3120 

0.15114 

0436 

0. 65 

0. 61122 

4314 

0. 77529 

8706 

0.16 

0. 15932 

5080 

0.16138 

6696 

0.66 

0. 61958 

9584 

0. 79281 

3631 

0.17 

0.16919 

1636 

0.17166 

6663 

0. 67 

0. 62791 

6485 

0.81074 

3125 

0.18 

0. 17904 

1904 

0.18198 

2689 

0. 68 

0. 63620 

4970 

0. 82911 

4038 

0.19 

0.18887 

5015 

0. 19233 

7169 

0. 69 

0. 64445 

5005 

0. 84795 

5755 

0.20 

0. 19869 

0110 

0.20273 

2554 

0.70 

0. 65266 

6566 

0. 86730 

0527 

0.21 

0. 20848 

6350 

0.21317 

1346 

0. 71 

0. 66083 

9641 

0. 88718 

3863 

0. 22 

0.21826 

2908 

0.22365 

6109 

0. 72 

0.66897 

4227 

0. 90764 

4983 

0.23 

0. 22801 

8972 

0.23418 

9466 

0.73 

0.67707 

0332 

0.92872 

7364 

0. 24 

0. 23775 

3749 

0. 24477 

4112 

0.74 

0. 68512 

7974 

0.95047 

9381 

0.25 

0. 24746 

6462 

0.25541 

2812 

0. 75 

0. 69314 

7181 

0. 97295 

5074 

0.26 

0. 25715 

6349 

0. 26610 

8407 

0.76 

0.70112 

7988 

0.99621 

5082 

0.' 27 

0.26682 

2667 

0. 27686 

3823 

0. 77 

0.70907 

0441 

1. 02032 

7758 

0.28 

0.27646 

4691 

0.28768 

2072 

0. 78 

0.71697 

4594 

1. 04537 

0548 

0.29 

0.28608 

1715 

0.29856 

6264 

0.79 

0. 72484 

0509 

1. 07143 

1684 

0. 30 

0. 29567 

3048 

0. 30951 

9604 

0.80 

0.73266 

8256 

1. 09861 

2289 

0.31 

0. 30523 

8020 

0.32054 

5409 

0.81 

0.74045 

7912 

1. 12702 

9026 

0. 32 

0.31477 

5980 

0. 33164 

7108 

0. 82 

0. 74820 

9563 

1. 15681 

7465 

0.33 

0. 32428 

6295 

0. 34282 

8254 

0. 83 

0. 75592 

3300 

1.18813 

6404 

0.34 

0. 33376 

8352 

0. 35409 

2528 

0. 84 

0. 76359 

9222 

1.22117 

3518 

0.35 

0.34322 

1555 

0. 36544 

3754 

0. 85 

0. 77123 

7433 

1.25615 

2811 

0. 36 

0. 35264 

5330 

0.37688 

5901 

0. 86 

0. 77883 

8046 

1. 29334 

4672 

0. 37 

0. 36203 

9121 

0. 38842 

3100 

0.87 

0. 78640 

1177 

1. 33307 

9629 

0. 38 

0.37140 

2391 

0.40005 

9650 

0.88 

0. 79392 

6950 

1.37576 

7657 

0.39 

0. 38073 

4624 

0.41180 

0034 

0.89 

0. 80141 

5491 

1. 42192 

5871 

0. 40 

0. 39003 

5320 

0.42364 

8930 

0.90 

0. 80886 

6936 

1. 47221 

9490 

0. 41 

0. 39930 

4001 

0. 43561 

1223 

0.91 

0.81628 

1421 

1. 52752 

4425 

0.42 

0. 40854 

0208 

0. 44769 

2023 

0.92 

0. 82365 

9091 

1. 58902 

6915 

0.43 

0.41774 

3500 

0.45989 

6681 

0. 93 

0.83100 

0091 

1. 65839 

0020 

0. 44 

0. 42691 

3454 

0.47223 

0804 

0. 94 

0. 83830 

4575 

1. 73804 

9345 

0. 45 

0. 43604 

9669 

0.48470 

0279 

0.95 

0. 84557 

2697 

1.83178 

0823 

0. 46 

0. 44515 

1759 

0.49731 

1288 

0.96 

0.85280 

4617 

1. 94591 

0149 

0. 47 

0. 45421 

9359 

0. 51007 

0337 

0.97 

0. 86000 

0498 

2. 09229 

5720 

0. 48 

0. 46325 

2120 

0. 52298 

4278 

0.98 

0. 86716 

0507 

2.29755 

9925 

0. 49 

0. 47224 

9713 

0.53606 

0337 

0.99 

0. 87428 

4812 

2.64665 

2412 

0.50 

0.48121 

1825 

0.54930 

6144 

1.00 

0.88137 

3587 

OO 



m 

m 


[ ( 1 )5 ] 




For use of the table see Examples 26-28. 


Qo(x) (Legendre Function—Second Kind) =arctanh zflakl) 

-arccoth a?(|a|>l) 

Compiled from Harvard Computation Laboratory, Tables of inverse hyperbolic 
functions. Harvard Univ. Press, Cambridge, Mass., 1949 (with permission). 
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Table 4.17 


INVERSE HYPERBOLIC FUNCTIONS 





arccosh 

X 



arccosh x 

X 

arcsinh x 

(a: 2 —1) 

Y 

X 

arcsinh x 

(* 2 -l)i 

1. 00 

0.88137 

3587 

1.00000 

000 

1.50 

1. 19476 3217 

0. 86081 788 

1. 01 

0.88842 

7007 

0. 99667 

995 

1.51 

1. 20029 7449 

0. 85849 554 

1. 02 

0. 89544 

5249 

0.99338 

621 

1. 52 

1.20580 6263 

0. 85618 806 

1.03 

0. 90242 

8496 

0. 99011 

848 

1.53 

1. 21128 9840 

0. 85389 528 

1. 04 

0. 90937 

6928 

0. 98687 

641 

1.54 

1. 21674 8362 

0. 85161 706 

1.05 

0.91629 

0732 

0.98365 

968 

1. 55 

1. 22218 2008 

0. 84935 324 

1.06 

0. 92317 

0094 

0.98046 

798 

1.56 

1.22759 0958 

0. 84710 368 

1. 07 

0. 93001 

5204 

0. 97730 

099 

1.57 

1. 23297 5390 

0.84486 823 

1. 08 

0. 93682 

6251 

0. 97415 

841 

1.58 

1. 23833 5478 

0. 84264 676 

1. 09 

0.94360 

3429 

0.97103 

994 

1.59 

1.24367 1400 

0. 84043 913 

1. 10 

0. 95034 

6930 

0.96794 

529 

1.60 

1.24898 3328 

0. 83824 520 

1.11 

0.95705 

6950 

0. 96487 

415 

1. 61 

1.25427 1436 

0.83606 483 

1.12 

0. 96373 

3684 

0.96182 

625 

1.62 

1, 25953 5895 

0. 83389 788 

1.13 

0. 97037 

7331 

0.95880 

131 

1.63 

1.26477 6877 

0. 83174 424 

1.14 

0. 97698 

8088 

0. 95579 

904 

1. 64 

1.26999 4549 

0. 82960 376 

1.15 

0. 98356 

6154 

0. 95281 

918 

1.65 

1. 27518 9081 

0. 82747 632 

1.16 

0. 99011 

1729 

0. 94986 

146 

1.66 

1. 28036 0639 

0. 82536 179 

1.17 

0. 99662 

5013 

0. 94692 

561 

1. 67 

1.28550 9389 

0.82326 005 

1.18 

1. 00310 

6208 

0. 94401 

139 

1. 68 

1.29063 5495 

0.82117 097 

1.19 

1. 00955 

5514 

0. 94111 

853 

1.69 

1. 29573 9120 

0. 81909 443 

1.20 

1.01597 

3134 

0.93824 

678 

1.70 

1. 30082 0427 

0. 81703 032 

1.21 

1. 02235 

9270 

0. 93539 

589 

1.71 

1. 30587 9576 

0. 81497 850 

1.22 

1. 02871 

4123 

0. 93256 

563 

1. 72 

1.31091 6727 

0.81293 888 

1.23 

1. 03503 

7896 

0. 92975 

576 

1.73 

1. 31593 2038 

0.81091 132 

1.24 

1. 04133 

0792 

0.92696 

604 

1.74 

1.32092 5666 

0. 80889 572 

1.25 

1. 04759 

3013 

0. 92419 

624 

1.75 

1.32589 7767 

0.80689 197 

1.26 

1.05382 

4760 

0. 92144 

613 

1.76 

1. 33084 8496 

0. 80489 994 

1.27 

1. 06002 

6237 

0.91871 

550 

1.77 

1. 33577 8006 

0. 80291 954 

1.28 

1. 06619 

7645 

0.91600 

411 

1.78 

1. 34068 6450 

0. 80095 066 

1.29 

1. 07233 

9185 

0.91331 

175 

1.79 

1. 34557 3978 

0. 79899 318 

1.30 

1. 07845 

1059 

0.91063 

821 

1.80 

1.35044 0740 

0.79704 701 

1. 31 

1. 08453 

3467 

0.90798 

328 

1.81 

1. 35528 6886 

0. 79511 203 

1.32 

1. 09058 

6610 

0.90534 

676 

1.82 

1. 36011 2562 

0.79318 816 

1.33 

1. 09661 

0688 

0.90272 

843 

1.83 

1. 36491 7914 

0.79127 527 

1. 34 

1. 10260 

5899 

0. 90012 

810 

1.84 

1. 36970 3089 

0. 78937 328 

1.35 

1. 10857 

2442 

0. 89754 

557 

1.85 

1. 37446 8228 

0. 78748 209 

1. 36 

1.11451 

0515 

0. 89498 

064 

1.86 

1. 37921 3477 

0. 78560 160 

1. 37 

1. 12042 

0317 

0. 89243 

313 

1.87 

1.38393 8975 

0. 78373 170 

1.38 

1.12630 

2042 

0. 88990 

284 

1.88 

1. 38864 4863 

0. 78187 231 

1. 39 

1.13215 

5887 

0. 88738 

959 

1.89 

1. 39333 1280 

0. 78002 334 

1. 40 

1.13798 

2046 

0. 88489 

320 

1. 90 

1. 39799 8365 

0. 77818 468 

1.41 

1. 14378 

0715 

0. 88241 

348 

1.91 

1.40264 6254 

0. 77635 625 

1. 42 

1.14955 

2086 

0. 87995 

026 

1.92 

1. 40727 5083 

0. 77453 796 

1.43 

1.15529 

6351 

0. 87750 

336 

1.93 

1.41188 4987 

0. 77272 971 

1.44 

1.16101 

3703 

0.87507 

261 

1.94 

1.41647 6099 

0.77093 142 

1. 45 

1. 16670 

4331 

0. 87265 

784 

1.95 

1. 42104 8552 

0. 76914 300 

1. 46 

1. 17236 

8425 

0. 87025 

888 

1.96 

1.42560 2476 

0.76736 437 

1.47 

1. 17800 

6174 

0. 86787 

557 

1.97 

1.43013 8002 

0. 76559 544 

1. 48 

1. 18361 

7765 

0. 86550 

774 

1.98 

1. 43465 5259 

0. 76383 612 

1. 49 

1.18920 

3384 

0. 86315 

523 

1.99 

1. 43915 4374 

0.76208 633 

1.50 

1. 19476 

3217 

0. 86081 

788 

2.00 

1.44363 5475 

0.76034 600 


r(-a)4i 

n-6)3l 



[(-6)21 


L 4 

J 

L 4 

J* 


L 4 J 

L 4 J 
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INVERSE 

HYPERBOLIC FUNCTIONS 


Table 4.17 

z -1 

arcsinh x—In x 

arccosh x-ln x 

<x> 

x 1 

arcsinh x-ln x 

arccosh, 

In x 

<x> 

0.50 

0.75048 82946 

0. 62381 07164 

2 

0. 25 

0. 70841 81861 

0.67714 

27078 

4 

0. 49 

0. 74839 16011 

0. 62685 90940 

2 

0. 24 

0.70724 57326 

0. 67842 

57947 

4 

0. 48 

0.74632 48341 

0. 62981 77884 

2 

0. 23 

0.70611 72820 

0.67965 

18411 

4 

0. 47 

0. 74428 85962 

0.63268 90778 

2 

0.22 

0.70503 32895 

0.68082 

14660 

5 

0. 46 

0.74228 34908 

0. 63547 51194 

2 

0.21 

0.70399 41963 

0.68193 

52541 

5 

0. 45 

0. 74031 01215 

0. 63817 79566 

2 

0. 20 

0.70300 04288 

0.68299 

37571 

5 

0. 44 

0.73836 90921 

0. 64079 95268 

2 

0.19 

0.70205 23983 

0.68399 

74947 

5 

0.43 

0. 73646 10057 

0.64334 16670 

2 

0.18 

0. 70115 05002 

0.68494 

69555 

6 

0.42 

0.73458 64641 

0,64580 61207 

2 

0.17 

0. 70029 51134 

0.68584 

25981 

6 

0.41 

0.73274 60676 

0.64819 45429 

2 

0.16 

0. 69948 66000 

0.68668 

48518 

6 

0.40 

0.73094 04145 

0.65050 85051 

3 

0.15 

0.69872 53043 

0.68747 

41175 

7 

0. 39 

0.72917 01001 

0.65274 95004 

3 

0.14 

0. 69801 15527 

0.68821 

07683 

7 

0. 38 

0. 72743 57167 

0.65491 89477 

3 

0.13 

0.69734 56533 

0.68889 

51504 

8 

0.37 

0.72573 78524 

0. 65701 81952 

3 

0.12 

0. 69672 78946 

0.68952 

75836 

8 

0. 36 

0.72407 70912 

0.65904 85249 

3 

0.11 

0.69615 85462 

0. 69010 

83616 

9 

0.35 

0.72245 40117 

0.66101 11555 

3 

0.10 

0.69563 78573 

0. 69063 

77531 

10 

0. 34 

0. 72086 91873 

0.66290 72458 

3 

0.09 

0. 69516 60572 

0.69111 

60018 

11 

0.33 

0.71932 31846 

0.66473 78974 

3 

0.08 

0.69474 33542 

0. 69154 

33269 

13 

0. 32 

0.71781 65636 

0. 66650 41577 

3 

0.07 

0. 69436 99357 

0.69191 

99235 

14 

0.31 

0.71634 98766 

0. 66820 70226 

3 

0. 06 

0.69404 59680 

0. 69224 

59631 

17 

0.30 

0. 71492 36678 

0.66984 74382 

3 

0. 05 

0. 69377 15954 

0.69252 

15938 

20 

0.29 

0. 71353 84725 

0. 67142 63038 

3 

0.04 

0.69354 69408 

0.69274 

69403 

25 

0. 28 

0.71219 48165 

0. 67294 44732 

4 

0.03 

0. 69337 21047 

0.69292 

21046 

33 

0.27 

0. 71089 32154 

0. 67440 27575 

4 

0. 02 

0.69324 71656 

0.69304 71656 

50 

0.26 

0. 70963 41742 

0. 67580 19258 

4 

0. 01 

0.69317 21796 

0.69312 

21796 

100 

0.25 

0.70841 81861 

0. 67714 27078 

4 

0. 00 

0. 69314 71806 

0. 69314 

71806 

OO 


[(-6)51 

rc-fn 



[(-6)ei 

* [(- 

-6)71 



L 5 J 

L 6 J 



L 5 J 

[ 

5 J 




o>= 

nearest integer to 





ROOTS x n OF cos x n cosh *„=1 Table 4.18 


n 

1 4.73004 07 

2 7.85320 46 

3 10. 99560 78 

4 14.13716 55 

5 17. 27875 96 

For »> 5, [2«+l> 


ROOTS x„ OF cos x n <?osh * /t =-l 
n x„ 

1 1. 87510 41 

2 4. 69409 11 

3 7. 85475 74 

4 10. 99554 07 

5 14. 13716 84 


For n> 5 , [2-m-I]* 


'See page n. 
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Table 

4.19 



ROOTS JK/fOF tan X 

»-\Xn 




-x 

£1 

X2 

£3 

£4 

£5 

xn 

X7 

X8 

X9 

0.00 

3.14159 

6.28319 

9.42478 

12.56637 

15.70796 

18.84956 

21.99115 

25.13274 

28.27433 

0.05 

2.99304 

5.99209 

9.00185 

12.02503 

15.06247 

18.11361 

21.17717 

24.25156 

27.33519 

0.10 

2.86277 

5.76056 

8.70831 

11.70268 

14.73347 

17.79083 

20.86724 

23.95737 

27.05755 

0.15 

2.75032 

5.58578 

8.51805 

11.52018 

14.56638 

17.64009 

20.73148 

23.83468 

26.94607 

0.20 

2.65366 

5.45435 

8.39135 

11.40863 

14.46987 

17.55621 

20.65782 

23.76928 

26.88740 

0.25 

2.57043 

5.35403 

8.30293 

11.33482 

14.40797 

17.50343 

20.61203 

23.72894 

26.85142 

0.30 

2.49840 

5.27587 

8.23845 

11.28284 

14.36517 

17.46732 

20.58092 

23.70166 

26.82716 

0.35 

2.43566 

5.21370 

8.18965 

11.24440 

14.33391 

17.44113 

20.55844 

23.68201 

26.80971 

0.40 

2.38064 

5.16331 

8.15156 

11.21491 

14.31012 

17.42129 

20.54146 

23.66719 

26.79656 

0.45 

2.33208 

5.12176 

8.12108 

11.19159 

14.29142 

17.40574 

20.52818 

23.65561 

26.78631 

0.50 

2.28893 

5.08698 

8.09616 

11.17271 

14.27635 

17.39324 

20.51752 

23.64632 

26.77809 

0.55 

2.25037 

5.05750 

8.07544 

11.15712 

14.26395 

17.38298 

20.50877 

23.63871 

26.77135 

0.60 

2.21571 

5.03222 

8.05794 

11.14403 

14.25357 

17.37439 

20.50147 

23.63235 

26.76572 

0.65 

2.18440 

5.01031 

8.04298 

11.13289 

14.24475 

17.36711 

20.49528 

23.62697 

26.76096 

0.70 

2.15598 

4.99116 

8.03004 

11.12330 

14.23717 

17.36086 

20.48996 

23.62235 

26.75688 

0.75 

2.13008 

4.97428 

8.01875 

11.11496 

14.23059 

17.35543 

20.48535 

23.61834 

26.75333 

0.80 

2.10638 

4.95930 

8.00881 

11.10764 

14.22482 

17.35068 

20.48131 

23.61483 

26.75023 

0.85 

2.08460 

4.94592 

7.99999 

11.10116 

14.21971 

17.34648 

20.47774 

23.61173 

26.74749 

0.90 

2.06453 

4.93389 

7.99212 

11.09538 

14.21517 

17.34274 

20.47457 

23.60897 

26.74506 

0.95 

2.04597 

4.92303 

7.98505 

11.09021 

14.21110 

17.33939 

20.47172 

23.60651 

26.74288 

1.00 

2.02876 

4.91318 

7.97867 

11.08554 

14.20744 

17.33638 

20.46917 

23.60428 

26.74092 


x- 1 

*i 

X2 

£3 

S.X4 

£5 

£6 

£7 

£8 

£9 

<X> 

-1.00 

2.02876 

4.91318 

7.97867 

11.08554 

14.20744 

17.33638 

20.46917 

23.60428 

26.74092 

- 1 

-0.95 

2.01194 

4.90375 

7.97258 

11.08110 

14.20395 

17.33351 

20.46673 

23.60217 

26.73905 

- 1 

-0.90 

1.99465 

4.89425 

7.96648 

11.07665 

14.20046 

17.33064 

20.46430 

23.60006 

26.73718 

- 1 

-0.85 

1.97687 

4.88468 

7.96036 

11.07219 

14.19697 

17.32777 

20.46187 

23.59795 

26.73532 

- 1 

-0.80 

1.95857 

4.87504 

7.95422 

11.06773 

14.19347 

17.32490 

20.45943 

23.59584 

26.73345 

- 1 

-0.75 

1.93974 

4.86534 

7.94807 

11.06326 

14.18997 

17.32203 

20.45700 

23.59372 

26.73159 

- 1 

-0.70 

1.92035 

4.85557 

7.94189 

11.05879 

14.18647 

17.31915 

20.45456 

23.59161 

26.72972 

- 1 

-0.65 

1.90036 

4.84573 

7.93571 

11.05431 

14.18296 

17.31628 

20.45212 

23.58949 

26.72785 

- 2 

-0.60 

1.87976 

4.83583 

7.92950 

11.04982 

14.17946 

17.31340 

20.44968 

23.58738 

26.72598 

- 2 

-0.55 

1.85852 

4.82587 

7.92329 

11.04533 

14.17594 

17.31052 

20.44724 

23.58526 

26.72411 

- 2 

-0.50 

1.83660 

4.81584 

7.91705 

11.04083 

14.17243 

17.30764 

20.44480 

23.58314 

26.72225 

- 2 

-0.45 

1.81396 

4.80575 

7.91080 

11.03633 

14.16892 

17.30476 

20.44236 

23.58102 

26.72038 

- 2 

-0.40 

1.79058 

4.79561 

7.90454 

11.03182 

14.16540 

17.30187 

20.43992 

23.57891 

26.71851 

- 3 

-0.35 

1.76641 

4.78540 

7.89827 

11.02730 

14.16188 

17.29899 

20.43748 

23.57679 

26.71664 

- 3 

-0.30 

1.74140 

4.77513 

7.89198 

11.02278 

14.15835 

17.29610 

20.43503 

23.57467 

26.71477 

- 3 

-0.25 

1.71551 

4.76481 

7.88567 

11.01826 

14.15483 

17.29321 

20.43259 

23.57255 

26.71290 

- 4 

-0.20 

1.68868 

4.75443 

7.87936 

11.01373 

14.15130 

17.29033 

20.43014 

23.57043 

26.71102 

- 5 

-0.15 

1.66087 

4.74400 

7.87303 

11.00920 

14.14777 

17.28744 

20.42769 

23.56831 

26.70915 

- 7 

-0.10 

1.63199 

4.73351 

7.86669 

11.00466 

14.14424 

17.28454 

20.42525 

23.56619 

26.70728 

-10 

-0.05 

1.60200 

4.72298 

7.86034 

11.00012 

14.14070 

17.28165 

20.42280 

23.56407 

26.70541 

-20 

0.00 

1.57080 

4.71239 

7.85398 

10.99557 

14.13717 

17.27875 

20.42035 

23.56194 

26.70354 

00 

0.05 

1.53830 

4.70176 

7.84761 

10.99102 

14.13363 

17.27586 

20.41790 

23.55982 

26.70166 

20 

0.10 

1.50442 

4.69108 

7.84123 

10.98647 

14.13009 

17.27297 

20.41545 

23.55770 

26.69979 

10 

0.15 

1.46904 

4.68035 

7.83484 

10.98192 

14.12655 

17.27007 

20.41300 

23.55558 

26.69792 

7 

0.20 

1.43203 

4.66958 

7.82844 

10.97736 

14.12301 

17.26718 

20.41055 

23.55345 

26.69604 

5 

0.25 

1.39325 

4.65878 

7.82203 

10.97279 

14.11946 

17.26428 

20.40810 

23.55133 

26.69417 

4 

0.30 

1.35252 

4.64793 

7.81562 

10.96823 

14.11592 

17.26138 

20.40565 

23.54921 

26.69230 

3 

0.35 

1.30965 

4.63705 

7.80919 

10.96366 

14.11237 

17.25848 

20.40320 

23.54708 

26.69042 

3 

0.40 

1.26440 

4.62614 

7.80276 

10.95909 

14.10882 

17.25558 

20.40075 

23.54496 

26.68855 

3 

0.45 

1.21649 

4.61519 

7.79633 

10.95452 

14.10527 

17.25268 

20.39829 

23.54283 

26.68668 

2 

0.50 

1.16556 

4.60422 

7.78988 

10.94994 

14.10172 

17.24978 

20.39584 

23.54071 

26.68480 

2 

0.55 

1.11118 

4.59321 

7.78344 

10.94537 

14.09817 

17.24688 

20.39339 

23.53858 

26.68293 

2 

0.60 

1.05279 

4.58219 

7.77698 

10.94079 

14.09462 

17.24398 

20.39094 

23.53646 

26.68105 

2 

0.65 

0.98966 

4.57114 

7.77053 

10.93621 

14.09107 

17.24108 

20.38848 

23.53433 

26.67918 

2 

0.70 

0.92079 

4.56007 

7.76407 

10.93163 

14.08752 

17.23817 

20.38603 

23.53221 

26.67730 

1 

0.75 

0.84473 

4.54899 

7.75760 

10.92704 

14.08396 

17.23527 

20.38357 

23.53008 

26.67543 

1 

0.80 

0.75931 

4.53789 

7.75114 

10.92246 

14.08041 

17.23237 

20.38112 

23.52796 

26.67355 

1 

0.85 

0.66086 

4.52678 

7.74467 

10.91788 

14.07686 

17.22946 

20.37867 

23.52583 

26.67168 

1 

0.90 

0.54228 

4.51566 

7.73820 

10.91329 

14.07330 

17.22656 

20.37621 

23.52370 

26.66980 

1 

0.95 

0.38537 

4.50454 

7.73172 

10.90871 

14.06975 

17.22366 

20.37376 

23.52158 

26.66793 

1 

1.00 

0.00000 

4.49341 

7.72525 

10.90412 

14.06619 

17.22075 

20.37130 

23.51945 

26.66605 

1 

For x= 

- 0, see jj. 

s of Table 10.6. 



<x>=nearest integer to x. 
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X X x %2 x 3 

0.00 1.57080 4.71239 7.85398 
0.05 1.49613 4.49148 7.49541 
0.10 1.42887 4.30580 7.22811 
0.15 1.36835 4.15504 7.04126 
0.20 1.31384 4.03357 6.90960 

0.25 1.26459 3.93516 6.81401 
0.30 1.21995 3.85460 6.74233 
0.35 1.17933 3.78784 6.68698 
0.40 1.14223 3.73184 6.64312 
0.45 1.10820 3.68433 6.60761 

0.50 1.07637 3.64360 6.57833 
0.55 1.04794 3.60834 6.55380 
0.60 1.02111 3.57756 6.53297 
0.65 0.99617 3.55048 6.51508 
0.70 0.97291 3.52649 6.49954 

0.75 0.95116 3.50509 6.48593 
0.80 0.93076 3.48590 6.47392 
0.85 0.91158 3.46859 6.46324 
0.90 0.89352 3.45292 6.45368 
0.95 0.87647 3.43865 6.44508 

1.00 0.86033 3.42562 6.43730 


ROOTS x n OF cot x n —\x n 
x 4 X, x 6 

10.99557 14.13717 17.27876 
10.51167 13.54198 16.58639 
10.20026 13.21418 16.25936 
10.01222 13.03901 16.10053 
9.89275 12.93522 16.01066 

9.81188 12.86775 15.95363 
9.75407 12.82073 15.91443 
9.71092 12.78621 15.88591 
9.67758 12.75985 15.86426 
9.65109 12.73907 15.84728 

9.62956 12.72230 15.83361 
9.61173 12.70847 15.82237 
9.59673 12.69689 15.81297 
9.58394 12.68704 15.80500 
9.57292 12.67857 15.79814 

9.56331 12.67121 15.79219 
9.55486 12.66475 15.78698 
9.54738 12.65904 15.78237 
9.54072 12.65395 15.77827 
9.53473 12.64939 15.77459 

9.52933 12.64529 15.77128 


Table 4.20 

X 1 *8 £g 

20.42035 23.56194 26.70354 
19.64394 22.71311 25.79232 
19.32703 22.41085 25.50638 
19.18401 22.28187 25.38952 
19.10552 22.21256 25.32765 

19.05645 22.16965 25.28961 
19.02302 22.14058 25.26392 
18.99882 22.11960 25.24544 
18.98052 22.10377 25.23150 
18.96619 22.09140 25.22062 

18.95468 22.08147 25.21190 
18.94523 22.07333 25.20475 
18.93734 22.06653 25.19878 
18.93065 22.06077 25.19373 
18.92490 22.05583 25.18939 

18.91991 22.05154 25.18563 
18.91554 22.04778 25.18234 
18.91168 22.04447 25.17943 
18.90825 22.04151 25.17684 
18.90518 22.03887 25.17453 

18.90241 22.03650 25.17245 


X -1 XI X2 X3 

1.00 0.86033 3.42562 6.43730 
0.95 0.84426 3.41306 6.42987 
0.90 0.82740 3.40034 6.42241 
0.85 0.80968 3.38744 6.41492 
0.80 0.79103 3.37438 6.40740 

0.75 0.77136 3.36113 6.39984 
0.70 0.75056 3.34772 6.39226 
0.65 0.72851 3.33413 6.38464 
0.60 0.70507 3.32037 6.37700 
0.55 0.68006 3.30643 6.36932 

0.50 0.65327 3.29231 6.36162 
0.45 0.62444 3.27802 6.35389 
0.40 0.59324 3.26355 6.34613 
0.35 0.55922 3.24891 6.33835 
0.30 0.52179 3.23409 6.33054 

0.25 0.48009 3.21910 6.32270 
0.20 0.43284 3.20393 6.31485 
0.15 0.37788 3.18860 6.30696 
0.10 0.31105 3.17310 6.29906 
0.05 0.22176 3.15743 6.29113 

0.00 0.00000 3.14159 6.28319 

m [ ( t n ] 


X\ X5 X6 

9.52933 12.64529 15.77128 
9.52419 12.64138 15.76814 
9.51904 12.63747 15.76499 
9.51388 12.63355 15.76184 
9.50871 12.62963 15.75868 

9.50353 12.62570 15.75553 
9.49834 12.62177 15.75237 
9.49314 12.61784 15.74921 
9.48793 12.61390 15.74605 
9.48271 12.60996 15.74288 

9.47749 12.60601 15.73972 
9.47225 12.60206 15.73655 
9.46700 12.59811 15.73338 
9.46175 12.59415 15.73021 
9.45649 12.59019 15.72704 

9.45122 12.58623 15.72386 
9.44595 12.58226 15.72068 
9.44067 12.57829 15.71751 
9.43538 12.57432 15.71433 
9.43008 12.57035 15.71114 

9.42478 12.56637 15.70796 

m m [■-?] 

<X> = nearest integer to X. 


£7 XS X9 

18.90241 22.03650 25.17245 
18.89978 22.03424 25.17047 
18.89715 22.03197 25.16848 
18.89451 22.02971 25.16650 
18.89188 22.02745 25.16452 

18.88924 22.02519 25.16254 
18.88660 22.02292 25.16055 
18.88396 22.02066 25.15857 
18.88132 22.01839 25.15659 
18.87868 22.01612 25.15460 

18.87604 22.01386 25.15262 
18.87339 22.01159 25.15063 
18.87075 22.00932 25.14864 
18.86810 22.00705 25.14666 
18.86546 22.00478 25.14467 

18.86281 22.00251 25.14268 
18.86016 22.00024 25.14070 
18.85751 21.99797 25.13871 
18.85486 21.99569 25.13672 
18.85221 21.99342 25.13473 

18.84956 21.99115 25.13274 

m [ ( - 2 5)i ] m 


<X> 

1 

1 

1 

1 

1 

1 

1 

2 

2 

2 

2 

2 

3 

3 

3 

4 

5 
7 

10 

20 


For X -1 > .20, the maximum error in linear interpolation is (—4)7; five-point interpolation gives 5D. 



'See page n. 
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Table 5.5. Exponential Integrals E n (x) for Large Arguments (2 <x < »). 248 

(a i+n)e x E n (x ), n= 2 , 3, 4, 10 , 20 , *-»=:.5(-.05).l(-.01)0, 5D 

Table 5.6. Exponential Integral for Complex Arguments (|2|<29) . . 249 

ze 2 E 1 (z),z=x+iy,x=-l9(l)20,y=0(l)20, 6 D 

Table 5.7. Exponential Integral for Small Complex Arguments (\z\ < 5 ). 251 

e*E x (z), z=x+iy, x=-4(.5)-2, 2 /= 0 (. 2 )l, 6 D 
Ei(z )+In 3 , z=x+iy, x=—2(.5)2.5, y= 0(.2)1, 6 D 

The authors acknowledge the assistance of David S. Liepman in the preparation and 
checking of the tables, Robert L. Durrah for the computation of Table 5.2, and Alfred E. 
Beam for the computation of Table 5.6. 

1 Guest worker, National Bureau of Standards, from the American University. (Presently 
Purdue University.) 
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5. Exponential Integral and Related Functions 

Mathematical Properties 


5.1. Exponential Integral 


Explicit Expressions for a*(z) and /3„(z) 


Definitions 


5.1.1 E 1 (z)=J e -j-dt (|arg2|<7r) 

5.1.2 Ei(x)- -f T dt= -Ji J dt (x>0) 

5.1.3 li(z)=£^==Ei(ln x) (x>l) 

5.1.4 

E n ( z )= j“ e -^-dt (n=0,l,2, . . .;^2>0) 

5.1.5 

ctn(z)=j“ t n e~ u dt (rt=0,1, 2, . . @z> 0) 

5.1.6 & n {z)= £ t n e~ u dt (n=0, i, 2, . . . ) 

In 5.1.1 it is assumed that the path of integration 
excludes the origin and does not cross the negative 
real axis. 

Analytic continuation of the functions in 5.1.1, 
5.1.2, and 5.1.4 for n>0 yields multi-valued func¬ 
tions with branch points at 2=0 and 2 =«. 3 
They are single-valued functions in the 2 -plane 
cut along the negative real axis. 4 The function 
li( 2 ), the logarithmic integral, has an additional 
branch point at 2 = 1 . 

Interrelations 

5.1.7 

E x (-x ± iO) =-Ei(x) =F iv, 
-Ei(x)=M#i(-z+tO)+#z(-x-tO)] (z>0) 


* Some authors [5.14], [5.16] use the entire function 


(1 —e - 1 ) dt/t as the basic function and denote it by 
Ein(z). We have Ein(z)=#i(z)-|-ln 2 + 7 . 

(eV 0 <ft in the 


4 Various authors define the integral J* 


z-plane cut along the positive real axis and denote it_also 
by Ei(z). For z=x>0 additional notations such as Ei(x). 
(e.g., in [5.10], [5.25]), E*(x ) (in [5.2]), Ei*(x) (in [5.6]) are 
then used to designate the principal value of the integral. 
Correspondingly, E x (x) is often denoted by — Ei(—x). 


5.1.8 a,(s)=nh—'e- (l+s+|-)+ . . . +^) 

5.1.9 

0n(z)=w!2-"-'{e‘[l-3+f!-. . . +(-l)”^l 


e ( 1+z +2i+ • • ■ 


y 



y 



Figure 5.2. y=E n (x) 

n=0, 1, 2, 3, 5, 10 
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Figure 5.4. y=/3„(x) 

n= 0, 1, 2, 5, 10, 15 

Series Expansions 

5.1.10 Ei(x)=7+lnx+Z]^j (x>0) 

5.1.11 

E 1 (z) = -y-]nz-j^ g (|arg z\<r) 

5.1.12 

m^n-l 

([arg 2|<t) 

^(1) = —7, iKn)=— 7 + 2 (w >1) 

m-1 Wt 

7=.57721 56649 ... is Euler’s constant. 


Symmetry Relation 

5.1.13 E n (z)=Ejz) 

Recurrence Relations 

5.1.14 

E n+1 (z)=~ [e~ z — zE n (z)] (n— 1,2,3, . . .) 

5.1.15 za n (z)=e~*+na n - 1 (z) (n= 1,2,3,...) 

5.1.16 

z0n(z) = (— l) n e z —(n= 1,2,3, . . .) 
Inequalities [5.8], [5.4] 

5.1.17 

E n (x) <E n+1 (x)<E n (x) (x>0;n=l,2,3,...) 

5.1.18 

^(x)<£„. 1 (x)£„ +1 (x) (x>0;n=l,2,3, . . .) 

5.1.19 

-L-<e'E,(*)<^_ (,>0;-1,8,3,...) 

5.1.20 

iln^+l^e'^txXto^+i) (x>0) 

5.1.21 

3IS]> 0 (*>°;»=1,2,3,...) 

Continued Fraction 

5.1.22 

^--‘GqrniiTITFF---) «“**!<'> 

Special Values 

5.1.23 E.(°)=^ (»>1) 

5.1.24 £ 0 ( 2 ) =— 

z 

5.1.25 a Q (z)=—, jS 0 (z)=-sinh z 

z z 
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5.1.26 (n=1,2,3,...) 


5.1.27 




Definite and Indefinite Integrals 

(For more extensive tables of integrals see 
[5.3], [5.6], [5.11], [5.12], [5.13]. For integrals 
involving E n (x) see [5.9].) 


5.1.28 J" ~~ t dt=e ab E x (ab) 

5.1.29 

J 0 ” dt^e~ m E x (-iab) (a> 0, A>0) 

5.1.30 

J" e iat dt=e ab E x (ab) (a> 0, A>0) 

5.1.31 

If ^=<T‘ 6 (-Ei(aA)+t7r) 


(a>0,6>0) 


5.1.32 


Jo * 


e -61 A 

— <ft=ln - 


5.1.33 ^ E\{t)dt =2 In 2 


5.1.34 


J” e~ at E n (t)dt= 


a+«)+g Hr 1 * 1 («>-i> 


5.1.35 


C 1 * al sin bt 1A . b , ^ , , , n 

J - j - dt=Tr —arctan - -\-JE x (—a+ib) 


(a>0,A>0) 


5.1.36 


C 1 e~ at sin bt ,. , 6 , , . ... 

- - -arc tan - + SE^a+ib) 

Jo £ ® 


(a>0, A real) 


5.1.37 


f 1 g at (l—cos AO ^ 1 1 A . x 

J. —?— 


+&E X (—a+ib) (a>0,Areal) 


5.1.38 


f 1 e 0< (1—cos bt) Jx 1 , A , A 2 \ ^ , N 

J. —<—- * = 2 ln 0+?;- z * (b > 


5.1.39 


-\-&E x (a~\-ib) (a>0,Areal) 

f -—~— di=.E , i(s)+ln 2+7 
Jo t 


5.1.40 J* dt =Ei (x)-ln x -7 (x>0) 

5.1.41 

J^q^2 [«“^i(-a-ix)-e ffl tfi(a-M:)] 


+const. 


5.1.42 


J TP ix 1 

Jx=~2 [«“ # ^i(-o—i^+g^^o-M?)] 

+const. 

5.1.43 

f 2 Jx——- S(e ta E x {— x+ia))+const. (a>0) 

J (Z — j - X CL 

5.1.44 

dx=—0t(e ia E x {— x+i<z))+const. (a>0) 

Relation to Incomplete Gamma Function (see 6.5) 

5.1.45 E n (z)=z n ~ 1 T(\-n, z) 

5.1.46 a n (z) = 2 -B-1 r(n+1, z) 

5.1.47 p n (z) = z- n - 1 [T(n+l, -z)-r(n+l, z)] 

Relation to Spherical Bessel Functions (see 10.2) 

5.1.48 0 ,( 2 )=-^ KiU), ft(2)=^/^/|(2) 

5.1.49 ai (z)=yj~K^(z), ft(j)- -JjIM 
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Number-Theoretic Significance of li (i) 

(Assuming Riemann’s hypothesis that all non- 
real zeros of f (z) have a real part of ?) 

5.1.50 li (x)—tt(x)=0(tJx In x) (x-*co) 

t(x) is the number of primes less than or equal 
to x. 


a Q = -.57721 566 a 3 = .05519 968 

a,= .99999 193 a 4 =-.00976 004 

02 =-.24991 055 o 5 = .00107 857 

5.1.54 l<x<^o> 


y 



Figure 5.5. y— li(x) and y=v(x) 

Asymptotic Expansion 

5.1.51 


|e(x) |<5X 10 -6 

o x =2.334733 5 X =3.330657 
o 2 = .250621 6 2 = 1.681534 


5.1.55 10<x<C°° 


5.1.56 


xe x E l (x) = 


x 2 +QiX+Q2 

x 2 +5iX+6 2 


+ «(x) 


|e(x)|<10" 7 

Ox=4.03640 6 x=5.03637 

02=1.15198 6 2 =4.19160 


1 <x< 00 


( ^_x i +a l x?+a 2 x 2 +a z x+a i , 

“ EM -¥+b^+b^+b^+b i +e(x) 


|c(x)|<2X10“ 8 


Oi= 8.57332 87401 
02=18.05901 69730 
o 3 = 8.63476 08925 
o 4 = .26777 37343 


6 1= 9.57332 23454 
6 2 —25.63295 61486 
6 3 =21.09965 30827 
6 4 = 3.95849 69228 


E (z)~ e * 11 n I n(yi +l) n(n+l)(n+2) . . 

2 1 2^ 2 2 2 3 ~T • • •/ 

(|arg s|<f7r) 

Representation of E n (x) for Large n 

5.1.52 

b; /y\ — e x ri [ n I n ( n ~~ 2x) 

+ (x+w) 2+ (x+n)* 

. w(6x 2 —Snx-fw 2 ) .. 

+ (a+M) . ' +**■> *» 

-.36»- , <fl(n,z)<(l+—Y^re"* (z>0) 


Polynomial and Rational Approximations 6 

5.1.53 0<s<l 

£’i(x)+ln x=o 0 +o 1 x+ a 2 x 2 +O 3 X 3 +a 4 x 4 + OsX 5 +e(x) 
_ | € (x)|<2X10- 7 

5 The approximation 5.1.53 is from E. E. Allen, Note 
169, MTAC 8, 240 (1954); approximations 5.1.54 and 
5.1.56 are from C. Hastings, Jr., Approximations for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955; 
approximation 5.1.55 is from C. Hastings, Jr., Note 143, 
MTAC 7, 68 (1953) (with permission). 


5.2. Sine and Cosine Integrals 
Definitions 

5.2.1 Si(2)= f’SSJrfe 

Jo t 

5.2.2 6 

Ci(g) = 7 +ln J p C ° S j 1 dt ([arg g|<7r) 

5.2.3 7 Shi( 2 )= f“ 

Jo * 

5.2.4 7 

Chi(g) = 7 +ln 2 +—- dt (|arg g|<7r) 

8 Some authors [5.14], [5.16] use the entire function 
J^*(l — cos t)dt/t as the basic function and denote it by 

Cin(z). We have 

Cin(z)= — Ci(z) + ln z + 7. 

7 The notations Sih(z)=J* sirih t dt/t, 

Cinh(z)=J (cosh t—l)dt/t have also been proposed [5.14.] 
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5.2.5 si(z)=Si( 2 )—| 

Auxiliary Functions 

5 . 2.6 f(z)^C\(z) sin 2 —si( 2 ) cos z 

5 . 2.7 g(z) = ~ Ci(g) cos 2 —si( 2 ) sin 2 

Sine and Cosine Integrals in Terms of Auxiliary 
Functions 


5.2.8 

Si( 2 )=|~/(s) cos 2 — 0 ( 2 ) sin 2 


5.2.9 

Ci( 2 )=/( 2 ) sin z—g(z) cos 2 



Integral Representations 


5.2.10 

si( 2 ) — — j* e~ zcoat cos {zs\nt)dt 


5.2.11 

Ci( 2 )+ J E’i( 2 )=J e -* COBl sin (2 sin 

t)dt 

5.2.12 

'«-f S*“f S* 

0*00) 

5.2.13 


(3?O0) 


y 



Series Expansions 

® l'\ n z 2n+1 

5.2.14 Sl(z) = S (2n+l)(2»+l)! 

5.2.15 


5.2.16 Ci( 3 )= 7 +ln 2 +±ygf” 

«o 2 2»+l 

5.2.17 Shl ^ = S(2re+lJ(2™+l)! 

00 ~2n 

5.2.18 Chi(*)= 7 +ln 

Symmetry Relations 

5.2.19 Si(— 2 ) = — Si( 2 ), Si(i)=Si( 2 ) 

5.2.20 

Ci(— 2 )=Ci( 2 ) — ITT (0<arg 2 <tr) 

ci(5)-acT) 

Relation to Exponential Integral 


5.2.21 


a(*)-^[Ei(w)--E.(-«)]+| 

(|arg 2 |<|) 

5.2.22 Si(ix) =| [Ei(x)+E) (x) ] 

(*>0) 

5.2.23 


Ci(x)- i [£!(«)+£,(-«)] 

(|arg 2 |<|) 


5.2.24 Ci(»i)=i[Ei(*)-E 1 (*)l+»| (x> 0 ) 


Value at Infinity 

5.2.25 lim Si(x )—5 

Integrals 

(For more extensive tables of integrals see 
[5.3], [5.6], [5.11], [5.12], [5.13].) 

5.2.26 J (It =—si ( 2 ) (|arg z|< 7 r) 

5.2.27 J" dt -Ci (s) (Urg *|<t) 

5.2.28 f * (<)A=-J- In(l+a ! ) (,3?a>0)' 

Jo ^ 

5.2.29 f e" at si {t)dt=— -arctana. (^a> 0 ) 

Jo a 

5.2.30 J cos £ Ci (t)dt —sin < si (t)dt =—| 


♦See page it. 
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5.2.31 J Ci 2 (<)<&= J q si 2 (t)dt=£ 
5.2.32* J Ci ( t) si ( t)dt= In 2 


5.2.33 


J. 


1 (1 — e~ at ) cos bt , 1 


dt= 2 In +p^ +Ci ( b ) 

-f ggE^a+ib) (areal, 6>0) 

Asymptotic Expansions 


5.2.34 


■ •) d ar s z \ <ir) 

5.2.35 

• •) ( ' arg 2 > <7r) 


Rational Approximations 8 

5.2.36 1 <X< 00 


»-K?SSS>-> 

|c(x)[<2X10- 4 

a,=7.241163 6,=9.068580 

02=2.463936 6 2 =7.157433 


5.2.37 


l<x<> 

»m-KSsSS)+*> 

k(x)|<10~ 4 

a,=7.547478 6, = 12.723684 

02=1.564072 6 2 = 15.723606 


5.2.38 


1 <x< 00 

/x 8 +a,x fl +a 2 x 4 +a 3 x J +a 4 \ , , N 

xW&iX 6 +6 2 x 4 +& 3 x 2 +V +cW 

|e(x)|<5X10- 7 

a,= 38.027264 6,= 40.021433 

02=265.187033 6 2 =322.624911 

o 3 =335.Q77320 6 3 =570.236280 

o 4 = 38.102495 64= 157.105423 

5.2.39 1 <x< 00 

n(r ) -I /* 8 +gi* 6 +a2X 4 +a 3 x 2 +aA ,* 

x 2 Vx 8 +6 1 x 6 +M 4 +6 3 x 2 +6 4 ^ +e w 

l«(x)[<3X10“ 7 

a,= 42.242855 64= 48.196927 


o 2 =302.757865 
o 3 =352.018498 
o 4 = 21.821899 


6 2 = 482.485984 
63= 1114.978885 
& 4 = 449.690326 


Numerical Methods 


5.3. Use and Extension of the Tables 

Example 1. Compute Ci (.25) to 5D. 
From Tables 5.1 and 4.2 we have 


Ci (.25)— ln(.25)—7 
(•25) 2 


= -.249350, 


Ci (.25) = (.25) 2 (—.249350) + (-1.38629) 

+ .577216= -.82466. 


Example 2. Compute Ei (8) to 5S. 

From Table 5.1 we have xe“*Ei (x) = 1.18185 for 
x=8. From Table 4.4, e 8 =2.98096X10 3 . Thus 
Ei (8) =440.38. 


♦See page II. 

8 From C. Hastings, Jr., Approximations for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955 
(with permission). 


Example 3. Compute Si (20) to 5D. 

Since 1/20 = .05 from Table 5.2 we find 
/(20) = .049757, 0(20) = .002464. From Table 4.8, 
sin 20 = .912945, cos 20 = .408082. Using 5.2.8 


Si(20)=|-/(20) cos 20—0(20) sin 20 

= 1.570796—.022555 = 1.54824. 

Example 4. Compute E n (x), n=l(l)N, to 5S 
for x= 1.275, N= 10. 

If x is less than about five, the recurrence 
relation 5.1.14 can be used in increasing order of n 
without serious loss of accuracy. 

By quadratic interpolation in Table 5.1 we get 
£’,(1.275) = .1408099, and from Table 4.4, e~ im 
= .2794310. The recurrence formula 5.1.14 then 
yields 
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n 

#n(1.275) 


#n(1.275) 

1 

.1408099 

6 

.0430168 

2 

.0998984 

7 

.0374307 

3 

.0760303 

8 

.0331009 

4 

.0608307 

9 

.0296534 

5 

.0504679 

10 

.0268469 


Interpolating directly in Table 5.4 for ti= 10 
we get ^ 0 ( 1 .275) = .0268470 as a check. 

Example 5. Compute E n (x), t&= 1 ( 1 )A^ to 5S 
for 2 = 10 , iV=10. 

If, as in this example, x is appreciably larger 
than five and N<x, then the recurrence relation 
5.1.14 may be safely used in decreasing order of 
7 i([ 5 . 5 ]). From Table 5.5 for ar l = .l we get 
( 2 + 10 ) e x E l0 ( 2 ) = 1.02436 so that E 10 ( 10 ) =2.32529 
X10 -6 . Using this as the initial value we obtain 
column ( 2 ). 


n 

10 6 # n (12.3) 

10 6 #*(12.3) 

n 

12 

.191038 

. 191038 

12 

11 

.199213 

. 183498 

13 

10 

.208098 

. 176516 

14 

9 

.217793 

. 170042 

15 

8 

.228406 

. 164015 

16 

7 

.240073 

.158397 

17 

6 

.252951 

.153144 

18 

5 

.267234 

.148226 

19 

4 

.283155 

. 143608 

20 

3 

.300998 



2 

.321117 



1 

.343953 




From Tables 5.2 and 5.5 we find ^(12.3) = .343953 
X10“ 6 , # 20 ( 12 . 3 ) = .143609 X10 " 6 as a check. 
Example 7. Compute a n ( 2 ) to 6 S for n— 1(1)5. 
The recurrence formula 5.1.15 can be used for 
all 2>0 in increasing order of n without loss of 


n 

10 *£ n ( 10 ) 

( 1 ) 

10 »£„( 10 ) 

( 2 ) 

1 

.41570 

.41570 

2 

.38300 

.38302 

3 

.35500 

.35488 

4 

.33000 

.33041 

5 

.31000 

.30898 

6 

.28800 

.29005 

7 

.27667 

.27325 

8 

.25333 

.25822 

9 

.25084 

.24472 

10 

.22573 

.23253 


From Table 5.2 we get xe*#i(x) = .915633 so 
that #i(10)=4.15697X10 -9 as a check. Forward 
recurrence starting with # 1 (10)=4.1570X 10 -6 
yields the values in column ( 1 ). The underlined 
figures are in error. 

Example 6 . Compute E n { 2 ), n=l(l)iV, to 5S 
for 2 = 12 . 3 , 2V=20. 

If N is appreciably larger than 2 , and 2 appre¬ 
ciably larger than five, then the recurrence rela¬ 
tion 5.1.14 should be used in the backward direc¬ 
tion to generate E n ( 2 ) for n<n 0 , and in the forward 
direction to generate E n ( 2 ) for n^>n 0 , where 
n 0 =< 2 >. 

From 5.1.52, with n 0 = 12 , 2 = 12 . 3 , we have 


E„ 0 ( 2 ) =^ (1 + .02032 - .00043 - .00001) 

= 1.91038 X10~ 7 . 

Using the recurrence relation 5.1.14, as indicated, 
we get 


accuracy. From 5.1.25 we have a 0 (2)=^ e~ 2 
= .0676676, so we get 

n «„( 2 ) 

0 .0676676 

1 .101501 

2 .169169 

3 .321421 

4 .710510 

5 1.84394 

Independent calculation with 5.1.8 yields the 
same result for 0 : 5 ( 2 ). 

The functions a 0 (x) and ai(x) can be obtained 
from Table 10.8 using 5.1.48, 5.1.49. 

Example 8 . Compute 0 n (x), n=0(l)N to 6 S 
for 2 = 1 , N=5. 

Use the recurrence relation 5.1.16 in increasing 
order of n if 


2>.368iV+.184 In #"+.821 

and in decreasing order of n otherwise [5.5]. 

From 5.1.9 with n=5 we get /3 5 (1) = —.324297 
correctly rounded to 6 D. Using the recurrence 
formula 5.1.16 in decreasing order of n and 
carrying 9 D we get the values in column ( 2 ). 


0 2.35040 2 

1 -.73575 9269 

2 .87888 3849 

3 -.44950 9722 

4 .5523 6 3499 

5 -.32434 3774 


2.35040 2389 
-.73575 8880 
.87888 4629 
-.44950 7383 
.55237 2854 
-.32429 7 


Using forward recurrence instead, starting with 
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j8 0 (l)=2 sinh 1=2.350402 and again carrying 9D, 
we obtain column (1). The underlined figures 
are in error. The above shows that three signifi¬ 
cant figures are lost in forward recurrence, whereas 
about three significant figures are gained in back¬ 
ward recurrence! 

An alternative procedure is to start with an 
arbitrary value for n sufficiently large (see also 
[5.1]). To illustrate, starting with the value 
zero at n=ll we get 

n 0,(1) n 0„(1) 

11 0. 5 -.324297 

10 .2 80560 4 .552373 

9 -.2 06984 3 -.449507 

8 .319908 2 .878885 

7 -.253812 1 -.735759 

6 .404621 0 2.350402 

The functions (i 0 (x ) and ft (a?) can be obtained 

from Table 10.8 using 5.1.48, 5.1.49. 

Example 9. Compute E x (z) for 2=3.2578 
+6.8943;. 

From Table 5.6 we have for z 0 —^o+m/o—3+7; 

(z 0 ) = .934958+.095598;, 

e*oE l (z 0 ) = .059898 - .1078951 

From Taylor’s formula with f(z)=e*E l (z) we have 

/(z) =/(z<>+As) =/(z 0 ) As 

(A z)>+ • • • 
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with Az=z— z 0 = .2578 — .1057;. Thus with 5.1.27 
we get 

k 

f' k Hzo)lhl 

(Az)*/ (W (*>)/*! 

0 

. 059898 -. 107895t 

. 059898 

107895t 

l 

. 008174 +. 0127951 

. 003460 

+ 002435i 

2 

-. 001859 + 0001551 

-. 000094 

+ 0001lOi 

3 

. 000088 000212i 

-. 000003 

-. 000004i 


/(z) = .063261 

-.105354; 



e“*=.031510 

-.022075; 



E x (z) = — .000332 

-.004716; 



Repeating the calculation with s 0 =3+6i and 
Az=.2578+.8943i we get the same result. 

An alternative procedure is to perform bivariate 
interpolation in the real and imaginary parts of 
ze*Ei(z). 

Example 10. Compute E x {z) for z=— 4.2 
+ 12.71 

Using the formula at the bottom of Table 5.6 
.711093 

e uaz ) _ 3 784225-j-i 2 . 7 i 

, .278518 .010389 

+ -1.90572+12.7i *"2.0900+12.7 i 

= -.0184106—.0736698; 

E x {z) « -1.87133-4.705401 
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Table 5.X 



SINE, COSINE AND EXPONENTIAL I NT EG] 

X 

x -1 Si(x) 

X-2[Ci(x)- 

- In x — 7 ] 

x _, [Ei(x) — 

In x — 

0.00 

1 . 00000 

00000 

-0. 25000 

00000 

1 . 00000 

0000 

0 . 01 

0.99999 

44444 

-0. 24999 

89583 

1. 00250 

5566 

0.02 

0.99997 

77781 

-0. 24999 

58333 

1. 00502 

2306 

0.03 

0.99995 

00014 

-0.24999 

06250 

1.00755 

0283 

0.04 

0.99991 

11154 

-0. 24998 33339 

1.01008 

9560 

0.05 

0. 99986 

11215 

-0.24997 

39598 

1.01264 

0202 

0.06 

0. 99980 

00216 

-0. 24996 

25030 

1.01520 

2272 

0.07 

0.99972 

78178 

-0.24994 

89639 

1.01777 

5836 

0 . 08 

0. 99964 

45127 

-0.24993 33429 

1. 02036 

0958 

0.09 

0.99955 

01094 

-0.24991 

56402 

1.02295 

7705 

0.10 

0.99944 

46111 

-0.24989 

58564 

1. 02556 

6141 

0.11 

0.99932 

80218 

-0. 24987 

39923 

1 . 02818 

6335 

0.12 

0.99920 

03455 

-0. 24985 

00480 

1. 03081 

8352 

0.13 

0. 99906 

15870 

-0. 24982 

40244 

1.03346 

2259 

0.14 

0.99891 

17512 

-0. 24979 

59223 

1. 03611 

8125 

0.15 

0.99875 

08435 

-0. 24976 

57422 

1. 03878 

6018 

0.16 

0.99857 

88696 

-0.24973 

34850 

1.04146 

6006 

0.17 

0.99839 

58357 

-0. 24969 

91516 

1.04415 

8158 

0.18 

0.99820 

17486 

-0.24966 27429 

1.04686 

2544 

0.19 

0. 99799 

66151 

-0. 24962 

42598 

1.04957 

9234 

0.20 

0.99778 

04427 

-0. 24958 

37035 

1. 05230 

8298 

0.21 

0.99755 

32390 

-0. 24954 

10749 

1.05504 

9807 

0 . 22 

0. 99731 

50122 

-0.24949 

63752 

1. 05780 

3833 

0.23 

0. 99706 

57709 

-0.24944 

96056 

1.06057 

0446 

0.24 

0. 99680 

55242 

-0. 24940 

07674 

1.06334 

9719 

0.25 

0.99653 

42813 

-0. 24934 

98618 

1.06614 

1726 

0.26 

0 . 99625 

20519 

-0. 24929 

68902 

1.06894 

6539 

0.27 

0 .99595 

88464 

-0. 24924 

18540 

1.07176 

4232 

0.28 

0.99565 

46750 

-0.24918 

47546 

1. 07459 

4879 

0.29 

0.99533 

95489 

-0. 24912 

55938 

1.07743 

8555 

0.30 

0. 99501 

34793 

-0. 24906 

43727 

1. 08029 

5334 

0. 31 

0.99467 

64779 

-0. 24900 

10933 

1.08316 

5293 

0.32 

0.99432 

85570 

-0.24893 

57573 

1.08604 

8507 

0. 33 

0. 99396 

97288 

-0. 24886 83662 

1.08894 

5053 

0.34 

0.99360 

00064 

-0.24879 

89219 

1.09185 

5008 

0. 35 

0. 99321 

94028 

-0. 24872 

74263 

1. 09477 

8451 

0.36 

0. 99282 

79320 

-0.24865 

38813 

1. 09771 

5458 

0.37 

0.99242 

56078 

-0. 24857 

82887 

1.10066 

6108 

0.38 

0.99201 

24449 

-0.24850 

06507 

1. 10363 

0481 

0.39 

0.99158 

84579 

-0.24842 

09693 

1.10660 

8656 

0.40 

0.99115 

36619 

-0.24833 

92466 

1.10960 

0714 

0.41 

0.99070 

80728 

-0.24825 

54849 

1.11260 

6735 

0.42 

0.99025 

17063 

-0.24816 

96860 

1.11562 

6800 

0.43 

0.98978 

45790 

-0.24808 

18528 

1.11866 

0991 

0.44 

0. 98930 

67074 

-0.24799 

19870 

1.12170 

9391 

0.45 

0.98881 

81089 

-0. 24790 

00913 

1.12477 

2082 

0. 46 

0.98831 

88008 

-0.24780 

61685 

1.12784 

9147 

0.47 

0.98780 

88010 

-0. 24771 

02206 

1. 13094 

0671 

0.48 

0. 98728 

81278 

-0.24761 

22500 

1.13404 

6738 

0.49 

0.98675 

67998 

-0. 24751 

22600 

1.13716 

7432 

0.50 

0.98621 

48361 

-0.24741 

02526 

1.14030 

2841 


r<- 

6)11 

r<-. 

7)31 

r(-6)2i 


See Examples 1-2. 


7=0.57721 56649 


x _1 [Ei(x)+ln x+y] 

1.00000 00000 
0.99750 55452 
0.99502 21392 
0. 99254 97201 
0.99008 82265 

0. 98763 75971 
0.98519 77714 
0. 98276 86889 
0.98035 02898 
0.97794 25142 

0.97554 53033 
0.97315 85980 
0.97078 23399 
0.96841 64710 
0. 96606 09336 

0.96371 56702 
0.96138 06240 
0.95905 57383 
0.95674 09569 
0.95443 62237 

0.95214 14833 
0.94985 66804 
0.94758 17603 
0. 94531 66684 
0.94306 13506 

0.94081 57528 
0.93857 98221 
0.93635 35046 
0.93413 67481 
0.93192 94997 

0.92973 17075 
0.92754 33196 
0.92536 42845 
0.92319 45510 
0.92103 40684 

0.91888 27858 
0.91674 06533 
0.91460 76209 
0.91248 36388 
0.91036 86582 

0.90826 26297 
0. 90616 55048 
0.90407 72350 
0.90199 77725 
0.89992 70693 

0. 89786 50778 
0.89581 17511 
0. 89376 70423 
0. 89173 09048 
0.88970 32920 

0. 88768 41584 

m 
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SINE, COSINE AND EXPONENTIAL INTEGRALS Table 5.1 


X 

Si(ac) 

Ci(x) 

Ei(x) 

Ei(x) 

0.50 

0.49310 

74180 

-0.17778 

40788 

0.45421 

9905 

0.55977 

3595 

0.51 

0. 50268 

77506 

-0. 16045 

32390 

0. 48703 

2167 

0. 54782 

2352 

0.52 

0.51225 

15212 

-0. 14355 

37358 

0.51953 

0633 

0.53621 

9798 

0.53 

0.52179 

84228 

-0. 12707 

07938 

0. 55173 

0445 

0.52495 

1510 

0.54 

0.53132 

81492 

-0.11099 

04567 

0.58364 

5931 

0.51400 

3886 

0. 55 

0.54084 

03951 

-0. 09529 

95274 

0.61529 

0657 

0. 50336 

4081 

0.56 

0. 55033 

48563 

-0. 07998 

55129 

0. 64667 

7490 

0. 49301 

9959 

0. 57 

0.55981 

12298 

-0.06503 

65744 

0.67781 

8642 

0.48296 

0034 

0.58 

0. 56926 

92137 

-0. 05044 

14815 

0.70872 

5720 

0. 47317 

3433 

0. 59 

0. 57870 

85069 

-0. 03618 

95707 

0.73940 

9764 

0, 46364 

9849 

0. 60 

0. 58812 

88096 

-0.02227 

07070 

0. 76988 

1290 

0.45437 

9503 

0. 61 

0.59752 

98233 

-0.00867 

52486 

0.80015 

0320 

0. 44535 

3112 

0. 62 

0.60691 

12503 

+0. 00460 

59849 

0. 83022 

6417 

0.43656 

1854 

0.63 

0. 61627 

27944 

0. 01758 

17424 

0. 86011 

8716 

0. 42799 

7338 

0. 64 

0.62561 

41603 

0. 03026 

03686 

0. 88983 

5949 

0. 41965 

1581 

0. 65 

0. 63493 

50541 

0. 04264 

98293 

0. 91938 

6468 

0.41151 

6976 

0.66 

0. 64423 

51831 

0. 05475 

77343 

0. 94877 

8277 

0.40358 

6275 

0.67 

0. 65351 

42557 

0. 06659 

13594 

0. 97801 

9042 

0. 39585 

2563 

0. 68 

0.66277 

19817 

0. 07815 

76659 

1. 00711 

6121 

0. 38830 

9243 

0.69 

0. 67200 

80721 

0. 08946 

33195 

1. 03607 

6576 

0. 38095 

0010 

0.70 

0. 68122 

22391 

0. 10051 

47070 

1.06490 

7195 

0.37376 

8843 

0.71 

0. 69041 

41965 

0.11131 

79525 

1. 09361 

4501 

0. 36675 

9981 

0. 72 

0. 69958 

36590 

0.12187 

89322 

1. 12220 

4777 

0. 35991 

7914 

0.73 

0. 70873 

03430 

0. 13220 

32879 

1. 15068 

4069 

0. 35323 

7364 

0.74 

0. 71785 

39660 

0. 14229 

64404 

1. 17905 

8208 

0. 34671 

3279 

0. 75 

0. 72695 

42472 

0.15216 

36010 

1.20733 

2816 

0.34034 

0813 

0. 76 

0. 73603 

09067 

0.16180 

97827 

1.23551 

3319 

0. 33411 

5321 

0.77 

0. 74508 

36664 

0.17123 

98110 

1. 26360 

4960 

0. 32803 

2346 

0. 78 

0. 75411 

22494 

0. 18045 

83335 

1.29161 

2805 

0. 32208 

7610 

0. 79 

0.76311 

63804 

0.18946 

98290 

1. 31954 

1753 

0.31627 

7004 

0.80 

0. 77209 

57855 

0. 19827 

86160 

1.34739 

6548 

0. 31059 

6579 

0. 81 

0. 78105 

01921 

0. 20688 

88610 

1. 37518 

1783 

0,30504 

2539 

0.82 

0.78997 

93293 

0.21530 

45859 

1. 40290 

1910 

0.29961 

1236 

0.83 

0. 79888 

29277 

0. 22352 

96752 

1.43056 

1245 

0.29429 

9155 

0.84 

0. 80776 

07191 

0.23156 

78824 

1.45816 

3978 

0.28910 

2918 

0. 85 

0. 81661 

24372 

0. 23942 

28368 

1.48571 

4176 

0.28401 

9269 

0.86 

0.82543 

78170 

0.24709 

80486 

1.51321 

5791 

0. 27904 

5070 

0.87 

0. 83423 

65953 

0. 25459 

69153 

1. 54067 

2664 

0.27417 

7301 

0. 88 

0. 84300 

85102 

0.26192 

27264 

1.56808 

8534 

0.26941 

3046 

0. 89 

0. 85175 

33016 

0. 26907 

86687 

1.59546 

7036 

0. 26474 

9496 

0.90 

0. 86047 

07107 

0. 27606 

78305 

1.62281 

1714 

0.26018 

3939 

0.91 

0.86916 

04808 

0.28289 

32065 

1.65012 

6019 

0.25571 

3758 

0. 92 

0. 87782 

23564 

0. 28955 

77018 

1. 67741 

3317 

0.25133 

6425 

0.93 

0. 88645 

60839 

0. 29606 

41358 

1.70467 

6891 

0.24704 

9501 

0.94 

0.89506 

14112 

0. 30241 

52458 

1.73191 

9946 

0.24285 

0627 

0.95 

0. 90363 

80880 

0. 30861 

36908 

1. 75914 

5612 

0. 23873 

7524 

0.96 

0. 91218 

58656 

0. 31466 

20547 

1.78635 

6947 

0.23470 

7988 

0. 97 

0.92070 

44970 

0. 32056 

28495 

1.81355 

6941 

0.23075 

9890 

0. 98 

0.92919 

37370 

0. 32631 

85183 

1.84074 

8519 

0.22689 

1167 

0.99 

0. 93765 

33420 

0. 33193 

14382 

1. 86793 

4543 

0.22309 

9826 

1. 00 

0. 94608 

30704 

0. 33740 

39229 

1. 89511 

7816 

0.21938 

3934 
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EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


Table 5.1 SINE, COSINE AND EXPONENTIAL INTEGRALS 


X 

Si (*) 

Ci(x) 

Li(as) 

E i(x) 

1.00 

0.94608 

30704 

0. 33740 

39229 

1. 89511 

7816 

0.21938 

3934 

1. 01 

0.95448 

26820 

0. 34273 

82254 

1.92230 

1085 

0.21574 

1624 

1.02 

0. 96285 

19387 

0. 34793 

65405 

1. 94948 

7042 

0.21217 

1083 

1.03 

0.97119 

06039 

0. 35300 

10067 

1.97667 

8325 

0. 20867 

0559 

1. 04 

0.97949 

84431 

0. 35793 

37091 

2. 00387 

7525 

0.20523 

8352 

1.05 

0.98777 

52233 

0. 36273 

66810 

2. 03108 

7184 

0.20187 

2813 

1.06 

0.99602 

07135 

0. 36741 

19060 

2. 05830 

9800 

0. 19857 

2347 

1. 07 

1. 00423 

46846 

0. 37196 

13201 

2.08554 

7825 

0. 19533 

5403 

1. 08 

1. 01241 

69091 

0. 37638 

68132 

2.11280 

3672 

0.19216 

0479 

1. 09 

1.02056 

71617 

0. 38069 

02312 

2.14007 

9712 

0.18904 

6118 

1.10 

1. 02868 

52187 

0. 38487 

33774 

2. 16737 

8280 

0. 18599 

0905 

1.11 

1.03677 

08583 

0. 38893 

80142 

2. 19470 

1672 

0. 18299 

3465 

1.12 

1.04482 

38608 

0. 39288 

58645 

2.22205 

2152 

0.18005 

2467 

1.13 

1. 05284 

40082 

0. 39671 

86134 

2.24943 

1949 

0.17716 

6615 

1.14 

1. 06083 

10845 

0.40043 

79090 

2.27684 

3260 

0. 17433 

4651 

1.15 

1.06878 

48757 

0. 40404 

53647 

2. 30428 

8252 

0.17155 

5354 

1.16 

1. 07670 

51696 

0. 40754 

25593 

2.33176 

9062 

0.16882 

7535 

1.17 

1.08459 

17561 

0.41093 

10390 

2.35928 

7800 

0.16615 

0040 

1.18 

1. 09244 

44270 

0. 41421 

23185 

2. 38684 

6549 

0. 16352 

1748 

1.19 

1. 10026 

29760 

0. 41738 

78816 

2.41444 

7367 

0. 16094 

1567 

1.20 

1. 10804 

71990 

0. 42045 

91829 

2.44209 

2285 

0.15840 

8437 

1.21 

1.11579 

68937 

0. 42342 

76482 

2.46978 

3315 

0.15592 

1324 

1.22 

1.12351 

18599 

0. 42629 

46760 

2. 49752 

2442 

0.15347 

9226 

1.23 

1.13119 

18994 

0.42906 

16379 

2. 52531 

1634 

0.15108 

1164 

1.24 

1.13883 

68160 

0. 43172 

98802 

2.55315 

2836 

0.14872 

6188 

1.25 

1.14644 

64157 

0. 43430 

07240 

2.58104 

7974 

0. 14641 

3373 

1.26 

1. 15402 

05063 

0. 43677 

54665 

2.60899 

8956 

0.14414 

1815 

1.27 

1.16155 

88978 

0. 43915 

53815 

2. 63700 

7673 

0.14191 

0639 

1.28 

1.16906 

14023 

0. 44144 

17205 

2.66507 

5997 

0.13971 

8989 

1.29 

1.17652 

78340 

0. 44363 

57130 

2.69320 

5785 

0.13756 

6032 

1.30 

1. 18395 

80091 

0. 44573 

85675 

2.72139 

8880 

0. 13545 

0958 

1.31 

1.19135 

17459 

0. 44775 

14723 

2. 74965 

7110 

0.13337 

2975 

1. 32 

1. 19870 

88649 

0. 44967 

55955 

2.77798 

2287 

0.13133 

1314 

1.33 

1.20602 

91886 

0.45151 

20863 

2. 80637 

6214 

0.12932 

5224 

1. 34 

1.21331 

25418 

0. 45326 

20753 

2.83484 

0677 

0.12735 

3972 

1.35 

1. 22055 

87513 

0. 45492 

66752 

2.86337 

7453 

0. 12541 

6844 

1.36 

1.22776 

76460 

0.45650 

69811 

2.89198 

8308 

0.12351 

3146 

1.37 

1.23493 

90571 

0. 45800 

40711 

2. 92067 

4997 

0.12164 

2198 

1.38 

1.24207 

28180 

0. 45941 

90071 

2. 94943 

9263 

0.11980 

3337 

1.39 

1.24916 

87640 

0. 46075 

28349 

2.97828 

2844 

0.11799 

5919 

1.40 

1.25622 

67328 

0. 46200 

65851 

3. 00720 

7464 

0.11621 

9313 

1.41 

1. 26324 

65642 

0. 46318 

12730 

3. 03621 

4843 

0.11447 

2903 

1.42 

1. 27022 

81004 

0. 46427 

78995 

3. 06530 

6691 

0.11275 

6090 

1.43 

1. 27717 

11854 

0. 46529 

74513 

3. 09448 

4712 

0.11106 

8287 

1. 44 

1. 28407 

56658 

0. 46624 

09014 

3.12375 

0601 

0. 10940 

8923 

1.45 

1.29094 

13902 

0. 46710 

92094 

3.15310 

6049 

0.10777 

7440 

1.46 

1. 29776 

82094 

0. 46790 

33219 

3. 18255 

2741 

0.10617 

3291 

1.47 

1. 30455 

59767 

0. 46862 

41732 

3.21209 

2355 

0. 10459 

5946 

1. 48 

1.31130 

45473 

0. 46927 

26848 

3.24172 

6566 

0. 10304 

4882 

1.49 

1.31801 

37788 

0. 46984 

97667 

3.27145 

7042 

0.10151 

9593 

1. 50 

1.32468 

35312 

0. 47035 

63172 

3.30128 

5449 

0. 10001 

9582 
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SINE, COSINE AND EXPONENTIAL INTEGRALS Table 5.1 


X 

Si(x) 

Ci(x) 

Ei(ar) 

Ei(x) 

1.50 

1.32468 

35312 

0.47035 

63172 

3.30128 

5449 

0.10001 

9582 

1.51 

1.33131 

36664 

0. 47079 

32232 

3. 33121 

3449 

0. 09854 

4365 

1.52 

1.33790 

40489 

0.47116 

13608 

3.36124 

2701 

0. 09709 

3466 

1.53 

1. 34445 

45453 

0. 47146 

15952 

3. 39137 

4858 

0. 09566 

6424 

1.54 

1.35096 

50245 

0. 47169 

47815 

3. 42161 

1576 

0. 09426 

2786 

1.55 

1.35743 

53577 

0. 47186 

17642 

3.45195 

4503 

0. 09288 

2108 

1.56 

1. 36386 

54183 

0. 47196 

33785 

3. 48240 

5289 

0. 09152 

3960 

1.57 

1.37025 

50823 

0. 47200 

04495 

3.51296 

5580 

0. 09018 

7917 

1.58 

1. 37660 

42275 

0.47197 

37932 

3.54363 

7024 

0. 08887 

3566 

1.59 

1.38291 

27345 

0. 47188 

42164 

3. 57442 

1266 

0. 08758 

0504 

1.60 

1. 38918 

04859 

0.47173 

25169 

3.60531 

9949 

0. 08630 

8334 

1.61 

1. 39540 

73666 

0. 47151 

94840 

3. 63633 

4719 

0. 08505 

6670 

1. 62 

1.40159 

32640 

0. 47124 

58984 

3. 66746 

7221 

0.08382 

5133 

1.63 

1.40773 

80678 

0.47091 

25325 

3.69871 

9099 

0. 08261 

3354 

1.64 

1. 41384 

16698 

0. 47052 

01507 

3.73009 

1999 

0. 08142 

0970 

1.65 

1.41990 

39644 

0.47006 

95096 

3.76158 

7:569 

0. 08024 

7627 

1. 66 

1.42592 

48482 

0. 46956 

13580 

3.79320 

7456 

0. 07909 

2978 

1.67 

1. 43190 

42202 

0. 46899 

64372 

3. 82495 

3310 

0. 07795 

6684 

1.68 

1.43784 

19816 

0. 46837 

54812 

3. 85682 

6783 

0. 07683 

8412 

1.69 

1. 44373 

80361 

0. 46769 

92169 

3.88882 

9528 

0. 07573 

7839 

1.70 

1. 44959 

22897 

0. 46696 

83642 

3.92096 

3201 

0. 07465 

4644 

1.71 

1.45540 

46507 

0.46618 

36359 

3. 95322 

9462 

0.07358 

8518 

1. 72 

1.46117 

50299 

0. 46534 

57385 

3. 98562 

9972 

0. 07253 

9154 

1. 73 

1.46690 

33404 

0. 46445 

53716 

4. 01816 

6395 

0. 07150 

6255 

1. 74 

1.47258 

94974 

0.46351 

32286 

4. 05084 

0400 

0.07048 

9527 

1.75 

1.47823 

34189 

0. 46251 

99967 

4. 08365 

3659 

0. 06948 

8685 

1.76 

1.48383 

50249 

0.46147 

63568 

4.11660 

7847 

0. 06850 

3447 

1.77 

1.48939 

42379 

0. 46038 

29839 

4. 14970 

4645 

0. 06753 

3539 

1.78 

1.49491 

09830 

0. 45924 

05471 

4. 18294 

5736 

0.06657 

8691 

1.79 

1.50038 

51872 

0. 45804 

97097 

4. 21633 

2809 

0.06563 

8641 

1.80 

1.50581 

67803 

0. 45681 

11294 

4.24986 

7557 

0. 06471 

3129 

1.81 

1.51120 

56942 

0. 45552 

54585 

4.28355 

1681 

0. 06380 

1903 

1.82 

1.51655 

18633 

0.45419 

33436 

4. 31738 

6883 

0. 06290 

4715 

1. 83 

1.52185 

52243 

0.45281 

54262 

4. 35137 

4872 

0. 06202 

1320 

1.84 

1.52711 

57165 

0.45139 

23427 

4.38551 

7364 

0. 06115 

1482 

1. 85 

1. 53233 

32813 

0. 44992 

47241 

4.41981 

6080 

0.06029 

4967 

1. 86 

1. 53750 

78626 

0. 44841 

31966 

4.45427 

2746 

0. 05945 

1545 

1. 87 

1.54263 

94066 

0. 44685 

83813 

4.48888 

9097 

0. 05862 

0994 

1.88 

1.54772 

78621 

0.44526 

08948 

4. 52366 

6872 

0. 05780 

3091 

1.89 

1. 55277 

31800 

0. 44362 

13486 

4.55860 

7817 

0.05699 

7623 

1.90 

1.55777 

53137 

0. 44194 

03497 

4.59371 

3687 

0.05620 

4378 

1. 91 

1. 56273 

42192 

0. 44021 

85005 

4.62898 

6242 

0. 05542 

3149 

1. 92 

1.56764 

98545 

0. 43845 

63991 

4.66442 

7249 

0. 05465 

3731 

1.93 

1. 57252 

21801 

0. 43665 

46388 

4.70003 

8485 

0.05389 

5927 

1.94 

1. 57735 

11591 

0. 43481 

38088 

4. 73582 

1734 

0. 05314 

9540 

1.95 

1.58213 

67567 

0.43293 

44941 

4.77177 

8785 

0.05241 

4380 

1.96 

1. 58687 

89407 

0. 43101 

72752 

4.80791 

1438 

0. 05169 

0257 

1.97 

1.59157 

76810 

0. 42906 

27288 

4. 84422 

1501 

0. 05097 

6988 

1.98 

1.59623 

29502 

0. 42707 

14273 

4.88071 

0791 

0. 05027 

4392 

1.99 

1. 60084 

47231 

0. 42504 

39391 

4.91738 

1131 

0. 04958 

2291 

2.00 

1. 60541 

29768 

0. 42298 

08288 

4. 95423 

4356 

0.04890 

0511 
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Table 5.1 SINE, COSINE AND EXPONENTIAL INTEGRALS 


X 

Si(x) 

Ci(x) 

xe~ J Ei(x) 

xe x E\(x) 

2.0 

1.60541 

29768 

0. 42298 

08288 

1.34096 

5420 

0. 72265 

7234 

2.1 

1. 64869 

86362 

0. 40051 

19878 

1. 37148 

6802 

0. 73079 

1502 

2.2 

1. 68762 

48272 

0. 37507 

45990 

1.39742 

1992 

0.73843 

1132 

2.3 

1.72220 

74818 

0. 34717 

56175 

1.41917 

1534 

0. 74562 

2149 

2.4 

1. 75248 

55008 

0. 31729 

16174 

1. 43711 

8315 

0. 75240 

4829 

2.5 

1. 77852 

01734 

0.28587 

11964 

1. 45162 

5159 

0. 75881 

4592 

2.6 

1.80039 

44505 

0. 25333 

66161 

1. 46303 

3397 

0.76488 

2722 

2.7 

1.81821 

20765 

0. 22008 

48786 

1. 47166 

2153 

0.77063 

6987 

2.8 

1. 83209 

65891 

0.18648 

83896 

1. 47780 

8187 

0.77610 

2123 

2.9 

1.84219 

01946 

0. 15289 

53242 

1. 48174 

6162 

0.78130 

0252 

3.0 

1.84865 

25280 

0.11962 

97860 

1. 48372 

9204 

0. 78625 

1221 

3.1 

1. 85165 

93077 

0. 08699 

18312 

1.48398 

9691 

0.79097 

2900 

3.2 

1. 85140 

08970 

0. 05525 

74117 

1. 48274 

0191 

0. 79548 

1422 

3.3 

1. 84808 

07828 

+0. 02467 

82846 

1.48017 

4491 

0. 79979 

1408 

3.4 

1. 84191 

39833 

-0. 00451 

80779 

1. 47646 

8706 

0. 80391 

6127 

3.5 

1.83312 

53987 

-0. 03212 

85485 

1.47178 

2389 

0. 80786 

7661 

3.6 

1. 82194 

81156 

-0. 05797 

43519 

1. 46625 

9659 

0. 81165 

7037 

3.7 

1.80862 

16809 

-0.08190 

10013 

1. 46003 

0313 

0. 81529 

4342 

3.8 

1. 79339 

03548 

-0. 10377 

81504 

1. 45321 

0902 

0.81878 

8821 

3.9 

1.77650 

13604 

-0. 12349 

93492 

1. 44590 

5765 

0.82214 

8967 

4.0 

1. 75820 

31389 

-0.14098 

16979 

1. 43820 

8032 

0. 82538 

2600 

4.1 

1. 73874 

36265 

-0.15616 

53918 

1.43020 

0557 

0. 82849 

6926 

4.2 

1.71836 

85637 

-0. 16901 

31568 

1.42195 

6813 

0. 83149 

8602 

4.3 

1. 69731 

98507 

-0. 17950 

95725 

1.41354 

1719 

0. 83439 

3794 

4.4 

1. 67583 

39594 

-0. 18766 

02868 

1.40501 

2424 

0. 83718 

8207 

4.5 

1. 65414 

04144 

-0. 19349 

11221 

1.39641 

9030 

0. 83988 

7144 

4.6 

1. 63246 

03525 

-0.19704 

70797 

1.38780 

5263 

0. 84249 

5539 

4.7 

1.61100 

51718 

-0. 19839 

12468 

1. 37920 

9093 

0. 84501 

7971 

4.8 

1. 58997 

52782 

-0. 19760 

36133 

1. 37066 

3313 

0. 84745 

8721 

4.9 

1. 56955 

89381 

-0. 19477 

98060 

1. 36219 

6054 

0. 84982 

1778 

5.0 

1. 54993 

12449 

-0. 19002 

97497 

1.35383 

1278 

0. 85211 

0880 

5.1 

1.53125 

32047 

-0. 18347 

62632 

1. 34558 

9212 

0. 85432 

9519 

5.2 

1.51367 

09468 

-0. 17525 

36023 

1. 33748 

6755 

0. 85648 

0958 

5.3 

1.49731 

50636 

-0. 16550 

59586 

1.32953 

7845 

0. 85856 

8275 

5.4 

1. 48230 

00826 

-0. 15438 

59262 

1. 32175 

3788 

0. 86059 

4348 

5.5 

1. 46872 

40727 

-0. 14205 

29476 

1.31414 

3566 

0. 86256 

1885 

5.6 

1. 45666 

83847 

-0.12867 

17494 

1. 30671 

4107 

0. 86447 

3436 

5.7 

1. 44619 

75285 

-0.11441 

07808 

1.29947 

0536 

0. 86633 

1399 

5.8 

1. 43735 

91823 

-0. 09944 

06647 

1. 29241 

6395 

0. 86813 

8040 

5.9 

1.43018 

43341 

-0. 08393 

26741 

1.28555 

3849 

0. 86989 

5494 

6.0 

1. 42468 

75513 

-0. 06805 

72439 

1. 27888 

3860 

0. 87160 

5775 

6.1 

1. 42086 

73734 

-0. 05198 

25290 

1. 27240 

6357 

0. 87327 

0793 

6.2 

1. 41870 

68241 

-0. 03587 

30193 

1.26612 

0373 

0.87489 

2347 

6.3 

1.41817 

40348 

-0.01988 

82206 

1. 26002 

4184 

0. 87647 

2150 

6.4 

1.41922 

29740 

-0. 00418 

14110 

1.25411 

5417 

0. 87801 

1816 

6.5 

1.42179 

42744 

+0.01110 

15195 

1. 24839 

1155 

0. 87951 

2881 

6.6 

1.42581 

61486 

0. 02582 

31381 

1. 24284 

8032 

0. 88097 

6797 

6.7 

1.43120 

53853 

0. 03985 

54400 

1.23748 

2309 

0. 88240 

4955 

6.8 

1.43786 

84161 

0. 05308 

07167 

1. 23228 

9952 

0. 88379 

8662 

6.9 

1.44570 

24427 

0.06539 

23140 

1. 22726 

6684 

0. 88515 

9176 

7.0 

1. 45459 

66142 

0. 07669 

52785 

1. 22240 

8053 

0. 88648 

7675 


[-(- 

4)51 

r<- 

4)41 

l"( —4)61 

R — W 


L ' 

7 J 

L i 

* J 

L 7 

J 

L 6 

J 
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SINE, COSINE AND EXPONENTIAL INTEGRALS Table 5.1 



SiW 

Ci(-r) 




7.0 

1. 45459 

66142 

0. 07669 

52785 

1.22240 

8053 

0.88648 

7675 

7.1 

1.46443 

32441 

0.08690 

68881 

1.21770 

9472 

0.88778 

5294 

7.2 

1.47508 

90554 

0.09595 

70643 

1.21316 

6264 

0.88905 

3119 

7.3 

1.48643 

64451 

0.10378 

86664 

1.20877 

3699 

0. 89029 

2173 

7.4 

1. 49834 

47533 

0.11035 

76658 

1.20452 

7026 

0.89150 

3440 

7.5 

1.51068 

15309 

0.11563 

32032 

1. 20042 

1500 

0. 89268 

7854 

7.6 

1. 52331 

37914 

0.11959 

75293 

1.19645 

2401 

0.89384 

6312 

7.7 

1. 53610 

92381 

0. 12224 

58319 

1.19261 

5063 

0. 89497 

9666 

7.8 

1. 54893 

74581 

0. 12358 

59542 

1.18890 

4881 

0.89608 

8737 

7.9 

1.56167 

10702 

0. 12363 

80071 

1.18531 

7334 

0.89717 

4302 

8. 0 

1. 57418 

68217 

0.12243 

38825 

1.18184 

7987 

0.89823 

7113 

8.1 

1.58636 

66225 

0.12001 

66733 

1. 17849 

2509 

0.89927 

7888 

8.2 

1. 59809 

85106 

0.11644 

00055 

1. 17524 

6676 

0.90029 

7306 

8.3 

1.60927 

75419 

0.11176 

72931 

1.17210 

6376 

0. 90129 

6033 

8.4 

1.61980 

65968 

0. 10607 

09196 

1.16906 

7617 

0.90227 

4695 

8.5 

1. 62959 

70996 

0.09943 

13586 

1.16612 

6526 

0.90323 

3900 

8.6 

1.63856 

96454 

0. 09193 

62396 

1.16327 

9354 

0.90417 

4228 

8.7 

1.64665 

45309 

0. 08367 

93696 

1.16052 

2476 

0.90509 

6235 

8.8 

1.65379 

21861 

0. 07475 

97196 

1.15785 

2390 

0. 90600 

0459 

8.9 

1. 65993 

35052 

0.06528 

03850 

1.15526 

5719 

0.90688 

7415 

9.0 

1.66504 

00758 

0. 05534 

75313 

1.15275 

9209 

0. 90775 

7602 

9.1 

1. 66908 

43056 

0.04506 

93325 

1. 15032 

9724 

0. 90861 

1483 

9.2 

1.67204 

94480 

0. 03455 

49134 

1.14797 

4251 

0. 90944 

9530 

9.3 

1.67392 

95283 

0. 02391 

33045 

1.14568 

9889 

0.91027 

2177 

9.4 

1. 67472 

91725 

0.01325 

24187 

1.14347 

3855 

0.91107 

9850 

9.5 

1. 67446 

33423 

+0. 00267 

80588 

1.14132 

3476 

0.91187 

2958 

9.6 

1.67315 

69801 

-0.00770 

70361 

1. 13923 

6185 

0.91265 

1897 

9.7 

1.67084 

45697 

-0.01780 

40977 

1.13720 

9523 

0.91341 

7043 

9.8 

1. 66756 

96169 

-0. 02751 

91811 

1. 13524 

1130 

0.91416 

8766 

9.9 

1.66338 

40566 

-0. 03676 

39563 

1. 13332 

8746 

0.91490 

7418 

10.0 

1. 65834 

75942 

-0. 04545 

64330 

1.13147 

0205 

0.91563 

3339 


r(-4)ii 

[•(-4)21 

r (-5)2i 

r(-6)41 


L 7 

J 

L r ‘ 

r J 

L 5 

J 

L 4 

J 


Table 5.2 


SINE, COSINE AND EXPONENTIAL INTEGRALS FOR LARGE ARGUMENTS 


x-1 


M') 

j*-*Ei(. >■) 

XO*E\ (.r) 

<f> 

0.100 

0.98191 0351 

0.94885 39 

1. 13147 021 

0, 91563 33394 

10 

0. 095 

0.98353 4427 

0.95323 18 

1.12249 671 

0. 91925 68286 

11 

0.090 

0. 98509 9171 

0. 95748 44 

1.11389 377 

0.92293 15844 

11 

0.085 

0.98660 1776 

0.96160 17 

1.10564 739 

0.92665 90998 

12 

0. 080 

0.98803 9405 

0. 96557 23 

1. 09773 775 

0.93044 09399 

13 

0. 075 

0.98940 9188 

0.96938 56 

1. 09014 087 

0.93427 87466 

13 

0.070 

0.99070 8244 

0.97302 98 

1. 08283 054 

0.93817 42450 

14 

0.065 

0.99193 3695 

0. 97649 35 

1. 07578 038 

0.94212 92486 

15 

0.060 

0. 99308 2682 

0.97976 47 

1.06896 548 

0.94614 56670 

17 

0.055 

0.99415 2385 

0. 98283 17 

1.06236 365 

0.95022 55126 

18 

0.050 

0.99514 0052 

0.98568 24 

1.05595 591 

0. 95437 09099 

20 

0.045 

0. 99604 3013 

0. 98830 52 

1.04972 640 

0.95858 41038 

22 

0. 040 

0. 99685 8722 

0. 99068 81 

1.04366 194 

0. 96286 74711 

25 

0.035 

0.99758 4771 

0.99282 12 

1. 03775 135 

0.96722 35311 

29 

0. 030 

0.99821 8937 

0.99469 37 

1.03198 503 

0.97165 49596 

33 

0. 025 

0.99875 9204 

0.99629 57 

1. 02635 451 

0.97616 46031 

40 

0. 020 

0. 99920 3795 

0.99761 89 

1.02085 228 

0.98075 54965 

50 

0. 015 

0.99955 1207 

0. 99865 60 

1. 01547 157 

0.98543 08813 

67 

0.010 

0. 99980 0239 

0.99940 12 

1.01020 625 

0.99019 42287 

100 

0. 005 

0.99995 0015 

0.99985 01 

1.00505 077 

0.99504 92646 

200 

0.000 

1.00000 0000 

1. 00000 00 

1.00000 000 

1.00000 00000 

00 


m 

m 

m 

m 



aw-i- 

/(.» ) COS j—ff(.r) sin .r 

Ci (.c)=/(•>:) sin; 

r-V (-I') COS x 



2-1.57079 63268 <*>^nearest integer to c. 

See Example 3. 
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Table 

5.3 


SINE AND COSINE 

INTEGRALS 

FOR ARGUMENTS 

ttX 

X 

Si(*X 

) 

Cin(*;r) 

a: 

Si(*x 

) 

Cin(*:r) 

0.0 

0. 00000 

00 

0.00000 

00 

5.0 

1. 63396 

48 

3.32742 23 

0.1 

0. 31244 

18 

0. 02457 

28 

5.1 

1. 63088 

98 

3.36670 50 

0.2 

0. 61470 

01 

0.09708 

67 

5.2 

1.62211 

92 

3.40335 81 

0.3 

0.89718 

92 

0.21400 

75 

5.3 

1. 60871 

21 

3.43582 68 

0.4 

1.15147 

74 

0.36970 

10 

5.4 

1.59212 

99 

3.46297 82 

0.5 

1. 37076 

22 

0. 55679 

77 

5.5 

1.57408 

24 

3.48419 47 

0.6 

1.55023 

35 

0. 76666 

63 

5.6 

1. 55635 

75 

3.49941 45 

0.7 

1.68729 

94 

0. 98995 

93 

5.7 

1.54064 

82 

3.50911 89 

0.8 

1.78166 

12 

1. 21719 

42 

5.8 

1. 52839 

53 

3.51426 89 

0.9 

1.83523 

65 

1.43932 

68 

5.9 

1.52065 

96 

3.51619 81 

1.0 

1.85193 

70 

1.64827 

75 

6.0 

1.51803 

39 

3.51647 44 

1.1 

1.83732 

28 

1.83737 

48 

6.1 

1.52060 

20 

3.51674 38 

1.2 

1.79815 

90 

2. 00168 

51 

6.2 

1.52794 

77 

3.51857 25 

1.3 

1.74191 

10 

2. 13821 

22 

6.3 

1.53921 

04 

3. 52330 06 

1.4 

1.67621 

68 

2.24595 

41 

6.4 

1.55318 

17 

3.53192 30 

1.5 

1.60837 

27 

2.32581 

82 

6.5 

1.56843 

12 

3. 54500 55 

1.6 

1.54487 

36 

2.38040 

96 

6. 6 

1.58344 

97 

3.56264 55 

1.7 

1.49103 

51 

2.41370 

98 

6.7 

1.59679 

62 

3.58447 72 

1.8 

1.45072 

37 

2. 43067 

75 

6.8 

1. 60723 

30 

3. 60972 10 

1.9 

1.42621 

05 

2.43680 

30 

6.9 

1.61383 

85 

3.63727 15 

2.0 

1.41815 

16 

2.43765 

34 

7.0 

1. 61608 

55 

3.66581 26 

2.1 

1.42569 

13 

2.43844 

23 

7.1 

1. 61388 

08 

3. 69395 05 

2.2 

1.44667 

38 

2.44365 

73 

7.2 

1. 60756 

18 

3.72034 97 

2.3 

1.47794 

03 

2. 45676 

95 

7.3 

1.59785 

21 

3.74385 98 

2.4 

1.51568 

40 

2. 48004 

47 

7.4 

1. 58578 

13 

3.76362 13 

2.5 

1. 55583 

10 

2.51446 

40 

7.5 

1.57257 

88 

3.77914 01 

2.6 

1.59441 

60 

2.55975 

53 

7.6 

1.55954 

96 

3.79032 64 

2.7 

1. 62792 

16 

2.61452 

59 

7.7 

1.54794 

81 

3.79749 22 

2.8 

1. 65355 

62 

2.67647 

93 

7.8 

1.53885 

84 

3.80131 21 

2.9 

1. 66945 

05 

2. 74269 

41 

7.9 

1.53309 

50 

3.80274 91 

3.0 

1.67476 

18 

2.80993 

76 

8.0 

1.53113 

13 

3.80295 56 

3.1 

1.66968 

11 

2. 87498 

49 

8.1 

1. 53306 

26 

3.80315 83 

3.2 

1.65535 

02 

2. 93491 

77 

8.2 

1.53860 

67 

3. 80453 88 

3.3 

1.63369 

82 

2.98737 

63 

8.3 

1.54713 

99 

3.80812 16 

3.4 

1.60721 

88 

3. 03074 

73 

8.4 

1.55776 

52 

3.81467 97 

3.5 

1.57870 

92 

3.06427 

25 

8.5 

1.56940 

54 

3.82466 68 

3.6 

1.55099 

62 

3. 08807 

51 

8.6 

1.58091 

06 

3.83818 15 

3.7 

1.52667 

49 

3,10310 

38 

8.7 

1.59117 

06 

3.85496 61 

3.8 

1.50788 

19 

3.11100 

53 

8.8 

1.59922 

11 

3.87444 05 

3.9 

1.49612 

20 

3.11393 

95 

8.9 

1.60433 

29 

3.89576 52 

4.0 

1.49216 

12 

3.11435 

65 

9.0 

1. 60607 

69 

3.91792 84 

4.1 

1.49599 

24 

3.11475 

82 

9.1 

1. 60435 

85 

3.93984 77 

4.2 

1.50687 

40 

3.11746 

60 

9.2 

1.59942 

00 

3.96047 61 

4.3 

1.52343 

40 

3.12441 

61 

9.3 

1. 59180 

91 

3.97890 22 

4. 4 

1.54382 

74 

3.13699 

91 

9.4 

1.58232 

00 

3.99443 58 

4.5 

1.56593 

04 

3.15595 

79 

9.5 

1.57191 

16 

4.00666 94 

4.6 

1.58755 

15 

3.18134 

84 

9.6 

1.56161 

12 

4.01551 22 

4.7 

1.60664 

04 

3.21256 

74 

9.7 

1.55241 

46 

4. 02119 22 

4.8 

1.62147 

45 

3. 24843 

85 

9.8 

1. 54519 

00 

4.02422 80 

4.9 

1.63080 

69 

3. 28734 

92 

9.9 

1.54059 

74 

4.02537 29 

5.0 

1. 63396 

48 

3. 32742 

23 

10.0 

1. 53902 

91 

4.02553 78 


rc-3)5i 

r(-3)6i 


r(~4)7i 

r(“ 4 ) 7 i 


L 8 

J 

L 8 

J 


L 7 

J 

L 7 J 


Ci(- 

.r)=7 

+ln *+ln .r-Cin(*x) 


7 +ln *=1.72194 55508 

Si (ft* 

) are maximum 

values of Si (a?) if «> 0 is odd, and minimum values if 

n>0 is even. 

«[( 

ft+ 2 ) *J are maximum values of Ci(.r) if n>0 is even, and minimum values if n>0 is 

odd. 

We have 


Si(ft*)~|- 

ftir |_ 

2! 4! 

«2 v 2 n*TT 4 

.. .J (ft—) 






EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


245 


EXPONENTIAL INTEGRALS E n (x) Table 5.4 


X 

J? 2 («) —x In x 

E*(x) 

E 4 (x) 

Eio(x) 

E2o(x) 

0.00 

1. 00000 

00 

0.50000 

00 

0. 33333 

33 

0.11111 

11 

0. 05263 

16 

0.01 

0. 99572 

22 

0.49027 

66 

0. 32838 

24 

0. 10986 

82 

0.05207 

90 

0. 02 

0. 99134 

50 

0. 48096 

83 

0. 32352 

64 

0. 10863 

95 

0. 05153 

21 

0. 03 

0.98686 

87 

0.47199 

77 

0.31876 

19 

0.10742 

46 

0.05099 

11 

0. 04 

0. 98229 

39 

0.46332 

39 

0.31408 

55 

0.10622 

36 

0. 05045 

58 

0.05 

0. 97762 

11 

0. 45491 

88 

0.30949 

45 

0. 10503 

63 

0.04992 

60 

0.06 

0.97285 

08 

0. 44676 

09 

0. 30498 

63 

0.10386 

24 

0.04940 

19 

0.07 

0. 96798 

34 

0. 43883 

27 

0. 30055 

85 

0. 10270 

18 

0.04888 

33 

0.08 

0. 96301 

94 

0. 43111 

97 

0.29620 

89 

0.10155 

44 

0. 04837 

02 

0. 09 

0.95795 

93 

0. 42360 

96 

0. 29193 

54 

0. 10042 

00 

0. 04786 

24 

0.10 

0. 95280 

35 

0. 41629 

15 

0. 28773 

61 

0. 09929 

84 

0. 04736 

00 

0.11 

0. 94755 

26 

0. 40915 

57 

0.28360 

90 

0. 09818 

96 

0. 04686 

29 

0.12 

0. 94220 

71 

0. 40219 

37 

0. 27955 

24 

0. 09709 

34 

0. 04637 

10 

0.13 

0. 93676 

72 

0. 39539 

77 

0. 27556 

46 

0. 09600 

95 

0. 04588 

43 

0. 14 

0.93123 

36 

0. 38876 

07 

0.27164 

39 

0. 09493 

80 

0. 04540 

27 

0.15 

0. 92560 

67 

0. 38227 

61 

0.26778 

89 

0. 09387 

86 

0. 04492 

62 

0.16 

0.91988 

70 

0.37593 

80 

0. 26399 

79 

0. 09283 

12 

0. 04445 

47 

0.17 

0.91407 

48 

0. 36974 

08 

0. 26026 96 

0. 09179 

56 

0. 04398 

82 

0.18 

0. 90817 

06 

0.36367 

95 

0.25660 

26 

0. 09077 

18 

0. 04352 

66 

0.19 

0. 90217 

50 

0. 35774 

91 

0.25299 

56 

0. 08975 

95 

0. 04306 

98 

0.20 

0. 89608 

82 

0.35194 

53 

0. 24944 

72 

0. 08875 

87 

0. 04261 

79 

0.21 

0. 88991 

09 

0. 34626 

38 

0. 24595 

63 

0. 08776 

93 

0.04217 

07 

0. 22 

0. 88364 

33 

0. 34070 

05 

0.24252 

16 

0. 08679 

10 

0. 04172 

82 

0.23 

0.87728 

60 

0. 33525 

18 

0.23914 

19 

0. 08582 

38 

0. 04129 

03 

0. 24 

0. 87083 

93 

0. 32991 

42 

0.23581 

62 

0. 08486 

75 

0. 04085 

71 

0.25 

0.86430 

37 

0. 32468 

41 

0.23254 

32 

0. 08392 

20 

0.04042 

85 

0.26 

0.85767 

97 

0.31955 

85 

0.22932 

21 

0. 08298 

72 

0. 04000 

43 

0.27 

0. 85096 

76 

0.31453 

43 

0. 22615 

17 

0. 08206 

30 

0. 03958 

46 

0.28 

0. 84416 

78 

0. 30960 

86 

0.22303 

11 

0. 08114 

92 

0. 03916 

93 

0. 29 

0. 83728 

08 

0.30477 

87 

0.21995 

93 

0. 08024 

57 

0. 03875 

84 

0. 30 

0. 83030 

71 

0.30004 

18 

0.21^93 

52 

0. 07935 

24 

0.03835 

18 

0.31 

0. 82324 

69 

0.29539 

56 

0.21395 

81 

0. 07846 

93 

0. 03794 

95 

0. 32 

0. 81610 

07 

0. 29083 

74 

0.21102 

70 

0.07759 

60 

0. 03755 

15 

0. 33 

0. 80886 

90 

0. 28636 

52 

0. 20814 

11 

0. 07673 

27 

0. 03715 

76 

0.34 

0.80155 

21 

0. 28197 

65 

0.20529 

94 

0. 07587 

90 

0. 03676 

78 

0. 35 

0. 79415 

04 

0. 27766 

93 

0.20250 

13 

0. 07503 

50 

0. 03638 

22 

0. 36 

0. 78666 

44 

0.27344 

16 

0. 19974 

58 

0. 07420 

06 

0.03600 

06 

0.37 

0. 77909 

43 

0. 26929 

13 

0. 19703 

22 

0. 07337 

55 

0.03562 

31 

0.38 

0. 77144 

07 

0. 26521 

65 

0. 19435 

97 

0. 07255 

97 

0. 03524 

95 

0.39 

0. 76370 

39 

0.26121 

55 

0.19172 

76 

0. 07175 

31 

0. 03487 

98 

0.40 

0.75588 

43 

0. 25728 

64 

0.18913 

52 

0. 07095 

57 

0. 03451 

40 

0.41 

0.74798 

23 

0. 25342 

76 

0.18658 

16 

0. 07016 

71 

0. 03415 

21 

0. 42 

0. 73999 

82 

0. 24963 

73 

0. 18406 64 

0. 06938 

75 

0. 03379 

39 

0. 43 

0.73193 

24 

0. 24591 

41 

0.18158 

87 

0. 06861 

67 

0.03343 

96 

0.44 

0. 72378 

54 

0.24225 

63 

0.17914 

79 

0. 06785 

45 

0. 03308 

89 

0. 45 

0. 71555 

75 

0. 23866 

25 

0.17674 

33 

0. 06710 

09 

0. 03274 

20 

0. 46 

0. 70724 

91 

0. 23513 

13 

0.17437 

44 

0. 06635 

58 

0. 03239 

87 

0. 47 

0. 69886 

05 

0. 23166 

12 

0. 17204 

05 

0. 06561 

91 

0. 03205 

90 

0.48 

0. 69039 

21 

0. 22825 

08 

0. 16974 

10 

0. 06489 

07 

0. 03172 

29 

0. 49 

0. 68184 

43 

0.22489 

90 

0. 16747 

53 

0. 06417 

04 

0.03139 

03 

0. 50 

0. 67321 

75 

0. 22160 

44 

0. 16524 

28 

0. 06345 

83 

0. 03106 

12 


r(-5m 

r(-5)5i 

r(-5)n 

r(-6>2i 

n-7)7-i 


L 3 

J 

L 6 

J 

L 4 

J 

L 3 

J 

L 3 

J 


See Examples 4—6. 
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Table 5 A EXPONENTIAL INTEGRALS E n (x) 


X 

E 2 (x) 

Ez(x) 

Ea(x) 

E io(x) 

0.50 

0. 32664 

39 

0.22160 

44 

0.16524 

28 

0. 06345 

83 

0.51 

0. 32110 

62 

0.21836 

57 

0.16304 

30 

0. 06275 

42 

0. 52 

0.31568 

63 

0.21518 

18 

0. 16087 

53 

0.06205 

80 

0.53 

0. 31038 

07 

0.21205 

16 

0. 15873 

92 

0.06136 

96 

0.54 

0. 30518 

62 

0. 20897 

39 

0. 15663 

41 

0. 06068 

89 

0.55 

0.30009 

96 

0.20594 

75 

0. 15455 

96 

0. 06001 

59 

0.56 

0.29511 

79 

0.20297 

15 

0.15251 

50 

0.05935 

05 

0.57 

0. 29023 

82 

0.20004 

48 

0.15050 

00 

0. 05869 

25 

0. 58 

0.28545 

78 

0.19716 

64 

0.14851 

39 

0. 05804 

19 

0.59 

0.28077 

39 

0. 19433 

53 

0.14655 

65 

0. 05739 

86 

0.60 

0. 27618 

39 

0.19155 

06 

0.14462 

71 

0. 05676 

26 

0.61 

0.27168 

55 

0.18881 

14 

0. 14272 

53 

0. 05613 

36 

0. 62 

0.26727 

61 

0.18611 

66 

0. 14085 

07 

0. 05551 

18 

0. 63 

0.26295 

35 

0.18346 

56 

0. 13900 

28 

0. 05489 

69 

0. 64 

0.25871 

54 

0.18085 

73 

0.13718 

13 

0. 05428 

89 

0. 65 

0.25455 

97 

0.17829 

10 

0.13538 

55 

0. 05368 

77 

0. 66 

0.25048 

44 

0.17576 

58 

0. 13361 

53 

0.05309 

33 

0. 67 

0. 24648 

74 

0.17328 

10 

0.13187 

01 

0.05250 

55 

0.68 

0.24256 

67 

0.17083 

58 

0.13014 

95 

0.05192 

43 

0. 69 

0. 23872 

06 

0.16842 

94 

0.12845 

33 

0.05134 

97 

0.70 

0. 23494 

71 

0. 16606 

12 

0.12678 

08 

0. 05078 

15 

0.71 

0.23124 

46 

0.16373 

03 

0.12513 

19 

0. 05021 

96 

0.72 

0.22761 

14 

0.16143 

60 

0.12350 

61 

0. 04966 

40 

0. 73 

0.22404 

57 

0.15917 

78 

0.12190 

31 

0. 04911 

47 

0.74 

0.22054 

61 

0. 15695 

49 

0.12032 

24 

0.04857 

15 

0.75 

0.21711 

09 

0. 15476 

67 

0,11876 

38 

0.04803 

44 

0.76 

0.21373 

88 

0. 15261 

25 

0.11722 

70 

0. 04750 

33 

0.77 

0.21042 

82 

0,15049 

17 

0.11571 

15 

0.04697 

81 

0.78 

0.20717 

77 

0.14840 

37 

0.11421 

70 

0.04645 

88 

0. 79 

0. 20398 

60 

0.14634 

79 

0.11274 

33 

0. 04594 

53 

0.80 

0. 20085 

17 

0. 14432 

38 

0.11129 

00 

0. 04543 

76 

0.81 

0. 19777 

36 

0. 14233 

07 

0. 10985 

67 

0. 04493 

56 

0. 82 

0. 19475 

04 

0. 14036 

81 

0. 10844 

33 

0.04443 

91 

0. 83 

0.19178 

10 

0. 13843 

55 

0. 10704 

93 

0. 04394 

82 

0. 84 

0.18886 

41 

0. 13653 

24 

0. 10567 

44 

0.04346 

28 

0. 85 

0. 18599 

86 

0.13465 

81 

0.1Q431 

85 

0. 04298 

29 

0.86 

0.18318 

33 

0.13281 

22 

0. 10298 

12 

0. 04250 

82 

0.87 

0. 18041 

73 

0. 13099 

43 

0.10166 

22 

0.04203 

89 

0. 88 

0.17769 

94 

0.12920 

37 

0.10036 

12 

0.04157 

49 

0. 89 

0. 17502 

87 

0.12744 

01 

0.09907 

80 

0.04111 

60 

0.90 

0. 17240 

41 

0.12570 

30 

0. 09781 

23 

0. 04066 

22 

0.91 

0. 16982 

47 

0. 12399 

19 

0. 09656 

39 

0.04021 

35 

0. 92 

0.16728 

95 

0.12230 

63 

0.09533 

24 

0. 03976 

98 

0.93 

0.16479 

77 

0.12064 

59 

0. 09411 

77 

0. 03933 

11 

0.94 

0.16234 

82 

0.11901 

02 

0.09291 

94 

0. 03889 

73 

0.95 

0.15994 

04 

0.11739 

88 

0.09173 

74 

0. 03846 

83 

0.96 

0. 15757 

32 

0.11581 

13 

0. 09057 

13 

0. 03804 

41 

0.97 

0.15524 

59 

0.11424 

72 

0.08942 

11 

0.03762 

46 

0.98 

0. 15295 

78 

0.11270 

63 

0.08828 

63 

0. 03720 

98 

0.99 

0. 15070 

79 

0.11118 

80 

0. 08716 

69 

0. 03679 

96 

1. 00 

0. 14849 

55 

0. 10969 

20 

0. 08606 

25 

0.03639 

40 


R-5)n 

r<-6)7T 

r(-6)4l 

r<-«>n 


L 4 

J 

L 3 

J 

L 3 

J 

L 3 

J 


E 2 d{x) 

0. 03106 12 
0. 03073 56 
0.03041 34 
0. 03009 46 
0. 02977 91 

0. 02946 70 
0.02915 81 
0. 02885 25 
0.02855 01 
0.02825 08 

0. 02795 48 
0.02766 18 
0. 02737 19 
0. 02708 50 
0.02680 12 

0. 02652 04 
0. 02624 25 
0.02596 75 
0.02569 54 
0.02542 62 

0. 02515 98 
0. 02489 62 
0. 02463 53 
0. 02437 72 
0.02412 19 

0. 02386 92 
0.02361 91 
0. 02337 17 
0.02312 69 
0. 02288 46 

0. 02264 49 
0. 02240 78 
0. 02217 31 
0. 02194 08 
0.02171 11 

0.02148 37 
0. 02125 87 
0.02103 61 
0.02081 58 
0. 02059 78 

0. 02038 21 
0.02016 87 
0. 01995 75 
0. 01974 86 
0.01954 18 

0. 01933 72 
0.01913 47 
0.01893 44 
0. 01873 62 
0. 01854 01 

0. 01834 60 

m 
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EXPONENTIAL INTEGRALS E n (x ) Table 5.4 


X 




M<) 


Mr) 

Ei o(a 

r) 


#20(-< 

0 

1.00 

0 . 

14849 

55 

0. 

10969 

20 

0 . 

08606 

25 

0.03639 

40 

0 . 

01834 

60 

1.01 

0. 

14631 

99 

0. 

10821 

79 

0.08497 

30 

0. 03599 

29 

0.01815 

39 

1. 02 

0. 

14418 

04 

0 . 

10676 

54 

0. 

08389 

81 

0. 03559 

63 

0. 

01796 

39 

1. 03 

0. 14207 

63 

0. 

10533 

42 

0. 08283 

76 

0.03520 

41 

0. 

01777 

59 

1.04 

0 . 

14000 

68 

0. 

10392 

38 

0. 

08179 

13 

0. 03481 

63 

0. 

01758 

98 

1.05 

0. 

13797 

13 

0. 

10253 

39 

0. 

08075 

90 

0. 03443 

28 

0. 

01740 

57 

1. 06 

0 . 

13596 

91 

0. 

10116 

43 

0. 

07974 

06 

0.03405 

35 

0 . 

01722 

35 

1.07 

0. 

13399 

96 

0. 

09981 

45 

0. 

07873 

57 

0. 03367 

85 

0. 

01704 

33 

1. 08 

0 . 

13206 

22 

0. 

09848 

42 

0. 

07774 

42 

0. 03330 

77 

0. 

01686 

49 

1. 09 

0. 

13015 

62 

0. 

09717 

31 

0. 

07676 

59 

0. 03294 

10 

0. 

01668 

84 

1.10 

0 . 

12828 

11 

0. 

09588 

09 

0. 

07580 

07 

0.03257 

84 

0. 

01651 

37 

1.11 

0. 

12643 

62 

0. 

09460 

74 

0. 

07484 

83 

0. 03221 

98 

0 . 

01634 

09 

1.12 

0. 

12462 

10 

0 . 

09335 

21 

0. 

07390 

85 

0.03186 

52 

0 . 

01616 

99 

1.13 

0. 

12283 

50 

0. 

09211 

49 

0. 

07298 

12 

0.03151 

45 

0. 

01600 

07 

1.14 

0.12107 

75 

0 . 

09089 

53 

0. 

07206 

61 

0.03116 

78 

0 . 

01583 

33 

1.15 

0. 

11934 

81 

0. 08969 

32 

0.07116 

32 

0.03082 

49 

0. 

01566 

76 

1.16 

0. 

11764 

62 

0. 

08850 

83 

0. 

07027 

22 

0.03048 

58 

0. 

01550 

37 

1.17 

0. 

11597 

14 

0. 

08734 

02 

0. 

06939 

30 

0. 03015 

05 

0. 

01534 

14 

1.18 

0. 

11432 

31 

0. 

08618 

88 

0. 

06852 

53 

0. 02981 

89 

0 . 

01518 

09 

1. 19 

0 . 

11270 

08 

0. 

08505 

37 

0. 

06766 

91 

0.02949 

10 

0. 

01502 

21 

1.20 

0 . 

11110 

41 

0. 

08393 

47 

0 . 

06682 

42 

0. 02916 

68 

0. 

01486 

49 

1.21 

0 . 

10953 

25 

0. 

08283 

15 

0. 

06599 

04 

0. 02884 

61 

0 . 

01470 

94 

1.22 

0. 

10798 

55 

0. 

08174 

39 

0. 

06516 

75 

0.02852 

90 

0 . 

01455 

55 

1.23 

0 . 

10646 

27 

0. 

08067 

17 

0 . 

06435 

55 

0. 02821 

55 

0. 

01440 

32 

1.24 

0. 

10496 

37 

0. 

07961 

46 

0. 

06355 

40 

0.02790 

54 

0. 

01425 

26 

1.25 

0. 

10348 

81 

0. 

07857 

23 

0.06276 

31 

0.02759 

88 

0. 

01410 

35 

1.26 

0. 

10203 

53 

0. 

07754 

47 

0. 

06198 

25 

0. 02729 

55 

0. 

01395 

59 

1.27 

0. 

10060 

51 

0. 

07653 

16 

0. 

06121 

22 

0. 02699 

57 

0. 

01381 

00 

1.28 

0 . 

09919 

70 

0 . 

07553 

26 

0. 

06045 

19 

0. 02669 

91 

0. 

01366 

55 

1.29 

0. 

09781 

06 

0. 

07454 

76 

0. 

05970 

15 

0.02640 

59 

0. 

01352 

26 

1.30 

0. 

09644 

55 

0. 

07357 

63 

0. 

05896 

09 

0.02611 

59 

0. 

01338 

11 

1.31 

0. 

09510 

15 

0. 

07261 

86 

0. 

05822 

99 

0. 02582 

91 

0 . 

01324 

12 

1. 32 

0. 

09377 

80 

0. 

07167 

42 

0. 

05750 

85 

0. 02554 

55 

0 . 

01310 

27 

1. 33 

0. 

09247 

47 

0. 

07074 

29 

0. 

05679 

64 

0.02526 

51 

0.01296 

57 

1. 34 

0 . 

09119 

13 

0. 

06982 

46 

0. 

05609 

36 

0. 02498 

78 

0. 

01283 

01 

1.35 

0 . 

08992 

75 

0. 

06891 

91 

0. 

05539 

98 

0.02471 

35 

0. 

01269 

59 

1. 36 

0. 

08868 

29 

0. 

06802 

60 

0 . 

05471 

51 

0. 02444 

23 

0. 

01256 

31 

1. 37 

0 . 

08745 

71 

0 . 

06714 

53 

0. 

05403 

93 

0.02417 

41 

0. 

01243 

17 

1. 38 

0 . 

08624 

99 

0. 

06627 

68 

0. 

05337 

22 

0. 02390 

88 

0. 

01230 

17 

1. 39 

0. 

08506 

10 

0 . 

06542 

03 

0. 

05271 

37 

0. 02364 

65 

0. 

01217 

31 

1. 40 

0 . 

08388 

99 

0. 

06457 

55 

0. 

05206 

37 

0. 02338 

72 

0. 

01204 

58 

1.41 

0. 

08273 

65 

0. 

06374 

24 

0. 

05142 

22 

0.02313 

06 

0. 

01191 

98 

1. 42 

0. 

08160 

04 

0. 

06292 

07 

0. 

05078 

89 

0.02287 

70 

0.01179 

52 

1. 43 

0. 

08048 

13 

0. 

06211 

04 

0. 

05016 

37 

0.02262 

61 

0 . 

01167 

19 

1. 44 

0. 

07937 

89 

0. 

06131 

11 

0. 

04954 

66 

0. 02237 

80 

0. 

01154 

99 

1. 45 

0. 

07829 

30 

0. 

06052 

27 

0. 

04893 

74 

0.02213 

27 

0. 

01142 

91 

1.46 

0. 

07722 

33 

0 . 

05974 

52 

0. 

04833 

61 

0. 02189 

01 

0. 

01130 

96 

1. 47 

0. 

07616 

94 

0. 

05897 

82 

0. 

04774 

25 

0.02165 

01 

0. 

01119 

14 

1. 48 

0. 

07513 

13 

0. 

05822 

17 

0 . 

04715 

65 

0. 02141 

28 

0 . 

01107 

44 

1. 49 

0. 

07410 

85 

0 . 

05747 

55 

0. 

04657 

80 

0.02117 

82 

0. 

01095 

86 

1.50 

0 . 

07310 

08 

0. 

05673 

95 

0. 

04600 

70 

0. 02094 

61 

0. 

01084 

40 

1. 51 

0. 

07210 

80 

0 . 

05601 

35 

0. 

04544 

32 

0.02071 

67 

0. 

01073 

07 

1.52 

0. 

07112 

98 

0 . 

05529 

73 

0. 

04488 

67 

0.02048 

97 

0. 

01061 

85 

1.53 

0. 

07016 

60 

0. 

05459 

08 

0. 

04433 

72 

0. 02026 

53 

0. 

01050 

75 

1. 54 

0. 

06921 

64 

0. 

05389 

39 

0. 

04379 

48 

0.02004 

33 

0. 

01039 

77 

1. 55 

0. 

06828 

07 

0 . 

05320 

64 

0. 

04325 

93 

0. 01982 

38 

0. 

01028 

90 

1. 56 

0. 

06735 

87 

0. 

05252 

83 

0 . 

04273 

07 

0.01960 

67 

0. 

01018 

15 

1.57 

0. 

06645 

02 

0. 

05185 

92 

0. 

04220 

87 

0. 01939 

21 

0. 

01007 

50 

1.58 

0. 

06555 

49 

0 . 

05119 

92 

0.04169 

35 

0.01917 

98 

0. 

00996 

97 

1.59 

0 . 

06467 

26 

0. 

05054 

81 

0 . 

04118 

47 

0.01896 

98 

0. 00986 

56 

1. 60 

0. 

06380 

32 

0. 

04990 

57 

0. 

04068 

25 

0.01876 

22 

0. 

00976 

24 



r(-6)51 


r(-6)si 


r(-6)2i 

r(-7)6i 


r(-7)3n 



L 3 

J 


L 3 

J 


L 3 

J 

L 3 

J 


L 3 

J 



248 


EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS 


Table 

5.4 


EXPONENTIAL INTEGRALS E n (x) 



X 

E 2 {x) 

E,(r) 

A’ 4 (x) 

£ioM 

A 7 20(x) 

1. 60 

0.06380 

32 

0.04990 

57 

0. 04068 

25 

0. 01876 

22 

0. 00976 24 

1. 61 

0.06294 

64 

0. 04927 

20 

0. 04018 

66 

0. 01855 

68 

0.00966 04 

1. 62 

0. 06210 

20 

0. 04864 

67 

0.03969 

70 

0.01835 

38 

0.00955 95 

1. 63 

0.06126 

98 

0. 04802 

99 

0. 03921 

36 

0.01815 

30 

0.00945 96 

1. 64 

0. 06044 

97 

0. 04742 

13 

0. 03873 

64 

0.01795 

43 

0.00936 07 

1. 65 

0.05964 

13 

0.04682 

09 

0.03826 

52 

0.01775 

79 

0.00926 29 

1. 66 

0.05884 

46 

0.04622 

84 

0.03779 

99 

0.01756 

37 

0.00916 61 

L 67 

0. 05805 

94 

0. 04564 

39 

0. 03734 

06 

0.01737 

16 

0.00907 03 

1. 68 

0. 05728 

54 

0.04506 

72 

0. 03688 

70 

0.01718 

16 

0.00897 56 

1. 69 

0. 05652 

26 

0.04449 

82 

0.03643 

92 

0. 01699 

37 

0.00888 18 

1. 70 

0. 05577 

06 

0. 04393 

67 

0. 03599 

70 

0.01680 

79 

0. 00878 90 

1.71 

0. 05502 

94 

0.04338 

27 

0. 03556 

04 

0.01662 

42 

0. 00869 72 

1. 72 

0.05429 

88 

0. 04283 

61 

0. 03512 

93 

0. 01644 

24 

0.00860 63 

1.73 

0. 05357 

86 

0.04229 

67 

0. 03470 

37 

0.01626 

27 

0. 00851 64 

1.74 

0. 05286 

86 

0. 04176 

45 

0. 03428 

34 

0.01608 

50 

0.00842 74 

1.75 

0. 05216 

87 

0.04123 

93 

0. 03386 

84 

0.01590 

92 

0. 00833 94 

1. 76 

0. 05147 

88 

0. 04072 

11 

0.03345 

86 

0. 01573 

54 

0.00825 22 

1.77 

0.05079 

86 

0.04020 

97 

0.03305 

39 

0.01556 

34 

0. 00816 60 

1.78 

0.05012 

81 

0.03970 

51 

0. 03265 

44 

0. 01539 

34 

0. 00808 07 

1. 79 

0.04946 

70 

0.03920 

71 

0.03225 

98 

0. 01522 

53 

0. 00799 63 

1. 80 

0.04881 

53 

0. 03871 

57 

0.03187 

02 

0.01505 

90 

0. 00791 28 

1.81 

0. 04817 

27 

0.03823 

08 

0.03148 

55 

0. 01489 

45 

0. 00783 02 

1. 82 

0. 04753 

92 

0. 03775 

22 

0.03110 

56 

0.01473 

18 

0. 00774 84 

1. 83 

0. 04691 

46 

0. 03728 

00 

0.03073 

04 

0.01457 

10 

0.00766 74 

1. 84 

0. 04629 

87 

0.03681 

39 

0.03035 

99 

0.01441 

19 

0. 00758 74 

1. 85 

0.04569 

15 

0. 03635 

40 

0. 02999 

41 

0.01425 

46 

0.00750 81 

1. 86 

0. 04509 

28 

0.03590 

01 

0.02963 

28 

0. 01409 

90 

0. 00742 97 

1. 87 

0.04450 

24 

0. 03545 

21 

0.02927 

61 

0.01394 

51 

0.00735 21 

1. 88 

0.04392 

03 

0.03501 

00 

0. 02892 

38 

0. 01379 

29 

0.00727 53 

1. 89 

0. 04334 

63 

0.03457 

37 

0. 02857 

59 

0.01364 

24 

0. 00719 93 

1.90 

0.04278 

03 

0.03414 

30 

0. 02823 

23 

0.01349 

35 

0.00712 42 

1.91 

0.04222 

22 

0. 03371 

80 

0.02789 

30 

0. 01334 

63 

0.00704 98 

1.92 

0.04167 

18 

0. 03329 

86 

0.02755 

79 

0.01320 

07 

0. 00697 62 

1.93 . 

0. 04112 

91 

0. 03288 

46 

0. 02722 

70 

0.01305 

67 

0. 00690 33 

1.94 

0. 04059 

38 

0.03247 

59 

0.02690 

02 

0.01291 

43 

0.00683 12 

1.95 

0. 04006 

60 

0. 03207 

27 

0.02657 

75 

0. 01277 

34 

0. 00675 99 

1. 96 

0. 03954 

55 

0.03167 

46 

0. 02625 

87 

0. 01263 

41 

0.00668 93 

1.97 

0.03903 

22 

0.03128 

17 

0. 02594 

40 

0. 01249 

64 

0.00661 95 

1.98 

0.03852 

59 

0. 03089 

39 

0. 02563 

31 

0.01236 

01 

0.00655 04 

1. 99 

0. 03802 

67 

0.03051 

12 

0. 02532 

61 

0.01222 

54 

0. 00648 20 

2. 00 

0.03753 

43 

0.03013 

34 

0. 02502 

28 

0.01209 

21 

0.00641 43 


m 

m 

cola 

00 


m 


Table 5. 

5 EXPONENTIAL INTEGRALS E n (x) 

FOR LARGE ARGUMENTS 



(x+2 )e*E 2 (r) 

(x+3)e*£,(i) 

( 3 ;+4)e*E 4 (s) 

{x+Wje 1 ! S 10 (x) (x+20)e*E 2Q (x) 

<X> 

0.50 

1.10937 

1.11329 

1.10937 

1.07219 

1.04270 

2 

0.45 

1. 09750 

1.10285 

1.10071 

1.06926 

1. 04179 

2 

0.40 

1. 08533 

1. 09185 

1.09136 

1. 06586 

1.04067 

3 

0.35 

1. 07292 

1. 08026 

1.08125 

1.06187 

1.03932 

3 

0.30 

1. 06034 

1.06808 

1.07031 

1.05712 

1.03762 

3 

0.25 

1. 04770 

1.05536 

1.05850 

1. 05138 

1.03543 

4 

0. 20 

1. 03522 

1.04222 

1. 04584 

1.04432 

1.03249 

5 

0.15 

1. 02325 

1.02895 

1. 03247 

1.03550 

1.02837 

7 

0.10 

1.01240 

1.01617 

1. 01889 

1.02436 

1.02222 

10 

0.09 

1.01045 

1.01377 

1. 01624 

1. 02182 

1.02060 

11 

0. 08 

1.00861 

1.01147 

1.01366 

1.01917 

1.01883 

13 

0. 07 

1.00688 

1.00927 

1.01116 

1. 01642 

1.01688 

14 

0. 06 

1.00528 

1.00721 

1.00878 

1.01360 

1.01472 

17 

0.05 

1. 00384 

1.00531 

1.00654 

1.01074 

1.01234 

20 

0.04 

1.00258 

1. 00361 

1.00451 

1.00790 

1.00973 

25 

0. 03 

1.00152 

1.00217 

1. 00275 

1.00516 

1.00692 

33 

0. 02 

1. 00071 

1.00103 

1.00133 

1.00271 

1. 00401 

50 

0. 01 

1.00019 

1.00027 

1.00036 

1. 00081 

1.00137 

100 

0.00 

1 . 00000 
m 

1.00000 

[ ( 1 17 ] 

1 . 00000 
m 

1 . 00000 
m 

1, 00000 
m 



<'■>-nearest integer to *. 
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EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS Table 5.6 


ze z Ei (z) 



® J 

91 

J 

9t 

,/ 

91 

J 


J 

y\ x 

-19 

-18 

-17 

-16 

-15 

0 

1.059305 0.000000 

1.063087 

0.000001 

1.067394 

0.000002 

1.072345 

0.000006 

1.078103 

0.000014 

1 

1.059090 0.003539 

1.062827 

0.004010 

1.067073 

0.004584 

1.071942 

0.005296 

1.077584 

0.006195 

2 

1.058456 0.007000 

1.062061 

0.007918 

1.066135 

0.009032 

1.070774 

0.010403 

1.076102 

0.012118 

3 

1.057431 0.010310 

1.060829 

0.011633 

1.064636 

0.013226 

1.068925 

0.015172 

1.073783 

0.017579 

4 

1.056058 0.013410 

1.059190 

0.015079 

1.062657 

0.017075 

1.066508 

0.019486 

1.070793 

0.022432 

5 

1.054391 0.016252 

1.057215 

0.018202 

1.060297 

0.020512 

1.063659 

0.023272 

1.067318 

0.026598 

6 

1.052490 0.018806 

1.054981 

0.020969 

1.057655 

0.023505 

1.060510 

0.026499 

1.063538 

0.030055 

7 

1.050413 0.021055 

1.052565 

0.023364 

1.054829 

0.026044 

1.057187 

0.029167 

1.059610 

0.032823 

8 

1.048217 0.022996 

1.050037 

0.025391 

1.051905 

0.028141 

1.053795 

0.031306 

1.055664 

0.034957 

9 

1.045956 0.024637 

1.047458 

0.027066 

1.048958 

0.029824 

1.050421 

0.032960 

1.051797 

0.036527 

10 

1.043672 0.025993 

1.044880 

0,028412 

1.046045 

0.031130 

1.047129 

0.034183 

1.048081 

0.037609 

11 

1.041402 0.027086 

1.042345 

0.029461 

1.043212 

0.032102 

1.043967 

0.035034 

1.044559 

0.038282 

12 

1.039177 0.027940 

1.039882 

0.030245 

1.040490 

0.032781 

1.040965 

0.035567 

1.041259 

0.038616 

13 

1.037018 0.028581 

1.037515 

0.030796 

1.037901 

0.033211 

1.038140 

0.035836 

1.038192 

0.038677 

14 

1.034942 0.029034 

1.035259 

0.031148 

1.035456 

0.033431 

1.035501 

0.035888 

1.035359 

0.038520 

15 

1.032959 0.029326 

1.033123 

0.031330 

1.033162 

0.033476 

1.033049 

0.035765 

1.032754 

0.038193 

16 

1.031076 0.029477 

1.031110 

0.031368 

1.031019 

0.033377 

1.030780 

0.035502 

1.030365 

0.037735 

17 

1.029296 0.029511 

1.029222 

0.031288 

1.029025 

0.033162 

1.028685 

0.035129 

1.028180 

0.037179 

18 

1.027620 0.029445 

1.027456 

0.031110 

1.027174 

0.032855 

1.026756 

0.034672 

1.026183 

0.036552 

19 

1.026046 0.029296 

1.025809 

0.030854 

1.025459 

0.032474 

1.024981 

0.034150 

1.024360 

0.035873 

20 

1.024570 0.029080 

1.024275 

0.030534 

1.023872 

0.032037 

1.023349 

0.033582 

1.022695 

0.035160 

y\ x 

-14 

-13 

-12 

-11 

-10 

0 

1.084892 0.000037 

1.093027 

0.000092 

1.102975 

0,000232 

1.115431 

0.000577 

1.131470 

0.001426 

1 

1.084200 0.007359 

1.092067 

0.008913 

1.101566 

0.011063 

1.113230 

0.014169 

1.127796 

0.018879 

2 

1.082276 0.014306 

1.089498 

0.017161 

1.098025 

0.020981 

1.108170 

0.026241 

1.120286 

0.033700 

3 

1.079313 0.020604 

1.085635 

0.024471 

1.092873 

0.029507 

1.101137 

0.036189 

1.110462 

0.045218 

4 

1.075560 0.026075 

1.080853 

0.030637 

1.086686 

0.036422 

1.093013 

0.043843 

1.099666 

0.053451 

5 

1.071279 0.030642 

1.075522 

0.035599 

1.079985 

0.041724 

1.084526 

0.049336 

1.088877 

0.058817 

6 

1.066708 0.034303 

1.069960 

0.039405 

1.073185 

0.045552 

1.076197 

0.052967 

1.078701 

0.061886 

7 

1.062046 0.037117 

1.064412 

0.042169 

1.066578 

0.048115 

1.068350 

0.055093 

1.069450 

0.063225 

8 

1.057448 0.039174 

1.059054 

0.044041 

1.060352 

0.049644 

1.061159 

0.056057 

1.061235 

0.063322 

9 

1.053021 0.040580 

1.053997 

0.045176 

1.054606 

0.050359 

1.054687 

0.056158 

1.054046 

0.062566 

10 

1.048834 0.041444 

1.049303 

0.045719 

1.049380 

0.050452 

1.048933 

0.055640 

1.047807 

0.061249 

11 

1.044928 0.041867 

1.044997 

0.045801 

1.044674 

0.050084 

1.043853 

0.054695 

1.042417 

0.059584 

12 

1.041320 0.041938 

1.041080 

0.045531 

1.040464 

0.049384 

1.039389 

0.053465 

1.037766 

0.057719 

13 

1.038010 0.041734 

1.037537 

0.044999 

1.036713 

0.048452 

1.035473 

0.052056 

1.033752 

0.055758 

14 

1.034989 0.041321 

1.034344 

0.044277 

1.033378 

0.047365 

1.032040 

0.050547 

1.030282 

0.053773 

15 

1.032241 0.040751 

1.031474 

0.043422 

1.030414 

0.046180 

1.029026 

0.048991 

1.027274 

0.051808 

16 

1.029747 0.040066 

1.028895 

0.042477 

1.027781 

0.044941 

1.026377 

0.047428 

1.024658 

0.049894 

17 

1.027486 0.039301 

1.026579 

0.041475 

1.025438 

0.043679 

1.024043 

0.045883 

1.022375 

0.048049 

18 

1.025437 0.038481 

1.024499 

0.040444 

1.023352 

0.042417 

1.021981 

0.044374 

1.020375 

0.046282 

19 

1.023580 0.037629 

1.022628 

0.039401 

1.021489 

0.041170 

1.020155 

0.042912 

1.018617 

0.044599 

20 

1.021896 0.036759 

1.020942 

0.038361 

1.019824 

0.039950 

1.018533 

0.041505 

1.017066 

0.043001 

y\* 

-9 

_ 

8 

- 

7 

- 

6 

_ 

5 

0 

1.152759 0.003489 

1.181848 

0.008431 

1.222408 

0.020053 

1.278884 

0.046723 

1.353831 

0.105839 

1 

1.146232 0.026376 

1.169677 

0.038841 

1.199049 

0.060219 

1.233798 

0.097331 

1.268723 

0.160826 

2 

1.134679 0.044579 

1.151385 

0.060814 

1.169639 

0.085335 

1.186778 

0.122162 

1.196351 

0.175646 

3 

1.120694 0.057595 

1.131255 

0.074701 

1.140733 

0.098259 

1.146266 

0.130005 

1.142853 

0.170672 

4 

1.106249 0.065948 

1.111968 

0.082156 

1.115404 

0.102861 

1.114273 

0.128440 

1.105376 

0.158134 

5 

1.092564 0.070592 

1.094818 

0.085055 

1.094475 

0.102411 

1.089952 

0.122397 

1.079407 

0.143879 

6 

1.080246 0.072520 

1.080188 

0.084987 

1.077672 

0.099188 

1.071684 

0.114638 

1.061236 

0.130280 

7 

1.069494 0.072580 

1.067987 

0.083120 

1.064339 

0.094618 

1.057935 

0.106568 

1.048279 

0.118116 

8 

1.060276 0.071425 

1.057920 

0.080250 

1.053778 

0.089537 

1.047493 

0.098840 

1.038838 

0.107508 

9 

1.052450 0.069523 

1.049645 

0.076885 

1.045382 

0.084405 

1.039464 

0.091717 

1.031806 

0.098337 

10 

1.045832 0.067197 

1.042834 

0.073340 

1.038659 

0.079462 

1.033205 

0.085271 

1.026459 

0.090413 

11 

1.040241 0.064664 

1.037210 

0.069803 

1.033231 

0.074821 

1.028260 

0.079488 

1.022317 

0.083544 

12 

1.035508 0.062063 

1.032539 

0.066381 

1.028808 

0.070524 

1.024300 

0.074315 

1.019052 

0.077561 

13 

1.031490 0.059482 

1.028638 

0.063128 

1.025171 

0.066576 

1.021090 

0.069688 

1.016439 

0.072320 

14 

1.028065 0.056975 

1.025359 

0.060070 

1.022152 

0.062962 

1.018458 

0.065542 

1.014319 

0.067702 

15 

1.025132 0.054573 

1.022583 

0.057215 

1.019626 

0.059658 

1.016277 

0.061817 

1.012577 

0.063610 

16 

1.022608 0.052291 

1.020219 

0.054559 

1.017494 

0.056638 

1.014452 

0.058460 

1.011130 

0.059962 

17 

1.020426 0.050135 

1.018192 

0.052094 

1.015681 

0.053874 

1.012912 

0.055424 

1.009915 

0.056694 

18 

1.018530 0.048106 

1.016444 

0.049806 

1.014129 

0.051341 

1.011600 

0.052670 

1.008887 

0.053752 

19 

1.016874 0.046201 

1.014929 

0.047684 

1.012790 

0.049015 

1.010476 

0.050161 

1.008009 

0.051092 

20 

1.015422 0.044413 

1.013607 

0.045714 

1.011629 

0.046875 

1.009505 

0.047870 

1.007254 

0.048675 


For |z|>4, linear interpolation will yield about four decimals, eight-point interpolation will 


yield about six decimals. 


See Examples 9 -10. 
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Table 5.6 EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS 



PA 

./ 

A 

J 

ze z E\ (z) 

PA J 

A. 

J 

A 

J 

y\ x 

- 

4 

- 

3 



- 

1 

( 

) 

0 

1.438208 

0.230161 

1.483729 

0.469232 

1.340965 

0.850337 

0.697175 

1.155727 

0.577216 

0.000000 

1 

1.287244 

0.263705 

1.251069 

0.410413 

1,098808 

0.561916 

0.813486 

0.578697 

0.621450 

0.343378 

2 

1.185758 

0.247356 

1.136171 

0.328439 

1.032990 

0.388428 

0.896419 

0.378838 

0.798042 

0.289091 

3 

1.123282 

0.217835 

1.080316 

0.262814 

1.013205 

0.289366 

0.936283 

0.280906 

0.875873 

0.237665 

4 

1.085153 

0.189003 

1.051401 

0.215118 

1.006122 

0.228399 

0.957446 

0.222612 

0.916770 

0.198713 

5 

1.061263 

0.164466 

1.035185 

0.180487 

1.003172 

0.187857 

0.969809 

0.183963 

0.940714 

0.169481 

6 

1.045719 

0.144391 

1.025396 

0.154746 

1.001788 

0.159189 

0.977582 

0.156511 

0.955833 

0.147129 

7 

1.035205 

0.128073 

1.019109 

0.135079 

1.001077 

0.137939 

0.982756 

0.136042 

0.965937 

0.129646 

8 

1.027834 

0.114732 

1.014861 

0.119660 

1.000684 

0.121599 

0.986356 

0.120218 

0.972994 

0.115678 

9 

1.022501 

0.103711 

1.011869 

0.107294 

1.000454 

0.108665 

0.988955 

0.107634 

0.978103 

0.104303 

10 

1.018534 

0.094502 

1.009688 

0.097181 

1.000312 

0.098184 

0.990887 

0.097396 

0.981910 

0.094885 

11 

1.015513 

0.086718 

1.008052 

0.088770 

1.000221 

0.089525 

0.992361 

0.088911 

0.984819 

0.086975 

12 

1.013163 

0.080069 

1.006795 

0.081673 

1.000161 

0.082255 

0.993508 

0.081769 

0.987088 

0.080245 

13 

1,011303 

0.074333 

1.005809 

0.075609 

1.000119 

0.076067 

0.994418 

0.075676 

0.988891 

0.074457 

14 

1.009806 

0.069340 

1.005022 

0.070371 

1.000090 

0.070738 

0.995151 

0.070419 

0.990345 

0.069429 

15 

1.008585 

0.064959 

1.004384 

0.065803 

1.000070 

0.066102 

0.995751 

0.065838 

0.991534 

0.065024 

16 

1.007577 

0.061086 

1.003859 

0.061786 

1.000055 

0.062032 

0.996246 

0.061812 

0.992518 

0.061135 

17 

1.006735 

0.057640 

1.003423 

0.058227 

1.000043 

0.058432 

0.996661 

0.058246 

0.993342 

0.057677 

18 

1.006025 

0.054555 

1.003057 

0.055052 

1.000035 

0.055224 

0;997Q11 

0.055066 

0.994038 

0.054583 

19 

1.005420 

0.051779 

1.002747 

0.052202 

1.000028 

0.052349 

0.997309 

0.052214 

0.994631 

0.051801 

20 

1.004902 

0.049267 

1.002481 

0.049631 

1.000023 

0.049757 

0.997565 

0.049640 

0.995140 

0.049284 

J\* 

0 

0.596347 

1 

0.000000 

0.722657 

2 

0.000000 

3 

0.786251 

0.000000 

0.825383 

4 

0.000000 

0.852111 

5 

0.000000 

1 

0.673321 

0.147864 

0.747012 

0.075661 

0.797036 

0.045686 

0.831126 

0.030619 

0.855544 

0.021985 

2 

0.777514 

0.186570 

0.796965 

0.118228 

0.823055 

0.078753 

0.846097 

0.055494 

0.864880 

0.040999 

3 

0.847468 

0.181226 

0.844361 

0.132252 

0.853176 

0.096659 

0.865521 

0.072180 

0.877860 

0.055341 

4 

0.891460 

0.165207 

0.881036 

0.131686 

0.880584 

0.103403 

0.885308 

0.081408 

0.892143 

0.064825 

5 

0.919826 

0.148271 

0.907873 

0.125136 

0.903152 

0.103577 

0.903231 

0.085187 

0.906058 

0.070209 

6 

0.938827 

0.132986 

0.927384 

0.116656 

0.921006 

0.100357 

0.918527 

0.085460 

0.918708 

0.072544 

7 

0.952032 

0.119807 

0.941722 

0.107990 

0.934958 

0.095598 

0.931209 

0.083666 

0.929765 

0.072792 

8 

0.961512 

0.108589 

0.952435 

0.099830 

0.945868 

0.090303 

0.941594 

0.080755 

0.939221 

0.071700 

9 

0.968512 

0.099045 

0.960582 

0.092408 

0.954457 

0.084986 

0.950072 

0.077313 

0.947219 

0.069799 

10 

0.973810 

0.090888 

0.966885 

0.085758 

0.961283 

0.079898 

0.957007 

0.073688 

0.953955 

0.067447 

11 

0.977904 

0.083871 

0.971842 

0.079836 

0.966766 

0.075147 

0.962708 

0.070080 

0.959626 

0.064878 

12 

0.981127 

0.077790 

0.975799 

0.074567 

0.971216 

0.070769 

0.967423 

0.066599 

0.964412 

0.062242 

13 

0.983706 

0.072484 

0.979000 

0.069873 

0.974865 

0.066762 

0.971351 

0.063300 

0.968464 

0.059630 

14 

0.985799 

0.067822 

0.981621 

0.065679 

0.977888 

0.063104 

0.974646 

0.060206 

0.971911 

0.057096 

15 

0.987519 

0.063698 

0.983791 

0.061921 

0.980414 

0.059767 

0.977430 

0.057322 

0.974858 

0.054671 

16 

0.988949 

0.060029 

0.985606 

0.058539 

0.982544 

0.056723 

0.979799 

0.054644 

0.977391 

0.052371 

17 

0.990149 

0.056745 

0.987138 

0.055485 

0.984353 

0.053941 

0.981827 

0.052162 

0.979579 

0.050200 

18 

0.991167 

0.053792 

0.988442 

0.052717 

0.985902 

0.051394 

0.983574 

0.049861 

0.981478 

0.048160 

19 

0.992036 

0.051122 

0.989561 

0.050199 

0.987237 

0.049057 

0.985089 

0.047728 

0.983135 

0.046245 

20 

0.992784 

0.048699 

0.990527 

0.047900 

0.988395 

0.046909 

0.986410 

0.045749 

0.984587 

0.044449 

r\* 

0 

1 

0.871606 

5 

0.000000 

0.886488 

7 

0.000000 

8 

0.898237 

0.000000 

0.907758 

9 

0.000000 

10 

0.915633 0.000000 

1 

0.873827 

0.016570 

0.888009 

0.012947 

0.899327 

0.010401 

0.908565 

0.008543 

0.916249 

0.007143 

2 

0.880023 

0.031454 

0.892327 

0.024866 

0.902453 

0.020140 

0.910901 

0.016639 

0.918040 

0.013975 

3 

0.889029 

0.043517 

0.898793 

0.034995 

0.907236 

0.028693 

0.914531 

0.023921 

0.920856 

0.020230 

4 

0.899484 

0.052380 

0.906591 

0.Q42967 

0.913167 

0.035755 

0.919127 

0.030145 

0.924479 

0.025717 

5 

0.910242 

0.058259 

0.914952 

0.048780 

0.919729 

0.041242 

0.924336 

0.035208 

0.928664 

0.030334 

6 

0.920534 

0.061676 

0.923283 

0.052667 

0.926481 

0.045242 

0.929836 

0.039123 

0.933175 

0.034063 

7 

0.929945 

0.063220 

0.931193 

0.054971 

0.933096 

0.047942 

0.935365 

0.041986 

0.937807 

0.036944 

8 

0.938313 

0.063425 

0.938469 

0.056047 

0.939359 

0.049570 

0.940731 

0.043936 

0.942398 

0.039060 

9 

0.945629 

0.062714 

0.945023 

0.056211 

0.945154 

0.050349 

0.945812 

0.045128 

0.946833 

0.040514 

10 

0.951965 

0.061408 

0.950850 

0.055725 

0.950427 

0.050481 

0.950535 

0.045711 

0.951035 

0.041413 

11 

0.957427 

0.059735 

0.955987 

0.054790 

0.955176 

0.050135 

0.954870 

0.045818 

0.954959 

0.041861 

12 

0.962128 

0.057855 

0.960495 

0.053560 

0.959421 

0.049444 

0.958814 

0.045563 

0.958586 

0.041948 

13 

0.966178 

0.055877 

0.964444 

0.052146 

0.963201 

0.048514 

0.962379 

0.045038 

0.961913 

0.041755 

14 

0.969673 

0.053874 

0.967903 

0.050627 

0.966559 

0.047425 

0.965591 

0.044319 

0.964949 

0.041347 

15 

0.972699 

0.051894 

0.970935 

0.049062 

0.969539 

0.046236 

0.968477 

0.043463 

0.967710 

0.040780 

16 

0.975326 

0.049966 

0.97359/ 

0.047489 

0.972185 

0.044992 

0.971067 

0.042516 

0.970214 

0.040095 

17 

0.977617 

0.048109 

0.975940 

0.045935 

0.974538 

0.043724 

0.973393 

0.041512 

0.972484 

0.039329 

18 

0.979622 

0.046332 

0.978009 

0.044419 

0.976632 

0.042456 

0.975481 

0.040477 

0.974540 

0.038508 

19 

0.981384 

0.044641 

6.979839 

0.042951 

0.978500 

0.041205 

0.977357 

0.039431 

0.976402 

0.037653 

20 

0.982938 

0.043036 

0.981465 

0.041538 

0.980169 

0.039980 

0.979047 

0.038388 

0.978090 

0.036781 


If *>10 or.y>10 then (see [5.15]) 




0.711093 0.278518 0.010389 

2+0.415775 + 2 +2.29428 + 2+6.2900 


+€,|€|< 3x10-6. 


♦See page n. 


£i(iy)=~Ci(y)+i si(j) (y real) 
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EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS Table 5.6 


ze z E\ (z) 


at 

J 

at 

./ 

St. 

J 

■it 

J 

dt 

J 

ll 

12 

13 

14 

15 

0.922260 

0.000000 

0.927914 

0.000000 

0.932796 

0.000000 

0.937055 

0.000000 

0.940804 

0.000000 

0.922740 

0.006063 

0.928295 

0.005212 

0.933105 

0.004528 

0.937308 

0.003972 

0.941014 

0.003512 

0.924143 

0.011902 

0.929416 

0.010258 

0.934013 

0.008932 

0.938055 

0.007847 

0.941636 

0.006949 

0.926370 

0.017321 

0.931205 

0.014991 

0.935473 

0.013098 

0.939261 

0.011540 

0.942643 

0.010242 

0.929270 

0.022171 

0.933560 

0.019295 

0.937408 

0.016934 

0.940870 

0.014974 

0.943994 

0.013331 

0.932672 

0.026361 

0.936356 

0.023091 

0.939729 

0.020373 

0.942816 

0.018095 

0.945640 

0.016169 

0.936400 

0.029857 

0.939462 

0.026339 

0.942338 

0.023378 

0.945024 

0.020867 

0.947522 

0.018725 

0.940297 

0.032670 

0.942757 

0.029036 

0.945140 

0.025934 

0.947419 

0.023273 

0.949582 

0.020980 

0.944229 

0.034847 

0.946132 

0.031205 

0.948047 

0.028052 

0.949933 

0.025315 

0.951765 

0.022931 

0.948093 

0.036453 

0.949500 

0.032887 

0.950985 

0.029756 

0.952502 

0.027004 

0.954018 

0.024582 

0.951816 

0.037566 

0.952792 

0.034134 

0.953895 

0.031081 

0.955075 

0.028365 

0.956296 

0.025949 

0.955347 

0.038261 

0.955958 

0.035004 

0.956729 

0.032068 

0.957610 

0.029426 

0.958563 

0.027052 

0.958659 

0.038612 

0.958968 

0.035552 

0.959454 

0.032761 

0.960073 

0.030221 

0.960787 

0.027915 

0.961739 

0.038684 

0.961800 

0.035833 

0.962049 

0.033201 

0.962443 

0.030781 

0.962947 

0.028564 

0.964583 

0.038534 

0.964447 

0.035893 

0.964499 

0.033428 

0.964702 

0.031140 

0.965026 

0.029024 

0.967199 

0.038211 

0.966907 

0.035775 

0.966799 

0.033479 

0.966843 

0.031327 

0.967011 

0.029320 

0.969597 

0.037756 

0.969184 

0.035515 

0.968947 

0.033384 

0.968860 

0.031370 

0.968897 

0.029476 

0.971789 

0.037200 

0.971285 

0.035144 

0.970946 

0.033172 

0.970752 

0.031293 

0.970680 

0.029512 

0.973792 

0.036572 

0.973220 

0.034687 

0.972802 

0.032865 

0.972521 

0.031117 

0.972359 

0.029448 

0.975621 

0.035893 

0.974999 

0.034166 

0.974521 

0.032485 

0.974172 

0.030862 

0.973936 

0.029301 

0.977290 

0.035179 

0.976634 

0.033597 

0.976112 

0.032049 

0.975709 

0.030542 

0.975414 

0.029086 

16 

17 

18 

19 

20 

0.944130 

0.000000 

0.947100 

0.000000 

0.949769 

0.000000 

0.952181 

0.000000 

0.954371 

0.000000 

0.944306 

0.003128 

0.947250 

0.002804 

0.949897 

0.002527 

0.952291 

0.002290 

0.954467 

0.002085 

0.944829 

0.006196 

0.947693 

0.005560 

0.950277 

0.005016 

0.952619 

0.004549 

0.954752 

0.004144 

0.945678 

0.009150 

0.948416 

0.008223 

0.950898 

0.007430 

0.953156 

0.006745 

0.955219 

0.006151 

0.946824 

0.011940 

0.949395 

0.010754 

0.951741 

0.009735 

0.953887 

0.008853 

0.955856 

0.008084 

0.948226 

0.014529 

0.950600 

0.013121 

0.952782 

0.011904 

0.954793 

0.010847 

0.956650 

0.009922 

0.949842 

0.016886 

0.951995 

0.015296 

0.953995 

0.013916 

0.955853 

0.012709 

0.957581 

0.011649 

0.951624 

0.018994 

0.953545 

0.017265 

0.955349 

0.015753 

0.957043 

0.014425 

0.958631 

0.013253 

0.953527 

0.020847 

0.955212 

0.019019 

0.956815 

0.017409 

0.958337 

0.015986 

0.959779 

0.014723 

0.955509 

0.022445 

0.956960 

0.020555 

0.958363 

0.018878 

0.959712 

0.017387 

0.961004 

0.016056 

0.957530 

0.023797 

0.958758 

0.021878 

0.959966 

0.020163 

0.961144 

0.018628 

0.962288 

0.017250 

0.959559 

0.024917 

0.960576 

0.022998 

0.961598 

0.021270 

0.962612 

0.019712 

0.963611 

0.018305 

0.961568 

0.025823 

0.962391 

0.023927 

0.963238 

0.022207 

0.964097 

0.020645 

0.964956 

0.019227 

0.963534 

0.026534 

0.964181 

0.024679 

0.964868 

0.022984 

0.965582 

0.021436 

0.966310 

0.020021 

0.965443 

0.027070 

0.965931 

0.025271 

0.966472 

0.023616 

0.967052 

0.022094 

0.967658 

0.020694 

0.967280 

0.027453 

0.967628 

0.025720 

0.968039 

0.024114 

0.968496 

0.022629 

0.968990 

0.021255 

0.969038 

0.027700 

0.969264 

0.026041 

0.969558 

0.024493 

0.969906 

0.023052 

0.970297 

0.021712 

0.970712 

0.027831 

0.970832 

0.026249 

0.971023 

0.024765 

0.971273 

0.023375 

0.971571 

0.022075 

0.972300 

0.027862 

0.972328 

0.026361 

0.972430 

0.024943 

0.972594 

0.023607 

0.972808 

0.022352 

0.973800 

0.027809 

0.973751 

0.026388 

0.973775 

0.025038 

0.973863 

0.023760 

0.974004 

0.022552 

0.975215 

0.027685 

0.975099 

0.026343 

0.975057 

0.025062 

0.975079 

0.023842 

0.975155 

0.022684 


EXPONENTIAL INTEGRAL FOR SMALL COMPLEX ARGUMENTS Table 5.7 


,'t ./ 

4.0 

-0.359552 -0.057540 
-0.347179 -0.078283 
-0.333373 -0.096648 
-0.318556 -0.112633 
-0.303109 -0.126301 
-0.287369 -0.137768 


& -/ 

-3.5 

-0.420509 -0.094868 
-0.400596 -0.119927 
-0.379278 -0.141221 
-0.357202 -0.158890 
-0.334923 -0.173169 
-0.312894 -0.184355 


&E\(z) 

-it ./ 

-3.0 

-0.494576 -0.156411 
-0.462493 -0.185573 
-0.429554 -0.208800 
-0.396730 -0.226575 
-0.364785 -0.239500 
-0.334280 -0.248231 


9t ,/ 

-2.5 

-0.580650 -0.257878 
-0.528987 -0.289009 
-0.478303 -0.310884 
-0.429978 -0.324774 
-0.384941 -0.332047 
-0.343719 -0.334043 


Jt J 

- 2.0 

-0.670483 -0.425168 
-0.587558 -0.451225 
-0.510543 -0.463193 
-0.441128 -0.464163 
-0.380013 -0.457088 
-0.327140 -0.444528 


- 2.0 

-4.261087 0.000000 

-4.219228 0.636779 

-4.094686 1.260867 

-3.890531 1.859922 

-3.611783 2.422284 

-3.265262 2.937296 

0.5 

-0.133374 0.000000 
-0.126168 0.157081 

-0.104687 0.312331 
-0.069328 0.463961 

-0.020743 0,610264 

+0.040177 0.749655 


-1.5 

-2.895820 0.000000 
-2.867070 0.462804 
-2.781497 0.917127 
-2.641121 1.354712 

-2.449241 1.767748 

-2.210344 2.149077 

1.0 

0.219384 0.000000 
0.224661 0.126210 

0.240402 0.251143 

0.266336 0.373547 

0.302022 0.492229 
0.346856 0.606074 


Ei(z)+ln Z 
- 1.0 

-1.895118 0.000000 
-1.875155 0.342700 

-1.815717 0.679691 

-1.718135 1.005410 

-1.584591 1.314586 

-1.418052 1.602372 

1.5 

0.505485 0.000000 

0.509410 0.103432 

0.521123 0.205962 

0.540441 0.306707 

0.567061 0.404823 
0.600568 0.499516 


-0.5 

-1.147367 0.000000 
-1.133341 0.258840 

-1.091560 0.513806 

-1.022911 0.761122 

-0.928842 0.997200 

-0.811327 1.218731 

2.0 

0.742048 0.000000 
0.745014 0.086359 

0.753871 0.172075 
0.768490 0.256515 

0.788664 0.339075 
0.814107 0.419185 


0 

-0.577216 0.000000 

-0.567232 0.199556 

-0.537482 0.396461 

-0.488555 0.588128 

-0.421423 0.772095 

-0.337404 0.946083 

2.5 

0.941206 0.000000 

0.943484 0.073355 

0.950289 0.146246 

0.961532 0.218215 

0.977068 0.288822 

0.996699 0.357653 
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6. Gamma Function and Related Functions 

Mathematical Properties 


6.1. Gamma (Factorial) Function 
Euler’s Integral 

6.1.1 r ( 2 )=J o (@z> 0) 

=A^J o " t l ~ l e~ kt dt (@z> 0, m>0) 

Euler’s Formula 

6.1.2 

Euler’s Infinite Product 

6x3 (|s|< “ } 

T= Jj?. [ 1+ 5+I+i+ • • • +4“ ln m ] 

= .57721 56649. . . 

y is known as Euler’s constant and is given to 25 
decimal places in chapter 1. r(z) is single valued 
and analytic over the entire complex plane, save 
for the points z=— n(n=0, 1, 2, ... ) where it 
possesses simple poles with residue (—1 ) n /nl Its 
reciprocal 1/r (z) is an entire function possessing 
simple zeros at the points z——n{yi= 0, 1, 2, . . .). 

Hankel’s Contour Integral 

6X4 fkrW~ t) " e " dt (|3| <” } 

The path of integration C starts at + a> on the 
real axis, circles the origin in the counterclockwise 
direction and returns to the starting point. 

Factorial and II Notations 

6.1.5 n(z) = z!=r(z+l) 

Integer Values 

6.1.6 r(n+l) = 1-2-3 . . . {n~\)n~n\ 

6.1.7 

!^fF5) =0 -F^IT! ( ’ l=0 - 1 - 2 '-" ) 

Fractional Values 

6.1.8 

r (*)= 2 J o e~ t2 dt=irl= 1.77245 38509 . . . = (-£)! 



Figure 6.1. Gamma function . 

- ,y=r(x), -. y=l/T(x) 


6.1.9 r(3/2) = ^t^=.88622 69254 . . . = ($)! 

6 . 1.10 r(n+l)= 1>5 ' 9 ' 13 4 ;- (4n ~ 3) r(i) 

r(J)=3-62560 99082 . . . 

6 . 1.11 r(n+i)=—- ;1 ° (3>t ~ 2) r(i) 

r(|)=2.67893 85347 . . . 

6 . 1.12 r(n+t) = --- 57 - 2 ; (2 ” -1) r(i) 

6.1.13 r(»+?)= 2 ' 5 ' 8,11 • - (3re ~ 1} r(t) 

r(})=1.35411 79394 . . . 

6.1.14 r ( n+i) = 3 711 - 15 r(t) 

_r(f) = 1.22541 67024 . . . 

•See page n. 
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Recurrence Formulas 


6.1.15 

r(2+l) — zT(z)—z\=z{z— 1)! 

6.1.16 


rfa+z) 

= (n-l+z)(n~2+z) . . . (l + g)r(l + «) 

= (n— l + z)\ 

= (n—l+z) (w—2+ z) . . . ( 1 + 0 ) 2 ! 


Reflection Formula 

6.1.17 

T(z)T{\ — z) = — zT(—z)T{z) = lt esc 1 tz 


-Jrrn* (0< ^ 2<1) 


Duplication Formula 

6.1.18 

r( 20 ) = ( 2 T)-^ 2 2 *-^ T(z) r(g+i) 


Triplication Formula 

6.1.19 

r(3j)=(2ir)- 1 3>‘-i r(z)r(s+i)r(s+4) 


Gauss’ Multiplication Formula 

6.1.20 

T(nz)= (2t)* (1 - ft V*-i n n r^ 0 +- N ) 
k -0 \ n/ 


Binomial Coefficient 

6.1.21 

(z\ _ z! r(z+l) 

\wj w\(z—w)\ r(w+i)r( 2 -w+i) 

6.1.22 

Pochhammer’s Symbol 

(3)o=l 

(®+l)(*+2) • • • ( S +»-D=+^ 

(z)„=Z 

Gamma Function in the Complex Plane 

6.1.23 

r(s) = r( 2 ); In r(g)=ln T(z) 

6.1.24 

arg T( 0 +l)=arg r(s)+arctan| 

6.1.25 

\T(x+iy)\ 2 _ r, , y 2 T 1 

1 r(z) 1 “oL 

6.1.26 

|T(z+iy)| <|r(z)| 

6.1.27 


arg T(x+iy)=y*l,(x)+it (^-arctan 


(x+iy^ 0,-1,—2, . . . 

where 

^(z)=r'(z)/r(z) 

6.1.28 

r(l+iy)—iy r(iy) 


6.1.29 r(iy)r(-^)Hr(W=^^ 

6.1.30 r (*+*») r (i-iy)= I r»+iy) 

6.1.31 r(l+ij,)r(l-iy) = |r(l+iy)| ! = a ^L 

6.1.32 ra^riH)- ^^- 

Power Series 

6.1.33 

In r(l + *)=-]n(l+*)+*(l-7) 

+± (-l)*[f(»)-l]«"/» (|*l<2) 
«-2 

f (ti) is the Riemann Zeta Function (see chapter 

23). 

Series Expansion 2 for l/r(z) 


61M +y=|>* z ‘ <M<“> 


• k 

C* 

Ci x ,'1 

1. 00000 00000 000000 

v '• 2 

0. 57721 56649 015329 / 

3 

—0.65587 80715 202538 ^ - 

—0. 04200 26350 340952 

5 

0. 16653 86113 822915 - 

6 

—0.04219 77345 555443 ' 

7 

—0. 00962 19715 278770 

8 

0.00721 89432 466630 u 

9 

—0.00116 51675 918591 

10 

—0.00021 52416 741149 

11 

0.00012 80502 823882 

12 

—0. 00002 01348 547807 0 

13 

-0. 00000 12504 934821 l 

14 

0.00000 11330 272320 2- 

15 

-0. 00000 02056 338417 S 

16 

0.00000 00061 160950 f 

17 

0. 00000 00050 020075 ^ 

18 

-0.00000 00011 812746 (? 

19 

0. 00000 00001 043427 \ 

20 

0. 00000 00000 077823+ 

21 

-0. 00000 00000 036968 C\ 

22 

0. 00000 00000 005100 ^ 

23 

-0.00000 00000 000206 V 

24 

-0. 00000 00000 000054 U 

25 

0.00000 00000 000014 0 

26 

0.00000 00000 000001 t 

2 The coefficients c k are from H. T. Davis, Tables of 
higher mathematical functions, 2 vols., Principia Press, 

Bloomington, 

Ind., 1933, 1935 (with permission); with 

| corrections due to H. E. Salzer. 
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Polynomial Approximations 3 

6.1.35 0<z<l 

T(x+ 1) =z! = 1+-}- a 2 x 2 + a z x z +a 4 z 4 + a 5 x 5 + e(x) 

Wx)\<5XW-* 


Oj=-. 57486 46 
a 2 = .95123 63 
a 3 =~. 69985 88 


«4 = 

a 5 = 


. 42455 49 
10106 78 


6.1.36 0<£<1 

r(x+l)=z!=l+6 1 z+6 2 x 2 + . . . + 6 8 z 8 +€(z) 

|€(sc) | < 3 X 10 ~ 7 


bi= — . 57719 1652 
b 2 — .98820 5891 

6 3 = —. 89705 6937 
6 4 = . 91820 6857 


65 =-. 75670 4078 
6 6 = .48219 9394 

6 7 =-. 19352 7818 
6 S = . 03586 8343 


Stirling’s Formula 

6.1.37 

571 ”1 

“2488320s 4 "* J (z -* 00 in |arg 3 |<t) 


139 


6.1.38 


_ - ..ri 

‘2.oSom$Oz s J 

(z>0, O<0<1) 

Asymptotic Formulas 

6.1.39 

r(az-\-b)~Tj2re~ az (az) az+l, ~l (|arg z\<(ir, a> 0 ) 

6.1.40 

In r(g) ~( 3 —£) In sIn ( 2 ir) 




B 2 „ 


(z-^co in |arg 3 |<tt) 


2m(2m-l)z* n - 

For B n see chapter 23 

6.1.41 

m r ( .)~(,-*) m in 


1 


12603 s I 68 O 3 7 


+• 


(z-»® in |arg z\<tt) 


3 From C. Hastings, Jr., Approximations for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955 
(with permission). 


Error Term for Asymptotic Expansion 

6.1.42 

If 

#*(3)= In r (3) — (3— £) In 3+3—£ In (2ir) 


-2 


B 2 V 


2m(2m— 1 ) 3 2m_1 


then 


where 


I 7? (m\\ <- \B*n + l\K(z) _ 

1 n(2;|S (2n+l)(27t+2)|3| 2 «+ 1 


i£( 3 )=upper bound| 2 2 /('M 2 +^ 2 )| 

u>0 

For 3 real and positive, R n is less in absolute value 
than the first term neglected and has the same 
sign. 

6.1.43 

#ln T(iy)=mn T(-iy) 

m In (■ * ) 

\y srnh ry / 

In (2m) —%iry—%hi y, (y-*+ °°) 

6.1.44 

yin r(iy)=arg V (iy)=—&rg T(-iy) 

= —yin T(-iy) 

~y In y-y-U-t, 

(y->+ 00 ) 

6.1.45 lim(27r) ~^| T (x+'iy) l^ 1 * 1 |y| i“*=1 


6.1.46 


6.1.47 


T(n+ 6 ) 


, r(3+q) (tt-6)(q+6-l) 

r(3+6) “i" 23 


+ 1^C2 6 )(3(a+^-D 2 -a+6-l)^+ • • ■ 

as 3 ->oo along any curve joining 3=0 and 3 =°°, 
providing 35 ^ —a, —a—l, . . . ; z?± —6, —6—1, 
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Continued Fraction 

6.1.48 

In T(z)+z—(z— i) In z—\ In (2ir) 

_ ®0 d\ 0,2 O3 O4 ®s 

z+ z-j- z-j- z-j- z-j- z-j- . 


? z >0) 


22999 


53 


29944523 


,195 

37l’ 

109535241009 
= 48264275462 


Wallis’ Formula 4 


6.1.49 


2 f r/ Y sin Y\dx 1-3-5 . . . (27^—1) 

TrJo \cosJ xax 2.4-6... (2») 

_ (2 n)\ 1 (2n\ r(n+|) 

2 2n (n\) 2 2 2n \nJ irir(rt-f-l) 

^_Lfi^l + _L_I 

M L 8n'l28n 2 J 


Some Definite Integrals 

6.1.50 

ln r(z)= J.”[ (z_1) 7 

= (z— i) In z—z+i ln 2ir 
+2 r»aro 

Jo 0 1 

6.2. Beta Function 

6.2.1 


(n—>co) 


?z>0) 


n>o) 



Figure 6.2. Psi function. 

y—}J/(x) = d ln r (x)fdx 



Fractional Values 


(n> 2) 


6.3.3 


^(i) = —T—2ln 2=-1.96351 00260 21423 . . . 




r*i2 

—2 J (sin t) 


2l ~ l (cos t) 2w ~ l dt 

Wz> 0 ti 


0 ) 


6.2.2 


B(z,w)= 


T(z)T(w) 

T(z+w) 


—B(w,z) 


6.3.4 


Wre + i) = - Y _21n2+2(l+i+ • • • + 2 ^j) 

(«>1) 


Recurrence Formulas 


6.3. Psi (Digamma) Function 5 
6.3.1 *(z)=d[ln T(z)]/dz=T'(z)/T{z) 


4 Some authors employ the special double factorial nota¬ 
tion as follows: 

(2 n) ! ! =2-4-6 . . . (2n)=2 n n ! 

(2n —1) ! ! =1-3-5 . . . (2n-l)=,r-i 2 n r(n-H) 

5 Some authors write \p(z) =J^ In r(z-j-1) and similarly for 
the polygamma functions. 


6.3.5 +(z+l)=f(z)+\ 

6.3.6 


\f/(n-j-z) = 


1 


(n—l)-j-z~(n—2)+z^ 


+ 2Ti + TTi + ' K1+2!) 
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6.3.7 

Reflection Formula 

^(1— z) = \p(z)-\--K COt 7T2 


Duplication Formula 

6.3.8 

t(2z)=iM2)+iHz+i) +In 2 

6.3.9 

Psi Function in the Complex Plane 

Hz) = Hz) 

6.3.10 

@'P(iy)=£%H—iy)=^^(i-\-iy)—iy) 

6.3.11 

Ji>{iy)=\y~ x -\-\ t coth % ry 

6.3.12 

J r 4'(i J i-iy)=?Tr tanh iry 

6.3.13 

J'PO- +w/) = —^+s it coth iry 


=2/S(^+2/ 2 )- 1 

71 = 1 


Series Expansions 

6.3.14 ^(1+z) ——'y+XJ(— l) n ^(n)z n ~ 1 (|z|<l) 

6.3.15 

\f/(l-\-z)=%2~ 1 —§TT COt 7T2—(1 —2 2 ) -1 + l—7 

“S[f(2n+l)-l]z 2 " (|*|<2) 

6.3.16 

^( l + S )=- T +±^ FJ5 (.*-1 - 2 ,- 3 , . . . ) 

6.3.17 

+£ (-l)" +1 [f(2»+l)-l] y “ 

Qy <2) 

=-'>'+2/*S»- 1 (« s +l^ , )- I 

(-»<yO) 

Asymptotic Formulas 

6.3.18 


Hz) ~lnz-—- 


^ B 2n 

^ 2712 2n 


=ln 2 - 


1 


1 


2z 12s 2 ‘ 120z 4 252z 6 


or:o^6 ' • • 


(z—> oo in |arg 2 |<» 


6.3.19 






t=i 2ny 2n 
=ln y+ IV + 1207 4+ 25V + ’ 

Extrema 8 of T(a:) — Zeros of <p(x) 
T'(x n )=t(x n )=0 




n 

x n 

r(x„) 

0 

+ 1.462 

+0. 886 

1 

-0. 504 

-3. 545 

2 

-1.573 

+2. 302 

3 

-2. 611 

-0. 888 

4 

-3. 635 

+0. 245 

5 

-4. 653 

-A). 053 

6 

-5. 667 

+0. 009 

7 

-6. 678 

-0. 001 


. %u 


' - x 0 = 1*46163 21449 68362 Hi*, 
r (aj 0 ) = *88560 31944 10889 

6.3.20 Xn=— 7i+(ln 7i)“ 1 +o[(ln 7i)“ 2 ] 

Definite Integrals 


6.3.21 


-/.ww* 

=ln 3 2s 2 Jo (<’+a ! )(« ! 


(^>0) 


tdt 


(W *\< f) 


6.3.22 


-j/gw 




" t 


6 From W. Sibagaki, Theory and applications of the 
gamma function, Iwanami Syoten, Tokyo, Japan, 1952 
(with permission). 
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6.4. Polygamma Functions 7 


6.4.1 

In r(z) 

(»= 1,2,3, . . . ) 

, =(— 1 )’ +, J 0 "f=F' rft (@z>0) 

'l' ln) (z),(n= 0,1, . . .), is a single valued analytic 
function over the entire complex plane save at 
the points z= — m(m—0, 1,2, . . . ) where it pos¬ 
sesses poles of order (n-J-1). 

O 

Integer Values 

6.4.2* 

* (B> (l) = (-l) B+1 n!f(ft+l) (n= 1,2,3, . .) 

6.4.3 

*'">(n+l)=(-l)*m! [-r(m+l)+l 

+25TT.+ • • • +^] 


Fractional Values 

6.4.4 ' 

V n \h) = (- l) B+1 n!(2» +1 - l)f (»+1) 

(n=l,2, . . . ) 

6.4.5 ^(n+i) ==^—4 it (2A:—l) -2 

t-i 

Recurrence Formula 

6.4.6 V n) (z+ 1) =V n) (s) + (-1 Yn\z -'~ ]1 

Reflection Formula 

6.4.7 

*<'Hl-*) + (-l)" + V (>, (*) = (-l)V^ cot TZ 


Multiplication Formula 

6.4.8 

• #»(«.)-*! »+ J i ri gV(«+^) 

5=1, n=0 
5=0, n>0 

7 4'' is known as the trigamma function. 4>", ^ (s) , are 
the tetra-, penta-, and hexagamma functions respectively. 
Some authors write *( 2 ) =d[lnr(s+ l))/dz, and similarly 
for the polygamma functions. 

•See page 11. 


6.4.9 


Series Expansions 


*"”(l+z)=(—l)" +l f(«+f) 


] 


6.4.10 

V*'(z)=(-l)* +l n\jt(z+k)- 


rw <0 

\ 

■l 

(Z5*0,-1,—2,...) 


Asymptotic Formulas 


6.4.11 


+ S g2 * ( (2^!g“+" ! ] {Z 00 in I arg 2 I 


6.4.12 


1 


1 , _i_ L_l 

^0.7 00^91 • 


z ' 2z 2 ' 6z 3 30z 5 ~42z 7 SOz 2 " 1 

(«-*» in | arg z|<» 


6.4.13 

.\ __i_i_1_,_1_1_ ,_3_5_, 

v ^ z 2 z 3 2z 4 ' 6z“ 6z 8 ~^10z 10 6z ,2 ^~ 

(z-^ooin | arg z |<tt) 

6.4.14 

* K ) z 3 ' z 4 ' z s z 7+ 3z # z ll+ z 13 * • • 

(2-»« in I arg z |<ir) 


6.5. Incomplete Gamma Function 
(see also 26.4) 


6.5.1 

P(a, /) = r -^y £ dt (&a>0) 

6.5.2 

y(a, x) —P(a, z)F(a)= J^e~ , t a ~ l dt {0la> 01 

6.5.3 

T(a, z) = V(a)—y(a, z) — J* e~ l t a ~ l dt 

6.5.4 

7* (a, r) = x~ a P{a, x) =^jT(a, r) 

7* is a single valued analytic function of o and 
x possessing no finite singularities. 
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a 



From F. G. Tricomi, Sulla funzione gamma incompleta, Annali di Matematica, IV, 33, 1950 (with permission). 


•See page O. 
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Probability Integral of the x 2 -Distribution 

P(x 2 \v) = - f * fo~ l e~*dt 

*-Kir 

6.5.6 

(Pearson’s Form of the Incomplete Gamma Function) 

I( ' u ’P )= rli+r)L‘' !iV ' e " t ’ dt 

=p(p+i, Wp+i) 

6.5.7 C(x,a)=j t a ~ l cos tdt 

6.5.8 S(x,a)=J P -1 sin tdt (^a<l) 


6.5.9 


6.5.10 


E n (x) —Jj e Xt t~ n dt=x n ^(1— n,x) 

1 

a n (x)=Jj e~ xi t n dt=x~ n ~ l T(\-\-n ) x ) 


6.5.11 


■ ( * )= §7! 


6.5.16 7 ( 


(§, X 2 ) — 2^ e~‘ 2 dt=«Jir erf 
6.5.17 r(i,x 2 )=2^ e~ t2 dt~-y/r 

bR x 7 *(i-^)=J o 


6.5.18 


erfc x 

l dt 


6.5.19 r(—n,x)=^-’ 

6.5.20 T(a,ix)=e^ ria [C(x,a)—iS(x,a )] 


Recurrence Formulas 


Incomplete Gamma Function as a Confluent 
Hypergeometric Function (see chapter 13) 

6.5.12 7 (a,x)=a-Ve“ z M(l, l+a,x) 

=ar 1 x° M(a, 1+a,— x) 

Special Values 

6.5.13 

P(»,*)=l-(l+z+g+ . .. +(^i)e-‘ 

= l—e n -i(x)e~ x 

For relation to the Poisson distribution, see 
26.4. 


6.5.21 

6.5.22 

6.5.23 

6.5.24 


P(a+1, x)=P(a, x) — 


x?e~ x 


T(a+1) 
7 (a + 1 ,x) = ay (a,x) — x a e~ x 
e~ x 


y*(a— 1 , x) =X 7 * ( a,x) + 


T(a) 


Derivatives and Differential Equations 


(©..« =-p J r i_ln I= “ £l(l)_ln x 

6.5.25 

OX ox 


6.5.26 


^ [x"°r(a,x)]=(—l) n x _0_ ' t r(a+7i,x) 


6.5.27 

jr 

dx* 


(7t=0,l,2, . . .) 


[e*xV (a,x)]=e*x°- n 7 *(a“W, x) 


6.5.14 


7*( — n, x)=x n 


(n= 0,1,2,.. .) 


6.5.28 x^~-d-(a-+-14-x)^^-+a7*—0 


Series Developments 


6.5.29 

r 


co 1 ^ ( — 2)* 

( fl,2 ) =e "S r(a+7t+l) = I>) § (fl+nh! 


(MO) 


6.5.15 r(0 ,x)=f* e-‘t~ 1 dt=Ei(x) 
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6.7. Use and Extension of the Tables 

Example 1. Compute r(6.38) to 8S. Using 
the recurrence relation 6.1.16 and Table 6.1 we 
have, 

r(6.38) = [(5.38) (4.38) (3.38) (2.38) ( 1 .38)]r(1.38) 
= 232.43671. 

Example 2. Compute In T(56.38), using Table 
6.4 and linear interpolation in f 2 . We have 

In r(56.38) = (56.38-*) In (56.38)-(56.38) 

+/ 2 ( 56 . 38 ) 


The error of linear interpolation in the table of 
the function f 2 is smaller than 10 -7 in this region. 
Hence, / 2 (56.38) =.92041 67 and In T(56.38) = 
169.85497 42. 

Direct interpolation in Table 6.4 of log 10 T(n) 
eliminates tlie necessity of empkmng logarithms. 
However, the error of linear interpolation is .002 so 
that logio r(r?) is obtained with a relative error 
of 10' 6 . 

•See page 11 . 
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Example 3. Compute \K6.38) to 8S. Using the 
recurrence relation 6.3.6 and Table 6.1. 


6.8. Summation of Rational Series by Means 
of Polygamma Functions 


^(6.38) 5 - 3 8 +4 i38 +3 - 38+2.38 + 1.38 + ^ < ' 1 ' 38) 
=1.77275 59. 

Example 4. Compute \^(56.38). Using Table 
6.3 we have ^(56.38) =ln 56.38-/ 3 (56.38). 

The error of linear interpolation in the table of 
the function / a is smaller than 8X10 -7 in this 
region. Hence,/ 3 (56.38) = .00889 53 and\K56.38) = 
4.023219. 

Example 5. Compute In r(l—i). From the 
reflection principle 6.1.23 and Table 6.7, 
In r(l-i) =ln r(l-H) = -.6509+ .3016L 

Example 6. Compute In r (-£+££). Taking 
the logarithm of the recurrence relation 6.1.15 we 
have, 

In T (£+*;) =ln r(f+£i)-ln (*+#) 

= — .23419+.03467i 
— (£ In £4 -i arctan 1) 

= .11239—.75073i 


An infinite series whose general term is a ra¬ 
tional function of the index may always be reduced 
to a finite series of psi and polygamma functions. 
The method will be illustrated by writing the ex¬ 
plicit formula when the denominator contains a 
triple root. 

Let the general term of an infinite series have 
the form 

_ p(n) 

U *~~ di{n)d 2 (n)d z (n) 

where 

d l (n) = {n-\- ai)(n+aa) . . . (n+aj 

d 2 (n) = (n+0 1 y{n+02 ) 2 . . . fa+fr ) 2 

d 3 {n) = (n+y 1 ) z {n+y 2 y . . . (n+ 7,) 3 

where p(n) is a polynomial of degree m+2r+3s~2 
at most and where the constants a u (3*, and y t are 
distinct. Expand u n in partial fractions as follows 


The logarithms of complex numbers are found 
from 4.1.2. 




(»+&) “*■(*+A) 2 


Example 7. Compute In r(3+7i) using the 
duplication formula 6.1.18. Taking the logarithm 
of 6.1.18, we have 

—j In 2tt=- .91894 
(f+7i) In 2 = 1.73287+ 4.85203i 
In r(f+ii)=-3.31598+ 2.32553 i 
In r(2+$i) = -2.66047+ 2.93869i 

In r(3+7i) = -5.16252+10.11625i 


(n+7 t )^(n+7,) 2i "(n+7,) 3 

X &u4-S 

ft- 1 ft-1 ft = l 

Then, we may express X in terms of the 

71 = 1 

constants appearing in this partial fraction expan¬ 
sion as follows 


Example 8. Compute In r(3+7i) to 5D using 
the asymptotic formula 6.1.41. We have 

In (3+ 7i) = 2.03022 15+1.16590 45i. 

Then, 

(2.5+7i) In (3+7i) =—3. 0857779+17.1263119i 
- (3+ 7i) = -3.0000000- 7.0000000i 
i In (2 tt)= .9189385 

[12(3+7i)]” I = . 0043103- . 0100575i 

— [360(3+7i) 3 ] _l = . 0000059- . 0000022i 


-± Ma+w+g htpa+e,) 

-S ft,*(i+-r,)+± 

i=l i=l 

-£|V'(i+7,). 


In r(3+7i) = —5. 16252 +10. 11625i 


Higher order repetitions in the denominator are 
handled similarly. If the denominator contains 
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only simple or double roots, omit the correspond¬ 
ing lines. 


Example 9. Find 




1 


Since 


S=i (»+l)(2n+l)(4n+l) 


i i 


(w+l)(2»+l)(4»+l) n+1 
we have 

«i=lj «2—o£ 3 —ai=i, a 2 =—1, a 3 =f. 
Thus, 

s=-§*(2) +K1 h) -1^(1 i) = .047198. 

Example 10. 

1 



Find X) 


^n 2 (87i+l) 2 


Since - 


1 


16 16 , 1 , 1 


J rt 2 (8rc+l) 2 n n 2 ^(n+|) 2 

we have, 

01 = 0, 02 = 8 > ^ll = — 16, b\2~ 16, bzi— 1, Z>22= 1. 


Therefore 

16 ^( 1 ) - 16 *( 1 *) + *'( 1 )+*'( 1 *) = . 013499 . 

Example 11. 

1 


Evaluate - 


(see also 6.3.13). 


'^(w 2 +l)(n 2 +4) 

e hare 1 J l(- _M 

’ (n ! +D(n ! +4) 6 W* n-*/ 

_A/_U—LA 

12 \n+2t n—2i) 

Hence, a,=|, « 2 ==-, a,== l , « ( =^> 

ai=i, a 2 =— h az=2i, a 4 =—2 i, 

and therefore 




By 6.3.9, this reduces to 

«=|y#(l+*)-|j r \Kl+2i). 

From Table 6.8, s=.13876. 
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GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS Table 6.1 


£ 

r(ar) 

In 

r(->0 


+'(*) 


1.000 

1.00000 

00000 

0.00000 

00000 

-0.57721 

56649 

1.64493 

40668 

0.000 

1.005 

0.99713 

85354 

-0.00286 

55666 

-0.56902 

09113 

1.63299 

41567 

0.005 

1.010 

0.99432 

58512 

-0.00569 

03079 

-0.56088 

54579 

1.62121 

35283 

0.010 

1.015 

0.99156 

12888 

-0.00847 

45187 

-0.55280 

85156 

1.60958 

91824 

0.015 

1.020 

0.98884 

42033 

-0.01121 

84893 

-0.54478 

93105 

1.59811 

81919 

0.020 

1.025 

0.98617 

39633 

-0.01392 

25067 

-0.53682 

70828 

1.58679 

76993 

0.025 

1.030 

0.98354 

99506 

-0.01658 

68539 

-0.52892 

10873 

1.57562 

49154 

0.030 

1.035 

0.98097 

15606 

-0.01921 

18101 

-0.52107 

05921 

1.56459 

71163 

0.035 

1.040 

0.97843 

82009 

-0.02179 

76511 

-0.51327 

48789 

1.55371 

16426 

0.040 

1.045 

0.97594 

92919 

-0.02434 

46490 

-0.50553 

32428 

1.54296 

58968 

0.045 

1.050 

0.97350 

42656 

-0.02685 

30725 

-0.49784 

49913 

1.53235 

73421 

0.050 

1.055 

0.97110 

25663 

-0.02932 

31868 

-0.49020 

94448 

1.52188 

35001 

0.055 

1.060 

0.96874 

36495 

-0.03175 

52537 

-0.48262 

59358 

1.51154 

19500 

0.060 

1.065 

0.96642 

69823 

-0.03414 

95318 

-0.47509 

38088 

1.50133 

03259 

0.065 

1.070 

0.96415 

20425 

-0.03650 

62763 

-0.46761 

24199 

1.49124 

63164 

0.070 

1.075 

0.96191 

83189 

-0.03882 

57395 

-0.46018 

11367 

1.48128 

76622 

0.075 

1.080 

0.95972 

53107 

-0.04110 

81702 

-0.45279 

93380 

1.47145 

21556 

0.080 

1.085 

0.95757 

25273 

-0.04335 

38143 

-0.44546 

64135 

1.46173 

76377 

0.085 

1.090 

0.95545 

94882 

-0.04556 

29148 

-0.43818 

17635 

1.45214 

19988 

0.090 

1.095 

0.95338 

57227 

-0.04773 

57114 

-0.43094 

47988 

1.44266 

31755 

0.095 

1.100 

0.95135 

07699 

-0.04987 

24413 

-0.42375 

49404 

1.43329 

91508 

0.100 

1.105 

0.94935 

41778 

-0.05197 

33384 

-0.41661 

16193 

1.42404 

79514 

0.105 

1.110 

0.94739 

55040 

-0.05403 

86341 

-0.40951 

42761 

1.41490 

76482 

0.110 

1.115 

0.94547 

43149 

-0.05606 

85568 

-0.40246 

23611 

1.40587 

63535 

0.115 

1.120 

0.94359 

01856 

-0.05806 

33325 

-0.39545 

53339 

1.39695 

22213 

0.120 

1.125 

0.94174 

26997 

-0.06002 

31841 

-0.38849 

26633 

1.38813 

34449 

0.125 

1.130 

0.93993 

14497 

-0.06194 

83322 

-0.38157 

38268 

1.37941 

82573 

0.130 

1.135 

0.93815 

60356 

-0.06383 

89946 

-0.37469 

83110 

1.37080 

49288 

0.135 

1.140 

0.93641 

60657 

-0.06569 

53867 

-0.36786 

56106 

1.36229 

17670 

0.140 

1.145 

0.93471 

11562 

-0.06751 

77212 

-0.36107 

52291 

1.35387 

71152 

0.145 

1.150 

0.93304 

09311 

-0.06930 

62087 

-0.35432 

66780 

1.34555 

93520 

0.150 

1.155 

0.93140 

50217 

-0.07106 

10569 

-0.34761 

94768 

1.33733 

68900 

0.155 

1.160 

0.92980 

30666 

-0.07278 

24716 

-0.34095 

31528 

1.32920 

81752 

0.160 

1.165 

0.92823 

47120 

-0.07447 

06558 

-0.33432 

72413 

1.32117 

16859 

0.165 

1.170 

0.92669 

96106 

-0.07612 

58106 

-0.32774 

12847 

. 1.31322 

59322 

0.170 

1.175 

0.92519 

74225 

-0.07774 

81345 

-0.32119 

48332 

1.30536 

94548 

0.175 

1.180 

0.92372 

78143 

-0.07933 

78240 

-0.31468 

74438 

1.29760 

08248 

0.180 

1.185 

0.92229 

04591 

-0.08089 

50733 

-0.30821 

86809 

1.28991 

86421 

0.185 

1.190 

0.92088 

50371 

-0.08242 

00745 

-0.30178 

81156 

1.28232 

15358 

0.190 

1.195 

0.91951 

12341 

-0.08391 

30174 

-0.29539 

53259 

1.27480 

81622 

0.195 

1.200 

0.91816 

87424 

-0.08537 

40900 

-0.28903 

98966 

1.26737 

72054 

0.200 

1.205 

0.91685 

72606 

-0.08680 

34780 

-0.28272 

14187 

1.26002 

73755 

0.205 

1.210 

0.91557 

64930 

-0.08820 

13651 

-0.27643 

94897 

1.25275 

74090 

0.210 

1.215 

0.91432 

61500 

-0.08956 

79331 

-0.27019 

37135 

1.24556 

60671 

0.215 

1.220 

0.91310 

59475 

-0.09090 

33619 

-0.26398 

37000 

1.23845 

21360 

0.220 

1.225 

0.91191 

56071 

-0.09220 

78291 

-0.25780 

90652 

1.23141 

44258 

0.225 

1.230 

0.91075 

48564 

-0.09348 

15108 

-0.25166 

94307 

1.22445 

17702 

0.230 

1.235 

0.90962 

34274 

-0.09472 

45811 

-0.24556 

44243 

1.21756 

30254 

0.235 

1.240 

0.90852 

10583 

-0.09593 

72122 

-0.23949 

36791 

1.21074 

70707 

0.240 

1.245 

0.90744 

74922 

-0.09711 

95744 

-0.23345 

68341 

1.20400 

28063 

0.245 


0.09827 18364 -0.22745 35334 1.19732 91545 0.250 

ln »! ±]nyi ^ln»! « 

m m ra 

Iog 10 e=0.43429 44819 

Compiled from H. T. Davis, Tables of the higher mathematical functions, 2 vols. (Principia 
Press, Bloomington, Ind., 1933, 1935) (with permission). Known error has been corrected. 


1.250 0.90640 24771 

?/! 

ra 

For re >2 see Examples 1-4. 
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Table 6.1 GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS 


X 

rO) 

In r(x) 

i(x) 

'P'ix) 


1.250 

0.90640 

24771 

-0.09827 18364 

-0.22745 

35334 

1.19732 

91545 

0.250 

1.255 

0.90538 

57663 

-0.09939 

41651 

-0.22148 

34266 

1.19072 

50579 

0.255 

1.260 

0.90439 

71178 

-0.10048 

67254 

-0.21554 

61686 

1.18418 

94799 

0.260 

1.265 

0.90343 

62946 

-0.10154 

96809 

-0.20964 

14193 

1.17772 

14030 

0.265 

1.270 

0.90250 

30645 

-0.10258 

31932 

-0.20376 

88437 

1.17131 

98301 

0.270 

1.275 

0.90159 

71994 

-0.10358 74224 

-0.19792 

81118 

1.16498 

37821 

0.275 

1.280 

0.90071 

84765 

-0.10456 

25269 

-0.19211 

88983 

1.15871 

22990 

0.280 

1.285 

0.89986 66769 

-0.10550 

86634 

-0.18634 

08828 

1.15250 

44385 

0.285 

1.290 

0.89904 

15863 

-0.10642 

59872 

-0.18059 

37494 

1.14635 

92764 

0.290 

1.295 

0.89824 

29947 

-0.10731 

46519 

-0.17487 

71870 

1.14027 

59053 

0.295 

1.300 

0.89747 

06963 

-0.10817 

48095 

-0.16919 

08889 

1.13425 

34350 

0.300 

1.305 

0.89672 

44895 

-0.10900 

66107 

-0.16353 

45526 

1.12829 

09915 

0.305 

1.310 

0.89600 

41767 

-0.10981 

02045 

-0.15790 

78803 

1.12238 

77175 

0.310 

1.315 

0.89530 

95644 

-0.11058 

57384 

-0.15231 

05782 

1.11654 

27706 

0.315 

1.320 

0.89464 

04630 

-0.11133 

33587 

-0.14674 

23568 

1.11075 

53246 

0.320 

1.325 

0.89399 

66866 

-0.11205 

32100 

-0.14120 

29305 

1.10502 

45678 

0.325 

1.330 

0.89337 

80535 

-0.11274 

54356 

-0.13569 

20180 

1.09934 

97037 

0.330 

1.335 

0.89278 

43850 

-0.11341 

01772 

-0.13020 

93416 

1.09372 

99497 

0.335 

1.340 

0.89221 

55072 

-0.11404 

75756 

-0.12475 

46279 

1.08816 

45379 

0.340 

1.345 

0.89167 

12485 

-0.11465 

77697 

-0.11932 

76069 

1.08265 

27136 

0.345 

1.350 

0.89115 

14420 

-0.11524 

08974 

-0.11392 

80127 

1.07719 

37361 

0.350 

1.355 

0.89065 

59235 

-0.11579 

70951 

-0.10855 

55827 

1.07178 

68773 

0.355 

1.360 

0.89018 45324 

-0.11632 

64980 

-0.10321 

00582 

1.06643 

14226 

0.360 

1.365 

0.88973 

71116 

-0.11682 

92401 

-0.09789 

11840 

1.06112 

66696 

0.365 

1.370 

0.88931 

35074 

-0.11730 

54539 

-0.09259 

87082 

1.05587 

19286 

0.370 

1.375 

0.88891 

35692 

-0.11775 

52707 

-0.08733 

23825 

1.05066 

65216 

0.375 

1.380 

0.88853 

71494 

-0.11817 

88209 

-0.08209 

19619 

1.04550 

97829 

0.380 

1.385 

0.88818 

41041 

-0.11857 

62331 

-0.07687 

72046 

1.04040 

10578 

0.385 

1.390 

0.88785 

42918 

-0.11894 76353 

-0.07168 

78723 

1.03533 

97036 

0.390 

1.395 

0.88754 

75748 

-0.11929 

31538 

-0.06652 

37297 

1.03032 

50881 

0.395 

1.400 

0.88726 

38175 

-0.11961 

29142 

-0.06138 

45446 

1.02535 

65905 

0.400 

1.405 

0.88700 

28884 

-0.11990 

70405 

-0.05627 

00879 

1.02043 

36002 

0.405 

1.410 

0.88676 

46576 

-0.12017 

56559 

-0.05118 

01337 

1.01555 

55173 

0.410 

1.415 

0.88654 

89993 

-0.12041 

88823 

-0.04611 

44589 

1.01072 

17518 

0.415 

1.420 

0.88635 

57896 

-0.12063 

68406 

-0.04107 

28433 

1.00593 

17241 

0.420 

1.425 

0.88618 

49081 

-0.12082 

96505 

-0.03605 

50697 

1.00118 

48640 

0.425 

1.430 

0.88603 

62361 

-0.12099 

74307 

-0.03106 

09237 

0.99648 

06113 

0.430 

1.435 

0.88590 

96587 

-0.12114 

02987 

-0.02609 

01935 

0.99181 

84147 

0.435 

1.440 

0.88580 

50635 

-0.12125 

83713 

-0.02114 

26703 

0.98719 

77326 

0.440 

1.445 

0.88572 

23397 

-0.12135 

17638 

-0.01621 

81479 

0.98261 

80318 

0.445 

1.450 

0.88566 

13803 

-0.12142 

05907 

-0.01131 

64226 

0.97807 

87886 

0.450 

1.455 

0.88562 

20800 

-0.12146 

49657 

-0.00643 

72934 

0.97357 

94874 

0.455 

1.460 

0.88560 

43364 

-0.12148 

50010 

-0.00158 

05620 

0.96911 

96215 

0.460 

1.465 

0.88560 

80495 

-0.12148 

08083 

+0.00325 

39677 

0.96469 

86921 

0.465 

1.470 

0.88563 

31217 

-0.12145 

24980 

0.00806 

64890 

0.96031 

62091 

0.470 

1.475 

0.88567 

94575 

-0.12140 

01797 

0.01285 

71930 

0.95597 

16896 

0.475 

1.480 

0.88574 

69646 

-0.12132 

39621 

0.01762 

62684 

0.95166 

46592 

0.480 

1.485 

0.88583 

55520 

-0.12122 

39528 

0.02237 

39013 

0.94739 

46509 

0.485 

1.490 

0.88594 

51316 

-0.12110 

02585 

0.02710 

02758 

0.94316 

12052 

0.490 

1.495 

0.88607 

56174 

-0.12095 

29852 

0.03180 

55736 

0.93896 

38700 

0.495 

1.500 

0.88622 

69255 

-0.12078 

22376 

0.03648 

99740 

0.93480 

22005 

0.500 


y 

i? 

In y\ 

* d , , 

dy X *' J ' 

* d 2 , . 

W Xriy - 

If 


m 

m 

[ ( - 

n 

[ ( - 

f] 
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X 

H x ) 

In 

r (*) 

^(x) 

i'{x) 


1.500 

0.88622 

69255 

-0.12078 

22376 

0.03648 

99740 

0.93480 

22005 

0.500 

1.505 

0.88639 

89744 

-0.12058 

81200 

0.04115 

36543 

0.93067 

57588 

0.505 

1.510 

0.88659 

16850 

-0.12037 

07353 

0.04579 

67896 

0.92658 

41142 

0.510 

1.515 

0.88680 

49797 

-0.12013 

01860 

0.05041 

95527 

0.92252 

68425 

0.515 

1.520 

0.88703 

87833 

-0.11986 

65735 

0.05502 

21146 

0.91850 

35265 

0.520 

1.525 

0.88729 

30231 

-0.11957 

99983 

0.05960 

46439 

0.91451 

37552 

0.525 

1.530 

0.88756 

76278 

-0.11927 

05601 

0.06416 

73074 

0.91055 

71245 

0.530 

1.535 

0.88786 

25287 

-0.11893 

83580 

0.06871 

02697 

0.90663 

32361 

0.535 

1.540 

0.88817 

76586 

-0.11858 

34900 

0.07323 

36936 

0.90274 

16984 

0.540 

1.545 

0.88851 

29527 

-0.11820 

60534 

0.07773 

77400 

0.89888 

21253 

0.545 

1.550 

0.88886 

83478 

-0.11780 

61446 

0.08222 

25675 

0.89505 

41371 

0.550 

1.555 

0.88924 

37830 

-0.11738 

38595 

0.08668 

83334 

0.89125 

73596 

0.555 

1.560 

0.88963 

91990 

-0.11693 

92928 

0.09113 

51925 

0.88749 

14249 

0.560 

1.565 

0.89005 

45387 

-0.11647 

25388 

0.09556 

32984 

0.88375 

59699 

0.565 

1.570 

0.89048 

97463 

-0.11598 

36908 

0.09997 

28024 

0.88005 

06378 

0.570 

1.575 

0.89094 

47686 

-0.11547 

28415 

0.10436 

38544 

0.87637 

50766 

0.575 

1.580 

0.89141 

95537 

-0.11494 

00828 

0.10873 

66023 

0.87272 

89402 

0.580 

1.585 

0.89191 

40515 

-0.11438 

55058 

0.11309 

11923 

0.86911 

18871 

0.585 

1.590 

0.89242 

82141 

-0.11380 

92009 

0.11742 

77690 

0.86552 

35815 

0.590 

1.595 

0.89296 

19949 

-0.11321 

12579 

0.12174 

64754 

0.86196 

36921 

0.595 

1.600 

0.89351 

53493 

-0.11259 

17657 

0.12604 

74528 

0.85843 

18931 

0.600 

1.605 

0.89408 

82342 

-0.11195 

08127 

0.13033 

08407 

0.85492 

78630 

0.605 

1.610 

0.89468 

06085 

-0.11128 

84864 

0.13459 

67772 

0.85145 

12856 

0.610 

1.615 

0.89529 

24327 

-0.11060 

48737 

0.13884 

53988 

0.84800 

18488 

0.615 

1.620 

0.89592 

36685 

-0.10990 

00610 

0.14307 

68404 

0.84457 92455 

0.620 

1.625 

0.89657 

42800 

-0.10917 

41338 

0.14729 

12354 

0.84118 

31730 

0.625 

1.630 

0.89724 

42326 

-0.10842 

71769 

0.15148 

87158 

0.83781 

33330 

0.630 

1.635 

0.89793 

34930 

-0.10765 

92746 

0.15566 

94120 

0.83446 

94315 

0.635 

1.640 

0.89864 

20302 

-0.10687 

05105 

0.15983 

34529 

0.83115 

11790 

0.640 

1.645 

0.89936 

98138 

-0.10606 

09676 

0.16398 

09660 

0.82785 

82897 

0.645 

1.650 

0.90011 

68163 

-0.10523 

07282 

0.16811 

20776 

0.82459 

04826 

0.650 

1.655 

0.90088 

30104 

-0.10437 

98739 

0.17222 

69122 

0.82134 

74802 

0.655 

1.660 

0.90166 

83712 

-0.10350 

84860 

0.17632 

55933 

0.81812 

90092 

0.660 

1.665 

0.90247 

28748 

-0.10261 

66447 

0.18040 

82427 

0.81493 

48001 

0.665 

1.670 

0.90329 

64995 

-0.10170 

44301 

0.18447 

49813 

0.81176 

45875 

0.670 

1.675 

0.90413 

92243 

-0.10077 

19212 

0.18852 

59282 

0.80861 

81094 

0.675 

1.680 

0.90500 

10302 

-0.09981 

91969 

0.19256 

12015 

0.80549 

51079 

0.680 

1.685 

0.90588 

18996 

-0.09884 

63351 

0.19658 

09180 

0.80239 

53282 

0.685 

1.690 

0.90678 

18160 

-0.09785 

34135 

0.20058 

51931 

0.79931 

85198 

0.690 

1.695 

0.90770 

07650 

-0.09684 

05088 

0.20457 

41410 

0.79626 

44350 

0.695 

1.700 

0.90863 

87329 

-0.09580 

76974 

0.20854 

78749 

0.79323 

28302 

0.700 

1.705 

0.90959 

57079 

-0.09475 

50552 

0.21250 

65064 

0.79022 

34645 

0.705 

1.710 

0.91057 

16796 

-0.09368 

26573 

0.21645 

01462 

0.78723 

61012 

0.710 

1.715 

0.91156 

66390 

-0.09259 

05785 

0.22037 

89037 

0.78427 

05060 

0.715 

1.720 

0.91258 

05779 

-0.09147 

88929 

0.22429 

28871 

0.78132 

64486 

0.720 

1.725 

0.91361 

34904 

-0.09034 

76741 

0.22819 

22037 

0.77840 

37011 

0.725 

1.730 

0.91466 

53712 

-0.08919 

69951 

0.23207 

69593 

0.77550 

20396 

0.730 

1.735 

0.91573 

62171 

-0.08802 

69286 

0.23594 

72589 

0.77262 

12424 

0.735 

1.740 

0.91682 

60252 

-0.08683 

75466 

0.23980 

32061 

0.76976 

10915 

0.740 

1.745 

0.91793 

47950 

-0.08562 

89203 

0.24364 

49038 

0.76692 

13714 

0.745 

1.750 

0.91906 

25268 

-0.08440 

11210 

0.24747 

24535 

0.76410 

18699 

0.750 
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GAMMA FUNCTION AND RELATED FUNCTIONS 


Table 6.1 GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS 


X 

r(z) 

In 

r (*) 

*( a: ) 

(x) 


1.750 

0.91906 

25268 

-0.08440 

11210 

0.24747 

24535 

0.76410 

18699 

0.750 

1.755 

0.92020 

92224 

-0.08315 

42192 

0.25128 

59559 

0.76130 

23773 

0.755 

1.760 

0.92137 

48846 

-0.08188 

82847 

0.25508 

55103 

0.75852 

26870 

0.760 

1.765 

0.92255 

95178 

-0.08060 

33871 

0.25887 

12154 

0.75576 

25950 

0.765 

1.770 

0.92376 

31277 

-0.07929 

95955 

0.26264 

31686 

0.75302 

19003 

0.770 

1.775 

0.92498 

57211 

-0.07797 

69782 

0.26640 

14664 

0.75030 

04040 

0.775 

1.780 

0.92622 

73062 

-0.07663 

56034 

0.27014 

62043 

0.74759 

79107 

0.780 

1.785 

0.92748 

78926 

-0.07527 

55386 

0.27387 

74769 

0.74491 

42268 

0.785 

1.790 

0.92876 

74904 

-0.07389 

68509 

0.27759 

53776 

0.74224 

91617 

0.790 

1.795 

0.93006 

61123 

-0.07249 

96070 

0.28129 

99992 

0.73960 

25271 

0.795 

1.800 

0.93138 

37710 

-0.07108 

38729 

0.28499 

14333 

0.73697 

41375 

0.800 

1.805 

0.93272 

04811 

-0.06964 

97145 

0.28866 

97707 

0.73436 

38093 

0.805 

1.810 

0.93407 

62585 

-0.06819 

71969 

0.29233 

51012 

0.73177 

13620 

0.810 

1.815 

0.93545 

11198 

-0.06672 

63850 

0.29598 

75138 

0.72919 

66166 

0.815 

1.820 

0.93684 

50832 

-0.06523 

73431 

0.29962 

70966 

0.72663 

93972 

0.820 

1.825 

0.93825 

81682 

-0.06373 

01353 

0.30325 

39367 

0.72409 

95297 

0.825 

1.830 

0.93969 

03951 

-0.06220 

48248 

0.30686 

81205 

0.72157 

68426 

0.830 

1.835 

0.94114 

17859 

-0.06066 

14750 

0.31046 

97335 

0.71907 

11662 

0.835 

1.840 

0.94261 

23634 

-0.05910 

01483 

0.31405 

88602 

0.71658 

23333 

0.840 

1.845 

0.94410 

21519 

-0.05752 

09071 

0.31763 

55846 

0.71411 

01788 

0.845 

1.850 

0.94561 

11764 

-0.05592 

38130 

0.32119 

99895 

0.71165 

45396 

0.850 

1.855 

0.94713 

94637 

-0.05430 

89276 

0.32475 

21572 

0.70921 

52546 

0.855 

1.860 

0.94868 

70417 

-0.05267 

63117 

0.32829 

21691 

0.70679 

21650 

0.860 

1.865 

0.95025 

39389 

-0.05102 

60260 

0.33182 

01056 

0.70438 

51138 

0.865 

1.870 

0.95184 

01855 

-0.04935 

81307 

0.33533 

60467 

0.70199 

39461 

0.870 

1.875 

0.95344 

58127 

-0.04767 

26854 

0.33884 

00713 

0.69961 

85089 

0.875 

1.880 

0.95507 

08530 

-0.04596 

97497 

0.34233 

22577 

0.69725 

86512 

0.880 

1.885 

0.95671 

53398 

-0.04424 

93824 

0.34581 

26835 

0.69491 

42236 

0.885 

1.890 

0.95837 

93077 

-0.04251 

16423 

0.34928 

14255 

0.69258 

50790 

0.890 

1.895 

0.96006 

27927 

-0.04075 

65875 

0.35273 

85596 

0.69027 

10717 

0.895 

1.900 

0.96176 

58319 

-0.03898 

42759 

0.35618 

41612 

0.68797 

20582 

0.900 

1.905 

0.96348 

84632 

-0.03719 

47650 

0.35961 

83049 

0.68568 

78965 

0.905 

1.910 

0.96523 

07261 

-0.03538 

81118 

0.36304 

10646 

0.68341 

84465 

0.910 

1.915 

0.96699 

26608 

-0.03356 

43732 

0.36645 

25136 

0.68116 

35696 

0.915 

1.920 

0.96877 

43090 

-0.03172 

36054 

0.36985 

27244 

0.67892 

31293 

0.920 

1.925 

0.97057 

57134 

-0.02986 

58646 

0.37324 

17688 

0.67669 

69903 

0.925 

1.930 

0.97239 

69178 

-0.02799 

12062 

0.37661 

97179 

0.67448 

50194 

0.930 

1.935 

0.97423 

79672 

-0.02609 

96858 

0.37998 

66424 

0.67228 

70846 

0.935 

1.940 

0.97609 

89075 

-0.02419 

13581 

0.38334 

26119 

0.67010 

30559 

0.940 

1.945 

0.97797 

97861 

-0.02226 

62778 

0.38668 

76959 

0.66793 

28044 

0.945 

1.950 

0.97988 

06513 

-0.02032 

44991 

0.39002 

19627 

0.66577 

62034 

0.950 

1.955 

0.98180 

15524 

-0.01836 

60761 

0,39334 

54805 

0.66363 

31270 

0.955 

1.960 

0.98374 

25404 

-0.01639 

10621 

0.39665 

83163 

0.66150 

34514 

0.960 

1.965 

0.98570 

36664 

-0.01439 

95106 

0,39996 

05371 

0.65938 

70538 

0.965 

1.970 

0.98768 

49838 

-0.01239 

14744 

0.40325 

22088 

0.65728 

38134 

0.970 

1.975 

0.98968 

65462 

-0.01036 

70060 

0.40653 

33970 

0.65519 

36104 

0.975 

1.980 

0.99170 

84087 

-0.00832 

61578 

0.40980 

41664 

0.65311 

63266 

0.980 

1.985 

0.99375 

06274 

-0.00626 

89816 

0.41306 

45816 

0,65105 

18450 

0.985 

1.990 

0.99581 

32598 

-0.00419 

55291 

0.41631 

47060 

0.64900 

00505 

0.990 

1.995 

0.99789 

63643 

-0.00210 

58516 

0.41955 

46030 

0.64696 

08286 

0.995 

2.000 

1.00000 

00000 

0.00000 

00000 

0.42278 

43351 

0.64493 

40668 

1.000 
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TETRAGAMMA AND PENTAGAMMA FUNCTIONS Table 6.2 


J ■ 

t (./■) 



,r 

+"(r) 



1.00 

-2.40411 38063 

6.49393 

94023 

0. 00 

1.50 

-0.82879 66442 

1.40909 10340 

0.50 

1.01 

-2.34039 86771 

6.25106 

18729 

0. 01 

1.51 

-0.81487 76121 

1.37489 70527 

0.51 

1.02 

-2.27905 42052 

6.01969 

49890 

0.02 

1.52 

-0,80129 51399 

1.34177 21104 

0.52 

1.03 

-2.21996 85963 

5.79918 

38573 

0.03 

1.53 

-0.78803 87419 

1.30967 56244 

0.53 

1.04 

-2.16303 63855 

5.58891 

68399 

0.04 

1.54 

-0.77509 83287 

1.27856 88154 

0. 54 

1.05 

-2.10815 80219 

5.38832 

23132 

0. 05 

1.55 

-0.76246 41904 

1.24841 46160 

0. 55 

1.06 

-2.05523 94833 

5.19686 

56970 

0.06 

1.56 

-0.75012 69793 

1.21917 75841 

0.56 

1.07 

-2.00419 19194 

5.01404 

67303 

0.07 

1.57 

-0.73807 76946 

1.19082 38216 

0.57 

1.08 

-1.95493 13213 

4.83939 

69702 

0.08 

1.58 

-0.72630 76669 

1.16332 08979 

0. 58 

1.09 

-1.90737 82154 

4.67247 

74947 

0.09 

1.59 

-0.71480 85441 

1.13663 77770 

0.59 

1.10 

-1.86145 73783 

4.51287 

67903 

0.10 

1.60 

-0.70357 22779 

1.11074 47490 

0.60 

1.11 

-1.81709 75731 

4.36020 

88083 

0. 11 

1.61 

-0.69259 11105 

1.08561 33658 

0.61 

1.12 

-1.77423 13035 

4.21411 

11755 

0.12 

1.62 

-0.68185 75627 

1.06121 63792 

0. 62 

1.13 

-1.73279 45852 

4.07424 

35447 

0.13 

1.63 

-0.67136 44220 

1.03752 76835 

0.63 

1.14 

-1.69272 67342 

3.94028 

60737 

0.14 

1.64 

-0.66110 47316 

1.01452 22608 

0.64 

1.15 

-1.65397 01677 

3.81193 

80220 

0.15 

1.65 

-0.65107 17793 

0.99217 61290 

0. 65 

1.16 

-1.61647 02206 

3.68891 

64540 

0.16 

1.66 

-0.64125 90881 

0.97046 62927 

0. 66 

1.17 

-1.58017 49731 

3.57095 

50416 

0. 17 

1.67 

-0.63166 04061 

0.94937 06973 

0.67 

1.18 

-1.54503 50903 

3.45780 

29554 

0.18 

1.68 

-0.62226 96973 

0.92886 81843 

0.68 

1.19 

-1.51100 36723 

3.34922 

38402 

0.19 

1.69 

-0.61308 11332 

0.90893 84502 

0. 69 

1.20 

-1.47803 61144 

3.24499 

48647 

0.20 

1.70 

-0.60408 90841 

0.88956 20066 

0.70 

1.21 

-1.44608 99765 

3.14490 

58422 

0.21 

1.71 

-0.59528 81112 

0.87072 01433 

0. 71 

1.22 

-1.41512 48602 

3.04875 

84139 

0.22 

1.72 

-0.58667 29593 

0.85239 48922 

0.72 

1.23 

-1.38510 22950 

2.95636 

52925 

0.23 

1.73 

-0.57823 85490 

0.83456 89940 

0.73 

1.24 

-1.35598 56308 

2.86754 

95589 

0.24 

1.74 

-0.56997 99702 

0.81722 58660 

0.74 

1.25 

-1.32773 99375 

2.78214 

40092 

0.25 

1.75 

-0.56189 24756 

0.80034 95719 

0. 75 

1.26 

-1.30033 19112 

2.69999 

05478 

0.26 

1.76 

-0.55397 14738 

0.78392 47929 

0.76 

1.27 

-1.27372 97857 

2.62093 96227 

0.27 

1.77 

-0.54621 25238 

0.76793 68005 

0. 77 

1.28 

-1.24790 32496 

2.54484 

97000 

0.28 

1.78 

-0.53861 13291 

0.75237 14300 

0. 78 

1.29 

-1.22282 33691 

2.47158 

67746 

0.29 

1.79 

-0.53116 37320 

0.73721 50564 

0. 79 

1.30 

-1.19846 25147 

2.40102 

39143 

0.30 

1.80 

-0.52386 57084 

0.72245 45705 

0. 80 

1.31 

-1.17479 42923 

2.33304 

08348 

0.31 

1.81 

-0.51671 33630 

0.70807 73565 

0.81 

1,32 

-1.15179 34794 

2.26752 

35032 

0. 32 

1.82 

-0.50970 29242 

0.69407 12710 

0.82 

1.33 

-1.12943 59642 

2.20436 

37678 

0.33 

1.83 

-0.50283 07396 

0.68042 46226 

0.83 

1.34 

-1.10769 86881 

2.14345 90132 

0.34 

1.84 

-0.49609 32712 

0.66712 61527 

0.84 

1.35 

-1.08655 95925 

2.08471 

18367 

0. 35 

1.85 

-0.48948 70921 

0.65416 50169 

0. 85 

1.36 

-1.06599 75682 

2.02802 

97472 

0. 36 

1.86 

-0.48300 88813 

0.64153 07680 

0.86 

1.37 

-1.04599 24073 

1.97332 

48830 

0. 37 

1.87 

-0.47665 54207 

0.62921 33389 

0. 87 

1.38 

-1.02652 47586 

1.92051 

37473 

0. 38 

1.88 

-0.47042 35909 

0.61720 30270 

0.88 

1.39 

-1.00757 60850 

1.86951 

69616 

0. 39 

1.89 

-0.46431 03677 

0.60549 04793 

0.89 

1.40 

-0.98912 86236 

1.82025 

90339 

0.40 

1.90 

-0.45831 28188 

0.59406 66772 

0. 90 

1.41 

-0.97116 53479 

1.77266 

81419 

0.41 

1.91 

-0.45242 81007 

0.58292 29238 

0.91 

1.42 

-0.95366 99322 

1.72667 

59295 

0. 42 

1.92 

-0.44665 34549 

0.57205 08299 

0. 92 

1.43 

-0,93662 67177 

1.68221 

73161 

0.43 

1.93 

-0.44098 62055 

0.56144 23020 

0.93 

1.44 

-0.92002 06808 

1.63923 

03178 

0.44 

1.94 

-0.43542 37563 

0.55108 95304 

0.94 

1.45 

-0.90383 74031 

1.59765 

58792 

0. 45 

1.95 

-0.42996 35876 

0.54098 49774 

0.95 

1.46 

-0.88806 30426 

1.55743 

77157 

0. 46 

1.96 

-0.42460 32537 

0.53112 13668 

0.96 

1.47 

-0.87268 43070 

1.51852 

21649 

0.47 

1.97 

-0.41934 03805 

0.52149 16733 

0.97 

1.48 

-0.85768 84281 

1.48085 

80478 

0. 48 

1.98 

-0.41417 26631 

0.51208 91127 

0. 98 

1.49 

-0.84306 31376 

1.44439 65370 

0. 49 

1.99 

-0.40909 78630 

0.50290 71324 

0. 99 

1.50 

-0.82879 66442 

1.40909 

10340 

0.50 

2.00 

-0.40411 38063 

0.49393 94023 

1.00 


W ln yl 

dy K 

In y\ 

y 



dt' n Vl 

y 


r(- 4 ) 3 l 

r(-3)n 



[■(-SHI 




L 7 J 

1 

7 I 



L 6 J 

L 6 J 



Compiled from H. 

T. Davis, Tables of the higher mathematical functions, 

2 vols. (Principia Press, 
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Table 6.3 GAMMA AND DIGAMMA FUNCTIONS FOR INTEGER AND HALF-INTEGER VALUES 

V v(h) l/r(H) l’(w + £) 'l'(n) A (n) ,/'.;(») 

1 ( 0)1.00000 00000 ( 0)1.00000 000 (-1)8.86226 93 -0.57721 56649 1.08443 755 0.57721 566 

2 ( 0)1.00000 00000 0)1.00000 000 ( 0)1.32934 04 +0.42278 43351 1.04220 712 0.27036 285 

3 ( 0 2.00000 00000 (- 1)5.00000 000 ( 0)3.32335 10 0.92278 43351 1.02806 452 0.17582 795 

4 ( 0)6.00000 00000 (- l)1.66666 667 ( l)1.16317 28 1.25611 76684 1.02100 830 0.13017 669 

5 ( 1)2.40000 00000 (- 2)4.16666 667 ( l) 5.23427 78 1.50611 76684 1.01678 399 0.10332 024 

6 ( 2)1.20000 00000 (- 3)8.33333 333 ( 2)2.87885 28 1.70611 76684 1.01397 285 0.08564 180 

7 ( 2)7.20000 00000 (- 3)1.38888 889 ( 3) 1.87125 43 1.87278 43351 1.01196 776 0.07312 581 

8 3)5.04000 00000 - 4)1.98412 698 4)1.40344 07 2.01564 14780 1.01046 565 0.06380 006 

9 ( 4)4.03200 00000 (- 5)2.48015 873 ( 5 1.19292 46 2.14064 14780 1.00929 843 0.05658 310 

10 ( 5)3.62880 00000 (- 6)2.75573 192 ( 6) 1.13327 84 2.25175 25891 1.00836 536 0.05083 250 

11 ( 6)3.62880 00000 (- 7)2.75573 192 ( 7)1.18994 23 2.35175 25891 1.00760 243 0.04614 268 

12 ( 7)3.99168 00000 (- 8)2.50521 084 ( 8)1.36843 37 2.44266 16800 1.00696 700 0.04224 497 

13 ( 8)4.79001 60000 (- 9)2.08767 570 ( 9) 1.71054 21 2.52599 50133 1.00642 958 0.03895 434 

14 ( 9)6.22702 08000 (-10) 1.60590 438 (10) 2.30923 18 2.60291 80902 1.00596 911 0.03613 924 

15 (10)8.71782 91200 (-11) 1.14707 456 (11)3.34838 61 2.67434 66617 1.00557 019 0.03370 354 

16 (12)1.30767 43680 (-13)7.64716 373 (12)5.18999 85 2.74101 33283 1.00522 124 0.0315"? 539 

17 (13)2.09227 89888 (-14)4.77947 733 (13)8.56349 74 2.80351 33283 1.00491 343 0.02970 002 

18 (14)3.55687 42810 (-15)2.81145 725 15) 1.49861 21 2.86233 68577 1.00463 988 0.02803 490 

19 (15)6.40237 37057 (-16 1.56192 070 16 2.77243 23 2.91789 24133 1.00439 519 0.02654 657 

20 (17)1.21645 10041 (-18)8.22063 525 (17)5.40624 30 2.97052 39922 1.00417 501 0.02520 828 

21 (18)2.43290 20082 (-19)4.11031 762 (19)1.10827 98 3.02052 39922 1.00397 584 0.02399 845 

22 (19)5.10909 42172 (-20)1.95729 411 (20)2.38280 16 3.06814 30399 1.00379 480 0.02289 941 

23 (21)1.12400 07278 (-22)8.89679 139 (21) 5.36130 36 3.11359 75853 1.00362 953 0.02189 663 

24 (22)2.58520 16739 (-23)3.86817 017 (23) 1.25990 63 3.15707 58462 1.00347 806 0.02097 798 

25 (23)6.20448 40173 (-24) 1.61173 757 (24)3.08677 05 3.19874 25129 1.00333 872 0.02013 331 

26 (25)1.55112 10043 (-26)6.44695 029 (25)7.87126 49 3.23874 25129 1.00321 011 0.01935 403 

27 (26)4.03291 46113 (-27)2.47959 626 (27)2.08588 52 3.27720 40513 1.00309 105 .0.01863 281 

28 28)1.08888 69450 (-29 9.18368 986 28)5.73618 43 3.31424 10884 1.00298 050 0.01796 342 

29 (29)3.04888 34461 (-30)3.27988 924 (30) 1.63481 25 3.34995 53741 1.00287 758 0.01734 046 

30 (30)8.84176 19937 '-3l) 1.13099 629 ( 3l) 4.82269 69 3.38443 81327 1.00278 154 0.01675 925 

31 (32)2.65252 85981 (-33)3.76998 763 (33)1.47092 26 3.41777 14660 1.00269 170 0.016Z1 574 

32 (33)8.22283 86542 (-34)1.21612 504 (34)4.63340 61 3.45002 95305 1.00260 748 0.01570 637 

33 (35 2.63130 83693 -36 3.80039 076 (36)1.50585 70 3.48127 95305 1.00252 837 0.01522 803 

34 (36)8.68331 76188 (-37)1.15163 356 (37)5.04462 09 3.51158 25608 1.00245 392 0.01477 796 

35 (38)2.95232 79904 (-39)3.38715 754 (39) 1.74039 42 3.54099 43255 1.00238 372 0.01435 374 

36 (40)1.03331 47966 .-41)9.67759 296 (40)6.17839 94 3.56956 57541 1.00231 744 0.01395 318 

37 41)3.71993 32679 (-42)2.68822 027 (42)2.25511 58 3.59734 35319 1.00225 474 0.01357 438 

38 (43)1.37637 53091 (-44 7.26546 018 (43)8.45668 42 3.62437 05589 1.00219 534 0.01321 560 

39 (44)5.23022 61747 (-45) 1.91196 320 (45)3.25582 34 3.65068 63484 1.00213 899 0.01287 530 

40 (46)2.03978 82081 (-47)4.90246 976 (47) 1.28605 02 3.67632 73740 1.00208 546 0.01255 208 

41 (47)8.15915 28325 (-48)1.22561 744 (48)5.20850 35 3.70132 73740 1.00203 455 0.01224 469 

42 (49)3.34525 26613 (-50)2.98931 083 (50) 2.16152 90 3.72571 76179 1.00198 606 0.01195 200 

43 51)1.40500 61178 (-52)7.11740 673 5l)9.18649 81 3.74952 71417 1.00193 983 0.01167 297 

44 (52)6.04152 63063 (-53)1.65521 087 (53)3.99612 67 3.77278 29557 1.00189 570 0.01140 668 

45 (54)2.65827 15748 (-55)3.76184 288 (55)1.77827 64 3.79551 02284 1.00185 354 0.01115 226 

46 (56)1.19622 22087 (-57)8.35965 084 (56)8.09115 74 3.81773 24506 1.00181 321 0.01090 895 

47 (57)5.50262 21598 (-58)1.81731 540 (58)3.76238 82 3.83947 15811 1.00177 460 0.01067 602 

48 (59)2.58623 24151 (-60)3.86662 851 (60)1.78713 44 3.86074 81768 1.00173 759 0.01045 283 

49 (61)1.24139 15593 (-62)8.05547 607 (6l)8.66760 18 3.88158 15102 1.00170 210 0.01023 879 

50 (62)6.08281 86403 (-63)1.64397 471 (63)4.29046 29 3.90198 96734 1.00166 803 0.01003 333 

51 (64)3.04140 93202 (-65)3.28794 942 (65)2.16668 38 3.92198 96734 1.00163 530 0.00983 596 

(«-l)l 1 /("-!)! (»-*)'. * 

«H2.)‘«“+»,-»/ 1 (») #(„Hn 11 -/ 3 ( 11 ) !2.) i -2.50662 82746 31001 

*00 compiled from H. T. Davis, Tables of the higher mathematical functions, 2 vols. (Principia Press, 
Bloomington, Ind., 1933, 1935) (with permission). 


"See page n. 
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TaMe 6.3 


(;AMMA AND DIGAMMA FUNCTIONS FOR INTEGER AND HALE-INTEGER VALUES 


V 

r(«) 


1/rOO 


r(«+l) 


H») 


/:>(») 

51 

( 64)3.04140 

93202 

f- 65[ 

) 3.28794 

942 

( 65)2.16668 

38 

3.92198 

96734 

1.00163 

530 

0.00983 

596 

52 

( 66 1.55111 

87533 

- 67 

6.44695 

964 

67 1.11584 

21 

3.94159 

75166 

1.00160 

383 

0.00964 

620 

53 

67)8.06581 

75171 

- 68 

) 1.23979 

993 

68 5.85817 

12 

3.96082 

82858 

1.00157 

355 

0.00946 

363 

54 

( 69)4.27488 

32841 

- 70’ 

) 2.33924 

515 

( 70)3.13412 

16 

3.97969 

62103 

1.00154 

438 

0.00928 

784 

55 

( 71)2.30843 

69734 

[- 72)4.33193 

547 

( 72)1.70809 

63 

3.99821 

47288 

1.00151 

628 

0.00911 

846 

56 

[ 73)1.26964 

03354 

[- 74J 

17.87624 

631 

( 73)9.47993 

44 

4.01639 

65470 

1.00148 

919 

0.00895 

514 

57 

74)7.10998 

58780 

[- 75! 

)1.40647 

255 

( 75 5.35616 

29 

4.03425 

36899 

1.00146 

304 

0.00879 

758 

58 

( 76)4.05269 

19505 

" 77 i 

) 2.46749 

571 

77 3.07979 

37 

4.05179 

75495 

1.00143 

780 

0.00864 

546 

59 

78 2.35056 

13313 

" 79 

14.25430 

295 

[ 79)1.80167 

93 

4.06903 

89288 

1.00141 

341 

0.00849 

852 

60 

[ 80)1.38683 

11855 

i- 8i| 

) 7.21068 

296 

[ 8l)1.07199 

92 

4.08598 

80814 

1.00138 

984 

0.00835 

648 

61 

( 81)8.32098 

71127 . 

(- 82 ; 

>1.20178 

049 

[ 82)6.48559 

51 

4.10265 

47481 

1.00136 

704 

0.00821 

912 

62 

[ 83)5.07580 

21388 

- 84’ 

>1.97013 

196 

[ 84)3.98864 

10 

4.11904 

81907 

1.00134 

498 

0.00808 

619 

63 

[ 85 3.14699 

73260 

- 86 

>3.17763 

219 

[ 86 2.49290 

06 

4.13517 

72229 

1.00132 

362 

0.00795 

750 

64 

( 87) 1.98260 

83154 

- 88 

) 5.04386 

062 

[ 88)1.58299 

19 

4.15105 

02388 

1.00130 

292 

0.00783 

284 

65 

; 89)1.26886 

93219 

[- 90[ 

>7.88103 

221 

[ 90)1.02102 

98 

4.16667 

52388 

1.00128 

286 

0.00771 

203 

66 

f 90)8.24765 

05921 

[- 9i; 

>1.21246 

649 

[ 91)6.68774 

50 

4.18205 

98542 

1.00126 

341 

0.00759 

489 

67 

[ 92)5.44344 

93908 

93 

>1.83707 

044 

[ 93)4.44735 

04 

4.19721 

13693 

1.00124 

455 

0.00748 

125 

68 

94)3-64711 

10918 

95 

>2.74189 

619 

95)3.00196 

15 

4.21213 

67425 

1.00122 

623 

0.00737 

096 

69 

96 2.48003 

55424 

- 97 ! 

>4.03220 

028 

[ 97 2.05634 

36 

4.22684 

26248 

1.00120 

845 

0.00726 

388 

70 

; 98)1.71122 

45243 

- 99] 

>5.84376 

852 

[ 99)1.42915 

88 

4.24133 

53785 

1.00119 

118 

0.00715 

986 

71 

[ 100)1.19785 

71670 

-101) 

>8.34824 

074 

[101)1.00755 

70 

4.25562 

10927 

1.00117 

439 

0.00705 

878 

72 

; 101)8.50478 

58857 

-102 

>1.17580 

856 

102)7.20403 

24 

4.26970 

55998 

1.00115 

807 

0.00696 052 

73 

103)6.12344 

58377 

-104 

>1.63306 

744 

104)5.22292 

35 

4.28359 

44887 

1.00114 220 

0.00686 

495 

74 

! 105) 4.47011 

54615 

-106] 

12.23707 

868 

* 106) 3.83884 

87 

4.29729 

31188 

1.00112 

675 

0.00677 

197 

75 

[ 107)3.30788 

54415 

-108] 

>3.02307 

930 

[108)2.85994 

23 

4.31080 

66323 

1.00111 

172 

0.00668 

148 

76 

’109)2.48091 

40811 

-110) 

>4.03077 

240 

110)2.15925 

64 

4.32413 

99657 

1.00109 

709 

0.00659 

337 

77 

111)1.88549 

47017 

-112] 

>5.30364 

789 

[ 112)1.65183 

12 

4.33729 

78604 

1.00108 

283 

0.00650 

756 

78 

113)1.45183 

09203 

-114 

>6.88785 

441 

114)1.28016 

92 

4.35028 

48734 

1.00106 

894 

0.00642 

395 

79 

115)1.13242 

81178 

-116] 

18.83058 

257 

116)1.00493 

28 

4.36310 

53862 

1.00105 

540 

0.00634 

247 

80 

! 116) 8.94618 

21308 ( 

-117) 

>1.11779 

526 

117)7.98921 

57 

4.37576 

36140 

1.00104 

220 

0.00626 

302 

81 

'118) 7.15694 

57046 ( 

-119) 

H.39724 

408 

119)6.43131 

87 

4.38826 

36140 

1.00102 

933 

0.00618 

554 

82 

120) 5.79712 

60207 

-121 

11.72499 

269 

121)5.24152 

47 

4.40060 

92931 

1.00101 

677 

0.00610 

995 

83 

122 4.75364 

33370 ( 

-123) 

12.10364 

962 

123 4.32425 

79 

4.41280 

44150 

1.00100 

452 

0.00603 

619 

84 

'124) 3.94552 

39697 

-125 

12.53451 

761 ( 

125)3.61075 

53 

4.42485 

26078 

1.00099 

255 

0.00596 

419 

85 

1126) 3.31424 

01346 j 

-127) 

13.01728 

287 ( 

127)3.05108 

83 

4.43675 

73697 

1.00098 

087 

0.00589 

389 

86 

’128)2.81710 

41144 ( 

-129) 

13.54974 

456 ( 

129)2.60868 

05 

4.44852 

20756 

1.00096 

946 

0.00582 

522 

37 

130)2.42270 

95384 ( 

-131) 

14.12760 

995 

131)2.25650 

86 

4.46014 

99825 

1.00095 

831 

0.00575 

814 

88 

; 132)2.10775 

72984 ( 

-133 

>4.74437 

926 j 

133)1.97444 

50 

4.47164 42354 

1.00094 

741 

0.00569 

258 

89 

; 134)1.85482 

64226 ( 

-135 

>5.39134 

006 

135)1.74738 

38 

4.48300 

78718 

1.00093 

676 

0.00562 

850 

90 

;136)1.65079 

55161 ( 

-137] 

(6.05768 

546 j 

137)1.56390 

85 

4.49424 

38268 

1.00092 

635 

0.00556 

584 

91 

; 138) 1.48571 

59645 ( 

-139) 

16.73076 

163 ( 

139)1.41533 

72 

4.50535 

49379 

1.00091 

617 

0.00550 

457 

92 

140)1.35200 

15277 

-141 

17.39644 

134 ( 

14l)1.29503 

36 

4.51634 

39489 

1.00090 

620 

0.00544 

463 

93 

; 142)1.24384 

14055 

-143 

(8.03961 

016 ( 

143)1.19790 

60 

4.52721 

35142 

1.00089 

646 

0.00538 

598 

94 

144)1.15677 

25071 ( 

-145 

>8.64474 

211 ( 

145)1.12004 

22 

4.53796 

62023 

1.00088 

691 

0.00532 

858 

95 

1146)1.08736 

61567 ( 

-147) 

>9.19653 

415 ( 

147)1.05843 

98 

4.54860 

45002 

1.00087 

757 

0.00527 

239 

96 

’148)1.03299 

78488 ( 

-149) 

>9.68056 

227 ( 

149)1.01081 

00 

4.55913 

08160 

1.00086 843 

0.00521 

738 

97 

149)9.91677 

93487 ( 

-150 

11.00839 

190 

150)9.75431 

69 

4.56954 

74827 

1.00085 

947 

0.00516 

350 

98 

; 151)9.61927 

59682 

-152 

>1.03957 

928 ( 

152)9.51045 

90 

4.57985 

67610 

1.00085 

070 

0.00511 

072 

99 

’153 9.42689 

04489 ( 

-154 

>1.06079 

519 ( 

154 9.36780 

21 

4.59006 

08426 

1.00084 

210 

0.00505 

901 

100 

[155)9.33262 

15444 ( 

-156) 

>1.07151 

029 ( 

156)9.32096 

31 

4.60016 

18527 

1.00083 

368 

0.00500 

833 

101 (157)9.33262 

15444 ( 

;-158)1.07151 

029 (158)9.36756 

79 

4.61016 18527 

1.00082 

542 

0.00495 

866 




!/(«-!)! 

(»-§)! 



m 

[ ( T] 


m!=(2*)V +j p-Vi(«) r(w) = (2r) i H , *-^-»/i(w) *(«)=ln n~M") (2^=2.50662 82746 31001 
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Table 6.4 LOGARITHMS OF THE GAMMA FUNCTION 


n 

log 10 r («) 

log 10 r fa+i) 

logic r (”+i) 

log, 0 r ( w+ £) 


1 

0.00000 000 

-0.04915 851 

-0.05245 506 

-0.04443 477 

1.00000 000 

2 

0.00000 000 

+0.07578 023 

+0.12363 620 

+0.17741 398 

0.96027 923 

3 

0.30103 000 

0.44375 702 

0.52157 621 

0.60338 271 

0.94661 646 

4 

0.77815 125 

0.96663 576 

1.06564 43 

1.16765 41 

0.93972 921 

5 

1.38021 1? 

1.60345 79 

1.71885 68 

1.83666 09 

0.93558 323 

6 

2.07918 12 

2.33045 66 

2.45921 95 

2.58998 86 

0.93281 466 

7 

2.85733 25 

3.13208 89 

3.27213 28 

3.41389 73 

* 0.93083 524 

8 

3.70243 05 

3.99739 04 

4.14719 41 

4.29850 39 

0.92934 980 

9 

4.60552 05 

4.91820 91 

5.07661 30 

5.23635 60 

0.92819 400 

10 

5.55976 30 

5.88824 59 

6.05433 66 

6.22163 27 

0.92726 910 

11 

6.55976 30 

6.90248 63 

7.07552 59 

7.24966 15 

0.92651 221 

12 

7.60115 57 

7.95684 40 

8.13622 37 

8.31660 83 

0.92588 137 

13 

8.68033 70 

9.04792 45 

9.23313 38 

9.41927 06 

0.92534 753 

14 

9.79428 03 

10.17286 3 

10.36346 8 

10.55493 3 

0.92488 990 

15 

10.94040 8 

11.32921 0 

11.52483 6 

11.72126 5 

0.92449 327 

16 

12.116500 

12.514847 

12.715167 

12.916241 

0.92414 619 

17 

13.320620 

13.727922 

13.932651 

14.138090 

0.92383 993 

18 

14.551069 

14.966804 

15.175689 

15.385245 

0.92356 769 

19 

15.806341 

16.230045 

16.442861 

16.656311 

0.92332 409 

20 

17.085095 

17.516352 

17.732896 

17.950042 

0.92310 485 

21 

18.386125 

18.824561 

19.044649 

19.265313 

0.92290 649 

22 

19.708344 

20.153619 

20.377088 

20.601105 

0.92272 615 

23 

21.050767 

21.502573 

21.729270 

21.956492 

0.92256 149 

24 

22.412494 

22.870550 

23.100338 

23.330629 

0.92241 055 

25 

23.792706 

24.256751 

24.489504 

24.722740 

0.92227 169 

26 

25.190646 

25.660444 

25.896045 

26.132109 

0.92214 350 

27 

26.605619 

27.080949 

27.319290 

27.558078 

0.92202 481 

28 

28.036983 

28.517642 

28.758623 

29.000035 

0.92191 460 

25 

29.484141 

29.969940 

30.213468 

30.457412 

0.92181 198 

30 

30.946539 

31.437301 

31.683290 

31.929681 

0.92171 621 

31 

32.423660 

32.919221 

33.167590 

33.416347 

0.92162 661 

32 

33.915022 

34.415228 

34.665900 

34.916950 

0.92154 262 

33 

35.420172 

35.9Z4878 

36.177784 

36.431055 

0.92146 371 

34 

36.938686 

37.447757 

37.702829 

37.958255 

0.92138 944 

35 

38.470165 

38.983473 

39.240648 

39.498167 

0.92131 942 

36 

40.014233 

40.531658 

40.790876 

41.050429 

0.92125 329 

37 

41.570535 

42.091963 

42.353169 

42.614701 

0.92119 073 

38 

43.138737 

43.664060 

43.927200 

44.190658 

0.92113 146 

39 

44.718520 

45.247636 

45.512661 

45.777995 

0.92107 524 

40 

46.309585 

46.842397 

47.109258 

47.376420 

0.92102 182 

41 

47.911645 

48.448061 

48.716713 

48.985659 

0.92097 101 

42 

49.524429 

50.064362 

50.334761 

50.605448 

0.92092 262 

43 

51.147678 

51.691044 

51.963150 

52.235536 

0.92087 648 

44 

52.781147 

53.327866 

53.601639 

53.875686 

0.92083 244 

45 

54.424599 

54.974597 

55.249999 

55.525670 

0.92079 035 

46 

56.077812 

56.631014 

56.908011 

57.185269 

0.92075 010 

47 

57.740570 

58.296908 

58.575464 

58.854276 

0.92071 156 

48 

59.412668 

59.972075 

60.252157 

60.532491 

0.92067 462 

49 

61.093909 

61.656322 

61.937899 

62.219723 

0.92063 919 

50 

62.784105 

63.349462 

63.632504 

63.915788 

0.92060 518 

51 

64.483075 

65.051318 

65.335796 

65.620510 

0.92057 250 


log 10 («-l)! 

log l0 O-f)! 

logm ( n “i) ! 

logic ( n- i) • 



In r(w)=ln (n 

-l)!=(n-j) In n- 

-n+f 2 (n) 

In 10=2.30258 509299 


logic T ( n ) compiled from E. S. Pearson, Table of the logarithms of the complete r-function, arguments 
2 to 1200. Tracts for Computers No. VIII (Cambridge Univ. Press, Cambridge, England, 1922) (with 
permission). 
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LOGARITHMS OF THE GAMMA FUNCTION Table 6.4 


11 

log 10 r 0) 

log 10 r («+i) 

log 10 r («+i) 

log 10 r (n+i) 

f 2 ( n ) 

51 

64.483075 

65.051318 

65.335796 

65.620510 

0.92057 250 

52 

66.190645 

66.761717 

67.047603 

67.333720 

0.92054 108 

53 

67.906648 

68.480496 

68.767762 

69.055256 

0.92051 084 

54 

69.630924 

70.207494 

70.496116 

70.784961 

0.92048 173 

55 

71.363318 

71.942561 

72.232512 

72.522683 

0.92045 367 

56 

73.103681 

73.685548 

73.976805 

74.268279 

0.92042 661 

57 

74.851869 

75.436313 

75.728854 

76.021606 

0.92040 051 

58 

76.607744 

77.194720 

77.488522 

77.782531 

0.92037 530 

59 

78.371172 

7C.960637 

79.255677 

79.550922 

0.92035 095 

60 

80.142024 

80.733936 

81.030194 

81.326654 

0.92032 741 

61 

81.920175 

82.514493 

82.811950 

83.109604 

0.92030 464 

62 

83.705505 

84.302190 

84.600825 

84.899655 

0.92028 261 

63 

85.497896 

86.096910 

86.396705 

86.696691 

0.92026 127 

64 

87.297237 

87.898542 

88.199479 

88.500604 

0.92024 061 

65 

89.103417 

89.706978 

90.009038 

90.311284 

0.92022 057 

66 

90.916330 

91.522113 

91.825280 

92.128629 

0.92020 115 

67 

92.735874 

93.343845 

93.648101 

93.952538 

0.92018 231 

68 

94.561949 

95.172075 

95.477405 

95.782913 

0.92016 401 

69 

96.394458 

97.006708 

97.313096 

97.619659 

0.92014 625 

70 

98.233307 

98.847650 

99.155080 

99.462684 

0.92012 900 

71 

100.07841 

100.69481 

101.00327 

101.31190 

0.92011 223 

72 

101.92966 

102.54810 

102.85758 

103.16722 - 

0.92009 593 

73 

103.78700 

104.40744 

104.71791 

105.02855 

0.92008 008 

74 

105.65032 

106.27274 

106.58420 

106.89582 

0.92006 465 

75 

107.51955 

108.14393 

108.45636 

108.76895 

0.92004 964 

76 

109.39461 

110.02091 

110.33430 

110.64785 

0.92003 502 

77 

111.27543 

111.90363 

112.21797 

112.53246 

0.92002 078 

78 

113.16192 

113.79200 

114.10727 

114.42269 

0.92000 690 

79 

115.05401 

115.68594 

116.00214 

116.31848 

0.91999 338 

80 

116.95164 

117.58540 

117.90250 

118.21976 

0.91998 019 

81 

118.85473 

119.49029 

119.80830 

120.12646 

0.91996 733 

82 

120.76321 

121.40056 

121.71946 

122.03850 

0.91995 479 

83 

122.67703 

123.31614 

123.63591 

123.95583 

0.91994 254 

84 

124.59610 

125.23696 

125.55760 

125.87838 

0.91993 059 

85 

126.52038 

127.16296 

127.48445 

127.80610 

0.91991 892 

86 

128.44980 

129.09407 

129.41642 

129.73891 

0.91990 752 

87 

130.38430 

131.03025 

131.35344 

131.67676 

0.91989 638 

88 

132.32382 

132.97143 

133.29545 

133.61959 

0.91988 550 

89 

134.26830 

134.91756 

135.24239 

135.56735 

0.91987 486 

90 

136.21769 

136.86857 

137.19421 

137.51999 

0.91986 446 

91 

138.17194 

138.82442 

139.15086 

139.47743 

0.91985 428 

92 

140.13098 

140.78505 

141.11228 

141.43964 

0.91984 433 

93 

142.09477 

142.75041 

143.07842 

143.40657 

0.91983 459 

94 

144.06325 

144.72044 

145.04923 

145.37815 

0.91982 505 

95 

146.03638 

146.69511 

147.02467 

147.35435 

0.91981 572 

96 

148.01410 

148.67435 

149.00467 

149.33511 

0.91980 659 

97 

149.99637 

150.65813 

150.98920 

151.32039 

0.91979 764 

98 

151.98314 

152.64639 

152.97820 

153.31013 

0.91978 887 

99 

153.97437 

154.63909 

154.97164 

155.30430 

0.91978 028 

100 

155.97000 

156.63619 

156.96946 

157.30285 

0.91977 186 

101 

157.97000 

158.63763 

158.97163 

159.30574 

0.91976 361 


log 10 («-l) 

! log 10 («-!)! 

log 10 ( n ~i )! 

log 10 (n-j)! 

r ( -? 2 i 


In r(n) 

=ln (n-1) !=(»—|) In n- 

-n+f 2 (n) 

In 10=2.30258 509299 L J 



GAMMA FUNCTION AND RELATED FUNCTIONS 


276 

Table 6.5 AUXILIARY FUNCTIONS FOR GAMMA AND DIGAMMA FUNCTIONS 


x~ l 

/i(*) 

Mac) 

h(x) 

<X> 

0.015 

1.00125 077 

0,92018 852 

0. 00751 875 

67 

0.014 

1.00116 735 

0.92010 519 

0. 00701 633 

71 

0. 013 

1.00108 391 

0.92002 186 

0.00651 408 

77 

0. 012 

1. 00100 050 

0. 91993 853 

0. 00601 200 

83 

0. 011 

1. 00091 708 

0.91985 520 

0.00551 008 

91 

0.010 

1.00083 368 

0.91977 186 

0. 00500 833 

100 

0.009 

1. 00075 028 

0.91968 853 

0. 00450 675 

111 

0. 008 

1.00066 689 

0.91960 520 

0. 00400 533 

125 

0.007 

1. 00058 350 

0.91952 187 

0. 00350 408 

143 

0. 006 

1.00050 012 

0.91943 853 

0. 00300 300 

167 

0.005 

1. 00041 675 

0.91935 52C 

0. 00250 208 

200 

0.004 

1.00033 339 

0.91927 187 

0. 00200 133 

250 

0.003 

1. 00025 003 

0.91918 853 

0. 00150 075 

333 

0.002 

1. 00016 668 

0. 91910 520 

0. 00100 033 

500 

0. 001 

1.00008 334 

0.91902 187 

0.00050 008 

1000 

0.000 

1.00000 000 

0.91893 853 

0.00000 000 

00 


[■(-8)11 

f(-8)11 

r (—8)2i 



L 2 J 

L 2 J 

L 3 J 



x\ =(2tt) h x +h ~ x f i (x) 


r (x) = (2ir) h x -le ~ x j\ (x) 


In r(x)=ln (x—l)!=(x—i) In x—x+MaO 


^(x)=ln x—fo(x) 


(2^=2.50662 82746 31001 


<x>=nearest integer to x. 


Table 6.6 FACTORIALS FOR LARGE ARGUMENTS 


n n! 

100 ( 157)9.3326 21544 39441 52682 

200 374)7.8865 78673 64790 50355 

300 ( 614 3.0605 75122 16440 63604 

400 ( 868 6.4034 52284 66238 95262 

500 (1134)1.2201 36825 99111 00687 

r(n+l) 


n n\ 

600 (1408)1.2655 72316 22543 07425 

700 (1689)2.4220 40124 75027 21799 

800 (1976 7.7105 30113 35386 00414 

900 (2269)6.7526 80220 96458 41584 

1000 (2567)4.0238 72600 77093 77354 

r(n+l) 


Compiled from Ballistic Research Laboratory, A table of the factorial numbers and their reciprocals 
from 1! to 1000! to 20 significant digits, Technical Note No. 381, Aberdeen Proving Ground, Md.(1951) 
(with permission). 
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GAMMA FUNCTION 

FOR COMPLEX ARGUMENTS 

Table 6.7 

y 


yin r(z) 



yin r(z) 

*=1.0 


yinr(z) 

yin r(z) 


0.0 


0.00000 

00000 

00 


0.00000 

00000 

00 

5.0 

- 6.13032 

41445 53 

3.81589 

85746 

15 

0.1 

_ 

0.00819 

77805 

65 

- 

0.05732 

29404 

17 

5.1 

- 6.27750 

24635 84 

3.97816 

38691 

88 

0.2 

- 

0.03247 

62923 

18 

- 

0.11230 

22226 

44 

5.2 

- 6.42487 

30533 35 

4.14237 

74050 

86 

0.3 

- 

0.07194 

62509 

00 

- 

0.16282 

06721 

68 

5.3 

- 6.57242 

85885 29 

4.30850 

21885 

83 

0.4 

- 

0.12528 

93748 

21 

- 

0.20715 

58263 

16 

5.4 

- 6.72016 

21547 03 

4.47650 

25956 

68 

0.5 

_ 

0.19094 

54991 

87 

_ 

0.24405 

82989 

05 

5.5 

- 6.86806 

72180 48 

4.64634 

42978 

70 

0.6 

- 

0.26729 

00682 

14 

- 

0.27274 

38104 

91 

5.6 

- 7.01613 

75979 76 

4.81799 

41933 

05 

0.7 

- 

0.35276 

86908 

60 

- 

0.29282 

63511 

87 

5.7 

- 7.16436 

74421 06 

4.99142 

03424 

89 

0.8 


0.44597 

87835 

49 

- 

0.30422 

56029 

76 

5.8 

- 7.31275 

12034 30 

5.16659 

19085 

37 

0.9 

- 

0.54570 

51286 

05 

- 

0.30707 

43756 

42 

5.9 

- 7.46128 

36194 29 

5.34347 

91013 

53 

1.0 

_ 

0.65092 

31993 

02 

_ 

0.30164 

03204 

68 

6.0 

- 7.60995 

96929 51 

5.52205 

31255 

15 

1.1 

- 

0.76078 

39588 

41 

- 

0.28826 

66142 

39 

6.1 

- 7.75877 

46746 55 

5.70228 

61315 

35 

1.2 

- 

0.87459 

04638 

95 

- 

0.26733 

05805 

81 

6.2 

- 7.90772 

40468 98 

5.88415 

11702 

39 

1.3 

- 

0.99177 

27669 

59 

- 

0.23921 

67844 

65 

6.3 

- 8.05680 

35089 04 

6.06762 

21500 

13 

1.4 

" 

1.11186 

45664 

26 


0.20430 

07241 

49 

6.4 

- 8.20600 

89631 00 

6.25267 

37967 

05 

1.5 

_ 

1.23448 

30515 

47 

_ 

0.16293 

97694 

80 

6.5 

- 8.35533 

65025 11 

6 . 43928 

16159 

76 

1.6 

- 

1.35931 

22484 

65 

- 

0.11546 

87935 

89 

6.6 

- 8.50478 

23991 25 

6 . 62742 

18579 

12 

1.7 

- 

1.48608 

96127 

57 

- 

0.06219 

86983 

29 

6.7 

- 8.65434 

30931 23 

6.81707 

14837 

44 

1.8 

- 

1.61459 

53960 

00 

- 

0.00341 

66314 

77 

6.8 

- 8.80401 

51829 10 

7.00820 

81345 

02 

1.9 

- 

1.74464 

42761 

74 

+ 

0.06061 

28742 

95 

6.9 

- 8.95379 

54158 79 

7.20081 

01014 

93 

2.0 

_ 

1.87607 

87864 

31 


0.12964 

63163 

10 

7.0 

- 9.10368 

06798 32 

7.39485 

62984 

36 

2.1 

- 

2.00876 

41504 

71 


0.20345 

94738 

33 

7.1 

- 9.25366 

79950 15 

7.59032 

62351 

84 

2.2 

- 

2.14258 

42092 

96 


0.28184 

56584 

26 

7.2 

- 9.40375 

45067 08 

7.78719 

99928 

77 

2.3 

- 

2.27743 

81922 

04 


0.36461 

40489 

50 

7.3 

- 9.55393 

74783 21 

7.98545 

82004 

68 

2.4 

- 

2.41323 

81411 

84 


0.45158 

81524 

41 

7.4 

- 9.70421 

42849 72 

8.18508 

20125 

03 

2.5 

_ 

2.54990 

68424 

95 


0.54260 

44058 

52 

7.5 

- 9.85458 

24074 86 

8.38605 

30880 

89 

2.6 

- 

2. 68737 

61537 

50 


0.63751 

09190 

46 

7.6 

-10.00503 

94267 90 

8.58835 

35709 

62 

2.7 

- 

2.82558 

56411 

91 


0.73616 

63516 

79 

7.7 

-10.15558 

30186 86 

8.79196 

60705 

87 

2.8 

- 

2.96448 

14617 

89 


0.83843 

89130 

96 

7.8 

-10.30621 

09489 48 

8.99687 

36442 

29 

2.9 

- 

3.10401 

54399 

01 


0.94420 

54730 

39 

7.9 

-10.45692 

10687 39 

9.20305 

97799 

25 

3.0 

_ 

3.24414 

42995 

90 


1.05335 

07710 

69 

8.0 

-10.60771 

13103 15 

9.41050 

83803 

12 

3.1 

- 

3.38482 

90223 

77 


1.16576 

67132 

86 

8.1 

-10.75857 

96829 95 

9.61920 

37472 

42 

3.2 

- 

3.52603 

43067 

09 


1.28135 

17459 

32 

8.2 

-10.90952 

42693 78 

9.82913 

05671 

62 

3.3 

- 

3.66772 

81104 

88 


1.40001 

02965 

76 

8.3 

-11.06054 

32217 92 

10.04027 

38971 

80 

3.4 

- 

3.80988 

12618 

23 


1.52165 

22746 

73 

8.4 

-11.21163 

47589 48 

10.25261 

91518 

09 

3.5 

_ 

3.95246 

71261 

89 


1.64619 

26242 

69 

8.5 

-11.36279 

71628 04 

10.46615 

20903 

24 

3.6 

- 

4.09546 

13204 

51 


1.77355 

09225 

91 

8.6 

-11.51402 

87756 02 

10.68085 

88047 

12 

3.7 

- 

4.23884 

14660 

71 


1.90365 

10190 

19 

8.7 

-11.66532 

79970 81 

10.89672 

57081 

77 

3.8 

- 

4.38258 

69752 

28 


2.03642 

07096 

93 

8.8 

-11.81669 

32818 48 

11.11373 

95241 

57 

3.9 

" 

4.52667 

88647 

16 


2.17179 

14436 

05 

8.9 

-11.96812 

31369 01 

11.33188 

72758 

53 

4.0 

_ 

4.67109 

95934 

09 


2.30969 

80565 

73 

9.0 

-12.11961 

61192 81 

11.55115 

62762 

02 

4.1 

- 

4.81583 

29197 

96 


2.45007 

85299 

47 

9.1 

-12.27117 

08338 67 

11.77153 

41183 

09 

4.2 

- 

4.96086 

37766 

87 


2.59287 

37713 

19 

9.2 

-12.42278 

59312 81 

11.99300 

86662 

85 

4.3 

- 

5.10617 

81606 

63 


2.73802 

74148 

20 

9.3 

-12.57446 

01059 08 

12.21556 

80464 

79 

4.4 

- 

5.25176 

30342 

30 


2.88548 

56389 

27 

9.4 

-12.72619 

20940 29 

12.43920 

06390 

90 

4.5 

_ 

5.39760 

62389 

84 


3.03519 

69999 

22 

9.5 

-12.87798 

06720 44 

12.66389 

50701 

28 

4.6 

- 

5.54369 

64183 

04 


3.18711 

22793 

89 

9.6 

-13.02982 

46547 89 

12.88964 

02037 

08 

4.7 

- 

5.69002 

29483 

73 


3.34118 

43443 

27 

9.7 

-13.18172 

28939 51 

13.11642 

51346 

66 

4.8 

- 

5.83657 

58764 

54 


3.49736 

80186 

15 

9.8 

-13.33367 

42765 47 

13.34423 

91814 

77 

4.9 


5.98334 

58655 

32 


3.65561 

99647 

12 

9.9 

-13.48567 

77234 95 

13.57307 

18794 

55 

5.0 

- 

6.13032 

41445 

53 


3.81589 

85746 

15 

10.0 

-13.63773 

21882 47 

13.80291 

29742 

30 


Linear interpolation will yield about three figures; eight-point interpolation will yield about eight figures. 
For 2 outside the range of the table, see Examples 5-8. 

^lnr(z)=In|r(z)j 


./In r(z)=arg r(z) 
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Table 

6.7 

GAMMA FUNCTION FOR 

— 1 1 

COMPLEX ARGUMENTS 


y 

$ In r(z) 


J In r(z) 

y 

SMnr(z) 

^lnr(z) 

0.0 

- 0.04987 24412 60 


0.00000 00000 00 

5.0 

- 5.96893 91493 52 

3.96198 63258 60 

0.1 

- 0.05702 02290 38 

- 

0.04206 65443 76 

5.1 

- 6.11415 43840 05 

4.12446 68364 90 

0.2 

- 0.07824 35801 68 

- 

0.08230 97383 98 

5.2 

- 6.25959 93585 61 

4.28888 73284 80 

0.3 

- 0.11291 43470 17 

- 

0.11905 06275 18 

5.3 

- 6.40526 53566 40 

4.45521 12743 47 

0.4 

- 0.16008 21257 99 

- 

0.15086 79240 09 

5.4 

- 6.55114 41480 20 

4.62340 34819 04 

0.5 

- 0.21858 96764 09 

_ 

0.17666 11398 43 

5.5 

- 6.69722 79531 89 

4.79343 00232 04 

0.6 

- 0.28718 99839 43 

- 

0.19566 16788 64 

5.6 

- 6.84350 94110 69 

4.96525 81683 67 

0.7 

- 0.36464 38731 53 

- 

0.20740 35526 60 

5.7 

- 6.98998 15495 70 

5.13885 63238 91 

0.8 

- 0.44978 83131 87 

- 

0.21167 10325 55 

5.8 

- 7.13663 77586 96 

5.31419 39750 77 

0.9 

- 0.54157 54093 11 

- 

0. 20843 91333 00 

5.9 

- 7.28347 17659 19 

5.49124 16322 40 

1.0 

- 0.63908 78153 48 

_ 

0.19781 78257 67 

6.0 

- 7.43047 76136 25 

5.66997 07803 94 

1.1 

- 0.74153 80620 74 

- 

0.18000 55175 74 

6.1 

- 7.57764 96383 95 

5.85035 38321 46 

1.2 

- 0.84825 85646 26 

- 

0.15525 33222 12 

6.2 

- 7.72498 24519 72 

6.03236 40835 50 

1.3 

- 0.95868 73364 97 

- 

0.12383 93047 38 

6.3 

- 7.87247 09237 38 

6.21597 56726 90 

1.4 

- 1.07235 26519 67 

- 

0.08605 08957 00 

6.4 

- 8.02011 01645 61 

6. 40116 35407 92 

1.5 

- 1.18885 84815 22 

_ 

0.04217 34907 11 

6.5 

- 8.16789 55118 88 

6. 58790 33956 67 

1.6 

- 1.30787 15575 95 

+ 

0.00751 65191 79 

6.6 

- 8.31582 25159 69 

6.77617 16773 32 

1.7 

- 1.42911 03402 04 


0.06275 56777 30 

6.7 

- 8.46388 69271 17 

6.96594 55256 30 

1.8 

- 1.55233 58336 11 


0.12329 53847 15 

6.8 

- 8.61208 46838 95 

7.15720 27497 24 

1.9 

- 1.67734 40572 49 


0.18890 25358 69 

6.9 

- 8.76041 19021 72 

7.34992 17993 20 

2.0 

- 1.803959924863 


0.25935 93780 23 

7.0 

- 8.90886 48649 60 

7.54408 17375 09 

2.1 

- 1.93203 22878 13 


0.33446 29085 79 

7.1 

- 9.05744 00129 63 

7.73966 22151 13 

2.2 

- 2.06142 99239 46 


0.41402 40321 50 

7.2 

- 9.20613 39357 92 

7.93664 34464 25 

2.3 

- 2.19203 82866 29 


0.49786 66085 82 

7.3 

- 9.35494 33637 73 

8.13500 61862 70 

2.4 

- 2.32375 68617 01 


0.58582 64745 04 

7.4 

- 9.50386 51603 25 

8.33473 17082 71 

2.5 

- 2.45649 70097 26 


0.67775 04868 09 

7.5 

- 9.65289 63148 29 

8.53580 17842 76 

2.6 

- 2.59018 01959 43 


0.77349 56148 91 

7.6 

- 9.80203 39359 83 

8.73819 86648 33 

2.7 

- 2.72473 65306 67 


0.87292 80949 66 

7.7 

- 9.95127 52455 81 

8.94190 50606 84 

2.8 

- 2.86010 35591 81 


0.97592 26515 07 

7.8 

-10.10061 75726 94 

9.14690 41251 84 

2.9 

- 2.99622 52529 98 


1.08236 17859 08 

7.9 

-10.25005 83482 21 

9.35317 94376 01 

3.0 

- 3.13305 11644 50 


1.19213 51297 05 

8.0 

-10.39959 50997 80 

9.56071 49872 49 

3.1 

- 3.27053 57144 30 


1.30513 88581 77 

8.1 

-10.54922 54469 17 

9.76949 51583 85 

3.2 

- 3.40863 75892 32 


1.42127 51595 43 

8.2 

-10.69894 70966 06 

9. 97950 47158 43 

3.3 

- 3.54731 92273 03 


1.54045 17547 76 

8.3 

-10.84875 78390 24 

10.19072 87913 49 

3.4 

- 3.68654 63804 17 


1.66258 14631 94 

8.4 

-10.99865 55435 72 

10.40315 28704 84 

3.5 

- 3.82628 77368 25 


1.78758 18092 68 

8.5 

-11.14863 81551 38 

10.61676 27802 52 

3.6 

- 3.96651 45962 20 


1.91537 46664 26 

8.6 

-11.29870 36905 72 

10.83154 46772 22 

3.7 

- 4.10720 05882 64 


2.04588 59340 24 

8.7 

-11.44885 02353 71 

11.04748 50362 14 

3.8 

- 4.24832 14278 81 


2.17904 52440 32 

8.8 

-11.59907 59405 42 

11.26457 06394 86 

3.9 

- 4.38985 47017 40 


2.31478 56943 26 

8.9 

-11.74937 90196 53 

11.48278 85664 18 

4.0 

- 4.53177 96812 84 


2.45304 36058 25 

9.0 

-11.89975 77460 43 

11.70212 61836 32 

4.1 

- 4.67407 71584 70 


2.59375 83010 13 

9.1 

-12.05021 04501 83 

11.92257 11355 62 

4.2 

- 4.81672 93009 83 


2.73687 19016 54 

9.2 

-12.20073 55171 88 

12.14411 13354 15 

4.3 

- 4.95971 95242 44 


2.88232 91437 48 

9.3 

-12.35133 13844 58 

12.36673 49565 33 

4.4 

- 5.10303 23779 21 


3.03007 72080 09 

9.4 

-12.50199 65394 43 

12.59043 04241 06 

4.5 

- 5.24665 34450 28 


3. 18006 55643 29 

9.5 

-12.65272 95175 33 

12.81518 64072 43 

4.6 

- 5.39056 92519 72 


3. 33224 58288 43 

9.6 

-12.80352 89000 52 

13.04099 18113 65 

4.7 

- 5.53476 71881 64 


3. 48657 16324 07 

9.7 

-12.95439 33123 60 

13.26783 57709 12 

4.8 

- 5.67923 54339 89 


3. 64299 84993 84 

9.8 

-13.10532 14220 44 

13.49570 76423 49 

4.9 

- 5.82396 28961 29 


3. 80148 37357 79 

9.9 

-13.25631 19372 14 

13. 72459 69974 44 

5.0 

- 5.96893 91493 52 


3.96198 63258 60 

10.0 

-13.40736 36048 74 

13.95449 36168 27 
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 

r= 1.2 


V 


^lnr(z) 

J In r(z) 

y 

m in r (z) 

J In r(z) 

0.0 

_ 

0.08537 40900 03 

0.00000 00000 00 

5.0 

- 5.80731 52672 85 

4.10609 64053 70 

0.1 

- 

0.09169 75124 13 

- 0.02865 84973 21 

5.1 

- 5.95057 66519 39 

4. 26883 00575 53 

0.2 

- 

0.11050 89067 86 

- 0.05586 39903 67 

5.2 

- 6.09410 47211 91 

4.43349 40204 01 

0.3 

- 

0.14135 09532 62 

- 0.08025 91592 09 

5.3 

- 6.23788 94064 81 

4.60005 23089 91 

0.4 

- 

0.18352 07443 57 

- 0.10066 05658 03 

5.4 

- 6.38192 11972 10 

4.76847 02339 50 

0.5 

_ 

0.23614 32688 51 

- 0.11610 77219 87 

5.5 

- 6.52619 11003 82 

4.93871 43339 56 

0.6 

- 

0.29824 98509 35 

- 0.12588 00935 13 

5.6 

- 6.67069 06038 24 

5.11075 23127 64 

0.7 

- 

0. 36884 83560 49 

- 0.12948 68069 28 

5.7 

- 6.81541 16425 98 

5.28455 29803 68 

0.8 

- 

0.44697 73864 90 

- 0.12663 80564 16 

5.8 

- 6.96034 65682 97 

5.46008 61980 02 

0.9 

- 

0.53174 22756 96 

- 0.11720 77278 71 

5.9 

- 7.10548 81209 15 

5.63732 28266 55 

1.0 

_ 

0.62233 46814 87 

- 0.10119 48344 90 

6.0 

- 7.25082 94030 54 

5.81623 46788 41 

1.1 

- 

0.71803 95313 44 

- 0.07868 85726 52 

6.1 

- 7.39636 38562 29 

5.99679 44733 73 

1.2 

- 

0.81823 34133 20 

- 0.04983 92764 14 

6.2 

- 7.54208 52390 70 

6.17897 57929 16 

1.3 

- 

0.92237 79303 78 

- 0.01483 57562 65 

6.3 

- 7.68798 76072 47 

6.36275 30441 11 

1.4 

“ 

1.03001 06294 86 

+ 0.02611 15201 47 

6.4 

- 7.83406 52949 57 

6.54810 14200 83 

1.5 

_ 

1.14073 52341 62 

0.07278 23932 61 

6.5 

- 7.98031 28978 26 

6.73499 68651 55 

1.6 

- 

1.25421 22047 39 

0.12495 51937 38 

6.6 

- 8.12672 52570 99 

6.92341 60416 24 

1.7 

- 

1.37015 01536 37 

0.18241 21090 01 

6.7 

- 8. 27329 74450 10 

7.11333 62984 34 

1.8 

- 

1.48829 83245 09 

0.24494 25273 48 

6.8 

- 8.42002 47512 17 

7.30473 56416 32 

1.9 

- 

1.60844 01578 57 

0.31234 49712 35 

6.9 

- 8.56690 26702 20 

7.49759 27064 69 

2.0 

_ 

1.73038 78680 93 

0. 38442 80719 73 

7.0 

- 8.71392 68896 74 

7.69188 67310 43 

2.1 

- 

1.85397 79144 87 

0.46101 09100 87 

7.1 

- 8.86109 32795 24 

7.88759 75313 86 

2.2 

- 

1.97906 72374 32 

0.54192 29484 31 

7.2 

- 9.00839 78818 89 

8.08470 54778 77 

2.3 

- 

2.10553 01371 17 

0. 62700 37140 16 

7.3 

- 9.15583 69016 37 

8.28319 14729 22 

2.4 

- 

2.23325 56848 33 

0. 71610 23338 39 

7.4 

- 9.30340 66975 98 

8.48303 69297 94 

2.5 


2.36214 55727 43 

0.80907 69945 69 

7.5 

- 9.45110 37743 60 

8. 68422 37525 82 

2.6 

_ 

2.49211 23232 46 

0.90579 43715 71 

7.6 

- 9.59892 47746 01 

8. 88673 43171 55 

2.7 

- 

2.62307 77928 95 

1.00612 90561 43 

7.7 

- 9.74686 64719 23 

9.09055 14530 96 

2.8 

_ 

2.75497 19177 39 

1.10996 29987 33 

7.8 

- 9.89492 57641 38 

9. 29565 84265 39 

2.9 

- 

2.88773 16568 77 

1.21718 49784 62 

7.9 

-10.04309 96669 84 

9.50203 89238 50 

3.0 

_ 

3.02130 00992 07 

1.32769 01044 18 

8.0 

-10.19138 53082 31 

9.70967 70361 08 

3.1 

- 

3.15562 57049 65 

1.44137 93510 29 

8.1 

-10.33977 99221 46 

9.91855 72443 36 

3.2 

_ 

3.29066 16590 00 

1.55815 91278 68 

8.2 

-10.48828 08443 04 

10.12866 44054 34 

3.3 

_ 

3.42636 53170 56 

1.67794 08829 56 

8.3 

-10.63688 55067 01 

10.33998 37387 77 

3.4 

- 

3.56269 77297 54 

1.80064 07379 67 

8.4 

-10.78559 14331 66 

10.55250 08134 40 

3.5 

_ 

3.69962 32317 85 

1.92617 91533 49 

8.5 

-10.93439 62350 38 

10.76620 15360 05 

3.6 

_ 

3.83710 90860 24 

2.05448 06211 84 

8.6 

-11.08329 76070 93 

10.98107 21389 38 

3.7 

_ 

3.97512 51741 07 

2.18547 33836 08 

8.7 

-11.23229 33237 11 

11.19709 91694 76 

3.8 

_ 

4.11364 37264 61 

2.31908 91746 67 

8.8 

-11.38138 12352 53 

11.41426 94790 19 

3.9 

- 

4.25263 90859 57 

2.45526 29835 70 

8.9 

-11.53055 92646 46 

11.63257 02129 90 

4.0 


4.39208 75003 42 

2.59393 28374 55 

9.0 

-11.67982 54041 57 

11.85198 88011 32 

4.1 

_ 

4.53196 69393 70 

2.73503 96019 03 

9.1 

-11.82917 77123 44 

12.07251 29482 35 

4.2 


4.67225 69332 23 

2. 87852 67976 01 

9.2 

-11.97861 43111 70 

12.29413 06252 48 

4.3 


4.81293 84293 30 

3.02434 04316 86 

9.3 

-12.12813 33832 78 

12.51683 00607 77 

4.4 

- 

4.95399 36651 50 

3.17242 88424 26 

9.4 

-12.27773 31694 04 

12.74059 97329 36 

4.5 

_ 

5.09540 60548 36 

3.32274 25560 43 

9.5 

-12.42741 19659 29 

12.96542 83615 35 

4.6 

_ 

5.23716 00880 20 

3.47523 41545 72 

9.6 

-12.57716 81225 64 

13.19130 49005 92 

4.7 

_ 

5.37924 12391 93 

3.62985 81537 79 

9.7 

-12.72700 00401 42 

13.41821 85311 47 

4.8 

_ 

5.52163 58863 97 

3.78657 08902 31 

9.8 

-12.87690 61685 35 

13.64615 86543 64 

4.9 

- 

5.66433 12381 00 

3.94533 04167 32 

9.9 

-13.02688 50046 68 

13.87511 48849 16 


5.0 - 5.80731 52672 85 


4.10609 64053 70 


10. 0 -13.17693 50906 38 14.10507 70446 23 
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Table 6.7 


y -^lnr(z) 

0.0 - 0.10817 48095 08 

0.1 - 0.11383 61080 85 

0.2 - 0.13070 20636 90 

0.3 - 0. 15843 10081 49 

0.4 - 0.19649 12771 78 

0.5 - 0.24420 93680 45 

0.6 - 0.30082 34434 02 

0.7 - 0.36553 39002 19 

0.8 - 0.43754 53407 27 

0.9 - 0.51609 74046 40 

1.0 - 0.60048 45154 05 

1.1 - 0.69006 62005 12 

1.2 - 0.78427 03001 02 

1.3 -0.882591360103 

1.4 - 0.98458 61322 90 

1.5 - 1.08986 76158 16 

1. 6 - 1. 19809 86148 04 

1.7 - 1.30898 54162 82 

1.8 - 1.42227 19237 14 

1.9 - 1.53773 44011 63 

2.0 - 1.65517 68709 10 

2.1 - 1.77442 71431 91 

2.2 - 1.89533 34239 28 

2.3 - 2.01776 14331 34 

2.4 - 2.14159 19646 87 

2.5 - 2.26671 88222 04 

2.6 - 2.39304 70725 18 

2. 7 - 2.52049 15659 37 

2.8 - 2.64897 56799 18 

2.9 - 2.77843 02497 03 

3.0 - 2.90879 26554 06 

3.1 - 3.04000 60402 26 

3.2 - 3.17201 86387 60 

3.3 - 3.30478 31979 94 

3.4 - 3.43825 64765 05 

3.5 - 3.57239 88099 07 

3.6 - 3.70717 37325 19 

3.7 - 3.84254 76469 59 

3.8 - 3.97848 95346 95 

3.9 - 4. 11497 07016 98 

4.0 - 4.25196 45543 ]8 

4. 1 - 4.38944 64012 12 

4.2 - 4.52739 32778 30 

4.3 - 4.66578 37904 84 

4.4 - 4.80459 79774 65 

4.5 - 4.94381 71850 33 

4.6 - 5.08342 39564 42 

4.7 - 5.22340 19323 94 

4.8 - 5.36373 57615 52 

4.9 - 5.50441 10199 31 


J In r(z) 

0.00000 00000 00 

- 0.01671 99199 34 

- 0.03225 84033 35 

- 0.04549 95427 81 

- 0.05544 82296 06 

- 0.06126 78750 55 

- 0.06229 79103 48 

- 0.05805 28252 04 

- 0.04820 73993 35 

- 0.03257 37450 94 

- 0.01107 52190 48 
+ 0.01627 90894 04 

0.04941 70710 23 
0.08822 25250 96 
0.13255 01649 50 

0.18223 70479 17 
0.23711 09920 47 
0.29699 65855 44 
0.36171 93463 93 
0.43110 85022 51 

0.50499 87656 67 
0.58323 13926 09 
0.66565 47394 67 
0.75212 44759 30 
0.84250 35670 42 

0.93666 21049 03 
1.03447 70464 53 
1.13583 18965 15 
1.24061 63628 56 
1.34872 60013 87 

1.46006 18633 96 
1.57453 01525 07 
1.69204 18960 57 
1.81251 26335 69 
1.93586 21235 97 

2.06201 40693 37 
2.19089 58627 45 
2.32243 83465 44 
2.45657 55932 86 
2.59324 47004 59 

2.73238 56006 34 
2.87394 08855 80 
3.01785 56433 48 
3.16407 73073 22 
3.31255 55163 23 

3.46324 19848 78 
3.61609 03828 59 
3.77105 62237 32 
3.92809 67607 19 
4.08717 08902 55 


y ^lnr(z) 

5.0 - 5.64541 41381 

5.1 - 5.78673 23355 

5.2 - 5.92835 35606 

5.3 - 6.07026 64370 

5.4 - 6.21246 02140 

5.5 - 6.35492 47217 

5. 6 - 6.49765 03305 

5.7 - 6.64062 79133 

5.8 -6.7838488113 

5.9 - 6.92730 48028 

6.0 - 7.07098 80742 

6.1 - 7.21489 11938 

6.2 - 7.35900 70872 

6.3 - 7.50332 90147 

6.4 - 7.64785 05510 

6.5 - 7.79256 55658 

6.6 - 7.93746 82058 

6.7 - 8.08255 28787 

6.8 - 8.22781 42379 

6.9 - 8.37324 71681 

7.0 - 8.51884 67726 

7.1 - 8.66460 83606 

7.2 - 8.81052 74362 

7.3 - 8.95659 96875 

7.4 - 9.10282 09770 

7.5 - 9.24918 73322 

7.6 - 9.39569 49368 

7.7 - 9.54234 01230 

7.8 - 9.68911 93636 

7.9 - 9.83602 92650 

8.0 - 9.98306 65608 

8.1 -10.13022 81051 

8.2 -10.27751 08670 

8.3 -10.42491 19248 

8.4 -10.57242 84612 

8.5 -10.72005 77580 

8.6 -10.86779 71917 

8.7 -11.01564 42292 

8.8 -11.16359 64236 

8.9 -11.31165 14105 

9.0 -11.45980 69041 

9.1 -11.60806 06939 

9.2 -11.75641 06415 

9.3 -11.90485 46773 

9.4 -12.0533907978 

9.5 -12.20201 70627 

9.6 -12.3507315923 

9.7 -12.49953 25649 

9.8 -12.64841 82148 

9.9 -12.79738 68295 


J In r( 2 ) 

33 4.24823 90621 27 

37 4. 41126 31957 95 

66 4.57620 66023 67 

51 4.74303 39118 17 

03 4.91171 10050 12 

66 5. 08220 49501 77 

97 5.25448 39434 72 

72 5.42851 72533 50 

55 5.60427 51684 12 

21 5.78172 89485 09 

52 5.96085 07788 45 

62 6.14161 37268 52 

13 6.32399 17016 49 

58 6.50795 94158 99 

98 6. 69349 23498 81 

27 6.88056 67176 38 

02 7.06915 94350 45 

24 7.25924 80896 76 

13 7.45081 09123 38 

76 7.64382 67501 64 

68 7.83827 50411 67 

78 8.03413 57901 50 

48 8.23138 95458 91 

66 8.430017379519 

73 8. 63000 08640 04 

19 8.83132 20546 97 

29 9.03396 34708 43 

14 9.23790 80780 23 

11 9.44313 92714 58 

88 9.64964 08601 22 

89 9.85739 70516 25 

96 10.06639 24378 12 

60 10.27661 19810 47 

88 10.48804 10011 24 

54 10.70066 51627 91 

15 10.91447 04638 39 

09 11. 12944 32237 30 

16 11.34557 00727 24 

64 11.56283 79415 00 

63 11.78123 40512 20 

59 12.00074 59040 23 

74 12.22136 12739 31 

49 12.44306 81981 38 

52 12.66585 49686 64 

49 12.88971 01243 51 

34 13.11462 24431 99 

02 13.34058 09350 03 

49 13.56757 48342 95 

10 13.79559 35935 62 

12 14.02462 68767 33 


5.0 - 5.64541 41381 33 


4.24823 90621 27 


10.0 -12.94643 67480 34 14.25466 45529 28 
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 


y f*lnr(a) ./lnr(z) 


0.0 

_ 

0.11961 

29141 

72 

0.00000 

00000 

00 

0.1 

- 

0.12473 

21357 

76 

- 0.00597 

40017 

43 

0.2 

- 

0.14000 

01552 

88 

- 0.01097 

08056 

66 

0.3 

- 

0.16515 

59551 

89 

- 0.01405 

93840 

03 

0.4 

- 

0.19978 

93616 

12 

- 0.01439 

47989 

49 

0.5 

_ 

0.24337 

34438 

09 

- 0.01124 

72025 

18 

0.6 

- 

0.29530 

16779 

62 

- 0.00401 

77865 

38 

0.7 

- 

0.35492 

46161 

10 

+ 0.00775 

78473 

84 

0.8 

_ 

0.42158 

20669 

55 

0.02441 

65124 

32 

0.9 

- 

0.49462 

85345 

46 

0.04618 

11610 

42 

1.0 

_ 

0.57345 

12921 

03 

0.07317 

82199 

73 

1.1 

- 

0.65748 

16506 

41 

0.10545 

58409 

92 

1.2 

- 

0.74620 

06322 

98 

0.14300 

11986 

37 

1.3 

- 

0.83914 

04638 

04 

0.18575 

57618 

52 

1.4 

- 

0.93588 

32199 

21 

0.23362 

80933 

40 

1.5 

_ 

1.03605 

77156 

27 

0.28650 

41540 

26 

1.6 

- 

1.13933 

54742 

88 

0.34425 

53337 

92 

1.7 

- 

1.24542 

63479 

49 

0.40674 

45404 

87 

1.8 

- 

1.35407 

41615 

64 

0.47383 

07041 

21 

1.9 

- 

1.46505 

26007 

14 

0.54537 

20299 

26 

2.0 

_ 

1.57816 

14562 

85 

0.62122 

82885 

81 

2.1 

- 

1.69322 

32702 

19 

0.70126 

23803 

49 

2.2 

- 

1.81008 

03838 

54 

0.78534 

13608 

50 

2.3 

- 

1.92859 

23663 

09 

0.87333 

70735 

61 

2.4 

“ 

2.04863 

37884 

08 

0.96512 

64991 

00 

2.5 

_ 

2.17009 

23032 

73 

1.06059 

19035 

92 

2.6 

- 

2.29286 

69947 

17 

1.15962 

08468 

95 

2.7 

- 

2.41686 

69570 

58 

1.26210 

60952 

18 

2.8 

- 

2.54201 

00734 

84 

1.36794 

54704 

02 

2.9 

- 

2.66822 

19640 

86 

1.47704 

16591 

47 

3.0 

_ 

2.79543 

50784 

95 

1.58930 

19987 

43 

3.1 

- 

2.92358 

79116 

75 

1. 70463 

82510 

60 

3.2 

- 

3.05262 

43245 

92 

1.82296 

63729 

35 

3.3 

- 

3.18249 

29542 

71 

1.94420 

62885 

89 

3.4 


3.31314 

67001 

61 

2.06828 

16678 

10 

3.5 

_ 

3.44454 

22757 

38 

2.19511 

97123 

13 

3.6 

- 

3.57663 

98160 

21 

2.32465 

09517 

70 

3.7 

- 

3.70940 

25331 

00 

2.45680 

90502 

77 

3.8 

- 

3.84279 

64130 

02 

2.59153 

06235 

98 

3.9 

- 

3.97678 

99482 

49 

2.72875 

50671 

88 

4.0 

_ 

4.11135 

39012 

79 

2.86842 

43947 

56 

4.1 

- 

4.24646 

10946 

69 

3.01048 

30870 

18 

4.2 

- 

4.38208 

62246 

51 

3.15487 

79501 

77 

4.3 

- 

4.51820 

56949 

47 

3.30155 

79836 

24 

4.4 

- 

4.65479 

74683 

75 

3.45047 

42563 

18 

4.5 

_ 

4.79184 

09340 

18 

3.60157 

97913 

33 

4.6 

- 

4.92931 

67880 

70 

3.75482 

94580 

13 

4.7 

- 

5.06720 

69267 

30 

3.91017 

98712 

52 

4.8 

- 

5.20549 

43497 

23 

4.06758 

92973 

81 

4.9 

- 

5.34416 

30732 

30 

4.22701 

75662 

27 

5.0 

- 

5.48319 

80511 

50 

4.38842 

59888 

87 


4 


y 

WlnT(z) 

J lnr(z) 

5.0 

- 5.48319 80511 50 

4.38842 59888 87 

5.1 

- 5.62258 51037 75 

4.55177 72808 10 

5.2 

- 5.76231 08530 59 

4.71703 54898 14 

5.3 

- 5.90236 26637 68 

4.88416 59286 80 

5.4 

- 6.04272 85898 90 

5.05313 51119 86 

5.5 

- 6.18339 73257 62 

5.22391 06968 84 

5.6 

- 6.32435 81614 11 

5.39646 14275 35 

5.7 

- 6.46560 09417 01 

5.57075 70829 41 

5.8 

- 6.60711 60288 99 

5.74676 84279 33 

5.9 

- 6.74889 42683 24 

5.92446 71670 92 

6.0 

- 6.89092 69567 80 

6.10382 59013 94 

6.1 

- 7.03320 58135 18 

6.28481 80874 01 

6.2 

- 7.17572 29534 78 

6.46741 79988 09 

6.3 

- 7.31847 08625 98 

6.65160 06901 96 

6.4 

- 7.46144 23750 25 

6.83734 19628 28 

6.5 

- 7.60463 06520 25 

7.02461 83323 73 

6.6 

- 7.74802 91624 64 

7.21340 69984 03 

6.7 

- 7.89163 16647 23 

7.40368 58155 67 

6.8 

- 8.03543 21899 02 

7.59543 32663 20 

6.9 

- 8.17942 50262 34 

7.78862 84351 12 

7.0 

- 8.32360 47045 82 

7. 98325 09839 40 

7.1 

- 8.46796 59849 44 

8. 17928 11291 83 

7.2 

- 8.61250 38438 82 

8. 37669 96196 29 

7.3 

- 8.75721 34627 90 

8. 57548 77156 28 

7.4 

- 8.90209 02169 54 

8. 77562 71692 98 

7.5 

- 9.04712 96653 17 

8.97710 02057 23 

7.6 

- 9.19232 75409 21 

9.17988 95050 80 

7.7 

- 9.33767 97419 53 

9.38397 81856 34 

7.8 

- 9.48318 23233 58 

9.58934 97875 68 

7.9 

- 9.62883 14889 78 

9.79598 82575 76 

8.0 

- 9.77462 35841 76 

10.00387 79341 91 

8.1 

- 9.92055 50889 05 

10.21300 35337 97 

8.2 

-10.06662 26112 05 

10.42335 01372 94 

8.3 

-10.21282 28810 76 

10.63490 31773 72 

8.4 

-10.35915 27447 20 

10.84764 84263 58 

8.5 

-10.50560 91591 10 

11.06157 19846 19 

8.6 

-10.65218 91868 81 

11.27666 02694 74 

8.7 

-10.79888 99915 05 

11.49290 00045 92 

8.8 

-10.94570 88327 39 

11.71027 82098 57 

8.9 

-11.09264 30623 27 

11.92878 21916 70 

9.0 

-11.23969 01199 39 

12.14839 95336 59 

9.1 

-11.38684 75293 27 

12.36911 80877 89 

9.2 

-11.53411 28946 97 

12.59092 59658 40 

9.3 

-11.68148 38972 65 

12.81381 15312 39 

9.4 

-11.82895 82920 01 

13.03776 33912 29 

9.5 

-11.97653 39045 38 

13.26277 03893 53 

9.6 

-12.12420 86282 47 

13.48882 15982 45 

9.7 

-12.27198 04214 52 

13.71590 63127 03 

9.8 

-12.41984 73048 02 

13.94401 40430 46 

9.9 

-12.56780 73587 55 

14.17313 45087 16 

10.0 

-12.71585 87212 03 

14.40325 76321 42 
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS 


r-1.5 


y 

^lnr(z) 

./ In r(z) 

y 

^lnr(z) 

J In r(z) 

0.0 

- 0.12078 22376 35 

0.00000 00000 00 

5.0 

- 5.32063 00229 09 

4.52667 02683 19 

0.1 

- 0.12545 03928 11 

0.00378 68415 10 

5.1 

- 5.45809 92990 12 

4.69038 46594 51 

0.2 

- 0.13938 53175 79 

0.00839 39012 17 

5.2 

- 5.59594 21987 69 

4. 85599 23475 89 

0.3 

- 0.16238 37050 76 

0.01460 80536 11 

5.3 

- 5.73414 48816 77 

5.02345 93914 30 

0.4 

- 0.19412 35254 45 

0.02315 34211 15 

5.4 

- 5.87269 42552 05 

5.19275 29984 42 

0.5 

- 0.23418 63474 70 

0.03466 89612 75 

5.5 

- 6.01157 79223 61 

5.36384 14702 24 

0.6 

- 0.28208 36136 63 

0.04969 46638 36 

5.6 

- 6.15078 41337 33 

5.53669 41510 65 

0.7 

- 0.33728 34790 33 

0.06866 64150 66 

5.7 

- 6.29030 17435 55 

5.71128 13794 95 

0.8 

- 0.39923 54301 20 

0.09191 83319 43 

5.8 

- 6.43012 01693 96 

5.88757 44426 18 

0.9 

- 0.46739 08704 08 

0.11969 06415 60 

5.9 

- 6.57022 93551 39 

6.06554 55330 63 

1.0 

- 0.54121 88685 47 

0.15214 09934 52 

6.0 

- 6.71061 97369 14 

6.24516 77083 65 

1.1 

- 0.62021 70896 71 

0.18935 73091 01 

6.1 

- 6.85128 22117 36 

6.42641 48526 40 

1.2 

- 0.70391 84698 97 

0.23137 07067 73 

6.2 

- 6.99220 81085 67 

6.60926 16403 83 

1.3 

- 0.79189 44573 28 

0.27816 75270 32 

6.3 

- 7.13338 91616 09 

6.79368 35022 65 

1.4 

- 0.88375 56946 74 

0.32969 99180 52 

6.4 

- 7.27481 74856 07 

6.97965 65928 01 

1.5 

- 0.97915 09391 81 

0.38589 47712 67 

6.5 

- 7.41648 55529 97 

7.16715 77597 60 

1.6 

- 1.07776 48736 47 

0.44666 10201 49 

6.6 

- 7.55838 61727 29 

7.35616 45152 22 

1.7 

- 1.17931 53061 81 

0.51189 54441 75 

6.7 

- 7.70051 24706 26 

7.54665 50081 65 

1.8 

- 1.28355 01134 19 

0.58148 71805 09 

6.8 

- 7.84285 78711 49 

7.73860 79984 87 

1.9 

- 1.39024 41643 92 

0.65532 11610 93 

6.9 

- 7.98541 60804 40 

7.93200 28323 86 

2.0 

- 1.49919 63725 85 

0.73328 06816 91 

7.0 

- 8.12818 10705 51 

8.12681 94190 02 

2.1 

- 1.61022 69592 23 

0.81524 92850 60 

7.1 

- 8.27114 70647 52 

8.32303 82082 45 

2.2 

- 1.72317 49667 28 

0.90111 21116 92 

7.2 

- 8.41430 85238 40 

8.52064 01697 48 

2.3 

- 1.83789 60327 96 

0.99075 68430 94 

7.3 

- 8.55766 01333 52 

8.71960 67728 67 

2.4 

- 1.95426 04180 71 

1.08407 43370 92 

7.4 

- 8.70119 67916 34 

8.91991 99676 60 

2.5 

- 2.07215 12706 83 

1.18095 90329 08 

7.5 

- 8.84491 35986 81 

9.12156 21668 12 

2.6 

- 2.19146 31061 38 

1.28130 91860 05 

7.6 

- 8.98880 58456 98 

9.32451 62284 17 

2.7 

- 2.31210 04795 77 

1.38502 69784 97 

7.7 

- 9.13286 90053 22 

9.52876 54395 97 

2.8 

- 2.43397 68277 27 

1.49201 85397 98 

7.8 

- 9.27709 87224 65 

9. 73429 35008 92 

2.9 

- 2.55701 34593 17 

1.60219 39035 70 

7.9 

- 9.42149 08057 13 

9.94108 45113 82 

3.0 

- 2.68113 86746 74 

1.71546 69204 67 

8.0 

- 9.56604 12192 67 

10.14912 29545 01 

3.1 

- 2.80628 69972 89 

1.83175 51411 18 

8.1 

- 9.71074 60753 60 

10.35839 36845 06 

3.2 

- 2.93239 85022 62 

1.95097 96800 61 

8.2 

- 9.85560 16271 36 

10.56888 19135 53 

3.3 

- 3.05941 82284 63 

2.07306 50684 28 

8.3 

-10.00060 42619 46 

10.78057 31993 69 

3.4 

, - 3.18729 56630 57 

2.19793 91011 06 

8.4 

-10.14575 04950 41 

10.99345 34334 60 

3.5 

- 3.31598 42885 64 

2.32553 26824 38 

8.5 

-10.29103 69636 22 

11.20750 88298 51 

3.6 

- 3.44544 11840 65 

2.45577 96733 92 

8.6 

-10.43646 04212 40 

11.42272 59143 12 

3.7 

- 3.57562 66733 10 

2.58861 67421 82 

8.7 

-10.58201 77325 09 

11.63909 15140 53 

3.8 

- 3.70650 40135 44 

2.72398 32197 35 

8.8 

-10.72770 58681 09 

11.85659 27478 60 

3.9 

- 3.83803 91197 27 

2.86182 09608 36 

8.9 

-10.87352 19000 77 

12.07521 70166 56 

4.0 

- 3.97020 03195 93 

3.00207 42115 08 

9.0 

-11.01946 29973 44 

12.29495 19944 46 

4.1 

- 4.10295 81356 26 

3.14468 94828 47 

9.1 

-11.16552 64215 28 

12.51578 56196 58 

4.2 

- 4.23628 50905 75 

3.28961 54314 23 

9.2 

-11.31170 95229 33 

12.73770 60868 20 

4.3 

- 4.37015 55336 09 

3.43680 27461 51 

9.3 

-11.45800 97367 84 

12.96070 18385 99 

4.4 

- 4.50454 54845 89 

3.58620 40415 07 

9.4 

-11.60442 45796 38 

13.18476 15581 47 

4.5 

- 4.63943 24943 00 

3.73777 37568 62 

9.5 

-11.75095 16459 94 

13.40987 41617 61 

4.6 

- 4.77479 55187 51 

3.89146 80616 79 

9.6 

-11.89758 86050 76 

13.63602 87918 31 

4.7 

- 4.91061 48059 11 

4.04724 47663 05 

9.7 

-12.04433 31977 78 

13.86321 48100 75 

4.8 

- 5.04687 17934 63 

4.20506 32380 55 

9.8 

-12.19118 32337 59 

14.09142 17910 27 

4.9 

- 5.18354 90163 32 

4.36488 43223 09 

9.9 

-12.33813 65886 95 

14.32063 95157 82 

5.0 

- 5.32063 00229 09 

4.52667 02683 19 

10.0 

-12.48519 12016 51 

14.55085 79659 84 
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£= 1.6 


y 


at In r(z) 

J lnr(z) 

y 

at In r(z) 


0.0 

_ 

0.11259 17656 97 

0.00000 00000 00 

5.0 

- 5.15767 38696 89 

4. 

0.1 

- 

0.11687 93076 07 

0.01272 17953 11 

5.1 

- 5.29324 00046 70 

4. 

0.2 

- 

0.12968 70233 13 

0.02614 08547 67 

5.2 

- 5.42921 38858 50 

4. 

0.3 

- 

0.15085 38452 14 

0.04092 98346 69 

5.3 

- 5.56558 05247 67 

5. 

0.4 

- 

0.18012 29875 82 

0.05771 47266 93 

5.4 

- 5.70232 57347 10 

5. 

0.5 

_ 

0.21715 76591 72 

0.07705 74009 90 

5.5 

- 5.83943 60752 49 

5. 

G.6 

- 

0.26155 99560 50 

0.09944 39491 75 

5.6 

- 5.97689 88014 04 

5. 

0.7 

- 

0.31289 07142 69 

0.12527 90746 90 

5.7 

- 6.11470 18170 24 

5. 

0.8 

- 

0.37068 83847 40 

0.15488 59553 99 

5.8 

- 6.25283 36319 59 

6. 

0.9 

- 

0.43448 55339 80 

0.18851 04588 87 

5.9 

- 6.39128 33226 66 

6. 

1.0 

- 

0. 50382 21960 58 

0.22632 83631 44 

6.0 

- 6.53004 04959 33 

6. 

1.1 

- 

0.57825 58588 66 

0.26845 42738 89 

6.1 

- 6.66909 52554 28 

6. 

1.2 

- 

0. 65736 82809 44 

0.31495 11405 00 

6.2 

- 6.80843 81708 20 

6. 

1.3 

- 

0. 74076 95833 61 

0.36583 95580 78 

6.3 

- 6.94806 02492 33 

6. 

1.4 

- 

0. 82810 01661 20 

0.42110 63293 75 

6.4 

- 7.08795 29088 41 

7. 

1.5 

_ 

0.91903 10002 05 

0.48071 20031 31 

6.5 

- 7.22810 79544 00 

7. 

1.6 

- 

1.01326 27864 52 

0.54459 72874 22 

6.6 

- 7.36851 75545 64 

7. 

1.7 

- 

1.11052 43845 66 

0.61268 83586 73 

6.7 

- 7.50917 42208 19 

7. 

1.8 

- 

1.21057 08228 70 

0.68490 11588 51 

6.8 

- 7.65007 07879 17 

7. 

1.9 

- 

1.31318 11150 50 

0.76114 48080 60 

6.9 

- 7.79120 03956 68 

8. 

2.0 

_ 

1.41815 60399 85 

0.84132 42695 09 

7.0 

- 7.93255 64719 90 

8. 

2.1 

- 

1.52531 59861 47 

0.92534 23984 61 

7.1 

- 8.07413 27171 08 

8. 

2.2 

- 

1.63449 89215 98 

1.01310 14934 56 

7.2 

- 8.21592 30888 20 

8. 

2.3 

- 

1.74555 85219 99 

1.10450 44515 88 

7.3 

- 8.35792 17887 32 

8. 

2.4 

- 

1.85836 24696 22 

1.19945 56127 07 

7.4 

- 8.50012 32493 99 

9. 

2.5 

_ 

1.97279 09238 15 

1.29786 13618 36 

7.5 

- 8. 64252 21222 97 

9. 

2.6 

- 

2.08873 51557 24 

1.39963 05453 39 

7.6 

- 8. 78511 32665 62 

9. 

2.7 

- 

2.20609 63358 10 

1.50467 47448 81 

7.7 

- 8. 92789 17384 38 

9. 

2.8 

- 

2.32478 44606 95 

1.61290 84436 93 

7.8 

- 9. 07085 27813 87 

9. 

2.9 

- 

2.44471 74052 94 

1.72424 91120 48 

7.9 

- 9. 21399 18168 02 

10, 

3.0 

_ 

2.56582 00865 46 

1.83861 72327 21 

8.0 

- 9.35730 44352 92 

10. 

3.1 

- 

2.68802 37258 40 

1.95593 62824 65 

8.1 

- 9.50078 63884 89 

10. 

3.2 

- 

2.81126 51983 53 

2.07613 26817 55 

8.2 

- 9.64443 35813 39 

10. 

3.3 

- 

2.93548 64586 59 

2.19913 57221 55 

8.3 

- 9. 78824 20648 48 

10. 

3.4 

- 

3.06063 40331 69 

2.32487 74784 17 

8.4 

- 9.93220 80292 58 

11. 

3.5 

_ 

3.18665 85710 48 

2.45329 27106 82 

8.5 

-10.07632 77975 98 

11. 

3.6 

- 

3.31351 44463 00 

2.58431 87608 00 

8.6 

-10.22059 78196 20 

11. 

3.7 

- 

3.44115 94046 31 

2.71789 54457 96 

8.7 

-10.36501 46660 67 

11. 

3.8 

- 

3.56955 42495 22 

2.85396 49506 80 

8.8 

-10.50957 50232 55 

12. 

3.9 

- 

3.69866 25626 62 

2.99247 17222 46 

8.9 

-10. 65427 56879 66 

12. 

4.0 

_ 

3.82845 04545 47 

3.13336 23649 89 

9.0 

-10.79911 35626 11 

12. 

4.1 

- 

3.95888 63415 67 

3.27658 55399 89 

9.1 

-10.94408 56506 53 

12. 

4.2 

- 

4.08994 07464 23 

3.42209 18672 73 

9.2 

-11.08918 90522 76 

12. 

4.3 

_ 

4.22158 61190 90 

3.56983 38320 36 

9.3 

-11.23442 09602 86 

13. 

4.4 

- 

4.35379 66759 32 

3.71976 56948 92 

9.4 

-11.37977 86562 21 

13. 

4.5 

_ 

4.48654 82548 65 

3.87184 34062 62 

9.5 

-11.52525 95066 64 

13. 

4.6 

- 

4.61981 81847 38 

4.02602 45248 92 

9.6 

-11.67086 09597 45 

13. 

4.7 

- 

4.75358 51673 33 

4.18226 81404 46 

9.7 

-11.81658 05418 21 

14. 

4.8 

- 

4.88782 91705 81 

4.34053 48000 81 

9.8 

-11.96241 58543 24 

14. 

4.9 

- 

5.02253 13317 74 

4.50078 64388 72 

9.9 

-12.10836 45707 60 

14. 

5.0 

- 

5.15767 38696 89 

4.66298 63139 40 

10.0 

-12.25442 44338 60 

14. 


Table 6.7 


J lnr(z) 

66298 63139 40 
,82709 89421 23 
99309 00410 26 
16092 64732 77 
33057 61938 29 

50200 82001 33 
67519 24850 30 
85009 99922 08 
02670 25740 71 
20497 29518 79 

38488 46780 37 
56641 21003 90 
74953 03284 11 
93421 52011 79 
12044 32570 25 

30819 17047 52 
49743 83963 44 
68816 18010 64 
88034 09808 67 
07395 55670 43 

26898 57380 27 
46541 21983 05 
66321 61583 45 
86237 93155 10 
06288 38358 78 

26471 23369 30 
46784 78710 61 
67227 39098 48 
87797 43290 61 
08493 33943 44 

29313 57475 61 
50256 63937 51 
71321 06886 60 
92505 43268 31 
13808 33302 08 

35228 40372 42 
56764 30924 55 
78414 74364 58 
00178 42963 80 
22054 11767 06 

44040 58504 89 
66136 63509 22 
88341 09632 56 
10652 82170 40 
33070 68786 75 

55593 59442 57 
78220 46327 06 
00950 23791 60 
23781 88286 23 
46714 38298 57 

69746 74295 03 
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS 


X'=l.' 

y J*\xiY{z) J In r(z) 

0.0 - 0.09580 76974 07 0.00000 00000 00 

0. 1 - 0.09977 01624 55 0.02095 53101 47 

0.2 - 0. 11161 35203 43 0.04250 99781 99 

0.3 - 0.13120 82417 20 0.06524 48506 20 

0.4 - 0. 15834 67099 43 0.08970 54480 34 

0.5 - 0.19275 44989 43 0.11638 82473 83 

0.6 - 0.23410 41754 11 0.14573 09476 06 

0.7 - 0.28203 01468 30 0.17810 70108 82 

0.8 - 0.33614 32007 35 0.21382 42284 85 

0.9 - 0.39604 36829 33 0.25312 66649 29 

1.0 - 0.46133 26441 19 0.29619 91243 57 

1. 1 - 0.53162 06562 78 0.34317 32455 42 

1.2 - 0.60653 43029 30 0.39413 44205 39 

1.3 - 0.68572 05552 37 0.44912 88915 80 

1.4 - 0.76884 93610 19 0.50817 05624 82 

1.5 - 0.85561 48134 32 0.57124 72307 84 

1.6 - 0.94573 52538 42 0.63832 60866 03 

1.7 - 1.03895 26210 76 0.70935 84280 02 

1.8 - 1.13503 13039 83 0.78428 36123 89 

1.9 - 1.23375 66975 90 0.86303 23052 04 

2.6 - 1.33493 36116 09 0.94552 91079 51 

2. 1 - 1.43838 46369 05 1.03169 46541 37 

2.2 - 1.54394 85411 53 1. 12144 72591 94 

2.3 - 1.65147 87389 10 1.21470 42030 73 

2.4 - 1.76084 18623 15 1.31138 27144 41 

2.5 - 1.87191 64452 44 1.41140 07152 26 

2.6 - 1.98459 17246 80 1.51467 73744 45 

2.7 - 2.09876 65571 99 1.62113 35114 76 

2.8 - 2.21434 84448 82 1.73069 18813 34 

2.9 - 2.33125 26629 53 1.84327 73680 71 

3.0 - 2.44940 14805 61 1.95881 71071 34 

3. 1 - 2.56872 34658 89 2.07724 05531 98 

3.2 - 2.68915 28670 03 2.19847 95064 74 

3.3 - 2.81062 90603 59 2.32246 81077 41 

3.4 - 2.93309 60594 79 2.44914 28100 87 

3.5 - 3.05650 20770 24 2.57844 23336 16 

3.6 - 3.18079 91341 33 2.71030 76079 67 

3.7 - 3.30594 27115 93 2.84468 17064 22 

3.8 - 3.43189 14379 84 2.98150 97744 80 

3.9 - 3.55860 68105 24 3.12073 89551 42 

4.0 - 3.68605 29448 47 3.26231 83125 99 

4. 1 - 3.81419 63503 82 3.40619 87555 93 

4.2 - 3.94300 57284 13 3.55233 29614 33 

4.3 - 4.07245 17902 59 3.70067 53013 46 

4.4 - 4. 20250 70933 22 3.85118 17677 02 

4.5 - 4.33314 58930 01 4.00380 99034 45 

4. 6 - 4.46434 40087 52 4.15851 87339 90 

4. 7 - 4.59607 87027 47 4.31526 87017 23 

4.8 - 4.72832 85697 79 4.47402 16031 94 

4.9 - 4.86107 34372 26 4.63474 05290 18 

4.79738 98064 85 


y 

^lnT (z) 

J\nT(z) 

5.0 

- 4.99429 42740 24 

4. 79738 98064 85 

5.1 

- 5.12797 31077 01 

4.96193 49448 28 

5.2 

- 5.26209 29486 79 

5.12834 25830 88 

5.3 

- 5.39663 77210 79 

5. 29658 04404 97 

5.4 

- 5.53159 21994 12 

5.46661 72692 91 

5.5 

- 5.66694 19505 53 

5.63842 28098 55 

5.6 

- 5.80267 32805 14 

5.81196 77481 03 

5.7 

- 5.93877 31855 28 

5. 98722 36749 88 

5.8 

- 6.07522 93070 61 

6.16416 30480 45 

5.9 

- 6.21202 98903 76 

6.34275 91548 66 

6.0 

- 6.34916 37463 25 

6.52298 60784 05 

6.1 

- 6.48662 02160 75 

6. 70481 86640 24 

6.2 

- 6.62438 91385 04 

6.88823 24881 89 

6.3 

- 6.76246 08200 42 

7.07320 38287 20 

6.4 

- 6.90082 60067 27 

7.25970 96365 25 

6.5 

- 7.03947 58582 98 

7.44772 75087 22 

6.6 

- 7.17840 19241 47 

7.63723 56630 84 

6.7 

- 7.31759 61209 77 

7.82821 29137 39 

6.8 

- 7.45705 07120 18 

8.02063 86480 35 

6.9 

- 7.59675 82876 82 

8.21449 28045 37 

7.0 

- 7.73671 17475 34 

8.40975 58520 62 

7.1 

- 7.87690 42834 81 

8.60640 87697 25 

7.2 

- 8.01732 93640 69 

8. 80443 30279 13 

7.3 

- 8.15798 07198 22 

9.00381 05701 63 

7.4 

- 8.29885 23295 23 

9.20452 37958 73 

7.5 

- 8.43993 84073 80 

9.40655 55438 14 

7.6 

- 8.58123 33910 02 

9.60988 90763 93 

7.7 

- 8.72273 19301 22 

9.81450 80646 38 

7.8 

- 8.86442 88760 30 

10.02039 65738 46 

7.9 

- 9.00631 92716 38 

10.22753 90498 84 

8.0 

- 9.14839 83421 51 

10.43592 03060 85 

8.1 

- 9.29066 14862 98 

10.64552 55107 28 

8.2 

- 9.43310 42680 75 

10.85634 01750 59 

8.3 

- 9.57572 24089 73 

11.06835 01418 23 

8.4 

- 9.71851 17806 54 

11.28154 15743 00 

8.5 

- 9.86146 83980 47 

11.49590 09457 89 

8.6 

-10.00458 84128 32 

11.71141 50295 52 

8.7 

-10.14786 81072 85 

11.92807 08891 58 

8.8 

-10.29130 38884 74 

12.14585 58692 46 

8.9 

-10.43489 22827 58 

12.36475 75866 47 

9.0 

-10.57862 99305 96 

12.58476 39218 81 

9.1 

-10.72251 35816 27 

12.80586 30109 93 

9.2 

-10.86654 00900 14 

13.02804 32377 08 

9.3 

-11.01070 64100 32 

13.25129 32259 06 

9.4 

-11.15500 95918 83 

13.47560 18323 86 

9.5 

-11.29944 67777 28 

13.70095 81399 16 

9.6 

-11.44401 51979 25 

13. 92735 14505 47 

9.7 

-11.58871 21674 47 

14.15477 12791 90 

9.8 

-11.73353 50824 91 

14.38320 73474 23 

9.9 

-11.87848 14|72 43 

14.61264 95775 51 

10.0 

-12.02354 8^208 09 

14.84308 80868 68 


5.0 - 4.99429 42740 24 
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 


*= 1.8 


y 


■ Khi T(z) 

J In rO) 

y 

in r(z) 

J In r(z) 

0.0 

_ 

0.07108 38729 14 

0.00000 00000 00 

5.0 

- 4.83045 68451 13 

4.92989 76263 84 

0.1 

_ 

0.07476 57386 86 

0.02858 63331 36 

5.1 

- 4.96226 53555 54 

5. 09490 86275 80 

0.2 

_ 

0.08577 55297 09 

0.05769 29209 31 

5.2 

- 5.09454 72216 70 

5.26176 50781 04 

0.3 

_ 

0.10400 76857 32 

0.08782 58538 91 

5.3 

- 5.22728 53433 89 

5.43043 56009 62 

0.4 

- 

0.12929 22486 30 

0.11946 40495 57 

5.4 

- 5.36046 35143 73 

5.60088 97905 12 

0.5 

_ 

0.16140 31015 52 

0.15304 83729 82 

5.5 

- 5.49406 63619 68 

5.77309 81726 78 

0.6 

_ 

0.20006 82029 53 

0.18897 35429 70 

5.6 

- 5.62807 92920 13 

5.94703 21669 16 

0.7 

_ 

0.24498 08149 51 

0.22758 31014 17 

5.7 

- 5.76248 84380 56 

6.12266 40498 86 

0.8 

- 

0.29581 07721 71 

0.26916 73612 58 

5.8 

- 5.89728 06145 63 

6 . 29996 69207 68 

0.9 

- 

0.35221 50054 25 

0.31396 39650 50 

5.9 

- 6.03244 32737 64 

6.47891 46681 58 

1.0 

_ 

0.41384 67690 74 

0.36216 05120 09 

6.0 

- 6. 16796 44658 02 

6 . 65948 19384 99 

1.1 

- 

0.48036 32669 52 

0.41389 86472 00 

6.1 

- 6. 30383 28019 05 

6.84164 41059 65 

1.2 

_ 

0.55143 15880 74 

0.46927 90315 88 

6.2 

- 6.44003 74202 92 

7.02537 72437 42 

1.3 

_ 

0.62673 30272 43 

0.52836 66950 54 

6.3 

- 6.57656 79546 04 

7.21065 80966 53 

1.4 

- 

0.70596 59713 03 

0.59119 63857 23 

6.4 

- 6.71341 45046 23 

7.39746 40550 43 

1.5 

_ 

0.78884 75850 80 

0.65777 76436 65 

6.5 

- 6.85056 76090 92 

7.58577 31298 85 

1.6 

_ 

0.87511 45440 57 

0.72809 94297 11 

6.6 

- 6.98801 82204 65 

7.77556 39290 39 

1.7 

_ 

0.96452 30468 26 

0.80213 42229 48 

6.7 

- 7.12575 76814 17 

7.96681 56346 11 

1.8 

_ 

1.05684 83111 80 

0.87984 15616 08 

6.8 

- 7.26377 77029 87 

8.15950 79813 46 

1.9 

- 

1.15188 37223 02 

0.96117 10434 30 

6.9 

- 7.40207 03441 98 

8.35362 12360 30 

2.0 

_ 

1.24943 97659 29 

1.04606 48267 65 

7.0 

- 7.54062 79930 63 

8.54913 61778 15 

2.1 

_ 

1.34934 28469 99 

1.13445 96865 98 

7.1 

- 7.67944 33488 49 

8.74603 40794 54 

2.2 

_ 

1.45143 40669 35 

1.22628 86841 72 

7.2 

- 7.81850 94055 06 

8 . 94429 66893 74 

2.3 

_ 

1.55556 80105 11 

1.32148 25078 65 

7.3 

- 7.95781 94361 78 

9.14390 62145 64 

2.4 

- 

1.66161 15761 22 

1.41997 05387 49 

7.4 

- 8.09736 69787 03 

9.34484 53042 25 

2.5 

_ 

1.76944 28703 84 

1.52168 16884 90 

7.5 

- 8.23714 58220 35 

9.54709 70341 42 

2.6 

_ 

1.87895 01786 38 

1.62654 50508 69 

7.6 

- 8.37714 99935 16 

9.75064 48917 54 

2.7 

_ 

1.99003 10163 61 

1.73449 04020 35 

7.7 

- 8.51737 37469 39 

9.95547 27618 74 

2.8 

_ 

2.10259 12619 95 

1.84544 85788 28 

7.8 

- 8.65781 15513 42 

10. 16156 49130 30 

2.9 

- 

2.21654 43688 12 

1.95935 17594 45 

7.9 

- 8.79845 80804 75 

10.36890 59844 02 

3.0 

_ 

2.33181 06516 27 

2.07613 36663 29 

8.0 

- 8.93930 82029 08 

10.57748 09733 12 

3.1 

- 

2.44831 66432 13 

2.19572 97074 49 

8.1 

- 9.08035 69727 14 

10.78727 52232 56 

3.2 

- 

2.56599 45147 78 

2.31807 70690 52 

8.2 

- 9.22159 96207 08 

10.99827 44124 32 

3.3 

_ 

2.68478 15548 41 

2.44311 47704 17 

8.3 

- 9.36303 15461 81 

11.21046 45427 62 

3.4 

- 

2.80461 97009 53 

2. 57078 36890 62 

8.4 

- 9.50464 83091 20 

11.42383 19293 59 

3.5 

_ 

2.92545 51190 19 

2.70102 65631 50 

8.5 

- 9.64644 56228 63 

11.63836 31904 38 

3.6 

- 

3.04723 78253 42 

2.83378 79764 90 

8.6 

- 9.78841 93471 63 

11.85404 52376 37 

3.7 

- 

3.16992 13469 31 

2.96901 43304 05 

8.7 

- 9.93056 54816 43 

12.07086 52667 34 

3.8 

- 

3.29346 24159 89 

3.10665 38058 79 

8.8 

-10.07288 01596 06 

12.28881 07487 37 

3.9 

- 

3.41782 06949 39 

3.24665 63186 51 

8.9 

-10.21535 96421 85 

12.50786 94213 31 

4.0 

_ 

3.54295 85286 89 

3.38897 34693 93 

9.0 

-10.35800 03128 01 

12.72802 92806 69 

4.1 

_ 

3.66884 07212 13 

3.53355 84906 21 

9.1 

-10.50079 86719 24 

12.94927 85734 79 

4.2 

_ 

3.79543 43338 26 

3.68036 61916 47 

9.2 

-10.64375 13321 05 

13.17160 57894 90 

4.3 

_ 

3.92270 85028 21 

3.82935 29025 75 

9.3 

-10.78685 50132 67 

13.39499 96541 43 

4.4 

- 

4.05063 42744 24 

3.98047 64181 31 

9.4 

-10.93010 65382 43 

13.61944 91215 87 

4.5 

_ 

4.17918 44552 05 

4.13369 59419 14 

9.5 

-11.07350 28285 39 

13. 84494 33679 42 

4.6 

_ 

4.30833 34763 48 

4.28897 20315 17 

9.6 

-11.21704 09003 12 

14.07147 17848 17 

4.7 

_ 

4.43805 72703 06 

4.44626 65448 66 

9.7 

-11.36071 78605 47 

14.29902 39730 75 

4.8 

_ 

4.56833 31585 96 

4.60554 25879 92 

9.8 

-11.50453 09034 33 

14.52758 97368 21 

4.9 

- 

4.69913 97495 61 

4.76676 44644 38 

9.9 

-11.64847 73069 06 

14.75715 90776 29 

5.0 

- 

4.83045 68451 13 

4.92989 76263 84 

10.0 

-11.79255 44293 69 

14.98772 21889 61 
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS 


r=1.9 


y 


^lnr(z) 

J In r(z) 

y 

^lnr(z) 

J In r(z) 

0.0 

_ 

0.03898 42759 23 

0.00000 00000 00 

5.0 

- 4.66612 81728 77 

5.06052 77830 38 

0.1 


0.04242 16648 18 

0.03569 47077 36 

5.1 

- 4.79608 44074 24 

5.22603 70297 75 

0.2 

_ 

0.05270 43596 13 

0.07184 49288 73 

5.2 

- 4.92654 53878 64 

5.39337 36626 27 

0.3 

_ 

0.06974 53071 16 

0.10889 51730 33 

5.3 

- 5.05749 30552 47 

5.56250 72499 47 

0.4 

- 

0.09340 38158 25 

0.14726 87453 39 

5.4 

- 5.18891 02823 51 

5.73340 82679 93 

0.5 

_ 

0.12349 16727 26 

0.18735 90383 60 

5.5 

- 5.32078 08121 05 

5.90604 80662 49 

0.6 

_ 

0.15978 08372 30 

0.22952 28050 02 

5.6 

- 5.45308 92008 98 

6.08039 88340 38 

0.7 

_ 

0.20201 20244 82 

0.27407 56544 06 

5.7 

- 5.58582 07663 21 

6.25643 35684 02 

0.8 

- 

0.24990 35004 09 

0.32128 97690 64 

5.8 

- 5.71896 15389 41 

6.43412 60432 49 

0.9 

' 

0.30315 95035 34 

0.37139 36389 55 

5.9 

- 5.85249 82177 50 

6.61345 07797 49 

1.0 

_ 

0.36147 78527 10 

0.42457 34706 81 

6.0 

- 5.98641 81289 78 

6.79438 30179 35 

1.1 


0.42455 64621 11 

0.48097 58618 37 

6.1 

- 6.12070 91879 56 

6.97689 86894 96 

1.2 

_ 

0.49209 86372 39 

0.54071 13247 70 

6.2 

- 6.25535 98637 85 

7.16097 43917 16 

1.3 

- 

0.56381 71504 20 

0.60385 82827 52 

6.3 

- 6.39035 91465 66 

7.34658 73625 14 

1.4 

- 

0.63943 71834 98 

0.67046 72268 81 

6.4 

- 6.52569 65169 71 

7.53371 54565 59 

1.5 

_ 

0.71869 82795 42 

0.74056 47971 47 

6.5 

- 6.66136 19179 75 

7.72233 71224 13 

1.6 


0.80135 54698 30 

0.81415 76239 52 

6.6 

- 6.79734 57285 54 

7. 91243 13806 57 

1.7 


0.88717 97447 03 

0.89123 58296 55 

6.7 

- 6.93363 87392 01 

8 . 10397 78029 64 

1.8 

_ 

0.97595 80247 42 

0.97177 61401 47 

6.8 

- 7.07023 21291 12 

8.29695 64920 80 

1.9 

- 

1.06749 27687 53 

1.05574 45936 43 

6.9 

- 7.20711 74449 04 

8.49134 80626 65 

2.0 

_ 

1.16160 13318 68 

1.14309 88592 34 

7.0 

- 7.34428 65807 56 

8.68713 36229 72 

2.1 


1.25811 51641 83 

1.23379 01934 57 

7.1 

- 7.48173 17598 49 

8 . 88429 47573 07 

2.2 

_ 

1.35687 89195 14 

1.32776 50714 39 

7.2 

- 7.61944 55170 18 

9.08281 35092 45 

2.3 

_ 

1.45774 95259 72 

1.42496 65323 75 

7.3 

- 7.75742 06825 11 

9. 28267 23655 74 

2.4 

- 

1.56059 52554 63 

1.52533 52787 28 

7.4 

- 7.89565 03667 87 

9.48385 42409 11 

2.5 

_ 

1.66529 48176 11 

1.62881 05662 06 

7.5 

- 8.03412 79462 62 

9.68634 24629 88 

2.6 

_ 

1.77173 64947 51 

1.73533 09179 80 

7.6 

- 8.17284 70499 43 

9.89012 07585 45 

2.7 


1.87981 73280 00 

1.84483 46926 69 

7.7 

- 8.31180 15468 79 

10.09517 32398 33 

2.8 

- 

1.98944 23595 80 

1.95726 05315 67 

7.8 

- 8.45098 55343 75 

10.30148 43916 76 

2.9 

- 

2. 10052 39332 16 

2.07254 77068 08 

7.9 

- 8.59039 33269 14 

10.50903 90590 64 

3.0 

_ 

2.21298 10520 42 

2.19063 63887 13 

8.0 

- 8.73001 94457 32 

10.71782 24352 78 

3.1 


2.32673 87919 77 

2.31146 78475 36 

8.1 

- 8.86985 86090 10 

10.92782 00504 91 

3.2 

- 

2.44172 77675 72 

2.43498 46022 00 

8.2 

- 9.00990 57226 31 

11.13901 77608 39 

3.3 

- 

2.55788 36468 15 

2.56113 05263 98 

8.3 

- 9.15015 58714 69 

11.35140 17379 39 

3.4 

- 

2.67514 67111 48 

2.68985 09205 60 

8.4 

- 9.29060 43111 75 

11.56495 84588 29 

3.5 


2. 79346 14569 24 

2.82109 25566 19 

8.5 

- 9.43124 64604 23 

11.77967 46963 13 

3.6 

- 

2.91277 62346 38 

2.95480 37012 40 

8.6 

- 9.57207 78935 85 

11. 99553 75096 87 

3.7 

- 

3.03304 29224 14 

3.09093 41220 91 

8.7 

- 9.71309 43338 13 

12.21253 42358 42 

3.8 

- 

3.15421 66305 10 

3.22943 50808 91 

8.8 

- 9.85429 16464 97 

12.43065 24807 06 

3.9 

- 

3.27625 54337 96 

3.37025 93162 16 

8.9 

- 9.99566 58330 75 

12.64988 OHIO 27 

4.0 

_ 

3.39912 01294 42 

3.51336 10185 24 

9.0 

-10.13721 30251 72 

12.87020 52464 75 

4.1 


3.52277 40173 08 

3.65869 57993 21 

9.1 

-10.27892 94790 52 

13.09161 62520 42 

4.2 

- 

3. 64718 27007 49 

3.80622 06560 50 

9.2 

-10.42081 15703 58 

13.31410 17307 41 

4.3 

_ 

3.77231 39057 84 

3.95589 39339 63 

9.3 

-10.56285 57891 26 

13.53765 05165 78 

4.4 

- 

3.89813 73167 71 

4.10767 52859 66 

9.4 

-10.70505 87350 54 

13. 76225 16677 85 

4.5 

_ 

4.02462 44269 53 

4.26152 56312 41 

9.5 

-10.84741 71130 08 

13.98789 44603 16 

4.6 

- 

4.15174 84023 59 

4.41740 71132 72 

9.6 

-10.98992 77287 64 

14.21456 83815 73 

4.7 

- 

4.27948 39577 56 

4.57528 30577 67 

9.7 

-11.13258 74849 48 

14.44226 31243 75 

4.8 

- 

4.40780 72434 44 

4.73511 79308 60 

9.8 

-11.27539 33771 93 

14.67096 85811 36 

4.9 

- 

4.53669 57418 38 

4.89687 72979 01 

9.9 

-11.41834 24904 66 

14.90067 48382 65 

5.0 

_ 

4.66612 81728 77 

5.06052 77830 38 

10.0 

-11.56143 19955 88 

15.13137 21707 60 
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7 


>•= 2.0 


V 


yt in r(z) 

J In r(z) 

y 

dflnr(*) 

J In r(*) 

0.0 


0.00000 00000 00 

0.00000 00000 00 

5.0 

- 4.50127 58755 42 

5.18929 93415 60 

0.1 

- 

0.00322 26151 39 

0.04234 57120 74 

5.1 

- 4.62939 88796 82 

5.35533 82031 27 

0.2 

- 

0.01286 59357 41 

0.08509 33372 06 

5.2 

- 4.75805 70222 52 

5. 52318 54439 62 

0.3 

- 

0.02885 74027 79 

0.12863 61223 10 

5.3 

- 4.88723 13522 76 

5.69281 16137 11 

0.4 

- 

0.05107 93722 62 

0.17335 05507 97 

5.4 

- 5.01690 38831 33 

5. 86418 81052 00 

0.5 

_ 

0.07937 37235 30 

0.21958 93100 95 

5.5 

- 5.14705 75299 57 

6 . 03728 71248 73 

0.6 

- 

0.11354 77183 40 

0.26767 56897 80 

5.6 

- 5.27767 60518 81 

6 . 21208 16640 30 

0.7 

- 

0.15338 06308 81 

0.31789 96132 02 

5.7 

- 5.40874 39987 03 

6 . 38854 54709 43 

0.8 

- 

0.19863 06626 31 

0.37051 53392 47 

5.8 

- 5.54024 66615 82 

6 . 56665 30238 56 

0.9 

- 

0.24904 17059 66 

0.42574 07261 44 

5.9 

- 5.67217 00274 24 

6 . 74637 95048 97 

1.0 

_ 

0. 30434 96090 22 

0.48375 78429 30 

6.0 

- 5.80450 07366 29 

6.92770 07748 95 

1.1 

- 

0.36428 77010 76 

0.54471 46524 35 

6.1 

- 5.93722 60439 25 

7.11059 33491 13 

1.2 

- 

0.42859 14442 42 

0.60872 74700 17 

6.2 

- 6.07033 37820 31 

7.29503 43738 76 

1.3 

- 

0.49700 21701 52 

0.67588 39160 88 

6.3 

- 6.20381 23278 98 

7.48100 16040 81 

1.4 

- 

0.56926 99322 58 

0.74624 61166 63 

6.4 

- 6.33765 05713 36 

7. 66847 33815 76 

1.5 

_ 

0. 64515 55533 76 

0.81985 39537 67 

6.5 

- 6.47183 78858 22 

7. 85742 86143 76 

1.6 

- 

0.72443 19760 33 

0.89672 82178 63 

6.6 

- 6.60636 41013 16 

8.04784 67567 00 

1.7 

- 

0.80688 50339 42 

0.97687 35612 07 

6.7 

- 6.74121 94789 19 

8 . 23970 7789B 07 

1.8 

- 

0.89231 37613 78 

1.06028 11909 26 

6.8 

- 6.87639 46872 45 

8.43299 22035 86 

1.9 

- 

0.98053 03476 69 

1.14693 12720 53 

6.9 

- 7.01188 07803 50 

8 . 62768 0978B 99 

2.0 

_ 

1.07135 98302 14 

1.23679 50341 04 

7.0 

- 7.14766 91771 18 

8.82375 55706 27 

2.1 

- 

1.16463 96040 42 

1.32983 65907 26 

7.1 

- 7.28375 16419 82 

9.02119 78914 05 

2.2 

- 

1.26021 88108 76 

1.42601 44920 94 

7.2 

- 7.42012 02668 81 

9.21999 02960 14 

2.3 

- 

1.35795 76568 48 

1.52528 30352 04 

7.3 

- 7.55676 74543 62 

9.42011 55664 09 

2.4 

- 

1.45772 66961 57 

1.62759 33595 36 

7.4 

- 7.69368 59017 46 

9.62155 68973 45 

2.5 

_ 

1.55940 61080 61 

1.73289 43555 35 

7.5 

- 7.83086 85862 69 

9.82429 78825 87 

2.6 

- 

1.66288 49866 52 

1.84113 34120 22 

7.6 

- 7.96830 87511 38 

10. 02832 25016 83 

2.7 

- 

1. 76806 06566 17 

1. 95225 70264 63 

7.7 

- 8.10599 98924 36 

10.23361 51072 54 

2.8 

- 

1.87483 80234 65 

2.06621 12994 71 

7.8 

- 8.24393 57468 08 

10.44016 04128 09 

2.9 

- 

1.98312 89631 02 

2.18294 23322 91 

7.9 

- 8.38211 02798 83 

10.64794 34810 35 

3.0 

_ 

2.09285 17530 93 

2.30239 65434 67 

8.0 

- 8.52051 76753 67 

10. 85694 97125 60 

3.1 

- 

2. 20393 05460 64 

2.42452 09185 18 

8.1 

- 8.65915 23247 82 

11.06716 48351 59 

3.2 

- 

2.31629 48844 77 

2.54926 32043 52 

8.2 

- 8.79800 88177 87 

11.27857 48933 86 

3.3 

- 

2.42987 92551 37 

2.67657 20582 60 

8.3 

- 8.93708 19330 47 

11.49116 62386 10 

3.4 

- 

2.54462 26813 03 

2.80639 71597 50 

8.4 

- 9.07636 66296 28 

11.70492 55194 45 

3.5 

_ 

2.66046 83499 73 

2.93868 92920 59 

8.5 

- 9.21585 80388 55 

11.91983 96725 52 

3.6 

- 

2.77736 32717 84 

3.07340 03990 47 

8.6 

- 9.35555 14566 37 

12. 13589 59137 86 

3.7 

- 

2.89525 79709 78 

3.21048 36221 88 

8.7 

- 9.49544 23361 92 

12.35308 17297 01 

3.8 

_ 

3.01410 62029 30 

3.34989 33215 16 

8.8 

- 9.63552 62811 84 

12.57138 48693 62 

3.9 

- 

3.13386 46968 42 

3.49158 50837 57 

8.9 

- 9. 77579 90392 11 

12. 79079 33364 76 

4.0 

_ 

3.25449 29213 81 

3.63551 57202 41 

9.0 

- 9.91625 64956 49 

13.01129 53818 23 

4.1 

_ 

3.37595 28711 45 

3.78164 32567 78 

9.1 

-10.05689 46678 12 

13.23287 94959 63 

4.2 

_ 

3.49820 88720 59 

3.92992 69172 45 

9.2 

-10.19770 96994 20 

13. 45553 44022 19 

4.3 

_ 

3.62122 74039 03 

4.08032 71023 23 

9.3 

-10.33869 78553 49 

13. 67924 90499 21 

4.4 

- 

3. 74497 69383 89 

4.23280 53645 81 

9.4 

-10.47985 55166 49 

13.90401 26078 95 

4.5 

_ 

3.86942 77912 99 

4.38732 43808 43 

9.5 

-10.62117 91758 12 

14.12981 44581 93 

4.6 

_ 

3.99455 19873 65 

4.54384 79226 20 

9.6 

-10. 76266 54322 81 

14.35664 41900 46 

4.7 

_ 

4.12032 31366 90 

4.70234 08252 48 

9.7 

-10.90431 09881 75 

14. 58449 15940 42 

4.8 

_ 

4.24671 63216 20 

4.86276 89562 20 

9.8 

-11.04611 26442 29 

14.81334 66565 09 

4.9 

- 

4.37370 79930 87 

5.02509 91831 32 

9.9 

-11.18806 72959 27 

15. 04319 95540 92 

5.0 

_ 

4.50127 58755 42 

5.18929 93415 60 

10.0 

-11.33017 19298 27 

15. 27404 06485 34 
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Table 6.8 DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS 
*= 1.0 


y 


M z ) 

y 


•'*« 

0.0 

- 0.57721 56649 

0.00000 

5.0 

1.61278 

48446 

1.47080 

0.1 

- 0.56529 77902 

0.16342 

5.1 

1.63245 

69889 

1.47276 

0.2 

- 0.53073 04055 

0.32064 

5.2 

1.65175 

20861 

1.47464 

0.3 

- 0.47675 48934 

0.46653 

5.3 

1.67068 

42228 

1.47646 

0.4 

- 0.40786 79442 

0.59770 

5.4 

1.68926 

67162 

1.47820 

0.5 

- 0.32888 63572 

0.71269 

5.5 

1.70751 

21687 

1.47989 

0.6 

- 0.24419 65809 

0.81160 

5.6 

1.72543 

25175 

1.48151 

0.7 

- 0.15733 61258 

0.89563 

5.7 

1.74303 

90807 

1.48308 

0.8 

- 0.07088 34022 

0.96655 

5.8 

1.76034 

25988 

1.48459 

0.9 

+ 0.01345 20154 

1.02628 

5.9 

1.77735 

32733 

1.49605 

1.0 

0.09465 03206 

1.07667 

6.0 

1.79408 

08018 

1.48746 

1.1 

0.17219 05426 

1.11938 

6.1 

1.81053 

44105 

1.48883 

1.2 

0.24588 65515 

1.15580 

6.2 

1.82672 

28842 

1.49015 

1.3 

0.31576 20906 

1.18707 

6.3 

1.84265 

45939 

1.49143 

1.4 

0.38196 28134 

1.21413 

6.4 

1.85833 

75219 

1.49267 

1.5 

0.44469 79402 

1.23772 

6.5 

1.87377 

92858 

1.49387 

1.6 

0.50420 34618 

1.25843 

6.6 

1.88898 

71602 

1.49504 

1.7 

0.56072 00645 

1.27675 

6.7 

1.90396 

80964 

1.49617 

1.8 

0.61448 06554 

1.29306 

6.8 

1.91872 

87422 

1.49727 

1.9 

0.66570 39172 

1.30766 

6.9 

1.93327 

54582 

1.49833 

2.0 

0.71459 15154 

1.32081 

7.0 

1.94761 

43346 

1.49937 

2.1 

0.76132 74328 

1.33271 

7.1 

1.96175 

12062 

1.50037 

2.2 

0.80607 84807 

1.34353 

7.2 

1.97569 

16663 

1.50135 

2.3 

0.84899 54079 

1.35341 

7.3 

1.98944 

10799 

1.50230 

2.4 

0.89021 42662 

1.36246 

7.4 

2.00300 

45959 

1.50323 

2.5 

0.92985 78387 

1.37080 

7.5 

2.01638 

71585 

1.50413 

2.6 

0.96803 70243 

1.37849 

7.6 

2.02959 

35177 

1.50501 

2.7 

1.00485 21252 

1.38561 

7.7 

2.04262 

82397 

1.50586 

2.8 

1.04039 40175 

1.39222 

7.8 

2.05549 

57159 

1.50669 

2.9 

1.07474 51976 

1.39838 

7.9 

2.06820 

01717 

1.50751 

3.0 

1.10798 07107 

1.40413 

8.0 

2.08074 

56749 

1.50830 

3.1 

1.14016 89703 

1.40951 

8.1 

2.09313 

61434 

1.50907 

3.2 

1.17137 24783 

1.41455 

8.2 

2.10537 

53524 

1.50982 

3.3 

1.20164 84581 

1.41928 

8.3 

2.11746 

69410 

1.51056 

3.4 

1.23104 94107 

1.42374 

8.4 

2.12941 

44191 

1.51127 

3.5 

1.25962 36033 

1.42794 

8.5 

2.14122 

11731 

1.51197 

3.6 

1.28741 54995 

1.43191 

8.6 

2.15289 

04718 

1.51266 

3.7 

1.31446 61381 

1,43566 

8.7 

2.16442 

54716 

1.51332 

3.8 

1.34081 34679 

1.43922 

8.8 

2.17582 

92217 

1.51398 

3.9 

1.36649 26435 

1.44259 

8.9 

2.18710 

46687 

1.51462 

4.0 

1.39153 62879 

1.44580 

9,0 

2.19825 

46616 

1.51524 

4.1 

1.41597 47255 

1.44885 

9.1 

2.20928 

19555 

1.51585 

4.2 

1.43983 61892 

1.45175 

9.2 

2.22018 

92160 

1.51645 

4.3 

1.46314 70060 

1.45452 

9.3 

2.23097 

90229 

1.51703 

4.4 

1.48593 17620 

1,45716 

9.4 

2.24165 

38740 

1.51760 

4.5 

1.50821 34505 

1.45969 

9.5 

2.25221 

61882 

1.51816 

4.6 

1.53001 36052 

1.46210 

9.6 

2.26266 

83093 

1.51871 

4.7 

1.55135 24197 

1.46441 

9.7 

2.27301 

25085 

1.51925 

4.8 

1.57224 88550 

1.46663 

9.8 

2.28325 

09877 

1.51978 

4.9 

1.59272 07370 

1.46876 

9.9 

2.29338 

58823 

1.52029 

5.0 

1.61278 48446 

1.47080 

[ ( f 2 ] 

10.0 

- ir-v 

2.30341 

r(-s 
. L 6 

92637 

1 

1.52080 

m 


J^l+iyHrCOthiry-i^ 

*(z) to 5D, computed by M. Goldstein, Los Alamos Scientific Laboratory. 


AUXILIARY FUNCTION FOR 


y-\ 

My) 

< y > 

y~ ] 

f*(y) 

< y > 

0.11 

0.00100 956 

9 

0.05 

0.00020 839 

20 

0.10 

0.00083 417 

10 

0.04 

0.00013 335 

25 

0.09 

0.00067 555 

11 

0.03 

0.00007 501 

33 

0.08 

0.00053 368 

13 

0.02 

0.00003 333 

50 

0.07 

0.00040 853 

14 

0.01 

0.00000 833 

100 

0.06 

0.00030 011 

17 

0.00 

0.00000 000 



[ ( 1 )2 

@*(l+iy)-\ny+My) 




L 3 J 

<y>-nearest integer to y . 

L 3 J 
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DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.8 

* = 11 1 = 1.2 


y 

®+{z) 

S*(z) 

0.0 

-0 42375 

0.00000 

0.1 

-0.41451 

0.14258 

0.2 

-0.38753 

0.28082 

0.3 

-0.34490 

0.41099 

0.4 

-0.28961 

0.53042 

0.5 

-0.22498 

0.63764 

0.6 

-0.15426 

0.73229 

0.7 

-0.08023 

0.81484 

0.8 

-0.00509 

0.88630 

0.9 

+0.06954 

0.94792 

1.0 

0.14255 

1.00102 

1.1 

0.21327 

1.04687 

1.2 

0.28131 

1.08660 

1.3 

0.34649 

1.12119 

1.4 

0.40880 

1.15146 

1.5 

0.46829 

1.17810 

1.6 

0.52507 

1.20169 

1.7 

0.57930 

1.22269 

1.8 

0.63111 

1.24148 

1.9 

0.68067 

1.25839 

2.0 

0.72813 

1.27368 

2.1 

0.77363 

1.28755 

2.2 

0.81730 

1.30021 

2.3 

0.85928 

1.31179 

2.4 

0.89967 

1.32243 

2.5 

0.93858 

1.33224 

2.6 

0.97610 

1.34131 

2.7 

1.01234 

1.34972 

2.8 

1.04736 

1.35753 

2.9 

1.08124 

1.36482 

3.0 

1.11405 

1.37162 

3.1 

1,14586 

1.37800 

3.2 

1.17671 

1.38398 

3.3 

1.20667 

1.38960 

3.4 

1.23578 

1.39489 

3.5 

1.26409 

1.39989 

3.6 

1.29164 

1.40461 

3.7 

1.31847 

1.40907 

3.8 

1.34461 

1.41331 

3.9 

1.37010 

1.41732 

4.0 

1.39496 

1.42114 

4.1 

1.41924 

1.42478 

4.2 

1.44294 

1.42824 

4.3 

1.46611 

1.43154 

4.4 

1.48876 

1.43469 

4.5 

1.51092 

1.43771 

4.6 

1.53261 

1.44059 

4.7 

1.55384 

1.44335 

4.8 

1.57463 

1.44600 

4.9 

1.59501 

1.44854 

5.0 

1.61498 

1.45097 


[■(-3)21 

r(-3)2i 


L 5 J 

L & J 


y 

m{z) 

■H{z) 

5.0 

1.61498 

1.45097 

5.1 

1.63457 

1.45332 

5.2 

1.65378 

1.45557 

5.3 

1.67264 

1.45774 

5.4 

1.69115 

1.45983 

5.5 

1.70933 

1.46184 

5.6 

1.72718 

1.46378 

5.7 

1.74473 

1.46565 

5.8 

1.76197 

1.46746 

5.9 

1.77893 

1.46921 

6.0 

1.79561 

1.47090 

6.1 

1.81201 

1.47253 

6.2 

1.82815 

1.47411 

6.3 

1.84404 

1.47565 

6.4 

1.85968 

1.47713 

6.5 

1.87508 

1.47857 

6.6 

1.89025 

1.47996 

6.7 

1.90519 

1.48132 

6.8 

1.91992 

1.48263 

6.9 

1.93443 

1.48391 

7.0 

1.94874 

1.48515 

7.1 

1.96284 

1.48635 

7.2 

1.97675 

1.48752 

7.3 

1.99047 

1.48866 

7.4 

2.00401 

1.48977 

7.5 

2.01736 

1.49085 

7.6 

2.03054 

1.49190 

7.7 

2.04356 

1.49292 

7.8 

2.05640 

1.49392 

7.9 

2.06908 

1.49489 

8.0 

2.08160 

1.49584 

8.1 

2.09397 

1.49676 

8.2 

2.10619 

1.49767 

8.3 

2.11826 

1.49855 

8.4 

2.13019 

1.49940 

8.5 

2.14198 

1.50024 

8.6 

2.15363 

1.50106 

8.7 

2.16515 

1.50186 

8.8 

2.17654 

1.50265 

8.9 

2.18780 

1.50341 

9.0 

2.19893 

1.50416 

9.1 

2.20995 

1.50489 

9.2 

2.22084 

1.50561 

9.3 

2.23161 

1.50631 

9.4 

2.24228 

1.50699 

9.5 

2.25283 

1.50766 

9.6 

2.26326 

1.50832 

9.7 

2.27360 

1.50896 

9.8 

2.28382 

1.50960 

9.9 

2.29395 

1.51021 

10.0 

2.30397 

1.51082 


r(-5)5i 

r (—5)ii 


L 3 J 

L 2 J 


V 

m{z) 

■'*(*) 

0.0 

-0.28904 

0.00000 

0.1 

-0.28169 

0.12620 

0.2 

-0.26014 

0.24926 

0.3 

-0.22578 

0.36640 

0.4 

-0.18064 

0.47552 

0.5 

-0.12710 

0.57530 

0.6 

-0.06753 

0.66517 

0.7 

-0.00412 

0.74519 

0.8 

+0.06130 

0.81589 

0.9 

0.12730 

0.87806 

1.0 

0.19280 

0.93260 

1.1 

0.25707 

0.98046 

1.2 

0.31960 

1.02252 

1.3 

0.38012 

1.05960 

1.4 

0.43846 

1.09240 

1.5 

0.49459 

1.12153 

1.6 

0.54851 

1.14752 

1.7 

0.60028 

1.17082 

1.8 

0.64999 

1.19179 

1.9 

0.69774 

1.21074 

2.0 

0.74362 

1.22794 

2.1 

0.78775 

1.24362 

2.2 

0.83022 

1.25796 

2.3 

0.87114 

1.27112 

2.4 

0.91060 

1.28323 

2.5 

0.94868 

1.29442 

2.6 

0.98546 

1.30478 

2.7 

1.02103 

1.31441 

2.8 

1.05546 

1.32337 

2.9 

1.08881 

1.33173 

3.0 

1.12113 

1.33955 

3.1 

1.15250 

1.34688 

3.2 

1.18295 

1.35377 

3.3 

1.21254 

1.36024 

3.4 

1.24132 

1.36635 

3.5 

1.26932 

1.37211 

3.6 

1.29659 

1.37756 

3.7 

1.32315 

1.38272 

3.8 

1.34905 

1.38761 

3.9 

1.37432 

1.39226 

4.0 

1.39898 

1.39667 

4.1 

1.42306 

1.40088 

4.2 

1.44659 

1.40489 

4.3 

1.46959 

1.40871 

4.4 

1.49209 

1.41236 

4.5 

1.51410 

1.41586 

4.6 

1.53565 

1.41920 

4.7 

1.55676 

1.42240 

4.8 

1.57743 

1.42547 

4.9 

1.59769 

1.42842 

5.0 

1.61756 

1.43125 


m 

[ ( T] 


V 

.#*(*) 


5.0 

1.61756 

1.43125 

5.1 

1.63705 

1.43396 

5.2 

1.65617 

1.43658 

5.3 

1.67494 

1.43910 

5.4 

1.69336 

1.44152 

5.5 

1.71146 

1.44386 

5.6 

1.72924 

1.44612 

5.7 

1.74672 

1.44829 

5.8 

1.76390 

1.45039 

5.9 

1.78079 

1.45243 

6.0 

1.79740 

1.45439 

6.1 

1.81375 

1.45629 

6.2 

1.82983 

1.45813 

6.3 

1.84567 

1.45991 

6.4 

1.86126 

1.46164 

6.5 

1.87661 

1.46331 

6.6 

1.89173 

1.46493 

6.7 

1.90663 

1.46651 

6.8 

1.92132 

1.46803 

6.9 

1.93579 

1.46952 

7.0 

1.95006 

1.47096 

7.1 

1.96413 

1.47236 

7.2 

1.97800 

1.47372 

7.3 

1.99169 

1.47505 

7.4 

2.00519 

1.47634 

7.5 

2.01852 

1.47760 

7/6 

2.03167 

1.47882 

7.7 

2.04465 

1.48001 

7.8 

2.05746 

1.48117 

7.9 

2.07012 

1.48230 

8.0 

2.08262 

1.48341 

8.1 

2.09496 

1.48448 

8.2 

2.10716 

1.48553 

8.3 

2.11921 

1.48656 

8.4 

2.13111 

1.48756 

8.5 

2.14288 

1.48853 

8.6 

2.15451 

1.48949 

8.7 

2.16601 

1.49042 

8.8 

2.17738 

1.49133 

8.9 

2.18862 

1.49222 

9.0 

2.19973 

1.49310 

9.1 

2.21073 

1.49395 

9.2 

2.22160 

1.49478 

9.3 

2.23236 

1.49560 

9.4 

2.24301 

1.49640 

9.5 

2.25354 

1.49718 

9.6 

2.26397 

1.49794 

9.7 

2.27429 

1.49869 

9.8 

2.28450 

1.49943 

9.9 

2.29461 

1.50015 

10.0 

2.30462 

1.50085 
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Table 6.8 DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS 


y 

m(z) 

Ji(z) 

x = 1.3 

y 


Jt(z) 

y 

m(z) 

Ji(z) 

** 1.4 

y 

miz) 

J^(z) 

0.0 

- 0.16919 

0.00000 

5.0 

1.62052 

1.41163 

0.0 

- 0.06138 

0.00000 

5.0 

1.62386 

1.39213 

0.1 

- 0.16323 

0.11303 

5.1 

1.63990 

1.41472 

0.1 

- 0.05646 

0.10223 

5.1 

1.64311 

1.39559 

0.2 

- 0.14567 

0.22372 

5.2 

1.65891 

1.41769 

0.2 

- 0.04192 

0.20269 

5.2 

1.66200 

1.39891 

0.3 

- 0.11748 

0.32997 

5.3 

1.67758 

1.42055 

0.3 

- 0.01844 

0.29974 

5.3 

1.68055 

1.40211 

0.4 

- 0.08009 

0.43011 

5.4 

1.69591 

1.42331 

0.4 

+ 0.01295 

0.39204 

5.4 

1.69878 

1.40519 

0.5 

- 0.03520 

0.52298 

5.5 

1.71392 

1.42597 

0.5 

0.05100 

0.47862 

5.5 

1.71668 

1.40817 

0.6 

+ 0.01541 

0.60796 

5.6 

1.73161 

1.42853 

0.6 

0.09436 

0.55886 

5.6 

1.73428 

1.41103 

0.7 

0.07003 

0.68491 

5.7 

1.74900 

1.43101 

0.7 

0.14171 

0.63250 

5.7 

1.75158 

1.41380 

0.8 

0.12718 

0.75404 

5.8 

1.76611 

1.43340 

0.8 

0.19183 

0.69957 

5.8 

1.76860 

1.41648 

0.9 

0.18561 

0.81582 

5.9 

1.78292 

1.43571 

0.9 

0.24367 

0.76033 

5.9 

1.78533 

1.41907 

1.0 

0.24434 

0.87085 

6.0 

1.79947 

1.43794 

1.0 

0.29635 

0.81517 

6.0 

1.80180 

1.42157 

1.1 

0.30262 

0.91983 

6.1 

1.81575 

1.44011 

1.1 

0.34918 

0.86457 

6.1 

1.81800 

1.42399 

1.2 

0.35994 

0.96341 

6.2 

1.83177 

1.44220 

1.2 

0.40163 

0.90903 

6.2 

1.83395 

1.42634 

1.3 

0.41593 

1.00227 

6.3 

1.84754 

1.44423 

1.3 

0.45331 

0.94907 

6.3 

1.84966 

1.42861 

1.4 

0.47035 

1.03698 

6.4 

1.86308 

1.44619 

1.4 

0.50395 

0.98517 

6.4 

1.86513 

1.43081 

1.5 

0.52310 

1.06809 

6.5 

1.87837 

1.44810 

1.5 

0.55336 

1.01778 

6.5 

1.88036 

1.43294 

1.6 

0.57409 

1.09605 

6.6 

1.89344 

1.44995 

1.6 

0.60144 

1.04730 

6.6 

1.89537 

1.43502 

1.7 

0.62333 

1.12126 

6.7 

1.90829 

1.45174 

1.7 

0.64811 

1.07409 

6.7 

1.91017 

1.43702 

1.8 

0.67084 

1.14409 

6.8 

1.92293 

1.45348 

1.8 

0.69337 

1.09849 

6.8 

1.92475 

1.43898 

1.9 

0.71667 

1.16483 

6.9 

1.93735 

1.45517 

1.9 

0.73722 

1.12075 

6.9 

1.93912 

1.44087 

2.0 

0.76087 

1.18373 

7.0 

1.95158 

1.45681 

2.0 

0.77968 

1.14113 

7.0 

1.95330 

1.44271 

2.1 

0.80353 

1.20102 

7.1 

1.96560 

1.45841 

2.1 

0.82078 

1.15984 

7.1 

1.96727 

1.44450 

2.2 

0.84470 

1.21688 

7.2 

1.97944 

1.45996 

2.2 

0.86058 

1.17707 

7.2 

1.98106 

1.44625 

2.3 

0.88447 

1.23148 

7.3 

1.99309 

1.46147 

2.3 

0.89913 

1.19296 

7.3 

1.99467 

1.44794 

2.4 

0.92290 

1.24495 

7.4 

2.00655 

1.46294 

2.4 

0.93647 

1.20768 

7.4 

2.00809 

1.44959 

2.5 

0.96007 

1.25743 

7.5 

2.01984 

1.46438 

2.5 

0.97265 

1.22133 

7.5 

2.02134 

1.45119 

2.6 

0.99604 

1.26900 

7.6 

2.03296 

1.46577 

2.6 

1.00775 

1.23402 

7.6 

2.03442 

1.45276 

2.7 

1.03088 

1.27976 

7.7 

2.04591 

1.46713 

2.7 

1.04179 

1.24585 

7.7 

2.04733 

1.45428 

2.8 

1.06464 

1.28980 

7.8 

2.05869 

1.46845 

2.8 

1.07484 

1.25689 

7.8 

2.06008 

1.45576 

2.9 

1.09739 

1.29918 

7.9 

2.07131 

1.46974 

2.9 

1.10693 

1.26723 

7.9 

2.07267 

1.45721 

3.0 

1.12917 

1.30797 

8.0 

2.08378 

1.47100 

3.0 

1.13813 

1.27693 

8.0 

2.08510 

1.45862 

3.1 

1.16004 

1.31621 

8.1 

2.09610 

1.47223 

3.1 

1.16846 

1.28604 

8.1 

2.09739 

1.46000 

3.2 

1.19005 

1.32396 

8.2 

2.10827 

1.47342 

3.2 

1.19797 

1.29461 

8.2 

2.10952 

1.46134 

3.3 

1.21923 

1.33126 

8.3 

2.12029 

1.47459 

3.3 

1.22670 

1.30269 

8.3 

2.12151 

1.46266 

3.4 

1.24763 

1.33814 

8.4 

2.13217 

1.47573 

3.4 

1.25469 

1.31032 

8.4 

2.13337 

1.46394 

3.5 

1.27529 

1.34464 

8.5 

2.14391 

1.47685 

3.5 

1.28196 

1.31753 

8.5 

2.14508 

1,46519 

3.6 

1.30223 

1.35080 

8.6 

2.15552 

1.47794 

3.6 

1.30855 

1.32436 

8.6 

2.15666 

1.46641 

3.7 

1.32851 

1.35663 

8.7 

2.16700 

1.47900 

3.7 

1.33450 

1.33084 

8.7 

2.16811 

1.46760 

3.8 

1.35413 

1.36216 

8.8 

2.17834 

1.48004 

3.8 

1.35983 

1.33699 

8.8 

2.17943 

1.46877 

3.9 

1.37915 

1.36742 

8.9 

2.18956 

1.48106 

3.9 

1.38456 

1.34283 

8.9 

2.19063 

1.46991 

4.0 

1.40357 

1.37242 

9.0 

2.20066 

1.48205 

4.0 

1.40873 

1.34840 

9.0 

2.20170 

1.47103 

4.1 

1.42744 

1.37718 

9.1 

2.21163 

1.48302 

4.1 

1.43235 

1.35370 

9.1 

2.21265 

1.47212 

4.2 

1.45077 

1.38172 

9.2 

2.22249 

1.48397 

4.2 

1.45546 

1.35876 

9.2 

2.22349 

1.47319 

4.3 

1.47358 

1.38606 

9.3 

2.23323 

1.48490 

4.3 

1.47806 

1.36359 

9.3 

2.23421 

1.47423 

4.4 

1.49590 

1.39020 

9.4 

2.24386 

1.48582 

4.4 

1.50019 

1.36821 

9.4 

2.24481 

1.47525 

4.5 

1.51775 

1.39416 

9.5 

2.25437 

1.48671 

4.5 

1.52185 

1.37263 

9.5 

2.25531 

1.47626 

4.6 

1.53914 

1.39795 

9.6 

2.26478 

1.48758 

4.6 

1.54307 

1.37686 

9.6 

2.26570 

1.47724 

4.7 

1.56010 

1.40158 

9.7 

2.27508 

1.48844 

4.7 

1.56387 

1.38092 

9.7 

2.27598 

1.47820 

4.8 

1.58064 

1.40507 

9.8 

2.28528 

1.48927 

4.8 

1.58425 

1.38481 

9.8 

2.28616 

1.47914 

4.9 

1.60078 

1.40841 

9.9 

2.29537 

1.49010 

4.9 

1.60425 

1.38854 

9.9 

2.29623 

1.48006 

5.0 

1.62052 

1.41163 

10.0 

2.30537 

1.49090 

5.0 

1.62386 

1.39213 

10.0 

2.30621 

1.48096 
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DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.8 

£ = 1.5 


y 


J+{z) 

y 



y 

9t*iz) 

J^{z) 

y 


>*U) 

0.0 

0.03649 

0.00000 

5.0 

1.62756 

1.37278 

0.0 

0.12605 

0.00000 

5.0 

1.63162 

1.35357 

0.1 

0.04062 

0.09325 

5.1 

1.64667 

1.37658 

0.1 

0.12955 

0.08566 

5.1 

1.65057 

1.35773 

0.2 

0.05284 

0.18511 

5.2 

1.66543 

1.38025 

0.2 

0.13995 

0.17023 

5.2 

1.66919 

1.36173 

0.3 

0.07266 

0.27432 

5.3 

1.68386 

1.38378 

0.3 

0.15687 

0.25268 

5.3 

1.68748 

1.36558 

0.4 

0.09932 

0.35978 

5.4 

1.70196 

1.38719 

0.4 

0.17976 

0.33214 

5.4 

1.70546 

1.36930 

0.5 

0.13189 

0.44066 

5.5 

1.71976 

1.39047 

0.5 

0.20790 

0.40789 

5.5 

1.72313 

1.37289 

0.6 

0.16935 

0.51640 

5.6 

1.73725 

1.39364 

0.6 

0.24050 

0.47942 

5.6 

1.74051 

1,37635 

0.7 

0.21064 

0.58668 

5.7 

1.75445 

1.39670 

0.7 

0.27674 

0.54642 

5.7 

1.75760 

1.37969 

0.8 

0.25479 

0.65144 

5.8 

1.77137 

1.39965 

0.8 

0.31581 

0.60875 

5.8 

1.77441 

1.38293 

0.9 

0.30091 

0.71078 

5.9 

1.78801 

1.40251 

0.9 

0.35697 

0.66642 

5.9 

1.79095 

1.38605 

1.0 

0.34824 

0.76494 

6.0 

1.80439 

1.40528 

1.0 

0.39957 

0.71957 

6.0 

1.80724 

1.38908 

1.1 

0.39614 

0.81424 

6.1 

1.82051 

1.40796 

1.1 

0.44305 

0.76840 

6.1 

1.82327 

1.39200 

1.2 

0.44411 

0.85907 

6.2 

1.83638 

1.41055 

1.2 

0.48692 

0.81319 

6.2 

1.83906 

1.39484 

1.3 

0.49175 

0.89980 

6.3 

1.85201 

1.41306 

1.3 

0.53082 

0.85423 

6.3 

1.85460 

1.39759 

1.4 

0.53878 

0.93684 

6.4 

1.86741 

1.41549 

1.4 

0.57445 

0.89183 

6.4 

1.86992 

1.40025 

1.5 

0.58497 

0.97054 

6.5 

1.88258 

1.41786 

1.5 

0.61757 

0.92629 

6.5 

1.88501 

1.40284 

1.6 

0.63018 

1.00127 

6.6 

1.89752 

1.42015 

1.6 

0.66001 

0.95790 

6.6 

1.89989 

1.40534 

1.7 

0.67432 

1.02932 

6.7 

1.91225 

1.42237 

1.7 

0.70167 

0.98693 

6.7 

1.91455 

1.40778 

1.8 

0.71732 

1.05500 

6.8 

1.92677 

1.42453 

1.8 

0.74244 

1.01363 

6.8 

1.92900 

1.41014 

1.9 

0.75916 

1.07855 

6.9 

1.94109 

1.42663 

1.9 

0.78228 

1.03824 

6.9 

1.94326 

1.41244 

2.0 

0.79983 

1,10020 

7.0 

1.95521 

1.42866 

2.0 

0.82115 

1.06096 

7.0 

1.95731 

1.41467 

2.1 

0.83935 

1.12015 

7.1 

1.96914 

1.43065 

2.1 

0.85905 

1.08197 

7.1 

1.97118 

1.41684 

2.2 

0.87772 

1.13857 

7.2 

1.98287 

1.43257 

2.2 

0.89597 

1.10144 

7.2 

1.98487 

1.41895 

2.3 

0.91499 

1.15563 

7.3 

1.99643 

1.43445 

2.3 

0.93193 

1.11953 

7.3 

1.99837 

1.42101 

2.4 

0.95118 

1.17146 

7.4 

2.00981 

1.43628 

2.4 

0.96694 

1.13635 

7.4 

2.01169 

1.42301 

2.5 

0.98634 

1.18618 

7.5 

2.02301 

1.43805 

2.5 

1.00102 

1.15204 

7.5 

2.02485 

1.42496 

2.6 

1.02050 

1.19990 

7.6 

2.03604 

1.43978 

2.6 

1.03421 

1.16668 

7.6 

2.03784 

1.42686 

2.7 

1.05370 

1.21271 

7.7 

2.04891 

1.44147 

2.7 

1.06653 

1.18039 

7.7 

2.05066 

1.42871 

2.8 

1.08598 

1.22469 

7.8 

2.06162 

1.44312 

2.8 

1.09801 

1.19324 

7.8 

2.06332 

1.43051 

2.9 

1.11738 

1.23592 

7.9 

2.07417 

1.44472 

2.9 

1.12867 

1.20530 

7.9 

2.07583 

1.43227 

3.0 

1.14794 

1.24647 

8.0 

2.08657 

1.44628 

3.0 

1.15856 

1.21664 

8.0 

2.08819 

1.43398 

3.1 

1.17769 

1.25639 

8.1 

2.09882 

1.44781 

3.1 

1.18770 

1.22733 

8.1 

2.10040 

1.43565 

3.2 

1.20667 

1.26574 

8.2 

2.11092 

1.44930 

3.2 

1.21611 

1.23741 

8.2 

2.11246 

1.43728 

3.3 

1.23491 

1.27457 

8.3 

2.12288 

1.45075 

3.3 

1.24383 

1.24693 

8.3 

2.12439 

1.43888 

3.4 

1.26245 

1.28290 

8.4 

2.13470 

1.45217 

3.4 

1.27089 

1.25594 

8.4 

2.13617 

1.44043 

3.5 

1.28931 

1.29080 

8.5 

2.14638 

1.45355 

3.5 

1.29731 

1.26448 

8.5 

2.14782 

1.44195 

3.6 

1,31552 

1.29828 

8.6 

2.15794 

1.45491 

3.6 

1.32311 

1.27257 

8.6 

2.15934 

1.44344 

3.7 

1.34112 

1.30537 

8.7 

2.16936 

1.45623 

3.7 

1.34833 

1.28026 

8.7 

2.17073 

1.44489 

3.8 

1.36612 

1.31212 

8.8 

2.18065 

1.45753 

3.8 

1.37297 

1.28757 

8.8 

2.18199 

1.44631 

3.9 

1.39055 

1.31853 

8.9 

2.19182 

1.45879 

3.9 

1.39707 

1.29454 

8.9 

2.19313 

1.44770 

4.0 

1.41443 

1.32464 

9.0 

2.20286 

1.46003 

4.0 

1.42065 

1.30117 

9.0 

2.20415 

1.44905 

4.1 

1.43779 

1.33047 

9.1 

2.21379 

1.46124 

4.1 

1.44373 

1.30750 

9.1 

2.21504 

1.45038 

4.2 

1.46065 

1.33603 

9.2 

2.22460 

1.46242 

4.2 

1.46632 

1.31354 

9.2 

2.22583 

1.45168 

4.3 

1.48302 

1.34134 

9.3 

2.23530 

1.46358 

4.3 

1.48844 

1.31932 

9.3 

2.23650 

1.45295 

4.4 

1.50493 

1.34642 

9.4 

2.24588 

1.46471 

4.4 

1.51012 

1.32485 

9.4 

2.24706 

1.45420 

4.5 

1.52639 

1.35128 

9.5 

2.25635 

1.46582 

4.5 

1.53136 

1.33014 

9.5 

2.25751 

1.45542 

4.6 

1.54742 

1.35594 

9.6 

2.26672 

1.46691 

4.6 

1.55219 

1.33522 

9.6 

2.26785 

1.45661 

4.7 

1.56804 

1.36041 

9.7 

2.27698 

1.46798 

4.7 

1.57262 

1.34009 

9.7 

2.27809 

1.45778 

4.8 

1.58826 

1.36470 

9.8 

2.28714 

1.46902 

4.8 

1.59265 

1.34476 

9.8 

2.28822 

1.45892 

4.9 

1.60810 

1.36882 

9.9 

2.29720 

1.47004 

4.9 

1.61232 

1.34925 

9.9 

2.29826 

1.46005 

5.0 

1.62756 

1.37278 

10.0 

2.30716 

1.47105 

5.0 

1.63162 

1.35357 

10.0 

2.30820 

1.46115 


r(-3)n 

r(-4)7] 


r(-5)4i 



[-(-4)91 

[-(-4)61 


[■(“5)4] 

r ( ~o 5)2 i 


L 4 J 

L 4 J 


L 3 J 

L 3 J 


L 4 J 

L 4 J 


L 3 J 

L 3 J 


.f *(1.5 +iy) tanh iry- - 

4 y +1 
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z = 1.7 


y 

9H{z) 

J*(z) 

y 


J*{z) 

0.0 

0.20855 

0.00000 

5.0 

1.63603 

1.33453 

0.1 

0.21156 

0.07918 

5.1 

1.65482 

1.33902 

0.2 

0.22050 

0.15747 

5.2 

1.67328 

1.34335 

0.3 

0.23511 

0.23407 

5.3 

1.69142 

1.34752 

0.4 

0.25494 

0.30824 

5.4 

1.70926 

1.35154 

0.5 

0.27945 

0.37937 

5.5 

1.72680 

1.35543 

0.6 

0.30803 

0.44701 

5.6 

1.74405 

1.35918 

0.7 

0.34001 

0.51086 

5.7 

1.76102 

1.36280 

0.8 

0.37474 

0.57074 

5.8 

1.77772 

1.36630 

0.9 

0.41161 

0.62661 

5.9 

1.79416 

1.36969 

1.0 

0.45005 

0.67852 

6.0 

1.81034 

1.37297 

1.1 

0.48957 

0.72661 

6.1 

1.82627 

1.37614 

1.2 

0.52973 

0.77107 

6.2 

1.84196 

1.37922 

1.3 

0.57018 

0.81211 

6.3 

1.85742 

1.38220 

1.4 

0.61063 

0.84996 

6.4 

1.87266 

1.38509 

1.5 

0.65085 

0.88488 

6.5 

1.88767 

1.38789 

1.6 

0.69065 

0.91710 

6.6 

1.90246 

1.39061 

1.7 

0.72990 

0.94685 

6.7 

1.91705 

1.39326 

1.8 

0.76849 

0.97436 

6.8 

1.93143 

1.39582 

1.9 

0.80636 

0.99982 

6.9 

1.94562 

1.39832 

2.0 

0.84345 

1.02342 

7.0 

1.95961 

1.40074 

2.1 

0.87973 

1.04533 

7.1 

1.97342 

1.40310 

2.2 

0.91519 

1.06570 

7.2 

1.98704 

1.40539 

2.3 

0.94981 

1.08468 

7.3 

2.00048 

1.40762 

2.4 

0.98362 

1.10238 

7.4 

2.01375 

1.40980 

2.5 

1.01661 

1.11893 

7.5 

2.02685 

1.41191 

2.6 

1.04879 

1.13441 

7.6 

2.03979 

1.41398 

2.7 

1.08020 

1.14893 

7.7 

2.05256 

1.41599 

2.8 

1.11084 

1.16257 

7.8 

2.06518 

1.41794 

2.9 

1.14075 

1.17539 

7.9 

2.07764 

1.41986 

3.0 

1.16993 

1.18747 

8.0 

2.08996 

1.42172 

3.1 

1.19842 

1.19886 

8.1 

2.10212 

1.42354 

3.2 

1.22625 

1.20962 

8.2 

2.11415 

1.42531 

3.3 

1.25342 

1.21981 

8.3 

2.12603 

1.42704 

3.4 

1.27997 

1.22945 

8.4 

2.13778 

1.42874 

3.5 

1.30592 

1.23859 

8.5 

2.14939 

1.43039 

3.6 

1.33129 

1.24727 

8.6 

2.16087 

1.43200 

3.7 

1.35610 

1.25553 

8.7 

2.17222 

1.43358 

3.8 

1.38037 

1.26338 

8.8 

2.18345 

1.43513 

3.9 

1.40413 

1.27087 

8.9 

2.19456 

1.43664 

4.0 

1.42738 

1.27800 

9.0 

2.20555 

1.43811 

4.1 

1.45015 

1.28481 

9.1 

2.21642 

1.43956 

4.2 

1.47246 

1.29132 

9.2 

2.22717 

1.44097 

4.3 

1.49432 

1.29755 

9.3 

2.23781 

1.44235 

4.4 

1.51574 

1.30351 

9.4 

2.24834 

1.44371 

4.5 

1.53675 

1.30922 

9.5 

2.25877 

1.44503 

4.6 

1.55736 

1.31470 

9.6 

2.26908 

1.44633 

4.7 

1.57758 

1.31996 

9.7 

2.27930 

1.44760 

4.8 

1.59742 

1.32501 

9.8 

2.28941 

1.44885 

4.9 

1.61690 

1.32986 

9.9 

2.29942 

1.45007 

5.0 

1.63603 

1.33453 

10.0 

2.30933 

1.45127 



* 

m [ (— 3 )2 ] 


2 = 1.8 


y 

<%i(z) 

J*(z) 

y 

&+(z) 

J*(z) 

0.0 

0.28499 

0.00000 

5.0 

1.64078 

1.31566 

0.1 

0.28760 

0.07358 

5.1 

1.65939 

1.32048 

0.2 

0.29537 

0.14644 

5.2 

1.67769 

1.32513 

0.3 

0.30809 

0.21792 

5.3 

1.69567 

1.32961 

0.4 

0.32541 

0.28740 

5.4 

1.71336 

1.33393 

0.5 

0.34693 

0.35437 

5.5 

1.73076 

1.33810 

0.6 

0.37215 

0.41842 

5.6 

1.74787 

1.34213 

0.7 

0.40053 

0.47928 

5.7 

1.76472 

1.34603 

0.8 

0.43155 

0,53675 

5.8 

1.78130 

1.34979 

0.9 

0.46469 

0,59076 

5.9 

1.79762 

1.35344 

1.0 

0.49947 

0.64131 

6.0 

1.81369 

1.35697 

1.1 

0.53546 

0.68847 

6.1 

1.82952 

1.36038 

1.2 

0.57226 

0.73237 

6.2 

1.84511 

1.36369 

1.3 

0.60955 

0.77316 

6.3 

1.86047 

1.36690 

1.4 

0.64706 

0,81103 

6.4 

1.87561 

1.37001 

1.5 

0.68455 

0.84617 

6.5 

1.89053 

1.37303 

1.6 

0.72184 

0.87877 

6.6 

1.90525 

1.37596 

1.7 

0.75879 

0.90903 

6.7 

1.91975 

1.37881 

1.8 

0.79528 

0.93713 

6.8 

1.93406 

1.38158 

1.9 

0.83122 

0.96326 

6.9 

1.94817 

1.38426 

2.0 

0.86655 

0.98757 

7.0 

1.96210 

1.38688 

2.1 

0.90123 

1.01022 

7.1 

1.97583 

1.38942 

2.2 

0.93523 

1.03136 

7.2 

1.98939 

1.39189 

2.3 

0.96853 

1.05110 

7.3 

2.00277 

1.39430 

2.4 

1.00111 

1.06957 

7.4 

2.01598 

1.39664 

2.5 

1.03299 

1.08687 

7.5 

2.02903 

1.39892 

2.6 

1.06416 

1.10310 

7.6 

2.04191 

1.40115 

2.7 

1.09463 

1.11836 

7.7 

2.05463 

1.40332 

2.8 

1.12442 

1.13270 

7.8 

2.06719 

1.40543 

2.9 

1.15353 

1.14622 

7.9 

2.07960 

1.40749 

3.0 

1.18200 

1.15898 

8.0 

2.09187 

1.40950 

3.1 

1.20982 

1.17103 

8.1 

2.10399 

1.41146 

3.2 

1.23703 

1.18243 

8.2 

2.11597 

1.41338 

3.3 

1.26363 

1.19322 

8.3 

2.12781 

1.41525 

3.4 

1.28965 

1.20345 

8.4 

2.13952 

1.41708 

3.5 

1.31511 

1.21317 

8.5 

2.15109 

1.41886 

3.6 

1.34003 

1.22241 

8.6 

2.16253 

1.42061 

3.7 

1.36441 

1.23119 

8.7 

2.17385 

1.42231 

3.8 

1.38829 

1.23956 

8.8 

2.18504 

1.42398 

3.9 

1.41168 

1.24754 

8.9 

2.19611 

1.42561 

4.0 

1.43459 

1.25516 

9.0 

2.20707 

1.42720 

4.1 

1.45704 

1.26243 

9.1 

2.21790 

1.42876 

4.2 

1.47904 

1.26939 

9.2 

2.22862 

1.43029 

4.3 

1.50062 

1.27605 

9.3 

2.23923 

1.43178 

4.4 

1.52178 

1.28242 

9.4 

2.24974 

1.43324 

4.5 

1.54254 

1.28854 

9.5 

2.26013 

1.43468 

4.6 

1.56292 

1.29440 

9.6 

2.27042 

1.43608 

4.7 

1.58291 

1.30004 

9.7 

2.28061 

1.43745 

4.8 

1.60255 

1.30545 

9.8 

2.29069 

1.43880 

4.9 

1.62183 

1.31065 

9.9 

2.30068 

1.44012 

5.0 

1.64078 

1.31566 

10.0 

2.31057 

1.44142 


[-(-4)6-1 

[(-4)41 


R-5H1 

r (— 5)21 


L 4 J 

L 4 J 


L 3 J 

L 3 J 


•See page n. 
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y 


■H{z) 

x = 1.9 

y 

»*(«) 


y 


J+(z) 

x=2.0 

y 



0.0 

0.35618 

0,00000 

5.0 

1.64585 

1.29698 

0.0 

0.42278 

0.00000 

5.0 

1.65125 

1.27849 

0.1 

0.35847 

0.06870 

5.1 

1.66428 

1.30212 

0.1 

0.42480 

0.06441 

5.1 

1.66948 

1.28394 

0.2 

0.36528 

0.13681 

5.2 

1.68240 

1.30707 

0.2 

0.43081 

0.12833 

5.2 

1.68742 

1.28919 

0.3 

0.37644 

0.20377 

5.3 

1.70022 

1.31185 

0.3 

0.44068 

0.19130 

5.3 

1.70506 

1.29426 

0.4 

0.39169 

0.26908 

5.4 

1.71775 

1.31647 

0.4 

0.45420 

0.25288 

5.4 

1.72242 

1.29916 

0.5 

0.41071 

0.33229 

5.5 

1.73500 

1.32092 

0.5 

0.47111 

0.31269 

5.5 

1.73951 

1.30389 

0.6 

0.43309 

0.39306 

5.6 

1.75197 

1.32522 

0.6 

0.49110 

0.37042 

5.6 

1.75633 

1.30846 

0.7 

0.45842 

0.45110 

5.7 

1.76868 

1.32938 

0.7 

0.51380 

0.42583 

5.7 

1.77290 

1.31288 

0.8 

0.48625 

0.50624 

5.8 

1.78513 

1.33341 

0.8 

0.53887 

0.47874 

5.8 

1.78921 

1.31715 

0.9 

0.51614 

0.55838 

5.9 

1.80133 

1.33730 

0.9 

0.56594 

0.52904 

5.9 

1.80528 

1.32129 

1.0 

0.54770 

0.60749 

6.0 

1.81728 

1.34107 

1.0 

0.59465 

0.57667 

6.0 

1.82111 

1.32530 

1.1 

0.58053 

0.65359 

6.1 

1.83300 

1.34473 

1.1 

0.62468 

0.62165 

6.1 

1.83671 

1.32918 

1.2 

0.61431 

0.69677 

6.2 

1.84848 

1.34827 

1.2 

0.65572 

0.66400 

6.2 

1.85208 

1.33295 

1.3 

0.64872 

0.73714 

6.3 

1.86374 

1.35170 

1.3 

0.68751 

0.70380 

6.3 

1.86723 

1.33660 

1.4 

0.68351 

0.77483 

6.4 

1.87878 

1.35503 

1.4 

0.71980 

0.74116 

6.4 

1.88217 

1.34015 

1.5 

0.71846 

0.80999 

6.5 

1.89361 

1.35826 

1.5 

0.75239 

0.77618 

6.5 

1.89690 

1.34358 

1.6 

0.75338 

0.84278 

6.6 

1.90824 

1.36140 

1.6 

0.78510 

0.80899 

6.6 

1.91143 

1.34692 

1.7 

0.78814 

0.87335 

6.7 

1.92266 

1.36445 

1.7 

0.81779 

0.83973 

6.7 

1.92576 

1.35017 

1.8 

0.82261 

0.90188 

6.8 

1.93688 

1.36741 

1.8 

0.85033 

0.86853 

6.8 

1.93990 

1.35332 

1.9 

0.85669 

0.92851 

6.9 

1.95092 

1.37029 

1.9 

0.88262 

0.89551 

6.9 

1.95385 

1.35639 

2.0 

0.89031 

0.95338 

7.0 

1.96476 

1.37308 

2.0 

0.91459 

0.92081 

7.0 

1.96761 

1.35937 

2.1 

0.92342 

0.97664 

7.1 

1.97843 

1.37581 

2.1 

0.94617 

0.94454 

7.1 

1.98120 

1.36227 

2.2 

0.95598 

0.99840 

7.2 

1.99192 

1.37846 

2.2 

0.97731 

0.96681 

7.2 

1.99462 

1.36509 

2.3 

0.98795 

1.01879 

7.3 

2.00523 

1.38104 

2.3 

1.00798 

0.98775 

7.3 

2.00786 

1.36784 

2.4 

1.01932 

1.03792 

7.4 

2.01838 

1.38355 

2.4 

1.03814 

1.00743 

7.4 

2.02094 

1.37052 

2.5 

1.05008 

1.05588 

7.5 

2.03136 

1.38599 

2.5 

1.06779 

1.02597 

7.5 

2.03385 

1.37313 

2.6 

1.08022 

1.07278 

7.6 

2.04418 

1.38838 

2.6 

1.09690 

1.04344 

7.6 

2.04661 

1.37567 

2.7 

1.10975 

1.08868 

7.7 

2.05684 

1.39070 

2.7 

1.12548 

1.05992 

7.7 

2.05921 

1.37815 

2.8 

1.13867 

1.10367 

7.8 

2.06935 

1.39297 

2.8 

1.15352 

1.07548 

7.8 

2.07167 

1.38056 

2.9 

1.16698 

1.11782 

7.9 

2.08171 

1.39518 

2.9 

1.18102 

1.09020 

7.9 

2.08397 

1.38292 

3.0 

1.19470 

1.13119 

8.0 

2.09393 

1.39734 

3.0 

1.20798 

1.10413 

8.0 

2.09613 

1.38522 

3.1 

1.22184 

1.14384 

8.1 

2.10600 

1.39944 

3.1 

1.23442 

1.11733 

8.1 

2.10815 

1.38746 

3.2 

1.24841 

1.15583 

8.2 

2.11793 

1.40149 

3.2 

1.26034 

1.12985 

8.2 

2.12003 

1.38966 

3.3 

1.27442 

1.16719 

8.3 

2.12973 

1.40350 

3.3 

1.28575 

1.14174 

8.3 

2.13178 

1.39180 

3.4 

1.29990 

1.17798 

8.4 

2.14139 

1.40546 

3.4 

1.31067 

1.15304 

8.4 

2.14339 

1.39389 

3.5 

1.32485 

1.18823 

8.5 

2.15292 

1.40738 

3.5 

1.33510 

1.16379 

8.5 

2.15487 

1.39593 

3.6 

1.34929 

1.19798 

8.6 

2.16432 

1.40925 

3.6 

1.35905 

1.17403 

8.6 

2.16623 

1.39793 

3.7 

1.37324 

1.20727 

8.7 

2.17560 

1.41108 

3.7 

1.38254 

1.18379 

8.7 

2.17746 

1.39988 

3.8 

1.39670 

1.21613 

8.8 

2.18675 

1.41286 

3.8 

1.40558 

1.19310 

8.8 

2.18858 

1.40179 

3.9 

1.41970 

1.22458 

8.9 

2.19778 

1.41461 

3.9 

1.42818 

1.20200 

8.9 

2.19957 

1.40366 

4.0 

1.44226 

1.23265 

9.0 

2.20870 

1.41632 

4.0 

1.45036 

1.21050 

9.0 

2.21045 

1.40548 

4.1 

1.46437 

1.24037 

9.1 

2.21950 

1.41800 

4.1 

1.47212 

1.21864 

9.1 

2.22121 

1.40727 

4.2 

1.48606 

1.24775 

9.2 

2.23019 

1.41964 

4.2 

1.49348 

1.22643 

9.2 

2.23187 

1.40902 

4.3 

1.50734 

1.25482 

9.3 

2.24077 

1.42124 

4.3 

1.51446 

1.23389 

9.3 

2.24241 

1.41074 

4.4 

1.52822 

1.26160 

9.4 

2.25124 

1.42281 

4.4 

1.53505 

1.24105 

9.4 

2.25284 

1.41241 

4.5 

1.54872 

1.26810 

9.5 

2.26160 

1.42435 

4.5 

1.55527 

1.24792 

9.5 

2.26318 

1.41406 

4.6 

1.56885 

1.27434 

9.6 

2.27186 

1.42586 

4.6 

1.57514 

1.25452 

9.6 

2.27340 

1.41566 

4.7 

1.58861 

1.28033 

9.7 

2.28202 

1.42733 

4.7 

1.59466 

1.26086 

9.7 

2.28353 

1.41724 

4.8 

1.60803 

1.28610 

9.8 

2.29207 

1.42878 

4.8 

1.61385 

1.26696 

9.8 

2.29356 

1.41879 

4.9 

1.62710 

1.29164 

9.9 

2.30203 

1.43020 

4.9 

1.63270 

1.27283 

9.9 

2.30349 

1.42030 

5.0 

1.64585 

1.29698 

10.0 

2.31190 

1.43159 

5.0 

1.65125 

1.27849 

10.0 

2.31332 

1.42179 

[ ( 1 )6 ] 

m 

m m 


m t ( -f] 


m 

[ ( 1 )3 ] 
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z—0(.02)2, 10D 

xe~ %1 Ve l2 dt, ar 2 =.25(—.005)0, 9D 


1 Guest worker, National Bureau of Standards, from The American University. (Presently 
Purdue University.) 
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Table 7.6. (3/r(l/3)) JV , 3 d< (0<x<2.3) . 320 

x=0(.02)1.7(.04)2.3, 7D 

Table 7.7. Fresnel Integrals (0<x<5). 321 

C(x)=£ cos dt, S(x)=j*a in (j x=0(.02)5, 7D 

Table 7.8. Auxiliary Functions (0<x< »). 323 

/(,)-Q-5(,)] cos x 2 )— C'(x)]sin X 2 ) 

fif(x)=Q-C(x)] cos Q x 2 )+[~-<S'(x)Jsin(^ x 2 ) 
x=0(.02) 1, x ~'=1 (- .02)0, 15D 


Table 7.9. Error Function for Complex Arguments (0<x<3.9,0<?/<3) . 325 

w(z)==e~ z2 erfc (— iz), z=x-\-iy, x=0(. 1)3.9, y—0(. 1)3, 6D 
Table 7.10. Complex Zeros of the Error Function (l<w< 10) .... 329 

z n , erf z„=0,71=1(1)10, 8D 

Table 7.11. Complex Zeros of Fresnel Integrals (0<«,<5). 329 

z ny 2 *, C(z n )—0, S(z$)=0, n=0(l)5, 4D 
Table 7.12. Maxima and Minima of Fresnel Integrals (0<n< 5) . . . 329 

£(71^+1), C(V4^+3), S(^4n+2), S(J 4^+4), n=0(l)5, 6D 


The author acknowledges the assistance of Alfred E. Beam, Ruth E. Capuano, Lois K. 
Cherwinski, Elizabeth F. Godefroy, David S. Liepman, Mary Orr, Bertha H. Walter, and 
Ruth Zucker in the preparation and checking of the tables. 
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y 



7.1.15 



e^ = J_l/2 J_3/2_2_ 

z—t z—z—z—z—z—’ 


=-f lirn S 

-yTT *=1 


g^ W) 

3 — 


(./z^O) 


x ( k n) and #* n) are the zeros and weight factors of 
the Hermite polynomials. For numerical values 
see chapter 25. 


Value at Infinity 

7.1.16 erf s-> 1 ><*> in |arg z|<^ 

Maximum and Inflection Points for Dawson’s 
Integral [7.311 

F(x)=e~ l2 J* e <2 dt 

7.1.17 F(.92413 88730 . . . ) = .54104 42246 . . . 

7.1.18 jF(1.50197 52682 . . . ) = .42768 66160 . . . 

Derivatives 

7.1.19 


erf .-(-If 


(71=0,1,2, . . .) 


7.1.20 

w (»+2) ( 2 ) 4.2 2W <»+« (2)+2(w+l)w (tt1 (z)=0 

(71=0,1,2, .. .) 


w (0) (z)—w(z), w'(z)——2zw(z)-{-^. 

yir 


7.1.13 


Inequalities [7.11], [7.17] 


z+V^+2 


<< 


T 


(i dt< 


-yj* 


x+ \ % 2 -\— 


(*>0) 


(For the Hermite polynomials H n {z ) see chapter 

22 .) 


Relation to Confluent Hypergeometric Function (see 

chapter 13) 


(For other inequalities see [7.2].) 


7.1.14 


Continued Fractions 


-T 


t 2 dt=— i/? -L 3/2 _ 2 _ 


(^z>0) 


The Normal Distribution Function With Mean m and 
Standard Deviation <r (see chapter 26) 

(f-m)* 


7.1.23 

V^erfc z~H-£) ( —1 ) 


Asymptotic Expansion 

1*3.. . (2m—1) 


TO =1 


(2z 2 ) m 

(z-**>, |arg zj<f) 
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If R n (z) is the remainder after n terms then 

7.1.24 

7? (v\— (— i\» 1^ • — (2ft—1) . 

K n (z) — { 1) (2 2 2 )« 

8 = J. <r ‘( 1+ ?) ” " dt ( |arg 2 ;|< l) 

I*I<1 (|arg s|<|) 

For x real, R n (x) is less in absolute value than 
the first neglected term and of the same sign. 


Infinite Series Approximation for Complex Error 
Function [7.19] 

7.1.29 

g-z 2 

erf ( x+iy)=erf [(1—cos 2 xy)+i sin 2 xy] 

+\ e"* 2 Un(x,y)+ig n (x,y)]+€(x,y) 

where 

f„(x,y)=2x—2x cosh ny cos 2 xy+n sinhny sin 2 xy 
g„(x, y)=2x cosh ny sin 2 xy-\-n sinh ny cos 2xy 
|e(z,t/)|«10- 16 |erf (x+it/)| 


Rational Approximations 2 (0 <£< 00 ) 

7.1.25 

erf x=l — (a 1 t+a 2 t 2 -\-a 3 t z )e~ x3 +e(x), i=: \^p X 

U(x)\<2.5XlO~ & 


p=.47047 «!=.34802 42 

7.1.26 


02 =-.09587 98 
o 3 =.74785 56 


erf x— 1 — ( a x t +a 2 f 2 +a 3 £ 3 +a 4 t 4 +a 5 t 5 ) e~'* s +e (x ), 

l ~l+px 

|e(»)|<1.5X10- 7 

p =.32759 11 o x =.25482 9592 

a 2 = - .28449 6736 o 3 = 1.42141 3741 

o 4 = —1.45315 2027 o 5 = 1.06140 5429 


7.1.27 

erf x—1 [ 1 ^ ai2 ^ a2a; 2 _(_ ag;c 3 _f_ a4a . 4 ] 4 +<( :c ) 
( € (x)|<5X10" 4 

«!= .278393 «2=.230389 
o 3 = .000972 a 4 = .078108 

7.1.28 

6rf X= ^~[\ J raiX-\-a 2 x t -\- • . • 

K*)I<3X10- 7 


7.2. Repeated Integrals of the Error Function 
Definition 


7.2.1 

i n erfc z 


=j> 


erfc tdt (71=0,1,2,...) 


i -1 erfc 2 =-p e~ z2 , i° erfc 2 =erfc z 

Vx 

Differential Equation 

7 - 2 - 2 S+ 22 l- 2 ^=° 

y=.Ai* erfc z-\-Bi n erfc (— 2 ) 

(A and B are constants.) 

Expression as a Single Integral 


7.2.3 i* erfc 2 


r 


n\ 


7.2.4 i n erfc g=y^ 


Vx 

Power Series 3 

(-l)V 




7.2.5 


Recurrence Relations 


1 •» 


i" erfc 2 =— i n 1 erfc z-\-tt i B 2 erfc 2 
n 2n 


(n=l,2,3,...) 


flx=.07052 30784 
o 3 = .00927 05272 
o 6 = .00027 65672 


o 2 =.04228 20123 
<z 4 = .00015 20143 
a a = .00004 30638 


2 Approximations 7.1.25-7.1.28 are from C. Hastings, Jr., 
Approximations for digital computers. Princeton Univ. 
Press, Princeton, N. J., 1955 (with permission). 


7.2.6 

2(71+1) (n+2)i n+2 erfc 2 

= (2ti+1+ 22 2 )i B erfc 2 -^ i n ~ 2 erfc 2 

(n=l,2,3, . . .) 

3 The terms in this series corresponding to fc=n-f 2, 
n+4, n + 6, . . . are understood to be zero. 
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7.3.8 S(x) = S l (x^=S 2 (^x^ 

7.3.9 C(z)=\+j(z) sin (| z 2 )-<?(z) cos (j z 2 ) 

7.3.10 S(z)=^—j(z) cos (jj z 2 )—p(z) sin z 2 ^ 


Series Expansions 


7.3.11 C{z)=it 

n= 0 


( l)”( 7 r/ 2 ) 2w 
( 27 i)!( 4 ri+l) 


2 4n+l 


C (z)=cos(|z 2 )s rr J-i§ 

+“(l**)SrFS 


7 313 g(~)—^ ( 1 )"(t/ 2) 2 " +1 4b+3 

^ £S(2«+l)!(ta+3) 2 



0 .6 1.2 1.8 2.4 3.0 3.6 

Figure 7.5. Fresnel Integrals. 
y=C(i),y=S(x) 


s( *)-co<Hg» i Jt.XhV 
+KH§rr^wr 

7.3.15 C2(2)=«7l/2(2)+t/5/2(2)+«/9/2(2)+ . . . 

7.3.16 $ 2 ( 2 ) —Jzniz) J rJv2(z)-\-J nl 2(z)-\- . . . 
For Bessel functions J n+1/2 ( 2 ) see chapter 10. 


Symmetry Relations 

7.3.17 C{-z) = -C{z), S(-z)=-S(z) 

7.3.18 C(iz)=iC(z), S(iz) =—iS(z) 

7.3.19 C(z)=C(z), S(z)=S(z) 


Value at Infinity 

7.3.20 C(x)^ 

Derivatives 

7.3.2! d ^-rxg(x), ^§U*/(*)-l 


Relation to Error Function (see 7.1.1, 7.1.3) 

7.3.22 

C(z)+iS(z)=i±-*erf[^ (l-i)z] 

= i+i{ 1 - ei f- w [| (1+i)2 ]} 

7.3.23 g( x )=0t^-^w^ (l+i)x]| 

7.3.24 /(z)=j^^ w [^(l-H)*]} 


Relation to Confluent Hypergeometric Function (see 
chapter 13) 

7.3.25 

C(z)+iS(z) = zM Q, |i|z 2 ) 

-zs‘i'“M(l,|-i|z 2 ) 


Relation to Spherical Bessel Functions (see chapter 10) 

7.3.26 C 2 (z) =i £ J^(t)dt,S 2 {z)=\£ J t (t)dt 
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Asymptotic Expansions 

7.3.27 

xa/(a)~l+S (-1) 1 * 1 3 


larg z\<f) 


t rzg(z)~ X (—l) 1 


. 1 • 3 . . . (4m + l) 




j" e e -*VS» («a>0, «6>0) 


If R { n f) (z), R { n g) (z) are the remainders after n terms 
in 7.3.27, 7.3.28, respectively, then 




(&a>0;n=0, 1,2,...) 


gyw-H)' 1,3 ^ 1) * tn , 


9W- r(2n+i) /„ 1+ ^2( y dt ( |arg s,< 4) 


^ -fp5+© J." d( ( larg 2|< 0 

7 . 3.31 I^Kl, I«“’I<1 (|arg2|<|) 

For x real, R ( n f) (x) and Rh g) (x) are less in absolute 
value than the first neglected term and of the 
same sign. 

Rational Approximations 4 (0<a;< °°) 


*2n+l e -afidt=-^+i (^a>0;w=0,1,2,...) 


j e-* 1 * cos (2 xt)dt=^^^e a {0ta> 0) 


^W- a+i. 7 «^io fa . +«W l«Cx)|< 2 xi°- 


f e-^ 2 sin (2xt)dt=-^ e- x2/a f / ^ e t2 dt 
Jo -yja Jo 


(@a> 0 ) 


4=3 = ke «* erfcV«3 (^a>0, ^ 2 > 0 ) 

Jo y f -j - 2 2 \ d 


f -p—— —erfc Jaz 
Jo y7(£+s) 


(^a>0, z-^Ojarg 2|<7r) 


^ 2+4.142x+3.492z 2 +6.670x 3+ 

| € (x)|<2X10" 3 

(For more accurate approximations see [7.1].) 

7.4. Definite and Indefinite Integrals 

For a more extensive list of integrals see [7.5], 
[7 8], [7.15]. 




(o>0, ac>0) 


J* e<M:2 er ^ c («>o, *>o) 


4.12 £ 6 a [l-(erf V«) 2 ] (a>0) 


4 Approximations 7.3.32, 7.3.33 are based on those given 
in C. Hastings, Jr., Approximations for calculating Fresnel 
integrals, Approximation Newsletter, April 1956, Note 10. 
[See also MTAC 10, 173, 1956.1 


J ( x-tytf =7r (xreal,y>0) 


‘See page ii. 
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7.4.14 




7.4.15 


C* [t 2 -(x 2 -y 2 ))e~ t2 dt _t ^ wjx+iy) 

Jo t'-'ltf-y 


rO* 2 -Kx 2 +</ 2 ) 2 2^ y-ia: 

(a real, y>0) 


7.4.16 


f 00 _ 2 xye~ l2 dt _ir 0 

J 0 t'-2(x?-y 2 )t 2 +(x 2 +y 2 ) 2 2^ 


• w(aH-iy) 

y—ix 

(x real,y>0) 


7.4.17 




erf bt dt=- e 462 erfc 

a 2 b 


(@a>0, [arg &|<£) 

f sin ( 2at ) erfcfo dt=~~ [1—e~ (a/w2 ](a>0,^6>0) 
Jo 2 <z 

7.4.19 

J* eerf ^fbt dta^\-b 

4.20 

J* e _ot erfc e~ 2 ^ (^a>0, ^6>0) 


7.4.18 


7.4.20 


7.4.21 


f— erfc O i+ VD dt = Sukji) 


7.4.22 


/C\ ^ e ~2(^C+y/rc) 

(i^>0, ^c>0) 

cos ( ‘ 2 )^=Vi {[i- s (I VD] cos (t) 
-[1-^(1 VB )] sin ©} ( ® a>0) 


7.4.23 


j>“ sin ( * 2 >^=VKCl-^dVI)] cos (j) 
+ G- s (W;)] sin (i)} ^ a>0) 


7.4.24 


r-^'-iOMwar 

+ iti- s (SVDT <*•*» 


.^.zo 

+[|-S sin (a6) } ^ a>0 ’ ^ 5 >°) 

.. tfTvrU l{[i- s (Vv)] cos(o6) 

_ G _c (Vv)] sin 

7.4.27 

P e~ al C(t)dt=- 
J o ® 


7.4.26 

f m e~ at dt 7T 

Jo V«(< 2 +& 2 ) 6 


(^a>0, ^6>0) 

-[i- 0 ©]* 1 "©} <*•>"’ 

7.4.28 

j; e -^(^=i{[i_c0]eos(|i) 

+ B-<£>>(B} m>0) 

7.4.29 

X ^ C (^v) dt ~2a(V^H -a) * V^+T 

(^a>0) 

7.4.30 

f“ e*s(J^*-—=^-= 

Jo V \ 7 t/ 2a(Va 2 -J-l+o)*V® 2 +l 

(^a>0) 

7 - 4 - 31 r{G- c(<) Hi- s(t) i} d(= i 

7.4.32 

r j -(<u:2+26i+e)J^l I* b ~lT orf A^-Lnnnst. 
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4-e _2a6 erf (ax— ~^J+const. 

(a t^O) 

7.4.34 



J <T' ,w+ * ( fa=-£ [w (l+i™) 



-\-w (—-+ iax^J+const. 

(a 7*0) 

7.4.35 J 

erf xdx=x erf x+4= e~* 2 +const. 
y T 

7.4.36 



f e™ erf 6xdx=^ erf 6x—e 461 erf ^6x- 

-«)] 

7.4.37 

+const. 

{aj* 0) 

J «“ erf ^ 

\J b x dx =l{ e " eri ^ b x 


+1 

w^Jax+i (~-^fax+i 

m 


+const. 

(a t* 0) 


7.4.38 

cos ( ax 2 -\-2bx~\-c)dx 

=V^ { cos (^MV<l (m+6) ] 

+sin (~~)s ( aa: + b) J ^+ const. 

7.4.39 

sin (ax 2 -\-2bx-{-c)dx 

=Vi { cos (^r 5 ) s [V^ (ox+t) ] 

— sin ^ ( ax +^)J^+ const * 

7.4.40 J C(x)dx=xC(x)—^ sin ^ x 2 ^+const. 

7.4.41 J*£(x)dx=x£ , (x)-f^; cos x 2 ^+const. 


Numerical Methods 


7.5. Use and Extension of the Tables 

Example 1. Compute erf .745 and e _( - 745)2 
using Taylor’s series. 

With the aid of Taylor’s theorem and 7.1.19 
it can be shown that 

erf (x 0 +p/t)=erf x„ 

+^L e-^ph £l-pAx 0 +^P 2 A 2 (2xg-l)J+€ 

6 -<*o+**> 2 =<r ^ j^l-2p/ixo+p 2 /i 2 (2x 2 -l) 

~pWab(2a5-3)]+i 

where |*|<1.2X10" 10 , |ty|<3.2X lO" 10 if A=10" 2 , 
\p\^\. With Xq=.74, p—.5 and using Table 7.1 


erf .745=.70467 80779+(.5) (.00652 58247) X 
[1 - (.005) (.74) + (.00000 83333) (.0952)] 

= .70792 8920 

c -(.745)*=^ (.65258 24665) [1-.0074 

+ (.000025) (.0952) + (.00000 00833) (.74) (1.9048)] 
= .57405 7910. 

As a check the computation was repeated with 
Xo=.75, p= — .5. 

Example 2. Compute erfc x to 5S for x=4.8. 
We have l/x 2 =.0434028. With Table 7.2 and 
linear interpolation in Table 7.3, we obtain 

erfc 4.8=^ (1.11253) (10~ 10 ) (.552669) ^ 

= (1.1352) 10“ u . 
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Example 3. Compute e~ xi e^dt to 5S for 


x=6.5. 


From Table 7.1 we have -= e _(I72) =.058565. 

Vi 

Thus, 


With l/£ 2 =.0236686 and linear interpolation 

in Table 7.5 



(.506143) / (6.5) = .077868. 


Example 4. Compute i 2 erfc 1.72 using the 
recurrence relation and Table 7.1. 


By 7.2.1, using Table 7.1, 

i _1 erfc 1.72 =.05856 50. 


i erfc 1.72 «(.058565) (6.0064X10 n )/1.0087 X10 13 
=3.4873X10“ 3 

1 2 erfc 1.72 «(.058565) (1.2920 X10 n )/1.0087 X10 13 

=7.5013X10~ 4 

1 3 erfc 1.72«(.058565)(2.6031 X10 10 )/l.0087X10 13 

= 1.5114X10" 4 . 

Example 6. Compute (7(8.65) using Table 7.8. 
With £=8.65, l/£=.115607 we have from Table 
7.8 by linear interpolation 

/(8.65) = .036797, gr(8.65) = .000159. 

From Table 4.6 


Using the recurrence relation 7.2.5 and Table 7.1 

i erfc 1.72= — (1.72) (.01499 72)+ (.5) (.05856 50) 
= .0034873 

i 2 erfc 1.72= — (.86) (.0034873) + (.25) (.01499 72) 
= .0007502. 

Note the loss of two significant digits. 

Example 5. Compute i* erfc 1.72 for k= 1, 2, 3 
by backward recurrence. 

Let the sequence m— 1, . . ., 1, 0, 

— 1) be generated by backward use of the recur¬ 
rence relation 7.2.5 starting with ^ +2 =0, w%+ i=l. 
Then, for any fixed k } (see [7.7]), 

lim e* 2 i* erfc x (£>0). 

w\(x) 2 

With £=1.72, m=15 we obtain 


M 

w"(1.72) 

M 

ic** (1.72) 

/* 

w; j (1.72) 


*“(1.72) 

17 

0 

12 

(3) 2.1011 

7 

(71 2.5879 

2 

(11) 1.2920 

16 

1 

11 

(4) 1.3831 

6 

(8) 1.5569 

1 

(11) 6.0064 

16 

3.44 

10 

(4) 9.8006 

5 

(8) 8.9787 

0 

(12) 2.5830 

14 

(1) 4.3834 

9 

(6) 6.4143 

4 

(9) 4.9570 

-1 

(13) 1.0087 

13 

(2) 2.6399 

8 

(6) 4.1666 

3 

(10) 2.6031 




sin £ 2 )=-.961382, cos (~ £ 2 ^=-.275218. 
Using 7.3.9 

(7(8.65) = .5+ (.036797) (- .961382) 

- (.000159) (- .275218) = .46467. 

Example 7. Compute *Si(l.l) to 10D. 

Using 7.3.8 and 7.3.10 we obtain by 6-pt inter¬ 
polation in Table 7.8 

S,(1.1)=S (l.l -^) 

=8 (.87767 30169) = .31865 57172. 


Example 8. Compute *S' 2 (5.24) to 6D. 

Enter Table 7.7 in the column headed by u- 
Using Aitken’s scheme of interpolation 


« 

St(u) 

5.20310 58 

5.31808 80 

5.08938 01 

5. 43432 70 
4.97691 11 

.43280 06 . 03689 42 

. 41573 97 -. 07808 80 
. 45093 88 .15061 99 

.39999 44 -.19432 70 ; 
. 46990 94 . 26308 89 

. 42732 63 
691 63 
766 60 
674 79 

.42718 63 

6 52 

9 39 

.42717 71 
61 

.42717 67 


$ 2 ( 5 .24) = .427177 

Example 9. Compute $ 2 (5.24) using Taylor's 
series and Table 7.8. 

Using 7.3.21 we can write Taylor's series for/ 2 (u) 
=j (^~) and 9* (u)=g (^~) m fclie form 
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f i (u)=c 0 -\-c l (u-u ( >)+ < ~ («- w 0 ) 2 +!| («- 0 3 + . . ., 

p 2 (w) = -^c 1 +c 2 (u-'Wo) 

+|f («-«o) 2 +| (u-%) 3 + . . .} 

where 


By numerical integration, using Table 9.1, 

/MO rff 

F 0 (0 J-.41826 00. 

Using the fact that the remainder terms of the 
asymptotic expansion are less in absolute value 
than the first neglected terms, we can estimate 


co=f2(uo),Ci=-g 2 (u 0 ), 

Ck+2 — C*"r( 1) /-- /rt NJk 

sj2iru 0 (2u 0 ) k 


(jfc=0, 1, 2, . . .). 


Consulting Table 7.8 we chose -Wo=l/.185638 
= 5.386819, thus having w— m 0 =5.24—5.386819 
= - .146819. From Table 7.8 


/ 2 («o) = . 168270, g 2 (u 0 ) = .014483. 
Hence, applying the series above, 

/,(5.24) = . 170436, g 2 (5.24) = .015030. 


Finally, 


JJ *#> 7" 


5953819 cos 10—sin 10 


2688000 ^/lo^ 

23107 cos 10+sin 10 
'2150400 ^ 


=-.02298 78, 


Using the 4th formula at the bottom of Table 7.8 


using Tables 7.8 and 4.8. Hence 


$,(5.24) = .5- (.170436) (.503471) 

- (.015030) (- .864012) = .42718. 

Example 10. Compute $ 2 ( 2 ) using 7.3.16. 
Generating the values of J n+ j( 2 ) as described 
in chapter 10 we find 

S 2 (2) =t/ 3 / 2 ( 2 )+J 7 / 2 (2) +t/n/ 2 (2) +J 1 5 / 2 ( 2 ) 4 - . . . 

= .49129 + .06852 + .00297+.00006=.56284. 


r y (t) 

Example 11. Compute I 0v ' dt by numerical 

integration using Tables 9.1 and 7.8. [F 0 (0 is the 

Bessel function of the second kind defined in 9.1.16.] 
We decompose the integral into three parts 


, dt 
t 


Yo ft) J=£° r .(0 j+£ [F„(e)-F 0 ( 0 ] c - 

+JX 

fci) 

ft-;) 


where 






V 128 1 % ) 


st^Tt 


represents the first two terms of the asymptotic 
expansion 9.2.2. 



—=.41826 00-.02298 78=.39527 22. 


The answer correct to 8 D is .39527 290 (Table 

11 . 2 ). 


Example 12. Compute w(.44+.67i) using bi¬ 
variate linear interpolation. 

By linear interpolation in Table 7.9 along the 
x-direction at y =.6 and y=.7 

w(.44+.6i)«.6 (.522246+. 167880-1) + .4 (.498591 

+ .202666i) = .512784+. 181794* 

w(.44+.7i)«.6(.487556+.147975i) + .4(.467521 

+. 179123i) = .479542 +. 160434*. 

By linear interpolation along the ^-direction at 
2 = .44 

w(.44+.67t)«.3 (.512784 +. 181794i) + .7 (.479542 
+. 160434i) = .489515 +. 166842i 

The correct answer is .489557+.166889i. 

Example 13. Compute <%w{z) for z=.44+.61f. 
Bivariate linear interpolation, as described in 
Example 12, is most accurate if z lies near the 
center or along a diagonal of one of the squares 
of the tabular grid [7.6]. It is not as accurate for 
z near the midpoint of a side of a square, as in this 
example. However, we may introduce an auxil- 
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iary square (see diagram) which contains z close 
to its center. Bivariate linear interpolation can 
then be applied within this auxiliary square. 

The values of i 0 ( 2 ) needed at 2 =ft, and 2 =f 2 
are easily approximated by the average of the four 
neighboring tabular values. Furthermore the 
parts to be used are given by 


No ki| 

I So—Til 


= Pl + P2, 


\Z 0 — \ 2 | 

I Zo _ fol 


=Pl~P2 


Example 16. Compute w(7+2i ). 

Using the second formula at the end of Table 7.9 

w(7+2i)=( _ 2+7i) (_~_ 

, .05176536 \ „ 

~^42.27525+28i / - 021853 +.075010i. 

Example 17. Compute erf (2 +i). 

From 7.1.3, 7.1.12 we have 



where 2=2 0 +.l(p I +ip 2 ). Thus, with 2 0 =.4 + .6i, 
fi=.45+.65i, f 2 =.45 + .55i, Pi=A, p 2 =. 1, we get 

from Table 7.9 

« i (.522246 + .498591 + .487556 + .467521) 
= .493979 

^w(f,)«| (.522246 + .498591 + .561252 + .533157) 

= .528812 

&w(z )»[1 — (.4 +. 1)]{ [1 — (.4 —. 1)].522246 

+ (.4-.l).528812} + (.4+.l)X 
{[1 -(.4 -. 1)] .493979+(.4-. 1).498591} = .509789. 


erf z=l—e-' 2 w(iz) = l—e v2 - x2 (cos 2 xy 

-i sin 2xy)w{y-\-ix) (z=x+iy). 

Using Tables 7.9, 4.4, 4.6 
erf (2+i) = l — e~ 3 (cos 4— i sin 4 )i 0 (l+ 2 i) 

= 1.003606—.0112590i. 


Example 18. Compute Si ^Q+i^ 72 
From 7.3.22, 7.3.8, 7.3.18 we have 


s , (2 )4_!_i^ ro [ (i +i) _|] 


1+* 

4 


1) 


Setting 2 =Q+^) 72 and making use of 7.1.11, 
7.1.12, and Table 7.9 


The correct answer is .509756. Straightforward 
bivariate interpolation gives .509460. 

Example 14. Compute j%+39+.61i) to 6D 
using Taylor’s series. 

Let 2 = .39 + .61i, 2 0 = .4+.6i. From 7.1.20, 
and using Table 7.9, we have 

w( 2 0 ) = .522246+ .167880i 

w' No) = ~ .21634+.36738i, 2 - 2 0 = (— 1 +i) 10 ~ 2 
W'(z 0 ) = -.215-.185i, ( 2 — 2 0 ) 2 =—2iX10 -4 

J%(2) = . 167880—.0021634-.0036738 

+ .0000430=. 162086. 

Example 15. Compute w(.4 — 1 . 3 i). 

From 7.1.11, 7.1.12 

w(.4—1.3i)=w(—.4—1.3i)=2e -u-1 - 3i)2 

—w(.4+1.3i). 

Using Tables 7.9, 4.4 and 4.6 

w(.4-1.3i)=4.33342+8.04201i. 


S,((+i)V2)= 

-I -1 ?( cos sin f ) w G+10 

+ ^T (cosj+i sin |) w (f+i i) 

= — .990734— ,681619i. 

Example 19. Compute J* c -o/«« a -*» C oa (2 t)dt 
using Table 7.9. 

Setting b=y+ix, c=0 in 7.4.2 and using 7.1.3, 
7.1.12 we find 

Jh—cos M +Vl-(^) 

(a> 0 , x, y real). 

Hence from Table 7.9 

J o e- {m)t2 ~ zt cos (2t)dt=~fir&w(2-\-3i) = .231761. 
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Table 7.1 ERROR FUNCTION AND ITS DERIVATIVE 



2 „ 
•sir 

_ j.2 

erf 

r 

■r 

2 

sir 

_j.2 

erf 

* 

0.00 

1.12837 

91671 

0. 00000 

00000 

0.50 

0. 87878 

25789 

0. 52049 

98778 

0.01 

1. 12826 

63348 

0. 01128 

34156 

0.51 

0.86995 

15467 

0. 52924 

36198 

0. 02 

1.12792 

79057 

0. 02256 

45747 

0. 52 

0.86103 

70343 

0.53789 

86305 

0. 03 

1. 12736 

40827 

0. 03384 

12223 

0.53 

0. 85204 

34444 

0. 54646 

40969 

0. 04 

1. 12657 

52040 

0. 04511 

11061 

0. 54 

0. 84297 

51813 

0. 55493 

92505 

0. 05 

1. 12556 

17424 

0. 05637 

19778 

0.55 

0.83383 

66473 

0. 56332 

33663 

0. 06 

1.12432 

43052 

0. 06762 

15944 

0. 56 

0. 82463 

22395 

0. 57161 

57638 

0. 07 

1.12286 

36333 

0. 07885 

77198 

0.57 

0. 81536 

63461 

0.57981 

58062 

0. 08 

1.12118 

06004 

0. 09007 

81258 

0.58 

0.80604 

33431 

0. 58792 

29004 

0. 09 

1.11927 

62126 

0.10128 

05939 

0. 59 

0. 79666 

75911 

0. 59593 

64972 

0.10 

1. 11715 

16068 

0. 11246 

29160 

0. 60 

0. 78724 

34317 

0. 60385 

60908 

0.11 

1.11480 

80500 

0.12362 

28962 

0. 61 

0. 77777 

51846 

0. 61168 

12189 

0. 12 

1.11224 

69379 

0. 13475 

83518 

0. 62 

0. 76826 

71442 

0. 61941 

14619 

0. 13 

1. 10946 

97934 

0.14586 

71148 

0. 63 

0. 75872 

35764 

0. 62704 

64433 

0. 14 

1. 10647 

82654 

0. 15694 

70331 

0. 64 

0. 74914 

87161 

0. 63458 

58291 

0. 15 

1. 10327 

41267 

0.16799 

59714 

0. 65 

0. 73954 

67634 

0. 64202 

93274 

0.16 

1.09985 

92726 

0. 17901 

18132 

0. 66 

0. 72992 

18814 

0. 64937 

66880 

0.17 

1. 09623 

57192 

0. 18999 

24612 

0.67 

0. 72027 

81930 

0. 65662 

77023 

0.18 

1.09240 

56008 

0. 20093 

58390 

0.68 

0. 71061 

97784 

0. 66378 

22027 

0.19 

1. 08837 

11683 

0.21183 

98922 

0. 69 

0. 70095 

06721 

0. 67084 

00622 

0.20 

1. 08413 

47871 

0.22270 

25892 

0. 70 

0.69127 

48604 

0. 67780 

11938 

0.21 

1. 07969 

89342 

0. 23352 

19230 

0. 71 

0. 68159 

62792 

0. 68466 

55502 

0. 22 

1. 07506 

61963 

0.24429 

59116 

0.72 

0. 67191 

88112 

0. 69143 

31231 

0.23 

1. 07023 

92672 

0. 25502 

25996 

0. 73 

0. 66224 

62838 

0. 69810 

39429 

0. 24 

1. 06522 

09449 

0. 26570 

00590 

0. 74 

0.65258 

24665 

0. 70467 

80779 

0.25 

1.06001 

41294 

0. 27632 

63902 

0.75 

0.64293 

10692 

0.71115 

56337 

0.26 

1. 05462 

18194 

0. 28689 

97232 

0. 76 

0. 63329 

57399 

0.71753 

67528 

0. 27 

1.04904 

71098 

0.29741 

82185 

0.77 

0. 62368 

00626 

0.72382 

16140 

0.28 

1.04329 

31885 

0. 30788 

00680 

0.78 

0. 61408 

75556 

0.73001 

04313 

0.29 

1.03736 

33334 

0.31828 

34959 

0. 79 

0.60452 

16696 

0. 73610 

34538 

0.30 

1.03126 

09096 

0. 32862 

67595 

0. 80 

0.59498 

57863 

0. 74210 

09647 

0.31 

1.02498 

93657 

0.33890 

81503 

0.81 

0. 58548 

32161 

0. 74800 

32806 

0. 32 

1.01855 

22310 

0. 34912 

59948 

0. 82 

0.57601 

71973 

0. 75381 

07509 

0. 33 

1.01195 

31119 

0. 35927 

86550 

0. 83 

0.56659 

08944 

0. 75952 

37569 

0. 34 

1. 00519 

56887 

0. 36936 

45293 

0. 84 

0. 55720 

73967 

0. 76514 

27115 

0. 35 

0. 99828 

37121 

0. 37938 

20536 

0. 85 

0.54786 

97173 

0. 77066 

80576 

0. 36 

0.99122 

10001 

0. 38932 

97011 

0. 86 

0.53858 

07918 

0. 77610 

02683 

0. 37 

0.98401 

14337 

0. 39920 

59840 

0. 87 

0.52934 

34773 

0. 78143 

98455 

0. 38 

0.97665 

89542 

0. 40900 

94534 

0. 88 

0.52016 

05514 

0. 78668 

73192 

0. 39 

0.96916 

75592 

0.41873 

87001 

0. 89 

0.51103 

47116 

0. 79184 

32468 

0. 40 

0. 96154 

12988 

0. 42839 

23550 

0. 90 

0.50196 

85742 

0.79690 

82124 

0.41 

0. 95378 

42727 

0. 43796 

90902 

0. 91 

0. 49296 

46742 

0. 80188 

28258 

0. 42 

0. 94590 

06256 

0. 44746 

76184 

0. 92 

0.48402 

54639 

0. 80676 

77215 

0. 43 

0.93789 

45443 

0. 45688 

66945 

0.93 

0. 47515 

33132 

0. 81156 

35586 

0.44 

0. 92977 

02537 

0. 46622 

51153 

0. 94 

0.46635 

05090 

0. 81627 

10190 

0. 45 

0. 92153 

20130 

0. 47548 

17198 

0.95 

0.45761 

92546 

0. 82089 

08073 

0.46 

0.91318 

41122 

0. 48465 

53900 

0.96 

0. 44896 

16700 

0. 82542 

36496 

0. 47 

0. 90473 

08685 

0. 49374 

50509 

0.97 

0. 44037 

97913 

0. 82987 

02930 

0.48 

0. 89617 

66223 

0. 50274 

96707 

0. 98 

0. 43187 

55710 

0. 83423 

15043 

0.49 

0. 88752 

57337 

0.51166 

82612 

0. 99 

0.42345 

08779 

0. 83850 

80696 

0. 50 

0. 87878 

25789 

0. 52049 

98778 

1. 00 

0.41510 

74974 

0. 84270 

07929 


r(-5)3] 



r(-5)ii 

[(-W 


L 5 

■ J 

L 5 J 


L £ 

^ J 

L 5 J 

See Example 1. 












erf r= ^ 
Vir 


V* 

sr 

0.88622 69255 
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Table 7.1 


ERROR FUNCTION AND ITS DERIVATIVE 


X 

h-' 

erf t 

X 

~ e-J 

erf x 

1. 00 

0.41510 74974 

0. 84270 07929 

1. 50 

0.11893 02892 

0. 96610 51465 

1. 01 

0. 40684 71315 

0.84681 04962 

1.51 

0. 11540 38270 

0. 96727 67481 

1. 02 

0. 39867 13992 

0. 85083 80177 

1.52 

0. 11195 95356 

0.96841 34969 

1. 03 

0. 39058 18368 

0. 85478 42115 

1.53 

0. 10859 63195 

0.96951 62091 

1. 04 

0.38257 98986 

0. 85864 99465 

1.54 

0. 10531 30683 

0.97058 56899 

1. 05 

0. 37466 69570 

0. 86243 61061 

1.55 

0. 10210 86576 

0. 97162 27333 

1. 06 

0. 36684 43034 

0. 86614 35866 

1.56 

0. 09898 19506 

0. 97262 81220 

1. 07 

0. 35911 31488 

0. 86977 32972 

1.57 

0. 09593 17995 

0. 97360 26275 

1.08 

0. 35147 46245 

0. 87332 61584 

1.58 

0. 09295 70461 

0. 97454 70093 

1. 09 

0. 34392 97827 

0. 87680 31019 

1. 59 

0. 09005 65239 

0. 97546 20158 

1.10 

0. 33647 95978 

0. 88020 50696 

1.60 

0. 08722 90586 

0.97634 83833 

1.11 

0. 32912 49667 

0. 88353 30124 

1.61 

0. 08447 34697 

0. 97720 68366 

1.12 

0.32186 67103 

0.88678 78902 

1. 62 

0. 08178 85711 

0. 97803 80884 

1.13 

0.31470 55742 

0. 88997 06704 

1.63 

0. 07917 31730 

0. 97884 28397 

1.14 

0. 30764 22299 

0. 89308 23276 

1. 64 

0. 07662 60821 

0. 97962 17795 

1.15 

0. 30067 72759 

0. 89612 38429 

1. 65 

0. 07414 61034 

0. 98037 55850 

1.16 

0.29381 12389 

0. 89909 62029 

1. 66 

0. 07173 20405 

0.98110 49213 

1.17 

0.28704 45748 

0. 90200 03990 

1.67 

0. 06938 26972 

0. 98181 04416 

1. 18 

0. 28037 76702 

0. 90483 74269 

1.68 

0. 06709 68781 

0.98249 27870 

1.19 

0. 27381 08437 

0. 90760 82860 

1.69 

0. 06487 33895 

0. 98315 25869 

1.20 

0. 26734 43470 

0. 91031 39782 

1.70 

0.06271 10405 

0. 98379 04586 

1.21 

0.26097 83664 

0. 91295 55080 

1.71 

0. 06060 86436 

0. 98440 70075 

1. 22 

0. 25471 30243 

0. 91553 38810 

1.72 

0. 05856 50157 

0. 98500 28274 

1.23 

0. 24854 83805 

0. 91805 01041 

1.73 

0. 05657 89788 

0. 98557 84998 

1.24 

0.24248 44335 

0.92050 51843 

1.74 

0. 05464 93607 

0.98613 45950 

1. 25 

0.23652 11224 

0.92290 01283 

1.75 

0. 05277 49959 

0. 98667 16712 

1.26 

0.23065 83281 

0.92523 59418 

1.76 

0. 05095 47262 

0.98719 02752 

1.27 

0. 22489 58748 

0. 92751 36293 

1.77 

0. 04918 74012 

0.98769 09422 

1.28 

0. 21923 35317 

0. 92973 41930 

1.78 

0. 04747 18791 

0. 98817 41959 

1.29 

0. 21367 10145 

0. 93189 86327 

1.79 

0. 04580 70274 

0.98864 05487 

1. 30 

0. 20820 79868 

0.93400 79449 

1. 80 

0. 04419 17233 

0. 98909 05016 

1. 31 

0. 20284 40621 

0. 93606 31228 

1.81 

0. 04262 48543 

0. 98952 45446 

1. 32 

0. 19757 88048 

0. 93806 51551 

1. 82 

0. 04110 53185 

0. 98994 31565 

1. 33 

0. 19241 17326 

0.94001 50262 

1.83 

0. 03963 20255 

0.99034 68051 

1. 34 

0. 18734 23172 

0. 94191 37153 

1. 84 

0. 03820 38966 

0. 99073 59476 

1. 35 

0.18236 99865 

0.94376 21961 

1.85 

0.03681 98653 

0.99111 10301 

1.36 

0. 17749 41262 

0. 94556 14366 

1. 86 

0. 03547 88774 

0. 99147 24883 

1.37 

0. 17271 40811 

0. 94731 23980 

1.87 

0. 03417 98920 

0. 99182 07476 

1.38 

0.16802 91568 

0.94901 60353 

1. 88 

0. 03292 18811 

0.99215 62228 

1. 39 

0. 16343 86216 

0. 95067 32958 

1.89 

0. 03170 38307 

0. 99247 93184 

1.40 

0.15894 17077 

0. 95228 51198 

1.90 

0. 03052 47404 

0. 99279 04292 

1.41 

0. 15453 76130 

0. 95385 24394 

1.91 

0. 02938 36241 

0. 99308 99398 

1.42 

0. 15022 55027 

0. 95537 61786 

1.92 

0. 02827 95101 

0. 99337 82251 

1.43 

0. 14600 45107 

0. 95685 72531 

1.93 

0. 02721 14412 

0. 99365 56502 

1. 44 

0. 14187 37413 

0. 95829 65696 

1. 94 

0. 02617 84752 

0. 99392 25709 

1. 45 

0. 13783 22708 

0.95969 50256 

1.95 

0. 02517 96849 

0. 99417 93336 

1. 46 

0. 13387 91486 

0. 96105 35095 

1.96 

0. 02421 41583 

0. 99442 62755 

1. 47 

0.13001 33993 

0. 96237 28999 

1.97 

0.02328 09986 

0.99466 37246 

1.48 

0. 12623 40239 

0.96365 40654 

1. 98 

0.02237 93244 

0.99489 20004 

1. 49 

0. 12254 00011 

0. 96489 78648 

1.99 

0. 02150 82701 

0. 99511 14132 

1.50 

0. 11893 02892 

0.96610 51465 

2.00 

0. 02066 69854 

0. 99532 22650 


m 

i-1 

1 

Cncn 


[T] 

ra 


^=0.88622 69255 
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Table 7.2 DERIVATIVE OF THE ERROR FUNCTION 



2.00 (- 2)2.0666 985 2.50 (- 3)2.1782 842 3.00 (- 4)1.3925 305 

2.01 {- 2)1.9854 636 2.51 (- 3)2.0718 409 3.01 (- 4)1.3113 047 

2.02 - 2)1.9070 402 2.52 (- 3)1.9702 048 3.02 - 4) 1.2345 698 

2.03 - 2)1.8313 482 2.53 (- 3)1.8731 800 3.03 (- 4)1.1620 929 

2.04 (- 2) 1.7583 088 2.54 (- 3)1.7805 771 3.04 (- 4)1.0936 521 


2.05 (- 2)1.6878 448 
2.06 - 2) 1.6198 806 

2.07 - 2)1.5543 422 

2.08 (- 2)1.4911 571 
2.09 (- 2)1.4302 545 

2.10 (- 2) 1.3715 650 

2.11 (- 2)1.3150 207 

2.12 (- 2)1.2605 554 

2.13 - 2)1.2081 043 

2.14 (- 2)1.1576 041 

2.15 (- 2)1.1089 930 

2.16 (- 2) 1.0622 108 

2.17 (- 2)1.0171 986 

2.18 (- 3)9.7389 910 

2.19 (- 3)9.3225 623 

2.20 (- 3)8.9221 551 

2.21 (- 3)8.5372 378 

2.22 (- 3)8.1672 930 

2.23 (- 3)7.8118 164 

2.24 (- 3)7.4703 176 

2.25 (- 3)7.1423 190 

2.26 (- 3)6.8273 562 

2.27 (- 3)6.5249 776 

2.28 (- 3)6.2347 440 

2.29 (- 3)5.9562 287 

2.30 (- 3)5.6890 172 

2.31 (- 3)5.4327 069 

2.32 (- 3)5.1869 067 

2.33 (- 3)4.9512 374 

2.34 (- 3)4.7253 306 

2.35 (- 3)4.5088 292 

2.36 (- 3)4.3013 869 

2.37 - 3)4.1026 681 

2.38 - 3)3.9123 473 

2.39 (- 3)3.7301 092 

2.40 (- 3)3.5556 487 

2.41 - 3)3.3886 700 

2.42 (- 3)3.2288 871 

2.43 (- 3)3.0760 230 

2.44 (- 3)2.9298 098 

2.45 (- 3)2.7899 886 

2.46 - 3)2.6563 089 

2.47 - 3)2.5285 285 

2.48 (- 3 2.4064 136 

2.49 (- 3)2.2897 383 


2.55 (- 3)1.6922 136 

2.56 (- 3)1.6079 137 

2.57 (- 3)1.5275 078 

2.58 (- 3)1.4508 325 

2.59 (- 3)1.3777 304 

2.60 (- 3) 1.3080 500 

2.61 (- 3 1.2416 455 

2.62 (- 3 1.1783 764 

2.63 (- 3)1.1181 075 

2.64 (- 3) 1.0607 090 

2.65 (- 3)1.0060 558 

2.66 - 4)9.5402 778 

2.67 (- 4)9.0450 949 

2.68 (- 4 8.5738 992 

2.69 (- 4)8.1256 247 

2.70 (- 4)7.6992 476 

2.71 - 4)7.2937 850 

2.72 (- 4 6.9082 932 

2.73 (- 4)6.5418 671 

2.74 (- 4)6.1936 378 

2.75 (- 4)5.8627 725 

2.76 (- 4)5.5484 722 

2.77 - 4)5.2499 713 

2.78 - 4 4.9665 360 

2.79 (- 4)4.6974 632 

2.80 (- 4)4.4420 794 

2.81 (- 4)4.1997 400 

2.82 (- 4 3.9698 274 

2.83 - 4) 3.7517 508 

2.84 (- 4) 3.5449 449 

2.85 (- 4)3.3488 688 

2.86 (- 4 3.1630 053 

2.87 - 4)2.9868 598 

2.88 (- 4)2.8199 597 

2.89 (- 4)2.6618 533 

2.90 (- 4)2.5121 089 

2.91 (- 4)2.3703 144 

2.92 (- 4 2.2360 761 

2.93 (- 4 2.1090 184 

2.94 (- 4)1.9887 824 

2.95 (- 4)1.8750 262 

2.96 (- 4)1.7674 231 

2.97 (- 4)1.6656 619 

2.98 (- 4)1.5694 459 

2.99 (- 4)1.4784 919 


3.05 (- 4) 1.0290 362 
3.06 (- 5)9.6804 434 
3.07 (- 5)9.1048 542 
3.08 {- 5)8.5617 765 
3.09 (- 5)8.0494 817 

3.10 (- 5)7.5663 267 

3.11 (- 5)7.1107 499 

3.12 (- 5)6.6812 674 

3.13 - 5)6.2764 699 

3.14 {- 5)5.8950 187 

3.15 (- 5)5.5356 429 

3.16 (- 5)5.1971 360 

3.17 - 5)4.8783 532 

3.18 (- 5)4.5782 082 

3.19 (- 5)4.2956 707 

3.20 (- 5)4.0297 636 

3.21 (- 5)3.7795 604 

3.22 - 5)3.5441 831 

3.23 (- 5)3.3227 997 

3.24 (- 5)3.1146 217 

3.25 (- 5)2.9189 025 

3.26 (- 5)2.7349 351 

3.27 (- 5)2.5620 500 

3.28 5)2.3996 135 

3.29 (- 5)2.2470 263 

3.30 (- 5)2.1037 210 

3.31 - 5) 1.9691 613 

3.32 (- 5)1.8428 397 

3.33 (- 5)1.7242 768 

3.34 (- 5)1.6130 192 

3.35 (- 5) 1.5086 387 

3.36 - 5 1.4107 306 

3.37 {- 5 1.3189 127 

3.38 (- 5)1.2328 243 

3.39 (- 5) 1.1521 246 

3.40 (- 5)1.0764 921 

3.41 (- 5) 1.0056 235 

3.42 (- 6)9.3923 243 

3.43 (- 6) 8.7704 910 

3.44 (- 6)8.1881 894 

3.45 (- 6)7.6430 199 

3.46 (- 6 7.1327 211 

3.47 (- 6)6.6551 620 

3.48 - 6 6.2083 353 

3.49 (- 6)5.7903 503 


\T 

3.50 (- 6)5.3994 268 

3.51 - 6)5.0338 887 

3.52 (- 6)4.6921 589 

3.53 (- 6)4.3727 530 

3.54 (- 6) 4.0742 749 

3.55 (- 6)3.7954 113 

3.56 (- 6)3.5349 275 

3.57 - 6)3.2916 626 

3.58 (- 6)3.0645 257 

3.59 (- 6)2.8524 914 

3.60 (- 6)2.6545 968 

3.61 (- 6)2.4699 374 

3.62 (- 6)2.2976 636 

3.63 (- 6)2.1369 782 

3.64 (- 6)1.9871 328 

3.65 (- 6)1.8474 250 

3.66 (- 6) 1.7171 961 

3.67 (- 6)1.5958 281 

3.68 (- 6)1.4827 416 

3.69 (- 6)1.3773 933 

3.70 (~ 6)1.2792 741 

3.71 (- 6)1.1879 068 

3.72 (- 6) 1.1028 445 

3.73 - 6 1.0236 686 

3.74 (- 7)9.4998 679 

3.75 (- 7)8.8143 219 

3.76 (- 7)8.1766 120 

3.77 - 7)7.5835 232 

3.78 (- 7)7.0320 473 

3.79 (- 7) 6.5193 709 

3.80 (- 7)6.0428 629 

3.81 (- 7)5.6000 632 

3.82 (- 7)5.1886 725 

3.83 - 7)4.8065 419 

3.84 (- 7) 4.4516 637 

3.85 (- 7)4.1221 624 

3.86 - 7)3.8162 867 

3.87 (- 7)3.5324 013 

3.88 (- 7)3.2689 796 

3.89 (- 7)3.0245 971 

3.90 (- 7)2.7979 245 

3.91 (- 7)2.5877 218 

3.92 (- 7)2.3928 327 

3.93 (- 7)2.2121 788 

3.94 (- 7)2.0447 548 

3.95 (- 7)1.8896 240 

3.96 - 7)1.7459 135 

3.97 (- 7) 1.6128 098 

3.98 - 7 1.4895 557 

3.99 (- 7)l.3754 458 


2.50 (- 3)2.1782 842 3.00 (- 4)1.3925 305 3.50 (- 6)5.3994 268 4.00 (- 7)1.2698 235 

2 
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V” 

4.00 (- 7)1.2698 235 4.50 (- 9) 1.8113 059 5.00 (-11) 1.5670 866 

4.01 - 7 1.1720 776 4.51 (- 9 1.6552 434 5.01 (-11 1.4178 169 

4.02 (- 7 1.0816 394 4.52 (- 9)1.5123 248 5.02 (-11)1.2825 089 

4.03 (- 8)9.9797 993 4.53 (- 9)1.3814 699 5.03 (-11)1.1598 820 

4.04 (- 8)9.2060 694 4.54 (- 9) 1.2616 849 5.04 (-11)1.0487 702 


4.05 (- 8)8.4906 281 
4.06 - 8)7.8292 207 

4.07 - 8)7.2178 923 

4.08 - 8 6.6529 674 

4.09 (- 8)6.1310 313 

4.10 (- 8)5.6489 121 

4.11 (- 8)5.2036 639 

4.12 (- 8 4.7925 517 

4.13 - 8) 4.4130 364 

4.14 (- 8)4.0627 618 

4.15 (- 8) 3.7395 414 

4.16 (- 8)3.4413 471 

4.17 (- 8 3.1662 977 

4.18 (- 8)2.9126 490 

4.19 (- 8)2.6787 841 

4.20 (- 8)2.4632 041 

4.21 (- 8 2.2645 204 

4.22 (- 8 2.0814 463 

4.23 (- 8 1.9127 901 

4.24 (- 8)1.7574 484 

4.25 (- 8)1.6143 994 

4.26 (- 8) 1.4826 974 

4.27 (- 8) 1.3614 673 

4.28 (- 8)1.2498 993 

4.29 (- 8) 1.1472 445 

4.30 (- 8) 1.0528 102 

4.31 (- 9)9.6595 598 

4.32 (- 9)8.8608 977 

4.33 (- 9)8.1266 442 

4.34 (- 9)7.4517 438 

4.35 (- 9)6.8315 260 

4.36 (- 9)6.2616 772 

4.37 (- 9)5.7382 144 

4.38 (- 9 5.2574 603 

4.39 (- 9)4.8160 210 

4.40 (- 9)4.4107 647 

4.41 - 9)4.0388 018 

4.42 (- 9)3.6974 673 

4.43 (- 9)3.3843 033 

4.44 (- 9)3.0970 439 

4.45 (- 9)2.8336 002 

4.46 (- 9)2.5920 474 

4.47 (- 9)2.3706 118 

4.48 (- 9)2.1676 596 

4.49 (- 9) 1.9816 862 


4.55 (- 9)1.1520 559 

4.56 (- 9)1.0517 423 

4.57 (-10 9.5997 127 

4.58 (-10)8.7603 264 

4.59 (-10)7.9927 363 

4.60 (-10)7.2909 450 

4.61 (-10)6.6494 435 

4.62 (-10)6.0631 724 

4.63 (-10)5.5274 864 

4.64 (-10)5.0381 209 

4.65 (-10)4.5911 621 

4.66 -10)4.1830 187 

4.67 (- 10 ) 3.8103 962 

4.68 (-10)3.4702 727 

4.69 (-10)3.1598 772 

4.70 (-10)2.8766 694 

4.71 (-10) 2.6183 207 

4.72 (-10)2.3826 973 

4.73 (-10)2.1678 441 

4.74 (-10)l.9719 702 

4.75 (-10)1.7934 357 

4.76 (-10)1.6307 388 

4.77 (-10)1.4825 049 

4.78 -10 1.3474 759 

4.79 (-10) 1.2245 007 

4.80 (-10)1.1125 261 

4.81 (- 10 ) 1.0105 888 

4.82 (-11)9.1780 821 

4.83 (-11)8.3337 894 

4.84 (-11)7.5656 500 

4.85 (-11)6.8669 377 

4.86 (-11)6.2315 074 

4.87 (-11)5.6537 456 

4.88 (-11)5.1285 259 

4.89 (-11)4.6511 675 

4.90 (-11)4.2173 976 

4.91 (-11)3.8233 166 

4.92 (-11) 3.4653 660 

4.93 (- 11 ) 3.1402 998 

4.94 (-11)2.8451 570 

4.95 (-11)2.5772 379 

4.96 -11)2.3340 811 

4.97 (-11) 2.1134 428 

4.98 (-11)1.9132 785 

4.99 (-11)1.7317 254 


5.05 (-12)9.4811 285 
5.06 (-12)8.5694 483 
5.07 (-12 7.7438 839 
5.08 (-12 6.9964 533 
5.09 (-12)6.3198 998 

5.10 (-12)5.7076 270 

5.11 <-12)5.1536 405 

5.12 (-12)4.6524 937 

5.13 (-12) 4.1992 391 

5.14 (-12)3.7893 835 

5.15 (-12)3.4188 470 

5.16 (-12)3.0839 257 

5.17 (-12) 2.7812 580 

5.18 (- 12 ) 2.5077 937 

5.19 (-12)2.2607 652 

5.20 (-12)2.0376 626 

5.21 (-12)1.8362 094 

5.22 <-12)1.6543 420 

5.23 (-12)1.4901 896 

5.24 (-12)1.3420 568 

5.25 (-12)1.2084 075 

5.26 (-12)1.0878 501 

5.27 (-13)9.7912 433 

5.28 (-13)8.8108 899 

5.29 (-13)7.9271 093 

5.30 (-13)7.1305 505 

5.31 < -13) 6.4127 516 

5.32 (-13) 5.7660 568 

5.33 (-13)5.1835 412 

5.34 (-13)4.6589 423 

5.35 (-13)4.1865 979 

5.36 (-13)3.7613 895 

5.37 (-13 3.3786 913 

5.38 (-13 3.0343 233 

5.39 (-13)2.7245 096 

5.40 (-13)2.4458 396 

5.41 -13)2.1952 336 

5.42 (-13)1.9699 112 

5.43 -13)1.7673 627 

5.44 (-13)1.5853 234 

5.45 (-13)1.4217 499 

5.46 (- 13 ) 1.2747 989 

5.47 (-13)1.1428 081 

5.48 -13)1.0242 785 

5.49 (-14)9.1785 895 


4.50 (- 9)1.8113 059 5.00 (-11)1.5670 866 5.50 (-14)8.2233 160 

= 0.88622 69255 


Table 7.2 


yr 

5.50 (-14)8.2233 160 

5.51 (-14)7.3659 906 

5.52 (-14)6.5967 265 

5.53 -14 5.9066 187 

5.54 (-14)5.2876 480 

5.55 (-14)4.7325 943 

5.56 (-14)4.2349 585 

5.57 (-14)3.7888 917 

5.58 (-14)3.3891 310 

5.59 (-14)3.0309 422 

5.60 (-14)2.7100 675 

5.61 (-14)2.4226 780 

5.62 (-14)2.1653 317 

5.63 (-14)1.9349 346 

5.64 (-14)1.7287 067 

5.65 (-14)1.5441 499 

5.66 (-14)1.3790 206 

5.67 -14 1.2313 037 

5.68 (-14)1.0991 900 

5.69 (-15)9.8105 529 

5.70 (-15)8.7544 193 

5.71 (-15 7.8104 192 

5.72 (-15)6.9668 183 

5.73 (-15) 6.2130 917 

5.74 (-15)5.5398 013 

5.75 (-15)4.9384 851 

5.76 (-15)4.4015 583 

5.77 (-15)3.9222 232 

5.78 (-15 3.4943 893 

5.79 (-15)3.1126 008 

5.80 (-15)2.7719 710 

5.81 -15 2.4681 247 

5.82 (-15)2.1971 447 

5.83 (- 15 ) 1.9555 249 

5.84 (-15) 1.7401 279 

5.85 (-15)1.5481 468 

5.86 -15) 1.3770 708 

5.87 -15)1.2246 543 

5.88 (-15 1.0888 898 

5.89 (-16)9.6798 241 

5.90 (-16)8.6032 817 

5.91 (-16)7.6449 380 

5.92 (-16 6.7919 883 

5.93 < -16) 6.0329 959 

5.94 (-16)5.3577 479 

5.95 (-16)4.7571 261 

5.96 (-16)4.2229 913 

5.97 < -16) 3.7480 801 

5.98 (-16)3.3259 113 

5.99 (-16)2.9507 038 


6.00 (-16)2.6173 012 
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\ 7T 

6.00 (-16)2.6173 012 
6.01 (-16)2.3211 058 
6.02 (-16)2.0580 187 
6.03 (-16)1.8243 864 
6.04 (-16)1.6169 533 

6.05 (-16)1.4328 188 
6.06 (-16)1.2693 992 
6.07 -16)1.1243 934 

6.08 (-17)9.9575 277 
6.09 (-17)8.8165 340 

6.10 (-17)7.8047 211 

6.11 -17)6.9076 453 

6.12 (-17)6.1124 570 

6.13 (-17)5.4077 268 

6.14 (-17)4.7832 911 

6.15 (-17)4.2301 135 

6.16 (-17)3.7401 616 

6.17 -17)3.3062 970 

6.18 <-17)2.9221 768 

6.19 (-17)2.5821 666 

6.20 (-17)2.2812 620 

6.21 (-17)2.0150 194 

6.22 (-17)1.7794 936 

6.23 (-17)1.5711 830 

6.24 (-17)1.3869 801 

6.25 (-17)1.2241 281 

6.26 (-17)1.0801 812 

6.27 (-18)9.5297 064 

6.28 (-18 8.4057 325 

6.29 (-18)7.4128 421 

6.30 (-18)6.5359 252 

6.31 (-18)5.7615 925 

6.32 (-18 5.0779 819 

6.33 (-18 4.4745 863 

6.34 (-18)3.9421 013 

6.35 (-18)3.4722 886 

6.36 (-18)3.0578 557 

6.37 (-18)2.6923 486 

6.38 (-18 2.3700 568 

6.39 (-18)2.0859 281 

6.40 (-18)1.8354 945 

6.41 (-18)1.6148 045 

6.42 (-18 1.4203 650 

6.43 (-18)1.2490 883 

6.44 (-18)1.0982 455 

6.45 (-19)9.6542 574 

6.46 -19 8.4849 924 

6.47 (-19)7.4558 503 

6.48 (-19)6.5502 224 

6.49 (-19)5.7534 461 

6.50 (-19)5.0525 800 
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V7T 

6.50 (-19)5.0525 800 

6.51 (-19 4.4362 038 

6.52 (-19 3.8942 418 

6.53 (-19)3.4178 066 

6.54 (-19)2.9990 603 

6.55 (-19)2.6310 921 

6.56 -19 2.3078 100 

6.57 -19)2.0238 447 

6.58 (-19 1.7744 651 

6.59 (-19) 1.5555 031 

6.60 (-19)1.3632 874 

6.61 (-19)1.1945 852 

6.62 (-19)1.0465 500 

6.63 -20)9.1667 618 

6.64 (-20)8.0275 879 

6.65 (-20)7.0285 758 

6.66 (-20)6.1526 575 

6.67 (-20)5.3848 212 

6.68 (-20 4.7118 664 

6.69 (-20)4.1221 880 

6.70 (-20)3.6055 852 

6.71 (-20 3.1530 937 

6.72 (-20)2.7568 372 

6.73 (-20)2.4098 972 

6.74 (-20)2.1061 973 

6.75 (-20)1.8404 021 

6.76 (-20) 1.6078 278 

6.77 (-20)1.4043 634 

6.78 -20)1.2264 013 

6.79 (-20)1.0707 765 

6.80 (-21)9.3471 286 

6.81 -21)8.1577 565 

6.82 -21)7.1183 018 

6.83 (-21)6.2100 515 

6.84 (-21)5.4166 048 

6.85 (-21)4.7235 904 

6.86 (-21)4.1184 183 

6.87 (-21)3.5900 610 

6.88 (-21 3.1288 615 

6.89 (-21)2.7263 649 

6.90 (-21)2.3751 704 

6.91 (-21)2.0688 010 

6.92 (-21) 1.8015 892 

6.93 (-21)1.5685 776 

6.94 (-21)1.3654 297 

6.95 (-21)1.1883 540 

6.96 (-21) 1.0340 356 

6.97 (-22)8.9957 684 

6.98 (-22)7.8244 565 

6.99 (-22) 6.8042 967 



7.00 (-22)5.9159 630 
7.01 (-22)5.1425 768 
7.02 (-22)4.4694 005 
7.03 (-22)3.8835 679 
7.04 (-22)3.3738 492 

7.05 (-22)2.9304 450 
7.06 (-22)2.5448 057 
7.07 (-22 2.2094 736 
7.08 (-22 1.9179 450 
7.09 (-22)1.6645 491 

7.10 (-22)1.4443 426 

7.11 (-22 1.2530 171 

7.12 (-22 1.0868 181 

7.13 (-23)9.4247 516 

7.14 (-23)8.1713 928 

7.15 (-23)7.0832 963 

7.16 (-23)6.1388 620 

7.17 (-23)5.3192 876 

7.18 (-23 4.6082 095 

7.19 (-235 3.9913 893 

7.20 (-23)3.4564 408 

7.21 (-23)2.9925 904 

7.22 (-23)2.5904 701 

7.23 (-23)2.2419 351 

7.24 (-23)1.9399 057 

7.25 (-23)1.6782 295 

7.26 (-23) 1.4515 608 

7.27 (-23)1.2552 558 

7.28 (-23)1.0852 815 

7.29 (-24)9.3813 574 

7.30 (-24)8.1077 830 

7.31 (-24)7.0057 026 

7.32 (-24 6.0522 159 

7.33 (-24)5.2274 546 

7.34 (-24)4.5141 841 

7.35 (-24)3.8974 577 

7.36 -24)3.3643 153 

7.37 (-24)2.9035 220 

7.38 (-24)2.5053 400 

7.39 (-24)2.1613 315 

7.40 (-24)1.8641 859 

7.41 -24)1.6075 712 

7.42 (-24)1.3860 036 

7.43 (-24)1.1947 351 

7.44 (-24)1.0296 557 

7.45 (-25)8.8720 826 

7.46 (-25)7.6431 480 

7.47 (-25)6.5831 250 

7.48 -25)5.6689 820 

7.49 (-25)4.8808 021 


7.00 (-22)5.9159 630 7.50 (-25)4.2013 654 

^=0.88622 69255 



7.50 (-25)4.2013 654 

7.51 (-25)3.6157 871 

7.52 (-25) 3.1112 033 

7.53 (-25)2.6764 989 

7.54 (-25)2.3020 719 

7.55 (-25)1.9796 292 

7.56 (-25)1.7020 094 

7.57 (-25)1.4630 299 

7.58 (-25)1.2573 541 

7.59 (-25)1.0803 765 

7.60 (-26)9.2812 353 

7.61 (-26)7.9716 752 

7.62 (-26)6.8455 216 

7.63 (-26)5.8772 834 

7.64 (-26)5.0449 849 

7.65 (-26)4.3296 844 

7.66 (-26)3.7150 594 

7.67 (-26)3.1870 466 

7.68 (-26)2.7335 323 

7.69 (-26)2.3440 839 

7.70 (-26)2.0097 185 

7.71 (-26)1.7227 031 

7.72 (-26)1.4763 822 

7.73 (-26)1.2650 285 

7.74 (-26)1.0837 147 

7.75 (-27)9.2820 251 

7.76 -27)7.9484 723 

7.77 (-27)6.8051 505 

7.78 (-27)5.8251 209 

7.79 (-27)4.9852 310 

7.80 (-27)4.2655 868 

7.81 (-27)3.6490 970 

7.82 -27)3.1210 820 

7.83 (-27)2.6689 356 

7.84 (-27)2.2818 346 

7.85 (-27)1.9504 883 

7.86 (-27 1.6669 236 

7.87 (-27)1.4242 990 

7.88 (-27)1.2167 456 

7.89 (-27)1.0392 297 

7.90 (-28)8.8743 478 

7.91 (-28)7.5766 022 

7.92 (-28)6.4673 396 

7.93 (-28)5.5193 762 

7.94 (-28)4.7094 204 

7.95 (-28)4.0175 202 

7.96 (-28)3.4265 874 

7.97 (-28 2.9219 899 

7.98 (-28)2.4912 008 

7.99 (-28)2.1234 982 


8.00 (-28)1.8097 068 
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Table 7.2 


DERIVATIVE OF THE ERROR FUNCTION 


8.00 (-28)1.8097 068 8.50 (-32)4.7280 139 

8.01 (-28) 1.5419 762 8.51 (-32)3.9884 601 

8.02 -28) 1.3135 913 8.52 (-32) 3.3639 141 

8.03 (-28 1.1188 091 8.53 (-32 2.8365 973 

8.04 (-29)9.5271 911 8.54 (-32)2.3914 628 

8.05 (-29)8.1112 334 8.55 (-32)2.0157 780 

8.06 (-29)6.9043 382 8.56 (-32)1.6987 713 

8.07 (-29 5.8758 453 8.57 (-32)1.4313 316 

8.08 (-29)4.9995 601 8.58 (-32)1.2057 541 

8.09 (-29)4.2531 077 8.59 (-32)1.0155 245 

8.10 (-29)3.6173 797 8.60 (-33)8.5513 598 

8.11 (-29)3.0760 612 8.61 (-33)7.1993 468 

8.12 (-29)2.6152 245 8.62 (-33) 6.0598 819 

8.13 (-29)2.2229 829 8.63 -33)5.0997 438 

8.14 (-29)1.8891 933 8.64 (-33)4.2908 734 

8.15 (-29)1.6052 025 8.65 (-33)3.6095 760 

8.16 (-29) 1.3636 296 8.66 (-33 3.0358 465 

8.17 (-29)1.1581 801 8.67 (-33)2.5527 988 

8.18 (-30) 9.8348 778 8.68 (-33)2.1461 817 

8.19 (-30)8.3497 786 8.69 (-33)1.8039 709 

8.20 (-30)7.0875 167 8.70 (-33)1.5160 228 

8.21 (-30)6.0148 717 8.71 -33)1.2737 818 

8.22 (-30) 5.1035 431 8.72 (-33)1.0700 339 

8.23 (-30 4.3294 262 8.73 (-34 8.9869 668 

8.24 (-30)3.6719 947 8.74 (-34)7.5464 360 

8.25 (-30)3.1137 725 8.75 (-34)6.3355 422 

8.26 (-30)2.6398 841 8.76 (-34) 5.3178 836 

8.27 (-30 2.2376 697 8.77 (-34)4.4627 957 

8.28 (-30)1.8963 577 8.78 (-34)3.7444 525 

8.29 (-30) 1.6067 846 8.79 (-34)3.1411 074 

8.30 (-30)1.3611 569 8.80 (-34)2.6344 525 

8.31 (-30) 1.1528 476 8.81 (-34)2.2090 784 

8.32 (-31)9.7622 228 8.82 (-34)1.8520 172 

8.33 -31)8.2649 206 8.83 (-34)1.5523 585 

8.34 (-31)6.9958 710 8.84 (-34) 1.3009 248 

8.35 (-31)5.9204 954 8.85 (-34) 1.0899 975 

8.36 (-31)5.0094 199 8.86 (-35)9.1308 655 

8.37 (-31)4.2376 977 8.87 (-35)7.6473 600 

8.38 (-31)3.5841 456 8.88 (-35)6.4036 010 

8.39 (-3l) 3.0307 803 8.89 (-35)5.3610 534 

8.40 (-31)2.5623 380 8.90 (-35)4.4873 418 

8.41 -31)2.1658 657 8.91 (-35)3.7552 711 

8.42 -31 1.8303 736 8.92 (-35)3.1420 030 

8.43 (-31) 1.5465 399 8.93 (-35)2.6283 611 

8.44 (-3l) 1.3064 586 8.94 (-35)2.1982 476 

8.45 (-31) 1.1034 263 8.95 (-35) 1.8381 516 

8.46 (-32)9.3176 012 8.96 (-35)1.5367 357 

8.47 (-32)7.8664 369 8.97 (-35)1.2844 884 

8.48 (-32)6.6399 552 8.98 (-35) 1.0734 315 

8.49 (-32)5.6035 774 8.99 (-36)8.9687 435 

8.50 (-32)4.7280 139 9.00 (-36)7.4920 734 



9.00 (-36)7.4920 734 9.50 (-40)7.2007 555 

9.01 -36)6.2572 800 9.51 (-40) 5.9541 351 

9.02 (-36 5.2249 519 9.52 (-40) 4.9223 495 

9.03 -36 4.3620 651 9.53 (-40 4.0685 471 

9.04 (-36)3.6409 535 9.54 (-40)3.3621 678 

9.05 (-36)3.0384 441 9.55 (-40)2.7778 742 

9.06 (-36)2.5351 317 9.56 (-40 2.2946 629 

9.07 (-36)2.1147 690 9.57 (-40 1.8951 272 

9.08 (-36)1.7637 559 9.58 (-40) 1.5648 437 

9.09 (-36)1.4707 105 9.59 (-40)1.2918 638 

9.10 (-36)1.2261 088 9.60 (-40)1.0662 907 

9.11 (-36)1.0219 837 9.61 (-41 8.7992 901 

9.12 -37)8.5167 148 9.62 (-41)7.2599 363 

9.13 (-37)7.0959 960 9.63 (-41)5.9886 802 

9.14 (-37)5.9110 925 9.64 (-41)4.9390 403 

9.15 (-37)4.9230 619 9.65 (-41)4.0725 570 

9.16 (-37) 4.0993 592 9.66 (-41 3.3574 141 

9.17 (-37)3.4127 918 9.67 (-41 2.7672 971 

9.18 -37)2.8406 437 9.68 (-41 2.2804 460 

9.19 (-37)2.3639 423 9.69 (-4l) 1.8788 710 

9.20 (-37)1.9668 449 9.70 (-41)1.5477 017 

9.21 (-37) 1.6361 251 9.71 (-41) 1.2746 493 

9.22 (-37 1.3607 427 9.72 f-4l) 1.0495 600 

9.23 (-37 1.1314 847 9.73 (-42) 8.6404 628 

9.24 (-38)9.4066 395 9.74 (-42)7.1118 055 

9.25 (-38) 7.8186 802 9.75 (-42)5.8524 252 

9.26 (-38)6.4974 888 9.76 -42 4.8150 968 

9.27 (-38)5.3984 710 9.77 (-42 3.9608 401 

9.28 (-38)4.4844 496 9.78 (-42)3.2574 873 

9.29 (-38)3.7244 373 9.79 (-42)2.6784 979 

9.30 (-38) 3.0926 112 9.80 (-42)2.2019 782 

9.31 (-38 2.5674 566 9.81 (-42) 1.8098 720 

9.32 (-38)2.1310 520 9.82 (-42 1.4872 907 

9.33 -38)1.7684 718 9.83 (-42)1.2219 600 

9.34 (-38)1.4672 880 9.84 (-42)1.0037 632 

9.35 (-38)1.2171 545 9.85 (-43)8.2436 338 

9.36 (-38)1.0094 602 9.86 (-43)6.7689 179 

9.37 (-39 8.3703 932 9.87 (-43)5.5569 047 

9.38 (-39)6.9392 997 9.88 (-43)4.5609 970 

9.39 (-39)5.7517 311 9.89 (-43)3.7428 271 

9.40 (-39)4.7664 456 9.90 (-43)3.0708 096 

9.41 (-39)3.9491 520 9.91 (-43)2.5189 477 

9.42 (-39)3.2713 439 9.92 -43)2.0658 489 

9.43 (-39)2.7093 286 9.93 (-43)1.6939 130 

9.44 (-39)2.2434 186 9.94 (-43)1.3886 628 

9.45 (-39)1.8572 574 9.95 (-43)1.1381 922 

9.46 (-39)1.5372 589 9.96 (-44)9.3271 204 

9.47 (-39 1.2721 404 9.97 (-44) 7.6417 477 

9.48 (-39)1.0525 343 9.98 (-44 6.2596 629 

9.49 (-40)8.7066 400 9.99 (-44)5.1265 162 

9.50 (-40)7.2007 555 10.00 (-44)4.1976 562 


0.88622 69255 
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Table 7.3 COMPLEMENTARY ERROR FUNCTION 


X ~ 2 

xe x 2 erfc x 

C*> 

x ~ 2 

xe * 2 erfc x 

0. 250 

0. 51079 14 

2 

0.125 

0. 53406 72 

0.245 

0. 51163 07 

2 

0.120 

0. 53511 47 

0.240 

0. 51247 67 

2 

0.115 

0. 53617 29 

0.235 

0. 51332 94 

2 

0.110 

0. 53724 20 

0.230 

0.51418 90 

2 

0.105 

0. 53832 23 

0.225 

0. 51505 55 

2 

0.100 

0. 53941 41 

0.220 

0. 51592 92 

2 

0.095 

0. 54051 76 

0. 215 

0.51681 01 

2 

0.090 

0. 54163 32 

0.210 

0. 51769 83 

2 

0.085 

0. 54276 11 

0.205 

0. 51859 40 

2 

0.080 

0. 54390 16 

0.200 

0. 51949 74 

2 

0. 075 

0.54505 51 

0.195 

0. 52040 85 

2 

0.070 

0.54622 19 

0.190 

0. 52132 75 

2 

0.065 

0. 54740 24 

0.185 

0. 52225 45 

2 

0.060 

0. 54859 69 

0.180 

0. 52318 98 

2 

0.055 

0. 54980 58 

0.175 

0. 52413 33 

2 

0.050 

0. 55102 95 

0.170 

0. 52508 55 

2 

0.045 

0.55226 85 

0.165 

0. 52604 63 

2 

0.040 

0.55352 32 

0.160 

0. 52701 59 

3 

0.035 

0. 55479 41 

0.155 

0. 52799 46 

3 

0.030 

0. 55608 17 

0.150 

0. 52898 25 

3 

0.025 

0. 55738 65 

0.145 

0. 52997 98 

3 

0.020 

0. 55870 90 

0.140 

0.53098 67 

3 

0.015 

0. 56005 00 

0.135 

0. 53200 35 

3 

0.010 

0. 56140 99 

0.130 

0. 53303 02 

3 

0.005 

0. 56278 96 

0.125 

0.53406 72 

3 

0. 000 

0. 56418 96 





[ ( - 3 ,,a ] 


See Example 2. 


<x> 


3 

3 

3 

3 

4 

4 

4 

4 

4 

4 

4 

5 
5 

5 

6 

6 

7 

8 

10 

14 

00 


<£> = nearest integer to x. 


n erfc yjnir 

1 0.01218 88821 84803 

2 0.00039 27505 88282 

3 0.00001 41444 02689 

4 0.00000 05351 64662 

5 0.00000 00208 26552 

erfc 


n erfc yW 

6 0.00000 00008 25422 

7 0.00000 00000 33136 

8 0. 00000 00000 01343 

9 0.00000 00000 00055 

10 0.00000 00000 00002 

jj > e~ i2 dt = 1—erf x 


erfc V nir compiled from O. Emersleben, Numerische Werte des Fehlerintegrals fur ^n r , 
Z. Angew. Math. Mech. 31,393-394, 1951 (with permission). 


VjJ V*> V>> V*J 
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REPEATED INTEGRALS OF THE ERROR FUNCTION 


5. 0 


(-13) 2.62561 


2T (■+!>- 


erfc i 


X 


n -1 


n =2 


n =3 

0.0 


1. 00000 


1. 00000 


1. 00000 

0.1 

(- 1 

) 8. 32738 

(- 1 

>7. 93573 

[- 1 

) 7. 62409 

0.2 

- i 

) 6. 85245 

(- 1 

) 6. 22654 

- 1 

5. 74882 

0.3 

- 1 

) 5. 56938 

- 1 

4. 82842 

- 1 

4. 28565 

0.4 

(- 1 

)4. 46884 

(- 1 

) 3.69906 

1- 1 

) 3. 15756 

0. 5 

(- 1 

) 3. 53855 

(" 1 

>2. 79859 

(- 1 

) 2. 29846 

0. 6 

- 1 

2. 76388 

- 1 

>2. 09021 

- 1 

>1.65244 

0.7 

- 1 

2.12869 

- 1 

) 1. 54061 

- 1 

>1.17295 

0.8 

[- 1 

1. 61601 

- 1 

>1. 12021 

- 2 

>8.21802 

0.9 

i -1 

) 1. 20884 

(- 2 

>8. 03288 

i- 2 

) 5. 68138 

1. 0 

[- 2 

) 8. 90739 

[" 2 

>5. 67901 

2 

>3. 87449 

1.1 

- 2 

6.46332 

" 2 

>3. 95711 

- 2 

>2. 60573 

1.2 

- 2 

) 4. 61706 

- 2 

>2.71686 

- 2 

)1.72776 

1.3 

- 2 

) 3. 24613 

- 2 

>1. 83748 

- 2 

) 1.12918 

1.4 

[- 2 

) 2. 24570 

t- 2 

>1. 22388 

!- 3 

>7.27211 

1.5 

I- 2 

) 1. 52836 

[- 3 

>8. 02626 

3 

>4. 61400 

1.6 

- 2 

)1. 02305 

" 3 

>5.18140 

- 3 

>2. 88347 

1.7 

- 3 

6.73408 

- 3 

>3.29192 

- 3 

>1.77452 

1.8 

- 3 

) 4. 35805 

- 3 

>2.05795 

- 3 

>1. 07519 

1.9 

3 

) 2. 77245 

i- 3 

>1. 26566 

!- 4 

>6.41281 

2. 0 

3 

) 1. 73350 

4 

>7. 65644 

4 

>3. 76431 

2.1 

- 3 

) 1. 06515 

- 4 

>4.55498 

- 4 

>2. 17431 

2.2 

- 4 

) 6.43074 

- 4 

>2. 66457 

- 4 

>1. 23562 

2.3 

- 4 

)3.81436 

- 4 

>1.53245 

- 5 

>6. 90731 

2. 4 

!- 4 

>2.22250 

!- 5 

>8. 66372 

!- 5 

>3. 79773 

2.5 

4 

>1.27195 

5 

>4. 81417 

5 

>2. 05339 

2.6 

- 5 

>7. 14929 

- 5 

>2.62896 

- 5 

>1.09167 

2.7 

- 5 

>3.94619 

- 5 

>1.41072 

- 6 

>5. 70591 

2.8 

- 5 

>2.13882 

- 6 

> 7. 43784 


>2. 93172 

2.9 

!- 5 

>1. 13820 

!- & 

>3. 85260 

1- 6 

>1. 48058 

3.0 

- 6 

> 5. 94664 

6 

>1. 96029 

7 

> 7. 34867 

3.1 

- 6 

>3. 05003 

- 7 

>9. 79725 

- 7 

>3.58429 

3.2 

" 6 

>1.53562 

- 7 

>4.80916 

;- 7 

>1.71780 

3.3 

“ 7 

>7. 58899 

- 7 

12.31835 

'- 8 

>8. 08871 

3.4 

- l\ 

>3.68109 

!- 7 

>1. 09748 

- 8)3.74180 

3.5 

- 7; 

11.75241 

s 

15.10148 

- 8 

>1. 70036 

3.6 

- 8 

18. 18726 

- 8j 

12.32831 

- 9 

> 7. 58967 

3. 7 

" 8 

>3. 75373 

- 8 

>1. 04329 

- 9 

>3. 32733 

3.8 

- 8 

11.68883 

- 9 

14. 58945 

- 9 

>1.43260 

3.9 

- 9j 

17. 45575 

!- 9] 

>1.98190 

-10 

>6. 05736 

4.0 

~ 9 1 

13.22966 ( 

-10) 

18.40124 

-10 

>2.51501 

4.1 

- 9 

>1. 37267 j 

’-10 

13. 49560 

-10 

>1. 02533 

4.2 

-10 

>5. 72405 ( 

’-10 

>1. 42757 

-11 

>4.10427 

4.3 

-10 

>2.34181 ( 

-11 

15. 72196 

-11 

>1. 61297 

4.4 

-11] 

>9. 39929 ( 

!-ii; 

1 2. 25085 

-12 

>6. 22316 

4. 5 

-n; 

13. 70102 ( 

-12) 

>8. 68930 

-12 

>2.35705 

4.6 

-n 

>1. 42960 

’ -12) 

13.29184 

-13 

>8.76348 

4.7 

-12 

15. 41708 ( 

-12 

11. 22375 

-13 

13. 19826 

4.8 j 

-12 

>2.01353 

-13 

14. 46407 

-13 

>1. 14567 

4.9 { 

-13 

>7.34149 j 

-13 

>1.59785 

-14 

>4. 02809 


(-14)5.61169 


(-14)1. 38998 


(-1)5. 64189 58355 
See Examples 4 and 5. 


M+or 

(-1)2. 50000 00000 (-2)9. 40315 97258 


Table 7.4 


n =4 

1. 00000 
(- 1)7. 36220 
(- 1)5.36163 
(- 1 3. 86125 
(- 1)2. 74894 

(- 1) 1. 93408 
(- 1)1. 34438 
(- 2)9. 22962 
(- 2 6. 25650 
(- 2)4. 18643 

(- 2)2. 76442 
(- 2) 1. 80092 
(- 2)1. 15720 
(- 3)7.33229 
(- 3)4. 58017 

(- 3)2.81992 
- 3 1.71085 
(- 3 1. 02261 
(- 4)6.02074 
(- 4)3.49094 

I - 4)1.99301 
- 41.12014 
- 5)6.19670 
- 5 3. 37364 
- 5)1. 80727 

1 - 6)9. 52500 
- 6 4. 93818 
- 6)2.51807 
- 6 1.26274 
- 7)6.22654 

(- 7)3.01870 
- 7)1. 43874 
(- 8)6. 74044 
(- 8)3. 10379 
(- 8)1.40460 

(- 9) 6. 24636 
- 9)2. 72947 
(- 9 1.17184 
-10 4.94271 
(-10)2. 04800 

1 -11)8. 33554 
-ll)3. 33230 
-11 1. 30837 
-12) 5. 04508 
-12)1.91041 

1 -13)7. 10366 
-13 2. 59364 
-14) 9.29786 
-14) 3. 27252 
-14)1. 13080 

(-15)3. 83592 


(-2)3. 12500 
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Table 7.4. 

x 

0.0 


ERROR FUNCTION AND FRESNEL INTEGRALS 
REPEATED INTEGRALS OF THE ERROR FUNCTION 


= 5 

1. 00000 


(-15)1.15173 


(-3)9. 40315 97258 


2’ r (| +] )i" 


erfc a 


=6 

1. 00000 


n -10 

1. 00000 


0.1 

- 1 

7.13475 

- 1 

6.93283 

- 1 

6.28971 ( 

0.2 

- 1 

5. 03608 

- 1 

4. 75548 

' 1 

3.91490 

0.3 

- 1 

3. 51572 

- 1 

3. 22652 

- 1 

2.41089 ( 

0.4 

- 1 

2. 42671 

- 1 

2. 16478 

- 1 

1. 46861 

0.5 

- 1 

1.65569 

- 1)1. 43588 

- 2 

8. 84744 

0.6 

- 1 

)1.11630 

- 2)9.41309 

- 2 

>5. 27007 

0.7 

- 2 

7. 43528 

- 2)6. 09742 

_ 2 

3.10323 

0.8 

- 2 

4. 89121 

- 2 

3.90166 

- 2 

1. 80600 

0.9 

- 2 

3. 17704 

- 2 

2.46567 

(- 2 

>1. 03859 

1. 0 

(- 2 

2. 03707 

- 2 

1. 53850 

- 3)5. 90062 ( 

1.1 

- 2 

1.28901 

- 3 

9.47623 

- 3 

3.31130 

1.2 

- 3 

8. 04765 

- 3)5. 76033 

- 3 

1, 83510 

1.3 

- 3 

>4. 95614 

- 3 

3. 45489 

- 3 

1.00415 

1.4 

- 3 

3. 01008 

- 3 

2. 04411 

- 4 

5.42413 

1.5 

- 3 

1. 80252 

- 3)1. 19278 

- 4 

2.89186 

1.6 

- 3 

>1.06403 

- 4 

6. 86307 

- 4 

1. 52145 

1. 7 

- 4 

>6. 19032 

- 4 

3. 89303 

- 5 

7. 89765 

1. 8 

- 4 

>3. 54870 

- 4 

2.17663 

- 5 

4. 04407 

1.9 

- 4 

2. 00419 

- 4 

1.19930 

- 5 

2.04244 

2. 0 

- 4 

>1.11492 

- 5 

6. 51088 

- 5 

1.01722 ( 

2.1 

- 5 

6.10810 

- 5 

3.48211 

- 6 

4. 99509 ( 

2.2 

- 5 

>3.29497 

- 5 

1.83427 

- 6 

2. 41807 ( 

2.3 

- 5 

1.74988 

- 6 

9.51547 

- 6 

1.15378 

2.4 

- 6 

9.14767 

- 6 

4. 86044 

i- 7 

5. 42553 

2.5 

- 6 

4.70641 

- 6 

2.44418 

- 7 

2.51397 ( 

2.6 

- 6 

>2. 38278 

- 6 

1.20988 

- 7 

1.14766 1 

2.7 

- 6 

>1.18695 

- 7 

5.89435 

- 8 

5.16116 

2.8 

- t 

>5. 81672 

- 7 

2.82592 

- 8 

2. 28612 ( 

2.9 

!- 7; 

>2. 80391 

- 7 

1.33308 

- 9 

9. 97266 ( 

3. 0 

r < 

>1. 32935 

- 8 

6.18684 

- 9 

4.28380 

3.1 


>6. 19798 

- 8 

2.82454 

- 9 

1.81176 

3.2 

s 

12. 84151 

- 8 

1.26835 

-10 

7. 54345 ( 

3.3 

- 8 

11. 28082 

- 9 

5.60145 

-10 

3.09165 ( 

3.4 

9i 

>5. 67576 

- 9 

2.43265 

-10 

1. 24712 

3.5 

9 ; 

12.47236 

- 9 

1. 03880 

-11) 

4. 95086 ( 

3.6 

- 9 ; 

11. 05855 

-10 

4.36132 

-11 

>1.93401 ( 

3.7 

-10 

>4.45435 

-10 

1.80009 

-12 

>7.43354 ( 

3.8 

- 10 : 

>1.84200 

-11 

7.30331 

-12 

>2. 81094 ( 

3. 9 

-11)7. 48503 

-11 

2. 91245 

[ -12) 

>1. 04564 ( 

4. 0 

-11 

2. 98854 

-11 

1.14149 

:-i3) 

13. 82601 ( 

4.1 

-11 

1.17234 

-12! 

> 4. 39668 

- 13 ; 

>1.37691 

4.2 

-12 

4.51802 

-12; 

>1. 66412 

-14] 

>4. 87328 ( 

4.3 

-12 

1.71044 

-13) 

16 . 18894 

-14 

>1.69612 ( 

4.4 

-13 

6.36069 

-13] 

12.26147 

1-15] 

>5. 80461 ( 

4.5 

-13 

2.32332 

-14) 

>8.11851 

!-!5] 

>1. 95316 ( 

4.6 

-14 

8.33482 

-14 

>2.86315 

-16 

>6.46126 ( 

4.7 

-14 

2.93656 

-15 

19.91898 

-16) 

12.10125 ( 

4.8 

-14 

1.01604 

-!5] 

>3. 37534 

-17 

16.71719 ( 

4.9 

-15 

3. 45215 

-15 

11.12815 

1-17] 

>2. 11065 ( 


(-16)3.70336 (-18)6. 51829 

i/Ki+or 

(-3)2. 60416 66667 (-6)8. 13802 08333 


1 . 

1 ) 6 . 

1) 3. 
1 ) 2 . 
1 ) 1 . 

2) 7. 

2 ) 4 . 
2 ) 2 . 
2 ) 1 . 

3) 8. 

3)4. 

3)2. 

3) 1. 

4 7. 

4) 4. 

4) 2. 

4H. 

5) 5. 

5 2 . 

5) 1. 

6 ) 6 . 

6) 3. 
6 ) 1 . 
7 7. 

7) 3. 


- 11 ) 2 . 
-12)9. 
-12) 3, 
- 12 ) 1 . 
-13)4. 

-13)1. 
-14 6. 
-14)2. 
-15) 7. 


-16)8. 
-16)2. 
-17)8. 
-17)2. 
-18) 8. 

(-18)2. 


(-6)1.69609 


i = Il 
00000 
15727 
75188 
26201 
34906 

95749 

64127 

67626 

52533 

59126 

78106 

62835 

42708 

65146 

05030 

11641 

09146 

55435 

78871 

38116 

74666 

24987 

54350 

22681 

33519 

51693 

79864 

00212 

30595 

59577 

36143 

81330 

01541 

61759 

41479 

50393 

61928 

63661 

35283 

95149 

78294 

31544 

20038 

54020 

54109 

42124 

74419 

79230 

76954 

57626 

61062 


66316 



ERROR FUNCTION AND FRESNEL INTEGRALS 


319 





DAWSON’S INTEGRAL 



Tabl< 

e 7.5 

X 

e ’’/o ' %, ' dt 

X 


x 2 

xe ‘’So 

e l \lt 

<x> 

0.00 

0. 00000 00000 

1.00 

0.53807 95069 

0.250 

0.60268 

0777 

2 

0.02 

0. 01999 46675 

1. 02 

0. 53637 44359 

0. 245 

0. 60046 

6027 

2 

0.04 

0. 03995 73606 

1.04 

0.53431 71471 

0.240 

0.59819 

8606 

2 

0. 06 

0.05985 62071 

1. 06 

0.53192 50787 

0. 235 

0. 59588 

1008 

2 

0.08 

0. 07965 95389 

1.08 

0. 52921 57454 

0.230 

0. 59351 

6018 

2 

0.10 

0. 09933 59924 

1.10 

0.52620 66800 

0.225 

0.59110 

6724 

2 

0.12 

0.11885 46083 

1.12 

0.52291 53777 

0.220 

0. 58865 

6517 

2 

0.14 

0. 13818 49287 

1.14 

0.51935 92435 

0.215 

0.58616 

9107 

2 

0.16 

0.15729 70920 

1.16 

0. 51555 55409 

0.210 

0.58364 

8516 

2 

0.18 

0. 17616 19254 

1.18 

0.51152 13448 

0.205 

0.58109 

9080 

2 

0.20 

0.19475 10334 

1.20 

0.50727 34964 

0.200 

0.57852 

5444 

2 

0.22 

0. 21303 68833 

1.22 

0. 50282 85611 

0.195 

0. 57593 

2550 

2 

0.24 

0. 23099 28865 

1.24 

0.49820 27897 

0.190 

0.57332 

5618 

2 

0.26 

0. 24859 34747 

1.26 

0.49341 20827 

0.185 

0. 57071 

0126 

2 

0.28 

0. 26581 41727 

1.28 

0.48847 19572 

0.180 

0. 56809 

1778 

2 

0.30 

0.28263 16650 

1.30 

0.48339 75174 

0.175 

0. 56547 

6462 

2 

0.32 

0.29902 38575 

1.32 

0.47820 34278 

0. 170 

0. 56287 

0205 

2 

0.34 

0. 31496 99336 

1.34 

0.47290 38898 

0.165 

0. 56027 

9114 

2 

0.36 

0. 33045 04051 

1.36 

0.46751 26208 

0.160 

0. 55770 

9305 

3 

0.38 

0.34544 71562 

1.38 

0.46204 28368 

0.155 

0. 55516 

6829 

3 

0.40 

0. 35994 34819 

1.40 

0.45650 72375 

0.150 

0.55265 

7582 

3 

0.42 

0.37392 41210 

1.42 

0.45091 79943 

0.145 

0.55018 

7208 

3 

0.44 

0. 38737 52812 

1.44 

0.44528 67410 

0.140 

0.54776 

0994 

3 

0.46 

0.40028 46599 

1.46 

0. 43962 45670 

0.135 

0.54538 

3766 

3 

0.48 

0.41264 14572 

1.48 

0.43394 20135 

0.130 

0.54305 

9774 

3 

0.50 

0. 42443 63835 

1.50 

0.42824 90711 

0.125 

0. 54079 

2591 

3 

0.52 

0.43566 16609 

1.52 

0.42255 51804 

0.120 

0.53858 

5013 

3 

0.54 

0.44631 10184 

1.54 

0.41686 92347 

0.115 

0. 53643 

8983 

3 

0.56 

0.45637 96813 

1.56 

0.41119 95842 

0.110 

0.53435 

5529 

3 

0.58 

0.46586 43551 

1.58 

0.40555 40424 

0.105 

0.53233 

4747 

3 

0. 60 

0.47476 32037 

1.60 

0. 39993 98943 

0.100 

0. 53037 

5810 

3 

0. 62 

0.48307 58219 

1. 62 

0.39436 39058 

0. 095 

0.52847 

7031 

3 

0.64 

0.49080 32040 

1.64 

0.38883 23346 

0. 090 

0. 52663 

5967 

3 

0.66 

0.49794 77064 

1. 66 

0.38335 09429 

0. 085 

0.52484 

9575 

3 

0.68 

0.50451 30066 

1. 68 

0.37792 50103 

0. 080 

0.52311 

4393 

4 

0.70 

0.51050 40576 

1.70 

0.37255 93490 

0. 075 

0.52142 

6749 

4 

0.72 

0.51592 70382 

1.72 

0.36725 83182 

0. 070 

0.51978 

2972 

4 

0. 74 

0.52078 93010 

1.74 

0.36202 58410 

0. 065 

0. 51817 

9571 

4 

0.76 

0. 52509 93152 

1.76 

0.35686 54206 

0.060 

0.51661 

3369 

4 

0.78 

0.52886 66089 

1.78 

0.35178 01580 

0. 055 

0.51508 

1573 

4 

0.80 

0, 53210 17071 

1. 80 

0.34677 27691 

0.050 

0.51358 

1788 

4 

0. 82 

0.53481 60684 

1. 82 

0. 34184 56029 

0.045 

0.51211 

1971 

5 

0. 84 

0. 53702 20202 

1. 84 

0.33700 06597 

0.040 

0.51067 

0372 

5 

0.86 

0. 53873 26921 

1.86 

0.33223 96091 

0. 035 

0.50925 

5466 

5 

0. 88 

0.53996 19480 

1. 88 

0.32756 38080 

0. 030 

0.50786 

5903 

6 

0.90 

0. 54072 43187 

1.90 

0.32297 43193 

0. 025 

0.50650 

0473 

6 

0.92 

0. 54103 49328 

1.92 

0.31847 19293 

0. 020 

0.50515 

8078 

7 

0.94 

0. 54090 94485 

1. 94 

0.31405 71655 

0. 015 

0.50383 

7717 

8 

0.96 

0.54036 39857 

1.96 

0.30973 03141 

0. 010 

0. 50253 

8471 

10 

0.98 

0.53941 50580 

1.98 

0.30549 14372 

0. 005 

0.50125 

9494 

14 

1. 00 

0.53807 95069 

2.00 

0. 30134 03889 

0.000 

0.50000 

0000 

OO 


r ( ~ 5)7 i 


r(-5)4i 


r(-6)8l 



L 4 J 


L 4 J 


L 6 

J 



See Example 3. <a?> = nearest integer to x. 


Compiled from J. B. Rosser, Theory and application of j Q Z e ~^dx and j* e~P 2 v 1 dy ^ (~ T \iv. 
Mapleton House, Brooklyn, N.Y., 1948; and B. Lohmander and S. Rittsten, Table of the 
function y=e -J5, J 0 z « |l rf/,Kungl. Fysiogr. Sallsk. i Lund Forh. 28, 45-52, 1958 (with permission). 
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—7n f V, ’ d< 

X 

Tnj'V' 5 * 



r (-D Jo 


1 \3/ 

X 

0. 00 

0. 00000 00 

0. 70 

0. 72276 69 

1.40 

0. 02 

0.02239 69 

0. 72 

0.73842 49 

1.42 

0. 04 

0.04479 31 

0.74 

0.75360 34 

1.44 

0. 06 

0.06718 72 

0. 76 

0.76829 12 

1.46 

0.08 

0.08957 63 

0. 78 

0.78247 88 

1.48 

0.10 

0.11195 67 

0. 80 

0. 79615 78 

1.50 

0.12 

0.13432 36 

0. 82 

0. 80932 16 

1.52 

0.14 

0.15667 11 

0. 84 

0. 82196 48 

1.54 

0.16 

0.17899 22 

0. 86 

0.83408 41 

1.56 

0.18 

0.20127 90 

0. 88 

0.84567 73 

1.58 

0.20 

0.22352 24 

0.90 

0.85674 42 

1.60 

0.22 

0.24571 24 

0.92 

0.86728 62 

1. 62 

0.24 

0.26783 80 

0.94 

0. 87730 62 

1.64 

0.26 

0.28988 71 

0. 96 

0. 88680 89 

1.66 

0.28 

0.31184 70 

0.98 

0.89580 05 

1.68 

0.30 

0.33370 37 

1.00 

0.90428 86 

1.70 

0. 32 

0.35544 26 

1.02 

0.91228 25 


0. 34 

0. 37704 82 

1.04 

0.91979 27 


0.36 

0. 39850 45 

1.06 

0.92683 11 


0.38 

0.41979 45 

1.08 

0.93341 06 


0.40 

0. 44090 07 

1.10 

0.93954 56 

1.70 

0. 42 

0.46180 52 

1.12 

0.94525 09 

1.74 

0. 44 

0.48248 96 

1.14 

0.95054 27 

1.78 

0.46 

0.50293 51 

1.16 

0.95543 76 

1.82 

0.48 

0. 52312 25 

1.18 

0.95995 30 

1.86 

0.50 

0.54303 28 

1.20 

0.96410 64 

1.90 

0. 52 

0.56264 66 

1.22 

0.96791 62 

1.94 

0. 54 

0.58194 46 

1.24 

0.97140 05 

1.98 

0.56 

0. 60090 80 

1.26 

0.97457 79 

2. 02 

0. 58 

0.61951 78 

1.28 

0.97746 66 

2. 06 

0. 60 

0. 63775 57 

1.30 

0.98008 48 

2.10 

0. 62 

0.65560 39 

1.32 

0.98245 07 

2.14 

0. 64 

0. 67304 52 

1.34 

0. 98458 18 

2.18 

0. 66 

0.69006 30 

1.36 

0.98649 52 

2.22 

0. 68 

0.70664 18 

1.38 

0.98820 77 

2.26 

0.70 

0.72276 69 

1.40 

0.98973 54 

2.30 


r(-5)6-1 

[•(-5)71 

L 4 J 

L 5 J 




=0.89297 95116 


Compiled from M. Abramowitz, Table of the integral J. Math. Phys. 30, 

(with permission). 0 



0.98973 54 
0.99109 36 
0.99229 70 
0.99335 97 
0.99429 49 

0.99511 49 
0.99583 14 
0.99645 52 
0.99699 62 
0.99746 38 

0.99786 63 
0.99821 16 
0.99850 65 
0. 99875 75 
0.99897 03 

0.99914 99 


0.99914 99 
0.99942 75 
0.99962 05 
0. 99975 26 
0.99984 14 

0.99990 01 
0.99993 82 
0.99996 24 
0.99997 76 
0.99998 69 

0.99999 25 
0.99999 57 
0.99999 77 
0.99999 87 
0.99999 93 

0.99999 97 

m 


162-163,1951 
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FRESNEL INTEGRALS 


Table 7.7 




°W-/o cos 

(H 

dt 



<*(«)-; 

1 

'o V* 

4 

l¥) 




s (r)-jl sin 

(H 

dt 




i! 

-ih 

s {^) 


X 

“‘2 12 

C(r)=C 2 (u) 

S(r)=S 2 (u) 


u ~ 2* 

;2 

C(x)=c 2 («) 

%)-*>(«) 

0.00 

0.00000 

00 

0. 00000 

00 

0. 00000 

00 

1.00 

1.57079 

63 

0. 77989 

34 

0.43825 

91 

0. 02 

0.00062 

83 

0. 02000 

00 

0. 00000 

42 

1. 02 

1.63425 

65 

0. 77926 

11 

0. 45824 

58 

0. 04 

0.00251 

33 

0. 04000 

00 

0. 00003 

35 

1. 04 

1. 69897 

33 

0.77735 

01 

0.47815 

08 

0. 06 

0. 00565 

49 

0.05999 

98 

0. 00011 

31 

1.06 

1.76494 

68 

0. 77414 

34 

0.49788 

84 

0.08 

0.01005 

31 

0. 07999 

92 

0.00026 

81 

1.08 

1.83217 

68 

0. 76963 

03 

0.51736 

86 

0. 10 

0. 01570 

80 

0.09999 

75 

0. 00052 

36 

1.10 

1.90066 

36 

0.76380 

67 

0.53649 

79 

0.12 

0.02261 

95 

0.11999 

39 

0. 00090 

47 

1.12 

1.97040 

69 

0. 75667 

60 

0. 55517 

92 

0.14 

0. 03078 

76 

0. 13998 

67 

0.00143 

67 

1.14 

2.04140 

69 

0.74824 

94 

0. 57331 

28 

0.16 

0.04021 

24 

0.15997 

41 

0. 00214 

44 

1.16 

2.11366 

35 

0.73854 

68 

0.59079 

66 

0. 18 

0. 05089 

38 

0.17995 

34 

0. 00305 

31 

1.18 

2.18717 

68 

0. 72759 

68 

0. 60752 

74 

0.20 

0. 06283 

19 

0. 19992 

11 

0. 00418 

76 

1.20 

2.26194 

67 

0.71543 

77 

0.62340 

09 

0. 22 

0.07602 

65 

0.21987 

29 

0. 00557 

30 

1.22 

2. 33797 

33 

0. 70211 

76 

0. 63831 

34 

0.24 

0. 09047 

79 

0.23980 

36 

0.00723 

40 

1.24 

2.41525 

64 

0.68769 

47 

0.65216 

19 

0.26 

0.10618 

58 

0.25970 

70 

0. 00919 

54 

1.26 

2.49379 

62 

0. 67223 

78 

0.66484 

56 

0.28 

0.12315 

04 

0.27957 

56 

0. 01148 

16 

1.28 

2. 57359 

27 

0. 65582 

63 

0. 67626 

72 

0.30 

0.14137 

17 

0. 29940 

10 

0.01411 

70 

1.30 

2.65464 

58 

0. 63855 

05 

0.68633 

33 

0. 32 

0. 16084 

95 

0.31917 

31 

0.01712 

56 

1. 32 

2.73695 

55 

0. 62051 

11 

0.69495 

62 

0. 34 

0.18158 

41 

0. 33888 

06 

0.02053 

11 

1.34 

2.82052 

19 

0. 60181 

95 

0.70205 

50 

0. 36 

0. 20357 

52 

0.35851 

09 

0. 02435 

68 

1.36 

2.90534 

49 

0.58259 

73 

0. 70755 

67 

0. 38 

0.22682 

30 

0. 37804 

96 

0.02862 

55 

1.38 

2.99142 

45 

0. 56297 

59 

0.71139 

77 

0.40 

0.25132 

74 

0. 39748 

08 

0.03335 

94 

1.40 

3.07876 

08 

0. 54309 

58 

0.71352 

51 

0.42 

0.27708 

85 

0.41678 

68 

0. 03858 

02 

1.42 

3.16735 

37 

0.52310 

58 

0.71389 

77 

0.44 

0. 30410 

62 

0. 43594 

82 

0. 04430 

85 

1.44 

3.25720 

33 

0. 50316 

23 

0. 71248 

78 

0.46 

0.33238 

05 

0.45494 

40 

0. 05056 

42 

1.46 

3. 34830 

95 

0. 48342 

80 

0.70928 

16 

0. 48 

0.36191 

15 

0. 47375 

10 

0. 05736 

63 

1. 48 

3.44067 

23 

0. 46407 

05 

0.70428 

12 

0.50 

0.39269 

91 

0.49234 

42 

0. 06473 

24 

1.50 

3.53429 

17 

0. 44526 

12 

0. 69750 

50 

0.52 

0. 42474 

33 

0.51069 

69 

0. 07267 

89 

1.52 

3. 62916 

78 

0. 42717 

32 

0. 68898 

88 

0. 54 

0. 45804 

42 

0. 52878 

01 

0.08122 

06 

1.54 

3.72530 

06 

0.40997 

99 

0.67878 

67 

0.56 

0. 49260 

17 

0.54656 

30 

0. 09037 

08 

1.56 

3.82268 

99 

0. 39385 

29 

0. 66697 

13 

0.58 

0. 52841 

59 

0. 56401 

31 

0.10014 

09 

1.58 

3. 92133 

60 

0. 37895 

96 

0.65363 

46 

0. 60 

0.56548 

67 

0. 58109 

54 

0.11054 

02 

1.60 

4. 02123 

86 

0. 36546 

17 

0. 63888 

77 

0. 62 

0. 60381 

41 

0. 59777 

37 

0.12157 

59 

1.62 

4. 12239 

79 

0. 35351 

20 

0.62286 

07 

0.64 

0.64339 

82 

0. 61400 

94 

0. 13325 

28 

1.64 

4.22481 

38 

0. 34325 

29 

0.60570 

26 

0. 66 

0.68423 

89 

0. 62976 

25 

0. 14557 

29 

1.66 

4. 32848 

64 

0. 33481 

32 

0. 58758 

04 

0. 68 

0.72633 

62 

0. 64499 

12 

0.15853 

54 

1. 68 

4.43341 

56 

0. 32830 

61 

0.56867 

83 

0. 70 

0. 76969 

02 

0.65965 

24 

0.17213 

65 

1.70 

4.53960 

14 

0.32382 

69 

0. 54919 

60 

0. 72 

0. 81430 

08 

0.67370 

12 

0.18636 

89 

1.72 

4.64704 

39 

0. 32145 

02 

0. 52934 

73 

0.74 

0. 86016 

81 

0. 68709 

20 

0.20122 

21 

1. 74 

4. 75574 

30 

0. 32122 

83 

0.50935 

84 

0. 76 

0. 90729 

20 

0. 69977 

79 

0.21668 

16 

1.76 

4.86569 

87 

0. 32318 

87 

0. 48946 

49 

0. 78 

0.95567 

25 

0. 71171 

13 

0. 23272 

88 

1.78 

4. 97691 

11 

0. 32733 

25 

0. 46990 

94 

0. 80 

1. 00530 

96 

0. 72284 

42 

0.24934 

14 

1. 80 

5. 08938 

01 

0. 33363 

29 

0. 45093 

88 

0. 82 

1. 05620 

35 

0. 73312 

83 

0. 26649 

22 

1. 82 

5.20310 

58 

0. 34203 

39 

0. 43280 

06 

0. 84 

1. 10835 

39 

0. 74251 

54 

0. 28414 

98 

1.84 

5.31808 

80 

0.35244 

96 

0.41573 

97 

0. 86 

1.16176 

10 

0.75095 

79 

0. 30227 

80 

1.86 

5.43432 

70 

0. 36476 

35 

0.39999 

44 

0. 88 

1.21642 

47 

0. 75840 

90 

0. 32083 

55 

1.88 

5.55182 

25 

0. 37882 

93 

0. 38579 

25 

0. 90 

1.27234 

50 

0. 76482 

30 

0. 33977 

63 

1.90 

5.67057 

47 

0.39447 

05 

0. 37334 

73 

0. 92 

1. 32952 

20 

0. 77015 

63 

0. 35904 

93 

1.92 

5. 79058 

36 

0. 41148 

24 

0. 36285 

37 

0. 94 

1. 38795 

56 

0. 77436 

72 

0.37859 

81 

1.94 

5.91184 

91 

0. 42963 

33 

0. 35448 

37 

0.96 

1.44764 

59 

0. 77741 

68 

0. 39836 

12 

1.96 

6.03437 

12 

0. 44866 

69 

0.34838 

30 

0.98 

1. 50859 

28 

0. 77926 

95 

0.41827 

21 

1.98 

6.15814 

99 

0. 46830 

56 

0.34466 

65 

1.00 

1.57079 

63 

0.77989 

34 

0. 43825 

91 

2. 00 

6. 28318 

53 

0. 48825 

34 

0. 34341 

57 


f(-4)21 

r(-4)2i 

r(-5)8i 


r(-4)2i 

[■(-4)31 

r ( i )J 

n 


L 3 

J 

L 5 

J 

L 5 

J 


L 3 

J 

L 5 

J 

L 6 

J 


See Example 8. 
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Table 

7.7 




FRESNEL 

INTEGRALS 













-"•> . 1 ; 

sin ^ 






X 

C(r) 


M*) 


.r 

C(x) 


s<i r) 


X 

C(x) 


S(,) 


2. 00 

0.48825 

34 

0. 34341 

57 

3.00 

0.60572 

08 

0. 49631 

30 

4.00 

0. 49842 

60 

0.42051 

58 

2. 02 

0. 50820 

04 

0. 34467 

48 

3.02 

0.60383 

73 

0.51619 

42 

4. 02 

0.51821 

54 

0. 42301 

99 

2. 04 

0.52782 

73 

0.34844 

87 

3. 04 

0.59823 

78 

0. 53536 

29 

4. 04 

0. 53675 

05 

0. 43039 

00 

2. 06 

0. 54681 

06 

0. 35470 

04 

3.06 

0.58910 

11 

0. 55311 

95 

4. 06 

0.55284 

04 

0.44217 

81 

2. 08 

0. 56482 

79 

0. 36334 

98 

3.08 

0.57674 

01 

0.56880 

28 

4. 08 

0. 56543 

47 

0.45764 

45 

2.10 

0. 58156 

41 

0.37427 

34 

3.10 

0.56159 

39 

0. 58181 

59 

4.10 

0. 57369 

56 

0.47579 

83 

2.12 

0. 59671 

75 

0. 38730 

37 

3.12 

0.54421 

58 

0. 59165 

11 

4.12 

0.57705 

88 

0.49545 

71 

2.14 

0. 61000 

60 

0. 40223 

09 

3.14 

0.52525 

53 

0.59791 

29 

4.14 

0. 57527 

76 

0. 51532 

14 

2.16 

0. 62117 

32 

0.41880 

45 

3.16 

0. 50543 

56 

0.60033 

66 

4.16 

0. 56844 

74 

0.53405 

87 

2.18 

0. 62999 

53 

0. 43673 

63 

3.18 

0.48552 

76 

0.59880 

34 

4.18 

0. 55700 

75 

0.55039 

41 

2.20 

0. 63628 

60 

0.45570 

46 

3.20 

0.46632 

03 

0.59334 

95 

4.20 

0. 54171 

92 

0. 56319 

89 

2.22 

0.63990 

31 

0.47535 

85 

3.22 

0. 44858 

96 

0. 58416 

97 

4.22 

0. 52362 

06 

0.57157 

23 

2.24 

0. 64075 

25 

0. 49532 

41 

3.24 

0.43306 

55 

0.57161 

47 

4.24 

0.50396 

08 

0.57491 

03 

2.26 

0. 63879 

28 

0.51521 

11 

3.26 

0. 42040 

05 

0.55618 

06 

4.26 

0. 48411 

63 

0. 57295 

47 

2.28 

0. 63403 

83 

0.53462 

03 

3.28 

0.41113 

97 

0.53849 

35 

4.28 

0. 46549 

61 

0. 56582 

05 

2.30 

0. 62656 

17 

0.55315 

16 

3.30 

0.40569 

44 

0.51928 

61 

4.30 

0.44944 

12 

0. 55399 

59 

2. 32 

0. 61649 

45 

0.57041 

28 

3. 32 

0. 40431 

99 

0. 49936 

95 

4. 32 

0. 43712 

50 

0.53831 

55 

2.34 

0. 60402 

69 

0. 58602 

84 

3. 34 

0.40709 

96 

0. 47960 

04 

4. 34 

0.42946 

40 

0.51990 

77 

2. 36 

0. 58940 

65 

0. 59964 

89 

3. 36 

0.41393 

66 

0.46084 

46 

4. 36 

0.42704 

39 

0. 50011 

73 

2. 38 

0. 57293 

44 

0.61095 

96 

3.38 

0. 42455 

18 

0.44393 

82 

4.38 

0.43006 

79 

0.48041 

08 

2.40 

0.55496 

14 

0.61969 

00 

3. 40 

0. 43849 

17 

0.42964 

95 

4. 40 

0.43833 

29 

0.46226 

80 

2. 42 

0. 53588 

11 

0. 62562 

11 

3.42 

0. 45514 

37 

0.41864 

11 

4. 42 

0. 45123 

59 

0. 44707 

06 

2. 44 

0. 51612 

29 

0.62859 

38 

3.44 

0. 47375 

96 

0.41143 

69 

4.44 

0. 46781 

05 

0.43599 

33 

2. 46 

0.49614 

28 

0. 62851 

43 

3. 46 

0.49348 

70 

0.40839 

28 

4. 46 

0.48679 

41 

0. 42990 

86 

2. 48 

0. 47641 

35 

0. 62535 

98 

3.48 

0.51340 

62 

0. 40967 

54 

4.48 

0. 50671 

95 

0.42931 

16 

2.50 

0. 45741 

30 

0.61918 

18 

3. 50 

0. 53257 

24 

0.41524 

80 

4. 50 

0.52602 

59 

0. 43427 

30 

2. 52 

0. 43961 

32 

0.61010 

76 

3.52 

0.55006 

11 

0.42486 

72 

4.52 

0.54318 

11 

0. 44442 

34 

2. 54 

0. 42346 

72 

0.59834 

06 

3. 54 

0. 56501 

32 

0. 43808 

83 

4.54 

0.55680 

46 

0.45897 

36 

2. 56 

0. 40939 

65 

0.58415 

75 

3.56 

0.57668 

02 

0.45428 

17 

4. 56 

0.56578 

27 

0.47676 

89 

2.58 

0.39777 

91 

0.56790 

42 

3.58 

0.58446 

43 

0.47265 

92 

4.58 

0.56936 

57 

0.49637 

56 

2. 60 

0. 38893 

75 

0.54998 

93 

3.60 

0.58795 

33 

0.49230 

95 

4. 60 

0.56723 

67 

0.51619 

23 

2. 62 

0.38312 

73 

0. 53087 

53 

3. 62 

0.58694 

64 

0.51224 

12 

4. 62 

0.55954 

81 

0. 53457 

97 

2. 64 

0. 38052 

80 

0. 51106 

79 

3.64 

0.58147 

10 

0.53143 

21 

4. 64 

0. 54691 

86 

0.54999 

67 

2. 66 

0. 38123 

50 

0.49110 

35 

3. 66 

0.57178 

75 

0. 54888 

15 

4. 66 

0.53039 

13 

0.56113 

28 

2. 68 

0. 38525 

32 

0.47153 

52 

3. 68 

0. 55838 

18 

0.56366 

38 

4. 68 

0. 51135 

38 

0. 56702 

44 

2.70 

0.39249 

40 

0.45291 

75 

3. 70 

0.54194 

57 

0. 57498 

04 

4.70 

0.49142 

65 

0.56714 

55 

2. 72 

0.40277 

39 

0.43578 

98 

3.72 

0.52334 

49 

0. 58220 

56 

4.72 

0. 47232 

71 

0.56146 

19 

2. 74 

0. 41581 

68 

0. 42066 

03 

3. 74 

0.50357 

70 

0.58492 

61 

4. 74 

0.45572 

30 

0. 55044 

52 

2.76 

0. 43125 

85 

0.40798 

90 

3. 76 

0.48371 

94 

0. 58296 

92 

4. 76 

0. 44308 

30 

0.53504 

16 

2.78 

0. 44865 

46 

0. 39817 

24 

3.78 

0.46487 

19 

0. 57641 

91 

4. 78 

0.43554 

28 

0.51659 

82 

2. 80 

0.46749 

17 

0.39152 

84 

3.80 

0.44809 

49 

0. 56561 

87 

4. 80 

0.43379 

66 

0. 49675 

02 

2. 82 

0. 48720 

04 

0.38828 

41 

3. 82 

0. 43434 

86 

0.55115 

74 

4. 82 

0.43802 

47 

0. 47728 

00 

2. 84 

0. 50717 

21 

0.38856 

43 

3. 84 

0. 42443 

43 

0.53384 

32 

4. 84 

0. 44786 

69 

0.45995 

75 

2. 86 

0.52677 

66 

0.39238 

50 

3.86 

0.41894 

43 

0.51466 

22 

4. 86 

0. 46244 

40 

0. 44637 

74 

2. 88 

0. 54538 

21 

0.39964 

80 

3. 88 

0. 41822 

16 

0.49472 

45 

4. 88 

0. 48042 

90 

0. 43780 

82 

2.90 

0.56237 

64 

0. 41014 

06 

3. 90 

0.42233 

27 

0.47520 

24 

4.90 

0. 50016 

10 

0. 43506 

74 

2.92 

0. 57718 

78 

0.42353 

87 

3. 92 

0.43105 

68 

0.45726 

13 

4. 92 

0. 51979 

51 

0.43843 

48 

2.94 

0.58930 

60 

0.43941 

39 

3.94 

0.44389 

17 

0.44198 

92 

4. 94 

0. 53747 

34 

0.44761 

56 

2.96 

0.59830 

19 

0.45724 

45 

3. 96 

0.46007 

70 

0.43032 

79 

4.96 

0.55150 

25 

0.46175 

67 

2.98 

0. 60384 

56 

0.47643 

06 

3.98 

0. 47863 

51 

0. 42301 

17 

4. 98 

0.56051 

94 

0.47951 

78 

3.00 

0. 60572 

08 

0.49631 

30 

4.00 

0.49842 

60 

0.42051 

58 

5.00 

0.56363 

12 

0. 49919 

14 


[■(-4)51 

r(-4)4i 


[-(-4)61 

[■(-4)61 


r(-4)7i 

r(-4)8i 


L 6 

J 

L 6 

J 


L 7 

J 

L 7 

J 


L 7 

J 

L 7 

J 






sin (E 2 ) 

1 



COS /T 





For 

.r C(?) 

nc,/noi cOAOfl 

0.0968N cos \2 j 


n _ 6-154 

\ sin \2 

_ L 

e(.v 

v 10 

-7 

5 fi(r) ' 



.7-4 / 

X 

\ 


A 

/ 

■r * 


) JLv 



C 2 (u) 

n c , (n ooQO/ioo 0.3 

sin (m) 

\ cos 

/n,oo„ &748\ 

c ? s («) 
sin v ’ 

yIA-7 


r 

UI SOV IT TT 

M") 
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V' 

' 

« 2 ) 

1 „y« 
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AUXILIARY FUNCTIONS Table 7.8 



f(x) = f 2 ( u ) S7(*)=fe(«) 


0. 

00 

0. 00000 

00000 

00000 

0.50000 

00000 

00000 

0.50000 

00000 

00000 

0. 

02 

0.00062 

83185 

30718 

0.49969 

41196 

39303 

0.48031 

40626 

54163 

0. 

04 

0.00251 

32741 

22872 

0.49880 

88057 

20520 

0.46125 

51239 

79101 

0. 

06 

0. 00565 

48667 

76462 

0.49739 

07811 

66949 

0.44281 

99356 

00196 

0. 

08 

0.01005 

30964 

91487 

0.49548 

44294 

00553 

0.42500 

33536 

38036 

0. 

10 

0.01570 

79632 

67949 

0.49313 

18256 

06624 

0.40779 

85545 

29930 

0. 

12 

0.02261 

94671 

05847 

0.49037 

27777 

82254 

0.39119 

72364 

96391 

0. 

14 

0. 03078 

76080 

05180 

0.48724 

48761 

11561 

0.37518 

98069 

99885 

0. 

16 

0.04021 

23859 

65949 

0.48378 

35493 

31728 

0.35976 

55566 

09573 

0. 

18 

0.05089 

38009 

88155 

0.48002 

21268 

70713 

0.34491 

28197 

39391 

0. 

20 

0.06283 

18530 

71796 

0.47599 

19056 

49140 

0.33061 

91227 

69034 

o. 

22 

0. 07602 

65422 

16873 

0.47172 

22205 

45221 

0.31687 

13200 

89318 

0. 

24 

0. 09047 

78684 

23386 

0.46724 

05176 

22164 

0.30365 

57186 

36191 

0. 

26 

0.10618 

58316 

91335 

0.46257 

24293 

12303 

0. 29095 

81914 

92531 

0. 

28 

0.12315 

04320 

20720 

0.45774 

18508 

40978 

0.27876 

42811 

44593 

0. 

30 

0.14137 

16694 

11541 

0.45277 

10172 

56087 

0.26705 

92929 

81728 

0. 

32 

0. 16084 

95438 

63797 

0.44768 

05805 

06203 

0.25582 

83796 

24420 

0. 

34 

0.18158 

40553 

77490 

0.44248 

96860 

81319 

0.24505 

66166 

57772 

o. 

36 

0. 20357 

52039 

52619 

0. 43721 

60487 

95888 

0.23472 

90703 

35799 

0. 

38 

0.22682 

29895 

89183 

0.43187 

60273 

53913 

0. 22483 

08578 

07150 

0. 

40 

0.25132 

74122 

87183 

0. 42648 

46973 

90789 

0.21534 

72003 

95520 

0. 

42 

0.27708 

84720 

46620 

0.42105 

59227 

36507 

0.20626 

34704 

48744 

0. 

44 

0.30410 

61688 

67492 

0.41560 

24246 

90070 

0. 19756 

52322 

49727 

0. 

46 

0. 33238 

05027 

49800 

0.41013 

58491 

35691 

0.18923 

82774 

60398 

0. 

48 

0.36191 

14736 

93544 

0.40466 

68313 

67950 

0.18126 

86555 

47172 

0. 

50 

0.39269 

90816 

98724 

0.39920 

50585 

25702 

0.17364 

26996 

13238 

0. 

52 

0.42474 

33267 

65340 

0.39375 

93295 

63563 

0. 16634 

70480 

39628 

0. 

54 

0. 45804 

42088 

93392 

0.38833 

76127 

15400 

0. 15936 

86623 

13733 

0. 

56 

0.49260 

17280 

82880 

0. 38294 

71004 

26771 

0.15269 

48414 

00876 

0. 

58 

0.52841 

58843 

33803 

0.37759 

42617 

52882 

0.14631 

32329 

91905 

0. 

60 

0.56548 

66776 

46163 

0.37228 

48922 

35620 

0.14021 

18419 

37684 

0. 

62 

0.60381 

41080 

19958 

0.36702 

41612 

87842 

0.13437 

90361 

59907 

0. 

64 

0.64339 

81754 

55190 

0.36181 

66571 

25476 

0.12880 

35503 

06985 

0. 

66 

0. 68423 

88799 

51857 

0.35666 

64292 

98472 

0.12347 

44874 

03863 

0. 

68 

0.72633 

62215 

09960 

0.35157 

70288 

80259 

0.11838 

13187 

25611 

0. 

70 

0.76969 

02001 

29499 

0.34655 

15463 

82434 

0.11351 

38821 

06517 

0. 

72 

0.81430 

08158 

10474 

0.34159 

26474 

67053 

0. 10886 

23788 

79214 

0. 

74 

0.86016 

80685 

52885 

0.33670 

26065 

33192 

0.10441 

73696 

22082 

0. 

76 

0.90729 

19583 

56732 

0.33188 

33382 

57734 

0.10016 

97688 

77848 

0.78 

0.95567 

24852 

22015 

0. 32713 

64271 

72503 

0.09611 

08389 

91866 

0. 

80 

1.00530 

96491 

48734 

0. 32246 

31553 

61284 

0. 09223 

21832 

05037 

0. 

82 

1.05620 

34501 

36888 

0.31786 

45283 

60796 

0. 08852 

57381 

23702 

0. 

84 

1.10835 

38881 

86479 

0.31334 

12993 

49704 

0.08498 

37656 

77045 

0. 

86 

1.16176 

09632 

97506 

0. 30889 

39917 

09068 

0. 08159 

88446 

61614 

0. 88 

1.21642 

46754 

69968 

0.30452 

29200 

36579 

0. 07836 

38619 

62362 

0. 

90 

1.27234 

50247 

03866 

0.30022 

82096 

95385 

0.07527 

20035 

30280 

0. 

92 

1.32952 

20109 

99200 

0. 29600 

98149 

76518 

0.07231 

67451 

87932 

0.94 

1. 38795 

56343 

55971 

0.29186 

75359 

51781 

0.06949 

18433 

26312 

0. 

96 

1.44764 

58947 

74177 

0. 28780 

10340 

91658 

0.06679 

13255 

49021 

0. 

98 

1.50859 

27922 

53819 

0.28380 

98467 

20271 

0.06420 

94813 

13093 

1. 

00 

1.57079 

63267 

94897 

0.27989 

34003 

76823 

0.06174 

08526 

09645 


m 



m 

See Examples 6, 7, and 9. 




C(*)-g+/(») sin (gz 2 ) 

~g(x ) cos 

(ga? 2 ) C 2 (u)^~+f 2 (u) sin u 

</2 («) cos 1 

«(*)-|-/(*) cos (i* 2 ) 

-9(x) sin | 

[l* 2 ) S 2 (u)~f 2 (u) COS U- 

-g 2 (u) sin « 
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ERROR FUNCTION AND FRESNEL INTEGRALS 


Table 

7.8 

u 

-1,-? 

2 

AUXILIARY FUNCTIONS 

/(*)-/*(«) 

9(x)= 9 2 («) 

<:r> 

<«> 

1 . 00 

0. 

63661 

97723 

67581 

0.27989 

34003 

76823 

0.06174 

08526 

09645 

1 

2 

0.98 

0. 

61140 

96293 

81825 

0.27597 

33733 

36442 

0.05933 

31378 

64174 

1 

2 

0.96 

0 . 

58670 

87822 

13963 

0.27197 

11505 

76851 

0.05693 

89827 

01255 

1 

2 

0. 94 

0 . 

56251 

72308 

63995 

0.26788 

56989 

47656 

0. 05456 

06112 

91100 

1 

2 

0. 92 

0. 

53883 

49753 

31921 

0.26371 

60682 

37287 

0. 05220 

03510 

52931 

1 

2 

0.90 

0 . 

51566 

20156 

17741 

0.25946 

14023 

65674 

0. 04986 

06317 

93636 

1 

2 

0. 88 

0. 

49299 

83517 

21455 

0.25512 

09512 

80091 

0.04754 

39838 

94725 

1 

2 

0. 86 

0. 

47084 

39836 

43063 

0.25069 

40835 

25766 

0.04525 

30354 

03048 

1 

2 

0. 84 

0 . 

44919 

89113 

82565 

0.24618 

02994 

44393 

0.04299 

05078 

69390 

1 

2 

0. 82 

0 . 

42806 

31349 

39962 

0.24157 

92449 

31459 

0.04075 

92107 

68723 

1 

2 

0. 80 

0 . 

40743 

66543 

15252 

0.23689 

07256 

57089 

0. 03856 

20343 

27312 

1 

2 

0. 78 

0. 

38731 

94695 

08436 

0. 23211 

47216 

24632 

0. 03640 

19405 

75704 

1 

3 

0. 76 

0. 

36771 

15805 

19515 

0. 22725 

14019 

06110 

0.03428 

19524 

44132 

1 

3 

0. 74 

0. 34861 

29873 

48488 

0. 22230 

11393 

53995 

0.03220 

51407 

19129 

1 

3 

0. 72 

0. 

33002 

36899 

95354 

0.21726 

45250 

44609 

0.03017 

46086 

88637 

1 

3 

0.70 

0. 

31194 

36884 

60115 

0.21214 

23821 

60229 

0.02819 

34743 

19381 

1 

3 

0. 68 

0. 

29437 

29827 

42770 

0.20693 

57789 

65521 

0. 02626 

48498 

36510 

1 

3 

0. 66 

0. 

27731 

15728 

43318 

0.20164 

60404 

80635 

0.02439 

18186 

13588 

2 

4 

0. 64 

0 . 

26075 

94587 

61761 

0.19627 

47584 

00004 

0.02257 

74093 

32978 

2 

4 

0. 62 

0. 

24471 

66404 

98098 

0. 19082 

37987 

55563 

0. 02082 

45674 

44482 

2 

4 

0. 60 

0. 

22918 

31180 

52329 

0.18529 

53067 

79209 

0. 01913 

61240 

35536 

2 

4 

0. 58 

0. 

21415 

88914 

24454 

0. 17969 

17083 

86674 

0.01751 

47623 

30357 

2 

5 

0. 56 

0. 

19964 

39606 

14474 

0.17401 

57076 

89207 

0.01596 

29821 

58470 

2 

5 

0. 54 

0 . 

18563 

83256 

22387 

0.16827 

02799 

47273 

0.01448 

30628 

73722 

2 

5 

0.52 

0 . 

17214 

19864 

48194 

0.16245 

86594 

19322 

0.01307 

70253 

60097 

2 

6 

0.50 

0. 

15915 

49430 

91895 

0.15658 

43216 

36302 

0. 01174 

65939 

24659 

2 

6 

0. 48 

0 . 

14667 

71955 

53491 

0.15065 

09597 

56320 

0.01049 

31590 

42015 

2 

7 

0.46 

0 . 

13470 

87438 

32980 

0.14466 

24548 

29603 

0.00931 

77420 

66589 

2 

7 

0. 44 

0. 

12324 

95879 

30364 

0.13862 

28400 

34552 

0.00822 

09631 

52815 

2 

8 

0. 42 

0 . 

11229 

97278 

45641 

0.13253 

62592 

29647 

0. 00720 

30137 

00215 

2 

9 

0. 40 

0. 

10185 

91635 

78813 

0.12640 

69204 

94864 

0. 00626 

36346 

49122 

3 

10 

0.38 

0 . 

09192 

78951 

29879 

0.12023 

90456 

93806 

0.00540 

21018 

72942 

3 

11 

0.36 

0 . 

08250 

59224 

98839 

0.11403 

68174 

47880 

0.00461 

72197 

27002 

3 

12 

0.34 

0. 

07359 

32456 

85692 

0.10780 

43252 

41741 

0. 00390 

73235 

12822 

3 

14 

0. 32 

0.06518 

98646 

90440 

0.10154 

55126 

32988 

0.00327 

02912 

03254 

3 

15 

0. 30 

0. 

05729 

57795 

13082 

0.09526 

41276 

74844 

0. 00270 

35642 

68526 

3 

17 

0.28 

0.04991 

09901 

53618 

0.08896 

36786 

39974 

0. 00220 

41768 

84885 

4 

20 

0.26 

0. 

04303 

54966 

12048 

0. 08264 

73969 

33180 

0.00176 

87922 

53708 

4 

23 

0.24 

0. 

03666 

92988 

88373 

0.07631 

82087 

00913 

0.00139 

37442 

77909 

4 

27 

0.22 

0 . 

03081 

23969 

82591 

0.06997 

87161 

16730 

0.00107 

50825 

02743 

5 

32 

0.20 

0 . 

02546 

47908 

94703 

0.06363 

11887 

04012 

0. 00080 

86180 

82883 

5 

39 

0.18 

0. 

02062 

64806 

24710 

0. 05727 

75644 

30652 

0. 00058 

99686 

10701 

6 

48 

0.16 

0. 

01629 

74661 

72610 

0. 05091 

94597 

59575 

0. 00041 

45999 

18234 

6 

61 

0.14 

0 . 

01247 

77475 

38405 

0.04455 

81874 

32960 

0.00027 

78633 

97799 

7 

80 

0.12 

0. 

00916 

73247 

22093 

0.03819 

47805 

44642 

0. 00017 

50279 

00844 

8 

109 

0.10 

0. 

00636 

61977 

23676 

0.03183 

00214 

15118 

0. 00010 

13057 

94484 

10 

157 

0. 08 

0. 

00407 

43665 

43153 

0. 02546 

44738 

95252 

0. 00005 

18732 

17470 

13 

245 

0.06 

0 . 

00229 

18311 

80523 

0.01909 

85179 

38105 

0.00002 

18849 

44630 

17 

436 

0.04 

0 . 

00101 

85916 

35788 

0.01273 

23855 

39770 

0.00000 

64845 

30524 

25 

982 

0. 02 

0 . 

00025 

46479 

08947 

0. 00636 

61974 

14061 

0. 00000 

08105 

69272 

50 

3927 

0. 00 

0 . 

00000 

00000 

00000 

0. 00000 

00000 

00000 

0. 00000 

00000 

00000 

00 

00 



[ 

■(-5)6- 

3 

] 

[ 

■(-6)1' 

12 

] 

[ 

'(-6)1' 

12 

] 




£(•»■)=£+/(*) sin (2cos (g^ 2 ) C 2 ()/)=^+/ 2 («) sin u-g 2 (u ) cos u 


^( x )=2 “AO cos (p)-?(*) sin (i‘ r2 ) &2(w)^-/ 2 ( m ) cos u ~ 9 2 ( v ) s * n n 

<cr>= nearest integer to x. 
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ERROR FUNCTION FOR COMPLEX ARGUMENTS Table 7.9 


y 


0.2 

0.3 

0.4 


z=x+iy 


@w(z) Jw(z) 

*=o 

1.000000 0.000000 
0.896457 0.000000 
0.809020 0.000000 
0.734599 0.000000 
0.670788 0.000000 


0tw(z) Jw(z) 

*= 0.1 

0.990050 0.112089 
0.888479 0.094332 
0.802567 0.080029 
0.729337 0.068410 
0.666463 0.058897 


2 erfc (- iz ) 
Btw{z) Jw(z ) 
*= 0.2 

0.960789 0.219753 
0.864983 0.185252 
0.783538 0.157403 
0.713801 0.134739 
0.653680 0.116147 


8%U)(z) ,/tv(z ) 

*=0.3 

0.913931 0.318916 
0.827246 0.269600 
0.752895 0.229653 
0.688720 0.197037 
0.632996 0.170203 


3fw(z) J'tv(z) 

*=0.4 

0.852144 0.406153 
0.777267 0.344688 
0.712146 0.294653 
0.655244 0.253613 
0.605295 0.219706 


0.5 

0.6 

0.7 

0.8 

0.9 


0.615690 0.000000 
0.567805 0.000000 
0.525930 0.000000 
0.489101 0.000000 
0.456532 0.000000 


0.612109 0.051048 
0.564818 0.044524 
0.523423 0.039064 
0.486982 0.034465 
0.454731 0.030566 


0.601513 0.100782 
0.555974 0.087993 
0.515991 0.077275 
0.480697 0.068235 
0.449383 0.060563 


0.584333 0.147965 
0.541605 0.129408 
0.503896 0.113821 
0.470452 0.100647 
0.440655 0.089444 


0.561252 0.191500 
0.522246 0.167880 
0.487556 0.147975 
0.456579 0.131101 
0.428808 0.116714 


1.0 

1.1 

1.2 

1.3 

1.4 


0.427584 0.000000 
0.401730 0.000000 
0.378537 0.000000 
0.357643 0.000000 
0.338744 0.000000 


0.426044 0.027242 
0.400406 0.024392 
0.377393 0.021934 
0.356649 0.019805 
0.337876 0.017951 


0.421468 0.054014 
0.396470 0.048393 
0.373989 0.043542 
0.353691 0.039336 
0.335294 0.035671 


0.413989 0.079864 
0.390028 0.071628 
0.368412 0.064510 
0.348839 0.058329 
0.331054 0.052936 


0.403818 0.104380 
0.381250 0.093752 
0.360799 0.084547 
0.342206 0.076538 
0.325248 0.069538 


1.5 0.321585 0.000000 

1.6 0.305953 0.000000 

1.7 0.291663 0.000000 

1.8 0.278560 0.000000 

1.9 0.266509 0.000000 


0.320825 0.016329 
0.305284 0.014905 
0.291072 0.013648 
0.278035 0.012536 
0.266042 0.011547 


0.318561 0.032463 
0.303290 0.029643 
0.289309 0.027154 
0.276470 0.024948 
0.264648 0.022987 


0.314839 0.048210 
0.300009 0.044051 
0.286406 0.040377 
0.273892 0.037118 
0.262350 0.034217 


0.309736 0.063393 
0.295506 0.057978 
0.282417 0.053186 
0.270346 0.048931 
0.259186 0.045139 


2.0 

2.1 

2.2 

2.3 

2.4 


0.255396 0.000000 
0.245119 0.000000 
0.235593 0.000000 
0.226742 0.000000 
0.218499 0.000000 


0.254978 0.010664 
0.244745 0.009874 
0.235256 0.009165 
0.226438 0.008526 
0.218224 0.007949 


0.253732 0.021236 
0.243628 0.019669 
0.234251 0.018260 
0.225531 0.016991 
0.217404 0.015845 


0.251677 0.031626 
0.241783 0.029304 
0.232592 0.027217 
0.224033 0.025335 
0.216047 0.023633 


0.248844 0.041748 
0.239239 0.038706 
0.230300 0.035968 
0.221963 0.033498 
0.214172 0.031263 


2.5 

2.6 

2.7 

2.8 

2.9 


0.210806 0.000000 
0.203613 0.000000 
0.196874 0.000000 
0.190549 0.000000 
0.184602 0.000000 


0.210557 0.007427 
0.203387 0.006952 
0.196668-0.006520 
0.190360 0.006125 
0.184429 0.005764 


0.209813 0.014806 
0.202710 0.013862 
0.196050 0.013002 
0.189796 0.012216 
0.183912 0.011498 


0.208582 0.022090 
0.201589 0.020687 
0.195028 0.019409 
0.188861 0.018241 
0.183056 0.017172 


0.206879 0.029234 
0.200039 0.027389 
0.193613 0.025706 
0.187566 0.024168 
0.181868 0.022759 


3.0 0.179001 0.000000 


0.178842 0.005433 


0.178368 0.010839 0.177581 0.016192 


0.176491 0.021466 


y 

0.0 

0.1 

0.2 

0.3 


*=0.5 

0.778801 0.478925 
0.717588 0.408474 
0.663223 0.350751 
0.614852 0.303124 
0.571717 0.263563 


*= 0.6 

0.697676 0.535713 
0.651076 0.459665 
0.608322 0.396852 
0.569238 0.344645 
0.533581 0.300989 


*=0.7 

0.612626 0.576042 
0.580698 0.497744 
0.549739 0.432442 
0.520192 0.377688 
0.492289 0.331535 


*= 0.8 

0.527292 0.600412 
0.509299 0.522932 
0.489710 0.457569 
0.469480 0.402194 
0.449244 0.355082 


*=0.9 

0.444858 0.610142 
0.439421 0.536087 
0.430271 0.472773 
0.418736 0.418491 
0.405763 0.371813 


0.5 

0.6 

0.7 

0.8 


0.533157 0.230488 
0.498591 0.202666 
0.467521 0.179123 
0.439512 0.159087 
0.414191 0.141945 


0.501079 0.264268 
0.471453 0.233206 
0.444434 0.206787 
0.419766 0.184200 
0.397216 0.164793 


0.466127 0.292432 0.429418 
0.441712 0.259136 0.410264 
0.418998 0.230646 0.391936 
0.397906 0.206155 0.374518 
0.378341 0.185005 0.358043 


0.314828 0.392021 0.331544 
0.280290 0.377977 0.296692 
0.250532 0.363957 0.266427 
0,224789 0.350182 0.240057 
0.202429 0.336799 0.217004 


1.0 

1.1 

1.2 

1.3 


0.391234 0.127202 
0.370363 0.114460 
0.351335 0.103395 
0.333942 0.093744 
0.318001 0.085288 


0.376571 0.148036 
0.357637 0.133501 
0.340241 0.120838 
0.324229 0.109759 
0.309463 0.100026 


0.360200 0.166660 
0.343375 0.150681 
0.327766 0.136706 
0.313273 0.124435 
0.299804 0.113620 


0.342511 0.182932 
0.327900 0.165868 
0.314176 0.150877 
0.301294 0.137661 
0.289208 0.125971 


0.323899 0.196783 
0.311537 0.178990 
0.299741 0.163281 
0.288519 0.149370 
0.277865 0.137012 


0.303355 0.077851 
0.289866 0.071283 
0.277412 0.065461 
0.265890 0.060283 
0.255205 0.055661 


0.295820 0.091443 
0.283192 0.083845 
0.271479 0.077096 
0.260598 0.071081 
0.250469 0.065701 


0.287274 0.104054 
0.275602 0.095563 
0.264718 0.088001 
0.254554 0.081245 
0.245050 0.075190 


0.277869 0.115594 
0.267228 0.106355 
0.257237 0.098103 
0.247851 0.090710 
0.239027 0.084068 


0.267766 0.126002 
0.258203 0.116164 
0.249151 0.107348 
0.240586 0.099427 
0.232482 0.092291 


0.245276 0>051521 
0.236031 0,047804 
0.227407 0.044454 
0.219347 0.041428 
0.211800 0.038686 


0.241025 0.060876 
0.232204 0.056534 
0.223952 0.052617 
0.216219 0.049073 
0.208961 0.045859 


0.236152 0.069748 
0.227810 0.064842 
0.219978 0.060409 
0.212616 0.056391 
0.205686 0.052741 


0.230724 0.078085 
0.222905 0.072680 
0.215535 0.067785 
0.208581 0.063342 
0.202013 0.059298 


0.224813 0.085845 
0.217552 0.080009 
0.210676 0.074712 
0.204160 0.069894 
0.197982 0,065500 


0.204723 0.036196 
0.198074 0.033929 
0.191818 0.031859 
0.185924 0.029966 
0.180361 0.028231 


0.202139 0.042936 
0.195717 0.040271 
0.189664 0.037836 
0.183950 0.035607 
0.178549 0.033561 


0.199155 0.049417 
0.192992 0.046384 
0.187170 0.043608 
0.181662 0.041064 
0.176447 0.038728 


0.195804 0.055610 
0.189928 0.052238 
0.184362 0.049150 
0.179084 0.046315 
0.174074 0.043708 


0.192120 0.061486 
0.186554 0.057811 
0.181265 0.054439 
0.176237 0.051339 
0.171452 0.048485 


3.0 0.175105 0.026636 

See Examples 12-19. 


0.173437 0.031680 0.171502 0.036577 0.169315 0.041306 


w(x)=e^ 


2 i -*2 


l fZ el2dt 


0.166895 0.045851 


w(-x+iy)^w(x+iy) w(x-iy)=2ey 2 -* 2 (cos 2 xy+i sin 2xy)-w(x+iy) 


w(iy)=ev 2 erfc y 
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Table 7.9 


ERROR FUNCTION FOR COMPLEX ARGUMENTS 


?j?w(z) Jw{z) 

*= 1.0 

0.367879 U.607158 
0.373170 0.538555 
0.373153 0.478991 
0.369386 0.427225 
0.363020 0.382166 

0.354900 0.342872 
0.345649 0.308530 
0.335721 0.278445 
0.325446 0.252024 
0.315064 0.228759 

0.304744 0.208219 
0.294606 0.190036 
0.284731 0.173896 
0.275174 0.159531 
0.265967 0.146712 

0.257128 0.135242 
0.248665 0.124954 
0.240578 0.115702 
0.232861 0.107361 
0.225503 0.099824 

0.218493 0.092998 
0.211816 0.086801 
0.205457 0.081162 
0.199402 0.076021 
0.193634 0.071324 

0.188139 0.067024 
0.182903 0.063080 
0.177910 0.059456 
0.173147 0.056118 
0.168602 0.053041 


w(z)=e~ z 
0tvo(z) Jw(z ) 

*- 1.1 

0.298197 0.593761 
0.312136 0.532009 
0.319717 0.477439 
0.322586 0.429275 
0.321993 0.386777 

0.318884 0.349266 
0.313978 0.316128 
0.307816 0.286815 
0.300807 0.260847 
0.293259 0.237800 

0.285402 0.217306 
0.277407 0.199046 
0.269401 0.182742 
0.261476 0.168151 
0.253697 0.155066 

0.246112 0.143305 
0.238752 0.132711 
0.231635 0.123147 
0.224775 0.114495 
0.218176 0.106650 

0.211839 0.099523 
0.205760 0.093035 
0.199935 0.087116 
0.194356 0.081706 
0.189014 0.076753 

0.183901 0.072208 
0.179008 0.068031 
0.174324 0.064186 
0.169840 0.060639 
0.165546 0.057363 


2 erfc (- iz ) 2 

ytw(z) Jw(z) 
*= 1.2 


-x+iy 

<%w(z) J'w(z) 

*=1.3 


^w(z) Jw(z ) 

*=1.4 


0.283443 0.386412 0.247908 0.381908 0.215711 0.374110 


0.271752 0.244295 0.250858 0.248462 0.230826 0.250549 


0.241233 0.162100 0.228733 0.167863 0.216340 0.172423 


0.210587 0.112760 0.202818 0.118158 0.194947 0.122858 

0.204926 0.105411 
0.199452 0.098700 
0.194166 0.092562 
0.189072 0.086936 
0.184165 0.081773 


0.179131 0.086378 0.173954 0.090567 


0.179444 0.077024 
0.174903 0.072651 
0.170538 0.068617 
0.166342 0.064890 
0.162310 0.061440 


0.158916 0.065266 0.155389 0.068834 


3.0 0.164261 0.050197 0.161434 0.054331 0.158435 0.058243 0.155285 0.061926 0.152005 0.065375 


y 

0.0 


*=1.5 

0.105399 0.483227 
0.134049 0.451763 
0.156521 0.421076 
0.173865 0.391665 


*= 1.6 


=1.7 


*= 1.8 


*=1.9 

0.027052 0.364437 
0.051038 0.353066 
0.071811 0.340004 
0.089592 0.325873 


0.4 0.186984 0.363828 0.161702 0.351803 0.139717 0.338676 0.120793 0.324985 0.104641 0.311161 


0.196636 0.337720 
0.203461 0.313397 
0.207990 0.290847 
0.210664 0.270016 
0.211846 0.250823 

0.211837 0.233171 
0.210881 0.216954 
0.209182 0.202067 
0.206902 0.188403 
0.204177 0.175862 

0.201115 0.164349 
0.197806 0.153773 
0.194320 0.144054 
0.190717 0.135113 
0.187043 0.126883 

0.183335 0.119298 
0.179623 0.112302 
0.175930 0.105842 
0.172276 0.099870 
0.168674 0.094343 

0.165136 0.089222 
0.161669 0.084472 
0.158281 0.080061 
0.154975 0.075960 
0.151753 0.072142 

0.148618 0.068585 0.145144 0.071558 0.141602 0.074293 0.138012 0.076794 

C ) =e -z2 + 2l „-* 2 n 


0.194049 0.249556 0.177513 0.247012 0.162268 0.243439 


0.192347 0.178275 0.180933 0.179762 0.169997 0.180425 


0.179172 0.130262 0.171390 0.133033 0.163746 0.135234 


0.163330 0.097713 0.157958 0.100689 0.152591 0.103285 


0.148030 0.075191 o’.144243 01077982 0.140411 0.080519 


0.117233 0.296240 
0.127644 0.281392 
0.136134 0.266823 
0.142949 0.252681 
0.148310 0.239067 

0.152418 0.226046 
0.155452 0.213656 
0.157569 0.201914 
0.158906 0.190821 
0.159585 0.180367 

0.159709 0.170534 
0.159369 0.161300 
0.158641 0.152637 
0.157593 0.144516 
0.156282 0.136908 

0.154757 0.129781 
0.153059 0.123108 
0.151224 0.116858 
0.149281 0.111003 
0.147256 0.105519 

0.145172 0.100378 
0.143045 0.095558 
0.140892 0.091037 
0.138725 0.086794 
0.136555 0.082809 

0.134391 0.079065 


See Examples 12-19. 


w(x)=e- x 


V'x 


r Jo^ dt 


w(-x+iy)=--w(x+iy ) w(x-iy)=2ey 2 ~ x2 (cos 2 xy+i sin 2 xy)-w(x+iy) 

w(iy)=ev 2 erfc y t4)[(l+i)u]=e- 2t « 2 |l+(i^ 




ERROR FUNCTION 

AND FRESNEL 

INTEGRALS 



ERROR FUNCTION FOR COMPLEX ARGUMENTS 

Table 7.9 



w(z)=e~ z 

2 erfc (~iz) z=x+iy 




9tw(z) Jw(z) 

3tw(z) -?w(z) 

3tw{z) Jw(z) 

i#W{z) 

Jw{z) 

?Aw{z) Jwiz ) 

y 

*=2.0 

*=2.1 

*“2.2 

*= 

2.3 

*=2.4 

0.0 

0.1 

0.2 

0.3 

0.4 

0.018316 0.340026 
0.040201 0.331583 
0.059531 0.321332 
0.076396 0.309831 
0.090944 0.297529 

0.012155 0.318073 
0.031936 0.311886 
0.049726 0.303894 
0.065521 0.294574 
0.079385 0.284327 

0.007907 0.298468 
0.025678 0.293982 
0.041927 0.287771 
0.056586 0.280232 
0.069655 0.271710 

0.005042 

0.020958 

0.035728 

0.049248 

0.061473 

0.281026 

0.277795 

0.272968 

0.266865 

0.259775 

0.003151 0.265522 
0.017397 0.263201 
0.030792 0.259435 
0.043211 0.254478 
0.054585 0.248566 

0.5 

0.6 

0.7 

0.8 

0.9 

0.103359 0.284786 
0.113836 0.271881 
0.122574 0.259031 
0.129768 0.246396 
0.135600 0.234096 

0.091422 0.273482 
0.101765 0.262308 
0.110558 0.251016 
0.117948 0.239772 
0.124081 0.228703 

0.081182 0.262499 
0.091245 0.252844 
0.099943 0.242947 
0.107383 0.232968 
0.113679 0.223037 

0.072408 

0.082092 

0.090585 

0.097963 

0.104309 

0.251953 

0.243617 

0.234952 

0.226111 

0.217219 

0.064890 0.241914 
0.074132 0.234714 
0.082345 0.227129 
0.089576 0.219302 
0.095884 0.211349 

1.0 

1.1 

1.2 

1.3 

1.4 

0.140240 0.222213 
0.143840 0.210805 
0.146541 0.199904 
0.148466 0.189529 
0.149725 0.179687 

0.129097 0.217904 
0.133125 0.207442 
0.136286 0.197366 
0.138689 0.187705 
0.140432 0.178478 

0.118941 0.213253 
0.123277 0.203692 
0.126788 0.194410 
0.129570 0.185446 
0.131709 0.176827 

0.109709 

0.114251 

0.118019 

0.121092 

0.123548 

0.208376 

0.199660 

0.191133 

0.182840 

0.174814 

0.101336 0.203368 
0.105999 0.195438 
0.109942 0.187620 
0.113232 0.179965 
0.115935 0.172510 

1.5 

1.6 

1.7 

1.8 
1.9 

0.150415 0.170371 
0.150622 0.161572 
0.150418 0.153274 
0.149870 0.145457 
0.149032 0.138100 

0.141604 0.169691 
0.142283 0.161343 
0.142540 0.153429 
0.142434 0.145938 
0.142021 0.138855 

0.133284 0.168569 
0.134367 0.160680 
0.135021 0.153161 
0.135305 0.146009 
0.135269 0.139217 

0.125454 

0.126877 

0.127873 

0.128495 

0.128792 

0.167078 

0.159646 

0.152526 

0.145721 

0.139229 

0.118109 0.165281 
0.119812 0.158299 
0.121096 0.151576 
0.122010 0.145120 
0.122597 0.138933 

2.0 

2.1 

2.2 

2.3 

2.4 

0.147953 0.131180 
0.146675 0.124674 
0.145234 0.118558 
0.143660 0.112810 
0.141982 0.107408 

0.141347 0.132164 
0.140453 0.125849 
0.139375 0.119891 
0.138145 0.114272 
0.136789 0.108973 

0.134959 0.132773 
0.134414 0.126667 
0.133669 0.120885 
0.132755 0.115413 
0.131699 0.110236 

0.128805 

0.128574 

0.128130 

0.127506 

0.126726 

0.133045 

0.127161 

0.121569 

0.116258 

0.111218 

0.122897 0.133015 
0.122945 0.127363 
0.122773 0.121972 
0.122411 0.116834 
0.121884 0.111942 

2.5 

2.6 

2.7 

2.8 
2.9 

0.140220 0.102329 
0.138395 0.097554 
0.136523 0.093062 
0.134619 0.088837 
0.132693 0.084859 

0.135331 0.103977 
0.133791 0.099265 
0.132187 0.094822 
0.130533 0.090631 
0.128842 0.086677 

0.130524 0.105339 
0.129252 0.100709 
0.127900 0.096330 
0.126483 0.092189 
0.125016 0.088273 

0.125814 

0.124792 

0.123676 

0.122484 

0.121229 

0.106436 

0.101901 

0.097601 

0.093523 

0.089658 

0.121215 0.107286 
0.120424 0.102858 
0.119530 0.098648 
0.118548 0.094646 
0.117492 0.090842 

3.0 

0.130757 0.081113 

0.127125 0.082944 

0.123510 0.084568 

0.119922 

0.085992 

0.116375 0.087227 

y 

*“2.5 

*=2.6 

*=2.7 

*= 

2.8 

*=2.9 

0.0 

0.1 

0.2 

0.3 

0.4 

0.001930 0.251723 
0.014698 0.250050 
0.026841 0.247092 
0.038226 0.243042 
0.048773 0.238092 

0.001159 0.239403 
0.012635 0.238187 
0.023653 0.235838 
0.034087 0.232504 
0.043849 0.228337 

0.000682 0.228355 
0.011037 0.227458 
0.021057 0.225569 
0.030626 0.222800 
0.039656 0.219268 

0.000394 

0.009778 

0.018918 

0.027707 

0.036064 

0.218399 

0.217722 

0.216181 

0.213858 

0.210843 

0.000223 0.209377 
0.008769 0.208854 
0.017134 0.207577 
0.025225 0.205607 
0.032967 0.203014 

0.5 

0.6 

0.7 

0.8 

0.9 

0,058437 0.232420 
0.067205 0.226190 
0.075088 0.219546 
0.082112 0.212614 
0.088317 0.205504 

0.052885 0.223482 
0.061167 0.218077 
0.068691 0.212247 
0.075467 0.206103 
0.081521 0.199744 

0.048090 0.215093 
0.055890 0.210387 
0.063043 0.205258 
0.069548 0.199804 
0.075416 0.194111 

0.043930 

0.051264 

0.058046 

0.064266 

0.069927 

0.207232 

0.203119 

0.198594 

0.193741 

0.188638 

0.040304 0.199873 
0.047194 0.196262 
0.053611 0.192256 
0.059543 0.187927 
0.064986 0.183344 

1.0 

1.1 

1.2 

1.3 

1.4 

0.093751 0.198307 
0.098466 0.191099 
0.102518 0.183943 
0.105960 0.176889 
0.108848 0.169977 

0.086885 0.193255 
0.091598 0.186707 
0.095702 0.180163 
0.099243 0.173670 
0.102264 0.167270 

0.080670 0.188258 
0.085338 0.182311 
0.089451 0.176328 
0.093044 0.170357 
0.096155 0.164438 

0.075043 

0.079632 

0.083718 

0.087328 

0.090492 

0.183354 

0.177950 

0.172480 

0.166990 

0.161519 

0.069944 0.178568 
0.074431 0.173654 
0.078462 0.168651 
0.082059 0.163603 
0.085245 0.158547 

1.5 

1.6 

1.7 

1.8 
1.9 

0.111233 0.163237 
0.113165 0.156692 
0.114690 0.150359 
0.115851 0.144249 
0.116689 0.138368 

0.104811 0.160996 
0.106925 0.154872 
0.108647 0.148918 
0.110016 0.143147 
0.111067 0.137569 

0.098820 0.158604 
0.101076 0.152882 
0.102957 0.147292 
0.104498 0.141851 
0.105730 0.136571 

0.093239 

0.095601 

0.097608 

0.099288 

0.100671 

0.156099 

0.150758 

0.145518 

0.140395 

0.135403 

0.088044 0.153515 
0.090482 0.148534 
0.092584 0.143625 
0.094376 0.138807 
0.095882 0.134094 

2.0 

2.1 

2.2 

2.3 

2.4 

0.117239 0.132720 
0.117534 0.127305 
0.117606 0.122121 
0.117481 0.117164 
0.117184 0.112428 

0.111834 0.132191 
0.112347 0.127015 
0.112635 0.122042 
0.112723 0.117271 
0.112633 0.112699 

0.106683 0.131459 
0.107386 0.126522 
0.107864 0.121762 
0.108140 0.117180 
0.108238 0.112775 

0.101783 

0.102649 

0.103293 

0.103737 

0.104002 

0.130553 

0.125851 

0.121303 

0.116911 

0.112676 

0.097127 0.129498 
0.098133 0.125027 
0.098922 0.120688 
0.099513 0.116484 
0.099925 0.112419 

2.5 

2.6 

2.7 

2.8 
2.9 

0.116737 0.107909 
0.116160 0.103597 
0.115471 0.099487 
0.114685 0.095570 
0.113816 0.091838 

0.112389 0.108322 
0.112008 0.104136 
0.111508 0.100133 
0.110904 0.096309 
0.110210 0.092657 

0.108177 0.108546 
0.107975 0.104489 
0.107648 0.100601 
0.107213 0.096876 
0.106682 0.093310 

0.104105 

0.104066 

0.103898 

0.103617 

0.103236 

0.108597 

0.104674 

0.100905 

0.097284 

0.093810 

0.100177 0.108493 
0.100284 0.104707 
0.100261 0.101058 
0.100122 0.097546 
0.099879 0.094168 

3.0 

0.112878 0.088283 

0.109439 0.089170 

0.106067 0.089898 

0.102767 

0.090479 

0.099544 0.090921 

See Examples 12-19. 

”(*)= 

e ^ + | e -^ c , 2 A 





w(-x+iy)=w(x+iy) w(x-iy)=2ey 2 - x2 (cos 2xy+i sin 2xy)-w(x+iy) 


w(iy)=ev 2 erfc V i*[(l+t)«]=e~ 2 i “ 2 -[l+(i-l)^Cp^) 

+ is (? u 4 
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ERROR FUNCTION AND FRESNEL INTEGRALS 


Table 7.9 ERROR FUNCTION FOR COMPLEX ARGUMENTS 



@w(z) Jw(z) 

y 

X 

3.0 

0.0 

0.000123 

0.201157 

0.1 

0.007943 

0.200742 

0.2 

0.015627 

0.199669 

0.3 

0.023095 

0.197980 

0.4 

0.030279 

0.195732 

0.5 

0.037126 

0.192984 

0.6 

0.043598 

0.189798 

0.7 

0.049665 

0.186239 

0.8 

0.055311 

0.182368 

0.9 

0.060529 

0.178243 

1.0 

0.065318 

0.173918 

1.1 

0.069685 

0.169445 

1.2 

0.073641 

0.164866 

1.3 

0.077202 

0.160223 

1.4 

0.080385 

0.155551 

1.5 

0.083210 

0.150880 

1.6 

0.085697 

0.146236 

1.7 

0.087870 

0.141640 

1.8 

0.089749 

0.137113 

1.9 

0.091355 

0.132667 

2.0 

0.092711 

0.128317 

2.1 

0.093835 

0.124071 

2.2 

0.094748 

0.119936 

2.3 

0.095467 

0.115919 

2.4 

0.096010 

0.112023 

2.5 

0.096393 

0.108249 

2.6 

0.096632 

0.104600 

2.7 

0.096739 

0.101076 

2.8 

0.096729 

0.097674 

2.9 

0.096613 

0.094395 

3.0 

0.096402 

0.091236 


w(z)=e~ 
Siw(z) Jw(z) 

* 3.1 


2 erfc(-iz) z=x+iy 
@w(z) Jw(z) 3#w(z) ,fw(z) 


3.2 


*-3.3 


0.000067 0.193630 
0.007254 0.193292 
0.014338 0.192376 
0.021250 0.190915 
0.027929 0.188951 


0.000036 0.186704 
0.006670 0.186421 
0.013225 0.185630 
0.019639 0.184354 
0.025862 0.182626 


0.000019 0.180302 
0.006167 0.180061 
0.012252 0.179369 
0.018222 0.178245 
0.024032 0.176715 


0.034328 0.186532 
0.040407 0.183709 
0.046141 0.180534 
0.051509 0.177061 
0.056501 0.173340 


0.031849 0.180484 
0.037565 0.177970 
0.042983 0.175128 
0.048083 0.172003 
0.052854 0.168637 


0.029643 0.174808 
0.035022 0.172560 
0.040144 0.170006 
0.044989 0.167184 
0.049544 0.164132 


0.061114 0.169418 
0.065350 0.165339 
0.069216 0.161145 
0.072722 0.156872 
0.075883 0.152553 


0.057289 0.165072 
0.061387 0.161349 
0.065151 0.157502 
0.068589 0.153567 
0.071711 0.149572 


0.053801 0.160886 
0.057757 0.157480 
0.061413 0.153948 
0.064773 0.150320 
0.067844 0.146623 


0.078712 0.148217 
0.081229 0.143888 
0.083450 0.139588 
0.085394 0.135335 
0.087080 0.131146 


0.074529 0.145545 
0.077055 0.141510 
0.079306 0.137488 
0.081297 0.133495 
0.083044 0.129548 


0.070636 0.142882 
0.073158 0.139120 
0.075423 0.135357 
0.077445 0.131609 
0.079236 0.127892 


0.088525 0.127031 
0.089749 0.123003 
0.090767 0.119068 
0.091597 0.115233 
0.092255 0.111503 


0.084562 0.125660 
0.085867 0.121840 
0.086974 0.118099 
0.087900 0.114442 
0.088657 0.110875 


0.080811 0.124219 
0.082182 0.120600 
0.083364 0.117045 
0.084370 0.113560 
0.085213 0.110153 


0.092754 0.107881 
0.093110 0.104370 
0.093336 0.100969 
0.093442 0.097680 
0.093442 0.094502 


0.089259 0.107403 
0.089719 0.104027 
0.090050 0.100751 
0.090263 0.097575 
0.090368 0.094499 


0.085905 0.106827 
0.086458 0.103586 
0.086883 0.100433 
0.087190 0.097369 
0.087391 0.094396 


0.093345 0.091434 


0.090375 0.091523 0.087493 0.091513 


y 

0.0 

0.1 

0.2 

0.3 

0.4 


*=3.5 

0.000005 0,168830 
0.005340 0.168645 
0.010633 0.168102 
0.015846 0.167212 
0.020944 0.165990 


*=3.6 

0.000002 0.163662 
0.004995 0.163498 
0.009952 0.163011 
0.014841 0.162211 
0.019632 0.161111 


*=3.7 

0.000001 0.158821 
0.004685 0.158673 
0.009339 0.158235 
0.013935 0.157513 
0.018446 0.156516 


*=3.8 

0.000001 0.154273 
0.004406 0.154140 
0.008786 0.153743 
0.013115 0.153088 
0.017370 0.152183 


0.5 

0.6 

0.7 

0.8 

0.9 


0.025897 0.164456 
0.030677 0.162633 
0.035263 0.160548 
0.039637 0.158227 
0.043785 0.155698 


0.024297 0.159725 
0.028812 0.158075 
0.033158 0.156181 
0.037316 0.154066 
0.041274 0.151755 


0.022847 0.155260 
0.027118 0.153760 
0.031239 0.152034 
0.035195 0.150102 
0.038974 0.147985 


0.021529 0.151040 
0.025574 0.149672 
0.029486 0.148094 
0.033253 0.146324 
0.036861 0.144380 


1.0 

1.1 

1.2 

1.3 

1.4 


0.047698 0.152988 
0.051370 0.150124 
0.054798 0.147132 
0.057984 0.144038 
0.060928 0.140862 


0.045023 0.149271 
0.048556 0.146637 
0.051869 0.143878 
0.054962 0.141014 
0.057835 0.138067 


0.042565 0.145703 
0.045962 0.143277 
0.049161 0.140727 
0.052159 0.138074 
0.054958 0.135336 


0.040301 0.142279 
0.043567 0.140039 
0.046653 0.137680 
0.049558 0.135218 
0.052279 0.132671 


1.5 

1.6 

1.7 

1.8 
1.9 


0.063637 0.137628 
0.066116 0.134354 
0.068374 0.131058 
0.070419 0.127755 
0.072260 0.124460 


0.060491 0.135056 
0.062936 0.131999 
0.065176 0.128913 
0.067217 0.125812 
0.069068 0.122709 


0.057557 0.132530 
0.059962 0.129674 
0.062177 0.126782 
0.064206 0.123869 
0.066058 0.120947 


0.054819 0.130054 
0.057179 0.127384 
0.059362 0.124673 
0.061374 0.121935 
0.063219 0.119182 


2.0 

2.1 

2.2 

2.3 

2.4 


0.073908 0.121185 
0.075373 0.117940 
0.076666 0.114735 
0.077796 0.111578 
0.078774 0.108474 


0.070736 0.119617 
0.072232 0.116545 
0.073563 0.113503 
0.074739 0.110500 
0.075770 0.107540 


0.067738 0.118027 
0.069254 0.115120 
0.070615 0.112234 
0.071829 0.109377 
0.072902 0.106556 


0.064903 0.116425 
0.066433 0.113673 
0.067815 0.110935 
0.069058 0.108218 
0.070166 0.105530 


2.5 

2.6 

2.7 

2.8 
2.9 


0.079611 0.105431 
0.080316 0.102451 
0.080898 0.099538 
0.081366 0.096696 
0.081730 0.093927 


0.076664 0.104631 
0.077430 0.101777 
0.078076 0.098981 
0.078612 0.096247 
0.079044 0.093577 


0.073845 0.103777 
0.074663 0.101044 
0.075366 0,098362 
0.075961 0.095734 
0.076455 0.093162 


0.071149 0.102875 
0.072013 0.100260 
0.072764 0.097688 
0.073411 0.095163 
0.073959 0.092688 


3.0 0.081996 0.091230 0.079381 0.090973 

If *>3.9 ory>3 ^H*^ 613135 


0.076855 0.090649 0.074415 0.090265 

. 0.09999216 0.002883894 \ , N 
X50I635 zM. 7844927 + * 2 -5.5253437/ +€(z) 
0.5124242 0.05176536 


Tf . . . ( 0.5124242 0.05176536\ , x , _ _ „ 

!f x >6orr>6 ™(*)-«^ 2752551 V-272474s H*> toWI <10 “ 6 


@w(z) Jw(z) 

*=3.4 

0.000010 0.174362 
0.005728 0.174152 
0.011394 0.173542 
0.016966 0.172545 
0.022403 0.171181 

0.027670 0.169475 
0.032738 0.167455 
0.037582 0.165151 
0.042185 0.162596 
0.046532 0.159821 

0.050615 0.156858 
0.054428 0.153738 
0.057971 0.150490 
0.061246 0.147141 
0.064258 0.143717 

0.067012 0.140239 
0.069518 0.136731 
0.071785 0.133209 
0.073823 0.129691 
0.075646 0.126192 

0.077263 0.122723 
0.078687 0.119296 
0.079930 0.115919 
0.081004 0.112602 
0.081921 0.109349 

0.082690 0.106166 
0.083324 0.103057 
0.083832 0.100026 
0.084225 0.097073 
0.084511 0.094202 

0.084700 0.091413 

*3.9 

0.000000 0.149992 
0.004153 0.149871 
0.008282 0.149510 
0.012368 0.148913 
0.016389 0.148088 

0.020326 0.147044 
0.024162 0.145792 
0.027880 0.144346 
0.031469 0.142721 
0.034916 0.140931 

0.038212 0.138993 
0.041352 0.136922 
0.044328 0.134735 
0.047139 0.132448 
0.049783 0.130076 

0.052260 0.127633 
0.054572 0.125133 
0.056720 0.122591 
0.058708 0.120016 
0.060540 0.117422 

0.062222 0.114817 
0.063759 0.112212 
0.065156 0.109614 
0.066420 0.107031 
0.067556 0.104469 

0.068572 0.101935 
0.069474 0.099433 
0.070267 0.096968 
0.070959 0.094543 
0.071555 0.092162 

0.072061 0.089826 
€(z)|<2x10-6 


•See page n. 



ERROR FUNCTION AND FRESNEL INTEGRALS 


COMPLEX ZEROS OF THE ERROR FUNCTION Table 7.10 


n Xn 

1 1. 45061 616 

2 2.24465 928 

3 2.83974 105 

4 3.33546 074 

5 3. 76900 557 


erf Zn =0 

Vn 

1.88094 300 
2.61657 514 
3.17562 810 
3.64617 438 
4. 06069 723 


z n =x n +iy n 
n Xn 

6 4.15899 840 

7 4.51631 940 

8 4.84797 031 

9 5.15876 791 

10 5.45219 220 


erf z n =e rf (-z n )=erf z n =erf (~z n ) =0 


Vn 

4.43557 144 
4.78044 764 
5. 10158 804 
5.40333 264 
5.68883 744 


® n^l 

y n ~2 


rm\ ln (V 2 ”'j) 


(»> 0 ) 


From H. E. Salzer, Complex zeros of the error function, J. Franklin Inst. 260,209-211, 
1955 (with permission). 



COMPLEX ZEROS OF FRESNEL INTEGRALS 

Table 7.11 


C(Zn)- 0 

Z n =x n +iy n 



S(z*n) =0 

Z n—Xn~h‘ i yn 


n 

Xn Vn 

Xn 

Vn 

0 

0.0000 0.0000 

0.0000 

0. 0000 

1 

1. 7437 0. 3057 

2. 0093 

0. 2886 

2 

2. 6515 0.2529 

2.8335 

0.2443 

3 

3. 3208 0. 2239 

3. 4675 

0. 2185 

4 

3. 8759 0. 2047 

4.0026 

0.2008 

5 

4. 3611 0.1909 

4. 4742 

0.1877 


C, s C, . C,- x C, - \ C, . v 

g\ z n) g\ z n ) ~g( z n) _ g( s «) -g( iz n) 

=g(~iZn)=g(-nn)=%(iZn)=° 



Xn^in 1 

ln(xy4 n -l) 

v "~ xvis^i 




(«>0) 




.HZnfi) 

^ 2+" 




MAXIMA 

AND MINIMA 

OF FRESNEL INTEGRALS 

Table 7.12 


_¥ B = C(y4n+l) w n =C(V4» + 3) 

= +2) < = S(V$ 

rc + 4) 

n 

M n 

m n 

Ml 

ttin 

0 

0.779893 

0.321056 

0.713972 

0. 343415 

1 

0.640807 

0.380389 

0.628940 

0. 387969 

2 

0.605721 

0.404260 

0. 600361 

0.408301 

3 

0.588128 

0.417922 

0.584942 

0. 420516 

4 

0.577121 

0. 427036 

0. 574957 

0.428877 

5 

0.569413 

0.433666 

0.567822 

0. 435059 




1 

2 


^( 471 + 1 ) 2-3 

' x3 ( 4n + 1 ) 5/2 


Vln' 


1 x2(4n+3)2-3 

2 ir3(4n+3)5/2 




„„ 1 ^ 2 ( 471 + 2 ) 2-3 , 1 16 ^( n + l ) 2-8 

n ^ 2 + x3 ( 4n + 2 ) 5/2 ™ n ~2 32x3 ( n + 1 ) 5/2 


From G. N. Watson, A treatise on the theory of Bessel functions, 2d ed. Cambridge Univ. 
Press, Cambridge, England, 1958 (with permission). 


329 




8. Legendre Functions 

Irene A. Stegun 1 

Contents 

Page 

Mathematical Properties. 332 

Notation. 332 

8.1. Differential Equation. 332 

8.2. Relations Between Legendre Functions. 333 

8.3. Values on the Cut. 333 

8.4. Explicit Expressions. 333 

8.5. Recurrence Relations. 333 

8.6. Special Values. 334 

8.7. Trigonometric Expansions. 335 

8.8. Integral Representations. 335 

8.9. Summation Formulas. 335 

8.10. Asymptotic Expansions. 335 

8.11. Toroidal Functions. 336 

8.12. Conical Functions. 337 

8.13. Relation to Elliptic Integrals. 337 

8.14. Integrals. 337 

Numerical Methods. 339 

8.15. Use and Extension of the Tables. 339 

References. 340 

Table 8.1. Legendre Function-First Kind P n (x) (x<\) . 342 

z=0(.01)l, n=0(l)3, 9, 10, 5-8D 

Table 8.2. Derivative of the Legendre Function-First Kind P' n (x ) 

(cc<l). 344 

a;=0(.01)l, 71=1(1)4, 9, 10, 5-7D 

Table 8.3. Legendre Function-Second Kind Q n {x) (x<l). 346 

z=0(.01)l, n=0(l)3, 9, 10, 8D 

Table 8.4. Derivative of the Legendre Function-Second Kind Q' n {x) 

(x<l) . 348 

z=0(.01)l, n=0(l)3, 9, 10, 6-8D 

Table 8.5. Legendre Function-First Kind P n (x) (z>l). 350 

a:?=l(.2)10, 71=0(1)5, 9, 10, exact or 6S 
Table 8.6. Derivative of the Legendre Function-First Kind P' n {x) 

(a;>l). 351 

x=l(.2)10, n=l(l)5, 9, 10, 6S 

Table 8.7. Legendre Function-Second Kind Q n {x) (x>l). 352 

z=l(.2)10, 71=0(1)3, 9, 10, 6S 

Table 8.8. Derivative of the Legendre Function-Second Kind Q' n {x) 

( x>l ). 353 

x=l(.2)10, 71=0(1)3, 9, 10, 6S 

The author acknowledges the assistance of Ruth E. Capuano, Elizabeth F. Godefroy, 
David S. Liepman, and Bertha H. Walter in the preparation and checking of the tables 
and examples. 

1 National Bureau of Standards. 






























8. Legendre Functions 


Mathematical Properties 


The conventions used are z=x-\-iy, x, y real, 
and in particular, x always means a real number 
in the interval —I<z< + 1 with cos 9=x where 
d is likewise a real number; n and m are positive 
integers or zero; v and y are unrestricted except 
where otherwise indicated. 

Other notations are: 

p*( x ) for 

^ {X) IOr (2n—1)!! 

P nm (x) for (-1 )"Pt(x) 

T™{x) for (—l) m P%(x) 


P?(x) for (—l) w 


l (2n+l)(n—m)\ - 

I 2 


W(z) for P?(z), O${z) for Q?(z) (3tz> 1) 

C?(g) for e^Qtiz) 

Qt(z) for Sln -. ( y+u)7r Qt(z) 

^ ' sin vr ^ 

Various other definitions of the functions occur 
as well as mixing of definitions. 


8.1. Differential Equation 




(Degree v and order y with singularities at 
z=± 1, <» as ordinary branch points—p, v arbi¬ 
trary complex constants.) 

P*{z), QZ(z) —Associated Legendre Functions (Spher¬ 
ical Harmonics) of the First and Second Kinds 2 

|arg (s±l)|<ir, |arg z\<tt 

(2 2 — l)K2+l) iM 

(For P${z), m= 0, Legendre polynomials, see 
chapter 22.) 


P ;( 2 )= r ( I=ij [ 5 =lJ‘ F (—' '+ 1 ? V) 

(|1 z l < 2 ) 

(For F{a, b; c; z) see chapter 15.) 


= -- ■(*-!)«.*(!+!+1 |+§+§i r+|i i ) (|«|> 1 ) 


Alternate Forms 


(Additional forms may be obtained by means of the transformation formulas of the hyper- 
geometric function, see [8.1].) 


8.1.5 P:(g) 


— %— v)z~ v+,t ~ 


8.1.4 P*(z)=*r*(**-l)-*J V 2 2 2 2 2 / 2 z K2 2 2 2 2 2 7 l (|2 2 |<1) 

VCB-SM'+H) -G+HM-H) J 

* ,! ««'•G+H''+s~?'•+!•-) 

2 T(l+.)z’ + > _ F 1 _„. z ->\ (U-*|<i) 

+ (s 2 -l)' , 2 r(l+i—j.) V 2 2 2 2 2 2’) U ^ ’ 
8.1.6 ,-^ W - r ( 1 +^r(-rtfa-i)»-<>+!)-■ F (_, } 1+ ,. 1+M . 1=») 

+ |rO.)(s+l)«'(*-l)-‘'J!'(-»,l+F;l- # » i = ? ) (|1-*|<2) * 

* The functions Y“(0, y>)=°P smv '[ P?(cos 0) called surface harmonics of the first kind, tesseral for m<» and sectoral 
sui m<p] 

for m=n. With O<0<x, 0<#»<2 t, they are everywhere one valued and continuous functions on the surface of the 
unit sphere x*+y* + z* = 1 where x=sin 0 cos ip, y= sin® sin <p and z=cos 0. 


8.1.6 ,-6. gW - r ( 1 +H-»0r(-rtC«-i)K«+i)-«» f . 

21 (1-+-P— y) 
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8.1.7 2»(z 2 -l)-l» 


■G+1+0 

'■('+5-0' 


\ 2 2 2^2 2'2’ V 


^G - ^ - !’ 1 + 2~f’2’* 2 ) r d^K 1 ) 


TT -{« r(*) f <&(*)}= 


e w r (!±*+2) r (*±£±i) 


8.1.9 Tr{P.(a), Qn(z)}=-(z 2 - l)" 1 

8.2. Relations Between Legendre Functions 

Negative Degree 

8 .2.1 Pt„- 1 ( Z )=P!(z) 

8.2.2 

#£,.. 1 ( 2 )= {—ire^'cos virPt(z) 

+Q?(z) sin [7r(r+^)]}/sin [tt^— M )] 
Negative Argument 

8.2.3 

-P^(—= € =F< *” r jPif(ar) —— e~ i,tr sin h)]Q?{z) 

7 T 

8.2.4 Qt{-z) = -e± i "Q£{z) 

Negative Order 


fr’M-[*<*>-? 

8.2.6 «;'<z)=e— fe±g«W 

Degree M i and Order 

^ s >0 

o 27 a \ 

-"-‘V(2 2 —i) i/ v (iT)'' j r'( v +7r+‘i) 


((s 2 -!) 1 ' 2 ) 


(Upper and lower signs according as Jz^ 0.) 


P»(x)=e ± * i > lw P?(x±iO) * 

8.3.3 

=i v~ l e [ e ~V** QZ (x + iO) 

-e^'QXx-iO)] 

8.3.4 

Qil (x)—\e~ tfir [e ~ * {x + tO) + ( x— iO) ] 

(Formulas for P?(x) and Q$(x) are obtained with 
the replacement of 2—1 by {\—x)e± iir i (z 2 ~ 1) by 
(1— x 2 )e ±ir , 2+1 by x+1 for z—x±i0.) 

8.4. Explicit Expressions 

(z=cos 6) 

8.4.1 P 0 ( 2 ) — 1 P 0 (z) = l 


«^+ ln (Sl) «» W =2 lln (l^) 

=xF(\, l;!;* 1 ) 

8.4.3 Pi(z) = z P l (x)=x=cos6 

8.4.4 

«'<H ln (£ 1)- 1 «.w=l |n G^)-> 

8 . 4.5 

P 2 (z) = h(Sz 2 ~ 1) P 2 (x) = 4(3x*— 1) 

= i(3 cos 20+1) 

8.4.6 

«.(*) = |p.(*) In (+i) «,<*) = 




=-i(fir) 1/2 r(- J »- M )(s 2 -l) 1/4 «- 1,,T i > r(2) 

8.3. Values on the Cut 

l 

P:(x) = h[eV» r P?(x+iO) + e-VfP* (x-iO) ] 


8.5. Recurrence Relations 

(Both P? and Qt satisfy the same recurrence 
relations.) 

Varying Order 

8.5.1 

P“+‘(z) = (z 2 -1)-» { (,-y)tP*(z) - (»+(. )Pt-M ) 


*See page n. 
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8.5.2 

(^-D^- , =(.+ J u)(.-M+i)(2 ! -i)iPr 1 (2) 

-«) 

Varying Degree 

8.5.3 

(r-^+l)P' +1 (2) = (2»+l)2P'(8)-(v+rtP!. I (2) 

8.5.4 (2*-l) ^fi=.2P'(2)-(.+M)P'- 1 (2) 

Varying Order and Degree 

8.5.5 P? +1 ( 2 )-Pil_ 1 ( 2 ) + (2v+l)(^l)*Pr 1 (s) 

8.6. Special Values 

35—0 

8.6.1 

Pjf(0) 

=2^“^ cos [^7 t(vh-M)] r(^+|/i+i)/r(iv—I m+i) 

8 . 6.2 , 


^( 0 ) = 


—2" 1 ir* sin [£T(j'+M)]r(§v+jM+i)/r(£v—i/*+i) 

8.6.3 


r <TO*n 

L dx X=o 

2' i+1 7r -1 sin [**(*+#»)] r(§r+i.+l)/r(^-§ M +|) 

8.6.4 


TO(*) 1 = 

L dx J^o 

2^* cos [ix(v+ M )j r(i,+i M +i)/r(^-^+^) 

8.6.5 


WW(*),^(*)} 


_ W(j y +lM+i)r(^+i M +i) 
!0 r(iF-i M +i)r(i»-i M +i) 


8.6.9 




, 1/2 (z 2 -l)- 1/4 
2H-1 






8.6.10 

«(*)=»(|ir) 1 / 2 (^“l)- ,, 4 [a+(a*-l) 1 / *l"'-* 


8.6.11 

er i W = - i ( 2 1 r ) l ' 2 ^=^' 1 ,, [ 2 +( 2 ! - l )‘«]-'-» * 


8.6.12 


PJ(cos 0)=(i7r) _i (sin 0) _i cos [(v+|)0] 


8.6.13 


<$.(cos 0) = — (f7r)i (sin 0) * siti [(i>+i)0] 

8.6.14 

P;Hcos 0)=(57r) _ i(j/+^)~ 1 (sin 0)~* sin [(v+£)0] 


8.6.15 

Q; i (cos0)=^(27r) *(2v+l)~ l (sin0)“* cos [(j'+i)^] * 

H=—v 


8.6.16 


8.6.17 


P~Az)= 


2--(3 2 -l)l- 

r(v+i) 


P/(cos 0) = 


2“"(sin 0)” 

rM-i) 


m=0, 


M =m=l, 2, 3, . . . 

8.6.6 

PT(s) = (2 2 -l)i' n 

(LZ 

PT(^) = (-l) m (l-x 2 )^— 

dx m 

8.6.7 

az 

#(x) = (-l)»(l-;c*)J* 

dx m 

M~±f 

8.6.8 

P\{z)~{z 2 — 1)~ 1/4 (2tt)~ 1/2 {[s+(s 2 — l) 1 ' 2 ]^* 
_ +[2+(2 2 -l) 1/2 ]—i} 


8.6.18 


(Rodrigues’ Formula) 


^. 00 = 


1 

2 n n! 


d n {z? —l) w 
dz n 


8.6.19 <2„(*)=i P.(x) In 

where 




2n—5 

3^=1) 


Pn- 3 (X) 


2n—9 
' 5(n—2) 


Pn- 5 (X)+ • . . 



F w -i(x)P n _ m (x) 


W _ 1 ( a :)=0 


•See page ii. 
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8.6.20 J =2 In (cos ?d) 

8.6.21 ^ J =—tan ^0—2 cot ^0 In (cos %d) 

8.6.22 - lp os _ fl) J = _a tan £0 sin 2 ^0-fsin 0 In (cos \d) 

8.7. Trigonometric Expansions (0 <CB<Cj) 

8.7.1 Py (cos d) = TT-^2^(sm 9)» £ —|¥ X i \ + — ) * sin [(p+ M -f2fc+l)0] 

1 v^-rfJ k -o a:: 

8.7.2 <?:(cos 8)=x-2-( S in «. g cos [(,+„+2i+l)0] 

8.7.3 P.( cos «)=^2ST7j! [ sin ( n+1 ) # +|^ si " ( n+3) ' , + 5 2r (2n+'3)(ai+5) sin (n+5)S + ' • ] 

8.7.4 e,(cos «)^^§[> S {n+1) e+£±cos (»+5)*+ . . .] 


8 .8. Integral Representations 

(z not on the real axis between — 1 and — “) 


8.8.1 P?(e) = 


2 -*'( s 2 — 1 )-^ 
: T(-v-n)T(v+l) , 


(z-j-cosh ty~ v 1 (sinh t) 2vJrX dt 


{&(-*)>&*>- 1) 


8.8.2 QS(z)=^^ F (>-MTll (g8 ~ 1)tl ‘ J o "(*+(2 2 -l)'cosli<]-'-“->(sinli0 2 'rf( W>±> i+l)>0) * 

8.8.3 <?.(s)=|J 1 i (s-()-'P»(0rf( = (-l)" +, en(-«) 

(For other integral representations see [8.2].) 

8.9. Summation Formulas 

8.9.1 (J-oi;(2m + l)P„(s)P„(e) = (n+l)[/ ) , +1 ({)P„(3)-P„({)P n+1 (s)] 

771=0 

8.9.2 a-*)S(2in+l)P«(*)Q.(«=l-(»+l)[P. +1 (*)«.(f)-P.(*)«. + ,(t)] 

771=0 

8.10. Asymptotic Expansions 

For fixed z and v and ^fx— »<», 8.10.1^8.10.3 are asymptotic expansions if z is not on the real 
axis between — a> and —1 and +» and +1. (Upper or lower signs according as ^/z^0.) 

8.i«.i Prco= - ( ^7 u + r iy r ~(Si) ,l,sin ” +1:1+,u; j+i*) 

_smj» ^ /!^ly F( _ F+1; l + „; 4-^)1 

sm hit \z+l/ J 

8.10.2 Q:(z)=le‘- F f (fry) 1 * r(«--) [ f H-i; i+o; 1+1*) 

-e*'" (fipy)'* F(-», H-l; l+«; 1-1*)] 


•See page II. 
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8.10.3 e;»W= e '‘2ra + M )' ,)1 [ eT '" ”+ 1 ’ 1+ "; 

—(^y) F(—v, »+l; 1 +m; 5+^z)J 

With n replaced by — n, 8.1.2 is an asymptotic expansion for P;t m ( 2 ) for fixed z and v and 0t /*—»» 
if z is not on the real axis between — o° and — 1 . 

For fixed 2 and n and , 8.10.4 and 8 . 10.6 are asymptotic expansions if 2 is not on the real 

axis between — 00 and —1 and +00 and + 1 ; 8.10.5 if 2 is not on the real axis between — °° and + 1 . 

8 . 10.4 Pf(g)=( 2 r )-H*-i)- ut r( r(t+ 17 1 {u+( 2 2 -i)*]' + *^C%+m, ^liriyr) 

+»«-**[*- («*-i)»]' + *F(i+(*, i-o;*+»; } 


8 . 10.5 ef(*)=^(Jr)»(**-i)- u ‘ r( ;+;+ 1) | 2 -(^-i)i]-HF(i+M, 4 -m; t+y; 


8 . 10.6 Qt v (z)- 


^(frW-i)" 1 ' 4 r( M + y ; 


2 - 4 - ( 2 2 — 1 ^ i 

cos vx[ 2 + *+ v '> 2 ( 2 2 -ffl } 


_ M+y) r 

sin [tt(m— v)] r(J— j») \ 

-He 1 " cos /xt[ 2 —( 2 2 —m; ^+y; 2 (^— 1 )^ ^} 

The related asymptotic expansion for P- V {z) may be derived from 8.10.4 together with 8 . 2.1 

8.10.7 P{?(cos fl) = F ~ (hr sin 0 ) _i cos [(y+i) 6—^+^\+0(v~ 1 ) 


8 . 10.8 Q? (cos »)= r j^m 1 (2±re) >ms K'+W+s+f 


(e<C0<y _ € > €^>0) 


For other asymptotic expansions, see [8.7] and [8.9], 

8.11. Toroidal Functions (or Ring Functions) 

(Only special properties are given ; other properties and representations follow from the earlier 
sections.) 


8 . 11.1 PjL^eosh 7 ? ) = [r(l- Al )]- I 2 2 ' 1 (l-e- 2 >')-^- ( *' + i 1 ’'P(i-/i, §+y-/*; 1-2/*; l-e~ 2 * 


8 . 11.2 P£_*(cosh 17 )=- 


r(n,4-m+^)(sinh y) m 




(sin pY'dup 


Y{n—rn-\-\)2 m ^Y(m+\) J 0 (cosh t?+cos <p sinh rj) n+m+i 
8.11.3 Q:_j(cosh r / )=[r(l+ y )]- 1 V?e^r(Hy+/‘)(l-« _2, ) , ‘«' ( ' +|) ^(H^ £+y+/*; l+y; e" 2 ’) 


8.11.4 Q£_i(cosh 17 ) = 




cosh dt 


(-l)«r(n+j) _ 

Y{n-m+$) Jo (cosh 77+cosh i sinh 17 ) n+i 


(n>m) 


*See page n. 
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8.12. Conical Functions 


(P-V<x( COS 0), Qti +n ( cos 6 )) 


(Only special properties are given as other 
properties and representations follow from earlier 
sections with v= —$ + iX (X, a real parameter) and 
2 =cos 0.) 


8.12.1 

D / i , 4\ 2 +l 2 . 2 0 

P_ i+( x (cos 0) = H—^ sin 2 


(4X 2 +l 2 )(4X 2 +3 2 ) 
+ 2 2 4 2 


sin 4 2 + • • • 


(o<K») 


8.12.2 P_ 1+ ,x(cos 0)=P_j_,x(cos0) 
cosh Xfr/< 


8.12.3 P-| + ,„(cos «)=- P- 

’TjO 

8.12.4 

^_ JT jx(cos 0) = ± i sinh \ir 


2 (cos t —cos 0) 
cos \tdt 


fj 

/. 


8.12.5 

P- i+< x(-cos 0) 

cosh Xt 


2(cosh <+cos 0) 
cosh \tdt 
V2(cosh t —cos 0) 


[Q-j+<x(cos 0) + £_ 1 _ < x(cos 0)] 


8.13. Relation to Elliptic Integrals 
(see chapter 17) ($S?>0) 


8.13.1 e.,(i)-=V^r 


k (M) 


8.13.2 

P - j (cosh v) =|j cosh | J AT (t anh 0 

8.13.3 

«-«=V3i*(ViE) 

8.13.4 

Q_l(cosh l 7 )= 2 e~ , ' /2 i£(e” ,, ) 

8.13.5 


PlU-l (*+ (yj *+(*._!)./•) 

8.13.6 

Pt(cosh 1 ?)=^ e ,/2 £’(\1 —tf -2 ’ 1 ) 

8.13.7 


&(*)=■ 

^VS k (V$) 

8.13.8 

- b «, + ,„„(V5) ( _ i<i<;i 

8.13.9 

P_*(cos 0) =~ # ^sin 0 

8.13.10 

«-,<*)=* (V?*) ’ 

8.13.11 

p 1 (x)=![2 £ ( A /Ei)-if( A /Ei)] 

8.13.12 

«.w=^(V 1 ¥'h E U l ¥) * 


8.14. Integrals 

8.14.1 J’p,(x)Q,(i)rfx=[(p_,)(p+,+ l)]-> (®P>3lr> 0) 

8.14.2 f Q,(z)Q,(x)dx=[(p —»')(p+i'-fl)]~ I hKp4'l)—il'ti'+l)] (^P(p+ v)^> —1, 

v, p^ —1, —2, —3, . . .) 

8.14.3 [Q,(x)]*dx=(2 v +l)-'V( v +l) (#*>-*) 


8.14.4 j P„(x)P p (x)dx—~ [(p— J'Xp+r-f l)]" 1 {2 sin tp sin rp[4'(v-\- 1)—^(p-f l)]+irsin (rp—vv )} 

(p+p+l*0) 


,{x)] 2 dx 


_ y 2 —2(sin ir V ) 2 i'{v+\) * 

**(*+$) 


8.14.5 J l [P,\ 

8.14.6 J* Q*{x)Q p {x)dx=[{p— p)(p+i'+l)] -l {[i//0 / +1)—^(p+ l)][H-cos pir cos vtt] — \ir sin (nr— prr)} * 

(p-fp+1 ?**0; v, p^ — 1, —2, —3, . . .) 

8.14.7 J‘ | lQ,(i)l’*=(2«+l)- 1 {lir ! -*'(v+l)[H-(cosvx) ! l} <v*-l. -2, -3, . . .) 


•See page u. 
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8.14.8 J* P v {x)Q P {x)dx=[{v— pXp+p+I)] 1 *^1—cos (pr— vt) — ^sin tv cos tj#(v 4 - 1 ) — ^(p-f-1)]^ 

(^>0, <^p>0, p9^v) 

8.14.9 f 1 P,(x)Q y (x)dx=~- (2V+1)' 1 sin 2wr*'(*'+l) (#v>0) 

J-l * 

(m,n, l positive integers) 


8.14.10 

8.14.13 J 1 i [Pr(2)]«*=i(n+i)“ 1 (n+m)!/(»-m)! 

1) - { i- n \^ n +ttn% 

8.14.14 

8.14.11 J 1 P%(x)P?(x)dx= 0 (l *n) 

J* (1—x 2 ) _1 [i^r(a:)] 2 cZa:=(n+m)!/m(n—m)! 


8.14.15 

8.14.12 j* P%{x)P l n (x)(\—x 2 )~ l dx— 0 (Zr^m) 

Ppm^ ^2-p- x r(i+ P ) 

r(l+lp-*r)r(Jp+ir+|) 


(«p>—1) 


8.14.16 


r 


(sin t)“ 1 F J r M (cos t)<ZZ= 


_ 2 % r (^ o !+^ p ) r (^ Q :— i M ) _ 

r(^+ia+^)r(^a—iv)r(^M+^+i)r(5/i — 


(@(<x±p)>0) 


8.14.17 



Figure 8.1. P„(co6 0). n=0(l)3. 


Figure 8.2. PJ(x). n=1(1)3, x<l. 
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66 y 



Q n (X) 



234 56789 10 

Figure 8.5. <2„(x). »=0(1)3, s>l. 


Numerical Methods 

8.15. Use and Extension of the Tables 
Computation of P n (x) 

For all values of x there is very little loss of 
significant figures (except at zeros) in using the 
recurrence relation 8.5.3 for increasing values of n. 

Example 1. Compute/ 3 * (3) for3=.31415 92654 
and z=2.6 for n= 2(1)8. 
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n P„(.31415 92654) 

0 1 

1 .31415 92654 

2 -.35195 59340 

3 -.39372 32064 

4 .04750 63122 

5 .34184 27517 

6 .15729 86975 

7 -.20123 39354 

8 -.25617 29328 


P n (2.6) 

1 

2.6 
9. 64 
40.04 
174. 952 
786. 74336 
3604.350016 
16729.51005 
78402. 55522 


Computing P&(x) using Table 22.9 carrying ten 
significant figures, P 8 (.31415 92654) = —.25617 2933 
and P 8 (2.6) = 78402.55526. 


Computation of Q n (x) 

For z<l, use of 8.5.3 for increasing values of n 
leads to very little loss of significant figures. 
However, for x>l, the recurrence relation 8.5.3 
should be used only for decreasing values of n , 
after having first obtained Q n using the formulas 
in terms of hypergeometric functions. 

Example 2 . Compute Q n (x) for x=.31415 92654 
and n=0(l)4. 

With the aid of 8.4.2 and 8.4.4 we obtain 


» Q„(.31415 92654) 

0 .32515 34813 

1 -.89785 00212 

2 -.58567 85953 

3 .29190 60854 

4 . 59974 26989 

Using the results of Example 1 together with 
8.6.19. we find Q i (x) = ±P<(x )In ([±0-W 3 (x) 

where W^=- P 3 +| Pi, giving &(.31415 92654) = 
.59974 26989. 


Example 3. Compute Q 5 (x) for x—2.6. 

Ten terms in the series for F ^ 

of 8.1.3 are necessary to obtain nine significant 
figures giving Q s (2. 6) =4.8182 4468X10~ 5 . Using 
8.5.3 with increasing values of n carrying ten 
significant figures we obtain 

n Q n ( 2.6) 

0 .40546 51081 

1 .05420 928 

2 .00868 364 

3 . 00148 95 

4 . 00026 49 

5 .00004 81 

where Q 0 and Qi are obtained using 8.4.2 and 8.4.4. 

Computation of P±j(x), <2±i(x) 

For all values of x, P±$( x) and Q±i(x) are most 
easily computed by means of 8.13. 

Example 4. Compute Q-\{x) for x=2.6. 

Using 8.13.3 and interpolating in Table 17.1 for 
K(.5), we find 


= (.74535 59925) (1.90424 1417) 
= 1.41933 7751. 

On the other hand, at least nine terms in the 

t V + l. i 3. 1\ f o i o 

expansion of FI-v-\-^ p ) of 8.1.3 are 

necessary to obtain comparable accuracy. 
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Table 8.1 LEGENDRE FUNCTION—FIRST KIND P n (x) 

Po{x) = 1 Pi Or)-* 


X 

arccos x 

PM 

PM 

PM 


PiM 

0.00 

90.00000 00 

-0. 50000 

0.00000 00 

0.00000 

000 

-0.24609 37 

0, 01 

89.42703 26 

-0.49985 

-0. 01499 75 

0. 02457 

330 

-0.24474 14 

0. 02 

88. 85400 80 

-0. 49940 

-0. 02998 00 

0. 04893 

045 

-0.24069 84 

0.03 

88.28086 87 

-0. 49865 

-0.04493 25 

0.07285 

701 

-0.23400 69 

0. 04 

87.70755 72 

-0.49760 

-0.05984 00 

0. 09614 

188 

-0.22473 64 

0.05 

87.13401 60 

-0.49625 

-0.07468 75 

0.11857 

899 

-0.21298 35 

0.06 

86.56018 72 

-0. 49460 

-0. 08946 00 

0.13996 

890 

-0.19887 11 

0. 07 

85.98601 28 

-0.49265 

-0.10414 25 

0.16012 

040 

-0.18254 68 

0. 08 

85.41143 43 

-0.49040 

-0.11872 00 

0.17885 

206 

-0.16418 20 

0.09 

84. 83639 29 

-0. 48785 

-0.13317 75 

0.19599 

366 

-0.14397 02 

0.10 

84.26082 95 

-0. 48500 

-0.14750 00 

0. 21138 

764 

-0.12212 50 

0.11 

83.68468 44 

-0. 48185 

-0.16167 25 

0.22489 

042 

-0. 09887 86 

0.12 

83.10789 74 

-0.47840 

-0.17568 00 

0.23637 

363 

-0. 07447 93 

0.13 

82. 53040 77 

-0. 47465 

-0.18950 75 

0.24572 

526 

-0.04918 90 

0.14 

81. 95215 37 

-0. 47060 

-0.20314 00 

0.25285 

070 

-0. 02328 12 

0.15 

81.37307 34 

-0. 46625 

-0.21656 25 

0. 25767 

367 

+0.00296 18 

0.16 

80.79310 38 

-0. 46160 

-0.22976 00 

0.26013 

706 

0. 02925 20 

0.17 

80.21218 10 

-0.45665 

-0.24271 75 

0.26020 

358 

0. 05529 81 

0.18 

79. 63024 02 

-0. 45140 

-0.25542 00 

0.25785 

632 

0.08080 85 

0.19 

79.04721 58 

-0. 44585 

-0.26785 25 

0.25309 

918 

0.10549 42 

0.20 

78.46304 10 

-0. 44000 

-0.28000 00 

0.24595 

712 

0.12907 20 

0. 21 

77.87764 77 

-0. 43385 

-0.29184 75 

0. 23647 

631 

0.15126 74 

0.22 

77.29096 70 

-0. 42740 

-0.30338 00 

0.22472 

407 

0.17181 75 

0. 23 

76. 70292 82 

-0. 42065 

-0.31458 25 

0. 21078 

870 

0.19047 36 

0.24 

76.11345 96 

-0.41360 

-0.32544 00 

0.19477 

914 

0.20700 49 

0. 25 

75. 52248 78 

-0. 40625 

-0.33593 75 

0.17682 

442 

0.22120 02 

0.26 

74. 92993 79 

-0.39860 

-0.34606 00 

0.15707 

305 

0.23287 14 

0.27 

74.33573 31 

-0. 39065 

-0.35579 25 

0.13569 

215 

0.24185 52 

0.28 

73.73979 53 

-0.38240 

-0.36512 00 

0.11286 

642 

0.24801 62 

0.29 

73.14204 40 

-0.37385 

-0.37402 75 

0. 08879 

707 

0.25124 81 

0.30 

72.54239 69 

-0. 36500 

-0.38250 00 

0. 06370 

038 

0.25147 63 

0.31 

71. 94076 95 

-0. 35585 

-0.39052 25 

0. 03780 

634 

0.24865 91 

0.32 

71.33707 51 

-0.34640 

-0.39808 00 

+0. 01135 

691 

0.24278 89 

0. 33 

70.73122 45 

-0.33665 

-0.40515 75 

-0. 01539 

566 

0.23389 37 

0.34 

70.12312 59 

-0. 32660 

-0.41174 00 

-0. 04219 

085 

0.22203 73 

0.35 

69. 51268 49 

-0.31625 

-0.41781 25 

-0. 06876 

185 

0.20732 00 

0.36 

68.89980 39 

-0.30560 

-0.42336 00 

-0. 09483 

780 

0.18987 83 

0.37 

68.28438 27 

-0.29465 

-0.42836 75 

-0.12014 

608 

0.16988 48 

0.38 

67.66631 73 

-0. 28340 

-0.43282 00 

-0.14441 

472 

0.14754 72 

0. 39 

67. 04550 06 

-0.27185 

-0.43670 25 

-0.16737 

489 

0.12310 73 

0.40 

66.42182 15 

-0.26000 

-0.44000 00 

-0.18876 

356 

0.09683 91 

0. 41 

65.79516 52 

-0. 24785 

-0.44269 75 

-0. 20832 

609 

0. 06904 71 

0.42 

65.16541 25 

-0. 23540 

-0.44478 00 

-0.22581 

900 

0.04006 39 

0. 43 

64. 53243 99 

-0. 22265 

-0.44623 25 

-0.24101 

269 

+0. 01024 69 

0.44 

63. 89611 88 

-0.20960 

-0.44704 00 

-0. 25369 

426 

-0. 02002 45 

0.45 

63.25631 61 

-0.19625 

-0.44718 75 

-0. 26367 

022 

-0.05035 30 

0. 46 

62.61289 25 

-0.18260 

-0.44666 00 

-0.27076 

932 

-0.08032 72 

0. 47 

61.96570 35 

-0.16865 

-0.44544 25 

-0. 27484 

521 

-0.10952 64 

0.48 

61.31459 80 

-0.15440 

-0.44352 00 

-0.27577 

908 

-0.13752 51 

0. 49 

60.65941 84 

-0.13985 

-0.44087 75 

-0. 27348 

225 

-0.16389 87 

0.50 

60. 00000 00 

-0. 12500 

-0.43750 00 

-0. 26789 

856 

-0.18822 86 


f(-4)5-1 

[(- 5)4-] 

f(-5)9-1 

r(-4)4-i 

F(-4) 4 ] 


L 5 J 

L 3 J 

L 4 J 

L 6 

J 

L 6 J 


P 2 {x) = h(- 1+3x2) P 3 (*)»|(-3+5x2) 


P 9 (*) = (1260 - 18480* 2 +72072x 4 - 102960x6+48620*8) 

P,°(x) = JL (- 252+13860* 2 - 120120x 4 +360360x a - 437580*8+184756x 1 ») 


(w+l)P n +i(x) = (2n+l)xP n (x) -nPn-i(x) 
For coefficients of other polynomials, see chapter 22. 
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LEGENDRE FUNCTION—FIRST KIND /»„(*) Table 8.1 

Pq(x)= 1 Pl(x)=X 


X 

arecos x 

ft(x) 

P 3 (x) 

P 9 (x) 

Pio(x) 

0.50 

60. 00000 00 

-0.12500 

-0.43750 00 

-0.26789 856 

-0.18822 86 

0. 51 

59.33617 03 

-0.10985 

-0.43337 25 

-0.25900 667 

-0.21010 83 

0.52 

58.66774 85 

-0.09440 

-0.42848 00 

-0.24682 215 

-0.22914 92 

0. 53 

57. 99454 51 

-0.07865 

-0.42280 75 

-0.23139 939 

-0.24498 73 

0. 54 

57.31636 11 

-0.06260 

-0.41634 00 

-0.21283 321 

-0.25728 92 

0. 55 

56.63298 70 

-0.04625 

-0.40906 25 

-0.19126 025 

-0.26575 85 

0. 56 

55.94420 22 

-0. 02960 

-0.40096 00 

-0.16686 000 

-0.27014 28 

0.57 

55.24977 42 

-0.01265 

-0.39201 75 

-0.13985 552 

-0.27023 97 

0.58 

54.54945 74 

+0. 00460 

-0.38222 00 

-0.11051 366 

-0.26590 30 

0. 59 

53.84299 18 

0. 02215 

-0.37155 25 

-0.07914 497 

-0.25704 92 

0. 60 

53.13010 24 

0.04000 

-0.36000 00 

-0.04610 304 

-0.24366 27 

0. 61 

52.41049 70 

0. 05815 

-0.34754 75 

-0. 01178 332 

-0.22580 16 

0. 62 

51.68386 55 

0.07660 

-0.33418 00 

+0. 02337 862 

-0.20360 19 

0. 63 

50.94987 75 

0.09535 

-0.31988 25 

0.05890 951 

-0.17728 16 

0. 64 

50.20818 05 

0.11440 

-0.30464 00 

0. 09430 141 

-0.14714 41 

0. 65 

49.45839 81 

0. 13375 

-0.28843 75 

0.12901 554 

-0.11358 05 

0.66 

48.70012 72 

0.15340 

-0. 27126 00 

0.16248 693 

-0. 07707 01 

0. 67 

47.93293 52 

0.17335 

-0.25309 25 

0.19412 981 

-0. 03818 08 

0. 68 

47.15635 69 

0.19360 

-0.23392 00 

0.22334 410 

+0. 00243 30 

0.69 

46.36989 11 

0.21415 

-0.21372 75 

0.24952 270 

0.04403 37 

0.70 

45.57299 60 

0.23500 

-0.19250 00 

0.27205 993 

0. 08580 58 

0. 71 

44.76508 47 

0. 25615 

-0.17022 25 

0.29036 111 

0.12686 31 

0.72 

43.94551 96 

0.27760 

-0.14688 00 

0.30385 323 

0.16625 89 

0. 73 

43.11360 59 

0. 29935 

-0.12245 75 

0.31199 698 

0.20299 76 

0. 74 

42.26858 44 

0. 32140 

-0.09694 00 

0.31430 004 

0.23605 08 

0. 75 

41.40962 21 

0. 34375 

-0. 07031 25 

0.31033 185 

0.26437 45 

0. 76 

40.53580 21 

0.36640 

-0. 04256 00 

0.29973 981 

0.28693 19 

0. 77 

39.64611 11 

0.38935 

-0.01366 75 

0.28226 712 

0.-30271 79 

0. 78 

38.73942 46 

0,41260 

+0. 01638 00 

0.25777 224 

0.31078 93 

0. 79 

37.81448 85 

0.43615 

0. 04759 75 

0.22625 012 

0.31029 79 

0. 80 

36.86989 76 

0.46000 

0.08000 00 

0.18785 528 

0.30052 98 

0. 81 

35.90406 86 

0. 48415 

0.11360 25 

0.14292 678 

0.28094 87 

0. 82 

34.91520 62 

0.50860 

0.14842 00 

0.09201 529 

0. 25124 52 

0. 83 

33.90126 20 

0.53335 

0.18446 75 

+0.03591 226 

0.21139 19 

0. 84 

32. 85988 04 

0.55840 

0.22176 00 

-0.02431 874 

0.16170 50 

0. 85 

31.78833 06 

0. 58375 

0.26031 25 

-0. 08730 820 

0.10291 23 

0. 86 

30.68341 71 

0. 60940 

0.30014 00 

-0.15134 456 

+0.03622 91 

0. 87 

29.54136 05 

0.63535 

0.34125 75 

-0.21433 544 

-0. 03655 86 

0. 88 

28.35763 66 

0. 66160 

0.38368 00 

-0.27376 627 

-0.11300 29 

0. 89 

27.12675 31 

0. 68815 

0.42742 25 

-0.32665 610 

-0.18989 29 

0. 90 

25.84193 28 

0. 71500 

0.47250 00 

-0.36951 049 

-0.26314 56 

0. 91 

24.49464 85 

0. 74215 

0.51892 75 

-0.39827 146 

-0.32768 58 

0. 92 

23.07391 81 

0. 76960 

0.56672 00 

-0.40826 421 

-0.37731 58 

0. 93 

21.56518 50 

0. 79735 

0.61589 25 

-0.39414 060 

-0.40457 43 

0. 94 

19.94844 36 

0. 82540 

0.66646 00 

-0.34981 919 

-0.40058 29 

0. 95 

18.19487 23 

0. 85375 

0.71843 75 

-0.26842 182 

-0.35488 03 

0. 96 

16.26020 47 

0. 88240 

0.77184 00 

-0.14220 642 

-0.25524 34 

0.97 

14.06986 77 

0. 91135 

0.82668 25 

+0.03750 397 

-0. 08749 40 

0. 98 

11.47834 09 

0. 94060 

0. 88298 00 

0.28039 609 

+0.16470 81 

0. 99 

8.10961 44 

0. 97015 

0.94074 75 

0.59724 553 

0.52008 90 

1.00 

0. 00000 00 

1. 00000 

1. 00000 00 

1. 00000 000 

1.00000 00 



n-5)4i 

f( —4)21 


["(-2)21 



L 3 J 

L 4 J 

L 7 J 

L 7 J 


P 2 (x) = K- 1+3x 2 ) ft(*)-|(-3+5x2) 

P 9 (x) = ( 1260 - 18480x2+72072x4 - 102960x6 +48620x8) 


Pi 0 (x) = j^ (— 252+13860x 2 — 120120x 4 +360360x 6 — 437580x 8 +184756x 10 ) 
(«+l)P„+i(x) = (2tt+l)xP»(x) -nP n - i(x) 

For coefficients of other polynomials, see chapter 22. 
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Table 8.2 DERIVATIVE OF THE LEGENDRE FUNCTION—FIRST KIND P' n (x ) 


Pi (x) = 1 P' 2 ( x) = 3x 


X 

pm 

p m 

pm 

Pio(x) 

0.00 

-1.50000 

0. 00000 00 

2.46093 75 

0. 00000 00 

0.01 

-1.49925 

-0. 07498 25 

2.45011 64 

0.27023 41 

0.02 

-1. 49700 

-0.14986 00 

2.41773 75 

0. 53765 93 

0. 03 

-1. 49325 

-0.22452 75 

2.36405 34 

0.79949 17 

0. 04 

-1.48800 

-0.29888 00 

2.28948 35 

1. 05299 82 

0. 05 

-1.48125 

-0.37281 25 

2.19461 13 

1.29552 05 

0. 06 

-1.47300 

-0.44622 00 

2.08018 11 

1.52449 98 

0. 07 

-1.46325 

-0.51899 75 

1.94709 32 

1.73750 05 

0.08 

-1. 45200 

-0. 59104 00 

1.79639 87 

1.93223 25 

0.09 

-1.43925 

-0. 66224 25 

1.62929 31 

2.10657 29 

0.10 

-1.42500 

-0.73250 00 

1.44710 87 

2.25858 73 

0.11 

-1.40925 

-0.80170 75 

1.25130 64 

2.38654 80 

0.12 

-1.39200 

-0.86976 00 

1.04346 68 

2.48895 24 

0.13 

-1.37325 

-0.93655 25 

0.82528 00 

2.56453 90 

0.14 

-1.35300 

-1.00198 00 

0.59853 47 

2.61230 18 

0.15 

-1.33125 

-1. 06593 75 

0.36510 73 

2.63150 28 

0.16 

-1.30800 

-1.12832 00 

+0.12694 88 

2.62168 25 

0.17 

-1.28325 

-1.18902 25 

-0.11392 76 

2.58266 81 

0.18 

-1.25700 

-1.24794 00 

-0.35546 01 

2.51458 04 

0.19 

-1.22925 

-1.30496 75 

-0.59555 27 

2.41783 68 

0.20 

-1.20000 

-1.36000 00 

-0.83208 96 

2.29315 33 

0.21 

-1.16925 

-1.41293 25 

-1.06295 03 

2.14154 35 

0.22 

-1.13700 

-1.46366 00 

-1.28602 54 

1. 96431 51 

0.23 

-1.10325 

-1. 51207 75 

-1.49923 18 

1.76306 37 

0.24 

-1.06800 

-1.55808 00 

-1.70052 94 

1.53966 43 

0.25 

-1. 03125 

-1.60156 25 

-1. 88793 72 

1.29625 99 

0. 26 

-0.99300 

-1.64242 00 

-2.05954 92 

1.03524 77 

0.27 

-0.95325 

-1.68054 75 

-2.21355 15 

0.75926 26 

0.28 

-0.91200 

-1.71584 00 

-2.34823 78 

0.47115 77 

0.29 

-0.86925 

-1.74819 25 

-2.46202 63 

+0.17398 30 

0.30 

-0.82500 

-1.77750 00 

-2.55347 51 

-0.12903 87 

0.31 

-0.77925 

-1.80365 75 

-2.62129 80 

-0.43453 90 

0.32 

-0.73200 

-1.82656 00 

-2.66437 95 

-0.73903 23 

0.33 

-0.68325 

-1.84610 25 

-2.68178 96 

-1.03894 72 

0. 34 

-0.63300 

-1.86218 00 

-2.67279 74 

-1.33065 96 

0.35 

-0.58125 

-1.87468 75 

-2.63688 47 

-1.61052 81 

0. 36 

-0.52800 

-1.88352 00 

-2.57375 82 

-1.87493 10 

0.37 , 

-0.47325 

-1.88857 25 

-2.48336 07 

-2.12030 43 

0.38 

-0.41700 

-1.88974 00 

-2.36588 14 

-2.34318 21 

0.39 

-0.35925 

-1.88691 75 

-2.22176 52 

-2.54023 74 

0.40 

-0.30000 

-1.88000 00 

-2.05172 01 

-2.70832 36 

0.41 

-0.23925 

-1.86888 25 

-1.85672 35 

-2.84451 75 

0.42 

-0.17700 

-1.85346 00 

-1.63802 69 

-2.94616 13 

0.43 

-0.11325 

-1.83362 75 

-1.39715 86 

-3.01090 51 

0.44 

-0.04800 

-1.80928 00 

-1.13592 50 

-3.03674 96 

0.45 

+0. 01875 

-1.78031 25 

-0.85640 91 

-3.02208 63 

0.46 

0.08700 

-1.74662 00 

-0.56096 76 

-2. 96573 83 

0.47 

0.15675 

-1.70809 75 

-0.25222 53 

-2.86699 80 

0.48 

0. 22800 

-1.66464 00 

+0.06693 30 

-2.72566 30 

0.49 

0.30075 

-1.61614 25 

0.39337 29 

-2.54206 98 

0.50 

0. 37500 

-1.56250 00 

0.72372 44 

-2.31712 34 


[ ( -3 4)2 ] 

m 

[ ( -e 3,S ] 

[ ( t )5 ] 


P£(a;)=*(-3+15x 2 ) Pi(x)=| (-60+140x 2 ) 

p, Q(x)~~ (1260 — 55440x 2 +360360x 4 —720720x 6 +43758Qx®) 
P'u>(x) = (27720 - 480480x 2 + 2162160a; 4 - 3500640X 8 +1847560x8) 

P’ n (x)= ^±±{xPn(x)-P n+1 {x)) 
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DERIVATIVE OF THE LEGENDRE FUNCTION—FIRST KIND P' n (x ) Table 8.2 

Pi(a;) = l P 2 (x) = Zx 


X 

p'm 

P*(x) 


P»(*) 

Pio(x) 

0. 50 

0. 37500 

- 1.56250 

00 

0.72372 44 

- 2.31712 34 

0. 51 

0. 45075 

- 1.50360 

75 

1. 05439 75 

- 2. 05232 40 

0.52 

0. 52800 

- 1.43936 

00 

1.38160 24 

- 1.74978 82 

0. 53 

0. 60675 

- 1.36965 

25 

1.70137 21 

- 1.41226 67 

0.54 

0.68700 

- 1.29438 

00 

2.00958 86 

- 1.04315 43 

0.55 

0. 76875 

- 1.21343 

75 

2.30201 29 

- 0. 64649 54 

0. 56 

0. 85200 

- 1.12672 

00 

2.57431 87 

- 0.22698 16 

0.57 

0. 93675 

- 1.03412 

25 

2.82213 05 

+ 0.21005 92 

0. 58 

1.02300 

- 0. 93554 

00 

3.04106 49 

0.65868 10 

0. 59 

1.11075 

- 0. 83086 

75 

3.22677 77 

1.11234 92 

0. 60 

1. 20000 

- 0. 72000 

00 

3.37501 44 

1.56397 82 

0. 61 

1.29075 

- 0. 60283 

25 

3.48166 60 

2. 00598 31 

0. 62 

1.38300 

- 0.47926 

00 

3.54283 00 

2.43034 08 

0. 63 

1.47675 

- 0.34917 

75 

3.55487 57 

2.82866 68 

0. 64 

1.57200 

- 0.21248 

00 

3.51451 63 

3.19230 45 

0.65 

1.66875 

- 0. 06906 

25 

3.41888 50 

3. 51243 07 

0. 66 

1.76700 

+ 0.08118 

00 

3.26561 84 

3.78017 74 

0. 67 

1.86675 

0.23835 

25 

3. 05294 51 

3.98677 13 

0.68 

1.96800 

0.40256 

00 

2.77978 03 

4.12369 16 

0. 69 

2.07075 

0.57390 

75 

2.44582 82 

4.18284 84 

0.70 

2.17500 

0. 75250 

00 

2.05168 93 

4.15678 18 

0.71 

2.28075 

0. 93844 

25 

1.59897 66 

4.03888 45 

0. 72 

2.38800 

1.13184 

00 

1.09043 73 

3.82364 72 

0. 73 

2.49675 

1.33279 

75 

+ 0.53008 28 

3.50693 03 

0. 74 

2.60700 

1.54142 

00 

- 0.07667 36 

3. 08626 20 

0.75 

2.71875 

1.75781 

25 

- 0.72287 14 

2.56116 49 

0.76 

2. 83200 

1.98208 

00 

- 1.39984 93 

1.93351 26 

0. 77 

2.94675 

2.21432 

75 

- 2.09708 32 

1.20791 71 

0. 78 

3.06300 

2. 45466 

00 

- 2. 80201 52 

+ 0.39215 05 

0.79 

3.18075 

2. 70318 

25 

- 3.49987 45 

- 0.50239 96 

0. 80 

3.30000 

2.96000 

00 

- 4.17348 81 

- 1.46023 77 

0. 81 

3.42075 

3.22521 

75 

- 4.80308 26 

- 2.46122 91 

0. 82 

3.54300 

3.49894 

00 

- 5.36607 64 

- 3.48002 97 

0. 83 

3.66675 

3.78127 

25 

- 5.83686 10 

- 4.48547 21 

0. 84 

3.79200 

4.07232 

00 

- 6.18657 35 

- 5.43990 91 

0. 85 

3. 91875 

4. 37218 

75 

- 6.38285 68 

- 6.29851 03 

0.86 

4.04700 

4.68098 

00 

- 6.38961 06 

- 7.00851 07 

0. 87 

4.17675 

4.99880 

25 

- 6.16672 97 

- 7.50840 93 

0. 88 

4.30800 

5. 32576 

00 

- 5.66983 23 

- 7.72711 51 

0. 89 

4.44075 

5.66195 

75 

- 4. 84997 54 

- 7.58303 90 

0. 90 

4.57500 

6.00750 

00 

- 3.65335 89 

- 6.98312 79 

0. 91 

4.71075 

6.36249 

25 

- 2.02101 73 

- 5. 82184 03 

0. 92 

4.84800 

6. 72704 

00 

+ 0.11150 20 

- 3.98006 04 

0. 93 

4.98675 

7.10124 

75 

2.81447 18 

- 1.32394 73 

0. 94 

5.12700 

7. 48522 

00 

6.16433 35 

+ 2.29628 14 

0.95 

5.26875 

7. 87906 

25 

10.24405 70 

7. 04763 58 

0. 96 

5.41200 

8.28288 

00 

15.14351 59 

13.11571 11 

0. 97 

5.55675 

8. 69677 

75 

20.95987 66 

20. 70612 01 

0.98 

5.70300 

9.12086 

00 

27.79800 16 

30.04600 25 

0. 99 

5.85075 

9.55523 

25 

35.77086 77 

41.38561 43 

1. 00 

6. 00000 

10. 00000 

00 

45.00000 00 

55. 00000 00 


[■(-4)2-1 

r(-3)n 

r(-D2i 



L 3 J 

L 4 

J 

L 7 J 

L 7 J 



Ps(a:) = K-3+15a: 2 ) 


P*(x)~l ( —60+140a: 2 ) 



Pb (*) = (1260 - 55440a: 2 +360360a: 4 - 720720a:®+437580a; 8 ) 


P j o(x) = _|_ (27720—480480a: 2 +2162160a: 4 - 3500640a: 6 +1847560a: 8 ) 
K(x) = rS [xP n (x)-P n+ m 
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Table 8.3 


LEGENDRE FUNCTION—SECOND KIND Q 

n(x) 




* 

Qo(s) 

Q\{x) Ql(x) 

Q3(*) 

Qfl(*) 

Qio(z) 

0.00 

0.00000 

000 

-1.00000 

000 0. 00000 

000 

0. 66666 

667 

-0.40634 

921 

0. 00000 

000 

0. 01 

0.01000 

033 

-0.99990 

000 -0.01999 

867 

0. 66626 

669 

-0. 40452 

191 

-0. 04056 

181 

0. 02 

0. 02000 

267 

-0.99959 

995 -0.03998 

933 

0. 66506 

699 

-0.39905 

538 

-0. 08068 

584 

0. 03 

0. 03000 

900 

-0.99909 

973 -0.05996 

399 

0. 66306 

829 

-0.38999 

553 

-0.11993 

860 

0. 04 

0. 04002 

135 

-0.99839 

915 -0.07991 

463 

0.66027 

179 

-0.37741 

852 

-0.15789 

513 

0. 05 

0. 05004 

173 

-0.99749 

791 -0. 09983 

321 

0. 65667 

917 

-0.36143 

026 

-0.19414 

321 

0.06 

0. 06007 

216 

-0. 99639 

567 -0.11971 

169 

0.65229 

261 

-0.34216 

562 

-0. 22828 

745 

0. 07 

0. 07011 

467 

-0. 99509 

197 -0.13954 

199 

0. 64711 

475 

-0. 31978 

750 

-0. 25995 

321 

0.08 

0. 08017 

133 

-0. 99358 

629 -0.15931 

602 

0.64114 

873 

-0.29448 

565 

-0. 28879 

038 

0.09 

0. 09024 

419 

-0.99187 

802 -0.17902 

563 

0.63439 

817 

-0. 26647 

538 

-0. 31447 

701 

0.10 

0.10033 

535 

-0. 98996 

647 -0.19866 

264 

0. 62686 

720 

-0. 23599 

595 

-0. 33672 

259 

0.11 

0.11044 

692 

-0. 98785 

084 -0.21821 

885 

0. 61856 

044 

-0. 20330 

891 

-0. 35527 

122 

0.12 

0.12058 

103 

-0.98553 

028 -0.23768 

596 

0. 60948 

299 

-0.16869 

616 

-0. 36990 

435 

0.13 

0.13073 

985 

-0.98300 

382 -0.25705 

567 

0. 59964 

048 

-0.13245 

792 

-0. 38044 

330 

0.14 

0.14092 

558 

-0. 98027 

042 -0.27631 

958 

0. 58903 

905 

-0. 09491 

050 

-0. 38675 

142 

0.15 

0.15114 

044 

-0. 97732 

893 -0.29546 

923 

0. 57768 

532 

-0. 05638 

395 

-0.38873 

587 

0.16 

0.16138 

670 

-0.97417 

813 -0.31449 

610 

0. 56558 

646 

-0.01721 

959 

-0. 38634 

905 

0.17 

0.17166 

666 

-0. 97081 

667 -0.33339 

158 

0. 55275 

016 

+0.02223 

260 

-0.37958 

962 

0.18 

0.18198 

269 

-0. 96724 

312 -0.35214 

699 

0. 53918 

465 

0. 06161 

670 

-0.36850 

308 

0.19 

0.19233 

717 

-0. 96345 

594 -0.37075 

353 

0. 52489 

868 

0.10057 

361 

-0.35318 

198 

0.20 

0.20273 

255 

-0. 95945 

349 -0.38920 

232 

0.50990 

155 

0.13874 

395 

-0.33376 

565 

0. 21 

0.21317 

135 

-0. 95523 

402 -0.40748 

439 

0. 49420 

314 

0.17577 

093 

-0.31043 

947 

0.22 

0. 22365 

611 

-0. 95079 

566 -0.42559 

062 

0.47781 

388 

0.21130 

336 

-0. 28343 

378 

0. 23 

0.23418 

947 

-0. 94613 

642 -0.44351 

180 

0. 46074 

476 

0. 24499 

861 

-0. 25302 

221 

0.24 

0.24477 

411 

-0. 94125 

421 -0,46123 

857 

0.44300 

738 

0.27652 

557 

-0.21951 

969 

0.25 

0.25541 

281 

-0. 93614 

680 -0.47876 

145 

0.42461 

393 

0.30556 

765 

-0.18327 

994 

0.26 

0.26610 

841 

-0.93081 

181 -0.49607 

081 

0. 40557 

719 

0.33182 

571 

-0.14469 

251 

0. 27 

0.27686 

382 

-0. 92524 

677 -0.51315 

685 

0. 38591 

059 

0.35502 

089 

-0.10417 

949 

0.28 

0.28768 

207 

-0. 91944 

902 -0.53000 

962 

0.36562 

819 

0.37489 

746 

-0. 06219 

173 

0. 29 

0.29856 

626 

-0. 91341 

578 -0.54661 

900 

0. 34474 

467 

0. 39122 

551 

-0. 01920 

468 

0.30 

0.30951 

960 

-0.90714 

412 -0.56297 

466 

0.32327 

542 

0.40380 

351 

+0.02428 

610 

0.31 

0.32054 

541 

-0,90063 

092 -0.57906 

608 

0. 30123 

647 

0.41246 

080 

0. 06776 

975 

0.32 

0.33164 

711 

-0. 89387 

293 -0. 59488 

256 

0. 27864 

459 

0. 41705 

981 

0.11072 

534 

0.33 

0. 34282 

825 

-0.88686 

668 -0.61041 

313 

0.25551 

723 

0.41749 

822 

0.15262 

723 

0.34 

0.35409 

253 

-0. 87960 

854 -0.62564 

662 

0.23187 

261 

0.41371 

084 

0.19295 

076 

0.35 

0. 36544 

375 

-0. 87209 

469 -0.64057 

159 

0.20,772 

970 

0.40567 

128 

0.23117 

811 

0. 36 

0. 37688 

590 

-0. 86432 

108 -0.65517 

633 

0.18310 

825 

0. 39339 

336 

0. 26680 

432 

0.37 

0. 38842 

310 

-0. 85628 

345 -0.66944 

887 

0.15802 

883 

0. 37693 

227 

0.29934 

337 

0.38 

0. 40005 

965 

-0. 84797 

733 -0.68337 

690 

0.13251 

285 

0.35638 

546 

0. 32833 

437 

0. 39 

0. 41180 

003 

-0. 83939 

799 -0.69694 

784 

0.10658 

256 

0.33189 

317 

0.35334 

774 

0.40 

0. 42364 

893 

-0. 83054 

043 -0.71014 

872 

0.08026 

114 

0.30363 

867 

0.37399 123 

0.41 

0.43561 

122 

-0. 82139 

940 -0.72296 

624 

0.05357 

267 

0.27184 

811 

0.38991 

596 

0.42 

0.44769 

202 

-0. 81196 

935 -0.73538 

670 

+0. 02654 

221 

0.23679 

006 

0.40082 

218 

0.43 

0. 45989 

668 

-0. 80224 

443 -0.74739 

600 

-0. 00080 

418 

0.19877 

461 

0.40646 477 

0.44 

0. 47223 

080 

-0. 79221 

845 -0.75897 

958 

-0.02843 

939 

0.15815 

208 

0.40665 

845 

0.45 

0.48470 

028 

-0. 78188 

487 -0.77012 

243 

-0.05633 

524 

0.11531 

136 

0.40128 

259 

0.46 

0. 49731 

129 

-0.77123 

681 -0.78080 

904 

-0.08446 

239 

0. 07067 

773 

0.39028 

551 

0.47 

0. 51007 

034 

-0. 76026 

694 -0.79102 

336 

-0.11299 

034 

+0.02471 

030 

0.37368 

827 

0.48 

0. 52298 

428 

-0. 74896 

755 -0.80074 

877 

-0.14128 

732 

-0.02210 

100 

0.35158 

779 

0.49 

0. 53606 

034 

-0.73733 

044 -0.80996 

804 

-0.16992 

027 

-0.06923 

897 

0. 32415 

933 

0.50 

0. 54930 

614 

-0. 72534 

693 -0.81866 

327 

-0.'19865 

477 

-0.11616 

303 

0. 29165 

814 
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LEGENDRE 

: FUNCTION— 

SECOND KIND 

Qn(x) 


Table 8.3 

X 

Qo(x) 

Qi(z) 

Q 2 (x) 

Qs(x) 

Qg(x) 

Qio(x) 

0.50 

0. 54930 

614 

-0.72534 

693 

-0.81866 

327 

-0.19865 

477 

-0.11616 

303 

+0.29165 

814 

0.51 

0. 56272 

977 

-0. 71300 

782 

-0.82681 

587 

-0. 22745 

494 

-0. 16231 

372 

0. 25442 

027 

0.52 

0. 57633 

975 

-0. 70030 

333 

-0.83440 

647 

-0.25628 

339 

-0.20711 

759 

0.21286 

243 

0. 53 

0. 59014 

516 

-0. 68722 

307 

-0.84141 

492 

-0.28510 

113 

-0. 24999 

263 

0.16748 

0817 

0. 54 

0. 60415 

560 

-0. 67375 

597 

-0.84782 

014 

-0.31386 

748 

-0. 29035 

406 

0.11884 

913 

0. 55 

0. 61838 

131 

-0. 65989 

028 

-0.85360 

014 

-0.34253 

994 

-0. 32762 

069 

0. 06761 

470 

0. 56 

0. 63283 

319 

-0. 64561 

342 

-0. 85873 

186 

-0.37107 

413 

-0.36122 

172 

+0.01449 

441 

0.57 

0. 64752 

284 

-0. 63091 

198 

-0.86319 

116 

-0.39942 

362 

-0.39060 

386 

-0.03973 

144 

0.58 

0. 66246 

271 

-0. 61577 

163 

-0.86695 

267 

-0.42753 

983 

-0.41523 

901 

-0.09422 

630 

0.59 

0. 67766 

607 

-0. 60017 

702 

-0. 86998 

970 

-0.45537 

186 

-0. 43463 

218 

-0.14810 

594 

0.60 

0. 69314 

718 

-0. 58411 

169 

-0.87227 

411 

-0.48286 

632 

-0.44832 

986 

-0.20044 

847 

0. 61 

0. 70892 

136 

-0. 56755 

797 

-0. 87377 

622 

-0. 50996 

718 

-0. 45592 

864 

-0.25030 

577 

0. 62 

0. 72500 

509 

-0.55049 

685 

-0.87446 

461 

-0.53661 

553 

-0.45708 

410 

-0. 29671 

648 

0. 63 

0. 74141 

614 

-0. 53290 

783 

-0. 87430 

597 

-0. 56274 

938 

-0. 45151 

989 

-0.33872 

031 

0. 64 

0. 75817 

374 

-0. 51476 

880 

-0. 87326 

492 

-0.58830 

338 

-0. 43903 

693 

-0. 37537 

391 

0. 65 

0. 77529 

871 

-0.49605 

584 

-0. 87130 

380 

-0. 61320 

855 

-0. 41952 

271 

-0. 40576 

815 

0.66 

0. 79281 

363 

-0. 47674 

300 

-0. 86838 

239 

-0. 63739 

196 

-0.39296 

048 

-0.42904 

673 

0. 67 

0. 81074 

313 

-0.45680 

211 

-0. 86445 

768 

-0.66077 

634 

-0.35943 

834 

-0. 44442 

606 

0.68 

0. 82911 

404 

-0. 43620 

245 

-0. 85948 

352 

-0.68327 

969 

-0.31915 

810 

-0.45121 

636 

0.69 

0. 84795 

576 

-0. 41491 

053 

-0. 85341 

027 

-0.70481 

480 

-0. 27244 

363 

-0. 44884 

377 

0. 70 

0. 86730 

053 

-0.39288 

963 

-0. 84618 

438 

-0. 72528 

868 

-0.21974 

878 

-0. 43687 

329 

0. 71 

0. 88718 

386 

-0.37009 

946 

-0. 83774 

785 

-0. 74460 

199 

-0.16166 

443 

-0. 41503 

236 

0. 72 

0. 90764 

498 

-0. 34649 

561 

-0. 82803 

775 

-0.76264 

823 

-0. 09892 

467 

-0.38323 

471 

0.73 

0. 92872 

736 

-0. 32202 

902 

-0. 81698 

546 

-0. 77931 

296 

-0.03241 

178 

-0.34160 

431 

0. 74 

0. 95047 

938 

-0. 29664 

526 

-0. 80451 

593 

-0. 79447 

280 

+0. 03684 

038 

-0.29049 

884 

0. 75 

0. 97295 

507 

-0.27028 

369 

-0. 79054 

669 

-0.80799 

424 

0.10764 

474 

-0.23053 

218 

0.76 

0. 99621 

508 

-0.24287 

654 

-0. 77498 

679 

-0. 81973 

225 

0.17866 

149 

-0.16259 

543 

0. 77 

1. 02032 

776 

-0. 21434 

763 

-0. 75773 

539 

-0. 82952 

866 

0.24840 

151 

-0. 08787 

565 

0.78 

1. 04537 

055 

-0.18461 

097 

-0. 73868 

Oil 

-0. 83721 

016 

0.31523 

275 

-0.00787 

146 

0. 79 

1. 07143 

168 

-0. 15356 

897 

-0. 71769 

507 

-0. 84258 

586 

0. 37739 

063 

+0.07559 

560 

0.80 

1. 09861 

229 

-0.12111 

017 

-0. 69463 

835 

-0. 84544 

435 

0.43299 

312 

0.16037 

522 

0. 81 

1.12702 

903 

-0. 08710 

649 

-0. 66934 

890 

-0. 84555 

002 

0.48006 

146 

0. 24398 

961 

0.82 

1.15681 

746 

-0. 05140 

968 

-0. 64164 

264 

-0. 84263 

849 

0. 51654 

781 

0. 32364 

357 

0. 83 

1.18813 

640 

-0. 01384 

678 

-0. 61130 

745 

-0. 83641 

078 

0. 54037 

123 

0.39624 

661 

0. 84 

1.22117 

352 

+0.02578 

575 

-0. 57809 

671 

-0.82652 

589 

0. 54946 

418 

0.45844 

913 

0. 85 

1.25615 

281 

0. 06772 

989 

-0. 54172 

080 

-0. 81259 

105 

0. 54183 

191 

0. 50669 

726 

0. 86 

1. 29334 

467 

0.11227 

642 

-0. 50183 

576 

-0. 79414 

886 

0.51562 

828 

0.53731 

190 

0. 87 

1. 33307 

963 

0. 15977 

928 

-0.45802 

786 

-0. 77065 

991 

0. 46925 

273 

0.54659 

757 

0.88 

1.37576 

766 

0. 21067 

554 

-0.40979 

212 

-0. 74147 

880 

0.40147 

508 

0. 53099 

253 

0. 89 

1. 42192 

587 

0. 26551 

403 

-0. 35650 

171 

-0. 70582 

022 

0.31159 

776 

0.48727 

156 

0. 90 

1. 47221 

949 

0. 32499 

754 

-0.29736 

306 

-0.66270 

962 

0.19967 

037 

0.41282 

291 

0. 91 

1.52752 

443 

0.39004 

723 

-0. 23134 

775 

-0. 61090 

890 

+0. 06677 

934 

0.30602 

901 

0. 92 

1.53902 

692 

0.46190 

476 

-0.15708 

489 

-0. 54880 

000 

-0. 08454 

828 

+0.16680 

029 

0. 93 

1. 65839 

002 

0.54230 

272 

-0. 07268 

272 

-0. 47419 

336 

-0. 24975 

925 

-0. 00265 

428 

0. 94 

1. 73804 

934 

0. 63376 

638 

+0. 02458 

593 

-0.38399 

297 

-0. 42137 

701 

-0.19666 

273 

0.95 

1. 83178 

082 

0. 74019 

178 

0.13888 

288 

-0. 27356 

330 

-0. 58752 

240 

-0.40421 

502 

0. 96 

1. 94591 

015 

0. 86807 

374 

0. 27707 

112 

-0.13540 

204 

-0.72921 

201 

-0. 60564 

435 

0. 97 

2.09229 

572 

1. 02952 

685 

0.45181 

370 

+0.04408 

092 

-0. 81464 

729 

-0. 76587 

179 

0. 98 

2. 29755 

993 

1. 25160 

873 

0. 69108 

487 

0. 29436 

613 

-0. 78406 

452 

-0. 81720 

735 

0. 99 

2. 64665 

241 

1. 62018 

589 

1. 08264 

984 

0. 70624 

831 

-0. 48875 

677 

-0. 59305 

105 

1. 00 

CO 


CO 


CO 


00 


CO 


CO 
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LEGENDRE FUNCTIONS 


Table 8.4 DERIVATIVE OF THE LEGENDRE FUNCTION—SECOND KIND &(*) 


X 

Qo(x) 

Qi(x) 

Qkx) 

Qs(x) 

<&(*) 


0.00 

1. 00000 

000 

0.00000 

000 

-2.00000 

000 

0. 00000 

000 

0.00000 

00 

-4. 

0. 01 

1. 00010 

001 

0. 02000 

133 

-1.99959 

998 

-0.07999 

200 

0.36520 

25 

-4. 

0. 02 

1.00040 

016 

0. 04001 

067 

-1.99839 

968 

-0.15993 

599 

0.72733 

83 

-3. 

0. 03 

1. 00090 

081 

0. 06003 

603 

-1.99639 

838 

-0.23978 

392 

1. 08336 

24 

-3. 

0.04 

1.00160 

256 

0. 08008 

546 

-1.99359 

487 

-0.31948 

767 

1.43027 

23 

-3. 

0. 05 

1.00250 

627 

0.10016 

704 

-1.98998 

747 

-0.39899 

900 

1.76512 

98 

-3. 

0. 06 

1.00361 

301 

0.12028 

894 

-1.98557 

401 

-0. 47826 

951 

2. 08508 

14 

-3. 

0.07 

1.00492 

413 

0.14045 

936 

-1.98035 

179 

-0.55725 

060 

2.38737 

90 

-3, 

0.08 

1. 00644 

122 

0.16068 

662 

-1.97431 

766 

-0. 63589 

347 

2.66939 

94 

-2. 

0.09 

1.00816 

615 

0.18097 

914 

-1.96746 

792 

-0. 71414 

899 

2.92866 

44 

-2. 

0.10 

1.01010 

101 

0. 20134 

545 

-1.95979 

839 

-0.79196 

777 

3.16285 

86 

-2. 

0.11 

1.01224 

820 

0.22179 

422 

-1.95130 

431 

-0.86930 

001 

3.36984 

76 

-1. 

0.12 

1.01461 

039 

0. 24233 

428 

-1.94198 

044 

-0.94609 

554 

3. 54769 

49 

-1. 

0.13 

1.01719 

052 

0. 26297 

462 

-1.93182 

094 

-1.02230 

373 

3.69467 

78 

- 0 . 

0.14 

1.01999 

184 

0.28372 

443 

-1.92081 

942 

-1.09787 

345 

3. 80930 

18 

- 0 . 

0.15 

1.02301 

790 

0.30459 

312 

-1.90896 

890 

-1.17275 

302 

3. 89031 

48 

+0. 

0.16 

1.02627 

258 

0.32559 

031 

-1.89626 

181 

-1.24689 

019 

3.93671 

92 

0 . 

0.17 

1.02976 

007 

0.34672 

587 

-1.88268 

994 

-1. 32023 

203 

3. 94778 

25 

0 . 

0.18 

1.03348 

491 

0.36800 

997 

-1.86824 

444 

-1.39272 

496 

3. 92304 

76 

1. 

0.19 

1. 03745 

202 

0.38945 

305 

-1. 85291 

580 

-1.46431 

458 

3.86234 

02 

1, 

0.20 

1.04166 

667 

0.41106 

589 

-1. 83669 

380 

-1.53494 

573 

3.76577 

54 

2. 

0. 21 

1.04613 

453 

0. 43285 

960 

-1. 81956 

752 

-1.60456 

234 

3.63376 

26 

2. 

0.22 

1. 05086 

171 

0. 45484 

568 

-1.80152 

526 

-1.67310 

742 

3.46700 

84 

2. 

0.23 

1.05585 

471 

0. 47703 

605 

-1.78255 

455 

-1.74052 

294 

3.26651 

77 

3. 

0.24 

1.06112 

054 

0. 49944 

304 

-1.76264 

210 

-1.80674 

982 

3. 03359 

33 

3. 

0.25 

1.06666 

667 

0.52207 

948 

-1.74177 

372 

-1.87172 

780 

2.76983 

31 

3. 

0.26 

1.07250 

107 

0. 54495 

869 

-1.71993 

437 

-1.93539 

537 

2.47712 

56 

3. 

0.27 

1.07863 

229 

0.56809 

454 

-1.69710 

801 

-1.99768 

972 

2.15764 

35 

4. 

0.28 

1.08506 

944 

0. 59150 

152 

-1.67327 

761 

-2. 05854 

661 

1.81383 

48 

4. 

0.29 

1. 09182 

225 

0. 61519 

472 

-1. 64842 

510 

-2.11790 

027 

1. 44841 

22 

4. 

0.30 

1.09890 

110 

0. 63918 

993 

-1. 62253 

126 

-2.17568 

334 

1.06434 

02 

4. 

0.31 

1.10631 

707 

0. 66350 

370 

-1.59557 

570 

-2.23182 

672 

0.66482 

02 

4. 

0.32 

1.11408 

200 

0. 68815 

335 

-1.56753 

678 

-2.28625 

944 

+0. 25327 

32 

4. 

0.33 

1.12220 

851 

0. 71315 

706 

-1.53839 

152 

-2.33890 

860 

-0.16667 

95 

4. 

0. 34 

1.13071 

009 

0.73853 

396 

-1.50811 

553 

-2.38969 

914 

-0.59123 

78 

3. 

0.35 

1.13960 

114 

0.76430 

415 

-1.47668 

292 

-2.43855 

378 

-1.01644 

63 

3. 

0.36 

1.14889 

706 

0. 79048 

884 

-1.44406 

617 

-2.48539 

281 

-1.43822 

04 

3. 

0.37 

1.15861 

430 

0. 81711 

039 

-1.41023 

606 

-2.53013 

394 

-1.85237 

43 

3. 

0.38 

1.16877 

045 

0. 84419 

242 

-1.37516 

155 

-2.57269 

210 

-2.25465 

05 

2. 

0.39 

1.17938 

436 

0.87175 

994 

-1.33880 

960 

-2. 61297 

926 

-2.64075 

25 

2. 

0.40 

1.19047 

619 

0.89983 

941 

-1.30114 

509 

-2.65090 

420 

-3.00637 

81 

1 . 

0.41 

1.20206 

756 

0. 92845 

892 

-1.26213 

064 

-2.68637 

229 

-3.34725 

61 

1 . 

0.42 

1.21418 

164 

0. 95764 

831 

-1.22172 

641 

-2.71928 

520 

-3.65918 

35 

0. 

0. 43 

1.22684 

333 

0. 98743 

931 

-1.17988 

995 

-2.74954 

067 

-3.93806 

51 

+0. 

0. 44 

1.24007 

937 

1. 01786 

572 

-1.13657 

597 

-2.77703 

216 

-4.17995 

45 

-o. 

0.45 

1.25391 

850 

1.04896 

360 

-1. 09173 

613 

-2.80164 

855 

-4.38109 

69 

- 0 . 

0.46 

1. 26839 

168 

1.08077 

146 

-1.04531 

874 

-2.82327 

375 

-4. 53797 

26 

- 1 . 

0.47 

1.28353 

228 

1.11333 

051 

-0.99726 

854 

-2.84178 

630 

-4.64734 

21 

- 1 . 

0.48 

1.29937 

630 

1.14668 

490 

-0. 94752 

634 

-2.85705 

896 

-4. 70629 

25 

-2. 

0.49 

1.31596 

263 

1.18088 

202 

-0.89602 

868 

-2.86895 

817 

-4.71228 

35 

-3. 

0. 50 

1.33333 

333 

1. 21597 

281 

-0. 84270 

745 

-2.87734 

353 

-4.66319 

54 

-3. 


["(-4)1-1 

r<-4)ii 

rc-4)2l 

r(-4)41 

f(-3)7 

1 



L & 

J 

L 5 

J 

L 5 

J 

L 5 

J 

L 6 

J 



Qlo(x) 

,06349 21 
,04156 71 
,97600 70 
,86745 44 
71697 43 

,52604 61 
,29655 13 
,03075 84 
73130 45 
40117 40 

04367 37 
,66240 59 
26123 82 
84427 11 
41580 27 

,01970 77 
,45767 92 
,89344 90 
32231 56 
,73958 08 

14059 45 
52079 94 
87577 54 
20128 51 
,49331 81 

74813 48 
96230 97 
13277 26 
,25684 84 
,33229 46 

,35733 72 
33070 22 
25164 55 
11997 79 
93608 76 

70095 66 
41617 42 
,08394 42 
,70708 74 
28903 82 

83383 54 
,34610 61 
,83104 35 
29437 81 
25765 92 

81838 00 
38069 01 
93714 78 
48003 04 
00140 86 

49322 79 
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DERIVATIVE OF THE LEGENDRE FUNCTION—SECOND KIND Q^(x) Tabic 8.4 


X 

Qo(x) 

Qi(x) 

Qkx) 

Qkx) 

Qfa) 

Qw(x) 

0.50 

1.33333 

333 

1.21597 281 

- 0. 84270 

74 

- 2. 87734 35 

- 4.66319 54 

- 3. 493228 

0.51 

1.35153 

399 

1.25201 210 

- 0.78748 

95 

- 2. 88206 72 

- 4. 55737 62 

- 3.947399 

0. 52 

1.37061 

403 

1.28905 905 

- 0.73029 

59 

- 2. 88297 33 

- 4.39368 94 

- 4.355894 

0.53 

1.39062 

717 

1.32717 756 

- 0.67104 

20 

- 2.87989 70 

- 4.17156 11 

- 4.710854 

0.54 

1.41163 

185 

1. 36643 680 

- 0. 60963 

61 

- 2. 87266 39 

- 3.89102 65 

- 5.004695 

0.55 

1. 43369 

176 

1.40691 178 

- 0.54597 

91 

- 2. 86108 89 

- 3. 55277 54 

- 5.230233 

0. 56 

1.45687 

646 

1.44868 400 

- 0.47996 

38 

- 2. 84497 53 

- 3.15819 61 

- 5.380807 

0.57 

1.48126 

204 

1.49184 220 

- 0.41147 

39 

- 2.82411 36 

- 2. 70941 73 

- 5.450406 

0. 58 

1.50693 

189 

1.53648 320 

- 0.34038 

30 

- 2. 79828 02 

- 2.20934 79 

- 5.433812 

0.59 

1. 53397 

760 

1. 58271 285 

- 0.26655 

35 

- 2.76723 56 

- 1.66171 26 

- 5.326732 

0. 60 

1. 56250 

000 

1.63064 718 

- 0.18983 

51 

- 2.73072 34 

- 1. 07108 51 

- 5.125950 

0. 61 

1.59261 

029 

1. 68041 364 

- 0.11006 

36 

- 2.68846 75 

- 0.44291 60 

- 4.829465 

0. 62 

1.62443 

145 

1. 73215 259 

- 0.02705 

91 

- 2.64017 05 

+ 0.21644 47 

- 4.436645 

0. 63 

1. 65809 

982 

1. 78601 903 

+ 0. 05937 

63 

- 2.58551 08 

0. 89973 10 

- 3. 948368 

0. 64 

1. 69376 

694 

1.84218 458 

0.14946 

05 

- 2. 52414 00 

1. 59875 12 

- 3. 367169 

0.65 

1. 73160 

173 

1. 90083 983 

0. 24343 

42 

- 2.45567 92 

2. 30438 77 

- 2. 697375 

0.66 

1.77179 

305 

1. 96219 705 

0.34156 

40 

- 2.37971 49 

3. 00660 55 

- 1.945245 

0.67 

1.81455 

271 

2. 02649 344 

0.44414 

64 

- 2. 29579 49 

3.69447 22 

- 1.119087 

0.68 

1.86011 

905 

2. 09399 499 

0.55151 

17 

- 2.20342 26 

4.35619 14 

- 0.229371 

0.69 

1.90876 

121 

2.16500 099 

0. 66402 

96 

- 2.10205 04 

4.97914 99 

+ 0.711177 

0.70 

1. 96078 

431 

2.23984 955 

0.78211 

54 

- 1.99107 23 

5. 54998 34 

1.687501 

0. 71 

2. 01653 

559 

2.31892 413 

0. 90623 

72 

- 1. 86981 51 

6. 05466 05 

2.682165 

0.72 

2.07641 

196 

2.40266 159 

1.03692 

51 

- 1.73752 72 

6.47859 09 

3.675339 

0.73 

2.14086 

919 

2.49156 187 

1.17478 

21 

- 1.59336 54 

6. 80675 90 

4. 644816 

0. 74 

2.21043 

324 

2. 58619 998 

1.32049 

75 

- 1.43637 96 

7. 02388 88 

5. 566082 

0. 75 

2.28571 

429 

2. 68724 079 

1.47486 

32 

- 1.26549 27 

7.11464 51 

6.412431 

0. 76 

2.36742 

424 

2.79545 751 

1. 63879 

46 

- 1. 07947 65 

7. 06387 68 

7.155161 

0.77 

2.45639 

892 

2.91175 493 

1.81335 

60 

- 0. 87692 20 

6. 85691 02 

7.763836 

0.78 

2. 55362 

615 

3. 03719 894 

1. 99979 

32 

- 0.65620 16 

6.47990 33 

8. 206652 

0. 79 

2.66028 

199 

3.17305 446 

2.19957 

51 

- 0.41542 09 

5. 92027 14 

8.450921 

0. 80 

2.77777 

778 

3.32083 451 

2.41444 

73 

- 0.15235 72 

5.16720 18 

8. 463693 

0. 81 

2. 90782 

204 

3.48236 488 

2. 64650 

26 

+ 0.13562 04 

4.21227 67 

8.212559 

0. 82 

3.05250 

305 

3. 65986 997 

2. 89827 

40 

0.45165 68 

3. 05023 28 

7.666669 

0. 83 

3.21440 

051 

3. 85608 883 

3.17286 

02 

0.79955 16 

1.67989 36 

6. 798024 

0. 84 

3. 39673 

913 

4. 07443 439 

3.47409 

64 

1.18395 08 

+ 0.10532 57 

5.583115 

0. 85 

3. 60360 

360 

4.31921 588 

3. 80679 

33 

1.61061 19 

- 1.66270 85 

4.005017 

0. 86 

3.84024 

578 

4.59595 604 

4.17707 

50 

2. 08677 72 

- 3.60489 91 

+ 2.056070 

0. 87 

4.11353 

352 

4.91185 380 

4. 59287 

14 

2.62171 45 

- 5. 69098 02 

- 0.258625 

0.88 

4. 43262 

411 

5.27647 688 

5. 06465 

07 

3.22751 63 

- 7.87652 81 

- 2.916594 

0.89 

4. 81000 

481 

5.70283 015 

5.60654 

69 

3.92032 16 

-10. 09858 18 

- 5.871760 

0.90 

5.26315 

789 

6.20906 159 

6.23815 

05 

4.72224 63 

-12.26944 98 

- 9. 045801 

0. 91 

5. 81733 

566 

6.82129 988 

6. 98747 

73 

5. 66456 11 

-14.26758 89 

-12. 315713 

0. 92 

6. 51041 

667 

7.57861 025 

7. 89613 

09 

6. 79318 58 

-15.92348 54 

-15.495090 

0. 93 

7. 40192 

450 

8.54217 980 

9. 02883 

27 

8.17876 62 

-16. 99643 22 

-18. 304274 

0. 94 

8. 59106 

529 

9. 81365 072 

10.49236 

44 

9. 93658 04 

-17.13329 84 

-20.319071 

0.95 

10.25641 

026 

11.57537 057 

12.47698 

56 

12.26978 50 

-15. 78782 62 

-20. 873659 

0. 96 

12. 75510 

204 

14. 19080 811 

15.35932 

33 

15.57616 37 

-12. 04072 38 

-18. 851215 

0.97 

16.92047 

377 

18.50515 528 

20.00905 

43 

20.76422 38 

- 4.11777 87 

-12.140718 

0.98 

25.25252 

525 

27.04503 467 

29. 00735 

14 

30.50045 90 

+12.32933 89 

+ 4.242107 

0. 99 

50.25125 

628 

52.39539 613 

55.11181 

39 

57.80864 53 

54. 86521 05 

49.428990 


1.00 
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Table 8.5 LEGENDRE FUNCTION- 

Po(x)-l 

* P 2 (x) Pz(x) P 4 (x) 

1.0 1.00 1.00 1.00000 

1.2 1. 66 2.52 4. 04700 

1.4 2.44 4.76 9.83200 

1.6 3.34 7.84 (1)1. 94470 

1.8 4.36 11. 88 (1)3. 41520 

2.0 5. 50 17.00 (1)5.53750 

2.2 6.76 23.32 (1)8.47120 

2. 4 8.14 30.96 2)1. 23927 

2.6 9.64 40. 04 (2)1.74952 

2.8 11.26 50.68 (2)2. 39887 

3.0 13. 00 63.00 (2)3. 21000 

3.2 14. 86 77.12 (2)4. 20727 

3.4 16. 84 93.16 (2)5. 41672 

3.6 18.94 111.24 (2)6. 86607 

3. 8 21.16 131.48 (2)8. 58472 

4. 0 23.50 154.00 (3)1.06038 

4.2 25. 96 178. 92 (3)1.29559 

4.4 28.54 206.36 (3 1. 56757 

4.6 31.24 236.44 3)1. 87991 

4.8 34. 06 269.28 (3)2.23641 

5. 0 37.00 305.00 (3)2.64100 

5.2 40. 06 343.72 3)3. 09781 

5.4 43.24 385.56 (3)3.61111 

5.6 46.54 430.64 (3)4.18537 

5.8 49. 96 479. 08 (3)4.82519 

6. 0 53. 50 531. 00 (3)5.53538 

6.2 57.16 586.52 (3)6. 32087 

6.4 60.94 645.76 (3)7.18681 

6.6 64. 84 708.84 (3)8.13847 

6.8 68.86 775.88 <3)9.18133 

7.0 73. 00 847.00 (4)1.03210 

7.2 77.26 922.32 (4)1.15633 

7.4 81. 64 1001.96 (4)1.29142 

7.6 86.14 1086.04 <4)1.43797 

7.8 90.76 1174.68 <4)1. 59663 

8. 0 95. 50 1268. 00 (4)1.76804 

8.2 100.36 1366. 12 (4)1.95286 

8.4 105.34 1469.16 <4 2.15176 

8.6 110.44 1577.24 <4)2.36546 

8.8 115. 66 1690.48 (4)2. 59466 

9. 0 121.00 1809. 00 (4)2.84010 

9.2 126.46 1932. 92 4)3.10252 

9.4 132. 04 2062.36 <4)3.38268 

9.6 137.74 2197.44 <4)3.68137 

9. 8 143.56 2338.28 (4)3.99938 


FIRST KIND P n (x) 

Pl(x) —X 

Ps(x) Po(x) Pio(x) 

1.00000 1.00000 1. 00000 

6.72552 ( 1)6. 02754 ( 2)1. 06544 

(1)2. 09686 ( 2)5.03668 ( 3)1. 13789 

(1) 4. 97354 ( 3)2.45973 ( 3)6.65436 

(2) 1. 01148 ( 3)8.97882 ( 4)2.81110 

(2)1. 85750 ( 4)2.71007 ( 4)9. 60605 

(2)3.16804 ( 4)7.13591 ( 5)2. 81929 

(2)5.10597 5)1.69353 ( 5)7.37020 

(2)7. 86743 ( 5)3.70173 ( 6)1.75809 

<3)1.16849 ( 5)7.56647 ( 6)3.89219 

1 3)1.68300 ( 6)1.46256 ( 6)8. 09745 

3)2.36169 ( 6)2.69625 7)1. 59814 

3)3.24050 ( 6)4.77208 ( 7)3. 01437 

3)4.36022 6)8.15181 7)5.46578 

3)5.76676 < 7)1.34978 ( 7)9. 57313 

{ 3)7. 51150 ( 7)2.17406 ( 8)1. 62597 

3)9. 65154 ( 7)3.41632 ( 8)2. 68690 

4)1.22500 ( 7)5.25060 ( 8)4.33189 

4)1. 53765 ( 7)7.90944 8)6. 82993 

4)1.91071 ( 8)1.16994 ( 9)1. 05524 

1 4)2.35250 ( 8)1.70196 ( 9)1.60047 

4)2. 87205 ( 8)2.43839 ( 9)2.38657 

4)3.47916 ( 8)3.44472 ( 9)3.50362 

4)4.18440 ( 8)4.80363 ( 9)5. 06985 

4)4.99917 ( 8)6.61853 ( 9)7.23884 

1 4)5.93572 ( 8)9.01781 (10)1.02082 

4)7. 00717 ( 9)1.21596 (l0)l.42299 

4)8.22754 ( 9) 1.62372 (l0) 1.96229 

4)9.61180 ( 9)2.14858 (10)2. 67872 

5)1.11759 ( 9)2. 81890 (10)3. 62216 

S 5) 1.29367 ( 9)3.66876 (10)4.85435 

5)1.49122 ( 9 4.73885 (10 6.45123 

5)1.71215 ( 9)6.07749 (10) 8. 50564 

5)1.95846 ( 9)7.74185 (11)1.11305 

5)2.23227 ( 9)9.79919 (11) 1.44623 

(5)2. 53583 (10)1.23283 (11)1. 86653 

<5)2.87149 (10)1. 54212 (11)2.39363 

(5)3.24171 (l0)l.91848 (ll)3.05098 

(5)3. 64912 10)2.37430 (ll)3.86641 

(5)4. 09643 (10)2.92387 (ll)4. 87282 

! 5)4.58649 (10)3. 58363 (11)6.10897 

5)5.12230 (10)4.37243 11)7.62030 

5)5,70699 <10)5.31184 (ll)9.45994 

5)6.34383 (lO 6.42640 (12)1,16898 

5)7. 03621 (10)7.74404 12)l. 43817 


10. 0 149, 50 2485.00 (4)4.33754 (5)7.78769 (10)9.29640 (12)1.76188 

From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, New 
York,N.Y., 1945 (with permission). 
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DERIVATIVE OF THE LEGENDRE FUNCTION—FIRST KIND P' n (x ) Table 8.6 


Pi(x) = 

X Ps(x) Pi(x) 

1.0 6.000 (1)1.00000 (i; 

1.2 9.300 (1)2.12400 (1 

1.4 (1)1. 320 (1 3.75200 2 

1.6 (1)1.770 (1)5.96800 (2 

1. 8 (1)2.280 (1)8. 85600 (2; 

2.0 (1)2.850 (2)1.25000 (2' 

2.2 (1)3.480 (2)1.69840 (2, 

2.4 (1)4.170 (2 2.23920 (3 

2.6 1)4. 920 (2)2. 88080 (3, 

2. 8 (1)5.730 (2)3. 63160 (3, 


I P2(x)=Sx 

p's(x) Po(x) Pio(x) 

1.50000 ( 1)4.50000 ( 1)5.50000 

4.57230 ( 2 7.77587 3 1.53586 

1. 01688 ( 3)4. 50787 ( 4)1.13477 

1.92723 ( 4 1.74282 ( 4)5.24824 

3.30168 ( 4)5.33445 ( 5)1.85808 

5.26875 ( 5)1.39531 ( 5)5.50068 

7.97208 ( 5)3.25362 ( 6)1.42939 

1.15704 ( 5)6.94480 ( 6)3.36028 

1.62377 ( 6)1.38132 ( 6)7.29317 

2.21628 ( 6)2.59296 ( 7) 1.48267 


3. 0 (1)6.600 (2)4. 50000 (3)2.95500 ( 6)4.63721 

3.2 (1)7.530 (2 5. 49440 (3)3. 86184 ( 6)7.95819 

3.4 (l)8.520 (2)6. 62320 (3)4.96025 ( 7jl.31805 

3.6 (l)9.570 (2)7.89480 (3)6.27516 ( 7)2.11632 

3. 8 (2)1. 068 (2)9.31760 (3)7. 83305 ( 7)3.30652 


7)2.85372 
7)5.24287 

7) 9.25345 

8) l.57706 
8)2.60626 


4. 0 (2)1.185 (3)1.09000 (3)9. 66187 ( 7)5.04229 

4.2 (2jl.308 (3)1.26504 (4)1.17911 ( 7)7.52431 

4.4 (2)l.437 (3)1.45772 (4)1.42518 ( 8)1.10110 

4.6 (2 1.572 (3)1. 66888 (4)1.70764 ( 8 1.58313 

4.8 (2)1.713 (3)1. 89936 (4)2. 02990 ( 8)2.23988 


8)4.19097 

8) 6. 57653 

9) l.00955 
9)1.51918 
9)2.24508 


5. 0 (2)1. 860 (3)2.15000 (4)2.39550 

5. 2 (2)2.013 (3)2.42164 (4)2. 80816 

5. 4 (2 2.172 (3 2. 71512 4)3.27172 

5.6 (2)2.337 (3)3. 03128 (4)3.79020 

5.8 (2)2. 508 (3)3.37096 (4)4.36775 


8)3.12290 ( 9)3.26340 

8)4.29574 ( 9)4.67217 

8)5.83620 ( 9)6.59627 

8) 7.83868 ( 9)9.19329 

9) 1.04169 (l0)l. 26604 


6. 0 (2)2. 685 (3)3.73500 (4)5. 00869 

6.2 (2)2. 868 (3)4.12424 (4)5.71746 

6. 4 (2)3. 057 (3)4. 53952 (4)6.49870 

6. 6 (2)3.252 (3)4.98168 (4)7.35714 

6.8 (2)3.453 (3)5.45156 (4)8.29772 


9)1.37071 (10)1.72421 

9)1.78712 (l0)2.32397 

9 2.31006 (10)3.10217 

9)2.96206 (10)4.10354 

9)3.76947 (10)5.38214 


7.0 

7.2 

7.4 

7.6 

7.8 


(2)3.660 (3)5.95000 (4)9.32550 ( 9)4.76295 (10)7. 00283 

(2)3. 873 (3)6. 47784 (5)1. 04457 ( 9)5. 97809 (l0)9. 04307 

(2)4.092 (3)7.03592 (5 1.16637 ( 9)7.45591 (ll)l,15949 

(2)4.317 (3)7.62508 (5)1.29849 ( 9)9.24362 (ll)l.47670 

(2)4. 548 (3)8.24616 (5)1.44152 (10)l. 13953 (11)1.86875 


8. 0 (2)4.785 (3)8. 90000 (5)1. 59602 (10)1.39725 

8.2 (2)5.028 (3 9.58744 (5 1.76260 (l0)l. 70455 

8. 4 (2)5.277 (4)1. 03093 (5)1. 94187 (l0)2.06937 

8.6 (2)5.532 (4)1.10665 (5 2.13445 (10)2. 50070 

8. 8 (2)5.793 (4)1.18598 (5)2.34099 (l0)3. 00866 


(11)2.35063 
(ll)2. 93985 
(ll 3.65675 
(ll)4.52490 
(ll)5.57149 


9. 0 (2)6. 060 (4)1.26900 

9.2 (2 6.333 4 1.35580 

9.4 (2 6.612 4 1.44647 

9. 6 (2 6.897 (4 1. 54109 

9. 8 (2)7.188 (4)1.63974 


S 5)2. 56215 
5)2.79860 
5)3. 05102 
5)3.32013 
5)3.60663 


1 10)3.60463 

10)4.30137 
10 5.11311 
10)6. 05576 
10)7.14698 


1 11)6. 82780 

ll)8. 32969 

12)l.01182 
12)1.22399 
12)1.47481 


10.0 (2)7.485 (4)1.74250 (5)3.91127 (10)8.40642 (12)1.77028 

From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, 
New York, N.Y., 1945 (with permission). 
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Table 8.7 LEGENDRE FUNCTION—SECOND KIND <?„(*) 


X Qo(x) Ql(z) 

l.o 00 00 

1.2 1.19895 (-1)4.38737 

1.4 (-1)8.95880 (-1)2.54232 

1.6 (-1)7.33169 (-1 1.73070 

1. 8 (-1)6.26381 (-1)1.27487 

2. 0 (-1)5.49306 (-2)9.86123 

2.2 (-1)4.90415 (-2)7.89122 

2.4 (-1)4.43652 (-2)6.47638 

2.6 (-1)4.05465 (-2)5.42093 

2.8 (-1)3.73607 (-2)4.61002 

3. 0 (-1)3.46574 (-2)3.97208 

3.2 -1)3.23314 -2)3.46035 

3.4 (-1)3.03068 (-2)3. 04309 

3.6 (-1)2. 85272 -2)2.69807 

3. 8 (-1)2. 69498 (-2)2.40934 

4. 0 (-1)2.55413 (-2)2.16512 

4.2 (-1)2.42754 (-2)1.95664 

4.4 -1)2.31312 (-2)1,77717 

4.6 (-1)2.20916 (-2)1.62153 

4. 8 (-1)2.11428 (-2)1.48564 

5. 0 (-1)2. 02733 (-2)1.36628 

5.2 (-1)1.94732 (-2)1.26084 

5.4 -1)1.87347 (-2)1.16723 

5.6 -1)1.80507 (-2)1.08374 

5.8 (-1)1.74153 (-2)1. 00894 

6.0 (-1)1.68236 (-3)9.41671 

6.2 -1)1. 62711 -3)8.80944 

6.4 -1)1.57541 (-3)8.25935 

6.6 -1)1.52691 (-3)7.75944 

6. 8 (-1)1. 48133 (-3)7.30377 

7. 0 (-1)1.43841 (-3)6.88725 

7. 2 (-1)1. 39792 (-3)6.50550 

7.4 (-1)1.35967 (-3 6.15475 

7.6 (-1)1.32346 (-3)5.83171 

7. 8 (-1)1.28915 (-3)5.53353 

8. 0 (-1)1.25657 (-3)5.25771 

8.2 (-1 1.22561 (-3 5.00208 

8.4 (-lj 1.19615 (-3 4.76469 

8.6 (-1 1.16807 (-3)4. 54386 

8. 8 (-1)1.14129 (-3)4.33807 


Qi(z) Q 3 {x) 

00 00 

(-1)1. 90253 (-2)8. 80147 

-2)8.59466 (-2)3.10542 

(-2)4.87829 (-2) 1.47080 

(-2)3.10233 (-3)8. 07870 

5 -2)2.11838 (-3)4.87112 
-2)1.52029 (-3)3.13576 

-2)1.13240 (-3 2.12013 
-3)8.68364 (-3)1.48960 
-3)6.81708 (-3)1.07961 

S -3) 5.45667 (-4)8.02854 

-3)4.43984 (-4)6.10146 

-3)3.66347 (-4)4.72397 
-3)3. 05981 -4)3.71695 

-3)2.58298 (-4)2.96625 

(-3)2.20108 (-4)2.39697 
-3)1. 89145 (-4)1.95866 

-3)1. 63766 (-4)1.61661 

-3)1.42759 (-4)1.34641 
-3)1.25217 (-4)1.13061 

-3)1.10450 (-5)9.56532 
,-4)9.79278 (-5)8.14823 
-4)8. 72377 (-5)6. 98500 
-4)7.80551 -5)6. 02278 

(-4)7. 01223 (-5)5.22117 

! -4)6. 32330 (-5)4.54896 

-4)5.72204 (-5)3. 98181 

-4)5.19491 (-5)3.50058 

-4)4. 73078 (-5)3. 09006 

-4)4.32050 (-5)2. 73812 

(-4)3. 95644 (-5)2.43500 

(-4)3. 63228 (-5)2.17277 
(-4)3.34266 (-5)1.94497 
(-4)3.08311 (-5)1. 74631 

(-4)2.84980 (-5)1. 57242 

(-4)2. 63950 (-5)1.41968 
(-4)2.44944 (-5 1.28507 
(-4)2.27723 (-5 1.16606 
(-4)2.12082 (-5)1. 06054 

(-4)1.97844 (-6)9.66707 


Qg(x) Qio(x) 


(- 3)1.32079 (- 4)6.75615 

(- 4)1. 06810 (- 5)4.27633 
(- 5)1.71471 (- 6)5.73368 

(- 6)3.91902 (- 6)1.13241 

i - 6)1.12179 (- 7)2.86313 
- 7)3.76522 (- 8)8.62195 
- 7)1.42488 (- 8)2.96212 
- 8)5. 92566 (- 8) 1.12879 
- 8)2.66020 (- 9)4.67876 

! - 8)1.27252 (- 9)2. 07945 
- 9)6.42269 -10) 9. 80358 

- 9)3.39441 (-10)4. 86183 

- 9)1. 86714 (-10)2.51945 

- 9)1.06372 (-10)l. 35695 

S -10) 6.25130 (-11)7.56235 

-10)3.77701 (-11)4.34493 

-10)2.33956 (-11)2. 56563 
-10)l.48213 (-ll)l.55290 

-11)9.58309 (-12)9.61271 

! -11)6.31274 (-12)6.07362 

-11)4.23006 (-12)3.91025 
-11)2.87937 (-12)2.56132 

-11 jl. 98859 (-12)1.70471 
-ll)l.39197 (-12)1.15147 

! -12)9. 86572 (-13)7. 88519 

-12)7.07418 (-13)5.46920 

-12)5.12787 (-13)3. 83900 

-12)3. 75499 (-13)2. 72499 
-12)2. 77600 (-13)1.95462 

! -12)2. 07071 (-13)1.41592 

-12 1.55770 (-13 1.03525 
-12 1. 18115 (-14 7.63577 
-13 9. 02383 (-14)5.67877 

-13)6. 94338 (-14)4.25654 

(-13)5.37876 (-14)3.21427 
(-13 4.19350 (-14)2.44439 

(-13)3.28941 (-14)1.87141 

(-13)2.59524 (-14) 1.44191 

(-13)2.05891 (-14)1.11775 


9. 0 (-1)1.11572 (-3)4.14598 (-4)1.84855 (-6)8.83037 

9.2 (-1)1. 09127 (-3)3.96640 (-4)1.72979 -6)8.08237 

9. 4 (-1 1. 06787 (-3)3.79827 (-4)1.62102 (-6)7.41202 

9.6 (-lj 1.04546 (-3)3.64063 (-4)1.52119 (-6)6.80982 

9.8 (-1)1.02397 (-3)3.49262 '(-4)l.42940 (-6)6.26763 


(-13)1. 64205 
(-13)1.31620 
(-13)1. 06011 
-14)8. 57794 
(-14)6. 97159 


(-15)8.71513 
1 -15)6. 83294 
1 -15)5. 38569 
1 -15)4.26656 
1-15)3.39644 


10.0 (-1)1. 00335 (-3)3.35348 (-4)1.34486 (-6)5.77839 (-14)5.69010 (-15)2.71639 

From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, New 
York, N.Y., 1945 (with permission). 
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DERIVATIVE OF THE LEGENDRE FUNCTION—SECOND KIND Q' n {x) Table 8.8 


x — Qo(ac) -Q'\(x) 

1 . 0 00 00 

1.2 2.27273 1. 52833 

1.4 1. 04167 (-1)5. 62454 

1.6 (-1)6.41026 (-1)2.92472 

1. 8 (-1)4.46429 (-1)1.77190 

2. 0 (-1)3.33333 (-1)1.17361 

2.2 (-1)2. 60417 (-2)8.25020 

2. 4 (-1)2.10084 (-2)6. 05501 

2.6 (-1)1.73611 (-2)4. 59238 

2. 8 (-1)1.46199 (-2)3. 57495 

3. 0 (-1)1.25000 (-2)2.84264 

3.2 (-1 1. 08225 (-2)2. 30068 

3.4 (-2 9.46970 (-2 1. 89018 

3.6 (-2)8.36120 (-2) 1. 57309 

3. 8 (-2)7. 44048 (-2)1.32398 

4. 0 (-2)6.66667 (-2)1.12539 

4.2 (-2)6. 00962 (-3)9. 64994 

4.4 (-2 5.44662 (-3)8.33966 

4.6 (-2)4. 96032 (-3)7.25823 

4. 8 (-2)4. 53721 (-3)6.35742 

5. 0 (-2)4.16667 (-3)5.60078 

5.2 (-2)3. 84025 (-3)4.96040 

5. 4 (-2)3. 55114 (-3)4.41464 

5.6 (-2)3.29381 (-3)3.94656 

5. 8 (-2)3. 06373 (-3)3. 54273 

6 . 0 (-2)2.85714 (-3)3.19245 

6.2 (-2)2.67094 (-3)2. 88709 

6.4 (-2)2.50250 (-3)2.61964 

6.6 (-2)2.34962 (-3)2.38436 

6 . 8 (-2)2.21043 (-3)2.17655 

7.0 (-2)2. 08333 (-3)1.99230 

7.2 (-2)1.96696 <-3)l. 82834 

7.4 (-2)1. 86012 (-3)1. 68195 

7.6 (-2)1. 76180 (-3)1. 55083 

7. 8 (-2)1. 67112 (-3)1.43304 


-Q2(x) -Qs(x) 


(-1)9.56516 (-1)5.77060 
(-1)2.78972 (-l)l. 32721 

(-1)1. 21817 (-2)4.85580 

(-2)6.39686 (-2)2.20736 

(-2)3.74965 (-2)1.14416 

(-2)2.36801 (-3)6.48766 

(-2 1.57925 (-3 3.93006 

(-2 1.09833 (-3 2.50557 

(-3)7. 89834 (-3) 1. 66411 

(-3)5.83769 (-3)1.14304 

(-3)4. 41472 (-4)8. 07587 

(-3)3.40437 (-4)5. 84465 

(-3)2. 66980 (-4)4.31867 

(-3)2.12471 (-4)3.24956 

5 -3)1.71292 (-4)2.48459 

-3)1.39691 (-4 1. 92694 

-3)1,15099 (-4 1.51364 

-4)9.57184 (-4 1.20274 

-4)8. 02725 (-5)9. 65712 

(-4)6.78356 (-5)7. 82792 

(-4 5.77277 (-5 6.40058 

(_4 4.94423 (-5)5.27543 

(-4)4.25974 (-5 4.38019 

(-4)3.69015 (-5)3. 66172 

5 -4)3.21299 (-5)3.08050 
-4)2. 81078 (-5)2. 60683 
-4)2.46977 (-5)2.21813 

-4 2.17910 (-5)1.89709 
-4)1.93008 (-5)1.63035 

(-4)1.71573 (-5)1.40747 
(-4)1.53040 (-5)1.22023 
(-4)1.36949 (-5)1. 06216 

(-4)1.22923 (-6 9.28073 

(-4)1. 10651 (-6)8. 13829 


-Qg(x) -Q'io(z) 


(- 2)2. 06667 (- 2)1.15922 
(- 3)1.11220 (- 4)4. 88977 

(- 4 1.39114 - 5)5.11106 

(- 5)2.64367 (- 6)8.39591 

(- 6)6.52419 (- 6)1. 83053 

(- 6)1. 93263 (- 7 4. 86561 

(- 7)6.56197 (- 7)1.49994 

(- 7 2.47880 (- 8)5.19235 

(- 7)1. 02057 (- 8)1.97390 

! - 8)4.51200 (- 9)8.10849 

- 8)2.11821 (- 9)3. 55578 

- 8)1. 04686 (- 9)1.64904 
- 9)5.40951 (-10)8. 02794 

- 9)2. 90659 (-10)4. 07799 

! - 9)1.61660 (-10)2.15091 

-10)9.27220 (-10)1.17316 
-10)5.46705 (-11 6.59413 
-10)3.30481 (-11)3.80849 

-10)2. 04345 (-11)2.25453 

! -10)1. 28985 (-11)1.36497 

-11)8.29696 (-12)8.43598 

-11)5.43056 (-12)5.31340 

-11)3.61188 (-12)3.40566 

-11)2.43819 (-12)2.21848 

(-11)1. 66874 (-12)1.46703 

(-11 1.15686 (-13)9. 83782 

(-12)8.11673 (-13)6. 68395 

(-12)5.75903 (-13 4. 59703 
(-12)4.12938 (-13)3.19817 

(-12)2.99029 (-13)2.24909 
(-12)2.18566 (-13)1. 59779 

(-12)1. 61163 (-13)1.14602 

(-12)1. 19826 (-14)8. 29452 

(-13)8.97939 (-14)6.05494 


8.0 (-2)1. 58730 (-3)1.32691 (-5)9.98765 (-6)7.16078 (-13)6.77915 

8.2 (-2)1. 50966 (-3H. 23104 (-5)9. 03846 (-6)6.32104 (-13)5.15433 

8.4 (-2)1. 43761 (-3) 1.14421 (-5)8.19960 (-6)5.59691 (-13 3. 94535 

8.6 (-2)1.37061 (-3)1.06538 (-5)7.45601 (-6)4.97021 (-13)3.03931 

8.8 (-2)1.30822 (-4)9.93646 (-5)6.79498 (-6)4.42597 (-13)2.35565 


(-14)4.45610 
(-14)3.30480 
(-14)2.46898 
(-14)l.85745 
(-14)1.40670 


9.0 

9.2 

9.4 

9.6 

9.8 


(-2)1.25000 (-4)9.28224 

(-2)1.19560 (-4)8.68435 

(-2)1.14469 (-4 8.13682 

(-2)1. 09697 (-4)7.63447 
(-2)1.05219 (-4)7.17272 


1 -5)6.20573 (-6)3.95179 

-5)5.67908 (-6)3.53736 
-5)5.20722 (-6)3.17406 

-5)4.78344 (-6)2. 85468 

-5)4. 40196 (-6)2.57314 


! -13) 1. 83641 (-14)1.07211 

-13)1.43959 (-15)8.22064 

-13)1.13452 (-15)6.33995 
-14)8.98657 (-15)4.91668 

-14)7.15298 (-15)3.83321 


10. 0 (-2)1.01010 (-4)6.74753 (-5)4. 05782 (-6)2.32430 (-14)5.72014 (-15)3. 00374 

From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, New 
York,N.Y., 1945 (with permission). 
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9. Bessel Functions of Integer Order 

Mathematical Properties 


Notation 

The tables in this chapter are for Bessel func¬ 
tions of integer order; the text treats general 
orders. The conventions used are: 
z=x+iy; x , y real. 
n is a positive integer or zero. 
v, jut are unrestricted except where otherwise 
indicated; v is supposed real in the sections devoted 
to Kelvin functions 9.9, 9.10, and 9.11. 

The notation used for the Bessel functions is 
that of Watson [9.15] and the British Association 
and Royal Society Mathematical Tables. The 
function F„(z ) is often denoted N,(z) by physicists 
and European workers. 

Other notations are those of: 

Aldis, Airey: 

G n (z) for -frY n (z),K n {z) for (-) B K n (z). 
Clifford: 

C n (x) for x~ in J n ( 2Vx). 

Gray, Mathews and MacRobert [9.9]: 

Y n (z) for \vY„(z)+( In 2 ~y)J n {z), 

Yy(z) for Tre rri sec(vir)Y v (z), 

G y {z) for friff <»( z). 

Jahnke, Emde and Losch [9.32]: 

A y(z) for T{v-\r\){\z)~ v J y {z). 

Jeffreys: 

Hsy{z) for H“>(z), Hiy(z) for #< 2 >(z), 

Khy(z) for (2 lT)Ky(z). 

Heine: 

K n {z ) for— %irY n (z). 

Neumann: 

Y n (z) for F n (z) +(In 2 -7 )J n (z). 
Whittaker and Watson [9.18]: 


Bessel Functions J and Y 
9.1. Definitions and Elementary Properties 

Differential Equation 

*- L1 

Solutions are the Bessel functions of the first kind 
J±y(z), of the second kind F„(z) (also called 
Weber’s function) and of the third kind H^z), H {2) (z) 
(also called the Hankel functions). Each is a 
regular (holomorphic) function of z throughout 
the z-plane cut along the negative real axis, and 
for fixed 2 (^ 0 ) each is an entire (integral) func¬ 
tion of v. When v— ±n, J„(z) has no branch point 
and is an entire (integral) function of z. 

Important features of the various solutions are 
as follows: J y (z)(£%v>0) is bounded as z—>0 in 
any bounded range of arg z. J v {z) and J~ v {z) 
are linearly independent except when v is an 
integer. J v {z ) and F„(z) are linearly independent 
for all values of v. 

Hl X) {z) tends to zero as |zj—><» in the sector 
0<arg z<t; Hi 2) {z) tends to zero as |z|-»co in the 
sector —7r<arg z<0. For all values of v, H { v l) (z) 
and Hi 2) (z) are linearly independent. 


Relations Between Solutions 

9.1.2 F (z )-~ Jv ^ C0S 

vK sin (wr) 

The right of this equation is replaced by its 
limiting value if v is an integer or zero. 

9.1.3 

W\z)=Jy{z)+iYy(z) 

=i csc^ir ){e~ vri J v (z)—J-y(z)} 

9.1.4 

m 2) (z)=Jy(z)~iYy(z) 

=i csc(vir){J-y(z)~e viri Jy(z)} 


K v (z) for cos(vir)Ky(z). 


9.1.5 J_»(z) = (-)V n (z) F_ n (z) = (—) n F„(z) 

9.1.6 mi (z) =e^m x) («) H «> (z)=e~^ i m i) (z) 




-4.0 -3.3 -3.0 -2.3 -2.0 -1.3 -1.0 - .9 0 ,3 1.0 1.9 2.0 

Figure 9.4. Contour lines of the modulus and phase of the Hankel Function Hk 1) (x-\-iy)=M 0 e ie o. From 
E. Jahnke, F. Erode, and F. Losch, Tables of higher functions, McGraw-Hill Book Co., Inc., New 
York, N.Y., 1960 (with permission). 




360 


BESSEL FUNCTIONS OF INTEGER ORDER 


Limiting Forms for Small Arguments 
When v is fixed and z-^> 0 

9.1.7 

«^(*)-(i*)'/r(r+l) (v*-l, -2, -3, . . .) 

9.1.8 Y 0 (z) - im i) (z)^im 2) (z)^( 2/7r)ln 2 

9.1.9 

Y,(z) - iH?\z) ~iH™(z) -(lMr(y)(| 2 )-- 

(^>0) 

Ascending Series 

9.1.10 

9.1.11 

7T k\ 

+f In (\z)J n {z) 

(h*y 


(& 2 r 


7 T § W*+i)-HK»+*+i)} 


where ^(n) is given by 6.3.2. 

9112 Jf;) ^ g2 ) 3 i 

9.1.12 J 0 {z)-1 (1!)2 + (2|)2 (3 , )2 + • • • 

9.1.13 

Fo( 2)=| {In (^)+ 7 ) Jo(z)+l {iyf 2 

“(! + *) ^T+d + W) - 

9.1.14 

J,(z)J>(z) = 

g zV+ ^ (-)*r(v+ M +2fr+l) (i* 2 )* 

U ; U T(v+k+l)T(ji+k+l)T(v+n+k+l) k\ 

Wronskians 

9.1.15 

W{J.{z), J.,(z))=J^(z)J.,(z)+J,(z)J-^) 

— — 2 sin {vt)I(vz) 

9.1.16 

KV.(*), r,( 2 )}= j, +1 (z) y,(z)-j,(z) r^(z) 


= 2 /(«) 


9.1.17 


w{h '»(*), ff; 2 >( 2 ) }=miMH?(z)-m n {z)B?uz) 

= —4i/(ts) 


9.1.18 


Integral Representations 


J 0 ( 3 )=- I cos (2 sin 0 )d 0 =- f cos( 2 cos 0 )c 
^ Jo 7T Jo 

9.1.19 

4 r* r 

Y q (z)=— 2 J cos (2 cos 6) { 7 +ln (2 2 sin 2 0 )} £ 


9.1.20 


J y ( 2 )= ^^^_^ j* cos (2 cos 0) sin 2 ” 


«*r(*+*) 

2(|g)- 




j>- 


£ 2 )”~*cos ( zt)dt 


9.1.21 


9.1.22 


J n (z)=- f cos (2 sin 0— nd)dd 
T Jo 

=— f r e iteOB8 coa ( nd)dd 

IT Jo 


J v {z)—-\ cos (2 sin 0— vd)dd 
T Jo 

_smj^j*» e ~ 2BlDht _ rtdt (|argg|<$ x ) 

Y,(z)=- f sin (2 sin 0— vd)dd 
T Jo 

—- f {e vt +e~ rt cos (yjr)}e~ iBll>ht dt (|arg 2 |<$ir) 
ttJo 

9.1.23 

J 0 (x)=- f sin (z cosh (x>0) 

7T Jo 

Y 0 (x)=—~ f cos(x cosh t)dt (z>0) 
v Jo 

9.1.24 


9.1.25 


H‘‘>(s)=i flargsKM 

trt> J — 9 

#<*>( 2 )=_iJ“" T Veiniu-,.^ (|arg 2 |<k) 


9.1.26 


T®r df <^>°.*>°> 

In the last integral the path of integration must 
lie to the left of the points £=0, 1, 2, . . . . 
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Recurrence Relations 

9.1.27 

«\-i(*)+*Vn( 

w*)— 

denotes J, Y, H (l) , H {2) or any linear combina¬ 
tion of these functions, the coefficients in which 
are independent of 2 and v. 

9.1.28 J' 0 (z)=-J x (z) Y , 0 (z)=-Y x (z) 


and 

9.1.34 

Analytic Continuation 

In 9.1.35 to 9.1.38, m is an integer. 

9.1.35 J y (ze mTi )=e mvri J v {z) 

9.1.36 

Y y (ze nri )=e~ myiri Yy(z)-\-2i sin(mv 7 r) cot(vr)Jy(z) 

9.1.37 


If j v ( z ) = z v( %yi'Kz?) where p, q, X are independent 
of v, then 

9.1.29 

i(z) +/,+i (s) = (2 vfK)z~ s Jy(z) 

(P+vq)f*-i(z) + (p~vq)fy+i(z) = (2v/\)z 1 ~< l j'y(z) 
zj’y{z)=\qz*jy_ x (z) + (p- Ffi)/,(s) 

z/rC*) = - X^+l^) + (P + 

Formulas for Derivatives 

9.1.30 

(*= 0 , 1 , 2 ,...) 

9.1.31 

W*)TilW ! )-{{) «%-»+*(«) 

+(2) • • • +H*? (H (a)) 

(*= 0 , 1 , 2 ,...) 

Recurrence Relations for Cross-Products 

If 

9.1.32 

Py=Jy(a)Yy(b)~Jy(b)Yy(a) 
qy=Jy(a)Y'y(b)-J'y(b)Yy(a) 
r v —Jy{a)Yy{b) —J y (b)Y'y(a) 
Sy=Jy(a)Yy(b) —Jy{b)Yy{a) 

then 


sin(v 7 r)^ 1) (ze mri ) = —8m{(m—l)vr}H? } ( 2 ) 

—e~ vxi sm(mPT)Hi 2) (z) 

9.1.38 

sin (vir)H ( ze mw *)=sin {(m + 1 ) vt } H {2) (z) 

-\-e vri ( z ) 


9.1.39 

H^ize^-e-^H^iz) 
Hp(ze-* t ) = -e” i H?'(z) 


9.1.40 


J,(z)=J.(z) Y,(z) = Y,(z) 

W"(z)='W(J) H?'(z)=W(z) (, real) 


Generating Function and Associated Series 

9.1.41 (^0) 

9.1.42 cos (2 sin 0)=Jo(2 )+ 2 X) Juiz) cos (2*0) 

fc=i 

9.1.43 sin (2 sin 0)=2 2 J- 2 k+i(z) sin {( 2 *+l) 0 } 

k =0 

9.1.44 

cos (2 cos 0)=J O ( 2 )+ 2 X) (—) k J 2 h(z) cos (2*0) 

/c=l 

9.1.45 


2 j> 2 v 

P> + i-P»-i=--<l'~ T r v 
1 v v+1 

I v v-\-l 

r>+i+V>=-fiPv -— P»+ 1 

1 ,1 y 2 

s ’ = 2 P ’ + ' + 2 P ’-'-ri P ’ 


sin (2 cos 0 )= 2 ^ (—) k J 2 k+i(z) cos {( 2 *+l) 0 } 

9.1.46 1= Jo(z) + 2J 2 ( 2 )+ 21 / 4 ( 2 )+2Je( 2 ) -f . . . 


9.1.47 

cos z=J 0 (z)—2j 2 (z)-\-2Ji(z)—2J a (z)-\- . . . 


9.1.48 sin z=2J x (z)—2J z (z) + 2J 6 (z) — . . . 
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Other Differential Equations 

9.1.49 w''+(\ 2 -~^r)w= 0, w=z^ ¥ (\z) 

9.1.50 w=0, w=z* ( £ v {\z*) 

9.1.51 w n +\ 2 z*- 2 w= 0, w=--z^ 1/p (2\z^/p) 

9.1.52 

w "———- w'+X 2 w=0, w=z y( tf,(\z) 

z 

9.1.53 

zW' + (1— 2p) zw' + (X ? g 2 3 2 9 -\-p 2 —iPq 2 ) w— 0. 

u>=z v< #,(\z q ) 

9.1.54 

w"+(\ 2 e 2 *-v 2 )w=0, w= < r,(Xe*) 

9.1.55 

z 2 (z 2 —v 2 )w" J rz(z 2 —Sv 2 )w f 

+ {(z 2 -p 2 ) 2 -{z 2 +v 2 )}w= 0, w=^[{z) 

9.1.56 

w (2n) = (—) n X 2n z~ n w, w= z in( ^ n (2Xaz i ) 

where a is any of the 2 n roots of unity. 

Differential Equations for Products 

In the following $ = z and &r(z), & p (;z ) are any 

cylinder functions of orders v, n respectively. 

9.1.57 

{t? 4 -2(v 2 + M 2 )t? 2 +(r 2 -M 2 ) 2 }w 

+43 2 (t?+l)(t?+2)w=0, w=^(3)^(s) 

9.1.58 

d(t? 2 -4^ 2 )w+42 2 (d+l)w=0, w=<£%(s)^,(s) 

9.1.59 

ato"" + 2 (4 2?+1— 4V 2 ) w' + (4r 2 —1) w =0, 

Upper Bounds 

9.1.60 |J.(*)|<1 (.>0), |J,(*)|<1/^ (.>1) 

9.1.61 0<^W<3l^i <*><» 

9.1.62 l^(s)l< l f^j^ 1 (->-*) 


9.1.63 \J n (nz) | < 


z n exp {nV(l—z 2 )} 

{l+V(l-2 2 )} n 


Derivatives With Respect to Order 


f p J,(z)=J,{z) In {\z) 


-m* s (-)' 


■a »(»+*+!) (l2 2 )* 


ft=o ' r(r+&+l) A:! 


^ ^ (2) =COt Onr) «/„ ( 2 ) —irF, (a)} 
—CSC (wr) ^ J-,(z) —TrJy (Z) 


(^0,±1,±2, ...) 


b/" ( ) l =n “2 r ’ ,(S)+ 2 fc* (»-*)*! 

9.1.67 

L> r ’ (2) _L— 2 JnZ ^ 2 S -(»-w 


B B r ' ( 2 ) l.r-I J » (z) 

Expressions in Terms of Hypergeometric Functions 

9.1.69 

J ' (2)= f§+^° Fi(H - 1: _i " !) 

=#xrrM(,+i,2,+i,2i 2 ) 


- lim f(\,h; ,+l; -£) 


as X, /i—>oo through real or complex values; z, v 
being fixed. 

( 0 Fi is the generalized hypergeometric function. 
For M(a, b, z) and F(a, b;c; z) see chapters 13 and 
15.) 

Connection With Legendre Functions 

If n and x are fixed and v->™ through real 
positive values 


lim {k'P;' (cos 5)} -J,(x) (i>0) 


"See page n. 
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9.1.72 

lim {^Qr (cos 2)} —i *Y,(x) (x>0) 

For P7 M and Q; 11 , see chapter 8. 

Continued Fractions 

9.1.73 

J,(z) _ 1 1 _ l_ 

J v -,(z) 2vz~ l — 2(v+\)z~ l - 2(v+2)z~ 1 - 

iWHii *«»/{(»+1)(>+2)} 

i- i~ i- 

Multiplication Theorem 

9.1.74 

<?,(Xs)=X±> g ( T)* (X g ~ l)*(^ g )* *^(2) 

(|X S -1|<1) 

If ^—J and the upper signs are taken, the restric¬ 
tion on X is unnecessary. 

This theorem will furnish expansions of ^„(re <9 ) 
in terms of 

Addition Theorems 

Neumann's 

9.1.75 *’,(«±®)= ± (M<M) 

ft*-® 

The restriction |»|<C|^| is unnecessary when 
and v is an integer or zero. Special cases are 


In 9.1.79 and 9.1.80, 

W=iJ(u 2 -\-V 2 —2uv cos a), 

u—v cos a=w cos X, v sin a=w sin X 

the branches being chosen so that w-m and x-»0 
as v^O. C ( j ?(cos a) is Gegenbauer’s polynomial 
(see chapter 22). 



Gegenbauer’6 addition theorem. 


If u, v are real and positive and 0 <a < t, then w, x 
are real and non-negative, and the geometrical 
relationship of the variables is shown in the dia¬ 
gram. 

The restrictions |we ±<a [<C |u| are unnecessary in 
9.1.79 when &=J and v is an integer or zero, and 
in 9.1.80 when 

Degenerate Form (u= “>): 

9.1.81 

e iv 00 Ba =r ^(l^)-, £ (p+k)i*J, +k (v)Cy (cos tt) 

ft*0 

(vt^O, —1, . . .) 

Neumann’s Expansion of an Arbitrary Function in a 
Series of Bessel Functions 


9.1.76 l= s JJ(8)+2S^I(8) 

k=l 

9.1.77 

2n oo 

( — ) k Jk(z)J2n-k{2)~\'2m Jk(z)J2n+k{z) (^>1) 

ft=0 Jk=l 


9.1.78 


•J.(2*)-g 2 g (-)V.(s) J.+.(s) 


Graf’s 

9.1.79 

v,(w)™\x= ± V, +l (!i)Mv)l™ka(\ve±'°\<\v\) 

Bill kss—a> Sill 

Gegenbauer’s 


9.1.80 


w’ 


=2T(.) g (,+i) 


^‘W M g . r(cosa) 

(iz-^0,—1,.. \ve± ia \<<\u\) 


9.1.82 /(2)=a 0 Jo(3)+2 2fl t J t (3) (N<<0 

ft-1 

where c is the distance of the nearest singularity 
of/(z) from z—0 , 

9.1.85 (0<c'<c) 

and O*(0 is Neumann’s polynomial. The latter 
is defined by the generating function 

9.1.84 

t^-=J.(«)0 ,(0+2 s (WCKI) 

t —2 ft=l 

0„(<) is a polynomial of degree 1 in 1 It; 0 0 (t) = l It, 

9.1.85 

The more general form of expansion 

9.1.86 j(z)=ayJ r (z)-\-2 2 a>xJv+k(. z ) 
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also called a Neumann expansion, is investigated 
in [9.7] and [9.15] together with further generaliza¬ 
tions. Examples of Neumann expansions are 
9.1.41 to 9.1.48 and the Addition Theorems. Other 
examples are 


fc=o 

—1,—2,. . .) 


YnKZ) ~ x fa (n—k)k\ 

+- {In (iz)-*(n+l)}./.(«) 

7T 

_2 tA / s t (n4-2fc)t7 n +2k(z) 
Trfai ; k{n+k) 

where \(/(n) is given by 6.3.2. 


Y v (z) =V2 /(ttz) {P{v, z) sin X+ Q(v, z) cos x} 

(|arg s|<x) 

9.2.7 

H^{z)=^j2R^){P{ V} z)+iQ(u, z)je ix 

(—7r<argz<2x) 

9.2.8 

H™{z)=j2]{j*){P(v, z)~%Q{v, z)}e~ ix 

(~2ir<arg z<ir) 

where X=z—(?p-\-j) w and, with 4p 2 denoted by n, 


rKVf } fao { } (2a)* 1 2!(8s) 2 

, px—l)(jU—9 )(m—25) (m—49) 


r,(e)=? {ln(i 2 )+-y}^o(«)--± (-V^Tr- 

7T 7T t = i a 


9.2. Asymptotic Expansions for Large 
Arguments 

Principal Asymptotic Forms 

When v is fixed and |s|—><» 


J.(2)=V2/M{c(>s (s-W-W+e'-^'Oflzl- 1 )} 

(|arg z|<x) 

9.2.2 

r.(z)=>S/(^{sin(z-J,T-W+« l * / ' l 0 (| 2 |-')} 

(|arg 2j<x) 

9.2.3 

(—x<arg z<2tt) 

9.2.4 

H ( y 2) (z)'^-^2/{Trz)e~ iit ~ iyir ~ iir) (—2?r<arg2<ir) 


s)~S (-) 


(y, 2fe+l) 


*=6 ' (2z)** +1 

__. m 1 (m— 1)0*—9)(m—25) . 

8s 3! (8s) 3 

If v is real and non-negative and z is positive, the 
remainder after k terms in the expansion of P(v, z ) 
does not exceed the (Ar-fl)th term in absolute 
value and is of the same sign, provided that 
k^>\v—\. The same is true of Q(p,z) provided 
that k>\v— f. 

Asymptotic Expansions of Derivatives 

With the conditions and notation of the pre¬ 
ceding subsection 


J' y (z)=^2f(irz){—R(v, z) sinx— S(v, z) cos x} 

(|arg z\<t) 

9.2.12 

Y',(z)=^2/(irz){R(v ) z) cosx— S(v, z) sinx} 

(|arg z|0) 


Hankel’s Asymptotic Expansions 
When v is fixed and \z\-*«> 


H? ) ’(z)=Tj2/(irz){iR(v, z)-S(p, z)}e ix 

(-ir<arg z<2ir) 


Jy(z)~^2l{Trz){P{v, z) cosx— Q(v, z) sinx} 

(|arg «|<x) 


H^(z)=^2j{^){~iR{p, 2 )-S(y, z)}e~ ix 

(—2x<arg z<x) 
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9.2.15 


R{V, z)~± (-)* 

Jfc = 0 


4p 2 +16F~1 (v,2k) 
4p 2 -(4&-1) 2 (2 z) 2 * 


(m-1)(m+15) , 

2! (8s) 2 “ r 


9.2.16 


S( v ,z)~jt; (-)* 

k =0 


4r 2 +4(2fc+l) 2 -l (v, 2k-\-l) 
4p 2 —(4&+1) 2 (2 z) 2k+l 


m+3 (m-1)(m~9)(m+ 35) . 
' 83 3! (8s) 3 


Modulus and Phase 

For real v and positive z 

9.2.17 

M,— \Hl l) (z) | =j{J 2 v (x) -f Y 2 (x )} 

0,,= arg (z) = arctan { Y,(x)/J v (x)} 

9.2.18 

N„= \Hp'(x) I =V(j; \x) + r; 2 (z) } 

<p ,=arg ' (z) = arctan { Fi (z)/J' (z)} 

9.2.19 J,(x)=M, cos 0„ Y v (x)=M v sin 0„ 

9.2.20 J r '(z)=7v r „ cos Y’ y {x)—Ny sin <p v . 

In the following relations, primes denote differ¬ 
entiations with respect to z. 

9.2.21 M 2 yd'y=2l(irx) Nh>l=2(a*-*)/(*/?) 

9.2.22 W=M?+M% 2 =M'y 2 +±l{TrxMy) 2 

9.2.23 (z 2 - v 2 )M v M'y +z 2 A r ,iV;+zN 2 =0 

9.2.24 

tan {(py—dy)=Myd[lMy^2l{ifxMyMy) 

MyN v sin 0„—0 v )=2/(7rz) 

9.2.25 z 2 M;'+zM:+(z 2 -^)M,-4/(ir 2 M 3 )=0 

9.2.26 

zW"-fz(4z 2 +1— 4v 2 )w / + (4v 2 — l)w=0, w—xM 2 


9.2.27 


Asymptotic Expansions of Modulus and Phase 

When v is fixed, z is large and positive, and n=Av 2 

9.2.28 


Ml~ — 

7TZ 


fill M 1 , 1*3 (m-1)(m-9) 

1 ^2 (2x) 2 '2 • 4 (2z) 4 

, 1-3-5 (m-1)(m-9)(m~ 25) , 
^2-4-6 (2z) 6 ^ 


9.2.29 


0„~z— (4v+J)x+ 


M-l 

2(4z) 


l (m— 1)(m—25) , 0 * — 1)(m 2 — 114/*+1073) 
“ 1 " 6(4z) 3 ^ 5(4z) 5 


(m-1)(5m 3 -1535 m 2 +54703/x- 375733) , 
“** 14(4 z) 7 + 


9.2.30 

y 2 _ 2 1 /x—3 1-1 (m—1)(m—45) . 

F tz 1 2 (2z) 2 2-4 (2z) 4 

The general term in the last expansion is given by 

1 ■ 1 • 3 . . . (2k—3) 

2 •4■6 ... (2 k) 


v (m- 1) Qx-9). . . {m—(— 3) 2 } (2ft +1) (2fr-l) 2 } 

A (2x) 2k 


9.2.31 


(f>y^X— (%V ~£) TT-f 


m+3 

2(4z) 


m 2 +46 m -63 
^ 6(4z) 3 


, m 3 +185m 2 -2053m+ 1899 , 
+ 5(4z) 5 + 


If v > 0, the remainder after k terms in 9.2.28 does 
not exceed the (&+l)th term in absolute value 
and is of the same sign, provided that k^>v—\. 


9.3. Asymptotic Expansions for Large Orders 
Principal Asymptotic Forms 

In the following equations it is supposed that 
v —> oo through real positive values, the other vari¬ 
ables being fixed. 

9.3.1 


Vi(cr 


g u(tanh a —a) 

Jy(v sech a) ~ 

■\2irv tanh a 

(cc> 0) 

g „(a-tanll a) 

Y y ( v sech a) ~ - --— 

VfTTP tanh a 

(a>0) 


•See page II. 
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J v (v sec 0) = 

^21 {tv tan 0) {cos (v tan /3— vfi—%r) + 0 ( v ~ l )} 

(0 </3<W 

Y v {v sec 0) = 

72/ (tv tan 0) {sin (v tan 0—t 'j3— 

(OCtKbr) 

9.3.4 

J,(v + zv»)=2*v-H Ai(-2 *z) + 0(jT l ) 
Y,(v+zW= -2*v-H Bi(—2 *z) + 0(v~ l ) 


Oy\VJ 3 ^ r( ^ ^ 

o'* 1 

Yv{v) Wf(J) J* 


v 0 (t) = l 

u 2 («) = (8K 2 -462i 4 +385< 6 )/1152 
^s(O = (30375* 3 -3 69603i fi +7 65765t 7 

-4 25425£ 9 )/4 14720 

u 4 (t )^{44 65125£ 4 —941 21676< e +3499 22430* 8 

-4461 85740^ + 1859 10725* 12 )/398 13120 

For v 5 (t) and u 6 (t) see [9.4] or [9.21]. 


«*+i(0 = ^ 2 (l-t*K(0+|J # (1-5 t 2 )u k (t,)dt 

{k=0, 1,...) 


J' v (y sech a) 1 ' 


M =(+?)' 


1 1 


/ sinh 2a ^ (tanh a - a ) m _i_+^ (coth a) } 

I 4ttj/ 1 t=i ^ 


■ exp (-|rf*) 0 /J_V 

^ l + ^|f|H 


(|arg s|0) 


9.3.12 

F'(i- sech a) 

/sinh 2a 


+ exp 71 gM 7 ) ) 

In the last two equations f is given by 9.3.38 and 
9.3.39 below. 

Debye’s Asymptotic Expansions 

(i) If a is fixed and positive and v is large and 
positive 


,( a -tanh a ){ 1+ ^ (_)* 

k=l 


v k (coth a) i 


J y (v sech a) * 


■\I2tv tanh a ’ T j^i 


^u k (coth a ), 


9.3.13 

»o(0 = l 

v t (^ = (—9i+7i 3 )/24 

v 2 (t) = (- 135« 2 + 594* 4 -455Z 6 )/l 152 

^3(0 — (—42525f 3 +4 51737^—8 83575J 7 

+4 75475^/4 14720 

9.3.14 

V k (t ) = U k (t) + t(t 2 — 1) { IW*-! (t) -\~tu k _ x (t) } 

(*-1,2, . . .) 

(ii) If /3 is fixed, 0</3<§7r and v is large and 
positive 

9.3.15 _ 

J v {v sec 0) = ^2/{tv tan 0){L{v, 0) cos 

+M( v, |8) sin 4>} 

9.3.16 _____ 

Y y (v sec i3) = tJ2/(tv tan @){L(v, j8) sin M' 

—M(v, 0) cos 

where 4 f =i'(tan /3— 0)— \t 


Yy(v sech a)'' 


fl .yw r «.(coth tt ) , 
Vw tanh a ‘ ^ v k 


81 cot 2 ff+462 cot 4 0+385 cot 6 0 
-1 1152v 2 • ^ ’ ’ * 
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9.3.18 


3 cot 0+5 cot 3 0 


24* 

Also 

9.3.19 

Jl(v sec /3) = V(sin 20)/(ir*){ — iV(*, 0) sin 

— 0(*, 0) cos 

9.3.20 

Fi(* sec 0)—^/(sm 2@)/(irv){N(v, 0) cos ^ 

— 0{v , 0) sin 4>} 

where 

9.3.21 

*=o v iK 


= 1 +- 


135 cot 2 /S+594 cot 4 0+455 cot 6 0 
1152* 2 


9.3.22 

nt o\ : ^ «»+i(i cot 0) 9 cot 0+7 cot 3 0 

* 2 * +1 “ 24* “••• 


Asymptotic Expansions in the Transition Regions 

When z is fixed, |*| is large and |arg *|<+r 

9.3.23 

Ai (—2:«*) {1 + g-^} 

+— Ai' (-2'«0) 2 ^ 
* *“ /3 


9.3.24 


2 1/3 . 


7,(.+0.«)- - Bi(-2«**){l+g&£} 

-7 Bi '<-2" 2 )§^ 

where 

9.3.25 

■AW—1®**+®** 

./ / \ _ 957 « 173 3 1 

7000 3150 2 225 

—- wiQ—- 23573 ~7 I 5903 4 . 947 

1 onooo* “ioocaa^ Tn 


20000 147000 T 138600 ^346500 * 


9.3.26 

0oO)=^j 2 2 

9l{2) -70 *’+70 

9 7 . 611 . 37 

^ 1000 2 + 3150 2 3150 2 

a 3 ( 2 )^J49_ 110767 _79__ 

yn ' 28000 693000 ^12375 

The corresponding expansions for ZT^O+a* 1 / 3 ) 
and £fi 2) (*+ 2 * 1/3 ) are obtained by use of 9.1.3 
and 9.1.4; they are valid for — £ir<arg *<|tt and 
—f7r<+rg respectively. 

9.3.27 

^ Ai' (-2«* 2 ) {i+g 


01/3 

+^Ai {-2'»z)T, 


lk{z) 


9.3.28 


Y:(,+zS'*) ~ ^ Bi' (-2«0) {1+2 


-^Bi(-2'«*)g^ 


where 

9.3.29 


h 1 (z)=—^z 

, / v 699 6 2617 3 . 23 
ssnn 2 3150 2 


3500 ‘ 
27 

^ 4 ( 2 ) =2qqoo 2 


3150 

46631 m7 3889 1159 

147000 2 + 4620 2 115500 2 


9.3.30 

w*)=!H 

7 / \ 9 8 , 5437 . 593 

h{z) 500 z + 4500 3 3150 ; 


7 M _369 „ 9 999443 31727 _ 8 947 

h{Z) 7000 2 693000 2 + 173250 2 +346500 
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9.3.31 



b 

v bt 3 fro v 2 * 

9.3.32 


... 31/2(2 (ij.v 

, 1/3 tH-fr 

3 1/2 6^ 
v 2 * j ^ fr 

9.3.33 

J'M-jr* 


v 1/3 fro v 2 * 

9.3.34 

V'M 3>'»i 

{i+g^i 

,3 1/2 a ^ 5* 
+ v 4 ' 3 fr v 2 * 

where 






a =SWm =- 44730 73184 ’ 3*a=.77475 90021 

3 A ("37 
02/3 

6=Tn7¥fviA=- 4 1085 01939, 3*6= .71161 34101 

3 1/3 r(|) 

«o=l, «i=— 2^5 = —-904, 

a 2 =-00069 3735 . . a 3 =~.00035 38 . . • 

^o =^=.° 1428 57143 . . 

121 ^ 

a— icrsk —• 00U8 48596 •••> 

ft=.00043 78 . . ., ft=-.00038 . . . 

7 o=l, -,,=^=.00730 15873 . . 

7 2 = —.00093 7300 . . 73 = .00044 40 . . . 

*4 il= ~3lSoO- ■°° m 30447 ' ' •’ 

S 2 = .00060 47 . . S 3 =-.00038 . . . 

Uniform Asymptotic Expansions 

These are more powerful than the previous ex¬ 
pansions of this section, save for 9.3.31 and 9.3.32, 
but their coefficients are more complicated. They 
reduce to 9.3.31 and 9.3.32 when the argument 
equals the order. 


9.3.35 

V 1 - 2 V { v x,% ft 0 V 2 * 


Ai'fywfi ^ b k (t) 
^ fr V 2 * ' 


9.3.36 

Y»(vz) 


'JL.Y /gug!f) g*tt) 

\-z 2 ) 1 fro V** 


, Bi'(p 2/3 r) 

r j,5/3 


fr *** 


9 . 3.37 


HPivz) ~2e~* m 


( 4f ^ t Ai(e 2iril \ 21 ^) 

VI- 2 V 1 ^ 1/3 

, e 2 ^ 3 Ai'(e 2)r *'V /3 f) 

+ //3 


^ a*(r) 

fro v 2 * 
tA 6 t (r), 

fr v* ■ 


When j>-»+ co , these expansions hold uniformly 
with respect to z in the sector |arg z\<tt— e, where 
e is an arbitrary positive number. The corre¬ 
sponding expansion for H^iyz) is obtained by 
changing the sign of i in 9.3.37. 

Here 


9.3.38 



Vi-* 2 

t 


dt—\n 



equivalently, 


9.3.39 

| (-f)«=j^ ! ^H ,«=V?=I-arcco9 (i) 


the branches being chosen so that f is real when 
z is positive. The coefficients are given by 


9.3.40 


a»(r)=s M,r 3 ‘ / 2 t%-.{( i-s 2 )-*} 

«=o 


Mr)=-r*S x,r 3 y/ 2 ^-,+i{(i-2 2 )-*} 

8=0 

where u k is given by 9.3.9 and 9.3.10, Xo=juo=l 
and 


9.3.41 

, (2s+l)(2s+3) ...(6s-l) _ 6s+l x 

$!(144)* ' 6s-l 4 

Thus a 0 (f) = l, 

9.3.42 

5 15 1 

6 o (r) = -4gp+p{ 2 4(i_ 2 2)3/2“'8(l~?^^ 

=_5_ 1 _1_/_*_ + 1 - | 

48f 2+ (-f)* 1 24(2 2 -l) 3/2 ^8(2 2 -l)^ 

Tables of the early coefficients are given below. 
For more extensive tables of the coefficients and 
for bounds on the remainder terms in 9.3.35 and 
9.3.36 see [9.38]. 
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Uniform Expansions of the Derivatives 
With the conditions of the preceding subsection 


9.3.43 


\ 2/1-z 2 

Y f Ai 

) [ S' 3 fa v 2 * 


, Ai' 

[ V™ fa s k * 

9.3.44 



k r Bi 

1 v 4 ' 3 fa v 3k 

9.3.45 

, Bi' (v 2/3 r) ^ d*(r) 1 

1 fa y“ ’ 


-z 2 V,Ai(c 2 «V' 2 f)^c t (f) 

4r ) 1 s'* fas s k 

where 

, * 2xl/3 Ai' (e 2 '*'V' 3 f) ^ 

^ /3 S k ' 


For f>10 use 

6o(f)~^r*-.104r 2 , a,(f) = .003, 

rf,(f) = .003. 

For 10 use 

h (!•)•+r 2 , «,(f)=.ooo, 

Co(f)~ r‘-1.33(-f)" ! ' 2 , rf,(j-) = .000. 

Maximum values of higher coefficients: 

1 61 (f) [=.003, Jaa(f) | - .0008, |d 2 (r) |=.001 

l«i(r)l=-008 (f< 10 ), d(D- .003f» as *■-»+*. 

9.4. Polynomial Approximations 2 


9.3.46 


9.4.1 —3 <x<3 


c,(f)=-r i s n,r 3s/ %*-, + i {a—s 3 )-*} 

»-0 

2k 

*=o 


and v k is given by 9.3.13 and 9.3.14, For bounds 
on the remainder terms in 9.3.43 and 9.3.44 see 
[9.38]. 


f 

wr) 

chit) 

co(f) 

ditt) 

0 

0. 0180 

-0. 004 

0. 1587 

0. 007 

i 

. 0278 

004 

. 1785 

. 009 

2 

. 0351 

-. 001 

. 1862 

. 007 

3 

. 0366 

+ . 002 

. 1927 

. 005 

4 

. 0352 

. 003 

. 2031 

. 004 

5 

. 0331 

. 004 

. 2155 

. 003 

6 

. 0311 

. 004 

. 2284 

. 003 

7 

. 0294 

. 004 

. 2413 

. 003 

8 

. 0278 

. 004 

. 2539 

. 003 

9 

. 0265 

. 004 

. 2662 

. 003 

10 

. 0253 

. 004 

. 2781 

.003 

-r 

5o(f) 

Oi(D 

Cb(f) 

ditt) 

0 

0. 0180 

-0. 004 

0. 1587 

0. 007 

i 

. 0109 

-. 003 

. 1323 

. 004 

2 

.0067 

-. 002 

. 1087 

. 002 

3 

. 0044 

-.001 

. 0903 

. 001 

4 

. 0031 

-. 001 

. 0764 

. 001 

5 

. 0022 

-.000 

. 0658 

. 000 

6 

. 0017 

000 

. 0576 

. 000 

7 

. 0013 

-. 000 

. 0511 

. 000 

8 

. 0011 

000 

.0459 

. 000 

9 

. 0009 

-. 000 

. 0415 

.000 

10 

. 0007 

-. 000 

. 0379 

.000 


J 0 (x) = 1-2.24999 97(x/3) 2 +1.26562 08(x/3) 4 
-.31638 66(x/3) 6 +.04444 79(s/3) 8 

-.00394 44(x/3) 10 +.00021 00(z/3) 12 +e 

|c|<5X10- 8 

9.4.2 0<Cx<3 

Fo(x) = (2/ir) In(fr)J 0 (*) + .36746 691 

+ .60559 366(x/3) 2 -.74350 384(x/3) 4 
+ .25300 117(x/3) 8 —.04261 214(x/3) 8 
+ .00427 916(x/3) 10 -.00024 846(x/3) 12 + e 

|e|<1.4X10~ 8 

9.4.3 3 <x< oo 

J 0 (x) =x~ i fo cos do Yq(x) =x~ i fo sin d 0 

/o= .79788 456-.00000 077(3/x)-.00552 740(3/x) 2 
-.00009 512(3/x) 3 +.00137 237(3/x) 4 
-.00072 805(3/x) 5 +.00014 476(3/x) 6 +e 

_ |e|< 1.6X 10 -8 

2 Equations 9.4.1 to 9.4.6 and 9.8.1 to 9.8.8 are taken 
from E. E. Allen, Analytical approximations, Math. Tables 
Aids Comp. 8, 240-241 (1954), and Polynomial approxi¬ 
mations to some modified Bessel functions, Math. Tables 
Aids Comp. 10, 162-164 (1956) (with permission). They 
were checked at the National Physical Laboratory by 
systematic tabulation; new bounds for the errors, «, given 
here were obtained as a result. 



370 


BESSEL FUNCTIONS OF INTEGER ORDER 


00=3-. 78539 816-.04166 397(3/3) 

-.00003 954(3/x) 2 +.00262 573(3/x) 3 
-.00054 125(3/a?) 4 —.00029 333(3/3)® 
+ .00013 558(3/3)®+e 

|e[<7X10- 8 

9.4.4 —3 <3 <3 

x- 1 J x {x)=\~. 56249 985(3/3) 2 +.21093 573(3/3) 4 

-.03954 289(3/3)®+.00443 319(3/3) 8 
-.00031 761 (3/3) 10 +.00001 109(3/3) 12 +e 

[«|<1.3X 10~ 8 

9.4.5 0<3<3 

3 ( 3 ) = (2/ir) 3 ln(ii) Jx(3) - .63661 98 

+ .22120 91 ( 3 / 3) 2 +2.16827 09(3/3) 4 
-1.31648 27(3/3)®+.31239 51(3/3) 8 
-.04009 76(3/3) 10 +.00278 73(3/3) 12 +c 

|e|<l.lX10- 7 

9.4.6 3<3<°o 
J 1 (3)=3"l/ 1 cos 0j, Y 1 (z)=x~y i sin 0 X 

y 1= =.79788 456+.00000 156( 3 / 3 )+ .01659 667(3/3) 2 
+ .00017 105(3/3)®-.00249 511(3/3) 4 

+ .00113 653(3/3)®-.00020 033(3/3)®+e 

|e|<4X10- 8 

3 —2.35619 449+ .12499 612(3/3) 

+ .00005 650(3/x) 2 -.00637 879(3/x) 3 
+ .00074 348 ( 3 / 3 ) 4 +. 00079 824(3/3)® 

-.00029 166 (3/3)®+c 

| € |<9X10- 8 

For expansions of J 0 (x) y Y 0 (x), J\(x) y and Y x (x) 
in series of Chebyshev polynomials for the ranges 
0<3<8 and 0<8/3<l, see [9.37]. 


9.5. Zeros 


jv.s, j'v.s, Vv.s and 1 /',, respectively, except that 2 =0 
is counted as the first zero of J'o(z). Since 
Jq(z) = — </i(z), if follows that 

9.5.1 io.i = 0> jo,t~ji,i-i (® = 2, 3, . . .) 

The zeros interlace according to the inequalities 

9.5.2 

h. l<jy+l . \<h, 2<j>+l. 2<h. 3< • • • 

yv.x<y*+i,i<y>.*<yy+u2<yv,z< • • • 

<yy, 2 <yl, 2 <jv. 2 <j’r.Z< • • • 

The positive zeros of any two real distinct cylinder 
functions of the same order are interlaced, as are 
the positive zeros of any real cylinder function 
c ^ v (z) y defined as in 9.1.27, and the contiguous 
function ^ v+i (z). 

If p y is a zero of the cylinder function 

9.5.3 <gy{z)=Jy{z) cos(irf)+F„(z) sin(irf) 
where t is a parameter, then 

9.5.4 tf'y(py) =Vy-l (py) = ~ ^ ,+1 (*) 

If Gy is a zero of ^ ( 2 ) then 

9.5.5 

V V 

The parameter t may be regarded as a continuous 
variable and p„, g, as functions p P (t), G,(t) of t. If 
these functions are fixed by 

9.5.6 p v (0)=0, <Ty(0)=j'y,i 

then 


9.5.7 

jy.s=Py(8)> yy,s—py($ — h) («=1,2, • • ■) 

9.5.8 

j'y,s=<Ty(s— 1), yl,8=<ry(s—h) (s=l,2, ...) 




Real Zeros 


Infinite Products 


When v is real, the functions J v (z) y J' v (z), Y v (z) 
and Y'y(z) each have an infinite number of real 
zeros, all of which are simple with the possible 
exception of 2 = 0 . For non-negative v the sth 
positive zeros of these functions are denoted by 


9.5.10 


9.5.11 


Jy(z) = 


r(r+l) 


J'y(z) = 


(Mil 

2T(v) 


5 

i-i 



(v> 0) 
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McMahon’s Expansions for Large Zeros 
When v is fixed, $>>* and m=4* 2 


9.5.12 

. n 1 4( m -1)(7m-31) 32( m -1)(83m 2 -932 m +3779) 

P S p 3 (8/8) 3 15 (8/3) 3 

_64(/u-l)(6949/u 3 -l 53855 m 2 +15 85743/^-62 77237) 

105 (8/3) 7 ■ • • 

where /3=(s-f-§*-i)r for> (S , /3=(5 +^-|)t for y v>s . With /3=(£+§*—|) ir, the right of 9.5.12 is the 
asymptotic expansion of p„(f) for large t. 


9.5.13 

v ' g , m+3 4(7m 2 +82m-9) 32(83m 3 +2075 m 2 -3039/u+3537) 

J>.s,y,.s~P S p, 3(8i3 ,) 3 15(8/8') 5 

_64(6949/+2 96492 M 3 -12 48002 M 2 +74 14380 p -58 53627) 

105(8/3') 7 


where /3'=(«+!>'-!)*■ for j' ViS) /3'= ($+§*-|)tt for y' v , s , /3'=(*+£*+Dtt f or For higher terms in 

9.5.12 and 9.5.13 see [9.4] or [9.40], 


Asymptotic Expansions of Zeros 
and Associated Values for Large Orders 

9.5.14 

j vA ^v- j-1.85575 7lv 1/3 +1.03315 0*" 1/3 

-.00397*' 1 -.0908 i '- 5/3 +.043 i /- 7/3 + . . . 


Uniform Asymptotic Expansions of Zeros and 
Associated Values for Large Orders 

9.5.22 with t=v- m a, 

k — l V 


9.5.15 

y ,,^*+.93157 68 v l/3 +.26035 1*~ 1/3 

+.01198*- 1 - .0060* _3/3 - .001 *~ 7/3 + 


9.5.23 


W..)~ 


2 Ai' (a s ) 

> 8 *(M(r) 


fi+s 


9.5.16 

80861 65* I/3 +.07249 0*' 1 ' 3 

-.05097*- 1 +.0094*- 3/3 + . . . 

9.5.17 

1.82109 80* 1/3 +.94000 7*“ 1/3 

— .05808* -1 — .0540*~ 5/3 + . . . 

9.5.18 

J'Aki) -1.11310 28*“ 2/3 /(l +1.48460 6*~ 2 ' 3 

4-.43294*~ 4/3 —.1943*“ 2 +.019*- 8/3 + . . .) 

9.5.19 

Y'r(yv,x )~-95554 86*- 2/3 /(l + .74526 1*“ 2/3 

+ .10910*- 4/3 -.0185*~ 2 -.003*- 8/3 + . . .) 

9.5.20 

i)~.67488 51*“ l/3 (l-.16172 3*" 2/3 

+ .02918*- 4/3 -.0068*~ 2 + . . .) 

9.5.21 

^(^.i)~-57319 40*“ 1/3 (1 -.36422 0*" 2 ' 3 

-j-.09077* -4/3 +.0237* -2 4- . . .) 

Corresponding expansions for s=2 , 3 are given 
in [9.40]. These expansions become progressively 
weaker as s increases; those which follow do not 
suffer from this defect. 


with £=v~ 2/3 a s 

9 . 5.24 W ith (■=»-*%: 

.4=1 V 

9.5.25 

^ {i+s with s=v->'*a'. 

where a s , a* are the sth negative zeros of Ai(s), 
Ai'( 0 ) (see 10.4), z—z(t) is the inverse function 
defined implicitly by 9.3.39, and 

9.5.26 

A(r)={4r/(i-* 2 )}* 

m=hzmmvb<>($) 

g^)=hr l z{S)m)} 2 c«{!) 

where 6 0 (f), c 0 (f) appear in 9.3.42 and 9.3.46. 
Tables of the leading coefficients follow. More ex¬ 
tensive tables are given in [9.40]. 

The expansions of y VtS , Y' f {y Vi s ), y' Vt s and Y,(y' KS ) 
corresponding to 9.5.22 to 9.5.25 are obtained by 
changing the symbols j, J, Ai, Ai', a s and a' s to 
y, Y, —Bi, —Bi', b s and b' s respectively. 
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-f 

2(f) 

h( f) 

| /i(f) 

F x (t) 

(-f)ffl(f) 

(-f) s ? S (f) 

(~f) 2 <?l(f) 

0. 0 

1. 000000 

1. 25992 

0. 0143 

-0. 007 

-0. 1260 

-0. 010 

0. 000 

0. 2 

1. 166284 

1. 22076 

. 0142 

-. 005 

1 -. 1335 

-. 010 

. 002 

0. 4 

1. 347557 

1. 18337 

. 0139 

-. 004 

-. 1399 

-. 009 

. 004 

0. 6 

1. 543615 

1. 14780 

. 0135 

-.003 

1453 

-. 009 

. 005 

0. 8 

1. 754187 

1. 11409 

.0131 

003 

-. 1498 

-. 008 

. 006 

1.0 

1. 978963 

1. 08220 

0. 0126 

-0. 002 

-0. 1533 

-0. 008 

0. 006 

-r 

2(f) 

h( f) 

m 

?i(t) 

ffi(f) 

f) 

<y,(r) 

1.0 

1. 978963 

1. 08220 

0. 0126 

-0.002 

-0. 1533 

-0. 008 

0. 006 

1. 2 

2. 217607 

1. 05208 

. 0121 

-. 002 

-. 1301 

-. 004 

. 004 

1. 4 

2. 469770 

1. 02367 

.0115 

-. 001 

-. 1130 1 

-. 002 

. 003 

1. 6 

2. 735103 

0. 99687 

. 0110 

-. 001 

-. 0998 

-. 001 

. 002 

1. 8 

3. 013256 

. 97159 

. 0105 

-. 001 

-. 0893 

-. 001 

.002 

2. 0 

3. 303889 

0. 94775 

0. 0100 

-0. 001 

-0. 0807 

-0. 001 

0.001 

2. 2 

3. 606673 

. 92524 

. 0095 

-0. 001 

0734 


. 001 

2. 4 

3. 921292 

. 90397 

. 0091 


-. 0673 


. 001 

2. 6 

4 247441 

. 88387 

.0086 


-. 0619 


. 001 

2. 8 

4 584833 

. 86484 

.0082 


-. 0573 


0.001 

3. 0 

4 933192 

0. 84681 

0. 0078 


-0. 0533 



3. 2 

5. 292257 

. 82972 

. 0075 


-. 0497 



3. 4 

5. 661780 

. 81348 

. 0071 


-. 0464 



3. 6 

6. 041525 

. 79806 

. 0068 


-. 0436 



3. 8 

6. 431269 

. 78338 

. 0065 


-. 0410 



4. 0 

6. 830800 

0. 76939 

0. 0062 


-0.0386 



4. 2 

7. 239917 

.75605 

. 0060 


-. 0365 



4 4 

7. 658427 

. 74332 

. 0057 


-. 0345 



4. 6 

8. 086150 

.73115 

.0055 


-. 0328 



4 8 

8. 522912 

.71951 

. 0052 


0311 



5. 0 

8. 968548 

0. 70836 

0. 0050 


-0. 0296 



5. 2 

9. 422900 

. 69768 

. 0048 


-. 0282 



5. 4 

9. 885820 

. 68742 

. 0047 


-. 0270 



5. 6 

10. 357162 

. 67758 

. 0045 


-. 0258 



5. 8 

10. 836791 

. 66811 

.0043 


-. 0246 



6. 0 

11. 324575 

0. 65901 

0. 0042 


-0. 0236 



6.2 

11. 820388 

. 65024 

. 0040 


-. 0227 



6. 4 

12. 324111 

. 64180 

. 0039 


-. 0218 



6. 6 

12. 835627 

. 63366 

. 0037 


-. 0209 



6. 8 

13. 354826 

. 62580 

. 0036 


-. 0201 



7. 0 

13. 881601 

0. 61821 

0. 0035 


-0. 0194 




(-f)-i 

s i 

*(f)-i(-r)5 

(-f)tt(f) 

A(f) 

0i(f) 

0. 40 

1. 528915 

1. 62026 

0. 0040 

-0. 0224 

. 35 1 

1. 541532 

1. 65351 

. 0029 

-. 0158 

. 30 

1. 551741 

1. 68067 

. 0020 

-. 0104 

. 25 

1. 559490 

1. 70146 

. 0012 

0062 

.20 

1. 564907 

1. 71607 

.0006 

-. 0033 

0. 15 

1. 568285 

1. 72523 

0. 0003 

-0. 0014 

. 10 

1. 570048 

1. 73002 

. 0001 

-.0004 

.05 

1. 570703 

1. 73180 

. 0000 

-.0001 

. 00 

1. 570796 

1. 73205 

.0000 

-.0000 


Maximum Values of Higher Coefficients 

LMrtl-OOl, |F 2 (f)l = .0004 (0<-fO) 

| 9l (f)| = .001, 1^001- 0007 U<-fO) 

l(- l ■= -oo2, |(- f)'<? 2 (r) i=.0007 

(0<-f<l) 


Complex Zeros of /,(*) 

When v>— 1 the zeros of J v {z) are all real. If 
v< — 1 and v is not an integer the number of com¬ 
plex zeros oi J„{z) is twice the integer part of 
(— v); if the integer part of (— v) is odd two of 
these zeros lie on the imaginary axis. 

If v>0, all zeros of J' y (z) are real. 


Complex Zeros of V,(*) 

When v is real the pattern of the complex zeros of 
Y y {z) and Y y {z) depends on the non-integer part 
of v. Attention is confined here to the case v—n, 
a positive integer or zero. 



BESSEL FUNCTIONS OF INTEGER ORDER 





Figure 9.5. Zeros of Y n (z ) and Y' n (z ) . . . 

I arg z\ <tt. 

Figure 9.5 shows the approximate distribution 
of the complex zeros of Y n (z ) in the region 
|arg z\ <7r. The figure is symmetrical about the 
real axis. The two curves on the left extend to 
infinity, having the asymptotes 

Jz— ± $ In 3 = i .54931 . . . 

There are an infinite number of zeros near each of 
these curves. 

The two curves extending from z= —n to z=n 
and hounding an eye-shaped domain intersect 
the imaginary axis at the points ±i{na-\-b), 
where __ 

<j=V#-L = -66274 . . . 

In 2 = .19146 . . . 

and «o=1.19968 ... is the positive root of coth t 
=t. There are n zeros near each of these curves. 
Asymptotic expansions of these zeros for large n 
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are given by the right of 9.5.22 with v=n and 
£=n- m p a or n~ m p 3 , where /3„ ft, are the complex 
zeros of Bi(z) (see 10.4). 

Figure 9.5 is also applicable to the zeros of 
Y' n (z). There are again an infinite number near 
the infinite curves, and n near each of the finite 
curves. Asymptotic expansions of the latter for 
large n are given by the right of 9.5.24 with 
v=n and f=tt~ 2/3 ft' or 7i _2/3 ft'; where ft and S are 
the complex zeros of Bi'(s). 

Numerical values of the three smallest com¬ 
plex zeros of Y 0 (z), Y x (z) and Y[(z) in the region 
0< arg 2<V are given below. 

For further details see [9.36] and [9.13]. The 
latter reference includes tables to facilitate 
computation. 

Complex Zeros of the Hankel Functions 

The approximate distribution of the zeros of 
H^iz) and its derivative in the region |arg z\<t 
is indicated in a similar manner on Figure 9.6. 



Figure 9.6. Zeros of and H™'(z) . . . 

I arg z|<tt. 

The asymptote of the solitary infinite curve is 
given by 

Jz ——\In 2 = — .34657 . . . 


Zeros of Y 0 (z) and Values of Y x {z) at the Zeros 3 

Zero Yi 


Real I mag. Real 

-2.40301 6632 +.53988 2313 +. 10074 7689 
-5.51987 6702 +.54718 0011 -.02924 6418 

-8.65367 2403 +.54841 2067* +.01490 8063 


Imag. 

-.88196 7710 
+.58716 9503 
-.46945 8752 


Zeros of Yfz) and Values of Y 0 (z ) at the Zeros 
Zero Y 0 


Real Imag. Real Imag. 

-0.50274 3273 +.78624 3714 -.45952 7684 +1.31710 1937 

-3. 83353 5193 +. 56235 6538 +. 04830 1909 -0. 69251 2884 

-7.01590 3683 +.55339 3046 -.02012 6949 +0.51864 2833 

Zeros of Y[(z) and Values of Yfz) at the Zeros 

Zero Yi 


Real Imag. 

+0.57678 5129 +.90398 4792 

-1.94047 7342 +.72118 5919 
-5. 33347 8617 +. 56721 9637 


Real 

-. 76349 7088 
+.16206 4006 
-.03179 4008 


Imag. 

+. 58924 4865 
-.95202 7886 
+. 59685 3673 


* From National Bureau of Standards, Tables of the Bessel functions Y a (z) and Y x (z) for complex arguments, 
Columbia Univ. Press, New York, N.Y., 1950 (with permission). 
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There are n zeros of each function near the 
finite curve extending from z=—n to z—n; the 
asymptotic expansions of these zeros for large n 
are given by the right side of 9.5.22 or 9.5.24 
with v=n and f=e~ 2r</a n~ 2/3 a, or £~e~ 2rm n~ m a' s . 


Zeros of Cross-Products 

If v is real and X is positive, the zeros of the 
function 


9.5.27 J y {z) Y f (\z) -J v (\z) Y y (z) 


are real and simple. If X>1, the asymptotic 
expansion of the sth zero is 


9.5.28 


a I V I I . 

Pi-0-r 03 i 0> ■+*••■ 


where with 4 v 2 denoted by n, 


9.5.29 


P= 


M-l 
8X ’ 


0=sir/(X—1) 

„. (m~1)(m~25) (X 3 —1) 

2 6(4X) 3 (X-1) 


( m -1)(m 2 -114m+ 1073)(X 6 -1) 
r 5(4X)‘(X-1) 


The asymptotic expansion of the large positive 
zeros (not necessarily the sth) of the function 

9.5.30 j:(s)f;(xs)~j;(X 2 ) 7 ;( 0 ) (x>i) 


is given by 9.5.28 with the same value of j3, but 
instead of 9.5.29 we have 


9.5.31 

u+3 (m 2 +46m-63)(X 3 -1) 

P 8X ' 2 6(4X) S (X—1) 

^ (m 3 + 185m 2 ~ 2053/1+1899) (X 6 -l) 
r 5(4X) 6 (X 1) 

The asymptotic expansion of the large positive 
zeros of the function 

9.5.32 J f y(z)Yy{\z)-Y'y(z)Jy(\z) 
is given by 9.5.28 with 

0=(s-i>/(X-l) 

(m+3)X-( m -1) 

V 8X(X-1) 

_ (m 2 -H6 m -63)X 3 -( m -1) (m-25) 

2 6(4X) 3 (X—1) 

5 (4X) 5 (X— 1) r= (m 3 -f 1 85 m 2 ~2053ju+1899) X 5 

-(m-1) (m 2 -114m+1073) 


Modified Bessel Functions / and K 
9.6. Definitions and Properties 
Differential Equation 

9.6.1 

Solutions are I±v{z) and K v (z). Each is a regular 
function of z throughout the 2 -plane cut along the 
negative real axis, and for fixed 2 ( 5 ^ 0 ) each is an 
entire function of v. When v=±n, I v (z ) is an 
entire function of z. 

L(z) (0tv>O) is bounded as 2-*0 in any bounded 
range of arg 2 . I y (z) and are linearly inde¬ 

pendent except when v is an integer. K v {z) tends 
to zero as in the sector |arg 2 |<^tt, 

and for all values of v, I v {z) and K v {z) are linearly 
independent. Iy(z), K v {z ) are real and positive 
when r>—1 and 2 > 0 . 



Figure 9.7. I 0 (x), K 0 ( x), I x (x) and K x {x). 
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Figure 9.8. e~ x I 0 (x) } e~ x I 1 (x),e x K 0 (x) and e x K x {x). 



Figure 9.9. 4(5) and 14(5). 


Relations Between Solutions 

9.6.2 K,(z)=b 

w sm (vw) 

The right of this equation is replaced by its 
limiting value if v is an integer or zero. 

9.6.3 

I,(z)=e V,( ze* Ti ) (—7r<arg z<\*) 

I,(z)=e Zp * il 2 J,(ze~ 3vil2 ) (^ir<arg z<t) 

9.6.4 

K,(z) = \irie^ ri H ^ (ze iri ) (—?r<arg z<\ ?r) 


9.6.5 

r,(^i)= e io+i)^( 2 )_(2/ x ) e -w^( 2 ) 

(—7r<arg 2 <|tt) 

9.6.6 I-n(*)=In(z),K-,(z)=K 9 (z) 

Most of the properties of modified Bessel 
functions can be deduced immediately from those 
of ordinary Bessel functions by application of 
these relations. 

Limiting Forms for Small Arguments 
When v is fixed and z-K) 

9.6.7 

A(2)~(iz)'/r(H-i) -l, -2,...) 

9 .6.8 K’„(z)~—In z 

9.6.9 K,(z)~ irW(Jz)-’ (£?r>0) 


Ascending Series 


9.6.10 


g.(z)=i(iz)-g ( ”-f- 1)! (_}zy 

+ (-)* +I In «*)/.(*) 

+(-)”i(^)’S W*+i)+iK»+*+i)} 

where ^(n) is given by 6.3.2. 

9.6.12 /.(*)-i+^+^@r , +^f+. • • 


X,(«)=-{In (Iz)+7)/oW+7 


+(!+» ^+(l+i+i) ^’+. • ■ 


Wronskians 

9.6.14 

TF{4(s),/-,(*) )=4( 2 )/ -(»+d («)-4+i(a)/-r(«) 

=—2 sin {vt^I^z) 

9.6.15 

Tr{^(8) > 4(*)}=4(*)K’, +1 («)+4+i(*)iTr(«)*l/8 
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9.6.16 


Integral Representations 


/ 0 ( 2 )=- f* e ±z coae d6=- | cosh (z cos 6) 

IT J 0 v JO 

9.6.17 i C COBfl { 7 +ln ( 22 sin* 

* J 0 


9.6.18 


w-d&B 5! *“-**’•* 

-O'-**"* (»>-» 


'xtr^+j). 


9.6.19 7, 

9.6.20 


9 cos (n0)70 


(2)= ^r 

7 ,( 2 )=- Pi--co. (?0)d0 

v Jo 

_sm( = ) (largsKix) 

‘JT 7o 

9.6.21 


7f 0 (x) =J* cos (x sinh <)d<=J 


9.6.22 


(*> 0 ) 


7C(x)=sec J cos (x sinh t) cosh ( vt)dt 
—esc (^nr) J sin (x sinh <) sinh (v<)d< 

W<1, *>0) 


9.6.23 


K,(2) = 




S ) Jo 


g-ZCOBhf di 


r(v+$) 

r(v+i) J, e 




. |arg z\<M 

9.6.24 g-zeoahj co S h (pi)< 7 f (|arg 2 |<^r) 

9.6.25 


K,(xz)= 


9.6.26 


r(y+^)(2g)> C w cosJxO^ 


[M_T_ 

irV Jo tt 2 -f2 2 )” + * 

(^v>-i x> 0 , |arg z\<k*Y 

Recurrence Relations 

3T.-M-2T,(z) 
&Uz)=£,- l U)-l2r.<.t) 
s'..,(z)+sr. +1 (t)=2 ar'M 
ar'M-ar.*M-\~arM 


denotes /„, e vri K* or any linear combination of 
these functions, the coefficients in which are 
independent of 2 and v. 

9.6.27 7^(2)=7,(2), Kq(z)~—Ki(z) 


9.6.28 


Formulas for Derivatives 


(1 (*=0,1,2,...) 


9.6.29 


2 f 5‘ , <*)-^{2',-.*(z)+(' j)iT,-, +I (z) 

+Q2',_ + .(*)+...+2'. + .(*)} 

(fc=0,l,2,...) 


Analytic Continuation 

9.6.30 I t (ze mri ) —e^^Iriz) (m an integer) 

9.6.31 

Ky(ze mTi )—e~ nv * i K,{z )—Trisin (mvir) esc (vt)I,(z) 

(m an integer) 

9.6.32 7„(£)=7^), Ky{z)=KjZ) (v real) 

Generating Function and Associated Series 

9.6.33 g»»«+i/*>« S <*7,(2) («*0) 

9.6.34 COfl »=7„( 2 ) +2 ]£} 7*(g) cos(Atf) 

9.6.35 

e*® ,n «=7 0 (2)-f2 S (-)*7» + ,(«) sin{(2fc+l)0} 

fr-0 

+2 S (-)*/»(«) cos(2M) 

k-l 

9.6.36 l=7 0 (z)-27 1 (z)+27,(z)-27,(z)+ . . . 

9.6.37 «*-7,(z)+27 1 (z)+27,(z)+27,(z) + . . . 

9.6.38 «-=7 0 (z)-27i(z)+27,(z)-27,(z)+ . . . 

9.6.39 

cosh z=7„(z)+27 ! (z)+27,(z)+27,(z)+ . .. 

9.6.40 sinh z=27,(z)+27 3 (z)+27 5 (z)+ . . . 
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Other Differential Equations 

The quantity X 2 in equations 9.1.49 to 9.1.54 
and 9.1.56 can be replaced by -—X 2 if at the same 
time the symbol ^ in the given solutions is 
replaced by 3T. 

9.6.41 

z 2 w"-\-z(l± 22 )w'+(±z— ^^= 0 , v)=e Wi $fy{z) 

Differential equations for products may be 
obtained from 9.1.57 to 9.1.59 by replacing z by 
iz. 


Derivatives With Respect to Order 

9.6.42 


£/,(*)=/,(*) In 


^(y+fe+1) (jg 2 )* 

r (?+£+!) £! 


| escW (| ''<•>> 

—7r cot(j^r)^L»(s) (ps^O, ±1, ±2, . . .) 




u!i«) 

r 2 l^o ■ {n-k)k\ 


P K(-{] n\{hz)-*H=\{\zyK k {z) 

La. 1 2 h (n-k)k\ 


Expressions in Terms of Hypergeometric Functions 

9.6.47 

_(?g) ® 1 / / | 1 rt |10 \ g *J/ ft ,(2*) 

9.6.48 tf,(c)=(^)V 0 ,.( 2 s) 

(o*i is the generalized hypergeometric function. 
For M(a, b, z), M 0 , v {z) and Wo, v ( z ) see chapter 13.) 

Connection With Legendre Functions 

If n and z are fixed, &z^> 0 , and v— »a> through 
real positive values 

9.6.49 lim { ^P ^cosh 0} =I»(z) 


9.6.50 lim { v~ lt e~ ftTi Qi ^cosh 

For the definition of P and Qt, see chapter 8 . 

Multiplication Theorems 

9.6.51 

X(X2)=X*-g (|X 2 —1|<1) 

If $f=I and the upper signs are taken, the re¬ 
striction on X is unnecessary. 

9.6.52 

-/.(*)=£ (-)*gWi) 


Neumann Series for /£„(*) 

9.6.53 

tf»(g)=(-)"- l {ln (*«)-*(»+l) }/.(*) 

■*" 2 > {n—k)k\ 

+ ( ~ )n s 

9.6.54 tf 0 (s) = -{ln (i«)+ 7 }/ 0 (a)+ 2 g^ 

Zeros 

Properties of the zeros of I v (z) and K,(z) may 
be deduced from those of J v (z) and ( z ) respec¬ 

tively, by application of the transformations 

9.6.3 and 9.6.4. 

For example, if v is real the zeros of I v (z) are all 
complex unless — 2 &<><— (2k— 1 ) for some posi¬ 
tive integer k , in which event I„{z) has two real 
zeros. 

The approximate distribution of the zeros of 
K n (z) in the region —fx<arg z<\ir is obtained on 
rotating Figure 9.6 through an angle — |ir so that 
the cut lies along the positive imaginary axis. 
The zeros in the region ~\ir< arg z<%tt are their 
conjugates. K n (z) has no zeros in the region 
I arg z\<?tt; this result remains true when n is 
replaced by any real number v. 

9.7. Asymptotic Expansions 
Asymptotic Expansions for Large Arguments 

When v is fixed, \z\ is large and /i=4i > 2 


(n-f-2fc)/ n+ 2fc(g) 


9.7.1 


e* f1 ft—1,0 *—1)0*—9) 
^ 8z + 2 ! ( 82) 2 


(g—l)(g—9 )(m~25) 

3!( 82) 3 T 


(|arg 2 |<ix) 
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9.7.2 

K.{z) 
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'V£ e ' ,{1+! ^ H 


(m— l)(/x—9)Qi—25) 

+ 3! (82) 3 ^ ' 


( m - 1 )( m ~ 9 ) 


(kg 2 l<f^r) 


V2 tT2 


M+3 , (m-1)0x+15) 


2^ 1 82 T 2! (82) 

G»-l)fr-P)fr+35) , 


+ ...} (|arg z\ <^jt) 




m+3 , (m-1)(m+ 15) 
82 * r 2! (82) 2 


(/x—l)Qit—9)Qu+35) 


+ •••} (iarg 2 |<fjr) 


The general terms in the last two expansions 
can be written down by inspection of 9.2.15 and 
9.2.16. 

If v is real and non-negative and z is positive 
the remainder after k terms in the expansion 
9.7.2 does not exceed the (fc+l)th term in absolute 
value and is of the same sign, provided that 
k>v~l 


/.»*»-£{ i-|y 


1 1 • 3 Qx—l)Qx—9) 




(kg *\<fr) 


l • 1 (m l) (m 45) , 


(kg *\<\*) 

The general terms can be written down by 
inspection of 9.2.28 and 9.2.30. 


Uniform Asymptotic Expansions for Large Orders 

.7.7 T(vp\~ * e ”’ fi i v1 

) vs;(i+*r‘ u+ £ ^ } 





When these expansions hold uniformly 

with respect to 2 in the sector |arg e, 

where e is an arbitrary positive number. Here 


9.7.11 <=l/Vl+i 5 , ,= VI+?+ln—■- 7 -- 

1 +Vl + 2 2 

and ^(0 are given by 9.3.9, 9.3.10, 9.3.13 
and 9.3.14, See [9.38] for tables of 17 , u*(£), 
v k {t), and also for bounds on the remainder 
terms in 9.7.7 to 9.7.10. 


9.8. Polynomial Approximations 4 

In equations 9.8.1 to 9.8.4, t=ac/3.75. 

9.8.1 -3.75 <x <3.75 

J 0 (x) = l+3.51562 29* 2 +3.0899424f+1.20674 92*® 
+ .26597 32£ 8 +.03607 68f 10 +.00458 13f 12 +e 

MC1.6X10- 7 

9.8.2 3.75 <z<oo 

xh~ x Io(x) = .39894 228+.01328 592<“ 1 

+ .00225 319r 2 -.00157 565r 8 
+ .00916 28ir 4 -.02057 706r® 

+ .02635 537r 8 -.01647 633f~ 7 

+ .00392 377f 8 +« 

|c|<1.9X10- 7 

9.8.3 -3.75 <x <3.75 

x~ l I 1 {x)=\ J r .87890 594< 2 +.51498 869i 4 
+ .15084 934£® + .02658 733J 8 
+ .00301 532P+.00032 41H l2 +e 

| € |<8X10- 9 

9.8.4 3.75 <x<o° 

xh~ x Iy(x) = .39894 228-.03988 024r 1 

-.00362 018r 2 +.00163 801 r 3 
-.01031 555r 4 +.02282 967r® 
-.02895 312r e +.01787 654r 7 

-.00420 059r 8 +e 
|e|<2.2X10- 7 

4 See footnote 2, section 9.4. 
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9.8.5 0<x<2 

-In (x/2)/ 0 (x)-.57721 566 

+ .42278 420(x/2) 2 +.23069 756(x/2) 4 
+ .03488 590(x/2) 6 +.00262 698(x/2) 8 
+ .00010 750 (x/2) 10 +.00000 740(x/2) 12 +s 

| € |<1X10- 8 

9.8.6 2<a?0 

xh x K^{x) = 1.25331 414 —.07832 358(2/x) 

+ .02189 568(2/x) 2 —.01062 446(2/x) 3 
+ .00587 872 (2/x) 4 -.00251 540(2/a;) 5 

+ .00053 208(2/x) 6 +c 
|e|<1.9X10- 7 

9.8.7 0<[x<2 

*K!(*)=*ln (x/2)Ii(x) +1 + .15443 144(x/2) 2 
-.67278 579(x/2) 4 -. 18156 897(x/2) 6 
-.01919 402(x/2) 8 —.00110 404(ar/2) l ° 

-.00004 686 (x/2) 12 +e 
|e|<8X10-° 

9.8.8 2 <x< « 

x*e?K 1 (x)= 1.25331 414+.23498 619(2/*) 

-.03655 620(2/x) 2 +.01504 268(2/x) 3 
-.00780 353(2/x) 4 +.00325 614(2/x) 6 
-.00068 245(2/a?) 6 +e 
|e|<2.2X10- 7 

For expansions of 7 0 (x), i£o(z), 7 x (x), and Ki(x) 
in series of Chebyshev polynomials for the ranges 
0;<x<8 and 0<8/x<l, see [9.37]. 

Kelvin Functions 

9.9. Definitions and Properties 

In this and the following section v is real, x is 
real and non-negative, and n is again a positive 
integer or zero. 

Definitions 

9.9.1 

ber„ x+i bei, x=J,(xe 3irm )=e vri J„(xe~ rm ) 

=e irv % {xe r m ) = e 3vr m I v (xe~ Zri/i ) 

9.9.2 

ker, x+i keb x=e~* vri K v {xe Tt,i ) 

=briHp (xe 3ri/i ) = - brie-^Hp (xe~* m ) 
When v= 0 , suffices are usually suppressed. 


Differential Equations 

9.9.3 

x 2 w"+xw'— (?x 2 + v 2 )w— 0, 

w=ber v x+t bei„ x , ber_„ as+a bei_„ x, 

ker y x+i kei„ x, ker_„ x+i kei-, x 

9.9.4 

x i w iv +2x z w" , -(l+2 v 2 )(x 1 w"-xw') 

+ (y 4 —4i> 2 +x 4 )w=0, 

w=ber ±I , x, bei ±( , x, ker ±v x, kei±„ x 

Relations Between Solutions 

9.9.5 

ber_„ x=cos(j'ir) ber, x+sin^x) bei„ x 

+ (2 jir) sin(vir) ker„ x 
bei_„ x= —sin(»»7r) ber„ x+cos^x) beb x 

+ ( 2 / 7 r) sin (uir) kei„ x 

9.9.6 

ker_„ x=cos(i>x) ker„ x—sin(px) keb a- 
kei_„ x=sin(i'x) ker„ x + cos(»/x) keb x 

9.9.7 ber_„ x=(—) n ber„ x, bei_„ x= (—)* bei n x 

9.9.8 ker_„ x= (—)* ker n x, kei_„ x= (—) n kei B x 
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kei n x= —$($x) _tt g sin 

(i* 2 )*—In (jx) bei„ x—+r ber„ x 
+i(&c) ft g sin {(fn+£&)*■} 

Wfe+lR^+fc+l)} „ 

A k\{n+k)\ 
where ^(n) is given by 6.3.2, 


9.9.12 

ker x= —In (£x) ber x+£t bei x 


+ S H ‘ 


^(2Ar+l) 

{( 2 fc )!} 2 


(i* 2 ) 2 * 


' {( 2 &+ 1)!} 2 


Functions of Negative Argument 

In general Kelvin functions have a branch 
point at x=0 and individual functions with argu¬ 
ments xe ±vi are complex. The branch point is 
absent however in the case of ber, and bei, when v 
is an integer, and 

9.9.13 


ber n (—x) = (—) B ber» x, bei n (—x) = (—) n bei„ x 


Recurrence Relations 

9.9.14 

=-^ <J,-9,) 

C/.+l+?.+l) 

where 


9.9.15 


/,=ber, xT 
p,=bei, x J 
f ,=ker, x j 
L=kei, xj 


/,= 

9> 


/,=bei, x 
gr,= — ber, x 
/,=kei, x 
g y =— ker, x 


} 

} 


9.9.16 

V2 ber' x=beri x+beii x 
V2 bei' x=—beri x+beii x 

9.9.17 

72 ker' x=kerj x+keij x 
72 kei' x =—keri x+kei x x 


Recurrence Relations for Cross-Products 

If 

9.9.18 

jj^ber 2 x+bei 2 x 
g,=ber, x beii x—berj x bei, x 
r,=ber, x ber£ x+bei, x bei' x 
5 ,=ber^ 2 x+bei^ 2 x 

then 


9.9.19 


4v 

p, +1 =p,_i—— r. 


jZ, + x=-^p,+r,=-2,_x+2r, 

_ (r+1) 

r, +1 -- p,+i+g;, 

1 ,1 V 1 

s,=2^+x+2^-i-^^ 


9.9.20 ^,=7^,+^ 

The same relations hold with ber, bei replaced 
throughout by ker, kei, respectively. 


Indefinite Integrals 

In the following /,, g r are any one of the pairs 
given by equations 9.9.15 and /*, g* are either the 
same pair or any other pair. 


9.9.21 

Jx 1+ '/,dx=-^- (/,+!— 5Tv+x) =—X l+ ^ g-g^ 

9.9.22 

J*~idx= x -^ (/,_i -g ¥ . x )=x x ~' g,+gty 

9.9.23 

$xV,gt-g,f!)dx=^j= {MUi+g> + i) 
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9.9.24 


J x(f,gt+g,f!)dx=^ x 2 (2f r g*—J,-ig* +1 


9.9.25 


J x(fi+gl)dx=x(f,g’ y -f y g P ) 

=—(x/^2) (j,f,+i+gvgv+i—f*gi>+i-\-J»+igy) 


9.9.26 

J x 2 {2J y g y -f y _ l g y+l -J y+1 g y _ i ) 

9.9.27 

Ascending Series for Cross-Products 

9.9.28 

berj x+bei? x= 

(i x )2> y'_ l _I fe 2 ) 2 * 

W ft r(v+*+l)r(»+ 2 *+l) *! 

9.9.29 

ber, a; bei£ x—beri x bei, x 

== (i a .)2,+ i y'_1_ (? x2 ) 2 * 

) £o r(v+k+l)r(v+2k+2) kl 

9.9.30 

ber, x beri x+bei, x beij x 

= i(i x )2p-i _i_ii?y* 

far( v +k+l)T( v +2k) k\ 


9.9.31 

beri 2 x+bei' 2 x 


Zeros of Functions of Order Zero 5 



ber x 

bei x 

ker x 

kei x 

1st zero 
2nd zero 
3rd zero 
4th zero 
5th zero 

2. 84892 

7. 23883 
11. 67396 
16. 11356 
20. 55463 

5. 02622 
9. 45541 
13. 89349 
18. 33398 
22. 77544 

1. 71854 

6. 12728 
10. 56294 
15. 00269 
19. 44381 

3. 91467 
8. 34422 
12. 78256 
17. 22314 
21. 66464 


ber' x 

bei' x 

ker' x 

kei' x 

1st zero 
2nd zero 
3rd zero 
4th zero 
5th zero 

6. 03871 
10. 51364 
14. 96844 j 
19. 41758 
23. 86430 

3. 77320 
8.28099 
12. 74215 | 
17. 19343 
21. 64114 | 

2. 66584 

7. 17212 
11. 63218 
16. 08312 
20. 53068 

4. 93181 
9. 40405 
13. 85827 
18. 30717 
22. 75379 


9.10. Asymptotic Expansions 
Asymptotic Expansions for Large Arguments 

When v is fixed and x is large 

9.10.1 

g*/V2 

ber, x=-p={/,(x) cosa+p„(x) sin a} 

V2 TX 

1 r 


— {sin (2v?r) ker„x+cos ( 2 vt) kei, x} 


9.10.2 


gr/V2 


bei, x=- ? ={/,(x) sin a— g,(x) cos a} 

V27TX 

+- {cos ( 2 vtx ) ker, x—sin (2 pt) kei, x} 

7T 

9.10.3 

ker, x=V>r/(2x)e -,/v2 {/,(—x) cos &—g,(—x) sin 0} 

9.10.4 

kei, x=V2r/(2x)e~ l/v2 { —/,(—x) sin/S—£„(—x) cos /8) 


-(W w Si 


(2^+2^+ly 2 ) (lx 2 ) 2 * 


6 rfr(p+*+i)r(r+ 2 *+i) *! 

Expansions in Series of Bessel Functions 


9.9.32 



e «'+»*</*3*J f+k ( x ) 

2**k\ 

e (3,+3 Drt/V/^x) 

2** A:! 


9.9.33 

ber„(xV2) - t S - (-) n+ V n+2 *(x)/ 2 *(x) 
bei n (xV2)= S (~) , * + V» +2t+1 (x)/ 2fc+ i(x) 

Jt—— «p 


where 


9.10.5- 

a=(x/V2)+(^-ik, ^(x/^)+(^+|)7r=a+i7r 

and, with 4^ denoted by /x, 


9.10.6 

/-(±*) 

8 From British Association for the Advancement of 
Science, Annual Report (J. R. Airey), 254 (1927) with 
permission. This reference also gives 5-decimal values of 
the next five zeros of each function. 
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9.10.7 

g,(±z) 
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The terms® in ker„x and kei„ x in equations 9.10.1 
and 9.10.2 are asymptotically negligible compared 
with the other terms, but their inclusion in numeri¬ 
cal calculations yields improved accuracy. 

The corresponding series for ber' x, b ei' x, ker' x 
and kei£ x can be derived from 9.2.11 and 9.2.13 
with z=xe 3viU ; the extra terms in the expansions 
of beri x and bei' a; are respectively 


— (l/x){sin(2vx)ker£ x+cos^viOkeii x} 
and 

(1 /x) {cos(2 vir) ker£ x— sin(2vx)kei£ x}. 


Modulus and Phase 

9.10.8 

M„=V(ber*x-l-bei?x), 0„=arctan (bei, x/ber,x) 

9.10.9 ber„x=M v cos 0„ bei y x=M v sin $ y 

9.10.10 M- n =M n , e. n =d n -nir 

9.10.11 

ber^ x=\M v+ i cos (0„ +1 —|x)—$ cos (0 v _j— \v) 

= ( vjx)M y cos B y -\-M v+ 1 cos (0,+i—*x) 

= — {vjx)M y cos 0„—i cos (0,_i— jtt) 

9.10.12 

bei' x=^M, + isin (0„+i—£x) ~\M y _ x sin (0,_i —ix) 
= {v/x) M y sin 0,+ M y+1 sin (0, + i—fx) 

= — (v/x)M„sin 0,—M,_i sin (0„_i— fx) 

9.10.13 

ber' x~M x cos (0i—|x), bei' i—M x sin (0i—*x) 

9.10.14 

M' y — (v(x)M y +M y+l cos (0„ +1 —0,— \tt) 

— — (vlx)M v —M v _ 1 cos (0„_i—0,—*x) 

9.10.15 

d' y =(M y+1 lM y ) sin (0, + i—0,—fir) 

= — (M y ^jM v ) sin (0,_ 1 — d„— £x) 


9.10.16 

Mq=Mi COS (01 — 00— \tt) 

0o= (MJMq) sin (0 i— 0 O —fx) 

9.10.17 

d{xMX) Jdx=xM* y , x 2 M"+xM y —v i M y =x l MX i 

9.10.18 

jV„=V(kei*x+kei*x), 0„=arctan (kei,x/ker,x) 


9.10.19 ker y x=N y cos <f> V) kei, x=N y sin X 

8 


i r 

6 

ker x 

-.06 

4 


| -.04 

■S 2 

■Q 1 

\ bei x 

berx \_ keix 

1 -.02 

-o ' 

_-—\ 

/— -OCL 

§ 0 

1 >2 /4 7 1 

8 

^-2 

\ r \/\ / 

-.02 

- 4 | 

\ //\ \ / 

--.04 

-6 

V !/' \\ 

--.06 

-8 

: 7 \y 

--.08 

-10 

: / \ 



Figure 9.10. ber x, bei x, ker x and kei x. 



Figure 9.11. In M 0 (x), 0 o (x), In N 0 (x) and <I>q(x). 

Equations 9.10.11 to 9.10.17 hold with the symbols 
6, M, 0 replaced throughout by k, N, </>, respectively. 
In place of 9.10.10 


6 The coefficients of these terms given in [9.17] are in¬ 
correct. The present results are due to Mr. G. F. Miller. 


9.10.20 


N. V =N V 


PX 


ker x and kei x 
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Asymptotic Expansions of Modulus and Phase 

When v is fixed, x is large and /i=4v 2 


ber x ber' x+bei x bei' x~^- (11—- - 
2 irx VV2 8 x 


V§« 8V2 x ' 256 x 2 

(m-1)(m 2 +14 m — 399) 1 
6144V2 x 3 


15 1__ 45 1 315 ± 

“64V2 x 2 512 x 3 ‘*8192V2 x 4+ ' 


9.10.30 

X 3- *" \xv^ ber' 2 x+bei' 2 x~?~-(l —i+-ll 
X 7 2tx V 4V2 x^64 x 2 


In In (2tx) ■ 


M-l 1 (/x-1)( m - 25) j_ 

8V2 x 384V2 x 3 
0*—i)(m~i3) i , n /r 


. 75 1 2475 1 

i "256V2 x 3i_ 8192 x 4 


*+■•■) 




„_X /I 1\ M-l 1 . M -1 1 
' V2 + \2" 8/ ir+ 8V2 x + 16 x 2 


33 1 1797 1 \ 

x 3 8192 x 4 ' • ‘ 7 


Q*-l)Qi-25) 1 


384/2 x 3 VxV ker x kei' x —ker' x kei x-—«-*V 2 /l* _I I 

2x \V2 8 x 


N,=J— e~ x W 2 { 1+——- i-i—^1- *)* 1 

' V 2x g 1 ^8/2 x+ 256 x 2 

( M -l)(ju 2 + 14 M—399) 1 
r 6144V2 x J 


9 1 39 1 75 1 \ 

+ 64V2 x 2 512 x 3 '8192/2 x 4+ ' ' 7 




ker x ker' x+kei x kei' x~—6 -rV2 (-L+f - 


] n /\r-7__i_ii n / TN \ | M—1 1 | Q*— 1 )(m~25) 1 

in V2 + ? in ^ *+ 384V2 p 


15 1 451 315 1 

“64/2 x 2_h 512 x 3+ 8192/2 x 4+ 1 


(m— 1) (m— 13) 1 


ker'=x+kei^^ e —( 1+ -3_i + |^ 


, x n i\ ,-i i „-i i 

r+8)*-8]2x + -W ? 


(m~ 1)(m—25) 1 ./1\ 

^ 384V2 x 3i_(7 VxV 

Asymptotic Expansions of Cross-Products 
If x is large 


ber 2 x+bei 2 x~|^ ("l+-l- -+^r A 
2?rx V '4/2 x ‘ 64 x 2 


33 1 1797 1 

"256V2 x 3 8192 x 4 " 1 


ber x bei' x—ber' x bei x~^^ f-1+i - 
2ttx VV2 8 x 


,9 1 39 1 75 1 

h 64/2 x 2 ~^512 x 3 ‘8192/2 x 4+ ’ 


75 1 2475 1 

256V2 x 3+ 8192 x 4+ ‘ 


Asymptotic Expansions of Large Zeros 


-^~ 1 . M~1 , (m~ 1)(5m+19) , 3(m— l) 2 , 

, ' w 165 ' 325 2 ' 15365 3 ^ 5125 4 ^ 

where /*=4+ Then if a is a large positive integer 

9.10.36 

Zeros of ber, x~/2{5-/(5)}, 6=(s—f) T 

Zeros of bei, x~ ^2{ 5-/(6)}, 5— (s—|y+i)ir 

Zeros of ker, x~V2{5+/(— 5)}, 5=(s—|)ir 
Zeros of kei, x^^2{b +/(—$)}, 6=(s— \v —*)t 
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For i >—0 these expressions give the sth zero of 
each function; for other values of v the zeros 
represented may not be the sth. 

Uniform Asymptotic Expansions for Large Orders 
When v is large and positive 

9.10.37 


ber,(rx)-f-t bei,(vx)- 


e vi ( xe Zwili \ r ^ x + u+T 




9.10.38 

ker, (yz)+i kei, ivx) 





9.10.39 


berj ( vx ) +i beij ( vx ) 



x V 1+* , 


9.10.40 

keri (vx)+i keij (vx) 

R e-'i (xe Zri/i \~ r 
'\2v x \l+t) 

where 


tt+t, (-)* 

fc-i 


vjT j) 

r* 


9.10.41 {=71+^ 

and u*(t), t#(<) are given by 9.3.9 and 9.3.13, All 

fractional powers take their principal values. 

9.11. Polynomial Approximations 


9.11.1 — 8 <x <8 

her z=l —64 (z/8) 4 +113.77777 774(z/8 ) 8 

-32.36345 652( 2 / 8 ) 12 +2.64191 397(x/8 ) 16 
-.08349 609(2/8) 3O +.00122 552(2/8) s4 

-.00000 901(z/8) 28 +e 
|«|<lX10~ e 

9.11.2 — 8 <z <8 

bei z=16(z/8) 2 —113.77777 774 ( 2 / 8 )® 

+72.81777 742(a./8) 10 —10.56765 779(z/8 ) 14 
+ .52185 615(z/8) 18 —.01103 667 (z/ 8) 22 
+.00011 346(x/8) 26 +e 
M<6X10- # 


9.11.3 0<2<8 

ker x ——In (fz) ber z+$ir bei 2 —.57721 566 

-59.05819 744(x/8) 4 +171.36272 133(x/8) 8 
-60.60977 451 (2/8) 12 +5.65539 121(z/8 ) 18 
-.19636 347(z/8) 80 +.00309 699(x/8) 24 

-.00002 458 ( 2 / 8 ) 28 +e 

H<ixio - 8 


9.11.4 0<2<8 

kei 2 =— Infix)bei x—\ir ber 2+6.76454 936(x/8) 2 
-142.91827 687( 2 / 8 ) 8 +124.23569 650(x/8) 10 
-21.30060 904( 2 / 8 ) 14 +1.17509 064(2/8) 18 
-.02695 875(x/8) 22 + .00029 532(x/8) 28 +e 
M<3X10- fl 


9.11.5 - 8 <z <8 

ber' 2=x[-4(x/8) 2 +14.22222 222(z/ 8) 6 

-6.06814 810( 2 / 8 ) 10 +.66047 849(z/8) 14 
-.02609 253( 2 / 8 ) 18 +.00045 957(x/8 ) 22 

-.00000 394(x/8) 26 ]+ € 

|«1<2.1 X 10 ~ 8 

9.11.6 -8 <2 <8 

bei' 2 =z[$- 10.66666 666 (x/ 8) 4 

+ 11.37777 772(z/8) 8 —2.31167 514(x/8) 12 
+.14677 204( 2 / 8 ) 18 —.00379 386(x/8) 20 

+.00004 609(x/8) 24 ]+e 

|«I<7X10 ~ 8 


9.11.7 0<x<8 

ker' x ~—In (£ 2 ) ber' 2 — 2 -1 ber x+Jir bei' 2 

+x[—3.69113 734(x/8) 2 +21.42034 017(x/8) fl 
-11.36433 272( 2 / 8 ) 10 +1.41384 780(x/8) 14 
-.06136 358(x/8) 18 +.00116 137(x/8) 22 

-.00001 075(x/8) 26 ]+€ 

|e|< 8 XlO “ 8 
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9.11.8 0<x<8 

kei' x= — In (^x) bei' x—x -1 bei x— \ir ber' x 
+*[.21139 217-13.39858 846(x/8) 4 
+ 19.41182 758(x/8) 8 —4.65950 823(x/8) 12 
+ .33049 424(x/8) 16 -.00926 707 (x/8) 20 

+ .00011 997(x/8) 24 ]+c 

|e|<7XlO" 8 

9.11.9 8<x< oo 

ker x+i kei x=/(x)(l+€i) 



|d|<lX10 _7 


9.11.10 8<x<co 

ber x+i bei x—- (ker x+i kei x)=gf(x)(l+c 2 ) 

7T 

^J^exp^.+Wx)] 

|*|<3X10“ 7 


where 

9.11.11 

d(x) = (.00000 00-.39269 91i) 

+ (.01104 86—.01104 85i)(8/x) 

+ (.00000 00-.00097 65i)(8/x) 2 
+ (-.00009 06-.00009 01i)(8/x ) 3 
+ (-.00002 52+ .00000 00i)(8/x ) 4 
+ (-.00000 34+ .00000 51i)(8/x) 5 

+ (.00000 06+.00000 19i)(8/x) 8 

9.11.12 8<x<oo 

ker' x+i kei' x=— x) (1 +e 3 ) 
|€ 3 |<2X10 - 7 

9.11.13 8 <x<oo 

ber' x+i bei' x—— (ker'x+i kei'x) — ^(x) 0 (,x)(l+c 4 ) 
|« 4 | <3 X 10~ 7 

where 

9.11.14 

«(x) = (.70710 68+.70710 68 i) 

+ (-.06250 01-.00000 01i)(8/x) 

+ (-.00138 13+.00138 lli)( 8 /x ) 2 
+ (.00000 05+.00024 52i)(8/x) 3 
+ (.00003 46+ .00003 38i)(8/x) 4 
+ (.00001 17—.00000 24i)(8/x) 5 

+ (.00000 16—.00000 32i) ( 8 /x ) 6 


Numerical Methods 


9.12. Use and Extension of the Tables 

Example 1. To evaluate J n (1.55), n— 0 , 1 , 2, 
. ., each to 5 decimals. 

The recurrence relation 

Jn-l(x) +J n +l(x) = (2 nfx)J n (x) 

can be used to compute Jo(x), J\{x), */ 2 (x), . . ., 
successively provided that n<Cx, otherwise severe 
accumulation of rounding errors will occur. 
Since, however, *7»(x) is a decreasing function of n 
when n>x, recurrence can always be carried out 
in the direction of decreasing n. 

Inspection of Table 9.2 shows that J n (1.55) 
vanishes to 5 decimals when 7. Taking arbi¬ 
trary values zero for J g and unity for J 8 , we compute 
by recurrence the entries in the second column of 
the following table, rounding off to the nearest 
integer at each step. 


n 

Trial values 

Jn(l.SS) 

9 

0 

. 00000 

8 

1 

. 00000 

7 

10 

.00003 

6 

89 

. 00028 

5 

679 

.00211 

4 

4292 

. 01331 

3 

21473 

. 06661 

2 

78829 

. 24453 

1 

181957 

. 56442 

0 

155954 

. 48376 


We normalize the results by use of the equation 
9.1.46, namely 

J 0 (x)+2J 2 (x)+2J<{x) + ... =1 

This yields the normalization factor 

1/322376=.00000 31019 7 
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and multiplying the trial values by this factor we 
obtain the required results, given in the third 
column. As a check we may verify the value of 
J 0 (1.55) by interpolation in Table 9.1. 

Remarks, (i) In this example it was possible 
to estimate immediately the value of n=N, say, 
at which to begin the recurrence. This may not 
always be the case and an arbitrary value of N may 
have to be taken. The number of correct signifi¬ 
cant figures in the final values is the same as the 
number of digits in the respective trial values. 
If the chosen N is too small the trial values will 
have too few digits and insufficient accuracy is 
obtained in the results. The calculation must 
then be repeated taking a higher value. On the 
other hand if N were too large unnecessary effort 
would be expended. This could be offset to some 
extent by discarding significant figures in the trial 
values which are in excess of the number of 
decimals required in J n . 

(ii) If we had required, say, J 0 (1.55), JJ 1.55), 

. . ., J 10 (1.55), each to 5 significant figures, we 
would have found the values of Ji 0 (1.55) and 
J u (1.55) to 5 significant figures by interpolation 
in Table 9.3 and then computed by recurrence 
J 9 , J 8 , . . J 0 , no normalization being required. 

Alternatively, we could begin the recurrence at 
a higher value of N and retain only 5 significant 
figures in the trial values for n<10. 

(iii) Exactly similar methods can be used to 
compute the modified Bessel function IJx) by 
means of the relations 9.6.26 and 9.6.36. If x is 
large, however, considerable cancellation will 
take place in using the latter equation, and it is 
preferable to normalize by means of 9.6.37. 

Example 2. To evaluate Y n ( 1.55), n— 0, 1, 2, 

. . .,10, each to 5 significant figures. 

The recurrence relation 

Tn-iO) + Y n+l (x) = (2 nix) YJx) 
can be used to compute YJx) in the direction of 
increasing n both for n<Cx and nj>x, because in 
the latter event Y n ix) is a numerically increasing 
function of n. 

We therefore compute F 0 (1.55) and FJ1.55) by 
interpolation in Table 9.1, generate F 2 (1.55), 
F 3 (1.55), . . ., F :o (1.55) by recurrence and check 
Fi 0 (1.55) by interpolation in Table 9.3. 


n 

Yn(1.55) 

n 

YJ1.55) 

0 

+0. 40225 

6 

-1. 9917 X10 2 

1 

-0. 37970 

7 

-1. 5100X10* 

2 

-0. 89218 

8 

-1. 3440 X10 4 

3 

-1. 9227 

9 

-1. 3722X10* 

4 

5 

-6. 5505 
-31. 886 

10 

-1. 5801X10* 


Remarks, (i) An alternative way of computing 
F 0 (x), should Jo0*0, Ji{x), JJx), . . ., be avail¬ 
able (see Example 1), is to use formula 9.1.89. 
The other starting value for the recurrence, 
Fj(aO, can then be found from the Wronskian 
relation Ji(x)Yo(x)—Jo(x)Yi(x)=2I(ttx). This is a 
convenient procedure for use with an automatic 
computer. 

(ii) Similar methods can be used to compute the 
modified Bessel function KJx) by means of the 
recurrence relation 9.6.26 and the relation 9.6.54, 
except that if x is large severe cancellation will 
occur in the use of 9.6.54 and other methods for 
evaluating K 0 (x) may be preferable, for example, 
Use of the asymptotic expansion 9.7.2 or the poly¬ 
nomial approximation 9.8.6. 

Example 3. To evaluate J 0 (.36) and F 0 (.36) 
each to 5 decimals, using the multiplication 
theorem. 

From 9.1.74 we have 


wherea, = ( )>(X> M 1)>( * 8) * 


We take z=.4. Then X=.9, (X 2 -l)(^) = -.038, 
and extracting the necessary values of J*(.4) and 
F*(.4) from Tables 9.1 and 9.2, we compute the 
required results as follows: 


k a k a k J *(4) 

0 +1.0 +.96040 

1 +0.038 +.00746 

2 + 0.7220 X10-* +.00001 

3 + 0.914 X10-* 

4 +0.87X10 -7 

6 +0.7X10-* 


a k Y k (4) 

-.60602 

-.06767 

-.00699 

-.00074 

-.00011 

-.00002 


J 0 (.36) = + .96786 F 0 (.36) = - .68066 


Remark. This procedure is equivalent to inter¬ 
polating by means of the Taylor series 

W+»)=2pC(*) 

*-o A:! 

at 2=.4, and expressing the derivatives ^o k) (z) in 
terms of tfjz) by means of the recurrence rela¬ 
tions and differential equation for the Bessel 
functions. 

Example 4. To evaluate JJx), JJx), YJx) 
and YJx) for v=50, x=75, each to 6 decimals. 

We use the asymptotic expansions 9.3.35, 9.3.36, 
9.3.43, and 9.3.44. Here z=x/v=d/2. From 9.3.39 
we find 

| (—Vs—arccos |=+.2769653. 



BESSEL FUNCTIONS OF INTEGER ORDER 


387 


Hence 

f= -.5567724 and (j~Z^j' 4 = + 1-155332. 
Next, 

v 1/z =3.684031, v 2,z t= -7.556562. 

Interpolating in Table 10.11, we find that 

Ai(„ 2/a r) = + .299953, Ai V /3 f) = + .451441, 

Bi(^ 3 f) = -.160565, BiV /3 f) =+ .819542. 

As a check on the interpolation, we may verify 
that Ai Bi' —Ai'Bi=l/7r. 

Interpolating in the table following 9.3.46 we 
obtain 

&o(f) = + -0136, c 0 (f) = + .1442. 

The contributions of the terms involving a+f) 
and diiX) are negligible, and substituting in the 
asymptotic expansions we find that 

<7^(75) = +1.155332(50~ 1/3 X .299953 

+50" B/3 X .451441X .0136) = + .094077, 

JU 75) = - (4/3) (1.155332)" 1 (50" 4/3 X .299953 

X .1442+50“ 2/3 X .451441) = — .038658, 

F m (75) = -1.155332 (-50" 1/3 X .160565 

+ 50” 6/3 X .819542 X .0136) = + .050335, 

F; o (75) = + (4/3)(1.155332)- 1 (—50- 4/3 X. 160565 

X .1442+50~ 2/3 X .819542) = + .069543. 

As a check we may verify that 

JY'—J' F=2/(7 5t) . 

Remarks. This example may also be computed 
using the Debye expansions 9.3.15, 9.3.16, 9.3.19, 
and 9.3.20. Four terms of each of these series are 
required, compared with two in the computations 
above. The closer the argument-order ratio is to 
unity, the less effective the Debye expansions 
become. In the neighborhood of unity the expan¬ 
sions 9.3.23, 9.3.24, 9.3.27, and 9.3.28 will furnish 
results of moderate accuracy; for high-accuracy 
work the uniform expansions should again be used. 

Example 5. To evaluate the 5th positive zero 
of Jio(x) and the corresponding value of 'AoO* 5 )) 
each to 5 decimals. 

We use the asymptotic expansions 9.5.22 and 
9.5.23 setting ^=10, s= 5. From Table 10.11 


we find 

a 5 = —7.944134, Ai'(a 6 ) =+ .947336. 

Hence 

f=10 -2/3 a 6 =.21544347a s = —1.7115118. 

Interpolating in the table following 9.5.26 we 
obtain 

2(f) = +2.888631, h(, f) = + .98259, 

/i(f) = + -0107, F 1 (f) = -.001. 

The bounds given at the foot of the table show 
that the contributions of higher terms to the 
asymptotic series are negligible. Hence 

iio.5=28.88631+ .00107+ . . . =28.88738, 

rr v 2 .947336 

o'ioUio.sJ 10 2/3 2.888631 X.98259 

X(l-.00001+ . . .) = -.14381. 

Example 6. To evaluate the first root of 
Jo(*)Jo(^)— F 0 (:r)Jo(Xz)=0 for \=f to 4 signifi¬ 
cant figures. 

Let c4 x) denote the root. Direct interpolation 
in Table 9.7 is impracticable owing to the 
divergence of the differences. Inspection of 
9.5.28 suggests that a smoother function is 
(X— l)aj+. Using Table 9.7 we compute the fol- 


lowing values 





1/X 

(X-l) cep 

a 

a 2 


0.4 

3.110 

+21 



0. 6 

3. 131 

+9 

-12 


0.8 

3. 140 

+2 

-7 


1.0 

3.142 (t) 




Interpolating 

for 1/X= 

.667, 

we obtain 

(X—l)«\ l) =3.134 and thence 

i the required 

root 

a i ( ?5=6.268. 





Example 7. 

To evaluate ber„ 

1.55, bei M 

1.55, 


?i=0, 1,2, . . ., each to 5 decimals. 

We use the recurrence relation 

*/»-i(ze 3iri/4 ) + J n +i(ze 3irf/4 ) 

(l+ijJ.Cw 3 "' 1 ), 

taking arbitrary values zero for J 9 (xe ZTi,i ) and 
l+0i for J s (xe Ziri,i ) (see Example 1). 
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n 

Real 

trial values 

Imag. 

trial values 

ber n x 

bei„x 

9 

0 

0 

. 00000 

. 00000 

8 

+ 1 

0 

. 00000 

. 00000 

7 

-7 

-7 

-. 00002 

-. 00003 

6 

-1 

+ 89 

00003 

+. 00030 

5 

+ 500 

-475 

+ . 00181 

-. 00148 

4 

-4447 

-203 

-. 01494 ; 

-. 00180 

3 

+14989 

+ 17446 

+ . 04614 ! 

+. 06258 

2 

+ 11172 

-88578 

+ .05994 

-. 29580 

1 

-197012 

+123804 

-. 69531 

+ . 36781 

0 

+ 281539 

+ 155373 

+. 91004 

+. 59461 

2 

+106734 

+ 207449 

+. 30763 

+. 72619 


The values of ber n a; and bei„x are computed by 
multiplication of the trial values by the normal¬ 
izing factor 


l/(294989-22011i) = (.337119+.025155i)X10- 6 , 
obtained from the relation 

«/o(^ 3T</4 )+2 t / 2 (^ 1/4 )+2 t 7 4 (w 3 '^ 4 )+ ... =1. 

Adequate checks are furnished by interpolating 
in Table 9.12 for ber 1.55 and bei 1.55, and the 
use of a simple sum check on the normalization. 

Should ker n 2 and kei n x be required they can be 
computed by forward recurrence using formulas 
9.9.14, taking the required starting values for 
91=0 and 1 from Table 9.12 (see Example 2). If 
an independent check on the recurrence is required 
the asymptotic expansion 9.10.38 can be used. 
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Table 9.1 BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 






M*) 



j,(,) 



0 . 

0 

1 . 

00000 

00000 

00000 

0 . 

00000 

00000 

0 . 

00000 

00000 

0 . 

1 

0 . 

99750 

15620 

66040 

0 . 

04993 

75260 

0 . 

00124 

89587 

0 . 

2 

0 . 

99002 

49722 

39576 

0. 09950 

08326 

0 . 

00498 

33542 

0 . 

3 

0.97762 

62465 

38296 

0 . 

14831 

88163 

0 . 

01116 

58619 

0 . 

4 

0 . 

96039 

82266 

59563 

0 . 

19602 

65780 

0 . 

01973 

46631 

0 . 

5 

0 . 

93846 

98072 

40813 

0 . 

24226 

84577 

0 . 

03060 

40235 

0 . 

6 

0 . 

91200 

48634 

97211 

0 . 

28670 

09881 

0 . 

04366 

50967 

0 . 

7 

0 . 

88120 

08886 

07405 

0 . 

32899 

57415 

0 . 

05878 

69444 

0 . 

8 

0. 84628 

73527 

50480 

0 . 

36884 

20461 

0 . 

07581 

77625 

0 . 

9 

0 . 

80752 

37981 

22545 

0 . 

40594 

95461 

0 . 

09458 

63043 

1 . 0 

0 . 

76519 

76865 

57967 

0 . 

44005 

05857 

0 . 

11490 

34849 

1.1 

0 . 

71962 

20185 

27511 

0 . 

47090 

23949 

0 . 

13656 

41540 

1 . 

2 

0.67113 

27442 

64363 

0 . 

49828 

90576 

0 . 

15934 

90183 

1 . 

3 

0 . 

62008 

59895 

61509 

0 . 

52202 

32474 

0 . 

18302 

66988 

1 . 

4 

0 . 

56685 

51203 

74289 

0 . 

54194 

77139 

0. 20735 

58995 

1 . 

5 

0 . 

51182 

76717 

35918 

0. 55793 

65079 

0 . 

23208 

76721 

1 . 

6 

0 . 

45540 

21676 

39381 

0 . 

56989 

59353 

0 . 

25696 

77514 

1.7 

0 . 

39798 

48594 

46109 

0. 57776 

52315 

0 . 

28173 

89424 

1 . 

8 

0 . 

33998 

64110 

42558 

0 . 

58151 

69517 

0. 30614 

35353 

1. 9 

0 . 

28181 

85593 

74385 

0 . 

58115 

70727 

0 . 

32992 

57277 

2. 

0 

0 . 

22389 

07791 

41236 

0 . 

57672 

48078 

0 . 

35283 

40286 

2. 

1 

0 . 

16660 

69803 

31990 

0 . 

56829 

21358 

0 . 

37462 

36252 

2. 

2 

0 . 

11036 

22669 

22174 

0 . 

55596 

30498 

0 . 

39505 

86875 

2. 

3 

0. 05553 

97844 

45602 

0.53987 

25326 

0. 41391 

45917 

2.4 

+0. 00250 

76832 

97244 

0 . 

52018 

52682 

0 . 

43098 

00402 

2. 

5 

- 0 . 

04838 

37764 

68198 

0 . 

49709 

41025 

0 . 

44605 

90584 

2. 

6 

- 0 . 

09680 

49543 

97038 

0 . 

47081 

82665 

0 . 

45897 

28517 

2. 

7 

- 0 . 

14244 

93700 

46012 

0 . 

44160 

13791 

0 . 

46956 

15027 

2. 

8 

- 0 . 

18503 

60333 

64387 

0 . 

40970 

92469 

0 . 

47768 

54954 

2.9 

- 0 . 

22431 

15457 

91968 

0 . 

37542 

74818 

0 . 

48322 

70505 

3. 

0 

- 0 . 

26005 

19549 

01933 

0 . 

33905 

89585 

0 . 

48609 

12606 

3. 

1 

- 0 . 

29206 

43476 

50698 

0.30092 

11331 

0 . 

48620 

70142 

3. 

2 

- 0 . 

32018 

81696 

57123 

0 . 

26134 

32488 

0 . 

48352 

77001 

3. 

3 

- 0 . 

34429 

62603 

98885 

0 . 

22066 

34530 

0 . 

47803 

16865 

3. 

4 

- 0 . 

36429 

55967 

62000 

0.17922 

58517 

0 . 

46972 

25683 

3. 

5 

- 0 . 

38012 

77399 

87263 

0 . 

13737 

75274 

0 . 

45862 

91842 

3. 

6 

- 0 . 

39176 

89837 

00798 

0 . 

09546 

55472 

0 . 

44480 

53988 

3.7 

- 0 . 

39923 

02033 

71191 

0 . 

05383 

39877 

0 . 

42832 

96562 

3. 

8 

- 0 . 

40255 

64101 

78564 

+0.01282 

10029 

0 . 

40930 

43065 

3. 

9 

- 0 . 

40182 

60148 

87640 

- 0 . 

02724 

40396 

0 . 

38785 

47125 

4. 

0 

- 0 . 

39714 

98098 

63847 

- 0 . 

06604 

33280 

0 . 

36412 

81459 

4. 

1 

- 0 . 

38866 

96798 

35854 

- 0 . 

10327 

32577 

0 . 

33829 

24809 

4. 

2 

- 0 . 

37655 

70543 

67568 

- 0 . 

13864 

69421 

0 . 

31053 

47010 

4. 

3 

- 0 . 

36101 

11172 

36535 

- 0 . 

17189 

65602 

0 . 

28105 

92288 

4. 

4 

- 0 . 

34225 

67900 

03886 

- 0 . 

20277 

55219 

0 . 

25008 

60982 

4. 

5 

- 0 . 

32054 

25089 

85121 

- 0 . 

23106 

04319 

0 . 

21784 

89837 

4. 

6 

- 0 . 

29613 

78165 

74141 

- 0 . 

25655 

28361 

0. 18459 

31052 

4. 

7 

- 0 . 

26933 

07894 

19753 

- 0 . 

27908 

07358 

0 . 

15057 

30295 

4. 

8 

- 0 . 

24042 

53272 

91183 

- 0 . 

29849 

98581 

0 . 

11605 

03864 

4. 

9 

- 0 . 

20973 

83275 

85326 

- 0 . 

31469 

46710 

0 . 

08129 

15231 

5. 

0 

- 0 . 

17759 

67713 

14338 

- 0 . 

32757 

91376 

0 . 

04656 

51163 


[ ( lf] [ ( 1 4)5 ] [ ( -, 4)3 ] 

Compiled from British Association for the Advancement of Science, Bessel func¬ 


tions, Part II. Functions of positive integer order, Mathematical Tables, vol. X 
(Cambridge Univ. Press, Cambridge, England, 1952) and Harvard Computation 
Laboratory, Tables of the Bessel functions of the first kind of orders 0 through 
135, vols. 3-14 (Harvard Univ. Press, Cambridge, Mass., 1947-1951) (with per¬ 
mission) . 
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BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


X 

Yo(x) 

Y i(x) 


0.0 

— OO 

- oo 

- 

0.1 

- 1 . 53423 86514 

- 6.45895 10947 

- 127 . 

0.2 

- 1 . 08110 53224 

- 3.32382 49881 

- 32 . 

0.3 

- 0 . 80727 35778 

- 2.29310 51384 

- 14 . 

0.4 

- 0.60602 45684 

- 1.78087 20443 

- 8 . 

0.5 

- 0 . 44451 87335 

- 1 . 47147 23927 

- 5 . 

0.6 

- 0 . 30850 98701 

- 1.26039 13472 

- 3 . 

0.7 

- 0.19066 49293 

- 1.10324 98719 

- 2 . 

0.8 

- 0.08680 22797 

- 0.97814 41767 

- 2 . 

0.9 

+ 0 . 00562 83066 

- 0.87312 65825 

- 1 . 

1.0 

0.08825 69642 

- 0.78121 28213 

- 1 . 

1.1 

0 . 16216 32029 

- 0 . 69811 95601 

- 1 . 

1.2 

0.22808 35032 

- 0 . 62113 63797 

- 1 . 

1.3 

0 . 28653 53572 

- 0 . 54851 97300 

- 1 . 

1.4 

0 . 33789 51297 

- 0.47914 69742 

- 1 . 

1.5 

0 . 38244 89238 

- 0 . 41230 86270 

- 0 . 

1.6 

0 . 42042 68964 

- 0.34757 80083 

- 0 . 

1.7 

0 . 45202 70002 

- 0 . 28472 62451 

- 0 . 

1.8 

0 . 47743 17149 

- 0.22366 48682 

- 0 . 

1.9 

0 . 49681 99713 

- 0.16440 57723 

- 0 . 

2 . 0 

0 . 51037 56726 

- 0.10703 24315 

- 0 . 

2.1 

0 . 51829 37375 

- 0 . 05167 86121 

- 0 , 

2.2 

0 . 52078 42854 

+ 0 . 00148 77893 

- 0 . 

2.3 

0.51807 53962 

0 . 05227 73158 

- 0 . 

2.4 

0.51041 47487 

0.10048 89383 

- 0 . 

2 . 5 

0.49807 03596 

0.14591 81380 

- 0 , 

2.6 

0.48133 05906 

0.18836 35444 

- o, 

2.7 

0 . 46050 35491 

0.22763 24459 

- 0 , 

2.8 

0.43591 59856 

0 . 26354 53936 

- 0 , 

2.9 

0 . 40791 17692 

0.29594 00546 

- 0 , 

3 . 0 

0.37685 00100 

0 . 32467 44248 

- 0 

3.1 

0 . 34310 28894 

0 . 34962 94823 

- 0 

3.2 

0 . 30705 32501 

0 . 37071 13384 

- 0 , 

3 . 3 

0.26909 19951 

0.38785 29310 

- 0 

3.4 

0 . 22961 53372 

0 . 40101 52921 

+ 0 

3.5 

0 . 18902 19439 

0 . 41018 84179 

0 

3.6 

0.14771 00126 

0 . 41539 17621 

0 

3.7 

0 . 10607 43153 

0.41667 43727 

0 

3.8 

0 . 06450 32467 

0 . 41411 46893 

0 

3.9 

+ 0 . 02337 59082 

0.40782 00193 

0 

4 . 0 

- 0.01694 07393 

0 . 39792 57106 

0 

4.1 

- 0 . 05609 46266 

0.38459 40348 

0 

4.2 

- 0 . 09375 12013 

0 . 36801 28079 

0 

4.3 

- 0.12959 59029 

0 . 34839 37583 

0 

4.4 

- 0 . 16333 64628 

0.32597 06708 

0 

4.5 

- 0 . 19470 50086 

0.30099 73231 

0 

4.6 

- 0 . 22345 99526 

0 . 27374 52415 

0 

4.7 

- 0 . 24938 76472 

0 . 24450 12968 

0 

4.8 

- 0.27230 37945 

0.21356 51673 

0 

4.9 

- 0 . 29205 45942 

0.18124 66920 

0 

5 . 0 

- 0 . 30851 76252 

0.14786 31434 

0 


rn+i(x)=^r n (x)-r„_i(*) 


Table 9.1 


Y 2 (x) 


64478 324 
15714 456 
48009 401 
29833 565 

44137 084 
89279 462 
96147 756 
35855 816 
94590 960 

65068 261 
43147 149 
26331 080 
13041 186 
02239 081 

93219 376 
85489 941 
78699 905 
72594 824 
66987 868 

61740 810 
,56751 146 
51943 175 
47261 686 
42667 397 

38133 585 
,33643 556 
,29188 692 
,24766 928 
,20381 518 

.16040 039 
.11753 548 
.07535 866 
.03402 961 
.00627 601 

.04537 144 
. 08306 319 
.11915 508 
.15345 185 
.18576 256 

.21590 359 
.24370 147 
.26899 540 
.29163 951 
. 31150 495 

.32848 160 
. 34247 962 
.35343 075 
.36128 928 
.36603 284 

.36766 288 
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Table 9.1 BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


X 


Jo ( x ) 


Mx ) 

Ji ( x ) 

5.0 

- 0.17759 

67713 

14338 

- 0 . 32757 

91376 

0 . 04656 

51163 

5.1 

- 0.14433 

47470 

60501 

- 0 . 33709 

72020 

+ 0 . 01213 

97659 

5.2 

- 0.11029 

04397 

90987 

- 0.34322 

30059 

- 0 . 02171 

84086 

5.3 

- 0.07580 

31115 

85584 

- 0.34596 

08338 

- 0.05474 

81465 

5.4 

- 0 . 04121 

01012 

44991 

- 0 . 34534 

47908 

- 0 . 08669 

53768 

5.5 

- 0 . 00684 

38694 

17819 

- 0 . 34143 

82154 

- 0.11731 

54816 

5.6 

+ 0 . 02697 

08846 

85114 

- 0.33433 

28363 

- 0.14637 

54691 

5.7 

0 . 05992 

00097 

24037 

- 0 . 32414 

76802 

- 0.17365 

60379 

5.8 

0 . 09170 

25675 

74816 

- 0.31102 

77443 

- 0 . 19895 

35139 

5.9 

0.12203 

33545 

92823 

- 0 . 29514 

24447 

- 0 . 22208 

16409 

6.0 

0.15064 

52572 

50997 

- 0 . 27668 

38581 

- 0.24287 

32100 

6.1 

0.17729 

14222 

42744 

- 0.25586 

47726 

- 0.26118 

15116 

6.2 

0.20174 

72229 

48904 

- 0.23291 

65671 

- 0 . 27688 

15994 

6.3 

0 . 22381 

20061 

32191 

- 0.20808 

69402 

- 0 . 28987 

13522 

6.4 

0.24331 

06048 

23407 

- 0.18163 

75090 

- 0 . 30007 

23264 

6.5 

0.26009 

46055 

81606 

- 0.15384 

13014 

- 0 . 30743 

03906 

6 . 6 

0 . 27404 

33606 

24146 

- 0.12498 

01652 

- 0 . 31191 

61379 

6.7 

0 . 28506 

47377 

10576 

- 0.09534 

21180 

- 0 . 31352 

50715 

6.8 

0.29309 

56031 

04273 

- 0.06521 

86634 

- 0 . 31227 

75629 

6.9 

0 . 29810 

20354 

04820 

- 0 . 03490 

20961 

- 0.30821 

85850 

7 . 0 

0 . 30007 

92705 

19556 

- 0 . 00468 

28235 

- 0 . 30141 

72201 

7.1 

0.29905 

13805 

01550 

+ 0.02515 

32743 

- 0 . 29196 

59511 

7.2 

0.29507 

06914 

00958 

0 . 05432 

74202 

- 0.27997 

97413 

7.3 

0 , 28821 

69476 

35014 

0 . 08257 

04305 

- 0.26559 

49119 

7.4 

0.27859 

62326 

57478 

0.10962 

50949 

- 0 . 24896 

78286 

7.5 

0.26633 

96578 

80378 

0.13524 

84276 

- 0.23027 

34105 

7.6 

0.25160 

18338 

49976 

0.15921 

37684 

- 0.20970 

34737 

7.7 

0 . 23455 

91395 

86464 

0.18131 

27153 

- 0 . 18746 

49278 

7.8 

0 . 21540 

78077 

46263 

0.20135 

68728 

- 0.16377 

78404 

7.9 

0 . 19436 

18448 

41278 

0.21917 

93999 

- 0 . 13887 

33892 

8.0 

0.17165 

08071 

37554 

0.23463 

63469 

- 0.11299 

17204 

8.1 

0 . 14751 

74540 

44378 

0 . 24760 

77670 

- 0.08637 

97338 

8.2 

0 . 12221 

53017 

84138 

0 . 25799 

85976 

- 0 . 05928 

88146 

8.3 

0 . 09600 

61008 

95010 

0 . 26573 

93020 

- 0.03197 

25341 

8.4 

0 . 06915 

72616 

56985 

0.27078 

62683 

- 0.00468 

43406 

8.5 

0 . 04193 

92518 

42935 

0.27312 

19637 

+ 0 . 02232 

47396 

8.6 

+ 0 . 01462 

29912 

78741 

0 . 27275 

48445 

0.04880 

83679 

8.7 

- 0 . 01252 

27324 

49665 

0 . 26971 

90241 

0 . 07452 

71058 

8.8 

- 0.03923 

38031 

76542 

0 . 26407 

37032 

0 . 09925 

05539 

8.9 

- 0 . 06525 

32468 

51244 

0 . 25590 

23714 

0.12275 

93977 

9 . 0 

- 0.09033 

36111 

82876 

0 . 24531 

17866 

0.14484 

73415 

9.1 

- 0.11423 

92326 

83199 

0.23243 

07450 

0.16532 

29129 

9.2 

- 0 . 13674 

83707 

64864 

0 . 21740 

86550 

0 . 18401 

11218 

9.3 

- 0 . 15765 

51899 

43403 

0 . 20041 

39278 

0.20075 

49594 

9.4 

- 0.17677 

15727 

51508 

0.18163 

22040 

0 . 21541 

67225 

9.5 

- 0.19392 

87476 

87422 

0.16126 

44308 

0 . 22787 

91542 

9.6 

- 0 . 20897 

87183 

68872 

0.13952 

48117 

0.23804 

63875 

9.7 

- 0 . 22179 

54820 

31723 

0.11663 

86479 

0 . 24584 

46878 

9.8 

- 0.23227 

60275 

79367 

0.09284 

00911 

0 . 25122 

29849 

9.9 

- 0.24034 

11055 

34760 

0 . 06836 

98323 

0 . 25415 

31929 

10 . 0 

- 0.24593 

57644 

51348 

0.04347 

27462 

0 . 25463 

03137 


r 

-(-4)4“ 

1 

r(-4)4i 

R- 

4)41 


L 

11 

1 

L 8 

J 

L ' 

7 J 


J n + l ( x ) Mx )- Jn - l ( x ) 
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BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


X 

Yo{x) 

Y i(x) 


5.0 

-0. 30851 76252 

0.14786 31434 

0. 

5.1 

-0. 32160 24491 

0. 11373 64420 

0. 

5.2 

-0. 33125 09348 

0.07919 03430 

0. 

5.3 

-0.33743 73011 

0. 04454 76191 

0. 

5.4 

-0. 34016 78783 

+0. 01012 72667 

0. 

5. 5 

-0. 33948 05929 

-0. 02375 82390 

0. 

5. 6 

-0. 33544 41812 

-0. 05680 56144 

0. 

5.7 

-0. 32815 71408 

-0.08872 33405 

0. 

5.8 

-0. 31774 64300 

-0. 11923 41135 

0. 

5.9 

-0.30436 59300 

-0.14807 71525 

0. 

6. 0 

-0.28819 46840 

-0. 17501 03443 

0. 

6.1 

-0.26943 49304 

-0. 19981 22045 

0. 

6.2 

-0.24830 99505 

-0. 22228 36406 

0. 

6.3 

-0. 22506 17496 

-0.24224 95005 

0. 

6.4 

-0. 19994 85953 

-0.25955 98934 

0. 

6.5 

-0. 17324 24349 

-0. 27409 12740 

0. 

6.6 

-0. 14522 62172 

-0. 28574 72791 

0. 

6. 7 

-0.11619 11427 

-0.29445 93130 

+0. 

6. 8 

-0.08643 38683 

-0. 30018 68758 

-0. 

6.9 

-0. 05625 36922 

-0. 30291 76343 

-0. 

7. 0 

-0. 02594 97440 

-0.30266 72370 

-0. 

7.1 

+0. 00418 17932 

-0. 29947 88746 

-0. 

7.2 

0. 03385 04048 

-0.29342 25939 

-0. 

7.3 

0. 06277 38864 

-0. 28459 43719 

-0. 

7.4 

0. 09068 08802 

-0.27311 49598 

-0. 

7.5 

0.11731 32861 

-0. 25912 85105 

-0. 

7.6 

0.14242 85247 

-0.24280 10021 

-0. 

7.7 

0.16580 16324 

-0.22431 84743 

-0. 

7.8 

0.18722 71733 

-0.20388 50954 

-0. 

7.9 

0.20652 09481 

-0. 18172 10773 

-0. 

8. 0 

0.22352 14894 

-0.15806 04617 

-0. 

8.1 

0.23809 13287 

-0. 13314 87960 

-0. 

8.2 

0.25011 80276 

-0. 10724 07223 

-0. 

8.3 

0.25951 49638 

-0. 08059 75035 

-0. 

8.4 

0.26622 18674 

-0. 05348 45084 

-0. 

8. 5 

0.27020 51054 

-0. 02616 86794 

-0. 

8.6 

0. 27145 77123 

+0. 00108 39918 

-0, 

8.7 

0.26999 91703 

0. 02801 09592 

-0, 

8.8 

0.26587 49418 

0. 05435 55633 

-0. 

8.9 

0.25915 57617 

0.07986 93974 

-0, 

9.0 

0. 24 r '3 66983 

0.10431 45752 

-0. 

9.1 

0.23833 59921 

0. 12746 58820 

-0. 

9.2 

0.22449 36870 

0.14911 27879 

-0, 

9.3 

0.20857 00676 

0.16906 13071 

-0, 

9.4 

0.19074 39189 

0.18713 56847 

-0, 

9.5 

0.17121 06262 

0.20317 98994 

-0, 

9.6 

0.15018 01353 

0.21705 89660 

-0, 

9.7 

0.12787 47920 

0.22866 00298 

-0, 

9.8 

0.10452 70840 

0.23789 32421 

-0 

9.9 

0. 08037 73052 

0.24469 24113 

-0, 

10.0 

0. 05567 11673 

0.24901 54242 

-0, 


f(—4)41 

r (— 4)41 



L 8 J 

L 8 J 



Y n+1 (x)=fY n (x)-Yn-l(x) 


Table 9.1 


Yi(x) 

36766 288 
36620 498 
36170 876 
35424 772 
34391 872 

33084 123 
31515 646 
29702 614 
27663 122 
25417 029 

22985 790 
20392 273 
17660 555 
14815 715 
11883 613 

08890 666 
05863 613 
02829 284 
00185 639 
03154 852 

06052 661 
08854 204 
11535 668 
14074 495 
16449 573 

18641 422 
20632 353 
22406 617 
23950 540 
25252 628 

26303 660 
,27096 757 
27627 430 
,27893 605 
,27895 627 

,27636 244 
,27120 562 
,26355 987 
,25352 140 
.24120 758 

,22675 568 
,21032 151 
.19207 786 
,17221 280 
,15092 782 

.12843 591 
,10495 952 
.08072 839 
.05597 744 
03094 449 

00586 808 

m 
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Table 9.1 


BESSEL FUNCTIONS—ORDERS 0, 

1 AND 

X 


Mx) 


Ji(x) 


10.0 

-0. 24593 

57644 

51348 

0. 04347 

27462 

0 . 

10.1 

-0. 24902 

96505 

80910 

+0.01839 

55155 

0 . 

10.2 

-0.24961 

70698 

54127 

-0. 00661 

57433 

0 . 

10.3 

-0. 24771 

68134 

82244 

-0. 03131 

78295 

0 . 

10.4 

-0.24337 

17507 

14207 

-0.05547 

27618 

0 . 

10. 5 

-0. 23664 

81944 

62347 

-0.07885 

00142 

0 . 

10. 6 

-0. 22763 

50476 

20693 

-0.10122 

86626 

0 . 

10.7 

-0.21644 

27399 

23818 

-0.12239 

94239 

0 . 

10.8 

-0. 20320 

19671 

12039 

-0.14216 

65683 

0 . 

10.9 

-0.18806 

22459 

63342 

-0. 16034 

96867 

0 . 

11.0 

-0.17119 

03004 

07196 

-0.17678 

52990 

0 . 

11.1 

-0. 15276 

82954 

35677 

-0.19132 

82878 

0 . 

11.2 

-0.13299 

19368 

59575 

-0.20385 

31459 

0 . 

11.3 

-0.11206 

84561 

09807 

-0. 21425 

50262 

0 . 

11.4 

-0. 09021 

45002 

47520 

-0. 22245 

05864 

0 . 

11.5 

-0.06765 

39481 

11665 

-0. 22837 

86207 

0 . 

11.6 

-0. 04461 

56740 

94438 

-0.23200 

04746 

+0. 

11.7 

-0. 02133 

12813 

88500 

-0. 23330 

02408 

- 0 . 

11.8 

+0. 00196 

71733 

06740 

-0.23228 

47343 

- 0 . 

11.9 

0. 02504 

94416 

99590 

-0. 22898 32497 

- 0 . 

12. 0 

0. 04768 

93107 

96834 

-0. 22344 

71045 

- 0 . 

12.1 

0. 06966 

67736 

06807 

-0. 21574 

89734 

- 0 . 

12.2 

0. 09077 

01231 

70505 

-0. 20598 

20217 

- 0 . 

12.3 

0.11079 

79503 

07585 

-0. 19425 

88480 

- 0 . 

12.4 

0. 12956 

10265 

17502 

-0.18071 

02469 

- 0 . 

12.5 

0. 14688 

40547 

00421 

-0.16548 

38046 

- 0 . 

12.6 

0. 16260 

72717 

45511 

-0.14874 

23434 

- 0 . 

12.7 

0. 17658 

78885 

61499 

-0.13066 22290 

- 0 . 

12.8 

0.18870 

13547 

80683 

-0.11143 

15593 

- 0 . 

12.9 

0. 19884 

24371 

36331 

-0.09124 

82522 

- 0 . 

13. 0 

0. 20692 

61023 

77068 

-0.07031 

80521 

- 0 . 

13.1 

0. 21288 

81975 

22060 

-0. 04885 

24733 

- 0 . 

13.2 

0. 21668 

59222 

58564 

-0.02706 

67028 

- 0 . 

13.3 

0.21829 

80903 

19277 

-0. 00517 

74806 

- 0 . 

13.4 

0. 21772 

51787 

31184 

+0. 01659 

90199 

- 0 . 

13.5 

0.21498 

91658 

80401 

0.03804 

92921 

- 0 . 

13.6 

0.21013 

31613 

69248 

0. 05896 

45572 

- 0 . 

13.7 

0.20322 

08326 

33007 

0. 07914 

27651 

- 0 . 

13.8 

0. 19433 

56352 

15629 

0. 09839 

05167 

- 0 . 

13.9 

0.18357 

98554 

57870 

0.11652 

48904 

- 0 . 

14.0 

0.17107 

34761 

10459 

0.13337 

51547 

- 0 . 

14.1 

0.15695 

28770 

32601 

0.14878 

43513 

- 0 . 

14.2 

0.14136 

93846 

57129 

0. 16261 

07342 

- 0 . 

14.3 

0. 12448 

76852 

83919 

0.17472 

90520 

- 0 . 

14.4 

0.10648 

41184 

90342 

0.18503 

16616 

- 0 . 

14.5 

0. 08754 

48680 

10376 

0.19342 

94636 

- 0 . 

14.6 

0. 06786 

40683 

23379 

0.19985 

26514 

- 0 . 

14.7 

0. 04764 

18459 

01522 

0.20425 12683 

- 0 . 

14.8 

0. 02708 

23145 

85872 

0.20659 55672 

+0. 

14.9 

+0. 00639 

15448 

90853 

0. 20687 

61718 

0 . 

15.0 


44728 

26781 

0.20510 

40386 

0 . 


-0. 01422^ 

'(-4)3‘ 

1 

r ( - 

4)31 




L ll . 

J 

L - 

7 J 



Jn + l (. X )=~ Jn ( x )- Jn - l ( x ) 


2 


J 2 (X) 

25463 03137 
25267 23269 
24831 98653 
24163 56815 
23270 39119 

22162 91441 
20853 53000 
19356 43429 
17687 48248 
15864 02851 

13904 75188 
11829 47301 
09658 95894 
07414 72125 
05118 80816 

02793 59271 
00461 55923 
01854 91017 
04133 74673 
06353 40215 

08493 04949 
10532 77609 
12453 76677 
14238 47549 
15870 78405 

17336 14634 
18621 71675 
19716 46175 
,20611 25359 
21298 94530 

21774 42642 
22034 65904 
22078 69378 
21907 66588 
21524 77131 

20935 22337 
20146 19030 
19166 71443 
,18007 61400 
16681 36842 

,15201 98826 
,13584 87137 
,11846 64643 
,10005 00556 
,08078 52766 

,06086 49420 
,04048 69928 
, 01985 25577 
,00083 60053 
,02137 70688 

, 04157 16780 

m 
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BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 Table 9.1 


X 

To (2 

0 

Y i(s) 

Y2(X) 


10.0 

0. 05567 

11673 

0. 24901 

54242 

-0. 00586 

808 

10.1 

0.03065 

73806 

0.25084 

44363 

+0.01901 

478 

10.2 

+0. 00558 

52273 

0. 25018 

58292 

0. 04347 

082 

10. 3 

-0. 01929 

78497 

0. 24706 

99395 

0.06727 

260 

10. 4 

-0. 04374 

86190 

0.24155 

05610 

0. 09020 

065 

10. 5 

-0. 06753 

03725 

0.23370 

42284 

0.11204 

546 

10. 6 

-0.09041 

51548 

0. 22362 

92892 

0.13260 

936 

10. 7 

-0.11218 

58897 

0.21144 

47763 

0.15170 

828 

10.8 

-0.13263 

83844 

0.19728 

90905 

0.16917 

340 

10.9 

-0.15158 

31932 

0.18131 

85097 

0. 18485 

264 

11.0 

-0. 16884 

73239 

0. 16370 

55374 

0.19861 

197 

11.1 

-0. 18427 

57716 

0. 14463 

71102 

0.21033 

651 

11.2 

-0. 19773 

28675 

0.12431 

26795 

0. 21993 

156 

11.3 

-0.20910 

34295 

0. 10294 

21889 

0.22732 

329 

11. 4 

-0.21829 

37073 

0.08074 

39654 

0. 23245 

932 

11.5 

-0.22523 

21117 

0. 05794 

25471 

0. 23530 

908 

11. 6 

-0. 22986 

97260 

0. 03476 

64663 

0. 23586 

394 

11.7 

-0.23218 

05930 

+0.01144 

60113 

0.23413 

718 

11.8 

-0.23216 

17790 

-0. 01178 

90120 

0. 23016 

364 

11.9 

-0. 22983 

32139 

-0. 03471 

14983 

0. 22399 

935 

12.0 

-0. 22523 

73126 

-0. 05709 

92183 

0.21572 

078 

12.1 

-0.21843 

83806 

-0. 07873 

69315 

0.20542 

401 

12.2 

-0.20952 

18128 

-0. 09941 

84171 

0.19322 

371 

12.3 

-0. 19859 

30946 

-0.11894 

84033 

0. 17925 

189 

12.4 

-0. 18577 

66153 

-0.13714 

43766 

0. 16365 

655 

12.5 

-0.17121 

43068 

-0. 15383 

82565 

0. 14660 

019 

12. 6 

-0.15506 

41238 

-0. 16887 

79186 

0. 12825 

810 

12. 7 

-0.13749 

83780 

-0.18212 

85528 

0. 10881 

672 

12.8 

-0.11870 

19463 

-0.19347 

38454 

0. 08847 

166 

12.9 

-0. 09887 

03702 

-0.20281 

69743 

0. 06742 

588 

13. 0 

-0.07820 

78645 

-0.21008 

14084 

0. 04588 

765 

13.1 

-0. 05692 

52 568 

-0.21521 

15060 

0. 02406 

854 

13.2 

-0. 03523 

78771 

-0.21817 

29066 

+0. 00218 

138 

13.3 

-0. 01336 

34191 

-0.21895 

27145 

-0.01956 

180 

13.4 

+0. 00848 

02072 

-0.21755 

94728 

-0.04095 

177 

13. 5 

0. 03007 

70090 

-0.21402 

29303 

-0. 06178 

411 

13.6 

0.05121 

50115 

-0.20839 

36044 

-0. 08186 

113 

13.7 

0. 07168 

83040 

-0. 20074 

21453 

-0.10099 

373 

13. 8 

0. 09129 

90143 

-0.19115 

85095 

-0.11900 

315 

13.9 

0.10985 

91895 

-0.17975 

09511 

-0.13572 

264 

14. 0 

0.12719 

25686 

-0.16664 

48419 

-0. 15099 

897 

14.1 

0.14313 

62286 

-0.15198 

13335 

-0. 16469 

386 

14.2 

0.15754 

20895 

-0. 13591 

58742 

-0. 17668 

517 

14.3 

0.17027 

82640 

-0.11861 

65967 

-0. 18686 

800 

14.4 

0.18123 

02411 

-0. 10026 

25924 

-0.19515 

560 

14.5 

0.19030 

18912 

-0. 08104 

20909 

-0.20148 

Oil 

14.6 

0.19741 

62858 

-0. 06115 

05609 

-0.20579 

307 

14.7 

0.20251 

63238 

-0. 04078 

87536 

-0.20806 

581 

14. 8 

0. 20556 

51604 

-0. 02016 

07059 

-0. 20828 

958 

14. 9 

0.20654 

64347 

+0. 00052 

82751 

-0. 20647 

553 

15. 0 

0.20546 

42960 

0. 02107 

36280 

-0. 20265 

448 


[-(- 

4)31 

f(- 

4)31 

T(-4)31 


L 

8 J 

L 

8 J 

L 6 

J 




Y n+ ,(x)=^ 

Y n (x)-Y n . 

-l(*) 
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BESSEL FUNCTIONS OF INTEGER ORDER 


Table 9.1 BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


X 


Mx) 


Mx) 

M*) 

15.0 

-0. 01422 

44728 

26781 

0. 20510 

40386 

0.04157 16780 

15.1 

-0. 03456 

18514 

55565 

0.20131 

02204 

0. 06122 54568 

15.2 

-0. 05442 

07968 

44039 

0.19554 

54359 

0. 08015 04595 

15.3 

-0. 07360 

75449 

51123 

0.18787 

94498 

0. 09816 69502 

15.4 

-0. 09193 

62278 

62321 

0.17840 

02717 

0.11510 50943 

15.5 

-0. 10923 

06509 

00050 

0.16721 

31804 

0.13080 65451 

15.6 

-0.12532 

59640 

22481 

0.15443 

95871 

0.14512 59111 

15.7 

-0. 14007 

02118 

29049 

0.14021 

57469 

0.15793 20904 

15.8 

-0.15332 

57477 

60686 

0.12469 

13334 

0.16910 94608 

15.9 

-0.16497 

04994 

85671 

0. 10802 

78901 

0.17855 89133 

16.0 

-0.17489 

90739 

83629 

0.09039 

71757 

0.18619 87209 

16.1 

-0.18302 

36924 

65310 

0.07197 

94186 

0.19196 52352 

16.2 

-0. 18927 

49469 

77945 

0. 05296 

14991 

0. 19581 34037 

16.3 

-0.19360 

23723 

28377 

0. 03353 

50765 

0.19771 71056 

16.4 

-0.19597 

48287 

91007 

+0. 01389 

46807 

0.19766 93020 

16.5 

-0. 19638 

06929 

36861 

-0. 00576 

42137 

0.19568 20004 

16.6 

-0.19482 

78558 

05566 

-0. 02524 

71116 

0.19178 60351 

16.7 

-0.19134 

35295 

25189 

-0. 04436 

24008 

0.18603 06671 

16.8 

-0.18597 

38653 

47601 

-0.06292 

32177 

0.17848 30061 

16.9 

-0.17878 

33878 

91219 

-0. 08074 

92543 

0.16922 72631 

17. 0 

-0.16985 

42521 

51184 

-0. 09766 

84928 

0.15836 38412 

17.1 

-0.15928 

53315 

32265 

-0.11351 

88483 

0.14600 82733 

17.2 

-0.14719 

11467 

66030 

-0.12814 

97057 

0.13229 00182 

17.3 

-0.13370 

06470 

75764 

-0.14142 

33355 

0.11735 11285 

17.4 

-0.11895 

58563 

36348 

-0.15321 

61760 

0.10134 48016 

17.5 

-0.10311 

03982 

28686 

-0.16341 

99694 

0.08443 38303 


[ 

(-4)2- 

11 j 


ra 

1-1 

t_£3 


Jn+l(x)^J n (x)-J n -l(x) 


Table 9.1 BESSEL FUNCTIONS—MODULUS AND PHASE OF ORDERS 0, 1 AND 2 


Jn(r)=M n {x) COS e n (x) 


Y n (x)=M n {x) sin s n (x) 


X -1 

x^Mo(x) 

e 0 (x)- 

-X 

x h M x {x) 

#1 (x) —x 

x*M<i{x) 

h{x)-x 

<x> 

0.10 

0.79739 375 

-0.79783 

499 

0.79936 575 

-2.31885 508 

0.80542 555 

-3.73985 605 

10 

0. 09 

0.79748 584 

-0. 79660 

186 

0.79908 654 

-2. 32256 201 

0.80398 367 

-3.75850 527 

11 

0. 08 

0.79756 868 

-0.79536 

548 

0.79883 586 

-2.32627 732 

0.80269 711 

-3.77717 539 

13 

0. 07 

0. 79764 214 

-0.79412 

617 

0.79861 398 

-2. 33000 016 

0.80156 472 

-3. 79586 377 

14 

0.06 

0.79770 609 

-0.79288 

426 

0.79842 116 

-2.33372 965 

0.80058 549 

-3.81456 786 

17 

0.05 

0.79776 040 

-0.79164 

009 

0.79825 761 

-2.33746 488 

0.79975 851 

-3.83328 521 

20 

0. 04 

0.79780 498 

-0. 79039 

402 

0.79812 353 

-2. 34120 495 

0.79908 299 

-3.85201 346 

25 

0.03 

0.79783 975 

-0. 78914 

641 

0.79801 908 

-2.34494 891 

0.79855 829 

-3. 87075 034 

33 

0. 02 

0.79786 463 

-0. 78789 

764 

0.79794 438 

-2.34869 580 

0.79818 387 

-3. 88949 363 

50 

0.01 

0.79787 957 

-0. 78664 

810 

0.79789 952 

-2.35244 465 

0.79795 937 

-3.90824 117 

100 

0.00 

0.79788 456 

-0. 78539 

816 

0.79788 456 

-2.35619 449 

0.79788 456 

-3.92699 082 

00 


[ ( -4 6)1 ] 

[ ( T] 

m 

[ ( T] 

m 

m 



<x> -nearest integer to x. 
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BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


Table 9.1 


Fo(*) 


Fi(*) 


15.0 

0.20546 

42960 

0. 02107 

36280 

-0.20265 

448 

15.1 

0. 20234 

32292 

0. 04127 

35340 

-0.19687 

654 

15.2 

0. 19722 

76821 

0. 06093 

08736 

-0.18921 

046 

15.3 

0.19018 

15001 

0. 07985 

51269 

-0.17974 

292 

15.4 

0.18128 

71741 

0. 09786 

41973 

-0. 16857 

754 

15.5 

0.17064 

49112 

0.11478 

61425 

-0.15583 

380 

15. 6 

0.15837 

15368 

0. 13046 

07959 

-0.14164 

579 

15.7 

0.14459 

92412 

0.14474 

12638 

-0.12616 

086 

15.8 

0.12947 

41833 

0. 15749 

52835 

-0.10953 

807 

15.9 

0.11315 

49657 

0.16860 

64314 

-0. 09194 

661 

16.0 

0. 09581 

09971 

0.17797 

51689 

-0. 07356 

410 

16.1 

0. 07762 

07587 

0. 18551 

97173 

-0. 05457 

483 

16.2 

0. 05876 

99918 

0.19117 

67538 

-0. 03516 

792 

16. 3 

0. 03944 

98249 

0. 19490 

19240 

-0. 01553 

548 

16.4 

0. 01985 

48596 

0.19667 

01648 

+0. 00412 

931 

16.5 

+0. 00018 

12325 

0.19647 

58378 

0. 02363 

402 

16.6 

-0.01937 

53254 

0. 19433 

26715 

0. 04278 

890 

16.7 

-0.03862 

14147 

0.19027 

35142 

0. 06140 

866 

16.8 

-0. 05736 

78596 

0.18434 

99015 

0. 07931 

428 

16.9 

-0. 07543 

15476 

0.17663 

14431 

0. 09633 

468 

17. 0 

-0. 09263 

71984 

0.16720 

50361 

0.11230 

838 

17.1 

-0.10881 

90473 

0.15617 

39131 

0. 12708 

500 

17.2 

-0. 12382 

24237 

0.14365 

65362 

0. 14052 

667 

17.3 

-0.13750 

52134 

0.12978 

53467 

0. 15250 

930 

17.4 

-0.14973 

91883 

0.11470 

53859 

0. 16292 

372 

17.5 

-0.16041 

11925 

0. 09857 

27987 

0.17167 

666 


m 


i )2 i 


t ( i )2 ] 




Table 9.1 

BESSEL FUNCTIONS—AUXILIARY TABLE FOR SMALL ARGUMENTS 


X 

M x ) 

M x ) 

X 

/i(*) 

M x ) 

0.0 

-0.07380 430 

-0. 63661 977 

1. 0 

0. 08825 696 

-0.78121 282 

0.1 

-0. 07202 984 

-0. 63857 491 

1.1 

0.11849 917 

-0.79936 142 

0.2 

-0. 06672 574 

-0. 64437 529 

1.2 

0.15018 546 

-0. 81476 705 

0.3 

-0. 05794 956 

-0. 65382 684 

1.3 

0.18296 470 

-0. 82642 473 

0.4 

-0.04579 663 

-0.66660 964 

1.4 

0.21647 200 

-0. 83332 875 

0.5 

-0. 03039 904 

-0. 68228 315 

1.5 

0.25033 233 

-0.83449 074 

0.6 

-0. 01192 435 

-0.70029 342 

1.6 

0.28416 437 

-0.82895 780 

0.7 

+ 0.00942 612 

-0.71998 221 

1.7 

0.31758 436 

-0. 81583 036 

0.8 

0.03341 927 

-0.74059 789 

1.8 

0.35020 995 

-0. 79427 978 

0.9 

0.05979 263 

-0.76130 792 

1.9 

0.38166 415 

-0.76356 508 

1.0 

0.08825 696 

-0.78121 282 

2.0 

0.41157 912 

-0.72304 896 


t'-f*] 

m 


i-1 

05 

IN 3 

1_1 

[ ( T] 


ro(*)-=/i(*)+ 

|/o(x) In x 


Yi ( x )=^ f2 ( x )+^ J \( x ) In x 
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Table 9.2 



BESSEL FUNCTIONS—ORDERS 3-9 





X 


Mx) 


J 4 (-r) 


M*) 


M*) 


M*) 




Mx) 

0.0 


0.0000 


0.0000 


0.0000 


0.0000 


0.0000 


0.0000 


0.0000 

0.2 

;-4) 

11.6625 

-6' 

>4.1583 ( 

-8) 

1 8.3195 

;-9] 

>1.3869 { 

-11) 

>1.9816 ( 

-13) 

2.4774 ( 

-!5) 

2.7530 

0.4 

:-3j 

11.3201 

;-5 

>6.6135 ( 

.-6 

(2.6489 

-8 

>8.8382 ( 

- 9] 

>2.5270 ( 

-11 

6.3210 

-12) 

1.4053 

0.6 

[-3] 

14.3997 

-4] 

>3.3147 

-5) 

11.9948 

[-7)9.9956 ( 

- 8 

(4.2907 ( 

- 9)1.6110 

-11 

5.3755 

0.8 

!-2) 

11.0247 

I - 3 ; 

>1.0330 

1-5] 

> 8.3084 

| -6)5.5601 ( 

- 7] 

(3.1864 ( 

[- 8)1.5967 ( 

- 10 ) 

(7.1092 

1.0 

[- 2 ; 

>1.9563 

;-3; 

>2.4766 

-4' 

>2.4976 

' -5' 

>2.0938 ( 

- 6 ! 

>1.5023 ( 

- 8) 

(9.4223 ( 

- 9 ) 

(5.2493 

1.2 

-2 

>3.2874 

' _3 

>5.0227 

1-4 

>6.1010 

-5 

>6.1541 

- 6] 

>5.3093 

- 7 

(4.0021 

- 8 

2.6788 

1.4 

-2 

>5.0498 

f -3 ( 

>9.0629 

;-3) 

>1.2901 

'-4 

>1.5231 ( 

~ 5 

>1.5366 j 

- 6) 

(1.3538 ( 

- 7 

(1.0587 

1.6 

-2 

>7.2523 

\-2\ 

>1.4995 

■- 3 ; 

>2.4524 

[ -4 

>3.3210 

- 5] 

>3.8397 ( 

- 6 

13.8744 

- 7 

13.4687 

1.8 

(-2 

)9.88Q2 

[-2! 

>2.3197 

!-3| 

) 4.2936 

[-4 

>6.5690 

!- 5 : 

>8.5712 ( 

- 6] 

>9.7534 

;- 7] 

>9.8426 

2.0 


0.12894 

;-2; 

>3.3996 

;-3] 

>7.0396 

-3 

>1.2024 

[- 4)1.7494 ( 

- 5) 

(2.2180 

- 6)2.4923 

2.2 


0.16233 

-2 

>4.7647 

;-2 

>1.0937 

-3 

>2.0660 

- 4)3.3195 ( 

- 5 

(4.6434 

- 6 

(5.7535 

2.4 


0.19811 

-2 

>6.4307 

- 2 ; 

>1.6242 

-3 

>3.3669 

- 4 

>5.9274 ( 

- 5 

>9.0756 

- 5 ! 

>1.2300 

2.6 


0.23529 

-2 

8.4013 

-2 

>2.3207 

[-3 

>5.2461 

- 3 

>1.0054 | 

} _ 4 

>1.6738 

- 5 

>2.4647 

2.8 


0.27270 

-1 

>1.0667 

[- 2 . 

> 3.2069 

1-3 

>7.8634 

1- 3! 

>1.6314 1 

!- 4 ! 

>2.9367 

!- si 

>4.6719 

3.0 


0.30906 


0.13203 

t- 2 

>4.3028 

-2 

> 1.1394 

r 3 i 

>2.5473 1 

[- 4 ; 

14.9344 

5 ; 

18.4395 

3.2 


0.34307 


0.15972 

- 2 : 

> 5.6238 

’-2 

>1.6022 

- 3 

>3.8446 1 

- 4 ! 

17.9815 

- 4 

(1.4615 

3.4 


0.37339 


0.18920 

(-2 

>7.1785 

[-2 

>2.1934 

- 3)5.6301 ( 

3 

>1.2482 

!- 4 ; 

>2.4382 

3.6 


0.39876 


0.21980 

-2 

> 8.9680 

-2 

>2.9311 

r 3 ! 

>8.0242 


>1.8940 

[- 4 

>3.9339 

3.8 


0.41803 


0.25074 

(-1 

>1.0984 

[-2 

>3.8316 

2 ! 

>1.1159 

i- 3! 

>2.7966 

!- 4! 

>6.1597 

4.0 


0.43017 


0.28113 


0.13209 

[-2 

>4.9088 

(- 2 ' 

>1.5176 

[- 3 ; 

>4.0287 

4 ; 

>9.3860 

4.2 


0.43439 


0.31003 


0.15614 

1-2 

>6.1725 

(- 2' 

>2.0220 

- 3 

>5.6739 

- 3 

>1.3952 

4.4 


0.43013 


0.33645 


0.18160 

[-2 

>7.6279 

I- 2[ 

2.6433 

" 3 

>7.8267 

- 3 

>2.0275 

4.6 


0.41707 


0.35941 


0.20799 

1-2 

>9.2745 

- 2 

3.3953 

- 2 

>1.0591 

- 3, 

>2.8852 

4.8 


0.39521 


0.37796 


0.23473 

-1 

>1.1105 

(- 2' 

>4.2901 

(- 2 

>1.4079 

t- 3[ 

>4.0270 

5.0 


0.36483 


0.39123 


0.26114 


0.13105 

f- 2 

>5.3376 

f- 2 

>1.8405 

[- 3[ 

>5.5203 

5.2 


0.32652 


0.39847 


0.28651 


0.15252 

- 2 

6.5447 

- 2 

>2.3689 

- 3 

>7.4411 

5.4 


0.28113 


0.39906 


0.31007 


0.17515 

- 2 

7.9145 

- 2 

>3.0044 

- 3 

>9.8734 

5.6 


0.22978 


0.39257 


0.33103 


0.19856 

- 2 

9.4455 

- 2 

>3.7577 

- 2 

>1.2907 

5.8 


0.17382 


0.37877 


0.34862 


0.22230 

(- 1 

) 1.1131 

(- 2 

>4.6381 

[- 2[ 

>1.6639 

6.0 


0.11477 


0.35764 


0.36209 


0.24584 


0.12959 

f- 2 

>5.6532 

(- 2 

>2.1165 

6.2 

+0.05428 


0.32941 


0.37077 


0.26860 


0.14910 

- 2 

>6.8077 

- 2 

>2.6585 

6.4 


-0.00591 


0.29453 


0.37408 


0.28996 


0.16960 

- 2 

8.1035 

- 2 

3.2990 

6.6 


-0.06406 


0.25368 


0.37155 


0.30928 


0.19077 

- 2 

9.5385 

- 2 

4.0468 

6.8 


-0.11847 


0.20774 


0.36288 


0.32590 


0.21224 

(- 1 

>1.1107 

i- 2 

>4.9093 

7.0 


-0.16756 


0.15780 


0.34790 


0.33920 


0.23358 


0.12797 

f- 2 

>5.8921 

7.2 


-0.20987 


0.10509 


0.32663 


0.34857 


0.25432 


0.14594 

- 2 

6.9987 

7.4 


-0.24420 

+0.05097 


0.29930 


0.35349 


0.27393 


0.16476 

- 2 

8.2300 

7.6 


-0.26958 


-0.00313 


0.26629 


0.35351 


0.29188 


0.18417 

- 2 

9.5839 

7.8 


-0.28535 


-0.05572 


0.22820 


0.34828 


0.30762 


0.20385 

(- 1 

>1.1054 

8.0 


-0.29113 


-0.10536 


0.18577 


0.33758 


0.32059 


0.22345 


0.12632 

8.2 


-0.28692 


-0.15065 


0.13994 


0.32131 


0.33027 


0.24257 


0.14303 

8.4 


-0.27302 


-0.19033 


0.09175 


0.29956 


0.33619 


0.26075 


0.16049 

8.6 


-0.25005 


-0.22326 


+0.04237 


0.27253 


0.33790 


0.27755 


0.17847 

8.8 


-0.21896 


-0.24854 


-0.00699 


0.24060 


0.33508 


0.29248 


0.19670 

9.0 


-0.18094 


-0.26547 


-0.05504 


0.20432 


0.32746 


0.30507 


0.21488 

9.2 


-0.13740 


-0.27362 


-0.10053 


0.16435 


0.31490 


0.31484 


0.23266 

9.4 


-0.08997 


-0.27284 


-0.14224 


0.12152 


0.29737 


0.32138 


0.24965 

9.6 


-0.04034 


-0.26326 


-0.17904 


0.07676 


0.27499 


0.32427 


0.26546 

9.8 

+0.00970 


-0.24528 


-0.20993 


+0.03107 


0.24797 


0.32318 


0.27967 

10.0 


0.05838 


-0.21960 


-0.23406 


-0.01446 


0.21671 


0.31785 


0.29186 


Compiled from British Association for the Advancement of Science, Bessel functions, Part II. Func¬ 
tions of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, Eng¬ 
land, 1952) and Mathematical Tables Project, Table of f n (x) = n !(H . J. Math. Phys. 23, 45-60 

(1944) (with permission). 



BESSEL FUNCTIONS OF INTEGER ORDER 
BESSEL FUNCTIONS—ORDERS 3-9 


X 


Yz(x) 


Ya{x) 

Fs(x) 

F 6 (x) 

F 7 (z) 

F 8 (x) 

0.0 


— OO 


- OO 

- 00 

— 00 

— 00 

— OO 

0.2 i 

(2) 

1-6.3982 

(4) 

-1.9162 

;s] 

1 -7.6586 

; 7)-3.8274 

9)-2.2957 

11)-1.6066 

0.4 i 

1 

1 -8.1202 

3 

-1.2097 

4 

1-2.4114 

5-6.0163 

'7)-1.8025 

8)-6.3027 

0.6 i 

1 

1-2.4692 

2 

1-2.4302 

3 

1-3.2156 

4)-5.3351 

6)-1.0638 

7-2.4769 

0.8 i 

1 

1-1.0815 

W 

i -7.8751 

[2! 

1-7.7670 

; 3)-9.6300 

; 5)-1.4367 

6 ) -2.5046 

1.0 


-5.8215 

m 

1-3.3278 

>2] 

>-2.6041 

[3) -2.5708 

’4)-3.0589 

5)-4.2567 

1.2 


-3.5899 

(i) 

1 -1.6686 

2 

>-1.0765 

2)-8.8041 

3 -8.6964 

5;-1.0058 

1.4 


-2.4420 


-9.4432 

1 

>-5.1519 

2)-3.5855 

3-3.0218 

4 -2.9859 

1.6 


-1.7897 


-5.8564 

1 

> -2.7492 

2-1.6597 

'3 -1.2173 

4)-1.0485 

1.8 


-1.3896 


-3.9059 

1 

>-1.5970 

[ 1) —8.4816 

12)-5.4947 

[ 3)-4.1889 

2.0 


-1.1278 


-2.7659 

-9.9360 

[1)-4.6914 

[2)-2.7155 

[ 3)-1.8539 

2.2 


-0.94591 


-2.0603 

-6.5462 

1)-2.7695 

2-1.4452 

2)-8.9196 

2.4 


-0.81161 


-1.6024 

-4.5296 

1)-1.7271 

1)-8.1825 

2-4.6004 

2.6 


-0.70596 


-1.2927 

-3.2716 

(1)-1.1290 

1)-4.8837 

2)-2.5168 

2.8 


-0.61736 


-1.0752 

-2.4548 

-7.6918 

(1)-3.0510 

[ 2)-1.4486 

3.0 


-0.53854 


-0.91668 

-1.9059 

-5.4365 

[1)-1.9840 

( 1)-8.7150 

3.2 


-0.46491 


-0.79635 

-1.5260 

-3.9723 

i 1) -1.3370 

1 -5.4522 

3.4 


-0.39363 


-0.70092 

-1.2556 

-2.9920 

-9.3044 

1)-3.5320 

3.6 


-0.32310 


-0.62156 

-1.0581 

-2.3177 

-6.6677 

1)-2.3612 

3.8 


-0.25259 


-0.55227 

-0.91009 

-1.8427 

-4.9090 

[ 1)-1.6243 

4.0 


-0.18202 


-0.48894 

-0.79585 

-1.5007 

-3.7062 1 

( 1)-1.1471 

4.2 


-0.11183 


-0.42875 

-0.70484 

-1.2494 

-2.8650 

-8.3005 

4.4 


-0.04278 


-0.36985 

-0.62967 

-1.0612 

-2.2645 

-6.1442 

4.6 


+0.02406 


-0.31109 

-0.56509 

-0.91737 

-1.8281 

-4.6463 

4.8 


0.08751 


-0.25190 

-0.50735 

-0.80507 

-1.5053 

-3.5855 

5.0 


0.14627 


-0.19214 

-0.45369 

-0.71525 

-1.2629 

-2.8209 

5.2 


0.19905 


-0.13204 

-0.40218 

-0.64139 

-1.0780 

-2.2608 

5.4 


0.24463 


-0.07211 

-0.35146 

-0.57874 

-0.93462 

-1.8444 

5.6 


0.28192 


-0.01310 

-0.30063 

-0.52375 

-0.82168 

-1.5304 

5.8 


0.31001 


+0.04407 

-0.24922 

-0.47377 

-0.73099 

-1.2907 

6.0 


0.32825 


0.09839 

-0.19706 

-0.42683 

-0.65659 

-1.1052 

6.2 


0.33622 


0.14877 

-0.14426 

-0.38145 

-0.59403 

-0.95990 

6.4 


0.33383 


0.19413 

-0.09117 

-0.33658 

-0.53992 

-0.84450 

6.6 


0.32128 


0.23344 

-0.03833 

-0.29151 

-0.49169 

-0.75147 

6.8 


0.29909 


0.26576 

+0.01357 

-0.24581 

-0.44735 

-0.67521 

7.0 


0.26808 


0.29031 

0.06370 

-0.19931 

-0.40537 

-0.61144 

7.2 


0.22934 


0.30647 

0.11119 

-0.15204 

-0.36459 

-0.55689 

7.4 


0.18420 


0.31385 

0.15509 

-0.10426 

-0.32416 

-0.50902 

7.6 


0.13421 


0.31228 

0.19450 

-0.05635 

-0.28348 

-0.46585 

7.8 


0.08106 


0.30186 

0.22854 

-0.00886 

-0.24217 

-0.42581 

8.0 


+0.02654 


0.28294 

0.25640 

+0.03756 

-0.20006 

-0.38767 

8.2 


-0.02753 


0.25613 

0.27741 

0.08218 

-0.15716 

-0.35049 

8.4 


-0.07935 


0.22228 

0.29104 

0.12420 

-0.11361 

-0.31355 

8.6 


-0.12723 


0.18244 

0.29694 

0.16284 

-0.06973 

-0.27635 

8.8 


-0.16959 


0.13789 

0.29495 

0.19728 

-0.02593 

-0.23853 

9.0 


-0.20509 


0.09003 

0.28512 

0.22677 

+0.01724 

-0.19995 

9.2 


-0.23262 


+0.04037 

0.26773 

0.25064 

0.05920 

-0.16056 

9.4 


-0.25136 


-0.00951 

0.24326 

0.26830 

0.09925 

-0.12048 

9.6 


-0.26079 


-0.05804 

0.21243 

0.27932 

0.13672 

-0.07994 

9.8 


-0.26074 


-0.10366 

0.17612 

0.28338 

0.17087 

-0.03928 

10.0 


-0.25136 


-0.14495 

0.13540 

0.28035 

0.20102 

+0.00108 
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Table 9.2 

Fo(») 

(13)-1.2850 
(10 -2.5193 
8 )-6.5943 
( 7)-4.9949 

( 6)-6.7802 
6)-1.3323 
( 5)-3.3823 
( 5-1.0364 
( 4)-3.6685 

( 4)-1.4560 
( 3 -6.3425 
( 3)-2.9851 
( 3)-1.5000 
( 2)-7.9725 

( 2)-4.4496 
( 2)-2.5924 
2-1.5691 
( 1)-9.8275 
( 1)-6.3483 

! 1) -4.217B 
1)-2.8756 
1 -2.007B 
1)-1.4333 
1)-1.0446 

-7.7639 

-5.8783 

-4.5302 

-3.5510 

-2.8295 

-2.2907 

-1.8831 

-1.5713 

-1.3301 

-1.1414 

-0.99220 

-0.87293 

-0.77643 

-0.69726 

-0.63128 

-0.57528 

-0.52673 

-0.48363 

-0.44440 

-0.40777 

-0.37271 

-0.33843 

-0.30433 

-0.26995 

-0.23499 

-0.19930 
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BESSEL FUNCTIONS OF INTEGER ORDER 


Table 9.2 BESSEL FUNCTIONS—ORDERS 3-9 


X 

Mx ) 

Mx ) 

Mx ) 

Mx ) 

M x ) 

Mx ) 

Mx ) 

10.0 

0.05838 

- 0.21960 

- 0.23406 

- 0 . 01446 

0 . 21671 

0.31785 

0 . 29186 

10.2 

0.10400 

- 0.18715 

- 0 . 25078 

- 0 . 05871 

0.18170 

0 . 30811 

0 . 30161 

10.4 

0.14497 

- 0.14906 

- 0.25964 

- 0.10059 

0.14358 

0.29386 

0 . 30852 

10.6 

0 . 17992 

- 0 . 10669 

- 0 . 26044 

- 0 . 13901 

0 . 10308 

0.27515 

0 . 31224 

10.8 

0 . 20768 

- 0.06150 

- 0 . 25323 

- 0.17297 

0 . 06104 

0 . 25210 

0 . 31244 

11.0 

0.22735 

- 0.01504 

- 0 . 23829 

- 0.20158 

+ 0 . 01838 

0.22497 

0 . 30886 

11.2 

0.23835 

+ 0.03110 

- 0.21614 

- 0.22408 

- 0.02395 

0.19414 

0 . 30130 

11.4 

0 . 24041 

0 . 07534 

- 0.18754 

- 0 . 23985 

- 0 . 06494 

0.16010 

0.28964 

11.6 

0 . 23359 

0.11621 

- 0.15345 

- 0.24849 

- 0.10361 

0 . 12344 

0.27388 

11.8 

0.21827 

0.15232 

- 0.11500 

- 0 . 24978 

- 0.13901 

0 . 08485 

0.25407 

12.0 

0.19514 

0.18250 

- 0.07347 

- 0.24372 

- 0.17025 

0 . 04510 

0.23038 

12.2 

0.16515 

0.20576 

- 0 . 03023 

- 0.23053 

- 0 . 19653 

+ 0 . 00501 

0 . 20310 

12.4 

0.12951 

0.22138 

+ 0 . 01331 

- 0.21064 

- 0.21716 

- 0.03453 

0.17260 

12.6 

0 . 08963 

0.22890 

0.05571 

- 0.18469 

- 0.23160 

- 0.07264 

0.13935 

12.8 

0.04702 

0 . 22815 

0 . 09557 

- 0.15349 

- 0 . 23947 

- 0.10843 

0.10393 

13.0 

+ 0.00332 

0.21928 

0.13162 

- 0.11803 

- 0 . 24057 

- 0.14105 

0 . 06698 

13.2 

- 0.03984 

0 . 20268 

0.16267 

- 0 . 07944 

- 0 . 23489 

- 0.16969 

+ 0 . 02921 

13.4 

- 0 . 08085 

0.17905 

0.18774 

- 0 . 03894 

-0. 22261 

- 0 . 19364 

-0. 00860 

13.6 

- 0.11822 

0 . 14931 

0 . 20605 

+0.00220 

- 0 . 20411 

- 0 . 21231 

- 0 . 04567 

13.8 

- 0.15059 

0.11460 

0.21702 

0 . 04266 

- 0.17993 

- 0.22520 

- 0 . 08117 

14 . 0 

- 0.17681 

0 . 07624 

0.22038 

0 . 08117 

- 0.15080 

- 0.23197 

- 0.11431 

14.2 

- 0 . 19598 

+ 0 . 03566 

0 . 21607 

0.11650 

- 0.11762 

- 0 . 23246 

- 0 . 14432 

14.4 

- 0 . 20747 

- 0.00566 

0 . 20433 

0.14756 

- 0 . 08136 

- 0.22666 

- 0.17048 

14.6 

- 0 . 21094 

- 0.04620 

0.18563 

0.17335 

- 0.04315 

- 0 . 21472 

- 0.19216 

14.8 

- 0 . 20637 

- 0 . 08450 

0 . 16069 

0.19308 

- 0 . 00415 

- 0 . 19700 

- 0 . 20883 

15 . 0 

- 0.19402 

- 0.11918 

0 . 13046 

0.20615 

+ 0 . 03446 

- 0.17398 

- 0 . 22005 

15.2 

- 0.17445 

- 0.14901 

0 . 09603 

0 . 21219 

0 . 07149 

- 0.14634 

- 0 . 22553 

15.4 

- 0.14850 

- 0.17296 

0 . 05865 

0.21105 

0.10580 

- 0.11487 

- 0 . 22514 

15.6 

- 0.11723 

- 0.19021 

+ 0.01968 

0.20283 

0 . 13634 

- 0 . 08047 

- 0.21888 

15.8 

-0. 08188 

-0.20020 

- 0 . 01949 

0.18787 

0.16217 

- 0 . 04417 

- 0 . 20690 

16.0 

- 0 . 04385 

- 0 . 20264 

- 0 . 05747 

0.16672 

0.18251 

- 0.00702 

-0. 18953 

16.2 

- 0.00461 

- 0.19752 

- 0.09293 

0.14016 

0.19675 

+ 0 . 02987 

- 0.16725 

16.4 

+ 0.03432 

- 0.18511 

- 0.12462 

0.10913 

0 . 20447 

0.06542 

- 0.14065 

16.6 

0.07146 

- 0.16596 

- 0.15144 

0 . 07473 

0.20546 

0 . 09855 

- 0.11047 

16.8 

0 . 10542 

- 0 . 14083 

- 0 . 17248 

0 . 03817 

0.19974 

0.12829 

- 0 . 07756 

17.0 

0 . 13493 

- 0.11074 

- 0 . 18704 

+ 0 . 00072 

0.18755 

0.15374 

- 0 . 04286 

17.2 

0.15891 

- 0 . 07685 

- 0.19466 

- 0 . 03632 

0.16932 

0.17414 

- 0.00733 

17 . 4 

0 . 17651 

- 0 . 04048 

- 0.19512 

- 0.07166 

0 . 14570 

0.18889 

+ 0 . 02799 

17.6 

0.18712 

- 0 . 00300 

- 0 . 18848 

- 0.10410 

0.11751 

0.19757 

0 . 06210 

17.8 

0.19041 

+ 0 . 03417 

- 0.17505 

- 0.13251 

0 . 08571 

0.19993 

0 . 09400 

18.0 

0.18632 

0 . 06964 

- 0.15537 

- 0.15596 

0 . 05140 

0.19593 

0.12276 

18.2 

0.17510 

0 . 10209 

- 0 . 13022 

- 0.17364 

+ 0 . 01573 

0 . 18574 

0 . 14756 

18.4 

0.15724 

0.13033 

- 0.10058 

- 0.18499 

- 0 . 02007 

0.16972 

0.16766 

18.6 

0 . 13351 

0.15334 

- 0 . 06756 

- 0.18966 

- 0 . 05481 

0.14841 

0 . 18247 

18.8 

0.10487 

0.17031 

- 0 . 03240 

- 0.18755 

- 0 . 08731 

0.12253 

0.19159 

19.0 

0 . 07249 

0.18065 

+ 0 . 00357 

- 0 . 17877 

- 0.11648 

0.09294 

0.19474 

19.2 

0.03764 

0.18403 

0 . 03904 

- 0.16370 

- 0.14135 

0 . 06063 

0.19187 

19.4 

+ 0.00170 

0 . 18039 

0 . 07269 

- 0.14292 

- 0.16110 

+ 0 . 02667 

0 . 18309 

19.6 

- 0 . 03395 

0.16994 

0.10331 

- 0.11723 

- 0.17508 

- 0 . 00783 

0.16869 

19.8 

- 0 . 06791 

0.15313 

0.12978 

- 0 . 08759 

- 0.18287 

- 0 . 04171 

0.14916 

20.0 

- 0 . 09890 

0.13067 

0.15117 

- 0 . 05509 

- 0.18422 

- 0 . 07387 

0.12513 



rc-*>n 

[(-SHI 

(■(- 4 ) 9-1 

[(- 4 ) 8-1 

|-(- 4 ) 8 -| 

[(- 4)81 


L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 
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BESSEL FUNCTIONS—ORDERS 3-9 


Table 9.2 

X 

Y 3 ( 1 ) 

Y*(x) 

Ys(x) 

7e(x) 

Y?(x) 

Y*(x) 

Y 9 {x) 

10.0 

-0.25136 

-0.14495 

0.13540 

0. 28035 

0.20102 

0.00108 

-0.19930 

10.2 

-0. 23314 

-0.18061 

0. 09148 

0.27030 

0. 22652 

0. 04061 

- 0 . 16282 

10.4 

- 0 . 20686 

-0. 20954 

+0. 04567 

0.25346 

0. 24678 

0. 07874 

-0.12563 

10.6 

-0.17359 

-0.23087 

-0. 00065 

0.23025 

0. 26131 

0.11488 

-0. 08791 

10.8 

-0.13463 

-0. 24397 

-0. 04609 

0.20130 

0. 26975 

0.14838 

- 0 . 04993 

11.0 

-0. 09148 

-0.24851 

-0. 08925 

0.16737 

0.27184 

0.17861 

-0. 01205 

11.2 

-0.04577 

-0.24445 

-0.12884 

0.12941 

0.26750 

0. 20496 

+0. 02530 

11.4 

+ 0 . 00082 

-0. 23203 

-0. 16365 

0. 08848 

0.25678 

0.22687 

0. 06163 

11.6 

0. 04657 

-0.21178 

-0. 19262 

0. 04573 

0. 23992 

0. 24384 

0. 09640 

11.8 

0.08981 

-0.18450 

-0. 21489 

+0. 00238 

0. 21732 

0. 25545 

0.12906 

12.0 

0. 12901 

-0.15122 

-0. 22982 

-0. 04030 

0.18952 

0.26140 

0.15902 

12.2 

0.16277 

-0.11317 

-0. 23698 

-0. 08107 

0.15724 

0. 26151 

0.18573 

12.4 

0.18994 

-0. 07175 

-0. 23623 

-0.11875 

0.12130 

0.25571 

0. 20865 

12.6 

0. 20959 

-0. 02845 

-0.22766 

-0.15223 

0 . 08268 

0.24409 

0. 22728 

12.8 

0 . 22112 

+0. 01518 

-0.21163 

-0.18052 

0. 04240 

0.22689 

0.24122 

13.0 

0. 22420 

0. 05759 

-0.18876' 

-0.20279 

+0.00157 

0. 20448 

0.25010 

13.2 

0.21883 

0. 09729 

-0.15987 

-0. 21840 

-0.03868 

0.17738 

0. 25369 

13.4 

0. 20534 

0.13289 

- 0 . 12600 

-0.22692 

-0.07722 

0.14625 

0.25184 

13.6 

0.18432 

0.16318 

-0. 08833 

-0. 22813 

-0.11296 

0.11185 

0. 24454 

13.8 

0.15666 

0.18712 

-0. 04819 

-0. 22204 

-0.14489 

0. 07505 

0.23190 

14. 0 

0.12350 

0.20393 

-0. 00697 

-0.20891 

-0. 17209 

+0. 03682 

0.21417 

14.2 

0. 08615 

0.21308 

+0. 03390 

-0.18921 

-0.19380 

-0.00186 

0.19170 

14.4 

0. 04605 

0. 21434 

0. 07303 

-0.16363 

-0. 20939 

-0. 03994 

0.16501 

14.6 

+0. 00477 

0.20775 

0. 10907 

-0.13305 

-0. 21842 

-0. 07640 

0.13470 

14.8 

-0. 03613 

0.19364 

0.14080 

-0.09850 

-0.22067 

-0.11024 

0.10149 

15.0 

-0.07511 

0.17261 

0.16717 

- 0 . 06116 

-0.21610 

-0.14053 

0.06620 

15.2 

-0.11072 

0.14550 

0. 18730 

- 0 . 02228 

-0.20489 

-0.16644 

+0. 02969 

15.4 

-0.14165 

0.11339 

0. 20055 

+0. 01684 

-0.18743 

-0.18723 

-0. 00710 

15.6 

-0.16678 

0. 07750 

0. 20652 

0. 05489 

-0.16430 

-0. 20234 

-0. 04322 

15.8 

-0. 18523 

+0.03920 

0. 20507 

0. 09059 

-0. 13627 

-0.21134 

-0. 07775 

16.0 

-0. 19637 

-0. 00007 

0. 19633 

0.12278 

-0. 10425 

-0.21399 

-0.10975 

16.2 

-0.19986 

-0. 03885 

0. 18067 

0.15038 

-0. 06928 

-0.21025 

-0.13838 

16.4 

-0. 19566 

-0.07571 

0.15873 

0.17250 

-0.03251 

-0.20025 

-0.16286 

16.6 

-0.18402 

-0.10930 

0.13135 

0.18843 

+0. 00487 

-0. 18432 

-0.18253 

16.8 

-0.16547 

-0.13841 

0. 09956 

0.19767 

0. 04164 

-0.16297 

-0.19685 

17.0 

-0.14078 

-0.16200 

0 . 06455 

0.19996 

0. 07660 

-0.13688 

-0. 20543 

17.2 

-0.11098 

-0.17924 

+0. 02761 

0.19529 

0. 10864 

- 0 . 10686 

-0. 20805 

17.4 

-0. 07725 

-0. 18956 

-0. 00990 

0.18387 

0. 13671 

-0. 07387 

-0. 20464 

17.6 

-0. 04094 

-0.19265 

-0. 04663 

0.16616 

0. 15991 

-0. 03895 

-0.19533 

17.8 

-0. 00347 

-0.18846 

-0. 08123 

0.14282 

0.17752 

-0.00320 

-0. 18039 

18.0 

+0. 03372 

-0.17722 

-0.11249 

0.11472 

0.18897 

+0. 03225 

-0.16030 

18.2 

0. 06920 

-0.15942 

-0.13928 

0.08289 

0.19393 

0. 06629 

-0.13566 

18.4 

0.10163 

-0.13580 

-0.16067 

0. 04848 

0. 19229 

0. 09782 

-0.10722 

18.6 

0. 12977 

-0.10731 

-0. 17593 

+0.01272 

0.18414 

0. 12587 

-0. 07586 

18.8 

0.15261 

-0. 07506 

-0. 18455 

-0. 02310 

0. 16980 

0.14955 

-0. 04252 

19.0 

0. 16930 

-0. 04031 

-0.18628 

-0. 05773 

0.14982 

0.16812 

-0. 00824 

19. 2 

0. 17927 

-0. 00440 

-0.18111 

-0.08993 

0.12490 

0.18100 

+0. 02593 

19.4 

0 . 18221 

+0. 03131 

-0.16930 

-0.11857 

0. 09595 

0.18782 

0. 05895 

19.6 

0. 17805 

0. 06546 

-0.15134 

-0.14267 

0.06399 

0.18838 

0. 08979 

19.8 

0.16705 

0. 09678 

-0. 12794 

-0.16139 

+0.03013 

0.18270 

0.11750 

20.0 

0.14967 

0.12409 

-0. 10004 

-0.17411 

-0. 00443 

0.17101 

0.14124 



r(-3)n 

f ( -3)n 




r (_4)8 i 


L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 



BESSEL FUNCTIONS OF INTEGER ORDER 


Table 9.3 BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 


X 

KPOz-lOJioCc) 

lO 11 *— 11 J\\(x) 

10- 9 xl0 y l0 (x) 1025^-20/20 ( x ) l()27. r -21 J 21 (*) 10-23*20 F 20 (x) 

0.0 

2.69114 446 

1.22324 748 

-0.11828 049 

3.91990 

9.33311 

-0. 406017 

0.1 

2.69053 290 

1.22299 266 

-0.11831 335 

3.91944 

9.33205 

-0.406071 

0.2 

2.68869 898 

1.22222 850 

-0.11841 200 

3.91804 

9.32886 

-0. 406231 

0. 3 

2.68564 500 

1.22095 588 

-0.11857 661 

3. 91571 

9. 32357 

-0.406499 

0.4 

2.68137 477 

1.21917 626 

-0.11880 750 

3.91244 

9. 31615 

-0.406873 

0.5 

2.67589 362 

1.21689 169 

-0.11910 510 

3.90825 

9. 30663 

-0. 407355 

0. 6 

2. 66920 838 

1.21410 481 

-0.11946 998 

3.90314 

9.29500 

-0. 407945 

0. 7 

2.66132 738 

1.21081 883 

-0.11990 282 

3. 89710 

9.28128 

-0. 408644 

0. 8 

2.65226 043 

1.20703 750 

-0.12040 444 

3. 89015 

9. 26546 

-0. 409452 

0.9 

2. 64201 878 

1.20276 518 

-0.12097 581 

3.88228 

9.24758 

-0.410369 

1 . 0 

2.63061 512 

1.19800 675 

-0.12161 801 

3.87350 

9.22762 

-0. 411397 

1.1 

2. 61806 358 

1.19276 764 

-0.12233 229 

3. 86383 

9.20562 

-0.412536 

1.2 

2.60437 963 

1.18705 385 

-0. 12312 002 

3. 85325 

9.18157 

-0. 413788 

1.3 

2. 58958 012 

1.18087 185 

-0.12398 273 

3.84179 

9.15550 

<-0. 415153 

1.4 

2. 57368 323 

1.17422 867 

-0.12492 212 

3.82945 

9.12743 

-0. 416632 

1. 5 

2. 55670 842 

1.16713 182 

-0.12594 004 

3. 81624 

9.09737 

-0.418228 

1.6 

2. 53867 639 

1.15958 931 

-0.12703 852 

3. 80216 

9.06534 

-0.419940 

1. 7 

2. 51960 907 

1.15160 961 

-0.12821 977 

3.78723 

9.03137 

-0.421771 

1. 8 

2.49952 955 

1.14320 168 

-0.12948 616 

3.77146 

8.99546 

-0.423722 

1.9 

2.47846 207 

1.13437 488 

-0.13084 030 

3.75485 

8.95766 

-0.425795 

2. 0 

2.45643 192 

1.12513 904 

-0. 13228 497 

3.73742 

8.91797 

-0.427992 

2.1 

2.43346 545 

1.11550 438 

-0. 13382 319 

3. 71918 

8.87643 

-0. 430315 

2.2 

2.40959 000 

1.10548 152 

-0. 13545 821 

3.70015 

8.83306 

-0.432764 

2.3 

2.38483 384 

1.09508 144 

-0.13719 351 

3.68032 

8. 78790 

-0.435344 

2.4 

2. 35922 612 

1. 08431 551 

-0.13903 284 

3.65973 

8.74096 

-0.438056 

2. 5 

2. 33279 682 

1.07319 540 

-0.14098 022 

3.63837 

8.69228 

-0. 440902 

2. 6 

2.30557 673 

1. 06173 312 

-0.14303 997 

3.61627 

8.64189 

-0.443885 

2. 7 

2.27759 732 

1. 04994 098 

-0. 14521 672 

3.59344 

8.58981 

-0. 447007 

2. 8 

2.24889 074 

1.03783 155 

-0.14751 543 

3.56989 

8.53609 

-0.450272 

2.9 

2.21948 976 

1. 02541 767 

-0. 14994 141 

3. 54564 

8.48076 

-0. 453682 

3. 0 

2. 18942 770 

1.01271 242 

-0.15250 037 

3.52071 

8.42385 

-0.457241 

3.1 

2. 15873 836 

0.99972 906 

-0.15519 840 

3.49510 

8.36539 

-0. 460951 

3. 2 

2. 12745 598 

0.98648 108 

-0. 15804 206 

3. 46885 

8.30542 

-0. 464816 

3. 3 

2. 09561 517 

0.97298 213 

-0. 16103 836 

3.44195 

8.24397 

-0.468840 

3.4 

2. 06325 085 

0.95924 599 

-0.16419 482 

3.41444 

8.18110 

-0.473027 

3. 5 

2. 03039 820 

0.94528 659 

-0.16751 951 

3.38633 

8.11682 

-0. 477379 

3. 6 

1.99709 260 

0.93111 794 

-0.17102 110 

3.35763 

8.05119 

-0.481902 

3. 7 

1.96336 956 

0.91675 415 

-0.17470 889 

3.32837 

7.98424 

-0.486600 

3.8 

1.92926 467 

0.90220 939 

-0.17859 286 

3.29855 

7.91600 

-0.491476 

3.9 

1.89481 352 

0.88749 785 

-0.18268 376 

3. 26821 

7.84653 

-0. 496537 

4. 0 

1.86005 168 

0.87263 375 

-0.18699 314 

3.23736 

7.77586 

-0. 501786 

4.1 

1. 82501 462 

0.85763 130 

-0. 19153 346 

3.20601 

7.70403 

-0.507229 

4. 2 

1.78973 765 

0.84250 469 

-0.19631 812 

3.17419 

7.63108 

-0. 512872 

4. 3 

1.75425 588 

0.82726 806 

-0. 20136 159 

3.14192 

7.55707 

-0. 518719 

4.4 

1.71860 416 

0.81193 548 

-0.20667 950 

3.10921 

7.48202 

-0. 524777 

4. 5 

1. 68281 701 

0.79652 093 

-0.21228 873 

3. 07608 

7.40598 

-0. 531051 

4.6 

1. 64692 860 

0.78103 829 

-0.21820 757 

3.04256 

7. 32900 

-0. 537549 

4. 7 

1. 61097 267 

0.76550 130 

-0.22445 582 

3.00866 

7. 25112 

-0. 544276 

4.8 

1.57498 249 

0.74992 357 

-0. 23105 498 

2.97440 

7.17238 

-0. 551240 

4.9 

1.53899 084 

0.73431 852 

-0.23802 840 

2.93981 

7.09282 

-0. 558448 

5. 0 

1.50302 991 

0.71869 942 

-0.24540 147 

2.90490 

7.01250 

-0. 565907 


i -1 

ra 

ra 

ra 

ra 

ra 




Compiled from British Association for the Advancement of Science, Bessel functions, Part II. Functions 
of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, England, 
1952), L. Fox, A short table for Bessel functions of integer orders and large arguments. Royal Society 
Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954), and Mathe¬ 
matical Tables Project, Table of f n (x)=n\(%x)~ n J n (x). J. Math. Phys. 23, 45-60 (1944) (with per¬ 
mission). 
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BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 Table 9.3 


X 

lO 10 ® -10 J io (s) 

lOiix-njjjCr) 

10 -9 # 10 Fio ( x ) 

10 25 x -20 J 2 o(a0 10 27 x-^J 2 i(x) 10- 23 a;2<>r2o(z) 

5.0 

1.50302 

991 

0 . 71869 

942 

- 0 . 24540 147 

2.90490 

7 . 01250 

- 0 . 565907 

5.1 

1.46713 

132 

0 . 70307 

931 

- 0.25320 186 

2.86969 

6 . 93145 

- 0 . 573626 

5.2 

1 . 43132 

603 

0 . 68747 

104 

- 0 . 26145 975 

2.83421 

6 . 84971 

- 0.581612 

5.3 

1 . 39564 

431 

0.67188 

722 

- 0 . 27020 813 

2.79846 

6 . 76734 

- 0 . 589875 

5.4 

1 . 36011 

571 

0 . 65634 

019 

- 0 . 27948 304 

2.76248 

6 . 68437 

- 0 . 598423 

5.5 

1.32476 

904 

0 . 64084 

205 

- 0 . 28932 400 

2.72628 

6 . 60085 

- 0 . 607266 

5.6 

1 . 28963 

229 

0 . 62540 

463 

- 0 . 29977 431 

2.68988 

6 . 51682 

- 0.616414 

5.7 

1 . 25473 

264 

0 . 61003 

945 

- 0 . 31088 154 

2.65330 

6 . 43233 

- 0 . 625876 

5.8 

1.22009 

642 

0 . 59475 

774 

- 0.32269 795 

2 . 61656 

6 . 34742 

- 0 . 635663 

5.9 

1 . 18574 

907 

0 . 57957 

041 

- 0 . 33528 105 

2.57967 

6.26213 

- 0 . 645788 

6.0 

1.15171 

513 

0 . 56448 

805 

- 0 . 34869 413 

2.54267 

6.17651 

- 0.656261 

6.1 

1.11801 

822 

0 . 54952 

091 

- 0.36300 693 

2.50556 

6 . 09059 

- 0 . 667094 

6.2 

1 . 08468 

098 

0.53467 

890 

- 0 . 37829 631 

2 . 46837 

6 . 00443 

- 0 . 678301 

6.3 

1.05172 

510 

0.51997 

158 

- 0 . 39464 698 

2.43111 

5 . 91806 

- 0 . 689895 

6.4 

1.01917 

129 

0 . 50540 

814 

- 0.41215 232 

2.39381 

5.83152 

- 0 . 701890 

6.5 

0 . 98703 

926 

0 . 49099 

740 

- 0 . 43091 524 

2.35647 

5 . 74485 

- 0.714300 

6.6 

0.95534 

769 

0 . 47674 

781 

- 0.45104 907 

2.31913 

5 . 65810 

- 0 . 727140 

6.7 

0.92411 

427 

0 . 46266 

745 

- 0 . 47267 855 

2.28179 

5.57131 

- 0.740427 

6.8 

0 . 89335 

563 

0 . 44876 

400 

- 0 . 49594 084 

2.24448 

5.48451 

- 0 . 754178 

6.9 

0 . 86308 

740 

0 . 43504 

477 

- 0 . 52098 648 

2 . 20721 

5 . 39775 

- 0 . 768410 

7.0 

0 . 83332 

414 

0.42151 

665 

- 0.54798 051 

2.17000 

5 . 31106 

- 0.783140 

7.1 

0 . 80407 

941 

0 . 40818 

616 

- 0 . 57710 346 

2.13286 

5 . 22448 

- 0.798389 

7.2 

0 . 77536 

570 

0 . 39505 

943 

- 0 . 60855 234 

2 . 09582 

5 . 13805 

- 0 . 814177 

7.3 

0.74719 

450 

0 . 38214 

216 

- 0 . 64254 159 

2.05888 

5 . 05181 

- 0 . 830524 

7.4 

0 . 71957 

626 

0.36943 

970 

- 0.67930 390 

2 . 02206 

4 . 96579 

- 0 . 847452 

7.5 

0.69252 

040 

0 . 35695 

696 

- 0.71909 088 

1.98539 

4.88002 

- 0.864985 

7.6 

0 . 66603 

536 

0 . 34469 

850 

- 0 . 76217 356 

1.94887 

4.79455 

- 0 . 883147 

7.7 

0 . 64012 

854 

0 . 33266 

845 

- 0.80884 258 

1.91252 

4 . 70940 

- 0.901963 

7.8 

0 . 61480 

640 

0 . 32087 

058 

- 0 . 85940 807 

1.87635 

4 . 62461 

- 0.921460 

7.9 

0 . 59007 

439 

0.30930 

826 

- 0.91419 914 

1.84038 

4 . 54021 

- 0 . 941665 

8 . 0 

0 . 56593 

704 

0 . 29798 

448 

- 0.97356 279 

1.80462 

4.45624 

- 0 . 962608 

8.1 

0 . 54239 

791 

0.28690 

187 

- 1.03786 231 

1 . 76908 

4.37272 

- 0 . 984319 

8.2 

0 . 51945 

967 

0.27606 

265 

- 1 . 10747 485 

1 . 73378 

4.28968 

- 1.006831 

8.3 

0 . 49712 

408 

0 . 26546 

873 

- 1 . 18278 826 

1.69874 

4.20716 

- 1.030178 

8.4 

0.47539 

201 

0 . 25512 

162 

- 1 . 26419 685 

1.66395 

4.12518 

- 1.054394 

8.5 

0 . 45426 

352 

0 . 24502 

250 

- 1 . 35209 608 

1.62944 

4.04377 

- 1.079518 

8.6 

0 . 43373 

779 

0.23517 

220 

- 1 . 44687 598 

1.59521 

3 . 96296 

- 1 . 105589 

8.7 

0 . 41381 

323 

0 . 22557 

121 

- 1 . 54891 312 

1.56128 

3 . 88277 

- 1 . 132647 

8.8 

0 . 39448 

748 

0.21621 

969 

- 1 . 65856 097 

1 . 52765 

3 . 80323 

- 1 . 160736 

8.9 

0 . 37575 

740 

0.20711 

750 

- 1 . 77613 854 

1.49434 

3 . 72436 

- 1 . 189902 

9.0 

0 . 35761 

917 

0.19826 

418 

- 1.90191 706 

1.46136 

3 . 64619 

- 1.220192 

9.1 

0 . 34006 

823 

0.18965 

897 

- 2 . 03610 452 

1.42872 

3 . 56873 

- 1 . 251657 

9 . 2 

0 . 32309 

939 

0.18130 

082 

- 2.17882 801 

1.39641 

3 . 49201 

- 1.284351 

9.3 

0 . 30670 

683 

0.17318 

839 

- 2 . 33011 366 

1.36447 

3 . 41606 

- 1 . 318328 

9.4 

0 . 29088 

411 

0.16532 

010 

- 2.48986 396 

1.33288 

3 . 34088 

- 1 . 353647 

9.5 

0 . 27562 

422 

0 . 15769 

409 

- 2 . 65783 251 

1.30166 

3.26651 

- 1 . 390372 

9.6 

0.26091 

963 

0 . 15030 

825 

- 2.83359 602 

1.27082 

3 . 19294 

- 1.428567 

9.7 

0.24676 

227 

0.14316 

025 

- 3 . 01652 353 

1 . 24036 

3.12022 

- 1.468301 

9.8 

0.23314 

362 

0 . 13624 

751 

- 3.20574 283 

1.21029 

3.04834 

- 1.509646 

9.9 

0.22005 

470 

0.12956 

726 

- 3 . 40010 421 

1 . 18061 

2.97733 

- 1.552680 

10.0 

0 . 20748 

611 

0.12311 

653 

- 3 . 59814 152 

1.15134 

2.90720 

- 1.597484 


r(-5)8l 

R - 5)31 

f (- 3)n 

r(-5)5] 


[■(-4)21 


L 5 

J 

L 5 

A 

L 7 J 

L 3 J 

L 3 J 

L 4 J 
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Table 9.3 BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 


X 


J io( 

lx) 

/ill 

:*) 

Y ioOr) 

lOXx-WJooix) 10 27 X“ 2 ‘/ 2 l(x) 

10 

1 

3 ) 

10.0 

0 . 

20748 

611 

0.12311 

653 

-0. 35981 

415 

1.151337 

2.907199 

- 

1.59748 

10.1 

0 . 

21587 

417 

0. 13041 

285 

-0. 34383 

078 

1.122469 

2. 837961 

- 

1.64414 

10.2 

0 . 

22413 

707 

0.13787 

866 

-0. 32793 

809 

1. 094012 

2.769629 

- 

1. 69275 

10.3 

0 . 

23223 

256 

0.14549 

509 

-0.31207 

433 

1. 065970 

2.702215 

- 

1. 74339 

10.4 

0. 24011 

699 

0.15324 

123 

-0. 29618 

615 

1. 038347 

2. 635729 

- 

1.79618 

10.5 

0 . 

24774 

554 

0.16109 

407 

-0.28022 

819 

1.011148 

2. 570182 

_ 

1.85121 

10.6 

0 . 

25507 

240 

0. 16902 

861 

-0.26416 

276 

0.984374 

2. 505582 

- 

1.90861 

10.7 

0 . 

26205 

109 

0.17701 

780 

-0. 24795 

949 

0.958030 

2. 441939 

- 

1.96848 

10.8 

0 . 

26863 

466 

0.18503 

266 

-0.23159 

513 

0. 932118 

2.379259 

- 

2.03097 

10.9 

0 . 

27477 

603 

0.19304 

230 

-0. 21505 

324 

0.906639 

2.317550 


2. 09619 

11.0 

0 . 

28042 

823 

0.20101 

401 

-0.19832 

403 

0.881596 

2.256817 

_ 

2.16430 

11.1 

0 . 

28554 

479 

0. 20891 

340 

-0.18140 

409 

0. 856989 

2.197065 

- 

2.23544 

11.2 

0 . 

29007 

999 

0.21670 

446 

-0.16429 

620 

0.832821 

2.138299 

- 

2.30977 

11.3 

0 . 

29398 

925 

0.22434 

974 

-0.14700 

917 

0. 809092 

2.080523 

- 

2. 38746 

11.4 

0 . 

29722 

944 

0.23181 

048 

-0.12955 

753 

0.785801 

2.023738 

- 

2. 46870 

11.5 

0 . 

29975 

923 

0. 23904 

680 

-0.11196 

142 

0.762950 

1. 967947 

_ 

2.55367 

11.6 

0 . 

30153 

946 

0.24601 

789 

-0. 09424 

628 

0.740539 

1.913152 

- 

2. 64257 

11. 7 

0 . 

30253 

345 

0.25268 

218 

-0.07644 

263 

0. 718565 

1.859352 

- 

2.73563 

11.8 

0 . 

30270 

737 

0.25899 

761 

-0.05858 

580 

0. 697029 

1. 806548 

- 

2.83307 

11.9 

0 . 

30203 

061 

0.26492 

183 

-0. 04071 

566 

0.675930 

1. 754740 

- 

2. 93513 

12 . 0 

0 . 

30047 

604 

0.27041 

248 

-0. 02287 

631 

0.655266 

1.703925 

_ 

3. 04208 

12.1 

0 . 

29802 

036 

0. 27542 

744 

-0.00511 

577 

0.635035 

1. 654102 

- 

3.15419 

12.2 

0 . 

29464 

445 

0.27992 

508 

+0.01251 

441 

0. 615236 

1. 605267 

- 

3.27175 

12.3 

0 . 

29033 

357 

0.28386 

459 

0.02995 

946 

0. 595866 

1.557418 

- 

3.39509 

12.4 

0 . 

28507 

771 

0. 28720 

623 

0. 04716 

182 

0.576923 

1. 510551 

- 

3. 52453 

12.5 

0 . 

27887 

175 

0.28991 

166 

0. 06406 

154 

0.558403 

1.464660 

- 

3. 66044 

12 . 6 

0 . 

27171 

575 

0.29194 

422 

0. 08059 

668 

0. 540305 

1. 419743 

- 

3.80321 

12. 7 

0 . 

26361 

509 

0.29326 

923 

0. 09670 

381 

0.522625 

1.375791 

- 

3. 95323 

12 . 8 

0 . 

25458 

064 

0.29385 

431 

0.11231 

845 

0.505359 

1. 332800 

- 

4.11095 

12.9 

0 . 

24462 

889 

0.29366 

968 

0. 12737 

554 

0.488504 

1.290762 

- 

4. 27684 

13. 0 

0 . 

23378 

201 

0.29268 

843 

0.14180 

995 

0.472056 

1.249671 

_ 

4.45140 

13.1 

0. 

22206 

793 

0.29088 

684 

0.15555 

698 

0.456011 

1.209520 

- 

4. 63518 

13.2 

0 . 

20952 

032 

0.28824 

464 

0.16855 

286 

0.440365 

1.170299 

- 

4.82874 

13.3 

0 . 

19617 

859 

0.28474 

526 

0. 18073 

529 

0.425114 

1.132001 

- 

5.03272 

13.4 

0 . 

18208 

776 

0.28037 

612 

0. 19204 

392 

0.410252 

1. 094617 

- 

5.24778 

13.5 

0. 

16729 

840 

0.27512 

884 

0. 20242 

090 

0.395776 

1.058137 

_ 

5.47464 

13.6 

0 . 

15186 

646 

0.26899 

942 

0.21181 

137 

0. 381681 

1. 022552 

- 

5.71407 

13.7 

0 . 

13585 

302 

0.26198 

851 

0.22016 

393 

0. 367961 

0. 987853 

- 

5. 96691 

13.8 

0 . 

11932 

411 

0.25410 

149 

0. 22743 

118 

0.354612 

0. 954028 

- 

6.23405 

13.9 

0. 

10235 

036 

0.24534 

866 

0. 23357 

014 

0.341628 

0. 921067 

- 

6 . 51646 

14. 0 

0. 

08500 

671 

0. 23574 

535 

0.23854 

273 

0.329005 

0. 888960 

_ 

6 . 81520 

14.1 

0 . 

06737 

200 

0.22531 

197 

0. 24231 

614 

0.316736 

0. 857694 

- 

7.13138 

14.2 

0 . 

04952 

862 

0.21407 

407 

0. 24486 

329 

0. 304816 

0. 827260 

- 

7. 46624 

14. 3 

0 . 

03156 

199 

0.20206 

238 

0. 24616 

313 

0.293240 

0. 797644 

- 

7.82110 

14.4 

+0. 

01356 

013 

0.18931 

275 

0.24620 

100 

0.282001 

0.768835 

- 

8.19739 

14.5 

-0. 

00438 

689 

0.17586 

611 

0. 24496 

888 

0.271095 

0.740821 

_ 

8.59667 

14. 6 

-0. 

02218 

745 

0.16176 

836 

0. 24246 

568 

0. 260516 

0. 713590 

- 

9. 02062 

14.7 

-0. 

03974 

898 

0.14707 

028 

0. 23869 

741 

0.250257 

0.687129 

- 

9. 47109 

14.8 

-0. 

05697 

854 

0.13182 

729 

0. 23367 

730 

0.240312 

0. 661426 

- 

9. 95006 

14.9 

-0. 

07378 

344 

0.11609 

931 

0. 22742 

597 

0. 230676 

0. 636467 

- 

L0. 45971 

15.0 

-0. 

09007 

181 

0. 09995 

048 

0.21997 

141 

0.221343 

0. 612240 


LI.00239 



[*(-4)1*1 

r(-4)11 

r(-4)2i 

f (— 5)6*1 



[(-3)41 



L 6 

J 

L 5 

J 

L 6 

J 

L 3 J 

L 4 J 


L 4 J 



BESSEL FUNCTIONS OF INTEGER ORDER 


405 


BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 Table 9.3 


X 

J io(z) 

Jn{x) 

Y io(x) 

1025 x -20J 2 o(x) 


10-23jW20(*) 

15.0 

-0. 09007 

181 

0. 09995 

048 

0.21997 

141 

0.22134 

33 

0. 61224 

04 

- 11. 0024 

15.1 

-0.10575 

330 

0.08344 

886 

0.21134 

904 

0.21230 

71 

0.58873 

25 

- 11. 5807 

15.2 

-0.12073 

964 

0. 06666 

618 

0.20160 

159 

0.20356 

16 

0. 56593 

06 

- 12.1974 

15.3 

-0.13494 

535 

0. 04967 

738 

0.19077 

902 

0.19510 

08 

0.54382 

12 

- 12. 8555 

15.4 

-0. 14828 

828 

0.03256 

035 

0.17893 

834 

0.18691 

87 

0.52239 

14 

- 13. 5585 

15.5 

-0.16069 

032 

+0. 01539 

539 

0.16614 

338 

0.17900 

91 

0.50162 

76 

- 14.3098 

15.6 

-0. 17207 

791 

-0. 00173 

513 

0.15246 

453 

0.17136 

62 

0.48151 

66 

- 15.1136 

15.7 

-0.18238 

269 

-0. 01874 

731 

0. 13797 

838 

0.16398 

38 

0. 46204 

52 

- 15.9742 

15.8 

-0.19154 

204 

-0. 03555 

621 

0.12276 

733 

0.15685 

60 

0.44319 

99 

- 16. 8962 

15.9 

-0.19949 

958 

-0. 05207 

632 

0. 10691 

918 

0. 14997 

67 

0.42496 

74 

- 17.8849 

16.0 

-0.20620 

569 

-0. 06822 

215 

0. 09052 

660 

0.14334 

00 

0.40733 

43 

- 18.9460 

16.1 

-0.21161 

797 

-0.08390 

874 

0. 07368 

666 

0.13694 

00 

0. 39028 

75 

- 20. 0855 

16.2 

-0. 21570 

160 

-0. 09905 

224 

0. 05650 

016 

0.13077 

08 

0.37381 

35 

- 21.3104 

16.3 

-0.21842 

977 

-0.11357 

046 

0.03907 

110 

0.12482 

65 

0.35789 

93 

- 22.6279 

16.4 

-0.21978 

394 

-0.12738 

344 

0. 02150 

600 

0.11910 

14 

0.34253 

16 

- 24. 0462 

16.5 

-0. 21975 

411 

-0.14041 

403 

+0.00391 

319 

0.11358 

96 

0.32769 

75 

- 25.5740 

16.6 

-0.21833 

905 

-0. 15258 

841 

-0.01359 

786 

0.10828 

55 

0.31338 

39 

- 27.2209 

16.7 

-0.21554 

637 

-0.16383 

668 

-0. 03091 

729 

0.10318 

34 

0. 29957 

78 

- 28.9975 

16.8 

-0. 21139 

267 

-0.17409 

338 

-0.04793 

557 

0.09827 

77 

0.28626 

66 

- 30.9150 

16.9 

-0.20590 

350 

-0.18329 

797 

-0. 06454 

431 

0. 09356 

30 

0.27343 

76 

- 32. 9859 

17.0 

-0.19911 

332 

-0.19139 

539 

-0.08063 

696 

0. 08903 

37 

0.26107 

81 

- 35.2237 

17.1 

-0.19106 

538 

-0.19833 

646 

-0. 09610 

960 

0.08468 

45 

0.24917 

57 

- 37.6429 

17.2 

-0.18181 

155 

-0. 20407 

831 

-0.11086 

170 

0. 08051 

02 

0.23771 

82 

- 40.2594 

17.3 

-0.17141 

203 

-0.20858 

485 

-0.12479 

683 

0.07650 

53 

0.22669 

32 

- 43.0904 

17.4 

-0.15993 

505 

-0. 21182 

701 

-0. 13782 

343 

0.07266 

49 

0.21608 

89 

- 46.1543 

17.5 

-0.14745 

649 

-0. 21378 

318 

-0.14985 

544 

0.06898 

37 

0. 20589 

33 

- 49.4711 

17.6 

-0.13405 

943 

-0. 21443 

935 

-0.16081 

304 

0.06545 

69 

0.19609 

48 

- 53. 0622 

17.7 

-0.11983 

363 

-0.21378 

944 

-0.17062 

321 

0. 06207 

96 

0. 18668 

17 

- 56.9506 

17.8 

-0.10487 

499 

-0.21183 

538 

-0.17922 

038 

0.05884 

68 

0.17764 

27 

- 61.1611 

17.9 

-0. 08928 

492 

-0. 20858 

727 

-0. 18654 

691 

0.05575 

39 

0. 16896 

66 

- 65.7197 

18.0 

-0. 07316 

966 

-0. 20406 

341 

-0. 19255 

365 

0.05279 

63 

0.16064 

24 

- 70.6543 

18.1 

-0. 05663 

961 

-0. 19829 

032 

-0. 19720 

030 

0. 04996 

93 

0.15265 

91 

- 75. 9946 

18.2 

-0. 03980 

852 

-0.19130 

265 

-0. 20045 

582 

0. 04726 

85 

0.14500 

62 

- 81.7717 

18.3 

-0. 02279 

278 

-0.18314 

307 

-0.20229 

875 

0.04468 

96 

0.13767 

32 

- 88.0182 

18.4 

-0. 00571 

052 

-0.17386 

213 

-0. 20271 

742 

0.04222 

83 

0.13064 

97 

- 94. 7683 

18.5 

+0. 01131 

917 

-0. 16351 

793 

-0.20171 

Oil 

0.03988 

04 

0. 12392 

57 

-102.0574 

18.6 

0. 02817 

711 

-0.15217 

591 

-0.19928 

520 

0.03764 

17 

0.11749 

14 

-109.9219 

18.7 

0. 04474 

490 

-0.13990 

845 

-0.19546 

113 

0. 03550 

84 

0.11133 

69 

-118.3992 

18.8 

0.06090 

579 

-0.12679 

446 

-0.19026 

637 

0. 03347 

64 

0.10545 

28 

-127. 5270 

18.9 

0.07654 

556 

-0.11291 

893 

-0.18373 

930 

0.03154 

21 

0. 09982 

98 

-137.3432 

19.0 

0. 09155 

333 

-0.09837 

240 

-0. 17592 

797 

0.02970 

16 

0.09445 

89 

-147.8850 

19.1 

0.10582 

247 

-0. 08325 

039 

-0.16688 

985 

0.02795 

15 

0.08933 10 

-159.1885 

19.2 

0.11925 

134 

-0. 06765 

283 

-0.15669 

143 

0. 02628 

80 

0.08443 

76 

-171.2882 

19.3 

0.13174 

416 

-0. 05168 

334 

-0.14540 

785 

0.02470 

79 

0.07977 

01 

-184.2155 

19.4 

0.14321 

168 

-0. 03544 

863 

-0.13312 

231 

0.02320 

78 

0.07532 

03 

-197.99B0 

19.5 

0.15357 

193 

-0. 01905 

771 

-0.11992 

560 

0. 02178 

44 

0.07108 

01 

-212.6582 

19.6 

0.16275 

089 

-0.00262 

120 

-0.10591 

538 

0.02043 

46 

0.06704 

16 

-228.2122 

19.7 

0.17068 

305 

+0. 01374 

948 

-0. 09119 

555 

0. 01915 

54 

0. 06319 

71 

-244.6678 

19. 8 

0. 17731 

198 

0. 02994 

285 

-0. 07587 

548 

0. 01794 

37 

0. 05953 

92 

-262.0226 

19.9 

0.18259 

079 

0.04584 

818 

-0.06006 922 

0.01679 

67 

0.05606 

06 

-280.2622 

20.0 

0.18648 

256 

0. 06135 

630 

-0. 04389 

465 

0.01571 

16 

0. 05275 

42 

-299.3574 


r(-4)2i 

[■(-4)21 

r(-4)2T 

rc-w 

r(-5)9i 

r(-nn 


L 6 

J 

L 6 

J 

L 6 

J 

L 4 

J 

L 4 

J 

L 5 J 
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Table 9.3 

BESSEL FUNCTIONS—MODULUS AND PHASE OF ORDERS 10, 11, 20 AND 21 

J n {x)=M n [x) cos e n (x) Y n (x)=M n (x) sin e n (. r ) 


£C-1 


0io(;r)“X 

x*M n (x) 

«ll(x)-,7; 

<x> 

0.050 

0.85676 701 

-13.94798 864 

0.87222 790 

-14.96758 686 

20 

0.048 

0.85136 682 

-14.05389 581 

0.86513 271 

-15.09771 672 

21 

0.046 

0. 84633 336 

-14.15926 984 

0.85857 314 

-15.22701 466 

22 

0. 044 

0.84164 245 

-14.26413 968 

0. 85250 587 

-15. 35552 901 

23 

0. 042 

0.83727 251 

-14.36853 333 

0.84689 281 

-15.48330 635 

24 

0. 040 

0.83320 419 

-14.47247 807 

0.84170 044 

-15.61039 144 

25 

0. 038 

0.82942 012 

-14.57600 035 

0.83689 917 

-15.73682 771 

26 

0. 036 

0.82590 472 

-14.67912 589 

0.83246 283 

-15.86265 679 

28 

0.034 

0.82264 403 

-14.78187 967 

0.82836 826 

-15.98791 896 

29 

0.032 

0.81962 546 

-14. 88428 611 

0.82459 496 

-16.11265 291 

31 

0.030 

0.81683 775 

-14. 98636 880 

0.82112 469 

-16.23689 620 

33 

0.028 

0.81427 076 

-15.08815 085 

0.81794 133 

-16. 36068 504 

36 

0. 026 

0.81191 546 

-15.18965 477 

0. 81503 056 

-16.48405 469 

38 

0. 024 

0.80976 370 

-15.29090 253 

0.81237 970 

-16.60703 912 

42 

0.022 

0.80780 825 

-15.39191 569 

0.80997 751 

-16.72967 149 

45 

0. 020 

0. 80604 267 

-15.49271 527 

0.80781 410 

-16.85198 406 

50 

0. 018 

0.80446 127 

-15.59332 192 

0.80588 079 

-16.97400 835 

56 

0. 016 

0.80305 902 

-15.69375 598 

0.80416 997 

-17.09577 505 

63 

0. 014 

0.80183 156 

-15. 79403 741 

0.80267 505 

-17.21731 438 

71 

0. 012 

0. 80077 512 

-15.89418 589 

0.80139 036 

-17.33865 590 

83 

0. 010 

0.79988 647 

-15.99422 093 

0.80031 114 

-17.45982 880 

100 

0.008 

0.79916 297 

-16.09416 168 

0.79943 341 

-17.58086 166 

125 

0. 006 

0.79860 244 

-16.19402 726 

0.79875 398 

-17.70178 301 

167 

0. 004 

0.79820 323 

-16.29383 652 

0. 79827 039 

-17.82262 084 

250 

0. 002 

0.79796 417 

-16.39360 832 

0.79798 093 

-17.94340 316 

500 

0. 000 

0.79788 456 

-16.49336 143 

0. 79788 456 

-18. 06415 776 

00 


[■(- 5 ) 5-1 

[(- 5 ) 7-1 

r ( ~ 5)7 i 

r(-4)ii 



L 5 J 

L 5 J 

L 6 J 

L 6 J 



Aim*) 

« 2 o(-r) -r 

Av 2 i(.r) 

®2l(x) X 

<X> 

0.050 

1. 474083 

-21. 047407 

1.791133 

-21.290925 

20 

0.048 

1.320938 

-21.606130 

1.525581 

-21. 927545 

21 

0. 046 

1.211667 

-22.149524 

1.347435 

-22.550082 

22 

0. 044 

1.131459 

-22. 676802 

1.224460 

-23.154248 

23 

0. 042 

1. 070845 

-23.188535 

1.136653 

-23.738936 

24 

0. 040 

1.023762 

-23. 685951 

1.071741 

-24.304948 

25 

0.038 

0.986284 

-24.170500 

1.022171 

-24.853951 

26 

0.036 

0.955823 

-24.643620 

0.983229 

-25. 387848 

28 

0. 034 

0. 930635 

-25.106640 

0.951902 

-25.908478 

29 

0. 032 

0.909513 

-25. 560748 

0.926211 

-26.417500 

31 

0. 030 

0.891605 

-26.006988 

0.904821 

-26.916369 

33 

0. 028 

0.876293 

-26. 446280 

0.886799 

-27. 406346 

36 

0. 026 

0.863121 

-26.879433 

0.871483 

-27.888527 

38 

0. 024 

0.851743 

-27.307159 

0.858385 

-28.363869 

1 42 

0. 022 

0.841895 

-27.730098 

0.847145 

-28.833211 

45 

0.020 

0.833375 

-28.148822 

0.837487 

-29.297299 

50 

0.018 

0.826019 

-28.563847 

0.829198 

-29.756800 

56 

0.016 

0.819702 

-28.975650 

0.822114 

-30.212318 

63 

0. 014 

0. 814321 

-29.384666 

0.816105 

-30. 664405 

71 

0.012 

0.809796 

-29.791303 

0.811069 

-31.113569 

83 

0. 010 

0. 806062 

-30.195941 

0.806925 

-31.560285 

100 

0. 008 

0. 803071 

-30.598942 

0.803612 

-32.005000 

125 

0. 006 

0.800781 

-31.000652 

0. 801081 

-32.448139 

167 

0.004 

0.799165 

-31.401404 

0.799297 

-32.890109 

250 

0. 002 

0.798204 

-31. 801522 

0.798237 

-33. 331307 

500 

0.000 

0.797885 

-32.201325 

0.797885 

-33.772121 

OO 


m 


[ ( T] 

m 



<x>^nearest integer to x. 


Compiled from L. Fox, A short table for Bessel functions of integer orders and large arguments. 
Royal Society Shorter Mathematical Tables No. 3(Cambridge Univ. Press, Cambridge, England, 
1954) (with permission). 



BESSEL FUNCTIONS OF INTEGER ORDER 


407 


BESSEL FUNCTIONS—VARIOUS ORDERS Table 9.4 

71 Jn( 1 ) Jn( 2 ) Jn{ 5) 

0 (- 1)7. 65197 6866 (- 1)2. 23890 7791 (- 1)-1.77596 7713 

1 (- 1)4. 40050 5857 (- 1)5.76724 8078 (- 1)-3.27579 1376 

2 (- 1)1. 14903 4849 (- 1)3. 52834 0286 (- 2)+4.65651 1628 

3 (- 2)1.95633 5398 (- 1)1. 28943 2495 (- 1 3. 64831 2306 

4 (- 3)2.47663 8964 (- 2)3.39957 1981 (- l) 3. 91232 3605 

5 (- 4)2.49757 7302 (- 3)7. 03962 9756 (- 1) 2. 61140 5461 

6 (- 5)2. 09383 3800 (- 3)1.20242 8972 (- 1) 1.31048 7318 

7 (- 6)1. 50232 5817 (- 4)1.74944 0749 (- 2 5. 33764 1016 

8 (- 8)9.42234 4173 (- 5)2.21795 5229 (- 2 1. 84052 1665 

9 (- 9)5.24925 0180 (- 6)2.49234 3435 (- 3) 5.52028 3139 

10 (- 10)2. 63061 5124 (- 7)2.51538 6283 (- 3) 1.46780 2647 

11 - 11)1.19800 6746 (- 8 2. 30428 4758 - 4) 3. 50927 4498 

12 (- 13)4. 99971 8179 (- 9)1. 93269 5149 (- 5) 7. 62781 3166 

13 (- 14)1.92561 6764 (- 10 1. 49494 2010 (- 5 1. 52075 8221 

14 (- 16)6.88540 8200 (- ll) 1. 07294 6448 (- 6) 2. 80129 5810 

15 (- 17)2. 29753 1532 (- 13)7,18301 6356 (- 7) 4. 79674 3278 

16 (- 19)7.18639 6587 - 14 4. 50600 5896 - 8) 7. 67501 5694 

17 (- 20)2.11537 5568 - 15)2. 65930 7805 - 8) 1. 15266 7666 

18 (- 22)5.88034 4574 - 16)1. 48173 7249 - 9) 1. 63124 4339 

19 (- 23)1.54847 8441 (- 18)7. 81924 3273 (- 10) 2. 18282 5842 

20 f- 25)3. 87350 3009 (- 19)3.91897 2805 (- 11) 2.77033 0052 

30 (- 42)3. 48286 9794 - 33)3.65025 6266 (- 21) 2. 67117 7278 

40 (- 60)1. 10791 5851 (- 48) 1. 19607 7458 (- 33) 8.70224 1617 

50 (- 80)2.90600 4948 (- 65)3.22409 5839 (- 45) 2. 29424 7616 

100 (-189)8.43182 8790 (-158)1.06095 3112 (-119) 6.26778 9396 


" A(10) J n ( 50) J n ( 100) 

0 (- 1)-2. 45935 7645 (- 2)+5. 58123 2767 (-2)+l. 99858 5030 

1 (- 2)+4. 34727 4617 (- 2)-9.75118 2813 (-2)-7.71453 5201 

2 (- 1)+2. 54630 3137 (- 2)-5. 97128 0079 (-2)-2. 15287 5734 

3 (- 2 +5. 83793 7931 (- 2)+9. 27348 0406 (-2)+7. 62842 0172 

4 (- l)-2. 19602 6861 (- 2)+7. 08409 7728 (-2)+2. 61058 0945 

5 (- 1)-2. 34061 5282 (- 2)-8.14002 4770 (-2)-7. 41957 3696 

6 (- 2)-1. 44588 4208 (- 2)-8.71210 2682 (-2)-3. 35253 8314 

7 - l)+2. 16710 9177 - 2)+6. 04912 0126 (-2 +7.01726 9099 

8 (- 1) 3.17854 1268 (- l)+1.04058 5632 (-2)+4. 33495 5988 

9 (- 1) 2. 91855 6853 (- 2)-2. 71924 6104 (-2) -6. 32367 6141 

10 (- 1) 2. 07486 1066 (- 1)-1. 13847 8491 (-2)-5. 47321 7694 

11 (- 1) 1. 23116 5280 (- 2)-1. 83466 7862 (-2)+5. 22903 2602 

12 (- 2 6. 33702 5497 (- l)+1. 05775 3106 (-2)+6. 62360 4866 

13 (- 2 2. 89720 8393 (- 2)+6.91188 2768 (-2)-3. 63936 7434 

14 (- 2) 1. 19571 6324 (- 2)-6. 98335 2016 (-2)-7. 56984 0399 

15 (- 3) 4. 50797 3144 (- 1)-1. 08225 5990 (-2)+1. 51981 2122 

16 (- 3) 1. 56675 6192 (- 3 )+4. 89816 0778 (-2) +8. 02578 4036 

17 (- 4) 5. 05646 6697 (- l)+l. 11360 4219 j-2)+l. 04843 8769 

18 (- 4) 1. 52442 4853 (- 2)+7. 08269 2610 (-2)-7. 66931 4854 

19 (- 5) 4. 31462 7752 (- 2)-6. 03650 3508 (-2)-3. 80939 2116 

20 (- 5) 1.15133 6925 (- 1)-1. 16704 3528 (-2)+6. 22174 5850 

30 (-12) 1.55109 6078 (- 2) +4. 84342 5725 (-2)+8.14601 2958 

40 (-21) 6. 03089 5312 - l)-1. 38176 2812 (-2W7. 27017 5482 

50 (-30) 1. 78451 3608 (- l)+l. 21409 0219 (-2)-3. 86983 3973 

100 (-89) 6. 59731 6064 (-21)+1.11592 7368 (-2)+9. 63666 7330 
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Table 9.4 BESSEL FUNCTIONS—VARIOUS ORDERS 


n 


r„(i) 


Yn( 2) 


Yn( 5 ) 

o ( 

" 2 \ 

+8. 82569 6420 

1; 

)+5. 10375 6726 ( 

“ r i 

>-3. 08517 6252 

1 ( 

- l| 

-7.81212 8213 

.-1 

>-1. 07032 4315 ( 

~ 1 

>+1.47863 1434 

2 ( 


-1. 65068 2607 

-1 

>-6.17408 1042 

- I] 

>+3. 67662 8826 

3 ( 

o! 

-5.82151 7606 

; o 

>-1. 12778 3777 

- 1 

>+1.46267 1627 

4 ( 

i] 

-3. 32784 2303 

; o] 

>-2. 76594 3226 

- 1] 

>-1.92142 2874 

5 ( 

2 ; 

-2.60405 8666 

; o; 

>-9.93598 9128 

*- I] 

>-4.53694 8225 

6 

3 

-2. 57078 0243 

i] 

>-4. 69140 0242 

- 1 

>-7.15247 3576 

7 ( 

; 4 

-3.05889 5705 

. 2] 

>-2.71548 0254 

0 

>-1.26289 8836 

8 ( 

5 

-4.25674 6185 

; 3] 

>-1.85392 2175 

0' 

>-2. 82086 9383 

9 1 

: b\ 

-6. 78020 4939 

( 4] 

)-1. 45598 2938 

0] 

>-7. 76388 3188 

10 < 

; s; 

-1.21618 0143 

; 5 ; 

>-1.29184 5422 

I] 

>-2.51291 1010 

11 1 

9 

-2,42558 0081 

L 6 

>-1.27728 5593 

1 

>-9. 27525 5719 

12 1 

10’ 

-5. 32411 4376 

i 7] 

>-1. 39209 5698 

2 ] 

>-3. 82982 1416 

13 1 

12] 

-1.27536 1870 

8, 

>-1. 65774 1981 

3 

>-1. 74556 1722 

14 1 

( 13] 

-3.31061 6748 

9] 

> T 2.14114 3619 

3! 

>-8. 69393 8814 

15 I 

f 14] 

-9. 25697 3276 

10 

>-2.98102 3646 

4] 

>-4. 69404 9564 

16 ' 

16' 

-2.77378 1366 

11’ 

-4.45012 4034 

5 

>-2.72949 0350 

17 

( 17' 

-8. 86684 3398 

12 

-7. 09038 8217 

6 

>-1. 69993 3328 

18 | 

19 

-3. 01195 2974 

14 

-1. 20091 5873 

7 

>-1. 12865 9760 

19 

( 21] 

-1. 08341 6386 

15 

>-2.15455 8183 

7] 

>-7. 95635 6938 

20 

( 22 ’ 

-4.11397 0315 

( 

>-4. 08165 1389 

8 

>-5. 93396 5297 

30 

39] 

-3. 04812 8783 

30 

-2.91322 3848 

18 

>-4. 02856 8418 

40 

( 57 

-7. 18487 4797 

45' 

>-6. 66154 1235 

29 

>-9.21681 6571 

50 

( 77] 

-2.19114 2813 

( 62' 

>-1.97615 0576 

42' 

>-2.78883 7017 

100 

(185)-3. 77528 7810 1 

(155)-3. 00082 6049 (115)-5. 08486 3915 


n 


Tn(lO) 


F„(50) 


r„(ioo) 

0 ( 

]-2)+5.56711 6730 I 

- 2 

1-9.80649 9547 ( 

-2] 

>-7.72443 1337 

1 

-1] 

>+2.49015 4242 

- 2 

1-5. 67956 6856 ( 

-2] 

(-2.03723 1200 

2 ( 

-3 

>-5.86808 2460 

- 2; 

>+9. 5 7 9 31 687 3 ( 

-2 

(+7.68368 6713 

3 

;-i 

1-2. 51362 6572 


1+6.44591 2206 ( 

-2! 

>+2.34457 8669 

4 

:-ij 

1-1.44949 5119 

!- 2] 

1-8. 80580 7408 ( 

-2] 

>-7.54301 1992 

5 

;-i] 

1+1. 35403 0477 

2 ] 

1-7.85484 1391 ( 


>-2.94801 9628 

6 

-1 

1+2. 80352 5596 

- 2) 

1+7. 23483 9130 ( 

-2 

(+7. 24821 0030 

7 

-1 

1+2. 01020 0238 

" 2 

1+9.59120 2782 ( 

~ 2 \ 

(+3.81780 4832 

8 

-3 

1+1.07547 3712 

- 2 

1-4.54930 2351 ( 

-2] 

>-6.71371 7353 

9 

-1] 

>-1. 99299 2658 

- 1 

(-1.10469 7953 ( 

-2] 

1-4. 89199 9608 


10 (-1) -3. 59814 1522 

11 (-1)-5.20329 0386 

12 (-1)-7.84909 7327 

13 ( 0)-1.36345 4320 

14 ( 0)-2.76007 1499 

15 ( 0)-6. 36474 5877 

16 ( 1) -1. 63341 6613 

17 1)-4.59045 8575 

18 ( 2)-1.39741 4254 

19 ( 2)-4.57164 5457 

20 ( 3)-1.59748 3848 

30 9)-7. 25614 2316 

40 (18-1.36280 3297 

50 (27)-3.64106 6502 

100 (85)-4.84914 8271 


! - 3)+5. 72389 7182 
- l) +1.12759 3542 
- 2)+4.38902 1867 
- 2)-9.16920 4926 
- 2)-9.15700 8429 

! - 2)+4. 04128 0205 
- l)+l.15817 7655 
- 2)+3. 37105 6788 
- 2)-9.28945 7936 
- 1)-1. 00594 6650 

(- 2)+1. 64426 3395 
- 1)-1.16457 2349 
(- 2)-4. 53080 1120 
(- 1) -2. 10316 5546 

(+18)-3. 29380 0188 


(-2)+5. 83315 7424 
(-2 +6. 05863 1093 
-2)-4.50025 8583 
(-2)-7. 13869 3153 
(-2) +2. 64419 8363 

(-2)+7. 87906 8695 
(-3) -2. 80477 7550 
-2)-7.96882 1576 
(-2)-2. 42892 1581 
(-2)+7.09440 9807 

(-2)+5.12479 7308 
-3)+6.13883 9212 
(-2 +4. 07468 5217 
(-2)+7. 65052 6394 

(-1)-1. 66921 4114 
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Table 9.5 

ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES 


s 

JO, s 

J'oUo, *) 


</'i(ji,*) 

72,* 

^2(72,*) 

1 

2.40482 55577 

-0.51914 74973 

3. 83171 

-0. 40276 

5.13562 

-0. 33967 

2 

5.52007 81103 

+0.34026 48065 

7. 01559 

+0. 30012 

8.41724 

+0.27138 

3 

8.65372 79129 

-0.27145 22999 

10.17347 

-0.24970 

11.61984 

-0.23244 

4 

11.79153 44391 

+0.23245 98314 

13.32369 

+0.21836 

14.79595 

+0. 20654 

5 

14.93091 77086 

-0.20654 64331 

16.47063 

-0.19647 

17.95982 

-0.18773 

6 

18.07106 39679 

+0.18772 88030 

19.61586 

+0.18006 

21.11700 

+0.17326 

7 

21.21163 66299 

-0.17326 58942 

22.76008 

-0.16718 

24.27011 

-0.16170 

8 

24.35247 15308 

+0.16170 15507 

25.90367 

+0.15672 

27.42057 

+0.15218 

9 

27.49347 91320 

-0.15218 12138 

29.04683 

-0.14801 

30.56920 

-0.14417 

10 

30.63460 64684 

+0.14416 59777 

32.18968 

+0.14061 

33.71652 

+0.13730 

11 

33.77582 02136 

-0.13729 69434 

35.33231 

-0.13421 

36.86286 

-0.13132 

12 

36.91709 83537 

+0.13132 46267 

38.47477 

+0.12862 

40.00845 

+0.12607 

13 

40.05842 57646 

-0.12606 94971 

41.61709 

-0.12367 

43.15345 

-0.12140 

14 

43.19979 17132 

+0.12139 86248 

44.75932 

+0.11925 

46.29800 

+0.11721 

15 

46.34118 83717 

-0.11721 11989 

47.90146 

-0.11527 

49.44216 

-0.11343 

16 

49.48260 98974 

+0.11342 91926 

51.04354 

+0.11167 

52. 58602 

+0.10999 

17 

52.62405 18411 

-0.10999 11430 

54.18555 

-0. 10839 

55. 72963 

-0.10685 

18 

55.76551 07550 

+0.10684 78883 

57.32753 

+0.10537 

58.87302 

+0.10396 

19 

58.90698 39261 

-0.10395 95729 

60.46946 

-0.10260 

62.01622 

-0.10129 

20 

62.04846 91902 

+0.10129 34989 

63.61136 

+0.10004 

65.15927 

+0. 09882 


s 

73,* 

</'3(73, *) 

74,* 

J' 4(74,*) 

75,* 

*) 

1 

6.38016 

-0. 29827 

7.58834 

-0.26036 

8.77148 

-0.24543 

2 

9.76102 

+0. 24942 

11.06471 

+0.23188 

12.33860 

+0.21743 

3 

13.01520 

-0.21828 

14. 37254 

-0. 20636 

15.70017 

-0.19615 

4 

16.22347 

+0.19644 

17.61597 

+0.18766 

18.98013 

+0.17993 

5 

19.40942 

-0.18005 

20. 82693 

-0.17323 

22.21780 

-0.16712 

6 

22.58273 

+0.16718 

24.01902 

+0.16168 

25. 43034 

+0.15669 

7 

25.74817 

-0.15672 

27.19909 

-0.15217 

28.62662 

-0.14799 

8 

28.90835 

+0.14801 

30.37101 

+0.14416 

31.81172 

+0.14059 

9 

32.06485 

-0.14060 

33.53714 

-0.13729 

34.98878 

-0.13420 

10 

35.21867 

+0.13421 

36. 69900 

+0.13132 

38.15987 

+0.12861 

11 

38.37047 

-0.12862 

39. 85763 

-0.12607 

41.32638 

-0.12366 

12 

41.52072 

+0.12367 

43. 01374 

+0.12140 

44.48932 

+0.11925 

13 

44.66974 

-0.11925 

46.16785 

-0.11721 

47.64940 

-0.11527 

14 

47.81779 

+0.11527 

49.32036 

+0.11343 

50. 80717 

+0.11167 

15 

50.96503 

-0.11167 

52.47155 

-0.10999 

53.96303 

-0.10838 

16 

54.11162 

+0.10839 

55. 62165 

+0.10685 

57.11730 

+0.10537 

17 

57.25765 

-0.10537 

58. 77084 

-0.10396 

60. 27025 

-0.10260 

18 

60.40322 

+0.10260 

61.91925 

+0.10129 

63.42205 

+0.10003 

19 

63.54840 

-0.10004 

65.06700 

-0. 09882 

66.57289 

-0.09765 

20 

66. 69324 

+0.09765 

68. 21417 

+0.09652 

69.72289 

+0.09543 


s 

76,« 

•/'6(76,«) 

77,* 

*^'7(77,*) 

78, s 


1 

9.93611 

-0.22713 

11.08637 

-0.21209 

12. 22509 

-0.19944 

2 

13.58929 

+0.20525 

14.82127 

+0.19479 

16. 03777 

+0.18569 

3 

17.00382 

-0.18726 

18.28758 

-0.17942 

19.55454 

-0.17244 

4 

20.32079 

+0.17305 

21. 64154 

+0.16688 

22. 94517 

+0.16130 

5 

23.58608 

-0.16159 

24.93.493 

-0.15657 

26. 26681 

-0.15196 

6 

26.82015 

+0.15212 

28.19119 

+0.14792 

29.54566 

+0.14404 

7 

30.03372 

-0.14413 

31. 42279 

-0.14055 

32.79580 

-0.13722 

8 

33.23304 

+0.13727 

34.63709 

+0.13418 

36. 02562 

+0.13127 

9 

36.42202 

-0.13131 

37.83872 

-0.12859 

39. 24045 

-0.12603 

10 

39.60324 

+0. 12606 

41.03077 

+0.12365 

42.44389 

+0.12137 

11 

42.77848 

-0.12139 

44.21541 

-0.11924 

45.63844 

-0.11719 

12 

45.94902 

+0.11721 

47.39417 

+0.11526 

48. 82593 

+0.11342 

13 

49.11577 

-0.11343 

50.56818 

-0.11166 

52.00769 

-0.10998 

14 

52. 27945 

+0.10999 

53.73833 

+0. 10838 

55.18475 

+0.10684 

15 

55.44059 

-0.10685 

56.90525 

-0.10537 

58.35789 

-0.10395 

16 

58. 59961 

+0.10396 

60.06948 

+0. 10260 

61.52774 

+0.10129 

17 

61.75682 

-0.10129 

63.23142 

-0.10003 

64.69478 

-0.09882 

18 

64. 91251 

+0.09882 

66.39141 

+0.09765 

67.85943 

+0. 09652 

19 

68.06689 

-0.09652 

69.54971 

-0.09543 

71.02200 

-0.09438 

20 

71. 22013 

+0. 09438 

72.70655 

+0.09336 

74.18277 

+0.09237 
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Table 9.5 

ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES 


s 

2/o, s 


F'o(?/o, s) 

y\,s 


112, * 

Y’ 2 (y%«) 

1 

0. 89357 

697 

+ 0.87942 

080 

2.19714 

+0. 52079 

3. 38424 

+0. 39921 

2 

3.95767 

842 

-0.40254 

267 

5. 42968 

-0.34032 

6. 79381 

-0.29992 

3 

7. 08605 

106 

+0.30009 

761 

8. 59601 

+0.27146 

10. 02348 

+0.24967 

4 

10. 22234 

504 

-0. 24970 

124 

11.74915 

-0. 23246 

13.20999 

-0.21835 

5 

13.36109 

747 

+0.21835 

830 

14. 89744 

+0.20655 

16. 37897 

+0. 19646 

6 

16. 50092 

244 

-0.19646 

494 

18. 04340 

-0.18773 

19. 53904 

-0. 18006 

7 

19. 64130 

970 

+0.18006 

318 

21.18807 

+0.17327 

22. 69396 

+0.16718 

8 

22. 78202 

805 

-0.16718 

450 

24.33194 

-0.16170 

25. 84561 

-0.15672 

9 

25. 92295 

765 

+0.15672 

493 

27.47529 

+0.15218 

28. 99508 

+0. 14801 

10 

29. 06403 

025 

-0. 14801 

108 

30. 61829 

-0.14417 

32.14300 

-0. 14061 

11 

32.20520 

412 

+0.14060 

578 

33. 76102 

+0.13730 

35. 28979 

+0. 13421 

12 

35. 34645 

231 

-0.13421 

123 

36.90356 

-0.13132 

38. 43573 

-0.12862 

13 

38. 48775 

665 

+0. 12861 

661 

40. 04594 

+0.12607 

41. 58101 

+0.12367 

14 

41. 62910 

447 

-0.12366 

795 

43.18822 

-0.12140 

44. 72578 

-0.11925 

15 

44. 77048 

661 

+0.11924 981 

46. 33040 

+0.11721 

47. 87012 

+0.11527 

16 

47. 91189 

633 

-0.11527 

369 

49. 47251 

-0.11343 

51. 01413 

-0.11167 

17 

51.05332 

855 

+0.11167 

049 

52. 61455 

+0. 10999 

54. 15785 

+0.10839 

18 

54.19477 

936 

-0.10838 535 

55. 75654 

-0.10685 

57. 30135 

-0.10537 

19 

57. 33624 

570 

+0. 10537 

405 

58.89850 

+0. 10396 

60. 44464 

+0.10260 

20 

60. 47772 

516 

-0.10260 

057 

62. 04041 

-0.10129 

63. 58777 

-0.10004 


s 

?/3, s 

Y' 3(3/3,,) 

V4,s 

Y\(y 4,*) 

1/5, s 

Y' 5 (!J5,s) 

1 

4.52702 

+0.33256 

5.64515 

+0.28909 

6. 74718 

+0.25795 

2 

8.09755 

-0.27080 

9.36162 

-0.24848 

10. 59718 

-0.23062 

3 

11.39647 

+0.23232 

12.73014 

+0.21805 

14.03380 

+0.20602 

4 

14.62308 

-0.20650 

15.99963 

-0.19635 

17. 34709 

-0.18753 

5 

17.81846 

+0.18771 

19.22443 

+0.18001 

20.60290 

+ 0.17317 

6 

20.99728 

-0.17326 

22. 42481 

-0.16716 

23. 82654 

-0.16165 

7 

24.16624 

+0.16170 

25. 61027 

+ 0.15671 

27. 03013 

+0.15215 

8 

27.32880 

-0.15218 

28. 78589 

-0.14800 

30. 22034 

-0.14415 

9 

30.48699 

+0.14416 

31. 95469 

+0.14060 

33.40111 

+0.13729 

10 

33.64205 

-0.13730 

35. 11853 

-0.13421 

36. 57497 

-0.13132 

11 

36.79479 

+0.13132 

38.27867 

+ 0.12861 

39.74363 

+0.12606 

12 

39.94577 

-0.12607 

41.43596 

-0.12367 

42. 90825 

-0.12140 

13 

43.09537 

+0.12140 

44. 59102 

+0.11925 

46.06968 

+0.11721 

14 

46.24387 

-0.11721 

47. 74429 

-0.11527 

49.22854 

-0.11343 

15 

49.39150 

+0.11343 

50. 89611 

+0.11167 

52.38531 

+0.10999 

16 

52.53840 

-0.10999 

54. 04673 

-0.10838 

55.54035 

-0.10685 

17 

55.68470 

+ 0.10685 

57. 19635 

+0.10537 

58.69393 

+0.10396 

18 

58.83049 

-0.10396 

60.34513 

-0. 10260 

61. 84628 

-0.10129 

19 

61.97586 

+0.10129 

63. 49320 

+0. 10003 

64.99759 

+0. 09882 

20 

65.12086 

-0.09882 

66. 64065 

-0.09765 

68.14799 

-0. 09652 


« 

m, s 

V'fiO/6,,,) 

in,» 

Y'i{m,*) 

Hh, s 

Y's(ys,s) 

1 

7.83774 

+0.23429 

8. 91961 

+0.21556 

9.99463 

+0. 20027 

2 

11.81104 

-0.21591 

13.00771 

-0. 20352 

14. 19036 

-0.19289 

3 

15.31362 

+0.19571 

16.57392 

+0.18672 

17.81789 

+0.17880 

4 

18. 67070 

-0.17975 

19.97434 

-0. 17283 

21. 26093 

-0.16662 

5 

21.95829 

+0.16703 

23.29397 

+0.16148 

24.61258 

+0.15643 

6 

25. 20621 

-0.15664 

26.56676 

-0. 15206 

27.91052 

-0.14785 

7 

28.42904 

+0.14796 

29.80953 

+0.14409 

31.17370 

+0.14051 

8 

31.63488 

-0.14058 

33.03177 

-0.13725 

34.41286 

-0.13415 

9 

34. 82864 

+0.13419 

36.23927 

+0.13130 

37.63465 

+0.12857 

10 

38.01347 

-0.12860 

39.43579 

-0.12605 

40.84342 

-0.12364 

11 

41.19152 

+0.12366 

42.62391 

+0.12138 

44.04215 

+0.11923 

12 

44.36427 

-0.11924 

45.80544 

-0.11720 

47. 23298 

-0.11526 

13 

47.53282 

+0.11527 

48.98171 

+0.11342 

50.41746 

+0.11166 

14 

50.69796 

-0.11167 

52.15369 

-0.10999 

53.59675 

-0.10838 

15 

53.86031 

+ 0.10838 

55.32215 

+0.10684 

56. 77177 

+0. 10537 

16 

57. 02034 

-0. 10537 

58.48767 

-0.10396 

59.94319 

-0.10260 

17 

60.17842 

+0.10260 

61. 65071 

+ 0.10129 

63.11158 

+0.10003 

18 

63.33485 

-0.10003 

64.81164 

-0.09882 

66.27738 

-0.09765 

19 

66. 48986 

+0. 09765 

67.97075 

+0.09652 

69.44095 

+0. 09543 

20 

69.64364 

-0.09543 

71.12830 

-0.09438 

72.60259 

-0. 09336 
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Table 9.5 

ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES 


.V 

J o ,« 

Mj 0,*) 

A* 


A, « 

MM 

1 

0.00000 00000 

+ 1.00000 00000 

1.84118 

+ 0.58187 

3.05424 

+ 0.48650 

2 

3.83170 59702 

- 0.40275 93957 

5.33144 

- 0.34613 

6.70613 

- 0.31353 

3 

7.01558 66698 

+ 0.30011 57525 

8.53632 

+ 0.27330 

9.96947 

+ 0.25474 

4 

10.17346 81351 

- 0.24970 48771 

11.70600 

- 0.23330 

13.17037 

- 0.22088 

5 

13.32369 19363 

+ 0.21835 94072 

14.86359 

+ 0.20701 

16.34752 

+ 0.19794 

6 

16.47063 00509 

- 0.19646 53715 

18.01553 

- 0.18802 

19.51291 

- 0.18101 

7 

19.61585 85105 

+ 0.18006 33753 

21.16437 

+ 0.17346 

22.67158 

+ 0.16784 

8 

22.76008 43806 

- 0.16718 46005 

24.31133 

- 0.16184 

25.82604 

- 0.15720 

9 

25.90367 20876 

+ 0.15672 49863 

27.45705 

+ 0.15228 

28.97767 

+ 0.14836 

10 

29.04682 85349 

- 0.14801 11100 

30.60192 

- 0.14424 

32.12733 

- 0.14088 

11 

32.18967 99110 

+ 0.14060 57982 

33.74618 

+ 0.13736 

35.27554 

+ 0.13443 

12 

35.33230 75501 

- 0.13421 12403 

36.88999 

- 0.13137 

38.42265 

- 0.12879 

13 

38.47476 62348 

+ 0.12861 66221 

40.03344 

+ 0.12611 

41.56893 

+ 0.12381 

14 

41.61709 42128 

- 0.12366 79608 

43.17663 

- 0.12143 

44.71455 

- 0.11937 

15 

44.75931 89977 

+ 0.11924 98120 

46.31960 

+ 0.11724 

47.85964 

+ 0.11537 

16 

47.90146 08872 

- 0.11527 36941 

49.46239 

- 0.11345 

51.00430 

- 0.11176 

17 

51.04353 51836 

+ 0.11167 04969 

52.60504 

+ 0.11001 

54.14860 

+ 0.10846 

18 

54.18555 36411 

- 0.10838 53489 

55.74757 

- 0.10687 

57.29260 

- 0.10544 

19 

57.32752 54379 

+ 0.10537 40554 

58.89000 

+ 0.10397 

60.43635 

+ 0.10266 

20 

60.46945 78453 

- 0.10260 05671 

62.03235 

- 0.10131 

63.57989 

- 0.10008 


a 

A* 


A* 

■A(A4 

A, v 

MM 

1 

4.20119 

+ 0.43439 

5.31755 

+ 0.39965 

6.41562 

+ 0.37409 

2 

8.01524 

- 0.29116 

9.28240 

- 0.27438 

10.51986 

- 0.26109 

3 

11.34592 

+ 0.24074 

12.68191 

+ 0.22959 

13.98719 

+ 0.22039 

4 

14.58585 

- 0.21097 

15.96411 

- 0.20276 

17.31284 

- 0.19580 

5 

17.78875 

+ 0.19042 

19.19603 

+ 0.18403 

20.57551 

+ 0.17849 

6 

20.97248 

- 0.17505 

22.40103 

- 0.16988 

23.80358 

- 0.16533 

7 

24.14490 

+ 0.16295 

25.58976 

+ 0.15866 

27.01031 

+ 0.15482 

8 

27.31006 

- 0.15310 

28.76784 

- 0.14945 

30.20285 

- 0.14616 

9 

30.47027 

+ 0.14487 

31.93854 

+ 0.14171 

33.38544 

+ 0.13885 

10 

33.62695 

- 0.13784 

35.10392 

- 0.13509 

36.56078 

- 0.13256 

11 

36.78102 

+ 0.13176 

38.26532 

+ 0.12932 

39.73064 

+ 0.12707 

12 

39.93311 

- 0.12643 

41.42367 

- 0.12425 

42.89627 

- 0.12223 

13 

43.08365 

+ 0.12169 

44.57962 

+ 0.11973 

46.05857 

+ 0.11790 

14 

46.23297 

- 0.11746 

47.73367 

- 0.11568 

49.21817 

- 0.11402 

15 

49.38130 

+ 0.11364 

50.88616 

+ 0.11202 

52.37559 

+ 0.11049 

16 

52.52882 

- 0.11017 

54.03737 

- 0.10868 

55.53120 

- 0.10728 

17 

55.67567 

+ 0.10700 

57.18752 

+ 0.10563 

58.68528 

+ 0.10434 

18 

58.82195 

- 0.10409 

60.33677 

- 0.10283 

61.83809 

- 0.10163 

19 

61.96775 

+ 0.10141 

63.48526 

+ 0.10023 

64.98980 

+ 0.09912 

20 

65.11315 

- 0.09893 

66.63309 

- 0.09783 

68.14057 

- 0.09678 


, 

A,« 

A (A «) 

A * 

Mf 7.-) 

A .v 

Mf*.*) 

1 

7.50127 

+ 0.35414 

8.57784 

+ 0.33793 

9.64742 

+ 0.32438 

2 

11.73494 

- 0.25017 

12.93239 

- 0.24096 

14.11552 

- 0.23303 

3 

15.26818 

+ 0.21261 

16.52937 

+ 0.20588 

17.77401 

+ 0.19998 

4 

18.63744 

- 0.18978 

19.94185 

- 0.18449 

21.22906 

- 0.17979 

5 

21.93172 

+ 0.17363 

23.26805 

+ 0.16929 

24.58720 

+ 0.16539 

6 

25.18393 

- 0.16127 

26.54503 

- 0.15762 

27.88927 

- 0.15431 

7 

28.40978 

+ 0.15137 

29.79075 

+ 0.14823 

31.15533 

+ 0.14537 

8 

31.61788 

- 0.14317 

33.01518 

- 0.14044 

34.39663 

- 0.13792 

9 

34.81339 

+ 0.13623 

36.22438 

+ 0.13381 

37.62008 

+ 0.13158 

10 

37.99964 

- 0.13024 

39.42227 

- 0.12808 

40.83018 

- 0.12608 

11 

41.17885 

+ 0,12499 

42.61152 

+ 0.12305 

44.03001 

+ 0.12124 

12 

44.35258 

- 0,12035 

45.79400 

- 0.11859 

47.22176 

- 0.11695 

13 

47.52196 

+ 0.11620 

48.97107 

+ 0.11460 

50.40702 

+ 0.11309 

14 

50.68782 

- 0,11246 

52.14375 

- 0.11099 

53.58700 

- 0.10960 

15 

53.85079 

+ 0.10906 

55.31282 

+ 0.10771 

56.76260 

+ 0.10643 

16 

57.01138 

- 0.10596 

58.47887 

- 0.10471 

59.93454 

- 0.10352 

17 

60.16995 

+ 0,10311 

61.64239 

+ 0.10195 

63.10340 

+ 0.10084 

18 

63.32681 

- 0.10049 

64.80374 

- 0.09940 

66.26961 

- 0.09837 

19 

66.48221 

+ 0.09805 

67.96324 

+ 0.09704 

69.43356 

+ 0.09607 

20 

69.63635 

- 0..09579 

71.12113 

- 0.09484 

72.59554 

- 0.09393 
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Table 9.5 

ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES 


.S 

y 0 ,a 

WO, *) 

y‘\,» 

W M) 

y' 2, a 

W2,a) 

1 

2.19714 133 

+0.52078 641 

3.68302 

+0.41673 

5.00258 

+0.36766 

2 

5.42968 104 

-0.34031 805 

6.94150 

-0.30317 

8.35072 

-0.27928 

3 

8.59600 587 

+0.27145 988 

10.12340 

+0.25091 

11.57420 

+0.23594 

4 

11.74915 483 

-0.23246 177 

13.28576 

-0.21897 

14.76091 

-0.20845 

5 

14.89744 213 

+0.20654 711 

16.44006 

+0.19683 

17.93129 

+0.18890 

6 

18.04340 228 

-0.18772 909 

19.59024 

-0.18030 

21.09289 

-0.17405 

7 

21.18806 893 

+0.17326 604 

22.73803 

+0.16735 

24.24923 

+0.16225 

8 

24.33194 257 

-0.16170 163 

25.88431 

-0.15684 

27.40215 

-0.15259 

9 

27.47529 498 

+0.15218 126 

29.02958 

+0.14810 

30.55271 

+0.14448 

10 

30.61828 649 

-0.14416 600 

32.17412 

-0.14067 

33.70159 

-0.13754 

11 

33.76101 780 

+0.13729 696 

35.31813 

+0.13427 

36.84921 

+0.13152 

12 

36.90355 532 

-0.13132 464 

38.46175 

-0.12866 

39.99589 

-0.12623 

13 

40.04594 464 

+0.12606 951 

41.60507 

+0.12370 

43.14182 

+0.12153 

14 

43.18821 810 

-0.12139 863 

44.74814 

-0.11928 

46.28716 

-0.11732 

15 

46.33039 925 

+0.11721 120 

47.89101 

+0.11530 

49.43202 

+0.11352 

16 

49.47250 568 

-0.11342 920 

51.03373 

-0.11169 

52.57649 

-0.11007 

17 

52.61455 077 

+0.10999 115 

54.17632 

+0.10840 

55.72063 

+0.10692 

18 

55.75654 488 

-0.10684 789 

57.31880 

-0.10539 

58.86450 

-0.10402 

19 

58.89849 617 

+0.10395 957 

60.46118 

+0.10261 

62.00814 

+0.10135 

20 

62.04041 115 

-0,10129 350 

63.60349 

-0.10005 

65.15159 

-0.09887 


Jf 

f/’i, S 

Wm) 

//' 4, a 

W4,a) 

, ? / 5, a 

Ws,a) 

1 

6.25363 

+0.33660 

7.46492 

+0.31432 

8.64956 

+0.29718 

2 

9.69879 

-0.26195 

11.00517 

-0.24851 

12.28087 

-0.23763 

3 

12.97241 

+0.22428 

14.33172 

+0.21481 

15.66080 

+0.20687 

4 

16.19045 

-0.19987 

17.58444 

-0.19267 

18.94974 

-0.18650 

5 

19.38239 

+0.18223 

20.80106 

+0.17651 

22.19284 

+0.17151 

6 

22.55979 

-0.16867 

23.99700 

-0.16397 

25.40907 

-0.15980 

7 

25.72821 

+0.15779 

27.17989 

+0.15384 

28.60804 

+0.15030 

8 

28.89068 

-0.14881 

30.35396 

-0.14543 

31.79520 

-0.14236 

9 

32.04898 

+0.14122 

33.52180 

+0.13828 

34.97389 

+0.13559 

10 

35.20427 

-0.13470 

36.68505 

-0.13211 

38.14631 

-0.12973 

11 

38.35728 

+0.12901 

39.84483 

+0.12671 

41.31392 

+0.12458 

12 

41.50855 

-0.12399 

43.00191 

-0.12193 

44.47779 

-0.12001 

13 

44.65845 

+0.11952 

46.15686 

+0.11765 

47.63867 

+0.11591 

14 

47.80725 

-0.11550 

49.31009 

-0.11380 

50.79713 

-0.11221 

15 

50.95515 

+0.11186 

52.46191 

+0.11031 

53.95360 

+0.10885 

16 

54.10232 

-0.10855 

55.61257 

-0.10712 

57.10841 

-0.10578 

17 

57.24887 

+0.10552 

58.76225 

+0.10420 

60.26183 

+0.10295 

18 

60.39491 

-0.10273 

61.91110 

-0.10151 

63.41407 

-0.10035 

19 

63.54050 

+0.10015 

65.05925 

+0.09901 

66.56530 

+0.09793 

20 

66.68571 

-0.09775 

68.20679 

-0.09669 

69.71565 

-0.09568 


* 

•V'fi, a 

J 6(.'/'0, a) 

in, a 

W7,a) 

.'/'x,a 

Wm) 

1 

9.81480 

+0.28339 

10.96515 

+0.27194 

12.10364 

+0.26220 

2 

13.53281 

-0.22854 

14.76569 

-0.22077 

15.98284 

-0.21402 

3 

16.96553 

+ 0.20007 

18.25012 

+0.19414 

19.51773 

+0.18891 

4 

20.29129 

-0.18111 

21.61275 

-0.17634 

22.91696 

-0.17207 

5 

23.56186 

+0.16708 

24.91131 

+0.16311 

26.24370 

+0.15953 

6 

26.79950 

-0.15607 

28.17105 

-0.15269 

29.52596 

-0.14962 

7 

30.01567 

+0.14709 

31.40518 

+0.14417 

32.77857 

+0.14149 

8 

33.21697 

-0.13957 

34.62140 

-0.13700 

36.01026 

-0.13463 

9 

36.40752 

+0.13313 

37.82455 

+0.13085 

39.22658 

+0.12874 

10 

39.59002 

-0.12753 

41.01785 

-0.12549 

42.43122 

-0.12359 

11 

42.76632 

+0.12260 

44.20351 

+0.12076 

45.62678 

+0.11904 

12 

45.93775 

-0.11822 

47.38314 

-0.11654 

48.81512 

-0.11497 

13 

49.10528 

+0.11428 

50.55791 

+0.11275 

51.99761 

+0.11131 

14 

52.26963 

-0.11072 

53.72870 

-0.10931 

55.17529 

-0.10798 

15 

55.43136 

+0.10748 

56.89619 

+0.10618 

58.34899 

+0.10494 

16 

58.59089 

-0.10451 

60.06092 

-0.10330 

61.51933 

-0.10216 

17 

61.74857 

+0.10177 

63.22331 

+0.10065 

64.68681 

+0.09958 

18 

64.90468 

-0.09925 

66.38370 

-0.09820 

67.85185 

-0.09720 

19 

68.05943 

+0.09690 

69.54237 

+0.09592 

71.01478 

+0.09498 

20 

71.21301 

-0.09471 

72.69955 

-0.09379 

74.17587 

-0.09291 
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BESSEL FUNCTIONS—**) Table 9.6 


X 

Mia,?) 

J o(jO r 2®) 

JoUa.&) 

•7oOo,4*) 

*7o0 0i5 s) 

0.00 

1. 00000 

1. 00000 

1. 00000 

1. 00000 

1. 00000 

0.02 

0. 99942 

0, 99696 

0.99253 

0. 98614 

0.97783 

0 . 04 

0. 99769 

0. 98785 

0. 97027 

0.94515 

0.91280 

0 . 06 

0.99480 

0. 97276 

0. 93373 

0. 87872 

0.80920 

0.08 

0.99077 

0. 95184 

0. 88372 

0. 78961 

0. 67388 

0.10 

0.98559 

0.92526 

0. 82136 

0.68146 

0.51568 

0.12 

0. 97929 

0. 89328 

0. 74804 

0. 55871 

0. 34481 

0.14 

0.97186 

0.85617 

0. 66537 

0. 42632 

0.17211 

0.16 

0. 96333 

0.81429 

0.57518 

0. 28958 

+0. 00827 

0.18 

0.95370 

0.76800 

0. 47943 

0. 15386 

-0. 13693 

0 . 20 

0. 94300 

0. 71773 

0. 38020 

+0. 02438 

-0. 25533 

0 . 22 

0. 93124 

0. 66392 

0.27960 

-0.09404 

-0. 34090 

0.24 

0.91844 

0.60706 

0.17976 

-0.19716 

-0. 39013 

0.26 

0.90463 

0. 54766 

+0. 08277 

-0.28155 

-0.40225 

0.28 

0.88982 

0 . 48623 

-0. 00942 

-0.34466 

-0. 37917 

0. 30 

0.87405 

0 . 42333 

-0. 09498 

-0. 38498 

-0. 32527 

0.32 

0. 85734 

0. 35950 

-0. 17226 

-0. 40207 

-0. 24698 

0, 34 

0. 83972 

0.29529 

-0.23986 

-0. 39653 

-0.15223 

0.36 

0.82122 

0. 23126 

-0.29664 

-0. 36998 

-0.04980 

0.38 

0. 80187 

0. 16795 

-0. 34171 

-0. 32493 

+0. 05137 

0.40 

0.78171 

0.10590 

-0. 37453 

-0. 26467 

0.14293 

0.42 

0.76077 

+0. 04562 

-0. 39482 

-0. 19304 

0.21767 

0.44 

0,73908 

-0. 01240 

-0. 40264 

-0.11431 

0.27011 

0. 46 

0.71669 

-0. 06769 

-0. 39835 

-0.03289 

0.29684 

0.48 

0. 69362 

-0.11983 

-0. 38259 

+0.04684 

0.29671 

0.50 

0.66993 

-0. 16840 

-0.35628 

0.12078 

0. 27086 

0. 52 

0.64565 

-0, 21306 

-0. 32056 

0.18527 

0.22252 

0, 54 

0 . 62081 

-0. 25349 

-0. 27678 

0. 23725 

0.15667 

0.56 

0.59547 

-0. 28941 

-0. 22648 

0. 27445 

+0. 07960 

0. 58 

0,56967 

-0, 32062 

-0.17130 

0. 29541 

-0. 00168 

0.60 

0.54345 

-0.34692 

-0.11295 

0. 29959 

-0. 08007 

0 . 62 

0. 51685 

-0.36821 

-0. 05320 

0. 28731 

-0.14891 

0. 64 

0.48992 

-0. 38441 

+0. 00622 

0. 25977 

-0. 20259 

0.66 

0.46270 

-0. 39551 

0. 06363 

0. 21892 

-0.23697 

0 . 68 

0.43524 

-0.40152 

0.11745 

0.16735 

-0. 24965 

0. 70 

0. 40758 

-0.40255 

0. 16625 

0.10814 

-0. 24019 

0. 72 

0. 37977 

-0, 39871 

0. 20878 

+0.04470 

-0. 21003 

0. 74 

0.35186 

-0.39019 

0. 24399 

-0. 01945 

-0.16237 

0. 76 

0. 32389 

-0. 37721 

0.27107 

-0. 08082 

-0.10179 

0. 78 

0. 29591 

-0. 36003 

0.28945 

-0.13618 

-0. 03389 

0 . 80 

0.26796 

-0.33896 

0. 29882 

-0. 18270 

+0. 03525 

0 . 82 

0.24009 

-0. 31433 

0. 29915 

-0.21808 

0. 09960 

0. 84 

0. 21234 

-0. 28652 

0. 29063 

-0.24067 

0. 15369 

0.86 

0.18476 

-0. 25591 

0.27374 

-0.24957 

0.19306 

0 . 88 

0.15739 

-0. 22293 

0. 24914 

-0. 24461 

0. 21464 

0. 90 

0. 13027 

-0. 18800 

0. 21774 

-0.22637 

0. 21694 

0 . 92 

0.10346 

-0.15157 

0. 18059 

-0.19613 

0 . 20021 

0. 94 

0.07698 

-0.11411 

0.13891 

-0. 15580 

0.16630 

0. 96 

0. 05089 

-0. 07605 

0. 09399 

-0. 10779 

0.11854 

0 . 98 

0. 02521 

-0. 03787 

0. 04722 

-0. 05486 

0. 06138 

1.00 

0 . 00000 

0. 00000 

0. 00000 . 

0. 00000 

0.00000 


(■(-4)1*1 

[(-mi 


(■(-3)3] 

r(-3)5] 


L 3 J 

L 4 J 

L 5 J 

L 5 J 

L 6 J 


From E. T. Goodwin and J. Staton, Table of Jo(jo,nr), Quart. J. Mech. Appl. 


Math. 1, 220-224 (1948) (with permission). 
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Table 9.7 BESSEL FUNCTIONS—MISCELLANEOUS ZEROS 


s th Zero of xJ\ (x) — ~KJo(x) 


X\s 

1 

2 

3 

4 

5 

0 . 00 

0 . 0000 

3. 8317 

7.0156 

10.1735 

13.3237 

0 . 02 

0.1995 

3.8369 

7. 0184 

10.1754 

13. 3252 

0. 04 

0.2814 

3. 8421 

7. 0213 

10.1774 

13. 3267 

0 . 06 

0. 3438 

3. 8473 

7.0241 

10.1794 

13.3282 

0 . 08 

0. 3960 

3. 8525 

7. 0270 

10.1813 

13.3297 

0.10 

0.4417 

3. 8577 

7.0298 

10.1833 

13.3312 

0.20 

0. 6170 

3. 8835 

7.0440 

10.1931 

13. 3387 

0.40 

0. 8516 

3. 9344 

7. 0723 

10.2127 

13.3537 

0 . 60 

1.0184 

3. 9841 

7.1004 

10. 2322 

13. 3686 

0 . 80 

1.1490 

4. 0325 

7.1282 

10.2516 

13.3835 

1 . 00 

1.2558 

4.0795 

7.1558 

10.2710 

13.3984 


x-As 

1 

2 

3 

4 

5 

<x> 

1 . 00 

1. 2558 

4. 0795 

7.1558 

10.2710 

13.3984 

1 

0 . 80 

1.3659 

4.1361 

7.1898 

10.2950 

13.4169 

1 

0 . 60 

1. 5095 

4. 2249 

7. 2453 

10. 3346 

13.4476 

2 

0. 40 

1. 7060 

4. 3818 

7. 3508 

10.4118 

13.5079 

3 

0.20 

1.9898 

4.7131 

7. 6177 

10.6223 

13. 6786 

5 

0.10 

2.1795 

5. 0332 

7. 9569 

10.9363 

13.9580 

10 

0.08 

2.2218 

5.1172 

8 . 0624 

11.0477 

14.0666 

13 

0.06 

2.2656 

5. 2085 

8.1852 

11.1864 

14.2100 

17 

0. 04 

2. 3108 

5. 3068 

8 . 3262 

11. 3575 

14.3996 

25 

0 . 02 

2. 3572 

5.4112 

8.4840 

11. 5621 

14. 6433 

50 

0 . 00 

2.4048 

5. 5201 

8 . 6537 

11.7915 

14.9309 

CO 




s th 

Zero of Ji (x) — \xJo(x) 


X\s 

1 

2 

3 

4 

5 

0. 5 

0.0000 

5.1356 

8.4172 

11.6198 

14. 7960 

0.6 

1.1231 

5.2008 

8.4569 

11.6486 

14.8185 

0. 7 

1.4417 

5. 2476 

8.4853 

11. 6691 

14. 8346 

0.8 

1. 6275 

5.2826 

8.5066 

11.6845 

14. 8467 

0.9 

1.7517 

5. 3098 

8 . 5231 

11. 6964 

14. 8561 

1 . o 

1.8412 

5.3314 

8.5363 

11.7060 

14.8636 

X-!\S 

1 

2 

3 

4 

5 <X> 

1 . 00 

1.8412 

5. 3314 

8 . 5363 

11.7060 

14.8636 1 

0 . 80 

1.9844 

5.3702 

8.5600 

11. 7232 

14. 8771 1 

0 . 60 

2.1092 

5. 4085 

8 . 5836 

11. 7404 

14.8906 2 

0. 40 

2.2192 

5. 4463 

8 . 6072 

11.7575 

14.9041 3 

0.20 

2.3171 

5. 4835 

8 . 6305 

11.7745 

14.9175 5 

0.10 

2. 3621 

5.5019 

8 . 6421 

11.7830 

14. 9242 10 

0.08 

2. 3709 

5.5055 

8 . 6445 

11.7847 

14.9256 13 

0.06 

2. 3795 

5. 5092 

8 . 6468 

11. 7864 

14. 9269 17 

0. 04 

2. 3880 

5. 5128 

8 . 6491 

11. 7881 

14.9282 25 

0 . 02 

2. 3965 

5. 5165 

8 . 6514 

11. 7898 

14. 9296 50 

0 . 00 

2.4048 

5.5201 8. 6537 11. 7915 

<X> = nearest integer to X. 

14. 9309 oo 


Compiled from H. S. Carslaw and J. C. Jaeger, Conduction of heat in solids (Oxford 
Univ. Press, London, England, 1947) and British Association for the Advancement 
of Science, Bessel functions, Part I. Functions of orders zero and unity, Math¬ 
ematical Tables, vol. VI (Cambridge Univ. Press, Cambridge, England, 1950)(with 
permission). 
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BESSEL FUNCTIONS—MISCELLANEOUS ZEROS Table 9.7 




s th Zero of Jo (x) F 0 (Ax) - 

F„(x)J 0 (Xx) 



X-*\S 

1 

2 

3 

4 

5 

<A> 

0.80 

12.55847 031 

25.12877 

37. 69646 

50.26349 

62. 83026 

1 

0. 60 

4.69706 410 

9.41690 

14.13189 

18. 84558 

23. 55876 

2 

0.40 

2.07322 886 

4.17730 

6.27537 

8. 37167 

10. 46723 

3 

0.20 

0. 76319 127 

1. 55710 

2.34641 

3.13403 

3.92084 

5 

0.10 

0.33139 387 

0. 68576 

1.03774 

1.38864 

1.73896 

10 

0.08 

0.25732 649 

0.53485 

0. 81055 

1. 08536 

1.35969 

13 

0. 06 

0.18699 458 

0.39079 

0.59334 

0. 79522 

0.99673 

17 

0. 04 

0.12038 637 

0. 25340 

0.38570 

0.51759 

0. 64923 

25 

0.02 

0.05768 450 

0.12272 

0.18751 

0.25214 

0.31666 

50 

0. 00 

0. 00000 000 

0. 00000 

0.00000 

0. 00000 

0. 00000 

00 





s Ul Zero of J| (x) Fi (Xx) - 

Fi (x) Ji (Xx) 




1 


2 

3 

4 

5 

<A> 

0.80 

12. 59004 

151 

25.14465 

37.70706 

50.27145 

62. 83662 

1 

0. 60 

4. 75805 

426 

9. 44837 

14.15300 

18. 86146 

23.57148 

2 

0.40 

2.15647 

249 

4.22309 

6. 30658 

8. 39528 

10,48619 

3 

0.20 

0.84714 

961 

1.61108 

2. 38532 

3.16421 

3. 94541 

5 

0.10 

0. 39409 

416 

0. 73306 

1.07483 

1.41886 

1. 76433 

10 

0. 08 

0.31223 

576 

0.57816 

0. 84552 

1. 11441 

1. 38440 

13 

0. 06 

0.23235 

256 

0.42843 

0. 62483 

0.82207 

1. 02001 

17 

0.04 

0. 15400 

729 

0.28296 

0. 41157 

0. 54044 

0. 66961 

25 

0.02 

0. 07672 

788 

0. 14062 

0.20409 

0.26752 

0. 33097 

50 

0.00 

0. 00000 

000 

0. 00000 

0. 00000 

0.00000 

0.00000 

00 





s lh Zero of Ji (x) Fo (Xx) - ] 

Ki(x)Jo(Xx) 



x-‘\s 

1 


2 

3 

4 

5 

<A> 

0. 80 

6.56973 

310 

18.94971 

31.47626 

44. 02544 

56. 58224 

1 

0. 60 

2. 60328 

138 

7.16213 

11.83783 

16. 53413 

21. 23751 

2 

0. 40 

1.24266 

626 

3.22655 

5. 28885 

7. 36856 

9.45462 

3 

0.20 

0. 51472 

663 

1.24657 

2. 00959 

2.78326 

3.56157 

5 

0.10 

0. 24481 

004 

0. 57258 

0.90956 

1.25099 

1.59489 

10 

0.08 

0.19461 

772 

0.45251 

0.71635 

0.98327 

1. 25203 

13 

0. 06 

0.14523 

798 

0.33597 

0. 53005 

0.72594 

0.92301 

17 

0. 04 

0. 09647 

602 

0.22226 

0.34957 

0.47768 

0. 60634 

25 

0.02 

0.04813 

209 

0.11059 

0.17353 

0.23666 

0.29991 

50 

0.00 

0.00000 

000 

0.00000 

<A> = 

0.00000 0.00000 
nearest integer to X. 

0. 00000 

so 


Compiled from British Association for the Advancement of Science, Bessel func¬ 
tions, Part I. Functions of orders zero and unity, Mathematical Tables, vol.VI 
(Cambridge Univ. Press, Cambridge, England, 1950) (with permission). 


*See page n. 
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Table 9.8 MODIFIED BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


X 

e~ z Io (x) 

e-xl\ (*) 

*-»/*(*) 

0.0 

1.00000 00000 

0.00000 00000 

0.12500 00000 

0.1 

0.90710 09258 

0.04529 84468 

0.12510 41992 

0.2 

0.82693 85516 

0. 08228 31235 

0.12541 71878 

0.3 

0.75758 06252 

0.11237 75606 

0.12594 01407 

0.4 

0.69740 21705 

0.13676 32243 

0.12667 50222 

0.5 

0. 64503 52706 

0.15642 08032 

0.12762 45967 

0.6 

0.59932 72031 

0.17216 44195 

0.12879 24416 

0.7 

0.55930 55265 

0.18466 99828 

0.13018 29658 

0.8 

0.52414 89420 

0.19449 86933 

0.13180 14318 

0.9 

0.49316 29662 

0.20211 65309 

0.13365 39819 

1.0 

0.46575 96077 

0.20791 04154 

0.13574 76698 

1.1 

0.44144 03776 

0.21220 16132 

0.13809 04952 

1.2 

0.41978 20789 

0.21525 68594 

0.14069 14455 

1.3 

0. 40042 49127 

0.21729 75878 

0.14356 05405 

1.4 

0.38306 25154 

0.21850 75923 

0.14670 88837 

1.5 

0.36743 36090 

0.21903 93874 

0.15014 87192 

1.6 

0.35331 49978 

0.21901 94899 

0.15389 34944 

1.7 

0.34051 56880 

0.21855 28066 

0.15795 79288 

1.8 

0.32887 19497 

0.21772 62788 

0.16235 80900 

1.9 

0.31824 31629 

0.21661 19112 

0.16711 14772 

2.0 

0.30850 83225 

0.21526 92892 

0.17223 71119 

2.1 

0.29956 30945 

0.21374 76721 

0.17775 56370 

2.2 

0.29131 73331 

0.21208 77328 

0.18368 94251 

2.3 

0.28369 29857 

0.21032 30051 

0.19006 26964 

2.4 

0.27662 23231 

0.20848 10887 

0.19690 16460 

2.5 

0.27004 64416 

0.20658 46495 

0.20423 45837 

2.6 

0.26391 39957 

0.20465 22544 

0.21209 20841 

2.7 

0.25818 01238 

0.20269 90640 

0.22050 71509 

2.8 

0.25280 55337 

0.20073 74113 

0.22951 53938 

2.9 

0. 24775 57304 

0.19877 72B16 

0.23915 52213 

3.0 

0.24300 03542 

0.19682 67133 

0.24946 80490 

3.1 

0.23851 26187 

0.19489 21309 

0. 26049 85252 

3.2 

0.23426 88316 

0.19297 86229 

0.27229 47757 

3.3 

0.23024 79845 

0.19109 01727 

0.28490 86686 

3.4 

0.22643 14011 

0.18922 98511 

0. 29839 61010 

3.5 

0.22280 24380 

0.18739 99766 

0.31281 73100 

3.6 

0.21934 62245 

0.18560 22484 

0.32823 72078 

3.7 

0.21604 94417 

0.18383 78580 

0.34472 57467 

3.8 

0.21290 01308 

0.18210 75810 

0.36235 83128 

3.9 

0.20988 75279 

0.18041 18543 

0.38121 61528 

4.0 

0.20700 19211 

0.17875 08394 

0.40138 68359 

4.1 

0.20423 45274 

0.17712 44763 

0.42296 47539 

4.2 

0.20157 73840 

0.17553 25260 

0.44605 16629 

4.3 

0.19902 32571 

0.17397 46091 

0.47075 72701 

4.4 

0.19656 55589 

0.17245 02337 

0.49719 98689 

4.5 

0.19419 82777 

0.17095 88223 

0.52550 70272 

4.6 

0.19191 59151 

0.16949 97311 

0.55581 63319 

4.7 

0.18971 34330 

0.16807 22681 

0.58827 61978 

4.8 

0.18758 62042 

0.16667 57058 

0.62304 67409 

4.9 

0.18552 99721 

0.16530 92936 

0.66030 07270 

5.0 

0.18354 08126 

0.16397 22669 

0.70022 45988 


m 

m 

m 


Compiled from British Association for the Advancement of Science, Bessel 
functions, Part I.Functions of orders zero and unity, Mathematical Tables, 
vol. VI , Part II. Functions of positive integer order, Mathematical Tables, 
vol. X (Cambridge Univ. Press, Cambridge, England, 1950, 1952) and L. Fox, 
A short table for Bessel functions of integer orders and large arguments. Royal 
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cam' 
bridge, England, 1954) (with permission). 
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MODIFIED BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 Table 9.8 


X 

e x Ko (x) 

e x K\ (x) 

x2 K 2 (x) 

0. 0 

O0 


OO 


2. 00000 

0000 

0.1 

2.68232 

61023 

10. 89018 

2683 

1. 99503 

9646 

0.2 

2. 14075 

73233 

5.83338 

6037 

1. 98049 

7172 

0.3 

1.85262 

73007 

4.12515 

7762 

1.95711 

6625 

0.4 

1. 66268 

20891 

3. 25867 

3880 

1.92580 

8202 

0.5 

1. 52410 

93857 

2.73100 

97082 

1. 88754 

5888 

0.6 

1.41673 

76214 

2. 37392 

00376 

1.84330 

9881 

0.7 

1. 33012 

36562 

2.11501 

13128 

1. 79405 

1681 

0. 8 

1. 25820 

31216 

1.91793 

02990 

1.74067 

2762 

0.9 

1.19716 

33803 

1.76238 

82197 

1.68401 

1992 

1.0 

1.14446 

30797 

1.63615 

34863 

1.62483 

8899 

1.1 

1.09833 

02828 

1.53140 

37541 

1. 56385 

0953 

1.2 

1.05748 

45322 

1.44289 

75522 

1. 50167 

3576 

1.3 

1.02097 

31613 

1.36698 

72841 

1. 43886 

2011 

1.4 

0. 98806 

99961 

1.30105 

37400 

1. 37590 

4446 

1.5 

0.95821 

00533 

1.24316 

58736 

1.31322 

5917 

1.6 

0. 93094 

59808 

1.19186 

75654 

1.25119 

2681 

1.7 

0. 90591 

81386 

1.14603 

92462 

1.19011 

6819 

1.8 

0.88283 

35270 

1.10480 

53726 

1.13026 

0897 

1.9 

0. 86145 

06168 

1.06747 

09298 

1.07184 

2567 

2. 0 

0.84156 

82151 

1.03347 

68471 

1. 01503 

9018 

2.1 

0. 82301 

71525 

1. 00236 

80527 

0. 95999 

1226 

2.2 

0. 80565 

39812 

0.97377 

01679 

0.90680 

7952 

2.3 

0. 78935 

61312 

0.94737 

22250 

0.85556 

9487 

2.4 

0.77401 

81407 

0.92291 

36650 

0. 80633 

1113 

2.5 

0.75954 

86903 

0.90017 

44239 

0.75912 

6289 

2.6 

0. 74586 

82430 

0. 87896 

72806 

0. 71396 

9565 

2.7 

0.73290 

71515 

0. 85913 

18867 

0.67085 

9227 

2.8 

0. 72060 

41251 

0.84053 

00604 

0.62977 

9698 

2.9 

0.70890 

49774 

0.82304 

20403 

0. 59070 

3688 

3.0 

0.69776 

15980 

0. 80656 

34800 

0. 55359 

4126 

3.1 

0. 68713 

11010 

0.79100 

30157 

0.51840 

5885 

3.2 

0. 67697 

51139 

0. 77628 

02824 

0.48508 

7306 

3.3 

0. 66725 

91831 

0. 76232 

42864 

0. 45358 

1550 

3.4 

0. 65795 

22725 

0. 74907 

20613 

0. 42382 

7789 

3.5 

0. 64902 

63377 

0.73646 

75480 

0. 39576 

2241 

3.6 

0. 64045 

59647 

0.72446 

06608 

0. 36931 

9074 

3.7 

0. 63221 

80591 

0. 71300 

65010 

0.34443 

1194 

3.8 

0. 62429 

15812 

0. 70206 

46931 

0. 32103 

0914 

3.9 

0.61665 

73147 

0. 69159 

88206 

0. 29905 

0529 

4. 0 

0.60929 

76693 

0. 68157 

59452 

0. 27842 

2808 

4.1 

0. 60219 

65064 

0. 67196 

61952 

0. 25908 

1398 

4.2 

0.59533 

89889 

0. 66274 

24110 

0. 24096 

1165 

4.3 

0. 58871 

14486 

0. 65387 

98395 

0. 22399 

8474 

4.4 

0. 58230 

12704 

0.64535 

58689 

0.20813 

1411 

4.5 

0. 57609 

67897 

0.63714 

97988 

0.19329 

9963 

4.6 

0. 57008 

72022 

0. 62924 

26383 

0.17944 

6150 

4.7 

0. 56426 

24840 

0. 62161 

69312 

0.16651 

4127 

4.8 

0.55861 

33194 

0. 61425 

66003 

0. 15445 

0249 

4.9 

0. 55313 

10397 

0.60714 

68131 

0.14320 

3117 

5.0 

0.54780 

75643 

0. 60027 

38587 

0.13272 

3593 


K n+l (x)-~ K n (x) + K n -l(x) 


m 
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Table 9.8 

MODIFIED BESSEL 

FUNCTIONS—ORDERS 

0, 1 AND 2 

X 

e~ x Io(x) 

e~*h(z) 

e~*h(x) 

5. 0 

0. 18354 

08126 

0. 16397 

22669 

0.11795 

1906 

5.1 

0.18161 

51021 

0. 16266 

38546 

0.11782 

5355 

5.2 

0. 17974 

94883 

0.16138 

32850 

0.11767 

8994 

5.3 

0. 17794 

08646 

0.16012 

97913 

0.11751 

4528 

5. 4 

0.17618 

63475 

0.15890 

26150 

0.11733 

3527 

5.5 

0. 17448 

32564 

0. 15770 

10090 

0.11713 

7435 

5.6 

0. 17282 

90951 

0.15652 

42405 

0.11692 

7581 

5.7 

0.17122 

15362 

0. 15537 

15922 

0.11670 

5188 

5.8 

0.16965 

84061 

0. 15424 

23641 

0.11647 

1384 

5.9 

0.16813 

76726 

0.15313 

58742 

0.11622 

7207 

6.0 

0.16665 

74327 

0. 15205 

14593 

0.11597 

3613 

6.1 

0. 16521 

59021 

0. 15098 

84754 

0.11571 

1484 

6.2 

0. 16381 

14064 

0.14994 

62978 

0.11544 

1633 

6.3 

0.16244 

23718 

0.14892 

43212 

0.11516 

4809 

6. 4 

0.16110 

73175 

0.14792 

19595 

0.11488 

1705 

6.5 

0.15980 

48490 

0.14693 

86457 

0.11459 

2958 

6.6 

0. 15853 

36513 

0.14597 

38314 

0.11429 

9157 

6.7 

0.15729 

24831 

0.14502 

69866 

0.11400 

0845 

6. 8 

0.15608 

01720 

0.14409 

75991 

0.11369 

8525 

6.9 

0. 15489 

56090 

0.14318 

51745 

0.11339 

2660 

7.0 

0. 15373 

77447 

0.14228 

92347 

0.11308 

3678 

7.1 

0. 15260 

55844 

0.14140 

93186 

0.11277 

1974 

7.2 

0.15149 

81855 

0.14054 

49809 

0.11245 

7913 

7.3 

0.15041 

46530 

0.13969 

57915 

0.11214 

1833 

7.4 

0. 14935 

41371 

0.13886 

13353 

0.11182 

4046 

7.5 

0. 14831 

58301 

0.13804 

12115 

0.11150 

4840 

7.6 

0. 14729 

89636 

0. 13723 

50333 

0.11118 

4481 

7.7 

0. 14630 

28062 

0. 13644 

24270 

0.11086 

3215 

7.8 

0.14532 

66611 

0.13566 

30318 

0.11054 

1268 

7. 9 

0. 14436 

98642 

0.13489 

64995 

0.11021 

8852 

8.0 

0.14343 

17818 

0.13414 

24933 

0.10989 

6158 

8.1 

0.14251 

18095 

0.13340 

06883 

0.10957 

3368 

8.2 

0.14160 

93695 

0.13267 

07705 

0. 10925 

0645 

8.3 

0. 14072 

39098 

0.13195 

24362 

0. 10892 

8142 

8.4 

0. 13985 

49027 

0.13124 

53923 

0. 10860 

6000 

8.5 

0.13900 

18430 

0.13054 

93551 

0. 10828 

4348 

8.6 

0.13816 

42474 

0.12986 

40505 

0. 10796 

3305 

8.7 

0. 13734 

16526 

0.12918 

92134 

0. 10764 

2983 

8.8 

0. 13653 

36147 

0.12852 

45873 

0. 10732 

3481 

8. 9 

0. 13573 

97082 

0. 12786 

99242 

0. 10700 

4894 

9. 0 

0. 13495 

95247 

0. 12722 

49839 

0. 10668 

7306 

9.1 

0.13419 

26720 

0. 12658 

95342 

0. 10637 

0796 

9.2 

0. 13343 

87740 

0.12596 

33501 

0. 10605 

5437 

9.3 

0. 13269 

74691 

0. 12534 

62139 

0. 10574 

1294 

9.4 

0.13196 

84094 

0.12473 

79145 

0. 10542 

8428 

9.5 

0.13125 

12609 

0.12413 

82477 

0.10511 

6893 

9.6 

0. 13054 

57016 

0. 12354 

70154 

0.10480 

6740 

9.7 

0.12985 

14223 

0.12296 

40258 

0.10449 

8015 

9.8 

0.12916 

81248 

0.12238 

90929 

0.10419 

0759 

9.9 

0. 12849 

55220 

0.12182 

20364 

0.10388 

5010 

10.0 

0.12783 

33371 

0.12126 

26814 

0. 10358 

0801 


f(- 

6)8] 

r ( -' 

6)3] 

rc-w 


L < 

5 J 

L 5 

i J 

L 5 

J 
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MODIFIED BESSEL FUNCTIONS—ORDERS 0, I AND 2 


X 

e*Ko(x) 

e x K\{x) 

5.0 

0. 54780 

75643 

0.60027 38587 

5.1 

0. 54263 

53519 

0.59362 50463 

5.2 

0. 53760 

73540 

0.58718 86062 

5.3 

0. 53271 

69744 

0. 58095 36085 

5.4 

0.52795 

80329 

0.57490 98871 

5.5 

0. 52332 

47316 

0.56904 79741 

5.6 

0. 51881 

16252 

0.56335 90393 

5. 7 

0.51441 

35938 

0. 55783 48348 

5.8 

0. 51012 

58183 

0. 55246 76495 

5.9 

0. 50594 

37583 

0.54725 02639 

6.0 

0.50186 

31309 

0. 54217 59104 

6.1 

0.49787 

98929 

0. 53723 82386 

6.2 

0. 49399 

02237 

0.53243 12833 

6.3 

0. 49019 

05093 

0.52774 94344 

6.4 

0. 48647 

73291 

0.52318 74101 

6.5 

0. 48284 

74413 

0. 51874 02336 

6.6 

0. 47929 

77729 

0.51440 32108 

6.7 

0. 47582 

54066 

0.51017 19097 

6. 8 

0. 47242 

75723 

0. 50604 21421 

6.9 

0. 46910 

16370 

0.50200 99471 

7.0 

0. 46584 

50959 

0.49807 15749 

7.1 

0. 46265 

55657 

0.49422 34737 

7.2 

0.45953 

07756 

0. 49046 22755 

7.3 

0. 45646 

85618 

0.48678 47842 

7.4 

0. 45346 

68594 

0.48318 79648 

7.5 

0.45052 

36991 

0.47966 89336 

7.6 

0. 44763 

71996 

0.47622 49486 

7.7 

0.44480 

55636 

0.47285 33995 

7.8 

0. 44202 

70724 

0.46955 18010 

7.9 

0. 43930 

00819 

0.46631 77847 

8.0 

0. 43662 

30185 

0.46314 90928 

8.1 

0. 43399 

43754 

0. 46004 35709 

8.2 

0.43141 

27084 

0.45699 91615 

8.3 

0. 42887 

66329 

0. 45401 39001 

8.4 

0. 42638 

48214 

0. 45108 59089 

8.5 

0. 42393 

59993 

0. 44821 33915 

8.6 

0. 42152 

89433 

0.44539 46295 

8.7 

0. 41916 

24781 

0.44262 79775 

8.8 

0. 41683 

54743 

0.43991 18594 

8.9 

0.41454 

68462 

0. 43724 47648 

9. 0 

0.41229 

55493 

0. 43462 52454 

9.1 

0. 41008 

05783 

0.43205 19116 

9.2 

0.40790 

09662 

0. 42952 34301 

9.3 

0. 40575 

57809 

0.42703 85204 

9.4 

0.40364 

41245 

0.42459 59520 

9.5 

0. 40156 

51322 

0.42219 45430 

9. 6 

0. 39951 

79693 

0.41983 31565 

9.7 

0. 39750 

18313 

0.41751 06989 

9.8 

0.39551 

59416 

0. 41522 61179 

9.9 

0. 39355 

95506 

0.41297 84003 

10.0 

0.39163 

19344 

0.41076 65704 


r<- 

5)21 

R-5)3-1 


L < 

3 J 

L 6 J 


Table 9.8 

e*K 2 (x) 

0.78791 711 
0. 77542 949 
0.76344 913 
0. 75194 475 
0.74088 762 

0. 73025 127 
0.72001 128 
0.71014 511 
0. 70063 190 
0. 69145 232 

0. 68258 843 
0. 67402 358 
0. 66574 225 
0. 65773 001 
0. 64997 339 

0.64245 982 
0. 63517 753 
0. 62811 553 
0. 62126 350 
0.61461 177 

0. 60815 126 
0. 60187 345 
0. 59577 030 
0. 58983 426 
0. 58405 820 

0. 57843 541 
0. 57295 955 
0. 56762 463 
0. 56242 497 
0. 55735 522 

0. 55241 029 
0. 54758 538 
0. 54287 592 
0. 53827 757 
0.53378 623 

0. 52939 797 
0. 52510 909 
0. 52091 604 
0.51681 544 
0.51280 410 

0. 50887 894 
0. 50503 704 
0.50127 562 
0.49759 202 
0.49398 369 

0. 49044 819 
0.48698 321 
0.48358 651 
0. 48025 597 
0. 47698 953 

0.47378 525 

[ ( - 5 5)6 ] 
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Table 9.8 

MODIFIED BESSEL 

FUNCTIONS—ORDERS 

0, 1 AND 2 

X 

e~ x Io(x) 

e~*h(x) 

e~ x l2(x ) 

10. 0 

0. 12783 

33371 

0.12126 

26814 

0. 10358 

0801 

10.2 

0. 12653 

91639 

0.12016 

64024 

0. 10297 

7124 

10. 4 

0. 12528 

35822 

0.11909 

89584 

0. 10237 

9936 

10.6 

0.12406 

47082 

0.11805 

91273 

0.10178 

9401 

10.8 

0. 12288 

07840 

0.11704 

57564 

0.10120 

5644 

11.0 

0.12173 

01682 

0.11605 

77582 

0. 10062 

8758 

11.2 

0. 12061 

13250 

0.11509 

41055 

0.10005 

8806 

11. 4 

0.11952 

28165 

0.11415 

38276 

0. 09949 

5829 

11.6 

0.11846 

32942 

0.11323 

60059 

0.09893 

9845 

11.8 

0.11743 

14923 

0.11233 

97710 

0. 09839 

0853 

12. 0 

0.11642 

62212 

0.11146 

42993 

0. 09784 

8838 

12.2 

0.11544 

63616 

0.11060 

88096 

0.09731 

3770 

12. 4 

0.11449 

08594 

0.10977 

25611 

0. 09678 

5608 

12.6 

0.11355 

87206 

0.10895 

48501 

0.09626 

4300 

12.8 

0.11264 

90074 

0.10815 

50080 

0.09574 

9787 

13.0 

0.11176 

08338 

0. 10737 

23993 

0. 09524 

2003 

13.2 

0.11089 

33621 

0. 10660 

64190 

0.09474 

0874 

13.4 

0.11004 

57995 

0. 10585 

64916 

0. 09424 

6323 

13.6 

0. 10921 

73954 

0.10512 

20685 

0. 09375 

8268 

13.8 

0. 10840 

74378 

0.10440 

26267 

0. 09327 

6622 

14. 0 

0.10761 

52517 

0.10369 

76675 

0. 09280 

1299 

14.2 

0. 10684 

01959 

0.10300 

67148 

0. 09233 

2208 

14.4 

0.10608 

16613 

0. 10232 

93142 

0. 09186 

9257 

14.6 

0. 10533 

90688 

0.10166 

50311 

0. 09141 

2352 

14.8 

0.10461 

18671 

0.10101 

34506 

0. 09096 

1401 

15.0 

0.10389 

95314 

0. 10037 

41751 

0. 09051 

6308 

15.2 

0.10320 

15618 

0. 09974 

68245 

0. 09007 

6980 

15.4 

0. 10251 

74813 

0. 09913 

10348 

0. 08964 

3321 

15.6 

0.10184 

68351 

0.09852 

64572 

0. 08921 

5238 

15.8 

0.10118 

91887 

0. 09793 

27574 

0. 08879 

2637 

16.0 

0. 10054 

41273 

0. 09734 

96147 

0. 08837 

5426 

16.2 

0. 09991 

12544 

0. 09677 

67216 

0. 08796 

3511 

16.4 

0. 09929 

01906 

0. 09621 

37828 

0. 08755 

6802 

16.6 

0. 09868 

05729 

0. 09566 

05145 

0. 08715 

5210 

16.8 

0. 09808 

20539 

0. 09511 

66444 

0. 08675 

8644 

17. 0 

0.09749 

43005 

0. 09458 

19107 

0. 08636 

7017 

17.2 

0.09691 

69938 

0.09405 

60614 

0.08598 

0242 

17. 4 

0. 09634 

98277 

0. 09353 

88542 

0. 08559 

8235 

17.6 

0. 09579 

25085 

0.09303 

00560 

0. 08522 

0911 

17.8 

0. 09524 

47546 

0. 09252 

94423 

0. 08484 

8188 

18. 0 

0.09470 

62952 

0. 09203 

67968 

0. 08447 

9984 

18.2 

0. 09417 

68703 

0.09155 

19113 

0. 08411 

6221 

18.4 

0. 09365 

62299 

0. 09107 

45848 

0. 08375 

6819 

18. 6 

0. 09314 

41336 

0. 09060 

46237 

0. 08340 

1701 

18.8 

0. 09264 

03503 

0.09014 

18411 

0. 08305 

0793 

19.0 

0. 09214 

46572 

0.08968 

60569 

0. 08270 

4020 

19.2 

0. 09165 

68400 

0. 08923 

70968 

0. 08236 

1309 

19.4 

0. 09117 

66923 

0. 08879 

47929 

0. 08202 

2590 

19.6 

0. 09070 

40151 

0. 08835 

89829 

0.08168 

7792 

19. 8 

0. 09023 

86167 

0. 08792 

95099 

0.08135 

6848 

20. 0 

0. 08978 

03119 

0. 08750 

62222 

0.08102 

9690 


[ ( 1 

6)5J 


p-.™] 
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MODIFIED 

BESSEL FUNCTIONS 

-ORDERS 

0, 1 AND 2 

Table 9.8 

X 

e*K 0 (x) 

e*Ki(x) 

e*K 2 (x) 

10.0 

0.39163 

19344 

0. 41076 

65704 

0. 47378 

525 

10.2 

0. 38786 

02539 

0. 40644 

68479 

0. 46755 

571 

10.4 

0. 38419 

55846 

0. 40225 

98277 

0. 46155 

324 

10.6 

0. 38063 

29549 

0. 39819 

88825 

0.45576 

482 

10.8 

0.37716 

77125 

0. 39425 

78391 

0. 45017 

842 

11.0 

0. 37379 

54971 

0. 39043 

09362 

0. 44478 

294 

11.2 

0. 37051 

22156 

0.38671 

27920 

0.43956 

807 

11.4 

0. 36731 

40243 

0. 38309 

83725 

0. 43452 

427 

11.6 

0. 36419 

73076 

0. 37958 

29618 

0.42964 

265 

11.8 

0. 36115 

86616 

0. 37616 

21391 

0.42491 

496 

12.0 

0. 35819 

48784 

0. 37283 

17534 

0.42033 

350 

12.2 

0.35530 

29318 

0. 36958 

79032 

0.41589 

111 

12.4 

0. 35247 

99643 

0. 36642 

69191 

0. 41158 

108 

12.6 

0. 34972 

32746 

0. 36334 

53438 

0.40739 

714 

12.8 

0. 34703 

03081 

0. 36033 

99192 

0.40333 

342 

13.0 

0. 34439 

86455 

0. 35740 

75702 

0. 39938 

443 

13.2 

0. 34182 

59943 

0. 35454 

53922 

0. 39554 

499 

13.4 

0. 33931 

01806 

0.35175 

06397 

0. 39181 

028 

13.6 

0. 33684 

91405 

0.34902 

07143 

0. 38817 

572 

13.8 

0. 33444 

09142 

0. 34635 

31558 

0.38463 

702 

14.0 

0. 33208 

36383 

0.34374 

56322 

0. 38119 

016 

14.2 

0. 32977 

55402 

0. 34119 

59314 

0. 37783 

131 

14.4 

0. 32751 

49332 

0.33870 

19539 

0. 37455 

687 

14.6 

0. 32530 

02091 

0. 33626 

17039 

0. 37136 

346 

14.8 

0. 32312 

98364 

0. 33387 

32858 

0. 36824 

785 

15.0 

0. 32100 

23534 

0.33153 

48949 

0.36520 

701 

15.2 

0. 31891 

63655 

0. 32924 

48132 

0. 36223 

805 

15.4 

0.31687 

05405 

0. 32700 

14043 

0. 35933 

826 

15.6 

0.31486 

36051 

0. 32480 

31080 

0. 35650 

503 

15.8 

0. 31289 

43424 

0. 32264 

84361 

0. 35373 

592 

16.0 

0. 31096 

15880 

0. 32053 

59682 

0. 35102 

858 

16.2 

0. 30906 

42269 

0.31846 

43471 

0. 34838 

081 

16.4 

0. 30720 

11919 

0.31643 

22766 

0. 34579 

049 

16.6 

0.30537 

14592 

0. 31443 

85164 

0. 34325 

562 

16.8 

0. 30357 

40487 

0.31248 

18807 

0. 34077 

427 

17.0 

0.30180 

80193 

0. 31056 

12340 

0.33834 

464 

17.2 

0. 30007 

24678 

0. 30867 

54888 

0. 33596 

497 

17.4 

0. 29836 

65276 

0. 30682 

36027 

0. 33363 

361 

17. 6 

0. 29668 

93657 

0. 30500 

45765 

0.33134 

898 

17. 8 

0. 29504 

01817 

0. 30321 

74518 

0. 32910 

956 

18. 0 

0.29341 

82062 

0.30146 

13089 

0.32691 

391 

18.2 

0. 29182 

26987 

0. 29973 

52642 

0. 32476 

064 

18.4 

0. 29025 

29472 

0. 29803 

84697 

0. 32264 

843 

18.6 

0. 28870 

82654 

0. 29637 

01096 

0. 32057 

602 

18.8 

0. 28718 

79933 

0.29472 

94003 

0. 31854 

218 

19.0 

0. 28569 

14944 

0. 29311 

55877 

0. 31654 

577 

19. 2 

0. 28421 

81554 

0.29152 

79458 

0. 31458 

565 

19.4 

0.28276 

73848 

0. 28996 

57766 

0. 31266 

076 

19.6 

0.28133 

86117 

0. 28842 

84068 

0. 31077 

008 

19.8 

0.27993 

12862 

0. 28691 

51886 

0. 30891 

262 

20.0 

0. 27854 

48766 

0. 28542 

54970 

0. 30708 

743 



5)11 
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Table 9.8 MODIFIED BESSEL FUNCTIONS—AUXILIARY TABLE FOR LARGE ARGUMENTS 


I -1 

x^e~ x Io(x) 

xh~*h(x) 

xh~*h(x) 

r-^e^Koix) 

r -'xh*Ki{x) 

it l x x e x Ki(x) 

<*> 

0.050 

0.40150 

9761 

0.39133 

9722 

0.36237 

579 

0. 39651 

5620 

0.40631 

0355 

0.43714 

666 

20 

0.048 

0.40140 

4058 

0.39164 

8743 

0.36380 

578 

0.39661 

0241 

0.40601 

9771 

0.43558 

814 

21 

0. 046 

0.40129 

8619 

0. 39195 

7336 

0. 36523 

854 

0.39670 

5057 

0.40572 

8854 

0.43403 

211 

22 

0.044 

0.40119 

3443 

0.39226 

5502 

0. 36667 

408 

0.39680 

0069 

0.40543 

7604 

0. 43247 

858 

23 

0. 042 

0.40108 

8526 

0.39257 

3245 

0.36811 

237 

0.39689 

5278 

0.40514 

6017 

0.43092 

754 

24 

0. 040 

0.40098 

3868 

0. 39288 

0567 

0.36955 

342 

0.39699 

0686 

0.40485 

4094 

0.42937 

901 

25 

0. 038 

0.40087 

9466 

0.39318 

7470 

0.37099 

722 

0. 39708 

6293 

0.40456 

1832 

0.42783 

299 

26 

0. 036 

0.40077 

5319 

0.39349 

3958 

0. 37244 

375 

0.39718 

2101 

0.40426 

9230 

0.42628 

949 

28 

0. 034 

0.40067 

1424 

0. 39380 

0032 

0.37389 

302 

0. 39727 

8110 

0. 40397 

6286 

0. 42474 

850 

29 

0. 032 

0. 40056 

7781 

0.39410 

5695 

0.37534 

502 

0.39737 

4322 

0.40368 

2998 

0.42321 

003 

31 

0.030 

0.40046 

4387 

0.39441 

0950 

0.37679 

973 

0. 39747 

0738 

0.40338 

9365 

0.42167 

410 

33 

0. 028 

0.40036 

1241 

0.39471 

5798 

0.37825 

716 

0.39756 

7359 

0. 40309 

5386 

0.42014 

070 

36 

0. 026 

0.40025 

8340 

0. 39502 

0243 

0.37971 

729 

0.39766 

4186 

0.40280 

1058 

0.41860 

984 

38 

0.024 

0. 40015 

5684 

0.39532 

4286 

0.38118 

012 

0.39776 

1221 

0.40250 

6380 

0.41708 

153 

42 

0. 022 

0.40005 

3270 

0. 39562 

7929 

0.38264 

564 

0.39785 

8465 

0.40221 

1349 

0.41555 

576 

45 

0. 020 

0.39995 

1098 

0. 39593 

1176 

0.38411 

385 

0.39795 

5918 

0.40191 

5965 

0.41403 

256 

50 

0.018 

0.39984 

9164 

0. 39623 

4028 

0.38558 

474 

0. 39805 

3583 

0.40162 

0226 

0.41251 

191 

56 

0. 016 

0. 39974 

7469 

0.39653 

6487 

0.38705 

830 

0.39815 

1460 

0.40132 

4130 

0.41099 

383 

63 

0.014 

0.39964 

6009 

0.39683 

8556 

0.38853 

453 

0. 39824 

9551 

0. 40102 

7674 

0.40947 

833 

71 

0. 012 

0.39954 

4785 

0.39714 

0236 

0. 39001 

342 

0.39834 

7857 

0.40073 

0858 

0.40796 

540 

83 

0.010 

0.39944 

3793 

0. 39744 

1530 

0.39149 

496 

0.39844 

6379 

0.40043 

3679 

0.40645 

505 

100 

0.008 

0.39934 

3033 

0. 39774 

2440 

0.39297 

915 

0.39854 

5119 

0.40013 

6136 

0.40494 

730 

125 

0.006 

0.39924 

2503 

0. 39804 

2968 

0.39446 

599 

0.39864 

4077 

0.39983 

8226 

0.40344 

214 

167 

0.004 

0.39914 

2202 

0. 39834 

3116 

0.39595 

546 

0. 39874 

3256 

0. 39953 

9949 

0.40193 

958 

250 

0. 002 

0. 39904 

2128 

0. 39864 

2886 

0.39744 

756 

0. 39884 

2657 

0.39924 

1300 

0. 40043 

962 

500 

0. 000 

0. 39894 

2280 

0. 39894 

2280 

0.39894 

228 

0. 39894 

2280 

0. 39894 

2280 

0. 39894 

228 

00 


[ ( - |)3 ] [( -S, 5] [(-7,3] [<-S>3] [(-|,5] [(-7)3] 


1 1 

For interpolating near x~ 1 -0 note that if /»(a; _1 ) =x 2 e~ x I n (x) then f n ( — x ~*) =tt _ l x 2 <PK n {x). 

<x> = nearest integer to x. 

Compiled from L. Fox, A short table for Bessel functions of integer orders and large arguments. Royal 
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with 
permission). 

MODIFIED BESSEL FUNCTIONS—AUXILIARY TABLE FOR SMALL ARGUMENTS 


% 

Xo(a;)-f-/o(z) In x x[Ki{x)-Ii(i 

u) In x] 

x 

Ko(x) +Iq(x) In x 

x{Ki{x)-h(;. 

r) In x] 

0.0 

0.11593 

152 1.00000 

000 

1.0 

0. 42102 

444 

0. 60190 

723 

0.1 

0.11872 

387 0.99691 

180 

1.1 

0. 49199 

896 

0. 49390 

093 

0.2 

0.12713 

128 0.98754 

448 

1.2 

0. 57261 

444 

0. 36514 

944 

0.3 

0.14124 

511 0.97158 

819 

1.3 

0.66373 

364 

0.21236 

381 

0.4 

0.16121 

862 0.94852 

090 

1.4 

0. 76632 

938 

+0. 03176 

677 

0.5 

0. 18726 

857 0.91759 

992 

1.5 

0.88149 

436 

-0. 18096 

553 

0.6 

0.21967 

734 0.87784 

980 

1.6 

1.01045 

200 

-0. 43076 

964 

0.7 

0. 25879 

579 0. 82804 

659 

1.7 

1.15456 

879 

-0. 72326 

976 

0.8 

0.30504 

682 0. 76669 

810 

1.8 

1.31536 

786 

-1. 06486 

242 

0.9 

0.35892 

957 0.69201 

997 

1.9 

1.49454 

429 

-1. 46281 

214 

1.0 

0.42102 

444 0. 60190 

723 

2.0 

1.69398 

200 

-1.92535 

914 


r(-3)ll [7-3)21 


r(-3)3i 



L 6 

J L 7 

J 


L 7 

J 

L 7 

J 



BESSEL FUNCTIONS OF INTEGER ORDER 
MODIFIED BESSEL El NOTIONS—ORDERS 3-9 


o.o 

0.2 

0.4 


1.0 

1.2 

1.4 

1.6 

1.8 


6.0 

6.2 

6.4 


7.0 

7.2 

7.4 

7.6 


9.0 

9.2 

9.4 

9.6 

9.8 


0.0000 
(- 4 ) 1.3680 
(- 4 ) 9.0273 
( - 3 ) 2.5257 
(- 3 ) 4.9877 

(- 3 ) 8.1553 
(- 2 ) 1.1855 
(- 2 ) 1.5911 
(- 2 ) 2.0168 
(- 2 ) 2.4495 

(- 2 ) 2.8791 

(- 2 ) 3.2978 

(- 2 ) 3.7001 

(- 2 ) 4.0823 

(- 2 ) 4.4421 

(- 2 ) 4.7783 

(- 2 ) 5.0907 

(- 2 ) 5.3795 

(- 2 ) 5.6454 

(- 2 ) 5.8893 

(- 2 ) 6.1124 

- 2 ) 6.3161 

(- 2 ) 6.5015 

(- 2 ) 6.6699 

(- 2 ) 6.8227 

(- 2 ) 6.9611 

- 2 ) 7.0861 

(- 2 ) 7.1989 

(- 2 ) 7.3005 

(- 2 ) 7.3917 

(- 2 ) 7.4736 
(-2 7.5468 
(- 2 ) 7’.6121 
(- 2 ) 7.6702 
(- 2 ) 7.7216 

(- 2 ) 7.7670 
(- 2 ) 7.8068 ' 
(- 2 ) 7.8416 
(-2 7.8717 
(- 2 ) 7.8975 

(- 2 ) 7.9194 

(- 2 ) 7.9378 

(- 2 ) 7.9528 

(- 2 ) 7.9649 

(- 2 ) 7.9741 

(- 2 ) 7.9808 

- 2 ) 7.9852 

- 2 ) 7.9875 

(- 2 ) 7.9878 

(- 2 ) 7.9862 


0.0000 
(- 6 ) 3.4182 
(- 5 ) 4,5047 
(- 4 ) 1.8858 
(- 4 ) 4.9483 

(- 3 ) 1.0069 
- 3 ) 1.7471 
(- 3 ) 2.7189 
-3 3.9110 
(- 3 ) 5.3023 

(- 3 ) 6.8654 

(- 3 ) 8.5701 

- 2 ) 1.0386 

(- 2 ) 1.2283 

(- 2 ) 1.4234 

(- 2 ) 1.6216 

(- 2 ) 1.8206 

(- 2 ) 2.0188 

(- 2 ) 2.2145 

(- 2 ) 2.4065 

(- 2 ) 2.5940 

(- 2 ) 2.7761 

(- 2 ) 2.9523 

(- 2 ) 3.1221 

(- 2 ) 3.2854 

(- 2 ) 3.4419 
(- 2 ) 3.5916 
(- 2 ) 3.7346 
-2 3.8708 
(- 2 ) 4.0005 

(- 2 ) 4.1238 
(-2 4.2408 
(- 2 ) 4.3518 
(- 2 ) 4.4570 
(- 2 ) 4.5567 

(- 2 ) 4.6509 

- 2 ) 4.7401 

(- 2 ) 4.8244 

- 2 ) 4.9040 

(- 2 ) 4.9791 

(- 2 ) 5.0500 

(- 2 ) 5.1169 

(- 2 ) 5.1800 

(- 2 ) 5.2395 

(- 2 ) 5.2954 

(- 2 ) 5.3482 
' - 2 ) 5.3978 
-2 5.4445 
- 2 ) 5.4883 
- 2 ) 5.5296 


p " r/ ->(v) 

0.0000 

(- 8 ) 6.8341 : 
(- 6 ) 1.7995 
(- 5 ) 1.1281 
(- 5 ) 3.9377 

(- 5 ) 9.9866 

(- 4 ) 2.0719 

(- 4 ) 3.7459 

(- 4 ) 6.1288 

(- 4 ) 9.2978 

(- 3 ) 1.3298 
(- 3 ) 1.8142 
(- 3 ) 2.3819 
(-3 3.0293 
(- 3 ) 3.7511 

(- 3 ) 4.5409 

- 3 ) 5.3913 

(- 3 ) 6.2947 

(- 3 ) 7.2431 

(- 3 ) 8.2288 

(- 3 ) 9.2443 

(- 2 ) 1.0283 

(- 2 ) 1.1337 

(- 2 ) 1.2402 

(- 2 ) 1.3471 

(- 2 ) 1.4540 
- 2 ) 1.5605 
(- 2 ) 1.6662 
- 2 ) 1.7707 
(- 2 ) 1.8738 

(- 2 ) 1.9752 

(- 2 ) 2.0747 

(- 2 ) 2.1723 

(- 2 ) 2.2677 

(- 2 ) 2.3608 

(- 2 ) 2.4516 

(- 2 ) 2.5401 

(- 2 ) 2.6261 

(- 2 ) 2.7096 

(- 2 ) 2.7907 

(- 2 ) 2.8694 
(- 2 ) 2.9456 
(-2 3.0195 
- 2 ) 3.0909 
(- 2 ) 3.1601 

(- 2 ) 3.2269 
(- 2 ) 3.2915 
(-2 3.3539 
(- 2 ) 3.4141 
(- 2 ) 3.4723 


0.0000 
* (- 9 ) 1.1388 
(- 8 ) 5.9925 
(- 7 ) 5.6286 
(- 6 ) 2.6152 

(- 6 ) 8.2731 
(- 5 ) 2.0544 
(- 5 ) 4.3203 
- 5 ) 8.0504 
(- 4 ) 1.3686 

(- 4 ) 2.1656 

(- 4 ) 3.2349 

(- 4 ) 4.6097 

(- 4 ) 6.3166 

(- 4 ) 8.3747 

(- 3 ) 1.0796 
(- 3 ) 1.3584 
(-3 1.6738 
(- 3 ) 2.0249 
(- 3 ) 2.4106 

(- 3 ) 2.8291 

(- 3 ) 3.2785 

(- 3 ) 3.7566 

- 3 ) 4.2609 

(- 3 ) 4.7890 

(- 3 ) 5.3384 

(- 3 ) 5.9065 

(- 3 ) 6.4909 

(- 3 ) 7.0892 

(- 3 ) 7.6990 

(- 3 ) 8.3181 

(- 3 ) 8.9445 

(- 3 ) 9.5763 

(- 2 ) 1.0212 

(- 2 ) 1.0849 

(- 2 ) 1.1486 

(- 2 ) 1.2122 

(- 2 ) 1.2756 

- 2 ) 1.3387 

(- 2 ) 1.4012 

(- 2 ) 1.4633 
(- 2 ) 1.5247 
(-2 1.5854 
(-2 1.6453 
(- 2 ) 1.7045 

(- 2 ) 1.7627 

(- 2 ) 1.8201 

- 2 ) 1.8765 

(- 2 ) 1.9319 

(- 2 ) 1.9864 


10.5 
11.0 

11.5 
12.0 

12.5 

13.0 

13.5 
14.0 

14.5 
15.0 

15.5 
16.0 

16.5 
17.0 

17.5 

18.0 

18.5 
19.0 

19.5 
20.0 


(- 2 ) 7.9687 

(- 2 ) 7.9465 

(- 2 ) 7.9182 

(- 2 ) 7.8848 

(- 2 ) 7.8474 

(- 2 ) 7.8067 
(- 2 ) 7.7635 
(- 2 ) 7.7183 
-2 7.6716 
(- 2 ) 7.6236 

(- 2 ) 7.5749 
-2 7.5256 
(-2 7.4759 
(- 2 ) 7.4260 
(- 2 ) 7.3761 

(- 2 ) 7.3263 
(- 2 ) 7.2768 
[- 2 ) 7.2275 
|-2 7.1785 
; - 2 ) 7.1300 


(- 2 ) 5.6549 

(- 2 ) 5.7284 

(- 2 ) 5.7905 

(- 2 ) 5.8425 

(- 2 ) 5.8857 

(- 2 ) 5.9211 

(- 2 ) 5.9497 

(- 2 ) 5.9723 

(- 2 ) 5.9896 

(- 2 ) 6.0022 

(- 2 ) 6.0106 
(- 2 ) 6.0155 
(-2 6.0170 
(- 2 ) 6.0158 
(- 2 ) 6.0119 

(- 2 ) 6.0059 

(- 2 ) 5.9978 

(- 2 ) 5.9880 

(- 2 ) 5.9767 

(- 2 ) 5.9640 


(- 2 ) 3.6602 

(- 2 ) 3.7804 

(- 2 ) 3.8900 

(- 2 ) 3.9898 

(- 2 ) 4.0805 

(- 2 ) 4.1630 
'- 2 ) 4.2378 
-2 4.3056 
- 2 ) 4.3670 
- 2 ) 4.4225 

(- 2 ) 4.4726 
- 2 ) 4.5179 
(- 2 ) 4.5585 
(-2 4.5951 
(- 2 ) 4.6278 

(- 2 ) 4.6571 
(- 2 ) 4.6831 
(-2 4.7062 
(- 2 ) 4.7266 
(- 2 ) 4.7444 


0.0000 

(- 11 ) 1.6265 
(- 9 ) 1.7109 
(- 8 ) 2.4084 
(- 7 ) 1.4902 

(- 7 ) 5.8832 
(- 6 1.7497 
(- 6 ) 4.2831 
(- 6 ) 9.0974 
{- 5 ) 1.7349 

(- 5 ) 3.0402 

- 5 ) 4.9776 

- 5 ) 7.7080 

- 4 ) 1.1395 

- 4 ) l.6197 

(- 4 ) 2.2265 
(- 4 ) 2.9735 
(- 4 ) 3.8725 
(- 4 ) 4.9334 
(- 4 ) 6.1640 

(- 4 ) 7.5698 
(- 4 9.1545 
(- 3 ) 1.0919 
(- 3 ) 1.2864 
(- 3 ) 1.4986 

(- 3 ) 1.7282 
(- 3 ) 1.9747 
(- 3 ) 2.2374 

- 3 2.5157 
(- 3 ) 2.8087 

(- 3 ) 3.1156 
(- 3 ) 3.4355 
(- 3 ) 3.7674 
(- 3 ) 4.1105 
(- 3 ) 4.4637 

(- 3 ) 4.8261 
(- 3 ) 5.1969 
(- 3 ) 5.5750 

- 3 ) 5.9596 
(- 3 ) 6.3499 

(- 3 ) 6.7449 
(- 3 ) 7.1440 
(- 3 7.5464 
(- 3 ) 7.9513 
(- 3 ) 8.3582 

(- 3 ) 8.7663 
(- 3 ) 9.1750 
(- 3 ) 9.5839 
(- 3 ) 9.9924 
(- 2 ) 1.0400 


10.0 (- 2 ) 7.9830 (- 2 ) 5.5683 (- 2 ) 3.5284 (- 2 ) 2.0398 (- 2 ) 1 . 0 £ 


(- 2 ) 2.1690 

(- 2 ) 2.2916 

(- 2 ) 2.4078 

(- 2 ) 2.5176 

(- 2 ) 2.6212 

(- 2 ) 2.7188 

(- 2 ) 2.8106 

(- 2 ) 2.8969 

(- 2 ) 2.9779 

(- 2 ) 3.0538 

(- 2 ) 3.1251 

(- 2 ) 3.1918 

- 2 ) 3.2543 

(- 2 ) 3.3128 

(- 2 ) 3.3675 

(- 2 ) 3.4186 

(- 2 ) 3.4664 

(- 2 ) 3.5111 

- 2 ) 3.5528 

- 2 ) 3.5917 


p-'7s(.v) 
0.0000 
(- 13 ) 2.0328 
(- 11 ) 4.2750 
(- 10 ) 9.0201 
(- 9 ) 7.4343 

(- 8 ) 3.6643 
(- 7 ) 1.3058 

- 7 ) 3.7225 
(- 7 9.0178 
(- 6 ) l.9302 

(- 6 ) 3.7487 
(- 6 ) 6.7325 
'- 5 ) 1.1339 
(- 5 ) 1.8099 
(- 5 ) 2.7609 

(- 5 ) 4.0512 
(- 5 ) 5.7482 
(- 5 ) 7.9208 
(- 4 1.0638 
(- 4 ) 1.3965 

(- 4 ) 1.7968 
(- 4 ) 2.2703 
(- 4 ) 2.8224 

- 4 ) 3.4578 
(- 4 ) 4.1806 

(- 4 ) 4.9939 

- 4 ) 5.9005 
(- 4 ) 6.9020 

- 4 7.9996 
(- 4 ) 9.1937 

(- 3 ) 1.0484 
(- 3 1.1870 
(- 3 ) 1.3351 
(- 3 ) 1.4924 
(- 3 ) 1.6587 

(- 3 ) 1.8337 
(- 3 ) 2.0172 
(- 3 ) 2.2089 
(- 3 2.4084 
(- 3 ) 2.6152 

(- 3 ) 2.8292 
(- 3 ) 3.0497 
(- 3 ) 3.2766 
(- 3 3.5093 
(- 3 ) 3.7475 

(- 3 ) 3.9907 
(- 3 ) 4.2386 
(- 3 ) 4.4908 
(- 3 ) 4.7470 
(- 3 ) 5.0066 


(- 2 ) 1.1814 
(- 2 ) 1.2805 

- 2 ) 1.3775 
(- 2 ) 1.4722 
(- 2 ) 1.5642 

(- 2 ) 1.6533 
(- 2 ) 1.7394 
(- 2 ) 1.8225 

- 2 ) 1.9025 
(- 2 ) 1.9794 

(- 2 ) 2.0532 
(- 2 ) 2.1240 

- 2 2.1918 

- 2 2.2567 
(- 2 ) 2.3187 

(- 2 ) 2.3780 
(- 2 ) 2.4346 
(- 2 ) 2.4886 
(- 2 ) 2.5402 
(- 2 ) 2.5894 


Tahir <>.<) 

0.0000 
(- 15 ) 2.2585 
(- 13 ) 9.4957 
(- 11 ) 3.0037 
(- 10 ) 3.2983 

(- 9 ) 2.0301 
(- 9 ) 8.6707 
(- 8 ) 2.8797 
(- 8 ) 7.9596 
(- 7 ) 1.9131 

(- 7 ) 4.1199 
(- 7 8.1206 
(- 6 ) 1.4883 
(- 6 ) 2.5669 
(- 6 ) 4.2048 

(- 6 ) 6.5905 
(- 6 ) 9.9425 
(- 5 ) 1.4507 
(- 5 ) 2.0556 
(- 5 ) 2.8380 

(- 5 ) 3.8284 

- 5 ) 5.0587 
(- 5 ) 6.5607 
(- 5 ) 8.3667 
(- 4 ) 1.0508 

(- 4 ) 1.3015 
(- 4 ) 1.5916 
(- 4 ) 1.9240 
(- 4 ) 2.3010 
(- 4 ) 2.7249 

(- 4 ) 3.1978 
(- 4 ) 3.7214 
(- 4 ) 4.2971 
(- 4 ) 4.9261 
(- 4 ) 5.6094 

(- 4 ) 6.3475 
(- 4 ) 7.1409 
(- 4 ) 7.9897 
(- 4 8.8937 
(- 4 ) 9.8527 

(- 3 ) 1.0866 
(- 3 ) 1.1933 

- 3 ) 1.3053 
(- 3 1.4224 
(- 3 ) l.5446 

(- 3 ) 1.6716 
(- 3 ) 1.8035 
(- 3 ) 1.9399 
(- 3 ) 2.0808 
(- 3 ) 2.2260 


(- 3 ) 5.2694 (- 3 ) 2.3753 


(- 3 ) 5.9380 
(- 3 ) 6.6192 
(- 3 ) 7.3082 
(- 3 ) 8.0010 
(- 3 ) 8.6939 

(- 3 ) 9.3836 

I - 2 ) 1.0068 
- 2 ) 1.0744 
- 2 ) 1.1410 
- 2 ) 1.2064 

(- 2 ) 1.2705 
(- 2 ) 1.3333 
(- 2 ) l.3946 
(- 2 ) 1.4543 
(- 2 ) l.5125 

(- 2 ) 1.5691 
(- 2 ) 1.6240 
(- 2 ) 1.6774 
- 2 ) 1.7291 
(- 2 ) 1.7792 


(- 3 ) 2.7653 
(- 3 ) 3.1769 
(- 3 ) 3.6073 
(- 3 ) 4.0537 
(- 3 ) 4.5134 

(- 3 ) 4.9837 
(- 3 ) 5.4622 
(- 3 ) 5.9469 
(- 3 6.4354 
(- 3 ) 6.9260 

(- 3 ) 7.4171 
(- 3 ) 7.9071 
(- 3 ) 8.3947 
(- 3 8.8788 
(- 3 ) 9.3584 

(- 3 ) 9.8324 
(- 2 1.0300 
(- 2 ) 1.0761 

- 2 1.1215 

- 2 ) 1.1661 


Compiled from British Association for the Advancement of Science, Bessel func¬ 
tions, Part II. Functions of positive integer order, Mathematical Tables, vol. 
X (Cambridge Univ. Press, Cambridge, England, 1952) (with permission). 
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■See page 11. 
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BESSEL FUNCTIONS OF INTEGER ORDER 


Table 9.9 


MODIFIED BESSEL FUNCTIONS—ORDERS 3-9 


AC &Kz(x) 


evK 4 (x) e x K 5 (x) 


(pKq(x) e?K 7 (x) 


&K 8 (x) 


0.0 


oo 


00 


OO 


oO 


00 


00 

0.2 

3 

1.2153 

4 

3.6520 

6 

1.4620 

7 

7.3138 

9 

>4.3897 

(11 

3.0735 

0.4 

2 

1.8282 

3 

2.7602 

4 

5.5388 

6 

>1.3875 

7 

4.1679 

9 

>1.4602 

0.6 

1 

6.4573 

2 

16.5506 

3 

8.7987 

5 

>1.4730 

6 

2.9548 

7 

6.9092 

0.8 

1 

3.2183 

2 

2.4743 

3 

2.5064 

4 

>3.1578 

5 

>4.7618 

; 6 

>8.3647 1 

1.0 

1 

)1.9303 

2 

1.2024 

2 

9.8119 

3 

9.9322 

5 

1.2017 

6 

>1.6923 ( 

1.2 

1 

1.2984 

1 

6.8382 

2 

4.6886 

3 

'3.9756 

4 

4.0225 

5 

4.7326 

1.4 

o 

19.4345 

1 

14.3280 

2 

2.5675 

3 

1.8772 

4 

1.6347 

5 

1.6535 | 

1.6 

0 

7.2438 

1 

2.9585 

2 

1.5517 

2 

9.9939 

3 

7.6506 

4 

6.7942 

1.8 

o 

5.7946 

1 

2.1426 

2 

1.0102 

2 

>5.8265 

3 

3.9853 

4 

>3.1580 

2.0 

0 

4.7836 

1 

1.6226 

1 

6.9687 

2 

3.6466 

3 

2.2576 

4 

1.6168 ( 

2.2 

0 

4.0481 

1 

>1.2731 

1 

5.0344 

2 

2.4157 

3 

1.3680 

3 

8.9469 ( 

2.4 

0 

3.4948 

1 

H.0280 

1 

3.7762 

2 

1.6762 

2 

8.7586 

3 

5.2768 ( 

2.6 

o 

3.0667 

0 

8.4989 

1 

2.9217 

2 

1.2087 

2 

5.8709 

3 

3.2821 ( 

2.8 

o 

2.7276 

0 

>7.1659 

1 

2.3202 

1 

>9.0029 

2 

4.0904 

3 

>2.1352 ( 

3.0 

0 

2.4539 

0 

6.1432 

1 

1.8836 

1 

6.8929 

2 

2.9455 

3 

1.4435 ( 

3.2 

0 

2.2290 

0 

5.3415 

1 

1.5583 

1 

5.4037 

2 

2.1822 

3 

1.0088 ( 

3.4 

0 

2.0415 

0 

4.7013 

1 

1.3103 

1 

4.3240 

2 

1.6572 

2 

7.2560 ( 

3.6 

0 

1.8833 

0 

4.1817 

1 

1.1176 

1 

3.5226 

2 

1.2860 

2 

5.3532 ( 

3.8 

0 

1.7482 

0 

>3.7541 

o 

9.6515 

1 

2.9153 

2 

1.0171 

2 

4.0388 ( 

4.0 

0 

1.6317 

0 

3.3976 

0 

8.4268 

1 

2.4465 

1 

8.1821 

2 

3.1084 ( 

4.2 

0 

1.5303 

0 

3.0971 

0 

7.4295 

1 

2.0786 

1 

6.6819 

2 

2.4352 ( 

4.4 

0 

1.4414 

0 

2.8412 

0 

6.6072 

1 

1.7858 

1 

5.5310 

2 

1.9384 

4.6 

0 

1.3629 

0 

>2.6213 

0 

5.9217 

1 

1.5495 

1 

4.6342 

2 

1.5654 ( 

4.8 

0 

1.2931 

0 

2.4309 

0 

5.3445 

1 

1.3565 

1 

3.9258 

2 

1.2807 ( 

5.0 | 

0 

) 1.2306 

0) 2.2646 

; o) 

14.8540 

1] 

>1.1973 

; ij 

13.3589 

; 2 ; 

>1.0602 ( 

5.2 ( 

0 

>1.1745 

0 

2.1186 

0 

14.4338 

11 

>1.0645 

i 

(2.9000 

1 

>8.8721 ( 

5.4 1 

0 

>1.1237 

0 

1.9895 

0 

14.0711 

0 

(9.5285 

i 

(2.5245 

1 

>7.4980 

5.6 

0 

>1.0777 

0 

1.8746 

0 

13.7557 

0 

> 8.5813 

i 

(2.2144 

1 

>6.3942 ( 

5.8 ( 

o; 

>1.0357 

0 

1.7720 

; o> 

3.4798 

oj 

17.7717 

ij 

(1.9559 

! 1 ! 

>5.4983 ( 

6.0 ( 

-i; 

>9.9723 

0 

1.6798 

1 o) 

' 3.2370 

0] 

(7.0748 

i] 

(1.7387 

; 1 ; 

>4.7644 ( 

6.2 < 

-i 

>9.6194 

0 

1.5967 

0 

13.0221 

0 

>6.4711 

i 

(1.5547 

1 

>4.1577 ( 

6.4 ( 

-l 

>9.2942 

0 

1.5213 

0 

12.8311 

0 

(5.9448 

i 

'1.3978 

1 

>3.6521 ( 

6.6 ( 

-i 

>8.9936 

0 

1.4528 

0 

2.6603 

0 

15.4835 

i 

11.2630 

1 

>3.2275 ( 

6.8 ( 

-ij 

>8.7149 ( 

0 

1.3902 

; o) 

2.5071 

o ) 

(5.0771 

ij 

11.1467 

ij 

(2.8685 ( 

7.0 ( 

-i; 

>8.4559 ( 

0 

1.3329 

’ °) 

2.3689 


14.7171 

i) 

11.0455 

1 ; 

12.5628 ( 

7.2 ( 

-i 

>8.2145 

0 

1.2803 

0 

'2.2440 

0 

14.3970 

° 

(9.5723 

1 

(2.3010 

7.4 ( 

-i 

>7.9890 ( 

0 

1.2318 

0 

'2.1306 

0 

14.1110 ( 

° 

'8.7970 ( 

1 

12.0754 ( 

7.6 

-i 

(7.7778 

0 

1.1870 

oj 

2.0273 

0 

13.8544 

° 

8.1132 

1 

11.8800 ( 

7.8 ( 

-ij 

>7.5797 ( 

0 

1.1455 

o) 

1.9328 

0) 

13.6235 ( 

0> 

'7.5074 ( 

ij 

11.7098 ( 

8.0 ( 

-ij 

(7.3935 ( 

0 

1.1069 

o) 

1.8463 ( 

°) 

13.4148 ( 

0) 

' 6.9684 ( 

11 

(1.5610 ( 

8.2 

-1 

(7.2182 

0 

1.0710 

o 

1.7667 

o 

13.2256 ( 

0 

'6.4871 

1 

11.4301 ( 

8.4 

-1 

(7.0527 

0 

1.0376 

o) 

1.6934 

o 

'3.0535 

o 

6.0556 

1 

(1.3146 ( 

8.6 

-i 

16.8963 ( 

0 

1.0062 

0 

1.6257 

0 

12.8966 

0 

5.6674 ( 

1 

(1.2123 ( 

8.8 ( 

-i) 

(6.7483 ( 

-1 

9.7693 

o) 

1.5629 ( 

o> 

12.7530 ( 

0> 

5.3170 ( 

1 ) 

11.1212 ( 

9.0 ( 

-1} 

16.6079 ( 

-1 

9.4941 

0) 

1.5047 ( 

0) 

'2.6213 ( 

0) 

4.9998 ( 

1 ) 

(1.0399 ( 

9.2 

-u 

16.4746 ( 

-1 

9.2354 

o) 

1.4505 ( 

o 

2.5002 

0) 

4.7117 

0 

'9.6702 ( 

9.4 

-i 

16.3480 ( 

-1 

8.9918 

0 

1.4001 ( 

o 

2.3886 

o) 

4.4493 

0)9.0153 ( 

9.6 

-1 

16.2274 

-1 

8.7620 

0> 

1.3529 ( 

0 

'2.2855 

0 

4.2098 

0 8.4247 ( 

9.8 ( 

-ij 

16.1125 ( 

-1) 

8.5449 

0 ) 

1.3088 { 

0> 

'2.1900 

0) 

3.9904 ( 

0 ) 

7.8906 ( 


&K 9 (x) 

00 

13 ) 2.4593 
10 ) 5.8448 
9 ) 1.8454 
8 ) 1.6777 


7 ) 

6 ) 

6 > 

5 ) 

5 ) 


6.3504 

1.9061 

6.8707 

2.8469 


5 ) 

4 

4 

4 > 

4 ) 


1.3160 

6.6436 

3.6055 

2.0785 

1.2610 


3 ) 7.9932 
3 ) 5.2620 
3 ) 3.5803 
3 ) 2.5078 
3 ) 1.8023 


3 ) 1.3252 
2 ) 9.9450 
2 ) 7.6019 
2 ) 5.9082 
2 ) 4.6615 


2 ) 3.7285 

2 ) 3.0199 

2 ) 2.4741 

2 ) 2.0483 

2 ) 1.7124 

2 ) 1.4444 

2 ) 1.2284 

2 ) 1.0528 

1 ) 9.0873 

1 ) 7.8960 


1 ] 

1 

1 

1 

1 ) 


6.9034 

6.0705 

5.3671 

4.7692 

4.2581 


1 ) 

1 

1 

1 

1 ) 


3.8188 

3.4392 

3.1096 

2.8221 

2.5702 


1! 


2.3486 

2.1529 

1.9794 

1.8251 

1.6873 


10.0 (- 1 ) 6.0028 (- 1 ) 8.3395 


0 ) 1.2674 


0 ) 2.1014 


0 ) 3.7891 


0 ) 7.4062 


1 ) 1.5639 


10.5 

-1 

5.7493 

-1 

7.8717 

0 

> 1.1747 

0 

> 1.9059 

0 ) 3.3529 

0 ) 6.3764 

11.0 

-1 

5.5217 

-1 

7.4597 

0 

> 1.0947 

0 

1.7411 

0 2.9941 

0 ) 5.5518 ( 

11.5 


5.3161 

-1 

7.0942 

0 

1.0251 

0 

1.6008 

0 2.6956 

0 ) 4.8824 

12.0 

-1 

5.1294 

-1 

6.7680 

-1 

9.6415 

0 

> 1.4803 

0 2.4444 

0 ) 4.3321 

12.5 

-1 

4.9591 

-1 

6.4751 

-1 

> 9.1031 

0 

> 1.3758 

0 ) 2.2310 

0 ) 3.8745 

13.0 

-1 

4.8030 

-1 

6.2106 

-1 

8.6249 

0 

1.2845 

0 ) 2.0482 

0 ) 3.4902 ( 

13.5 

-1 

4.6593 

-1 

5.9706 

-1 

8.1974 

0 

1.2043 

0 ) 1.8902 

0 ) 3.1645 ( 

14.0 

-1 

4.5266 

-1 

5.7519 

-1 

7.8133 

0 

1.1333 

0 ) 1.7527 

0 ) 2.8860 ( 

14.5 

-1 

4.4036 

-1 

5.5517 

-1 

7.4666 

0 

> 1.0701 

0 ) 1.6323 

0 ) 2.6461 ( 

15.0 

-1 

4.2892 

-1 

5.3678 

-1 

7.1520 

0 

1.0136 

0 ) 1.5261 

0 ) 2.4379 ( 

15.5 

M ! 

( 4.1826 

- 1 ) 5.1982 

;- i ; 

> 6.8656 

;- i ; 

> 9.6276 

' 0 ) 1.4319 

[ 0 ) 2.2561 ( 

16.0 

- 1 ; 

14.0829 

-1 

5.0414 

-1 

> 6.6036 

-1 

> 9.1686 

0 ) 1.3480 

0 ) 2.0964 ( 

16.5 

- I ] 

13.9895 

-1 

4.8959 

-1 

> 6.3633 

-1 

> 8.7524 

0 ) 1.2729 

0 > 1.9552 ( 

17.0 

- 1 

13.9017 

-1 

4.7605 

-1 

> 6.1420 

-1 

> 8.3734 

0 ) 1.2053 

0 ) 1.8299 ( 

17.5 

-1 

( 3.8191 

-1 

4.6343 

- 1 ) 5.9376 

!- i ! 

> 8.0272 

0 ) 1.1442 

; 0 ) 1.7181 ( 

18.0 

- 1 ) 3.7411 

-1 

4.5162 

-1 

5.7483 

;- l ; 

> 7.7097 

0 ) 1.0888 

’ 0 ) 1.6178 ( 

18.5 

-1 

3.6674 

-1 

4.4055 

-1 

5.5725 

- 1 ; 

> 7.4176 

0 ) 1.0384 

0 ) 1.5276 

19.0 ( 

-1 

3.5976 

-1 

4.3015 

-1 

5.4087 

-1 

> 7.1482 

- l ) 9.9234 

0 ) 1.4460 ( 

19.5 j 

-1 

3.5313 

-1 

4.2037 

-1 

5.2559 

-1 

16.8990 

- l ) 9.5015 

0 ) 1.3721 ( 

20.0 ( 

-1 

3.4684 

-1 

4.1114 

-1 

5.1130 

:-ij 

( 6.6679 

- l ) 9.1137 ( 

1 0 ) 1.3048 ( 


1 ) 1.3069 
1 1.1070 
0 ) 9.4885 
0 8.2205 
0 ) 7.1904 

0 ) 6.3439 

0 ) 5.6407 

0 ) 5.0510 

0 ) 4.5521 

0 ) 4.1265 

0 ) 3.7608 

0 ) 3.4444 

0 ) 3.1689 

0 ) 2.9275 

0 ) 2.7150 

0 ) 2.5269 
0 ) 2.3595 
0)2.2100 
0 ) 2.0759 
0 ) 1.9552 



BESSEL FUNCTIONS OF INTEGER ORDER 


425 


MODIFIED BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 Table 9.10 


X 

10 9 j ? _ 1 °/ io («) 


10 — 8 # 10 Juo (; k ) 

1 () 24 x - 20 Z 20 (. t ) 102 ^- 21 / 2 !^) IQ- 22 X 20 K 20 (r) 

0.0 

0.26911 

445 

1.22324 748 

1.85794 560 

0.391990 

0.933311 

6.37771 

0.2 

0.26935 

920 

1.22426 724 

1.85588 251 

0.392177 

0.933736 

6.37435 

0.4 

0.27009 

468 

1.22733 125 

1.84970 867 

0.392738 

0.935008 

6.36429 

0.6 

0.27132 

457 

1.23245 366 

1.83947 021 

0.393674 

0.937136 

6.34757 

0.8 

0.27305 

504 

1.23965 820 

1.82524 326 

0.394988 

0.940123 

6.32424 

1.0 

0.27529 

480 

1.24897 831 

1.80713 290 

0.396684 

0.943974 

6.29437 

1.2 

0.27805 

517 

1.26045 740 

1.78527 169 

0.398766 

0.948703 

6.25807 

1.4 

0.28135 

012 

1.27414 918 

1.75981 781 

0.401239 

0.954321 

6.21545 

1.6 

0.28519 

648 

1.29011 798 

1.73095 297 

0.404112 

0.960843 

6.16665 

1.8 

0.28961 

396 

1.30843 932 

1.69887 992 

0.407392 

0.968285 

6.11184 

2.0 

0.29462 

538 

1.32920 036 

1.66381 982 

0.411087 

0.976669 

6.05118 

2.2 

0.30025 

682 

1.35250 061 

1.62600 944 

0.415209 

0.986016 

5.98488 

2.4 

0.30653 

784 

1.37845 262 

1.58569 822 

0.419768 

0.996351 

5.91314 

2.6 

0.31350 

170 

1.40718 285 

1.54314 529 

0.424778 

1.007703 

5.83620 

2.8 

0.32118 

565 

1.43883 260 

1.49861 645 

0.430253 

1.020101 

5.75428 

3.0 

0.32963 

121 

1.47355 907 

1.45238 126 

0.436209 

1.033581 

5.66764 

3.2 

0.33888 

455 

1.51153 657 

1.40471 020 

0.442662 

1.048178 

5.57655 

3.4 

0.34899 

681 

1.55295 782 

1.35587 192 

0 j 449632 

1.063935 

5.48128 

3.6 

0.36002 

459 

1.59803 551 

1.30613 075 

0.457139 

1.080893 

5.38210 

3.8 

0.37203 

039 

1.64700 388 

1.25574 432 

0.465205 

1.099102 

5.27932 

4.0 

0.38508 

316 

1.70012 064 

1.20496 150 

0.473853 

1.118613 

5.17321 

4.2 

0.39925 

889 

1.75766 896 

1.15402 052 

0.483111 

1.139481 

5.06408 

4.4 

0.41464 

125 

1.81995 978 

1.10314 736 

0.493006 

1.161768 

4.95224 

4.6 

0.43132 

237 

1.88733 435 

1.05255 442 

0.503569 

1.185538 

4.83797 

4.8 

0.44940 

362 

1.96016 700 

1.00243 944 

0.514832 

1.210861 

4.72159 

5.0 

0.46899 

655 

2.03886 82 

0.95298 465 

0.526830 

1.237813 

4.60339 

5.2 

0.49022 

387 

2.12388 83 

0.90435 626 

0.539601 

1.266475 

4.48367 

5.4 

0.51322 

061 

2.21572 08 

0.85670 405 

0.553186 

1.296933 

4.36272 

5.6 

0.53813 

536 

2.31490 71 

0.81016 129 

0.567630 

1.329281 

4.24084 

5.8 

0.56513 

169 

2.42204 09 

0.76484 483 

0.582979 

1.363622 

4.11830 

6.0 

0.59438 

965 

2.53777 36 

0.72085 532 

0.599284 

1.400061 

3.99537 

6.2 

0.62610 

759 

2.66282 00 

0.67827 767 

0.616599 

1.438715 

3.87234 

6.4 

0.66050 

400 

2.79796 48 

0.63718 161 

0.634984 

1.479709 

3.74945 

6.6 

0.69781 

972 

2.94406 93 

0.59762 235 

0.654501 

1.523176 

3.62695 

6.8 

0.73832 

033 

3.10208 00 

0.55964 137 

0.675219 

1.569259 

3.50507 

7.0 

0.78229 

881 

3.27303 69 

0.52326 729 

0.697210 

1.618113 

3.38405 

7.2 

0.83007 

854 

3.45808 34 

0.48851 672 

0.720554 

1.669904 

3.26411 

7.4 

0.88201 

663 

3.65847 74 

0.45539 529 

0.745333 

1.724808 

3.14543 

7.6 

0.93850 

764 

3.87560 29 

0.42389 854 

0.771639 

1.783016 

3.02821 

7.8 

0.99998 

773 

4.11098 38 

0.39401 295 

0.799570 

1.844734 

2.91264 

8.0 

1.06693 

936 

4.36629 90 

0.36571 690 

0.829231 

1.910180 

2.79887 

8.2 

1.13989 

641 

4.64339 88 

0.33898 159 

0.860735 

1.979593 

2.68705 

8.4 

1.21945 

007 

4.94432 35 

0.31377 202 

0.894204 

2.053225 

2.57733 

8.6 

1.30625 

534 

5.27132 42 

0.29004 783 

0.929769 

2.131351 

2.46983 

8.8 

1.40103 

829 

5.62688 64 

0.26776 418 

0.967571 

2.214264 

2.36466 

9.0 

1.50460 

429 

6.01375 48 

0.24687 251 

1.007764 

2.302281 

2.26193 

9.2 

1.61784 

713 

6.43496 31 

0.22732 134 

1.050510 

2.395741 

2.16172 

9.4 

1.74175 

933 

6.89386 57 

0.20905 690 

1.095988 

2.495011 

2.06411 

9.6 

1.87744 

369 

7.39417 36 

0.19202 382 

1.144389 

2.600488 

1.96916 

9.8 

2.02612 

620 

7.93999 51 

0.17616 568 

1.195919 

2.712593 

1.87692 

10.0 

2.18917 

062 

8.53588 02 

0.16142 553 

1.250800 

2.831786 

1.78744 


m 

ra 

ra 

m 

m 

[ ( 1 )8 ] 


In+l(x)=-^ I n (x)+I n - l (x) K n+l (x)=~K n (x)+K n - l(z) 

Compiled from British Association for the Advancement of Science, Bessel functions, Part II. Func¬ 
tions of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, Eng¬ 
land, 1952) and L. Fox, A short table for Bessel functions of integer orders and larga arguments. Royal 
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with 
permission). 
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Table 9.10 


BESSEL FUNCTIONS OF INTEGER ORDER 


MODIFIED BESSEL FUNCTIONS—ORDERS 10, 11, 20 AND 21 


X 

e~ x Iio(x) 

e~ x I u(s) 

e x Kio(x) 

10 24 . t -2°/ 20 (x) 

10 26 x- 21 / 2 l(x) 1C 

|-22 X 20X 20 (X) 

10.0 

0.00099 

38819 

0.00038 

75284 

35.55633 

91 

1.25080 

2.83179 

1.787443 

10.2 

0.00107 

29935 

0.00042 

45861 

32.60759 

68 

1.30927 

2.95856 

1.700753 

10.4 

0.00115 

52835 

0.00046 

37417 

29.98*23 

91 

1.37160 

3.09345 

1.616873 

10.6 

0.00124 

06973 

0.00050 

50080 

27.64297 

29 

1.43806 

3.23703 

1.535814 

10.8 

0.00132 

91744 

0.00054 

83934 

25.54714 

23 

1.50895 

3.38992 

1.457578 

11.0 

0.00142 

06490 

0.00059 

39013 

23.66558 

79 

1.58462 

3.55278 

1.382160 

11.2 

0.00151 

50508 

0.00064 

15309 

21.97172 

20 

1.66540 

3.72634 

1.309546 

11.4 

0.00161 

23051 

0.00069 

12768 

20.44277 

46 

1.75169 

3.91139 

1.239714 

11.b 

0.00171 

23339 

0.00074 

31298 

19.05917 

72 

1.84390 

4.10876 

1.172637 

11.8 

0.00181 

50559 

0.00079 

70766 

17.80405 

56 

1.94249 

4.31937 

1.108279 

12.0 

0.00192 

03870 

0.00085 

31003 

16.66281 

24 

2.04795 

4.54421 

1.046601 

12.2 

0.00202 

82412 

0.00091 

11805 

15.62277 

97 

2.16080 

4.78434 

0.987556 

12.4 

0.00213 

85303 

0.00097 

12937 

14.67293 

16 

2.28162 

5.04093 

0.931095 

12.6 

0.00225 

11650 

0.00103 

34132 

13.80364 

34 

2.41105 

5.31521 

0.877164 

12.8 

0.00236 

60548 

0.00109 

75097 

13.00649 

01 

2.54975 

5.60856 

0.825703 

13.0 

0.00248 

31086 

0.00116 

35512 

12.27407 

71 

2.69846 

5.92244 

0.776652 

13.2 

0.00260 

22347 

0.00123 

15035 

11.59989 

74 

2.85799 

6.25845 

0.729947 

13.4 

0.00272 

33415 

0.00130 

13301 

10.97821 

07 

3.02921 

6.61B32 

0.685520 

13.6 

0.00284 

63375 

0.00137 

29926 

10.40394 

07 

3.21306 

7.00393 

0.643305 

13.8 

0.00297 

11314 

0.00144 

64509 

9.87258 

79 

3.41058 

7.41731 

0.603230 

14.0 

0.00309 

76327 

0.00152 

16634 

9.38015 

52 

3.62289 

7.86068 

0.565225 

14.2 

0.00322 

57518 

0.00159 

85870 

8.92308 

36 

3.85121 

8.33644 

0.529218 

14.4 

0.00335 

53999 

0.00167 

71776 

8.49819 

79 

4.09686 

8.84722 

0.495137 

14.6 

0.00348 

64894 

0.00175 

73898 

8.10265 

95 

4.36131 

9.39585 

0.462910 

14.8 

0.00361 

89341 

0.00183 

91776 

7.73392 

53 

4.64613 

9.98543 

0.432464 

15.0 

0.00375 

26491 

0.00192 

24942 

7.38971 

31 

4.95305 

10.61932 

0.403728 

15.2 

0.00388 

75510 

0.00200 

72921 

7.06797 

04 

5.28394 

11.30119 

0.376630 

15.4 

0.00402 

35583 

0.00209 

35235 

6.76684 

87 

5.64087 

12.03503 

0.351101 

15.6 

0.00416 

05908 

0.00218 

11403 

6.48467 

94 

6.02608 

12.82520 

0.327070 

15.8 

0.00429 

85705 

0.00227 

00942 

6.21995 

46 

6.44202 

13.67643 

0.304470 

16.0 

0.00443 

74209 

0.00236 

03366 

5.97130 

87 

6.89137 

14.59389 

0.283235 

16.2 

0.00457 

70675 

0.00245 

18192 

5.73750 

35 

7.37705 

15.58322 

0.263299 

16.4 

0.00471 

74378 

0.00254 

44936 

5.51741 

43 

7.90228 

16.65059 

0.244598 

16.6 

0.00485 

84612 

0.00263 

83118 

5.31001 

78 

8.47055 

17.80271 

0.227071 

16.8 

0.00500 

00690 

0.00273 

32259 

5.11438 

19 

9.08571 

19.04691 

0.210658 

17.0 

0.00514 

21947 

0.00282 

91884 

4.92965 

63 

9.75197 

20.39124 

0.195301 

17.2 

0.00528 

47735 

0.00292 

61523 

4.75506 

40 

10.47392 

21.84444 

0.180944 

17.4 

0.00542 

77427 

0.00302 

40709 

4.58989 

42 

11.25663 

23.41611 

0.167532 

17.6 

0.00557 

10418 

0.00312 

28982 

4.43349 

60 

12.10562 

25.11674 

0.155012 

17.8 

0.00571 

46119 

0.00322 

25887 

4.28527 

20 

13.02697 

26.95781 

0,143336 

18.0 

0.00585 

83964 

0.00332 

30977 

4.14467 

40 

14.02734 

28.95188 

0.132454 

18.2 

0.00600 

23403 

0.00342 

43808 

4.01119 

75 

15.11406 

31.11272 

0.122321 

18.4 

0.00614 

63909 

0.00352 

63948 

3.88437 

85 

16.29515 

33.45541 

0.112891 

18.6 

0.00629 

04971 

0.00362 

90969 

3.76378 

89 

17.57946 

35.99648 

0.104124 

18.8 

0.00643 

46098 

0.00373 

24450 

3.64903 

41 

18.97668 

38.75407 

0.095978 

19.0 

0.00657 

86817 

0.00383 

63982 

3.53974 

93 

20.49749 

41.74804 

0.088414 

19.2 

0.00672 

26672 

0.00394 

09161 

3.43559 

74 

22.15363 

45.00024 

0.081397 

19.4 

0.00686 

65226 

0.00404 

59590 

3.33626 

62 

23.95803 

48.53460 

0.074892 

19.6 

0.00701 

02059 

0.00415 

14885 

3.24146 

65 

25.92489 

52.37745 

0.068865 

19.8 

0.00715 

36768 

0.00425 

74667 

3.15093 

00 

28.06989 

56.55768 

0.063285 

20.0 

0.00729 

68965 

0.00436 

38567 

3.06440 

75 

30.41029 

61.10706 

0.058124 


r ( - 

7)41 

r<- 

7)31 

r(-2)41 

r(-2)2i 

f(-2)5l 

f(—4)4“| 


L i 

3 J 

L - 

5 J 

L 8 

J 

L 5 J 

L 5 J 

L 4 J 
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MODIFIED BESSEL FUNCTIONS—AUXILIARY TABLE FOR LARGE ARGUMENTS Table 9.10 


x~ l 

In [ x?e x l \ o ( x ) ] In [ x ^ e ~ x h i (x) ] In |>-i*&*Jrio(x) ] In [a£e-*Z 2 o(x)] In [x®e -*/ 21 (») ] In [ 

v — ix ? exK2o ( x )\ < x > 

0.050 

- 3.42244 

002 

- 3.93653 

292 

1.47299 

048 

_ 

L 0.434749 

- 11.346341 

8.250182 

20 

0.049 

- 3.37318 

689 

- 3.87762 

888 

1.42771 

939 

_ 

L 0.263511 

- 11.160467 

8.088946 

20 

0.048 

- 3.32386 

306 

- 3.81861 

524 

1.38232 

785 

_ 

L 0.091302 

- 10.973471 

7.926737 

21 

0.047 

- 3.27447 

055 

- 3.75949 

454 

1.33681 

644 

_ 

9.918126 

- 10.785351 

7.763551 

21 

0.046 

- 3.22501 

139 

- 3.70026 

938 

1.29118 

575 

- 

9.743983 

- 10.596108 

7.599386 

22 

0.045 

- 3.17548 

766 

- 3.64094 

242 

1.24543 

642 

_ 

9.568876 

- 10.405744 

7.434240 

22 

0.044 

- 3.12590 

147 

- 3.58151 

639 

1.19956 

910 

_ 

9.392809 

- 10.214259 

7.268110 

23 

0.043 

- 3.07625 

496 

- 3.52199 

408 

1.15358 

449 

_ 

9.215785 

- 10.021658 

7.100994 

23 

0.042 

- 3.02655 

033 

- 3.46237 

835 

1.10748 

332 

_ 

9.037810 

- 9.827944 

6.932893 

24 

0.041 

- 2.97678 

979 

- 3.40267 

211 

1.06126 

635 

- 

8.858889 

- 9.633121 

6.763806 

24 

0.040 

- 2.92697 

559 

- 3.34287 

833 

1.01493 

437 

_ 

8.679029 

- 9.437195 

6.593733 

25 

0.039 

- 2.87711 

002 

- 3.28300 

006 

0.96848 

822 

_ 

8.498236 

- 9.240173 

6.422673 

26 

0.038 

- 2.82719 

539 

- 3.22304 

039 

0.92192 

874 

_ 

8.316519 

- 9.042063 

6.250630 

26 

0.037 

- 2.77723 

405 

- 3.16300 

246 

0.87525 

686 

- 

8.133888 

- 8.842873 

6.077603 

27 

0.036 

- 2.72722 

837 

- 3.10288 

949 

0.82847 

349 

- 

7.950352 

- 8.642612 

5.903597 

28 

0.035 

- 2.67718 

076 

- 3.04270 

472 

0.78157 

961 

_ 

7.765923 

- 8.441293 

5.728614 

29 

0.034 

- 2.62709 

365 

- 2.98245 

146 

0.73457 

624 

_ 

7.580613 

- 8.238927 

5.552659 

29 

0.033 

- 2.57696 

948 

- 2.92213 

308 

0.68746 

441 

_ 

7.394434 

- 8.035529 

5.375732 

30 

0.032 

- 2.52681 

074 

- 2.86175 

298 

0.64024 

520 

_ 

7.207403 

- 7.831113 

5.197843 

31 

0.031 

- 2.47661 

992 

- 2.80131 

461 

0.59291 

975 

- 

7.019533 

- 7.625695 

5.018998 

32 

0.030 

- 2.42639 

955 

- 2.74082 

147 

0.54548 

920 

_ 

6.830842 

- 7.419294 

4.839203 

33 

0.029 

- 2.37615 

216 

- 2.68027 

709 

0.49795 

475 

_ 

6.641348 

- 7.211929 

4.658466 

34 

0.028 

- 2.32588 

032 

- 2.61968 

504 

0.45031 

764 

_ 

6.451070 

- 7.003620 

4.476796 

36 

0.027 

- 2.27558 

659 

- 2.55904 

894 

0.40257 

915 

_ 

6.260027 

- 6.794389 

4.294202 

37 

0.026 

- 2.22527 

356 

- 2.49837 

243 

0.35474 

059 

- 

6.068243 

- 6.584261 

4.110696 

38 

0.025 

- 2.17494 

384 

- 2.43765 

918 

0.30680 

331 

_ 

5.875738 

- 6.373261 

3.926290 

40 

0.024 

- 2.12460 

002 

- 2.37691 

291 

0.25876 

871 

_ 

5.682539 

- 6.161416 

3.740995 

42 

0.023 

- 2.07424 

475 

- 2.31613 

733 

0.21063 

822 

_ 

5.488669 

- 5.948754 

3.554826 

43 

0.022 

- 2.02388 

063 

- 2.25533 

620 

0.16241 

332 

- 

5.294155 

- 5.735305 

3.367799 

45 

0.021 

- 1.97351 

031 

- 2.19451 

329 

0.11409 

551 

- 

5.099025 

- 5.521102 

3.179929 

48 

0.020 

- 1.92313 

643 

- 2.13367 

239 

0.06568 

636 

_ 

4.903309 

- 5.306177 

2.991233 

50 

0.019 

- 1.87276 

162 

- 2.07281 

731 

+ 0.01718 

745 

_ 

4.707035 

- 5.090565 

2.801730 

53 

0.018 

- 1.82238 

853 

- 2.01195 

186 

- 0.03139 

959 

- 

4.510235 

- 4.874302 

2.611440 

56 

0.017 

- 1.77201 

979 

- 1.95107 

986 

- 0.08007 

306 

_ 

4.312943 

- 4.657427 

2.420383 

59 

0.016 

- 1.72165 

806 

- 1.89020 

514 

- 0.12883 

128 

- 

4.115190 

- 4.439978 

2.228582 

63 

0.015 

- 1.67130 

595 

- 1.82933 

153 

- 0.17767 

247 

_ 

3.917011 

- 4.221995 

2.036059 

67 

0.014 

- 1.62096 

610 

- 1.76846 

286 

- 0.22659 

485 

■ - 

3.718443 

- 4.003521 

1.842840 

71 

0.013 

- 1.57064 

113 

- 1.70760 

295 

- 0.27559 

659 

_ 

3.519520 

- 3.784599 

1.648949 

77 

0.012 

- 1.52033 

365 

- 1.64675 

564 

- 0.32467 

581 

- 

3.320281 

- 3.565272 

1.454415 

83 

0.011 

- 1.47004 

626 

- 1.58592 

472 

- 0.37383 

061 

- 

3.120763 

- 3.345586 

1.259264 

91 

0.010 

- 1.41978 

154 

- 1.52511 

400 

- 0.42305 

904 

_ 

2.921004 

- 3.125587 

1.063526 

100 

0.009 

- 1.36954 

207 

- 1.46432 

725 

- 0.47235 

911 

_ 

2.721043 

- 2.905322 

0.867231 

111 

0.008 

- 1.31933 

040 

- 1.40356 

824 

- 0.52172 

881 

_ 

2.520921 

- 2.684838 

0.670412 

125 

0.007 

- 1.26914 

908 

- 1.34284 

072 

- 0.57116 

608 

_ 

2.320676 

- 2.464184 

0.473099 

143 

0.006 

- 1.21900 

063 

- 1.28214 

841 

- 0.62066 

881 

- 

2.120350 

- 2.243408 

0.275328 

167 

0.005 

- 1.16888 

754 

- 1.22149 

499 

- 0.67023 

489 

_ 

1.919982 

- 2.022558 

+ 0.077133 

200 

0.004 

- 1.11881 

229 

- 1.16088 

414 

- 0.71986 

215 

_ 

1.719613 

- 1.801685 

- 0.121451 

250 

0.003 

- 1.06877 

735 

- 1.10031 

949 

- 0.76954 

839 

_ 

1.519284 

- 1.580838 

- 0.320388 

333 

0.002 

- 1.01878 

514 

- 1.03980 

463 

- 0.81929 

138 

_ 

1.319036 

- 1.360065 

- 0.519640 

500 

0.001 

- 0.96883 

808 

- 0.97934 

314 

- 0.86908 

886 

- 

1.118907 

- 1.139416 

- 0.719170 

1000 

0.000 

- 0.91893 

853 

- 0.91893 

853 

- 0.91893 

853 

_ 

0.918939 

- 0.918939 

- 0.918939 

CO 


[ ( 1 )9 ] 

ra 

[ ( 1 )2 ] 


[T] 

[ ( T] 

[ ( T] 



<x>=nearest Integer to x. 


Compiled from L. Fox, A short table for Bessel functions of integer orders and large arguments. Royal 
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with 
permission). 
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Table 9.11 MODIFIED BESSEL FUNCTIONS—VARIOUS ORDERS 


n I„{1) 

0 ( 0)1. 26606 5878 

1 (- 1)5. 65159 1040 

2 (- 1 1. 35747 6698 

3 (- 2 2. 21684 2492 

4 (- 3)2. 73712 0221 


/n(2) 7„(5) 

0)2. 27958 5302 ( 1)2. 72398 7182 

0)1.59063 6855 ( 1)2. 43356 4214 

1 6. 88948 4477 ( 1 1.75056 1497 

1) 2.12739 9592 ( 1)1. 03311 5017 

2) 5. 07285 6998 ( 0)5.10823 4764 


5 (- 4)2. 71463 1560 

6 (- 5)2.24886 6148 

7 (- 6)1. 59921 8231 

8 (- 8)9. 96062 4033 

9 (- 9)5. 51838 5863 


3)9. 82567 9323 ( 0)2.15797 4547 

3) 1. 60017 3364 j- 1)7.92285 6690 

4) 2.24639 1420 (- 1 2. 56488 9417 

5) 2.76993 6951 (- 2)7.41166 3216 

6) 3. 04418 5903 (- 2)1.93157 1882 


10 (- 10)2.75294 8040 (- 7)3. 01696 3879 

11 (- 11)1. 24897 8308 (- 8)2. 72220 2336 

12 (- 13)5.19576 1153 (- 9 2. 25413 0978 

13 (- 14)1.99563 1678 - 10)1.72451 6264 

14 (- 16)7.11879 0054 (- 11)1. 22598 3451 


3) 4.58004 4419 

4 9.95541 1401 

4) 1. 99663 4027 

5 3.71568 0720 
6)6. 44800 5272 


15 (- 17)2.37046 3051 (- 13)8. 13943 2531 

16 (- 19 7.40090 0286 (- 14)5. 06857 1401 

17 (- 20)2.17495 9747 (- 15)2.97182 8970 

18 (- 22 6. 03714 4636 j- 16)1. 64621 5204 

19 - 23)1.58767 8369 (- 18)8.64160 3385 


I - 6)1. 04797 7675 

- 7 1. 60139 2190 
- 8 2. 30866 7371 
- 9)3.14983 7806 
- 10)4. 07841 5017 


20 (- 25)3. 96683 5986 (- 19)4. 31056 0576 (- 11)5. 02423 9358 

30 (- 42)3. 53950 0588 (- 33)3. 89351 9664 (- 21)3.99784 4971 

40 (- 60)1.12150 9741 (- 48)1.25586 9192 (- 32)1.18042 6980 

50 (- 80)2.93463 5309 (- 65)3. 35304 2830 (- 45)2.93146 9647 


100 (-189)8.47367 4008 (-158)1. 08217 1475 (-119)7. 09355 1489 


n 7„(10) 

0 ( 3)2.81571 6628 ( 

1 3 2. 67098 8304 ( 

2 ( 3)2.28151 8968 ( 

3 ( 3 1.75838 0717 ( 

4 t 3)1.22649 0538 ( 

5 ( 2)7.77188 2864 ( 

6 ( 2)4.49302 2514 ( 

7 ( 2 2. 38025 5848 ( 

8 ( 2)1.16066 4327 ( 

9 ( 1)5.23192 9250 ( 

10 ( 1)2.18917 0616 ( 

11 ( 0 8.53588 0176 ( 

12 0)3. 11276 9776 

13 0)1. 06523 2713 

14 (- 1)3. 43164 7223 ( 

15 (- 1)1. 04371 4907 ( 

16 (- 2 3. 00502 5016 

17 (- 3)8. 21069 0206 

18 (- 3)2.13390 3457 ( 

19 (- 4)5.28637 7589 ( 

20 (- 4)1. 25079 9736 ( 

30 (-12)7. 78756 9783 ( 

40 (-20)2.04212 3274 

50 (-30)4.75689 4561 ( 

100 (-88)1. 08234 4202 ( 


7n(50) 7«(100) 

20)2. 93255 378 (42)1. 07375 171 

20)2. 90307 859 (42 1. 06836 939 

20 2. 81643 064 (42) 1. 05238 432 

20)2. 67776 414 (42)1. 02627 402 

20)2.49509 894 (41)9. 90807 878 

20)2. 27854 831 (41)9. 47009 387 

20)2. 03938 928 (41 8.96106 940 

20)1.78909 488 (41) 8. 39476 555 

20)1. 53844 272 (41)7.78580 222 

20)1.29679 321 (41)7.14903 719 

20)1. 07159 716 (41)6.49897 552 

19)8. 68154 347 (41)5.84924 209 

19)6.89609 247 (41)5. 21214 227 

19)5. 37141 909 (41)4. 59832 794 

19)4. 10295 454 (41)4. 01657 700 

19)3. 07376 455 (41)3. 47368 638 

19)2.25869 581 (41) 2. 97447 109 

19)1. 62819 923 41)2. 52185 563 

19)1. 15152 033 (41 2. 11704 017 

18)7. 99104 593 (41)1. 75972 117 

18)5.44200 840 (41)1.44834 613 

16)4.27499 365 (40 1.20615 487 

13)6. 00717 897 (38) 3. 84170 550 

+10)1. 76508 024 (36)4. 82195 809 

-16)2. 72788 795 (21)4. 64153 494 
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MODIFIED BESSEL FUNCTIONS—VARIOUS ORDERS Table 9.11 


n 


Kn( 1) 


Kn( 2) 


0 

- 1 

4.21024 4382 

-1 

1.13893 8728 

“3) 

1 

- 1 

16 . 01907 2302 

- 1 

1. 39865 8818 

-3 

2 

0 

1. 62483 8899 

-1 

>2. 53759 7546 

~3 

3 

0 

7.10126 2825 

-1 

6. 47385 3909 

-3) 

4 

1 

4.42324 1585 

0 

2.19591 5927 

-2] 

5 

2 

)3.60960 5896 

0 

9.43104 9101 

-2) 

6 

3 

3. 65383 8312 

1 

>4.93511 6143 

-2) 

7 

4 

4.42070 2033 

2 

>3. 05538 0177 

-1 

8 

5 

6. 22552 1230 

3 

>2.18811 7285 

-1 

9 

7 

1. 00050 4099 

4 

1. 78104 7630 

o) 

10 

8 

1. 80713 2899 

5 

1.62482 4040 

0) 

11 

9 

3. 62427 0839 

6 

>1. 64263 4516 

1 

12 

10 

) 7. 99146 7175 

7 

>1.82314 6208 

2) 

13 

12 

>1.92157 6393 

8 

>2. 20420 1795 

; 2> 

14 

i 13! 

>5. 00409 0088 

! 9] 

>2.88369 3795 

3) 

15 

[ is; 

>1. 40306 6801 

; io] 

>4. 05921 3332 ( 

4) 

16 

16 

>4.21420 4494 

11 

>6.11765 6935 ( 

5) 

17 

18 

>1. 34994 8505 

12 

>9. 82884 3230 ( 

6) 

18 

19 

>4. 59403 9121 

14 

>1. 67702 1006 

6 

19 

! 21! 

>1. 65520 4032 

! 15j 

>3. 02846 6654 ( 

7) 

20 

[ 22J 

>6. 29436 9360 ( 

; i6] 

>5.77085 6853 ( 

8) 

30 

39 

>4. 70614 5527 ( 

30 

14. 27112 5755 ( 

18) 

40 

58 

>1.11422 0651 

45 

>9.94083 9886 ( 

30) 

50 

77 

>3.40689 6854 ( 

62] 

>2.97998 1740 ( 

42) 


K n (5) 

3. 69109 8334 

4. 04461 3445 
5.30894 3712 
8.29176 8415 

1. 52590 6581 

3. 27062 7371 

8. 06716 1323 
2.26318 1455 
7.14362 4206 

2. 51227 7891 

9. 75856 2829 

4. 15465 2921 
1.92563 2913 
9. 65850 3277 

5. 21498 4995 

3.01697 6630 
1. 86233 5828 
1.22206 4696 
8.49627 3517 

6. 23952 3402 

4. 82700 0521 
4. 11213 2063 
1. 05075 6722 
3.39432 2243 


100 


(185)5. 90033 3184 (155)4. 61941 5978 


(115)7. 03986 0193 


n 


Kn( 10) 


K„(50) 


0 ( 

,-5 

>1.77800 6232 

[-23] 

13.41016 774 

[-45) 

1 1 

-5 

>1.86487 7345 

-23 

>3. 44410 222 

-45 

2 ( 

-5 

>2.15098 1701 

-23 

>3. 54793 183 

-45 

3 ( 

-5 

>2. 72527 0026 

-23 

>3. 72793 677 

-45 

4 ( 

-5] 

>3.78614 3716 

|-23] 

>3. 99528 424 

1-45) 

5 ( 

;-5j 

>5.75418 4999 

[-23] 

>4. 36718 224 

[-45) 

6 ( 

- 5 

>9. 54032 8715 

-23 

>4. 86872 069 

-45 

7 

-4 

>1. 72025 7946 

-23 

>5.53567 521 

-45 

8 i 

-4 

>3. 36239 3995 

-23 

>6.41870 975 

-45 

9 ( 

!-4] 

>7.10008 8338 

|-23] 

>7.58966 233 

: - 45 ) 

10 

;- 3 ; 

>1. 61425 5300 

;-23; 

>9.15098 819 

;-45) 

11 

-3 

>3.93851 9435 

-22 

>1.12500 576 

-45 

12 

-2 

>1. 02789 9806 

-22 

>1.41010 135 

-45 

13 

-2 

>2.86081 1477 

-22 

>1. 80185 441 

-44 

14 

[-2] 

>8.46600 9646 

[-22] 

>2.34706 565 

[-44) 

15 


>2.65656 3849 

[-22] 

>3.11621 117 

,-44) 

16 

-i 

>8.81629 2510 

-22 

>4. 21679 235 

-44 

17 

0 

) 3. 08686 9988 

-22 

>5.81495 828 

-44 

18 

1 

>1.13769 8721 

-22 

>8. 17096 398 

-44 

19 

! i! 

>4. 40440 2395 

! - 21 ! 

>1.16980 523 

-44) 

20 

; 2 ; 

>1.78744 2782 

[- 21 ; 

>1.70614 838 

[-44) 

30 

9 

>2.03024 7813 

- 19 

>2. 00581 681 

-43 

40 

17 

>5.93822 4681 

-1.6 

>1.29986 971 

-41 

50 

[ 27 ] 

>2. 06137 3775 

^ -13] 

>4. 00601 347 

(-40) 


.Kn( 100) 

4.65662 823 
4.67985 373 
4. 75022 530 

4. 86986 274 

5. 04241 707 

5. 27325 611 
5.56974 268 

5. 94162 523 

6. 40157 021 
6.96587 646 

7. 65542 797 
8.49696 206 
9. 52475 963 
1. 07829 044 
1.23283 148 

1. 42348 325 

1. 65987 645 
1.95464 371 

2. 32445 531 
2.79144 763 

3.38520 541 
3.97060 205 
1.20842 080 
9.27452 265 


100 


(85)4.59667 4084 


(+13)1.63940 352 


(-25)7.61712 963 
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Table 9.12 KELVIN FUNCTIONS—ORDERS 0 AND 1 


X 

ber x 

bei x 

beri x 

beii x 

0. 0 

1. 00000 00000 

0.00000 00000 

0.00000 00000 

0. 00000 00000 

0.1 

0. 99999 84375 

0. 00249 99996 

-0.03539 95148 

0.03531 11265 

0.2 

0. 99997 50000 

0.00999 99722 

-0.07106 36418 

0.07035 65360 

0.3 

0.99987 34379 

0. 02249 96836 

-0.10725 47768 

0.10486 83082 

0.4 

0. 99960 00044 

0.03999 82222 

-0.14423 08645 

0.13857 41359 

0.5 

0.99902 34640 

0.06249 32184 

-0.18224 31238 

0.17119 51797 

0.6 

0.99797 51139 

0. 08997 97504 

-0.22153 37177 

0.20244 39824 

0.7 

0.99624 88284 

0.12244 89390 

-0.26233 33470 

0. 23202 24623 

0.8 

0.99360 11377 

0.15988 62295 

-0.30485 87511 

0. 25962 00070 

0.9 

0.98975 13567 

0. 20226 93635 

-0.34931 01000 

0.28491 16898 

1.0 

0.98438 17812 

0.24956 60400 

-0.39586 82610 

0.30755 66314 

1.1 

0.97713 79732 

0. 30173 12692 

-0.44469 19268 

0.32719 65305 

1.2 

0.96762 91558 

0.35870 44199 

-0.49591 45913 

0.34345 43903 

1.3 

0,95542 87468 

0.42040 59656 

-0.54964 13636 

0. 35593 34649 

1.4 

0.94007 50567 

0.48673 39336 

-0.60594 56099 

0.36421 64560 

1.5 

0. 92107 21835 

0.55756 00623 

-0.66486 54180 

0.36786 49890 

1. 6 

0. 89789 11386 

0. 63272 56770 

-0.72639 98786 

0.36641 93986 

1.7 

0. 86997 12370 

0.71203 72924 

-0. 79050 51846 

0.35939 88584 

1.8 

0. 83672 17942 

0.79526 19548 

-0.85709 05470 

0.34630 18876 

1.9 

0.79752 41670 

0.88212 23406 

-0. 92601 39357 

0.32660 72722 

2.0 

0. 75173 41827 

0.97229 16273 

-0. 99707 76519 

0.29977 54370 

2.1 

0. 69868 50014 

1.06538 81608 

-1.07002 37462 

0. 26525 03092 

2.2 

0.63769 04571 

1.16096 99438 

-1.14452 92997 

0.22246 17120 

2.3 

0.56804 89261 

1.25852 89751 

-1.22020 15903 

0.17082 83322 

2.4 

0.48904 77721 

1.35748 54765 

-1.29657 31717 

0.10976 13027 

2.5 

0.39996 84171 

1.45718 20442 

-1.37309 68976 

+0.03866 84440 

2.6 

0.30009 20903 

1.55687 77737 

-1.44914 09315 

-0.04304 07916 

2.7 

0.18870 63040 

1.65574 24073 

-1.52398 37854 

-0.13594 96285 

2.8 

+0.06511 21084 

1.75285 05638 

-1.59680 94413 

-0.24062 74875 

2.9 

-0.07136 78258 

1.84717 61157 

-1.66670 26139 

-0.35762 26713 

3.0 

-0.22138 02496 

1.93758 67853 

-1.73264 42211 

-0.48745 41770 

3.1 

-0.38553 14550 

2. 02283 90420 

-1.79350 71373 

-0.63060 25952 

3.2 

-0.56437 64305 

2.10157 33881 

-1.84805 23125 

-0.78750 00586 

3.3 

-0.75840 70121 

2.17231 01315 

-1.89492 53482 

-0.95851 92089 

3.4 

-0.96803 89953 

2.23344 57503 

-1.93265 36306 

-1.14396 11510 

3.5 

-1.19359 81796 

2.28324 99669 

-1.95964 41313 

-1.34404 23731 

3.6 

-1.43530 53217 

2.31986 36548 

-1.97418 19924 

-1.55888 06139 

3.7 

-1.69325 99843 

2.34129 77145 

-1. 97443 00262 

-1.78847 96677 

3.8 

-1.96742 32727 

2.34543 30614 

-1.95842 92665 

-2.03271 31257 

3.9 

-2.25759 94661 

2.33002 18823 

-1.92410 07174 

-2.29130 70630 

4. 0 

-2.56341 65573 

2.29269 03227 

-1.86924 84590 

-2.56382 16886 

4.1 

-2.88430 57320 

2.23094 27803 

-1.79156 42730 

-2.84963 19932 

4.2 

-3.21947 98323 

2.14216 79867 

-1. 68B63 39648 

-3.14790 74393 

4.3 

-3. 56791 08628 

2.02364 70694 

-1.55794 55649 

-3.45759 07560 

4.4 

-3.92830 66215 

1.87256 37958 

-1. 39689 95997 

-3.77737 59182 

4.5 

-4.29908 65516 

1.68601 72036 

-1.20282 16315 

-4.10568 54084 

4.6 

-4.67835 69372 

1.46103 68359 

-0.97297 72697 

-4.44064 68813 

4.7 

-5.06388 55867 

1.19460 07968 

-0.70458 98649 

-4.78006 93721 

4.8 

-5.45307 61749 

0. 88365 68537 

-0.39486 10961 

-5.12141 92170 

4.9 

-5.84294 24419 

0.52514 68109 

-0.04099 46681 

-5.46179 58790 

5.0 

-6.23008 24787 

0. 11603 43816 

+0.35977 66668 

-5. 79790 79018 


m 

m 

m 

[ ( 1 >2 ] 


KELVIN FUNCTIONS—AUXILIARY TABLE FOR SMALL ARGUMENTS 

X 

ker t -rber .i In 

kei i+bei x In t 

r(ken .T+beri x In 

.r(keii t +beii x In a;) 

0.0 

0.11593 1516 

-0.78539 8163 

-0.70710 6781 

-0. 70710 6781 

0.1 

0.11789 2485 

-0. 78260 7108 

-0.70651 7131 

-0.70215 4903 

0.2 

0.12374 5076 

-0.77421 9267 

-0.70486 2164 

-0. 68733 0339 

0.3 

0.13339 8210 

-0.76019 0919 

-0.70248 3157 

-0.66272 8003 

0.4 

0.14669 9682 

-0.74045 0212 

-0.69994 6658 

-0. 62851 1738 

0.5 

0.16343 5574 

-0.71489 8693 

-0.69804 1049 

-0.58492 2770 


T(-4)5] 

r(-4)8] 


r(-3>ri 


L 7 J 

L 7 1 

L 7 1 

L 7 1 

Compiled 

from National Bureau of Standards, Tables 

of the Bessel functions Jq(z) and J\{z) for complex 


arguments, 2d ed. (Columbia Univ. Press, New York, N.Y., 1947) and National Bureau of Standards, 
Tables of the Bessel functions l'o(z) and Fi(z) for complex arguments (Columbia Univ. Press, New York, 
N.Y., 1950) (with permission). 
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KELVIN 

FUNCTIONS—i 

ORDERS O AND I 

Table 9.12 

X 

ker x 

kei x 

kerj x 

keij x 

0.0 

00 

-0.78539 8163 

- 00 

_ „ 

0.1 

2. 42047 3980 

-0.77685 0646 

-7.14668 1711 

-6.94024 2153 

0.2 

1. 73314 2752 

-0.75812 4933 

-3.63868 3342 

-3.32341 7218 

0.3 

1..33721 8637 

-0.73310 1912 

-2.47074 2357 

-2. 08283 4751 

0.4 

1. 06262 3902 

-0. 70380 0212 

-1.88202 4050 

-1.44430 5150 

0.5 

0.85590 5872 

-0.67158 1695 

-1. 52240 3406 

-1. 05118 2085 

0.6 

0.69312 0695 

-0.63744 9494 

-1.27611 7712 

-0. 78373 8860 

0.7 

0.56137 8274 

-0.60217 5451 

-1.09407 2943 

-0. 59017 5251 

0.8 

0.45288 2093 

-0.56636 7650 

-0.95203 2751 

-0.44426 9985 

0.9 

0.36251 4812 

-0.53051 1122 

-0. 83672 7829 

-0. 33122 6820 

1. 0 

0. 28670 6208 

-0. 49499 4636 

-0. 74032 2276 

-0.24199 5966 

1.1 

0.22284 4513 

-0.46012 9528 

-0. 65791 0729 

-0.17068 4462 

1.2 

0.16894 5592 

-0.42616 3604 

-0. 58627 4386 

-0.11325 6800 

1.3 

0.12345 5395 

-0. 39329 1826 

-0.52321 5989 

-0. 06683 2622 

1.4 

0. 08512 6048 

-0. 36166 4781 

-0.46718 3076 

-0.02928 3749 

1.5 

0.05293 4915 

-0. 33139 5562 

-0.41704 4285 

+0. 00100 8681 

1. 6 

0. 02602 9861 

-0.30256 5474 

-0.37195 1238 

0.02530 6776 

1.7 

+0.00369 1104 

-0.27522 8834 

-0. 33125 0485 

0.04461 5190 

1.8 

-0.01469 6087 

-0.24941 7069 

-0.29442 5803 

0. 05974 7779 

1.9 

-0.02966 1407 

-0.22514 2235 

-0. 26105 9495 

0. 07137 3592 

2.0 

-0. 04166 4514 

-0.20240 0068 

-0.23080 5929 

0. 08004 9398 

2.1 

-0.05110 6500 

-0.18117 2644 

-0. 20337 3135 

0. 08624 3202 

2.2 

-0.05833 8834 

-0.16143 0701 

-0.17850 9812 

0.09035 1619 

2.3 

-0. 06367 0454 

-0.14313 5677 

-0.15599 6054 

0. 09271 2940 

2.4 

-0.06737 3493 

-0.12624 1488 

-0.13563 6638 

0. 09361 7161 

2.5 

-0.06968 7972 

-0.11069 6099 

-0.11725 6136 

0.09331 3788 

2.6 

-0. 07082 5700 

-0.09644 2891 

-0. 10069 5314 

0. 09201 8037 

2.7 

-0.07097 3560 

-0. 08342 1858 

-0.08580 8451 

0.08991 5810 

2.8 

-0.07029 6321 

-0. 07157 0648 

-0. 07246 1339 

0. 08716 7762 

2.9 

-0. 06893 9052 

-0.06082 5473 

-0. 06052 9755 

0.08391 2666 

3.0 

-0.06702 9233 

-0.05112 1884 

-0.04989 8308 

0. 08027 0223 

3.1 

-0.06467 8610 

-0. 04239 5446 

-0.04045 9533 

0.07634 3451 

3.2 

-0.06198 4833 

-0.03458 2313 

-0. 03211 3183 

0. 07222 0724 

3.3 

-0.05903 2916 

-0.02761 9697 

-0. 02476 5662 

0. 06797 7529 

3.4 

-0.05589 6550 

-0.02144 6287 

-0. 01832 9556 

0. 06367 7999 

3.5 

-0.05263 9277 

-0.01600 2568 

-0.01272 3249 

0.05937 6256 

3.6 

-0.04931 5556 

-0.01123 1096 

-0.00787 0585 

0. 05511 7592 

3.7 

-0.04597 1723 

-0.00707 6704 

-0. 00370 0576 

0. 05093 9514 

3.8 

-0.04264 6864 

-0.00348 6665 

-0.00014 7138 

0. 04687 2681 

3.9 

-0.03937 3608 

-0. 00041 0809 

+0.00285 1155 

0. 04294 1728 

4.0 

-0.03617 8848 

+0.00219 8399 

0.00535 1296 

0. 03916 6011 

4.1 

-0. 03308 4395 

0.00438 5818 

0. 00740 6063 

0. 03556 0272 

4.2 

-0. 03010 7574 

0. 00619 3613 

0. 00906 4226 

0. 03213 5235 

4.3 

-0.02726 1764 

0. 00766 1269 

0. 01037 0752 

0.02889 8142 

4.4 

-0.02455 6892 

0. 00882 5624 

0. 01136 6998 

0. 02585 3229 

4.5 

-0.02199 9875 

0. 00972 0918 

0.01209 0904 

0. 02300 2160 

4.6 

-0.01959 5024 

0. 01037 8865 

0.01257 7182 

0. 02034 4409 

4.7 

-0.01734 4409 

0. 01082 8725 

0.01285 7498 

0. 01787 7607 

4.8 

-0.01524 8188 

0.01109 7399 

0.01296 0651 

0. 01559 7847 

4.9 

-0. 01330 4899 

0. 01120 9526 

0. 01291 2753 

0.01349 9960 

5.0 

-0.01151 1727 

0.01118 7587 

0.01273 7390 

0.01157 7754 


KELVIN FUNCTIONS—AUXILIARY TABLE FOR SMALL ARGUMENTS 

X 

ker z+ber x In x 

kei .t+bei x In x 

,r(ken .r+ben x In .»■) ,r(keii rc+beii x In 

0.5 

0.16343 5574 

-0.71489 8693 

-0.69804 1049 

-0.58492 2770 

0.6 

0.18332 9435 

-0.68341 3456 

-0.69777 1567 

-0.53229 1460 

0.7 

0.20604 1279 

-0. 64584 9920 

-0.70035 3648 

-0.47105 2294 

0.8 

0.23116 6407 

-0. 60204 5231 

-0.70720 4389 

-0.40176 2012 

0.9 

0.25823 4099 

-0.55182 2327 

-0.71993 1903 

-0.32512 0736 

1.0 

0.28670 6208 

-0.49499 4636 

-0.74032 2276 

-0.24199 5966 



—3^ 

00 


m 
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Table 9.12 KELVIN FUNCTIONS—MODULUS AND PHASE 


ber ,t-= 

Mo(x) cos #o(x) 

ben f 

=Mi(x) cos h(r) . 



bei x=Mo(x) sin 0o(x) 

beii x = 

M\ (x) sin (*) 

.r 

Mo(x) 

M x ) 


«i(.r) 

0.0 

1.000000 

0. 000000 

0.000000 

2. 356194 

0.2 

1.000025 

0. 010000 

0. 100000 

2.361194 

0.4 

1. 000400 

0.039993 

0.200013 

2.376194 

0.6 

1.002023 

0.089919 

0.300101 

2.401189 

0.8 

1.006383 

0.159548 

0.400427 

2.436166 

1.0 

1.015525 

0.248294 

0.501301 

2.481086 

1.2 

1.031976 

0.354999 

0.603235 

2.535872 

1.4 

1.058608 

0.477755 

0.706982 

2.600386 

1.6 

1. 098431 

0. 613860 

0.813585 

2.674406 

1.8 

1.154359 

0.759999 

0.924407 

2. 757605 

2.0 

1.229006 

0.912639 

1.041167 

2.849536 

2.2 

1.324576 

1.068511 

1.165949 

2. 949617 

2.4 

1. 442891 

1. 225011 

1.301211 

3.057139 

2.6 

1.585536 

1.380379 

1.449780 

3.171285 

2.8 

1. 754059 

1.533667 

1.614838 

3.291160 

3.0 

1. 950193 

1. 684559 

1.799908 

3.415839 

3.2 

2.176036 

1. 833156 

2.008844 

3.544415 

3.4 

2.434210 

1.979784 

2.245840 

3.676044 

3.6 

2.727979 

2.124854 

2. 515453 

3.809981 

3.8 

3. 061341 

2.268771 

2.822653 

3.945601 

4.0 

3.439118 

2.411887 

3.172896 

4.082407 

4.2 

3.867032 

2.554483 

3.572227 

4.220023 

4.4 

4.351791 

2.696771 

4.027393 

4.358179 

4.6 

4. 901189 

2.838893 

4.545990 

4.496691 

4.8 

5. 524209 

2.980942 

5.136619 

4.635441 

5.0 

6. 231163 

3.122970 

5. 809060 

4. 774362 

5.2 

7. 033841 

3.265002 

6.574474 

4.913417 

5.4 

7. 945700 

3.407044 

7.445618 

5.052589 

5.6 

8. 982083 

3.549094 

8.437083 

5.191872 

5.8 

10.160473 

3.691142 

9.565568 

5.331267 

6.0 

11.500794 

3.833179 

10.850182 

5.470772 

6.2 

13.025757 

3. 975197 

12.312791 

5.610390 

6.4 

14. 761257 

4.117190 

13.978402 

5.750117 

6.6 

16. 736836 

4.259152 

15.875614 

5. 889950 

6.8 

18. 986208 

4.401083 

18.037122 

6.029884 

7.0 

21. 547863 

4.542982 

20.500302 

6.169913 


m 

m 

m 

m 


KELVIN FUNCTIONS—MODULUS AND PHASE FOR LARGE ARGUMENTS 


;r— 1 

x i e - x l^M 0 (x) 

*o(*)-(*/V2) 

xh-^Mifx) 

M*)-(z/V2) 

<■'•> 

0.15 

0. 40418 

-0. 40758 

0.38359 

1. 22254 

7 

0.14 

0.40383 

-0. 40644 

0.38457 

1.21922 

7 

0.13 

0.40349 

-0.40534 

0.38556 

1.21598 

8 

0.12 

0.40315 

-0.40427 

0.38655 

1.21280 

8 

0.11 

0.40281 

-0.40323 

0.38755 

1.20968 

9 

0.10 

0.40246 

-0.40221 

0.38856 

1.20660 

10 

0. 09 

0.40211 

-0. 40119 

0.38957 

1.20356 

11 

0.08 

0.40176 

-0. 40019 

0.39060 

1.20057 

13 

0. 07 

0.40141 

-0.39921 

0. 39162 

1.19762 

14 

0. 06 

0.40106 

-0. 39824 

0.39266 

1. 19471 

17 

0.05 

0.40071 

-0. 39728 

0.39369 

1.19184 

20 

0. 04 

0. 40035 

-0. 39634 

0.39474 

1.18901 

25 

0. 03 

0. 40000 

-0.39541 

0.39578 

1.18622 

33 

0. 02 

0.39965 

-0.39449 

0. 39683 

1.18348 

50 

0.01 

0.39930 

-0.39359 

0. 39789 

1.18077 

100 

0. 00 

0. 39894 

-0.39270 

0.39894 

1.17810 

00 


m 

m 

m 

m 




<x>=nearest integer to x. 
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KELVIN FUNCTIONS—MODULUS AND PHASE Table 9.12 


ker x=N 0 ( x ) cos 4>o (*) ker! x =N\ (x) cos <t> 1 (x) 

kei x=N 0 (x) sin 4>o (x) kei t r = N x (x) sin <h (x) 


X 

N 0 (x) 

<t> o(z) 

Ni(x) 

<t>l ( x ) 

0.0 

SO 

0. 000000 

so 

-2.356194 

0. 2 

1.891702 

-0. 412350 

4.927993 

-2.401447 

0. 4 

1.274560 

-0.584989 

2.372347 

-2. 487035 

0.6 

0.941678 

-0. 743582 

1.497572 

-2.590827 

0.8 

0. 725172 

-0. 896284 

1.050591 

-2.704976 

1.0 

0.572032 

-1.045803 

0.778870 

-2. 825662 

1.2 

0.458430 

-1.193368 

0.597114 

-2.950763 

1.4 

0.371548 

-1.339631 

0.468100 

-3.078993 

1. 6 

0.303683 

-1.484977 

0.372811 

-3. 209526 

1.8 

0.249850 

-1. 629650 

0.300427 

-3.341804 

2. 0 

0.206644 

-1.773813 

0.244293 

-3.475437 

2.2 

0.171649 

-1.917579 

0.200073 

-3. 610143 

2.4 

0.143095 

-2.061029 

0. 164807 

-3. 745715 

2.6 

0. 119656 

-2.204225 

0. 136407 

-3.881994 

2.8 

0.100319 

-2.347212 

0.113353 

-4.018860 

3.0 

0.084299 

-2.490025 

0. 094515 

-4.156217 

3.2 

0. 070979 

-2.632692 

0. 079039 

-4.293990 

3.4 

0.059870 

-2.775236 

0.066264 

-4.432118 

3.6 

0. 050578 

-2.917672 

0.055677 

-4.570551 

3.8 

0. 042789 

-3.060017 

0.046873 

-4.709250 

4.0 

0. 036246 

-3.202283 

0.039530 

-4. 848179 

4.2 

0.030738 

-3.344478 

0. 033389 

-4.987312 

4. 4 

0. 026095 

-3.486612 

0.028242 

-5.126623 

4. 6 

0.022174 

-3.628692 

0.023918 

-5.266093 

4.8 

0.018859 

-3. 770724 

0.020280 

-5.405705 

5.0 

0.016052 

-3.912712 

0.017213 

-5.545443 

5.2 

0.013674 

-4.054662 

0. 014624 

-5.685295 

5. 4 

0.011656 

-4.196576 

0. 012435 

-5. 825250 

5. 6 

0. 009942 

-4. 338460 

0. 010583 

-5.965298 

5.8 

0.008485 

-4.480314 

0.009013 

-6.105430 

6. 0 

0.007246 

-4. 622142 

0.007682 

-6.245638 

6.2 

0.006191 

-4. 763947 

0.006551 

-6. 385917 

6.4 

0. 005292 

-4. 905730 

0.005590 

-6.526260 

6.6 

0. 004526 

-5.047493 

0.004773 

-6.666662 

6.8 

0. 003872 

-5.189238 

0. 004077 

-6. 807119 

7.0 

0.003315 

-5.330966 

0.003485 

-6. 947625 

KELVIN FUNCTIONS- 

-MODULUS AND PHASE FOR LARGE 

ARGUMENTS 


x — 1 

xh*I^No(z) 

4>o (x) + (*/’V2) 

xV/^Vi (a?) 

*i(*)+(*/V2) 

<x> 

0.15 

1.23695 

-0.38070 

1.30377 

-1.99943 

7 

0.14 

1.23802 

-0. 38142 

1. 30039 

-1. 99725 

7 

0.13 

1.23909 

-0. 38217 

1.29701 

-1.99505 

8 

0.12 

1.24017 

-0. 38291 

1.29363 

-1.99281 

8 

0.11 

1.24125 

-0.38367 

1.29024 

-1.99055 

9 

0.10 

1.24233 

-0. 38444 

1.28687 

-1. 98825 

10 

0. 09 

1.24342 

-0. 38522 

1.28349 

-1.98592 

11 

0. 08 

1.24451 

-0.38600 

1.28012 

-1. 98357 

13 

0. 07 

1.24560 

-0. 38680 

1.27675 

-1.98118 

14 

0. 06 

1.24670 

-0.38761 

1.27339 

-1.97876 

17 

0.05 

1.24779 

-0. 38843 

1.27002 

-1.97630 

20 

0. 04 

1.24889 

-0. 38926 

1.26667 

-1.97381 

25 

0.03 

1.25000 

-0. 39010 

1.26332 

-1.97128 

33 

0.02 

1.25110 

-0. 39096 

1. 25998 

-1. 96872 

50 

0.01 

1.25221 

-0. 39182 

1.25664 

-1. 96613 

100 

0. 00 

1.25331 

m 

-0. 39270 

m 

1.25331 

[ ( n 

-1. 96350 

m 

CO 


<x>=nearest integer to 
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V2 rx exp [-x-\-n[ri-\-\)l{2x)\I n+ \{x) 

V2x/ir exp [x — 7i (ti + 1) /(2x)] If n+i (x) 

71=9, 10; x _1 =.l(—.005)0, 7-8S 
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Complex Zeros and Associated Values of Bi(s) and Bi'(2) 
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10. Bessel Functions of Fractional Order 


Mathematical Properties 


10.1. Spherical Bessel Functions 


Wronskians 


Definitions 
Differential Equation 

10 . 1.1 

sV'■4-2 zw' +[s 3 — n(n-\- 1) ]w— 0 

(ft=0,±l, ±2,...) 

Particular solutions are the Spherical Bessel 
junctions oj thejirst kind 

i»(2) = V@»+j(2), 

the Spherical Bessel junctions oj the second kind 

2/»(2)=V?WiP»+i(2), 

and the Spherical Bessel junctions oj the third 
kind 


A™ (s)=j«(z) -iy.(z)=VWzHi+i(z) • 

The pairs j n (z), y n (z) and h™ (z), h™ (z) are 
linearly independent solutions for every n. For 
general properties see the remarks after 9.1.1. 


Ascending Series (See 9.1.2, 9.1.10) 

10.1.2 

z n S 1 z^ 

== l-3 5 . . . (2ft+l)\ 1 ”l!(2n+3) 

, WY 

‘ 2!(2n+3) (2n-\-5) ’ 

10.1.3 

l-3.5...(2n-l) / \z* 

- 7 ™ -V"l!(I=2^ 

’ r 2\(l-2n)(Z-2n) 


} 


(ft=0,1,2, . . .) 


10.1.4 


10.1.5 


Limiting Values as z—>0 
2 " B ^( 2 )- > 1‘3.5 . . . (2n+l) 


z n+1 Vn(z)-*- 1-3-5 . . . (2n—1) (ft=0,1, 2, . . .) 


10.1.6 W{j n (z), yn{z)}=z~ 2 


10.1.7 

W{K\z), *?(*)}=*-«*-» (ft=0,1, 2,. ..) 

Representations by Elementary Functions 


10.1.8 

jn(z)=z~ l [P(n+\, z) sin (z—fyw) 

+£(»+$, z) cos {z—\tor)] 

10.1.9 

yn(2) = (-l) tt+1 2 _1 [P(ft+i z) COS (3 + iftir) 

— Q(ft-H, z) sin (z+iftT)] 


Q(n+h, z) = 


(ft+1)! 

i!r(ft) 


(2 z)-'~ 


(ft+3)! 
3!r(ft—2) 


(22)-’ 


(n+5)! 

5!r(ft-4) 


( 22 )- 8 -... 


H(n-1)] 

- 2 (-l) , W,2t+l)(2i)-»-‘ 
o 


(ft=0,1,2, . . .) 


(»+*,*) = 


>! r ( ft — Ar + l ) 


\ k 
n\ 

1 

2 

3 

4 

5 

1 

2 





2 

6 

12 




3 

12 

60 

120 



4 

20 

180 

840 

1680 


5 

30 

420 

3360 

15120 

30240 
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Spherical Bessel Functions of the Second and Third 
Kind 

10.1.15 

yn(2) = (~l) n+1 j-n-l(z) (»= 0 , ± 1 , ± 2 , . . .) 

10.1.16 

h^{z)=i~ n - l z- l e iz ^Z (w+|, k)(—2iz)~ k 

o 

10.1.17 

ft®(2)=i" + ‘ S -'e-‘*S (n+J, k) (2»*)-* * 

0 

10.1.18 

ALU- 1 (2)=i(~l)V(3) 

AL 2 i- 1 ( 2 ) = -i(-l) V(g) (n—0,1, 2,. . .) 

Elementary Properties 
Recurrence Relations 

}.( 2 )-M?),y,(z),K"(z),hr(z) 

(»=o, ±1, ±2, . . .) 

10.1.19 /.-,(«)+/. + ,(2) = (2»+l)2- 1 /„(2) 

10.1.20 «/.-,(2)-(»+l)/. +1 (2)=(2»+l) £ /„(*) 

10 . 1.21 V±l m+ d_ m=fnM 

(See 10.1.23.) 

10.1.22 ;/.W-4/.W-/ w W 

(See 10.1.24.) 

Differentiation Formulas 


Modulus and Phase 

Jn(z)=^M n+i (z) cos 6 n+i (z), 
yjz) = V br/zM n+i (z ) sin 0 n +i(z) 
(See 9.2.17.) 

10.1.27 


(See 9.2.28.) 


(2n-k)\(2n-2k)\ 

£![(w-£)!] 2 


(2 2 )s«-2» 


10.1.28 (hlz)M\ n (z) =jl(z) +yl (z)=z~ 2 

10.1.29 

(b/z)Ml, 2 (z) = jf (z) +yf(z)=z- 2 +z~* 

10.1.30 


(&r/z)Mi /2 (z) =j\ (z) +y\(z) = z~ 2 +3z " 4 +9aT a 

Cross Products 

10.1.31 jn(z)y n -l(z)— jn-i(s)y n (s) = Z" 2 

10.1.32 

i»+l (s)y B -1 ( 2 ) — in-! (2)y» + I ( 2 ) = (2n+1) 2" 3 

10.1.33 

jo(z)jn(z)+yo(z)y n (z) 

=2->S(-l)*2»-»(i+i) >a (»- i )^-. 

(71=0, 1, 2, . . .) 

Analytic Continuation 


(n=0, i 1, ±2, . . .) 

10.1.23 (i j s -)"[2’ + '/.(2 )1 = 2—+>/,-» ( 2) 

io - L24 

(w=l, 2, 3, . . .) 

Rayleigh’s Formulas 

10.1.25 




10.1.26 


^=-”( 40 ^ (-0.1.2....) 


10.1.34 

j n (ze mri )=e nnri j n (z) 

10.1.35 

y n (ze nri ) = (—l) OT e n * nT< y»( 2 ) 

10.1.36 

(z<>«»+«**) = (_ l)«^0) (g) 

10.1.37 

^)( 26 (2m+l),l) = (_i)» A (i ) ( 2 ) 

10.1.38 

K»(ze*"*)=hl»(z) 

(1=1, 2; m, n= 1 

10.1.39 

Generating Functions 


isinVP+Si-^J^p »..,(*) <2|t|<|*|) 

10.1.40 I cos Vs 2 —2j.-i(2) 


*See page n. 



440 


BESSEL FUNCTIONS OF FRACTIONAL ORDER 


Derivatives With Respect to Order 

10.1.41 

= (W*) {Ci( 2 x) sin x—Si( 2 x) cos x} 

10.1.42 

g*»] =(W^){Ci( 2 x) cos x+Si( 2 x) sin x} 

10.1.43 

£*«] =($ir/x) (Ci( 2 x) cos x+[Si(2x)— 7 r] sin x) 

10.1.44 



(|r/x) {Ci( 2 x) sin x—[Si( 2 x)~ w] cos x) 
Addition Theorems and Degenerate Forms 
r, p, 0, X arbitrary complex; R= V(r 2 -f p 2 —2rp cos 0) 

10.1.45 ^~=±) (2n+l)i,(\r)i,(Ap)P n (co9 ») 

*10.1.46(2n+l)i»(Xr)v»(Xp)P,(cos t) 

|r«=*=**|<|p| 

10.1.47 e “"»«=S (2n+l)e t ”'i.(z)P,(cos 9) 

0 

10.1.48 

4 / 0(2 sin 0 )=X) (4»+l) 2 ^^y a j 2n (z)P 2n (cos 0 ) 

Duplication Formula 

10.1.49 

7.(22)= 

* -^ +1 ? t! (2T-t+iV ; -‘ (8)y *- t(s) 

Some Infinite Series Involving j|(?) 

10.1.50 S (2n+l)^( 3 ) = i 

0 

10.1.51 2 (-l)*C2»+l)i*(g)=55|* 

0 452 

10.1.52 ± i;(2)= S^) 


Fresnel Integrals 

10.1.53 

=V2[cos £x X) (-l) n «/ 2n+i (fx) 

+sin \x X) (-l) n J 2 B+ 3 /2(ia:)] 

10.1.54 

=V^[sin |xX} (-l) n ‘/ 2 «+i(ia:) 

0 

—COS \x XI (-l) n 4/2n+3/2(|a;)]. 
0 

(See also 11.1.1, 11.1.2.) 

Zeros and Their Asymptotic Expansions 

The zeros of j n (x) and y n (x) are the same as the 
zeros of J n +\(x) and F„+j(x) and the formulas for 
j,,, and y,'„ given in 9.5 are applicable with 
v—n+\. There are, however, no simple relations 
connecting the zeros of the derivatives. Ac¬ 
cordingly, we now give formulas for a B ,„ b' n ,„ the 
s-th positive zero of j' n (z), y' n (z), respectively; 
2=0 is counted as the first zero of j' 0 (z). 

(Tables of a n>t , b’ n , t} y «(&«.,) are given in 

[10.31].) 

Elementary Relations 

Jn(z) =i»(s) cos *t+y n (z) sin *t 

(t a real parameter, 0 <t< 1) 
If r n is a zero of/„( 2 ) then 

10.1.55 /»(T„)=[r„/(n+l)]/ B . 1 (r B ) 

(See 10.1.21.) 

10.1.56 = (t n /n)j n +i (r B ) 

(See 10.1.22.) 


•See page n. 


10.1.57 
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McMahon’s Expansions for n Fixed and s Large 

10.1.58 

-|(7 / . 2 +154m+95)(8/3)-> 

OO 

(85m 3 +3535m 2 +3561m+6133)(8/3)- 5 

15 

(6949ju 4 +474908ju 3 +330638ju 2 

1U5 

+9046780/1-5075147) (8/8) “ 7 — . . . 

/3=tt(8+$7j,—£) fora^,, /3=ir(s+|n) for b' n 

M = (2n+1) 2 

Asymptotic Expansions of Zeros and Associated Values 
for n Large 

10.1.59 

g», i ~ (ft+i)+.8086165( 71 +§) 1/3 —.236680 ( 71 + §) “ 1/3 
— .20736(7i+f) -1 +.0233(ft+|) -8/3 + . . . 

10.1.60 

. i ~ ( ft + i )+ 1.8210980 ( n + 1/3 

+ . 802728 ( 7 i +|) - 1 / 3 —. 11740 ( 7 i +§) -1 

+.0249 ( 71 +$) -8/3 + . . . 

10.1.61 

j»«i) ~.8458430 ( 71 +^) _5/6 { 1-.566032(ti+^)- 2/3 
+.38081 (n +1) ~ 4/8 —.2203 ( 71 +$) " 2 + . . .} 

10.1.62 

3/«(&».i)~-7183921(ft+$) -6/6 { 1 —1.274769(ft+2)- 2/3 

+1.23038 ( 71 + ^) -v 3 — 1 .0070 (ft+|) “ 2 + . . .} 

See [10.31] for corresponding expansions for 
s = 2 , 3 . 


Uniform Asymptotic Expansions of Zeros and 
Associated Values for n Large 

10.1.63 

<.~(«+*)M(»+i)-**«c] 

+gA*[(ft+i)- 2/3 «:](ft+i)- 2 *} 

10.1.64 

K. t ~(n+h){z[(n+t)~*'*b: ] 

+gA*[(ft+^)- 2/3 6;](ft+i)- 2fc } 

10.1.65 

i.(«t.)WSAi(aO («+*)-«• 

M(»+i) - 2/3 «:] («[(»+*) " 2/3 a:D - 1/2 

{ 1 +±^[(ft+^)- 2/3 a:Kft+i)- 2 *} 

A=1 

10.1.66 

v.(0—VRm')(ft+*)- 6/6 

h [(»+*) - 2/3 &:] (2 [ (n+i) - 2/3 &:d- 1/2 

{i+±H fc [(ft+^)- 2/3 6:](ft+i)- 2 *} 

*-1 

/+£), z(£) are defined as in 9.5.26, 9.3.38, 9.3.39. 
a'„ b' s 8-th (negative) real zero of Ai'Os), Bi'(s) 
(see 10.4.95, 10.4.99.) 

Complex Zeros of h£\z), W( z ) 

h™ (z) and hpize**’*), m any integer, have the 
same zeros. 

( z ) has n zeros, symmetrically distributed with 
respect to the imaginary axis and lying approxi¬ 
mately on the finite arc joining z= —n and z=n 
shown in Figure 9.6. If n is odd, one zero lies on 
the imaginary axis. 

h ( n 1)f (z) has 71+1 zeros lying approximately on the 
same curve. If n is even, one zero lies on the 
imaginary axis. 
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-r 

(-f)Ai(f) 

(-r)Mr) 

(-f)As(f) 

(-rm(r) 

(-r) 4 tf 2 (r) 

(-r) 8 tf 8 (r) 

0. 0 

-. 4409724 

-. 122500 

-. 06806 

. 000000 

. 00000 

. 0000 

0. 2 

-. 4572444 

-. 114201 

-. 05986 

. 027518 

. 00575 

. 0023 

0. 4 

-. 4702250 

-. 107243 

-. 05279 

. 049069 

.01118 

. 0043 

0. 6 

-. 4802184 

-. 101318 

-. 04674 

. 065677 

. 01592 

. 0061 

0. 8 

-. 4875705 

-. 096159 

-. 04160 

. 078255 

. 01983 

.0075 

1.0 

-. 4926355 

-. 091561 

-. 03725 

. 087587 

. 02290 

.0085 

-r 

wr) 

fc(r) 

fcs(f) 

tfi(f) 



1.0 

-. 4926355 

-. 09156 

-.037 

. 087587 

.0229 


1. 2 

-. 4131280 

-. 05056 

-. 014 

. 065507 

.0121 


1. 4 

-. 3551700 

-. 03043 

-. 006 

. 050524 

.0070 


1. 6 

-. 3108548 

-. 01950 

-.003 

. 039890 

.0042 


1. 8 

-. 2757704 

-. 01310 

-.001 

. 032085 

. 0027 


2. 0 

-. 2472521 

-. 00914 


. 026206 

. 0018 


2.2 

-. 2235898 

-. 00658 


. 021682 

.0012 


2. 4 

-. 2036314 

-. 00485 


. 018141 

.0008 


2. 6 

-. 1865701 

-. 00366 


. 015326 

. 0006 


2. 8 

-. 1718217 

-.00280 


. 013061 

.0004 


3.0 

1589519 

-. 00219 


.011217 

. 0003 


3.2 

-. 1476304 

-.00173 


. 009701 

. 0002 


3.4 

-.1376005 

-. 00138 


. 008443 

.0002 


3.6 

-.1286601 

-. 00112 


. 007391 

.0001 


3.8 

-. 1206469 

-. 00091 


. 006505 

.0001 


4.0 

-. 1134296 

-. 00075 


. 005753 



4. 2 

-. 1069004 

-. 00062 


.005111 



4. 4 

-. 1009699 

-. 00052 


. 004560 



46 

-. 0955634 

-. 00044 


. 004085 



48 

-. 0906180 

-. 00037 


. 003672 



5.0 

-. 0860804 

-. 00032 


. 003313 



5.2 

-. 0819049 

-. 00027 


. 002998 



5. 4 

-. 0780523 

-. 00023 


. 002722 



5.6 

-. 0744888 

-. 00020 


. 002478 



5.8 

-. 0711850 

-.00018 


. 002262 



6.0 

0681152 

-.00015 


. 002070 



6.2 

-. 0652570 

-.00013 


. 001899 



6. 4 

-.0625905 

-.00012 


. 001746 



6. 6 

0600985 

-.00010 


. 001609 



6. 8 

-.0577653 

-.00009 


. 001486 



7.0 

-. 0555773 

-.00008 


. 001375 




(-«-* 

*t(f) 

Mf) 

m) 

0. 40 

-. 0645731 

-. 00013 

. 001859 

. 36 

-. 0487592 

-. 00005 

. 001056 

. 32 

-. 0352949 

-. 00002 

. 000551 

. 28 

-. 0242415 

-. 00001 

. 000259 

. 24 

-. 0155683 


. 000106 

. 20 

-.0091416 


. 000037 

. 16 

-. 0047276 


. 000010 

. 12 

-. 0020068 


. 000002 

.08 

-. 0005965 



.04 

-. 0000747 



.00 

-. 0000000 
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10.2. Modified Spherical Bessel Functions 
Definitions 
Differential Equation 

10.2.1 

z 2 w"-\-2zw'— [3 2 +77(77+l)]w=0 

( 77 =0, ±1, ±2, . . .) 

Particular solutions are the Modified Spherical 
Bessel junctions of the first kind, 

10.2.2 

ViV zI n+i (z) = e- nTi,2 j n (ze Til2 ) (—7r<arg z<\t) 

— e 3nTi/2j n ( ze -S*i/2j (^7T<arg Z<Tt) 

of the second kind, 

10.2.3 


Wronskians 

10.2.7 

W{^l^I n+i (z), Vi Tr/zl-n-^z )} = (-1) B+1 2" 2 

10.2.8 

W{jfrfel n+i (z), ^K n+i (z)} = -brz-* 


Representations by Elementary Functions 

10.2.9 

VWi/ B+1 ( 2 ) = (2s)- 1 [5(^+i-2)6* 

— (— l) n R(p>-\-\,z)e~ z ] 

10.2.10 

^WzI-n-fc) = QzY\R(n+h,-z)e* 

+(-l ) n R(n+lz)e~'] 

10.2.11 


VW 2 ^-«-i( 2 ) = e 3< - n+1)Tt/2 y n (ze rtl2 ) 

(-ir<arg z<frr) 

= e ~ <.n+l)iri/2y n ^ ze -3ri/2) 

($ir<arg z<tt) 

oj the third kind, 

10.2.4 

The pairs 

^^^zI n+ ^{z),^[%^^^zI- n -^{z) 

and 

VWi/„ +i (s),VRi^» + i(s) 

are linearly independent solutions for every n. 

Most properties of the Modified Spherical 
Bessel functions can be derived from those of the 
Spherical Bessel functions by use of the above 
relations. 


10.2.5 


Ascending Series 


R(n+h, 2 )=i+^iM( 2 2 )- 


I ( W H~2)! (2z)~ 2 + 

+2!r(n-l) C 2) + -'* 


=Z) (n+i, k)(2z)-* 


(n=0,l,2,...) 


(See 10.1.9.) 

10.2.12 

ViV^»+} (z)~ 9 n(z) sinh z-\-g- n -i{z) cosh z 
g 0 (z)=z~ l , gjz) =—Z - 2 
9n- 1 (z)—g n +i ( 2 ) = (27i+1 )z~ x g n {z) 

(7i=0, ±1, ±2, . . .) 

The Functions Virr/is/ ± ( n +j) (z), 77=0, 1,2 

10.2.13 

VP7i/ I/2 ( 2) =“+? 


. M ■ (J2 ! ) ! 


1! (2w+3) “^2! (2 ti+ 3) (2n+5) 


+ 


} 


10.2.6 


{ 


1+7^^+ 


(i 2 *) 2 


1! (l-2n)'^2! (1-277) (3-2n)' 

(77=0, 1,2,.. .) 


} 


n — r T / \ sinh z . cosh 3 
■yJ^Tr/zI 3 / 2 {z) = - ~2 -I-— 


/g j\ 2 

■y/lpr/Zl 5 i 2 (z) = ( ^+2 ) COSh 2 

cosh 3 


10.2.14 

V^r/3/- 1/2 (3)= ! 


■Jhjjzl -w(z) = 


sinh 2 cosh ; 


VWi/- i/2 (2)=-1 sinh 2 +(^+^) cosl1 2 


•See page ii. 
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Modified Spherical Bessel Functions of .the Third Kind 

10.2.15 

VWii^n+i (z)=^ie (n+1)wi, V(2e^) 

(—?r<arg z<?Tr) 
=—%wie~ (n+1> * il2 h™ (ze ~ iT< ) 

G?r<arg z<ir) 

=(hir/z)e~* X) (»+?, k)(2z)~ k 
o 

10.2.16 

K„ +i (z)=K- n - i(s) (n=0,1,2,...) 

The Functions VlW 2 K„+$(z),n=0, 1, 2 

10.2.17 ^JzK 1 , 2 (z) = (hrlz)e~ t 
^WzK w (z)=(hlz)e-(l+z") 
VRiX 5/! ( 2 )=(jT/s)e-(l+32-‘+32- s ) 

Elementary Properties 
Recurrence Relations 

/„( 2 ): VP/i/. +i ( S ), (-l)'+'VW^K„ +i ( 2 ) 

(?i= 0, ilf ±2,. . .) 

10.2.18 /»- 1 (z)-/» +l (s) = (2ra+l)3- 1 /,(s) 

10.2.19 ™/„-,(z)+(n+1) /„ + i (z)=(2»+1) ^ (z) 

10.2.20 ? ±i/,( Z )+^/»(s)=/„- 1 (2) 

(See 10.2.22.) 

10.2.21 -”/.(z)+^y„( 3 )=/„ +1 ( S ) 

(See 10.2.23.) 

Differentiation Formulas 

/„(z): VWiWz), (-\y+'JWzK. +i (z) 

(n=0, ± 1, ±2, . . .) 

10.2.22 (i ^) m [ 2 " + !/ n ( 2 )]=^-« + y w _ m (0) 

(irfi) ^ n Jn{z)]=z- n ~ m j n+m {z) 

(m= 1,2,3,...) 


FRACTIONAL ORDER 


y 




Figure 10.5. 7 n+i (x), ^ IWx). x=10. 


10.2.23 






n / 
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Formulas of Rayleigh’s Type 

10.2.24 VWi/.*(.)=*■ 

10.2.25 

(n= 0 , 1 , 2 ,...) 

Formulas for — P-n-\ (z) 

10.2.26 


Addition Theorems and Degenerate Forms 

r, p, 6 ,\ arbitrary complex; R=^r 2 -\-p 2 — 2 rp cos 0 

10.2.35 

p~\R O qp _ 

(2»+l) [VWXr/„+i(Xr)] 

[ 4 fri\pK n +i (A p) ]P n (cos 0) 

10.2.36 

e ie0li9 =± (2»+l) [VR^/» + i(s)]Pn(cOS 0) 


(^)[/ 2 n +i (2)-/ 2 -n-i(2)] 


_+-\ /_i\k+i fc)! (2n 2£)! 

s 2 V ; k\[(n-k)\] 2 


(2z) 2k ~ 2n 


(»= 0 , 1 , 2 ,. . .) 


10.2.27 (friz) [P m (z) -P. m (z )]=- 2 “ 2 

10.2.28 (*x/g) [/l /2 ( 0 )-/ 2 . 3/2 ( z))=z- 2 -z - 4 

10.2.29 


(W4[/f/ 2 (^)-/ 2 5/2(2)]=-2- 2 +30- 4 -93- 6 


10.2.37 

,-eo.f^ (_l).(2ft+l)[V57i/,+l(3)]Pn(cOS 0) 

0 


Duplication Formula 

10.2.38 

^» + i(23)= 


-I -f_n+^ ( l)*(2w 2&+1) j. . 

10.3. Riccati-Bessel Functions 
Differential Equation 


Generating Functions 


10.2.30 

i sinh ^=2iit=± [VWi/-. + »(*)] 

(2|«KM) 


10.2.31 

i coshVz ! 4-2i2«=S [VWi/.-,(*)] 


Derivatives With Respect to Order 

10.2.32 

/.(*)],-!=” [ES(2*)«-*—!?!(—2*)«*] 

10.2.33 

[^ 4(x) l-i = 2^ [ Ei (2*)e-'+E,(-2*)e*] 

10.2.34 [>*.(.)] ±i =TV^Ei(-2*)e* 


For JE^z) and Ei(z), see 5.1.1, 5.1.2. 


10.3.1 

2 2 W ,, + [2 2 —71.(71+1)]W=0 
(71 = 0, ±1, ±2, . . .) 

Pairs of linearly independent solutions are 
zjn(z), zy n (z) 
zh^iz), zh {2) (z) 

All properties of these functions follow directly 
from those of the Spherical Bessel functions. 

The Functions zj n (z), zy n (z), n— 0, 1, 2 

10.3.2 

zjo(z) =sin 2, zji(z) = z~ l sin z— cos z 

zj 2 (z)~(Sz- 2 —l) sin z—3z~ l cos 2 

10.3.3 

27/0(2) =—cos 2, 27/1(2) = —sin 2—2 —1 cos 2 

27 / 2 ( 2 ) = —32 _1 sin 2 — (3z~ 2 —1) cos 2 

Wronskians 

10.3.4 W{zj n (z), zy n (z)) = l 

10.3.5 W{ zh™ (2), zh (2) (2)} = -2i 

(n=0, 1, 2, . . .) 


"See page n. 
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10.4. Airy Functions 
Definitions and Elementary Properties 
Differential Equation 

10.4.1 w"—zw~ 0 

Pairs of linearly independent solutions are 
Ai ( 2 ), Bi ( 2 ), 

Ai ( 2 ), Ai (ze 2 ' m ), 

Ai ( 2 ), Ai (ze~ 2ri/3 ). 

Ascending Series 

10.4.2 Ai (z)=cj(z)—c 2 g(s) 

10.4.3 Bi (*)=V§ 

/(*)=!+1^+^ 


4 KlliS 


/ \ 1 2 4 - 2*5 * , 2*5*8 101 

s(j)=s+ i y s +ToT 2 + ■ 


(“ + s ). =1 


_yW 2 \ 

"V W* (»+!)! 


3 *(“ + 0t = < 3 “ + l)(3“ + 4) ’ ' ' ( 3 “+ 3i ~ 2 > 

(a arbitrary; &=1, 2, 3,. . .) 

(See 6.1.22.) 


Ci=Ai (0)=Bi (0)/V3=3 _2/3 /r(2/3) 


=.35502 80538 87817 


c 2 =-Ai' (0)=Bi # (0)/V3=3 ~ 1Ji jT (1/3) 

= .25881 94037 92807 

Relations Between Solutions 

10.4.6 Bi ( 2 ) =e* t/6 Ai (ze MIZ ) +*r» </6 Ai ( 2 <r 2 '* /3 ) 

10.4.7 

Ai ( z)-\-e 2 * m Ai ( 2 e 2,r</3 )H-g~ 2,r</3 Ai (ze ~ 2ril% )~0 

10.4.8 

Bi (z)-\-e 2ri/z Bi ( ze 2Ti/3 )-\-e ~ 2ril3 Bi (ze~ 2ri/z ) — 0 

10.4.9 Ai (ze± 2rtl *)=le± rm [A\ ( 2 ) T* Bi ( 2 )] 


10.4.10 W{A.\ ( 2 ), Bi ( 2 )} =r -1 

10.4.11 TF{ Ai ( 2 ), Ai ( 2 <? 2W ' 3 )} =jw~ 1 e^ i/6 


10.4.12 W{M ( 2 ), Ai (ze' M/3 )} 

10.4.13 W{k\ (ze 2rm ), Ai (ze~ 2 ' m )} 



Figure 10.6. Ai (± 3 ), Ai' (±x). 



Figure 10 . 7 . Bi (±x), Bi' (± 3 ). 
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Representations in Terms of Bessel Functions 

10.4.14 

Ai i/ 3 (r)-/ l / 3 (f)]=F- 1 Vi?3^ I /3(f) 

10.4.15 

Ai (— z)— l\^[<7i/3(f)+«/-i/3(f)] 

10.4.16 

* - Ai' (z)=M/_ 2 / 3 (r) =T-'(zjfi)K m {t) 

10.4.17 

Ai' (—2) = —^«7«i(f>] 

=i(zly[3){e--‘»m'M)+e' ,/t m%(n] 

10.4.18 Bi (z)=V53[/-„ s (f)+/„»(i-)l 

10.4.19 

Bi (—J,„({■)] 

10.4.20 Bi' (z) = ( 2 /V3)[/.2 /3 (n +72,3(0] 

10.4.21 

Bi' ( 2)—( 2 /V3)l*7-2/3(i')+72/3(f)] 

=«?/V3)[«-" , HSU0-e'‘' , Ha(f)] 

Representations of Bessel Functions in Terms of Airy 
Functions 

/3 A** 

10.4.22 0=iV3/i[V3 Ai (—2) + Bi (- 2 )] 
*10.4.23 ffil /3 (0=«=f'" , V37i[Ai (-z)-i Bi (- 2 )] 

10.4.24 772!,i(0=e ± ' l '*V3/2[Ai (— 2 )+i Bi (— 2 )] 

10.4.25 / ±I/J (0=iV3M+ V3 Ai (*)+Bi ( 2 )] 

10.4*26 ^7±ia( 0 =irV3/2 Ai ( 2 ) 

10.4.27 J ±m (0=(V3/22)[±V3 Ai'(-2)+Bi'(-2)] 

10.4.28 

77])i(0=e- 2 ' , ' , 772, 1 , J (0 

=«'"*(V3/2)[Ai' (- 2 )-* Bi' (- 2 )] 

10.4.29 

T7»0=e ! *"’T7%3<0 

=e-'"'(V3/2)[Ai'(-2)+i Bi' (-2)] 


10.4.30 7 ±In (0=(V5/22)[±V3 Ai' (2)+Bi' ( 2 )] 

10.4.31 77* in (0 = -t(V 5/2) Ai' ( 2 ) 


Integral Representations 

10.4.32 

(3a)~ ,/3 7r Ai [± (3a)~ 1/3 r] = J* cos (a< 3 ±^)cft 

10.4.33 


(3a) -1/3 7r Bi [±(3a)~ 1/3 x] 

=J* [exp (-a£ 3 ±xf)-fsin (a£ 3 ±jrf)l<ft 

The Integrals f Ai(±l)<Ji, f Bi(±0<& 

Jo Jo 


r=!* 3/2 


10.4.34 

£ Ai (l)dt=l £ [/-,„(«) 

10.4.35 

J* Ai (— t)dt=- J* l«7- m(t) + J 1 , 3 ( 7 ) \dt 

10.4.36 

J* Bi (i)7(=-^J^ (7_ m (f)+7, „(<)!<« 

10.4.37 

£ Bi J' 

Ascending Series for j Ai ( ± t)dt, Bi (± t}dt 

10.4.38 

J* Ai(t)dt—CiF(z)—c 3 0(2) 

(See 10.4.2.) 

10.4.39 

J" Ai (—t)it——c l F(—z)+cfi(—z) 

10.4.40 

J"*Bi (t)dt=^[c l F(z)+c 2 0(z)] 


(See 10.4.3.) 
10.4.41 


j; 


Bi (— t)dt=—^[CiFi— z)-\-c 2 G(— z)] 
4! 


f(2) = 2+]i 2‘+~ 2'+^4^ 2‘°+ • • 


10! 


=? 3 *G), 


2 3Jt+1 

'.(ffi+T)! 


<?(2)=| Z>+1 2*+?#2«+^2"+ . . . 


=S3* | 


. 8 ! 


11 ! 


W» (3fc+2)! 

The constants c lf c 2 are given in 10.4.4, 10.4.5. 


♦See page U. 
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Tbe Functions Gi(z), Hi(z) 

10.4.42 

Gi ( 0 )= 7 r _1 J* sin Q zt^ dt 

=^Bi (z)+JVi ( 0 ) Bi (0-Ai (0 Bi (z)]dt 

10.4.43 

Gi' ( 0 )=|Bi' ( 0 )+JJ[Ai'( 0 ) Bi (0-Ai ( t ) Bi'(z)]d* 

10.4.44 

Hi( 0 ) = t~ 1 exp | t z -f 0 tj dt 

=|Bi (^)+J o *[Ai (0 Bi (0)-Ai(0)Bi(O]^ 

10.4.43 

Hi'( 0 )=|Bi' ( 0 ) +JjAi (0 Bi'( 0 )-Ai'( 0 ) Bi ( t)]dt 

10.4.46 Gi (z)+Hi (z)=Bi ( 0 ) 

Representations of f Ai(±0<#> f 
Jo Jo 

by Gi (±z), Hi (±z) 

10.4.47 

J o Ai (0<Zf=^+7r[Ai' (0)Gi(0)-Ai (0)Gi'(0)] 

10.4.48 

-|-x[Ai' ( 0 ) Hi ( 0 )—Ai ( 0 ) Hi' (z)] 

10.4.49 


j\i(-t)dt= —|-7r[Ai' (- 0 ) Gi (- 0 ) 

-Ai (- 0 ) Gi' (- 0 )] 


10.4.50 


!+7T[Ai' (- 0 ) Hi (- 0 ) 


10.4.51 


-Ai (-z)Hi'(-z)] 
£ Bi (t)dt=TT[ Bi' (z) Gi (z) —Bi (z) Gi' (z)] 


10.4.52 =—7r[Bi' ( 0 ) Hi (z)—Bi (z) Hi'(z)] 

10.4.53 

Bi (— t)dt—— x[Bi' (— 0 ) Gi (— 0 ) 

—Bi (— 0 ) Gi' (— 0 )] 


=7r[Bi' (—z) Hi (—z) 

-Bi (- 0 ) Hi' (-*)] 


Differential Equations for Gi (z), Hi (z) 

10.4.55 V)" —2W——TT~ 1 

w(0)=| Bi (0)=^ Ai (0) = .20497 55424 78 

W)'(0)=|Bi' (0)=--^Ai' (0)=.14942 94524 49 

w(z)=Gi(0) 

10.4.56 w"— 2 W=vr~ 1 

w(0 )=| Bi (0)=^ Ai (0) = .40995 10849 56 

w'(0)=| Bi' (0)=-^Ai' (0)=.29885 89048 98 
w(z)=Hi ( 0 ) 

Differential Equation for Products of Airy Functions 

10.4.57 w'"—4zw'—2w=Q 

Linearly independent solutions are Ai 2 ( 0 ), 
Ai (z) Bi ( 0 ), Bi 2 (z). 

Wronskian for Products of Airy Functions 

10.4.58 W{ Ai 2 ( 0 ), Ai ( 0 ) Bi (z), Bi 2 (z)} =2 tt- 3 

Asymptotic Expansions for \z\ Large 

r TW+h) (2fe+l)(2fe+3) ... (6fc—1) 
c 0 — 1 , c *“54*^ !r (X:H-i) — 216 *k\ ’ 

do=l,d*=-^±[c* (k= 1,2,3,...) 



10.4.59 

Ai (0)~^7r- 1/2 0- 1/4 e-r (—(|arg 0 «» 

10.4.60 

Ai [sin (f+j) ± (-l)*c„r“ 

-cos ({•+£)£ (-l)*ea + ,r”-'] 
(I arg 0 1 <f tt) 

10.4.61 

Ai'( 0 )- jr-W-fS (-l)*d*r fc 


10.4.54 


(| arg 0 10) 
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10.4.62 

Ai' (-*)-[c09 (f+j) S (-1 )*rf Jt r a 

4-sin (f+|) £ (-l)*rf a+ ,r“-'] 
(|arggj<fx) 

10.4.63 

Bi Z c*r fc (|arg «|<*x) 

o 

10.4.64 

Bi (-z)~-7T-*2-i £cos (f+^ Z (-l)W* 

+sin(f+|)z(-i)^ +1 r“- 1 ] 

(larg 2|<1 t) 

10.4.65 

Bi (ze±' m ) 

-V5/re*-‘ ,i 2-‘[sin(f+^iln 2)^ (-l)*o»r* 

-cos (f+|=Fg In 2) Z (-D^r*" 1 ] 

(|arg »|<|t) 

10.4.66 

* Bi' (z)~7r-*2*ef S <4r k (|arg z\<\ ir) 

10.4.67 

Bi' (—*)~T-M[sin(r+|)^ (-i)y*r“ 

-cos (f+j) ^ (-l)*<2 a+ ,r“~'] 

(|arg s|<f t) 

10.4.68 

Bi' (ze±»<' 3 ) 

[cos (r+|q=| in 2) £ (-iyw»r* 

+sin(f+| T iln 2)^(-l)y„ +1 r 2 *->] 
(|argz|<$7r) 

Modulus and Phase 

10.4.69 

Ai (— x)=M{x) cos0(x),Bi (—x)=M(x) sin 0(x) 

M(x)=V[Ai 2 (—x)+Bi 2 (-*)], 

0(x)=arctan [Bi. (—x)/Ai (—x)] 


10.4.70 


Ai' (—x)=N(x) cos 4>(z), Bi' (—x)=7V(x) sin <£(x) 

N(x)~^[Ai' s (—x)-f Bi' 2 ( x)], 

4>(x)=arctan [Bi' (—x)/Ai' (—x)] 

Differential Equations for Modulus and Phase 
Primes denote differentiation with respect to x 

10.4.71 M 2 0'=~x- 1 , W^-ir^x 

10.4.72 A^=Af' 2 +M 2 0' 2 =M' 2 + 7T- 2 M- 2 * 

10.4.73 NN'——xMM' 

10.4.74 

tan (</>—0)—M0'/M'= — 

MN sin (</>—0) = x“ 1 

10.4.75 M"+xM-x" 2 M- 3 =0 

10.4.76 (M 2 )'"+4x(M 2 )'-2M 2 =0 

10 . 4.77 e ,2 +${e'''je')-i(6''f6') 2 =x 


Asymptotic Expansions of Modulus and Phase for 
Large x 

10.4.7a M’(*)U r» (i) B ( 2 x)- 

10.4.79 


«(x)~jir-|* s ' 2 [l-j (2*)- s +^ (2*)-‘ 

82825 12820 31525 

128 ( + 14336 {2 ) 

10.4.80 


X 0 


(-riHu 

12**1 6i—1 



10.4.81 

4(x)~f^-|x ! ' ! [l+j(2x)- s -^(2x)-‘ 

Asymptotic Forms ofj* Ai(±f)df,J' Bi (±t)dt for Large x 

10.4.82 Ai (<)*~~ 7r-‘ /2 *- 3 " exp (-lx 2 ' 2 ) 


10.4.83 

j ’Ai *- ,,! x- 3 '‘ cos (|x s/, +j) 


•See page U. 
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10.4.84 J 1 Bi (t)dt~Tr-'' 2 x- 3/i exp (J x 3 ' 2 ) 

10.4.85 £ Bi sin (J x 3/2 +^) 

Asymptotic Forms of Gi ( ±x), Gi' (±2), Hi (±z),Hi' (±x) 

for Large x 

10.4.86 Gi (x)~7r -I x _1 

10.4.87 Gi (—x)~7r -1/2 x -1/4 cos z 3/2 +^ 

10.4.88 Gi' ( x )~^q tt -1 x -2 

10.4.89 Gi' (—as) ~ T~ 1/2 x l/i sin 0 * 3/2 +^ 

10.4.90 Hi (x) -7 r-^x- 1 '* exp (§x 3/2 ) 

10.4.91 Hi(-x)~7r- , i- 1 

10.4.92 Hi' (x)-*- 1 ' 2 * 1 ' 4 exp (fx 3 ' 2 ) 

10.4.93 Hi' (-x)-Itr-'x" 2 

Zeros and Their Asymptotic Expansions 

Ai ( 2 ), Ai' (z) have zeros on the negative real 
axis only. Bi ( z ), Bi' (z) have zeros on the nega¬ 
tive real axis and in the sector £t<| arg z\<C.\ir. 
a„ a'.: b s , b', s-th (real) negative zero of Ai ( z ), 
Ai' (z); Bi (z), Bi' (z), respectively. &, /?'; ft, ft' 
s-th complex zero of Bi ( z ), Bi' ( z) in the sectors 
£ir<arg 2 <§tt, — £ir<arg z<—| tt, respectively. 

10.4.94 a,= —/[ 3 tt ( 4 s — l )/ 8 ] 


10.4.104 

Bi' 0,)=(-l(4s-l)+! In 2 ] 


10.4.105 


Bi (» = (-!)-'V2e'‘'V, [ 


8 (4 s —3) + ^ In 2 ] 


\z\ sufficiently large 

f(z)~z 2 ' 3 ( 14 -— Z ~ 2 _— 2 —4 -|-————— s 

) \ ‘ 48 2 36 + 82944 


1080 56875 __ ft 
69 67296 2 


16 23755 96875 _ in 
+ 3344 30208 2 


...) 


g{z)^z 213 


0 -£ 


2" 2 + ( 


35 

288 


_ 4 181223 _ 6 
2 207360 2 


186 83371 __ 8 
12 44160 2 

9 11458 84361 __ 10 
1911 02976 2 


/.to" 


9i(zh 




1525 ^ 
4608 2 


23 97875 __ 
+ 6 63552 2 


WiJ. r i+l?ra 0 -4 

V 96 2 +6144 2 


843 94709 
"265 42080 


3- 6 + 


...) 


Formal and Asymptotic Solutions of Ordinary Differ¬ 
ential Equations of Second Order With Turning 
Points 


10.4.95 o.'= -flr[3ir(4s-3)/8] 

10.4.96 Ai' («,) = (— l)*- 1 / l [3 1 r(4s—1)/8] 

10.4.97 Ai ( 0 ;) = (-l)-^ 1 [3x(4«-3)/8] 

10.4.98 6,= —/[3ir(4$—3)/8] 

10.4.99 b[= — gr[37r(4s—1)/8] 

10.4.100 Bi' (6,) = (-l) < -y i [37r(4s-3)/83 

10.4.101 Bi (6;) = (-l)* flfl [3T(4«-l)/8] 

10.4.102 (4s-l)+j In 2 ] 

10.4.103 ft=e rtn g (4s-3)+^ In 2 ] 


An equation 

10.4.106 W"+a(z, \)W'+b(z, \)W=0 

in which X is a real or complex parameter and, 
for fixed X, a(z, X) is analytic in z and b(z y X) is 
continuous in z in some region of the 2 -plane, may 
be reduced by the transformation 

10.4.107 W(z) =w(z) exp £ a(t, \)dt ) 

to the equation 

10.4.108 

w"-\-<p(z, \)w=0 

<p(z, \)=b(z, X)-|a 2 ( 2 , x )- 


*See page n. 
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If (p(z, X) can be written in the form 

10.4.109 <p(z, X)=X 2 ^(0)+g(0, X) 

where q(z, X) is bounded in a region R of the z - 
plane, then the zeros of p(z) in R are said to be 
turning points of the equation 10.4.108. 

The Special Case u>"+[X J z-l-g(2, X)]it> = 0 

Let X=|X|e f " vary over a sectorial domain S: 
|X|>Xo(>0), ui<oi<w 2} and suppose that q(z, X) is 
continuous in z for \z\<ir and X in S, and q{z, X) 

2n(z)\~ n as X—>oo in S . 
o 

Formal Series Solution 

10.4.110 

w(z)=u(z) XJ <Pn(z)\- n +\~ 1 u'(z) X)^ n (z)X _n 
u"-\-\ 2 zu=0 

<Po(z)=c 0 , $ 0 (z)=2~ i c u c 0 , Ci constants 

<Pn+l{z) = -\tn(*)-\ J q S 2n-k(t)Mt)dt 

MZ)=1 Z~* «“* jb>« (*)+S dt 

(«= 0 , 1 , 2 ,. . .) 

Uniform Asymptotic Expansions of Solutions 
For z real, i.e. for the equation 

10.4.111 y"+[\ 2 x+q(x, \)]y =0 

where x varies in a bounded interval a<x<b that 
includes the origin and where, for each fixed X in S, 
q(x, X) is continuous in x for a <x <b, the following 
asymptotic representations hold. 

(i) If X is real and positive, there are solutions 
Ho(x), y\(x) such that, uniformly in a: on a<x< 0, 

10.4.112 

y 0 (x)=A\ (-X 2/3 x)[H-0(X- 1 )] (X->oo) 

Vi(a0=Bi(-x***)[l+0(X- 1 )] 

and, uniformly inxon0<x<6 

10.4.113 

3 fo(z)=Ai (— \ 2/3 x) [1+0(X -1 )]+Bi {-X^xyOQc 1 ), 
!fi(*)=Bi (-X 2 %)[l+^(X- 1 )]+Ai (—X 2/3 x)0(X -1 ) 

(X->oo) 

(ii) If ^X>0, ./Xt^O, there are solutions 
Va{x), Vi{x) such that, uniformly in x on a<x<b, 


10.4.114 

yo(x)= Ai (-x^lH-Ofx- 1 )] 
yi(*)=Bi (-x*^)[i+0(x- 1 )] (|x|—>oo) 

For further representations and details, we refer 
to [10.4], 

When z is complex (bounded or unbounded), 
conditions under which the formal series 10.4.110 
yields a uniform asymptotic expansion of a solu¬ 
tion are given in [10.12] if q(z, X) is independent 
of X and |X|-»» with fixed o>, and in [10.14] if X 
lies in any region of the complex plane. Further 
references are [10.2; 10.9; 10.10]. 

The General Case io' , +[X J p(z)+g(z, X)]ie=0 

Let X=|X|c < " where |X|>Xo(>0) and — 7r<w<.7r; 
suppose that p{z) is analytic in a region R and has 
a zero z=Zo in R, and that, for fixed X, q(z, X) is 
analytic in z for z in R. The transformation 
v=[p{z)/^] lH w(z), where £ is defined as 
the (unique) solution of the equation 

io - 4 - 115 Kl) 2=?(z) ' 

yields the special case 

10.4.116 ~+ m + m , mv = o , 

Example: 

Consider the equation 

10.4.117 y"+[X 2 —(X 2 -£-) x~ 2 )y= 0 

for which the points x=0, °° are singular points 
and x—l is a turning point. It has the functions 
x*Jx(XaO, x*Fx(Xx) as particular solutions (see 

9.1.49). 

The equation 10.4.115 becomes 



whence 


t (-{)«=-VT=?+ln 


( 0 <*< 1 ) 


| £ 3/2 =Vx 2 —1—arccos x~ l (1 <x< <»). 


Thus 

/x 2 —1\ 1/4 

10.4.118 y(x) 


'See page II. 
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satisfies the equation 
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10.4.119 


d 2 v , 

d£ 2+ 



5 

16£ 2 ' 


£ 2 x 2 (x 2 4-4)“| 
'4 (x 2 — l ) 3 J 


t >=0 


which is of the form 10.4.111 with x replaced by £ 
and g(£, X) independent of X. 

Suppose ^X>0, y\^0. By the first equation 
of 10.4.114 there is a solution fl 0 (£) of 10.4.119, 
i.e., a solution y 0 (x) of 10.4.117 for which the 
representation 

10.4.120 

» o( f ) =(^ i -) , ' , !/»W=A i( -xn )[1 +0 ( X- 1)1 

holds uniformly in x on CX^x-c^ 00 as |X|— 

To identify y 0 (x) in terms of xh/x(Xx), x*Fx(Xx), 
restrict x to 0<x<6<1 so that by 10.4.118 £ is 
negative, and replace the Airy function by its 
asymptotic representation 10.4.59. This yields 


10.4.121 

Vo(x) 

ex p (| 

[i+0(x")l 


-S'-"* 


" ,/e (V-T ,,exp (I x( - {)3/2 ) 


[1+0(X")] 


Let now X be fixed and x—»0 in 10.4.121. There 
results 

10.4.122 y 0 (x) ~ | ir“ 1/2 X - 1/6 x 1/2 (* x) x e x . 


On the other hand, y Q (x) is a solution of 10.4.117 
and therefore it can be written in the form 


10.4.123 yo(x)=x 1/2 [ciJ x (Xx) + c 2 Y x (Xx) ] 

where, from 9.1.7 for X fixed and x^0 
(*Xx) x 


Jx(Xx)- 


r(x+i) 


Fx(Xx)- 


(*Xx) x . % (^Xx)~ x 

——— cot X7T— \ CSC \ir. 


r(x+i) 


r(i-x) 


Thus, letting x^0 in 10.4.123 and comparing the 
resulting relation with 10.4.122 one finds that 
c 2 —0 and 


It follows from 10.4.120 that uniformly in x on 
0<x< oo 

10.4.125 

Jx(Xx) 

2'jr 1/ 2 / r 2_1\-l/4 

=ff+T) XX+, '* e ' X (V t ) M (-* !, 1 «[i+0(x-)] 

Numerical Methods 
10.5. Use and Extension of the Tables 
Spherical Bessel Functions 

To compute j»(x), y»(x), n= 0, 1, 2, for values of 
x outside the range of Table 10.1, use formulas 
10.1.11, 10.1.12 and obtain values for the circular 
functions from Tables 4.6-4.8. 

Example 1. Compute ji(x) for x=11.425. 

From 10.1.11, j x (x) — C °^ X - Hence, using 

Tables 4.6 and 4.8, 

Vl1/tOK , .90920 500 .41634 873 
Ji(11.425)=—(TT425F TT425- 

= -.00696 54535-.03644 1902 
= -.04340 7356. 

To compute j n (x), ll<n<20, for a value of x 
within the range of Table 10.3, obtain from Table 
10.3, directly or possibly by linear interpolation, 
.hite), . 720 ( 2 ;) and use these as starting values in the 
recurrence relation 10.1.19 for decreasing n. 

An alternative procedure which often yields 
better accuracy and which also applies to compu¬ 
tations of j n (x) when both n and x are outside the 
range of Table 10.1 is the following device essen¬ 
tially due to J. C. P. Miller [9.20]. 

At some value N larger than the desired value 
n, assume tentatively F N+ 1 = 0 , F N — 1 and use 
recurrence relation 10.1.19 for decreasing N to 
obtain the sequence Fy_i, . . ., F 0 . If N was 
chosen large enough, each term of this sequence 
up to F„ is proportional, to a certain number of 
significant figures, to the corresponding term in 
the sequence j N -i{x), . . ., j 0 (x) of true values. 
The factor of proportionality, p , may be obtained 
by comparing, say, F 0 with the true value j a (x) 
computed separately. The terms in the sequence 
pF 0 , . . . pF n are then accurate to the number 
of significant figures present in the tentative 
values. If the accuracy obtained is not sufficient, 
the process may be repeated by starting from a 
larger value N. 


10.4.124 y 0 (x)= §T- 1/2 X- x " 1/6 e x r(X+l)x 1/2 Jx(Xx). 
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Example 2 . Compute ju(x) for £=24.6. 
Interpolation in Table 10.3 yields for £=24.6 
£- 2 V ,/ 86 y 2 i(a:) = (-28)3.934616 
£-V/ 82 i 20 (£) = (-27)9.48683 

whence . 

j 2l (24.6) = .05604 29, j 20 (24.6) = .03896 98. 

From the recurrence relation 10.1.19 there 
results 

j 19 ( 24.6)= .00890 67660 [.00890 70] 

j„(24.6) = -.02484 93173 [-.02485 90] 

j 17 (24.6) =-.04628 17554 [-.04628 16] 

iu(24.6) = -.04099 87086 [-.04099 88 ] 

7 15(24.6) = — .00871 65122 [-.00871 67] 

For comparison, the correct values are shown in 
brackets. 

To compute 715 ( 2 :) for £=24.6 by Miller’s de¬ 
vice, take, for example, iV=39 and assume 
7^40=0, ^ 39 = 1 . Using 10.1.19 with decreasing N, 
i.e., 7 ^_i=[(27V+1)/£]^-7^ + i, 7V=39,38, . . , 
l, 0 , generate the sequence F zs , F ZJ , . . F 1; F 0 , 

compute from Table 4.6, j 0 (24.6) = (sin 24.6)/24.6 
= — .02064 620296, and obtain the factor of pro¬ 
portionality 

p=7o(24.6)/F 0 = .00000 03839 17642. 

The value pF 16 equals 715 ( 24 . 6 ) to 8 decimals. 
The final part of the computations is shown in 
the foho wing table, in which the correct values 
are given for comparison. 


N 

f* 

PFn 

Jn (24.6) 

15 

-22704 71107 

-.00871 67391 

-.00871 674 

14 

+ 78178. 88236 

+ .03001 42522 

+ .03001 425 

13 

+ 114866. 80811 

+ .04409 93941 

+ .04409 939 

12 

+ 47894 44353 

+ . 01838 75218 

+. 01838 752 

11 

-66193. 59317 

-.02541 28882 

-.02541 289 

10 

-109782. 76234 

-. 04214 75392 

-. 04214 754 

9 

-27523. 39903 

-. 01056 67185 

-. 01056 672 

8 

+ 88524. 85252 

+ .03398 62526 

+ . 03398 625 

7 

+ 88699. 11017 

+ .03405 31532 

+ .03405 315 

6 

-34440. 02929 

-.01322 21348 

-. 01322 213 

5 

-106899. 12565 

-. 04104 04602 

-. 04104 046 

4 

-13360. 39272 

-. 00512 92905 

-.00512 929 

3 

+ 102011. 17704 

+ .03916 38905 

+.03916 389 

2 , 

+ 42387. 96341 

+ . 01627 34870 

+ . 01627 349 

1 

-93395. 73728 

-. 03585 62712 

-. 03585 627 

0 

-53777. 68747 

-. 02064 62030 

-. 02064 620 


It may be observed that the normalization of the 
sequence F N , F N _ U . . ., F 0 can also be obtained 
from formula 10.1.50 by computing the sum 

<r=2 (2k +1)7^1 and finding p=l/-\fa\ This 
0 

yields, in the case of the example, p=ljja= 
.00000 03839 177. 


Modified Spherical Bessel Functions 

To compute ^%ir/xl n+i (z), ^TrJxK n+i (x), p,=0 , 
1 , 2 , ... for values of x outside the range of 
Table 10.8, use formulas 10.2.13, 10.2.14 together 
with 10.2.4 and obtain values for the hyperbolic 
and exponential functions from Tables 4.4 and 
4.15. In those cases when y§ 7 r/£/ B+i (£) and 
V?ir/£/_ B _ \(x) are nearly equal, i.e., when x is 
sufficiently large, compute ^%r/xK n+i (x) from 
formula 10.2.15, for which the coefficients (n+%, k) 
are given in 10 . 1 . 9 . 

Example 3. Compute vW£/ 5/2 (£), ^ttIxK^^x) 
for £=16.2. 

From 10.2.13, VW^^ 5 /2 (£) = (34-2r 2 ) sinh tf/af 5 — 
3 cosh xfx 2 ; from Table 4.4, cosh 16.2= (6)5.4267 
59950 and this equals the value of sinh 16.2 to the 
same number of significant figures. Hence 

VWl6.2/ 5/2 (16.2) = (.06243 402371 

-.01143 118427)[(6)5.4267 59950] 

=338814.4594-62034.29298 

=276780.1664. 

To compute Vf7r/16.27£5 /2 (16.2) use 10.2.17 and 
obtain 

VWl6.2tf 5/2 (16.2)=™-’«- ! [^ 4 + ( 3 ^ 4 )!+ (32^] 

= (-7)2.8945 38069[.036932 60400] 
= (-8)1.0690 28283. 

To compute V h^/xl n +i(x ), 3<n<8, for a 
value of £ within the range of Table 10.9, obtain 
from Table 10.9, -ylhir/zliwix), -ylh^lxhinix) for 
the desired value of x and use these as starting 
values in the recurrence relation 10.2.18 for 
decreasing n. 

To compute s/'hrjxKn+h (x) for some integer n 
outside the range of Table 10.9, obtain from 
10.2.15 or from Table 10 . 8 , ^irjxK^x), 
'\[\tt]xK Z i 2 (x) for the desired value of x and use 
these as starting values in the recurrence relation 
10.2.18 for increasing n. If x lies within the 
range of Table 10.9 and ?i> 10 , the recurrence 
may be started with -y/^T/xKig^x), -ylbr/xK^n (;c) 
obtained from Table 10.9. 

Example 4. Compute V h^lxK u 12 (F) for £=3.6. 

Obtain from Table 10.8 for £=3.6 

VWz7£ 1/2 (£) = .01192 222 
JfrfxK m (x) = Mb2Z 3952 
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The recurrence relation 10.2.18 yields successively 
-VW3^6^5/2(3.6) = -.01192 222 

(.01523 3952) 
3.o 

== — .02461 718 
ViW^6^7/ 2 (3.6) = .01523 3952 

+3^ (.02461 718) 

= .04942 4480 
—VW3l>K 9/2 (3.6) = -.02461 718 

(.04942 4480) 

3.0 

= -.12072 034 

VW3^6^n/2(3.6) = .04942 4480 

+A (.12072 034) 
3.0 

= .35122 533. 

As a check, the recurr ence ca n be carried out until 
7^=9 and the valueofV|ir/3.6i^ 19 / 2 (3.6) so obtained 
can be compared with the corresponding value 
from Table 10.9. 

To compute V§7r Jxl n+ i(x) when both n and x 
are outside the range of Table 10.9, use the device 
described in [9.20]. 

Airy Functions 

To compute Ai(z), Bi (z) for values of x beyond 
1, use auxiliary functions from Table 10.11. 
Example 5. Compute Ai(z) for £=4.5. 

First, for £=4.5, 

$=§£3/2=6.36396 1029, r 1= .15713 48403. 

Hence, from Table 10.11,/(—£) = .55848 24 and 
thus 

Ai(4.5) 

= §(4.5) _V4 (.55848 24) exp (-6.36396 1029) 
= §(.68658 905) (.55848 24) (.00172 25302) 

= .00033 02503. 

To compute the zeros c, c' of a solution y(x) of 
the equation y"—xy=0 and of its derivative 


y'{x), respectively, the following formulas may be 
used, in which d, d' denote approximations to c, c' 
and u=y(d)/y'(d), v=y'(d')/d' 2 y(d'). 

0=<7- U -2<i+2+24 ( + 

+ 8 M —(88 +720#) yi 

/ji9 

+5856d 2 ! I -(16640d+40320d 4 )|j+ . . . 

«'=<*' { 1 —It—( 3(lS+lOOjj 

— (105+76d' 3 +24d' 6 

5! 

-(945+756d /3 +272d /8 )^- . . . 

y'(c)=y'{d) {l-d |j+^~3 d* |J+14 d 
-(14+45(^+471^ 

-(1432d+1575d 4 )^+ . . . j* 

y(c f ) —y(d') 11 -d ' 2 |^-d ' 3 v ~ (3d' 3 +3d' 6 )|j 
-(15d' 3 +14d' 6 )^ 

-(105d' 3 +101d' 6 +45d /4 )^- . . .^ 

Example 6. Compute the zero of t/(£)=Ai(£) 
—Bi(£) near d= — A. 

From Table 10.11, 

y{-A) = .02420 467, i/'(-.4) = -.71276 627 

whence u=y(-A)/y'(- .4) = - .03395 8776. From 
the above formulas 

c= —.4+.03395 8776—.00000 5221 

+ .00000 0111+ .00000 0001 
= -.36604 6333. 

y\c) = (-.71276 627) {1+ .00023 0640 

-.00000 6527-.00000 0027+.00000 0002} 
= (-.71276 627)(1.00022 4088) 

= -.71292 599. 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 
SPHERICAL BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 Table 10.1 


X 

i 0 (*) 

h( x ) 

J 2 ( x ) 

y^ x ) 

y x (*) 


y 2 ( x ) 


0.0 

1.00000 

000 

0.00000 

0000 

0.00000 000000 

- ac 


- CO 


- 00 


0.1 

0.99833 

417 

0.03330 

0012 

0.00066 

619061 

-9.95004 

17 

-100.49875 


- 3005,0125 


0.2 

0.99334 

665 

0.06640 

0381 

0.00265 

90561 

-4.90033 

29 

-25.495011 

- 377.52483 


0.3 

0.98506 

736 

0.09910 

2888 

0.00596 

15249 

-3.18445 

50 

-11.599917 

-112.81472 


0.4 

0.97354 

586 

0.13121 

215 

0.01054 

5302 

-2.30265 

25 

-- 6.73017 

71 

-48.173676 

0.5 

0.95885 

108 

0.16253 

703 

0.01637 

1107 

-1.75516 

51 

-4.46918 

13 

-25.059923 

0.6 

0.94107 

079 

0.19289 

196 

0.02338 

8995 

-1.37555 

94 

-3.23366 

97 

-14.792789 

0.7 

0.92031 

098 

0.22209 

828 

0.03153 8780 

-1.09263 

17 

-2.48121 

34 

-9.54114 

00 

0.8 

0.89669 

511 

0.24998 

551 

0.04075 

0531 

-0.87088 

339 

-1.98529 

93 

-6.57398 

92 

0.9 

0.87036 

323 

0.27639 

252 

0.05094 

5155 

-0.69067 

774 

-1.63778 

29 

-4.76859 

87 

1.0 

0.84147 

098 

0.30116 

868 

0.06203 

5052 

-0.54030 

231 

-1.38177 

33 

-3.60501 

76 

1.1 

0.81018 

851 

0.32417 

490 

0.07392 

4849 

-0.41236 

Oil 

-1.18506 

13 

-2.81962 

54 

1.2 

0.77669 

924 

0.34528 

457 

0.08651 

2186 

-0.30196 

480 

-1.02833 

66 

-2.26887 

66 

1.3 

0.74119 

860 

0.36438 

444 

0.09968 

8571 

-0.20576 

833 

-0.89948 

193 

-1.86995 

92 

1.4 

0.70389 

266 

0.38137 

537 

0.11334 

028 

-0.12140 

510 

-0.79061 

059 

-1.57276 

05 

1.5 

0.66499 

666 

0.39617 

297 

0.12734 

928 

-0.04715 

8134 

-0.69643 

541 

-1.34571 

27 

1.6 

0.62473 

350 

0.40870 

814 

0.14159 

426 

+0.01824 

9701 

-0.61332 

744 

-1.16823 

87 

1.7 

0.58333 

224 

0.41892 

749 

0.15595 

157 

0.07579 

0879 

- 0.53874 

937 

-1.02652 

51 

1.8 

0.54102 

646 

0.42679 

364 

0.17029 

628 

0.12622 

339 

-0.47090 

236 

-0.91106 

065 

1.9 

0.49805 

268 

0.43228 

539 

0.18450 

320 

0.17015 

240 

-0.40849 

878 

-0.81515 

048 

2.0 

0.45464 

871 

0.43539 

778 

0.19844 

795 

0.20807 

342 

-0.35061 

200 

-0.73399 

142 

2.1 

0.41105 

208 

0.43614 

199 

0.21200 

791 

0.24040 

291 

- 0.29657 

450 

-0.66408 

077 

2.2 

0.36749 

837 

0.43454 

522 

0.22506 

330 

0.26750 

051 

-0.24590 

723 

-0.60282 

854 

2.3 

0.32421 

966 

0.43065 

030 

0.23749 

812 

0.28968 

523 

-0.19826 

956 

-0.54829 

769 

2.4 

0.28144 

299 

0.42451 

529 

0.24920 

113 

0.30724 

738 

- 0.15342 

325 

-0.49902 

644 

2.5 

0.23938 

886 

0.41621 

299 

0.26006 

673 

0.32045 

745 

-0.11120 

588 

-0.45390 

450 

2.6 

0.19826 

976 

0.40583 

020 

0.26999 585 

0.32957 

260 

-0.07151 

1067 

-0.41208 

537 

2.7 

0.15828 

884 

0.39346 

703 

0.27889 

675 

0.33484 

153 

-0.03427 

3462 

-0.37292 

316 

2.8 

0.11963 

863 

0.37923 

606 

0.28668 

572 

0.33650 

798 

+ 0.00054 

2796 

-0.33592 

641 

2.9 

0.08249 

9769 

0.36326 

136 

0.29328 

784 

0.33481 

316 

0.03295 

3045 

-0.30072 

380 

3.0 

0.04704 

0003 

0.34567 

750 

0.29863 

750 

0.32999 

750 

0.06295 

9164 

-0.26703 

834 

3.1 

+0.01341 

3117 

0.32662 

847 

0.30267 895 

0.32230 

166 

0.09055 

5161 

-0.23466 

763 

3.2 

-0.01824 

1920 

0.30626 

652 

0.30536 

678 

0.31196 

712 

0.11573 

164 

-0.20346 

870 

3.3 

-0.04780 

1726 

0.28475 

092 

0.30666 

620 

0.29923 

629 

0.13847 

939 

-0.17334 

594 

3.4 

-0.07515 

9148 

0.26224 

678 

0.30655 

336 

0.28435 

241 

0.15879 

221 

-0.14424 

164 

3.5 

-0.10022 

378 

0.23892 

369 

0.30501 

551 

0.26755 

905 

0.17666 

922 

-0.11612 

829 

3.6 

-0.12292 

235 

0.21495 

446 

0.30205 

107 

0.24909 

956 

0.19211 

667 

-0.08900 

2337 

3.7 

-0.14319 

896 

0.19051 

380 

0.29766 

961 

0.22921 

622 

0.20514 

929 

-0.06287 

8964 

3.8 

-0.16101 

523 

0.16577 

697 

0.29189 

179 

0.20814 

940 

0.21579 

139 

-0.03778 

7773 

3.9 

-0.17635 

030 

0.14091 

846 

0.28474 

912 

0.18613 

649 

0.22407 

760 

-0.01376 

9102 

4.0 

-0.18920 

062 

0.11611 

075 

0.27628 

369 

0.16341 

091 

0.23005 

335 

+ 0.00912 

9107 

4.1 

-0.19957 

978 

0.09152 

2967 

0.26654 

781 

0.14020 

096 

0.23377 

514 

0.03085 

4018 

4.2 

-0.20751 

804 

0.06731 

9710 

0.25560 

355 

0.11672 

877 

0.23531 

060 

0.05135 

0236 

4.3 

-0.21306 

185 

0.04365 

9843 

0.24352 

220 

0.09320 

9110 

0.23473 

838 

0.07056 

1855 

4.4 

-0.21627 

320 

+0.02069 

5380 

0.23038 

368 

0.06984 

8380 

0.23214 

783 

0.08843 

4232 

4.5 

-0.21722 

892 

-0.00142 

95812 

0.21627 

586 

0.04684 

3511 

0.22763 

858 

0.10491 

554 

4.6 

-0.21601 

978 

-0.02257 

9838 

0.20129 

380 

0.02438 

0984 

0.22132 

000 

0.11995 

814 

4.7 

-0.21274 

963 

-0.04262 

9993 

0.18553 

900 

+ 0.00263 

5886 

0.21331 

046 

0.13351 

972 

4.8 

-0.20753 

429 

-0.06146 

5266 

0.16911 

850 

-0.01822 

8955 

0.20373 

659 

0.14556 

433 

4.9 

-0.20050 

053 

-0.07898 2225 

0.15214 

407 

-0.03806 

3749 

0.19273 

242 

0.15606 

319 

5.0 

-0.19178 

485 

-0.09508 

9408 

0.13473 

121 

-0.05673 

2437 

0.18043 

837 

0.16499 

546 


m 

[ e 3 J 

[ ( -6 4)2 ] 










Compiled from National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II. Columbia 
Univ. Press, New York, N.Y., 1947 (with permission). 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


Table 10.1 SPHERICAL BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 

x ioO) jfe) j 2 ( x ) y 0 ( x ) Vi( x ) y^ x ) 


5.0 (-1)-1.9178 (-21-9. 5089 (-1) 1.3473 

5.1 -1)-1. 8153 -11-1. 0971 -1) 1. 1700 

5.2 -11-1. 6990 (-11-1.2277 (-2) 9.9065 

5. 3 (-11-1. 5703 (-11-1. 3423 -2 8.1054 

5.4 (-1)-1. 4310 (-1) -1,4404 (-2) 6 . 3084 

5. 5 (-1)-1.2828 (-1)-1.5217 (-2) 4.5277 

5.6 -1 -1.1273 (-11-1.5862 (-2 2.7749 

5.7 (-2 -9. 6611 (-11-1.6339 (-2 +1. 0617 

5. 8 (-21-8. 0104 -11-1. 6649 (-31-6.0100 

5.9 (-21-6. 3369 (-1)-1.6794 (-2)-2.2024 

6 . 0 (-2)-4. 6569 (-1)-1. 6779 (-2)-3.7326 

6 . 1 (-21-2.9863 (-11-1.6609 (-21-5.1819 

6 . 2 (-21-1. 3402 (-11-1. 6289 (-21-6.5418 

6.3 (-3)+2.6689 (-11-1.5828 (-2 -7.8042 

6.4 (-2) 1. 8211 (-11-1.5234 (-2) -8.9620 

6 . 5 (-2) 3. 3095 (-1)-1.4515 (-11-1. 0009 

6.6 (-2) 4. 7203 (-11-1. 3682 (- 1 )- 1 . 0940 

6.7 (-21 6 . 0425 (-11-1.2746 (-1)-1.1750 

6 . 8 (-2) 7.2664 (-11-1.1717 (-1) -1. 2435 

6.9 (-2) 8 . 3832 (-11-1.0607 (-1)-1.2995 

7. 0 (-2) 9.3855 (-21-9.4292 (-1)-1. 3427 

7.1 (-1) 1.0267 -21-8.1954 (-11-1. 3730 

7.2 -1) 1. 1023 (-2 -6.9183 (-1 -1. 3906 

7.3 (-1) 1.1650 (-2 -5.6107 (-11-1. 3956 

7. 4 (-1) 1. 2145 (-21-4. 2851 (-1)-1.3882 

7. 5 (-1) 1. 2507 (-21-2.9542 (-1)-1.3688 

7. 6 (-1) 1.2736 (-21-1. 6303 (-11-1.3379 

7.7 (-1 1.2833 (-31-3.2520 (-11-1.2960 

7.8 (-1) 1.2802 (-31+9.4953 (-11-1.2437 

7.9 (-1) 1. 2645 (-2) 2.1829 (-1)-1.1816 

8.0 (-1) 1. 2367 (-2) 3. 3646 (-1)-1.1105 

8.1 (-1 1.1974 (-2) 4. 4850 (-1)-1. 0313 

8.2 (-1) 1.1472 (-2) 5.5351 (-21-9.4473 

8 . 3 (-1) 1. 0870 (-21 6.5069 (-21-8. 5177 

8.4 (-1) 1. 0174 (-2) 7. 3932 (-2)-7.5334 

8.5 (-2) 9.3940 (-2) 8.1877 (-21-6.5042 

8.6 (-2) 8 . 5395 -2 8.8851 (-2 -5.4401 

8.7 (-2) 7.6203 (-21 9.4810 (-21-4. 3510 

8.8 (-2 6 . 6468 (-2 9.9723 (-21-3.2471 

8.9 (-2) 5. 6294 (-1) 1. 0357 (-2)-2.1385 

9. 0 (-2) 4. 5791 (-11 1. 0632 (-21-1. 0349 

9.1 (-2) 3. 5066 (-1) 1. 0800 (-41+5.3818 

9.2 (-2) 2.4227 (-1) 1. 0859 -2) 1.1184 

9. 3 (-2 1.3382 -1 1.0813 (-2) 2.1498 

9.4 (-31+2. 6357 (-1) 1.0663 (-2) 3.1395 

9.5 (-3)-7.9106 (-1) 1. 0413 (-2) 4. 0795 

9. 6 -21-1. 8159 (-1) 1. 0068 (-2) 4.9622 

9.7 (-21-2.8017 (-2) 9.6325 (-2) 5.7808 

9.8 -21-3.7396 (-2) 9.1126 (-21 6.5291 

9.9 (-21-4.6216 (-2) 8 . 5149 (-2) 7.2018 

10.0 (-21-5.4402 (-2) 7. 8467 (-2) 7.7942 


(-21-5. 6732 (-1 1.8044 (-1) 1.6500 

(-21-7.4113 (-1) 1.6700 (-1) 1.7235 

(-21-9. 0099 (-11 1. 5257 (-1) 1.7812 

(-11-1. 0460 -1 1. 3730 (-1) 1.8231 

(-11-1.1754 (-1) 1.2134 (-1) 1.8495 

! -l) -1.2885 (-1) 1. 0485 (-1) 1.8604 

-11-1. 3849 (-21 8.7995 (-11 1. 8563 

-11-1.4644 (-2) 7.0920 -l) 1.8377 

-11-1.5268 (-2) 5.3780 (-1) 1.8049 

-11-1.5720 (-2) 3.6725 (-1) 1.7587 

! -l)-1.6003 (-21 1.9898 (-1) 1.6998 

-11-1.6119 (-31+3.4379 (-11 1.6288 

-11-1. 6073 (-21-1.2523 (-11 1. 5467 

-1)-1.5871 (-2 -2.7861 -11 1.4544 

-11-1.5519 (-21-4.2458 (-1) 1. 3528 

! -l)-1.5024 (-2)-5.6210 (-1) 1.2430 

-11-1.4397 (-21-6.9018 (-1) 1.1260 

-11-1. 3648 (-21-8. 0795 (-11 1. 0030 

-11-1.2785 (-21-9.1466 (-21 8.7500 

-11-1. 1822 (-11-1.0097 (-21 7.4323 

! -1)-1.0770 (-11-1.0924 (-2) 6.0883 

-21-9. 6415 (-11-1.1625 -21 4.7295 

-21-8.4493 (-11-1.2197 (-2 3.3674 

-21-7.2065 (-11-1. 2637 (-21 2. 0132 

-21-5.9263 (-11-1.2946 (-31+6.7812 

! -2)-4. 6218 (-1)-1.3123 (-3)-6. 2736 

-21-3. 3061 (-11-1. 3171 (-21-1. 8929 

-21-1.9919 (-11-1. 3092 (-21-3.1089 

-3)-6. 9174 (-11-1.2891 (-2)-4. 2662 

-31+5. 8231 (-11-1. 2571 (-2)-5. 3561 

i —2) 1.8188 (-11-1.2140 (-2)-6. 3711 

-2) 3. 0067 (-11-1.1603 (-2)-7. 3040 

-2) 4.1360 (-11-1.0968 (-21-8.1487 

-2 5.1973 (-11-1. 0243 -21-8. 8997 

-2) 6.1820 (-21-9.4378 (-2)-9.5527 

i -2) 7.0825 (-2)-8.5607 (-11-1.0104 

-2) 7. 8921 (-21-7.6218 -11-1.0551 

-2) 8.6051 (-2)-6.6312 (-l)-1.0892 

-2) 9.2170 (-21-5.5994 (-l)-l. 1126 

-2j 9.7240 (-21-4. 5369 (-1)-1.1253 

! -l) 1.0124 (-2J-3.4542 (-1)-1.1275 

-ll 1.0415 (-21-2.3621 (-1)-1.1193 

-1 1. 0596 (-2 -1.2710 (-ll-1.1011 

-ll 1. 0669 (-31-1.9101 (-ll-1. 0731 

-ll 1.0635 (-31+8.6782 (-ll-1. 0358 

S -l) 1. 0497 (-2) 1.8960 (-2)-9. 8978 

-l) 1.0257 (-21 2. 8844 (-21-9. 3558 

-2l 9.9213 (-2! 3.8245 (-21-8.7385 

-2l 9.4941 (-21 4.7084 -21-8.0528 

-2) 8.9817 (-21 5.5288 (-2)-7. 3063 

(-2) 8.3907 (-2) 6.2793 (-2)-6. 5069 

y n ( x ) = ]fl*/x Y n+h (®) = (n+i) ( x ) 
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SPHERICAL BESSEL FUNCTIONS—ORDERS 3-10 Table 10.2 


x h( x ) i 4 (*) i 5 (») i 6 (*) 

0.0 0.0000 0.0000 0.0000 0.0000 

0.1 (-6)9.5185 (-7)1.0577 (-10)9.6163 (-12)7.3975 

0.2 -5)7.6021 (-6)1.6900 (- 8)3.0737 (-10)4.7297 

0.3 -4)2.5586 -6)8.5364 (- 7 2.3296 (- 9 5.3784 

0.4 (-4)6.0413 (-5)2.6894 (- 7)9.7904 (- 8)3.0149 

0.5 (-3)1.1740 (-5)6.5390 (- 6)2.9775 (- 7)1.1467 

0.6 -3 2.0163 -4)1.3491 - 6 7.3776 - 7 3.4113 

0.7 (-3)3.1787 (-4 2.4847 (- 5)1.5866 - 7)8.5649 

0.8 -3)4.7053 -4 4.2098 (- 5 3.0755 (- 6)1.8989 

0.9 (-3)6.6361 (-4)6.6912 (- 5)5.5059 (- 6)3.8277 

1.0 (-3)9.0066 (-3)1.0110 (- 5)9.2561 (- 6)7.1569 

1.1 (-2)1.1847 -3 1.4661 - 4)1.4786 (- 5)1.2590 

1.2 (-2)1.5183 -3)2.0546 - 4)2.2643 (- 5)2.1058 

1.3 (-2) 1.9033 (-3)2.7976 (- 4)3.3461 (- 5)3.3756 

1.4 (-2)2.3411 (-3)3.7164 (- 4)4.7963 (- 5)5.2181 

1.5 (-2)2.8325 (-3)4.8324 (- 4)6.6962 (- 5)7.8174 

1.6 (-2 3.3774 (-3)6.1667 (- 4)9.1354 (- 4H.1395 

1.7 (-2)3.9754 (-3)7.7397 - 3)1.2212 (- 4)1.6212 

1.8 (-2 4.6252 (-3 9.5709 (- 3 1.6031 (- 4)2.2577 

1.9 (-2)5.3249 (-2)1.1679 (- 3)2.0705 (- 4)3.0840 

2.0 (-2)6.0722 (-2)1.4079 (- 3)2.6352 (- 4)4.1404 

2.1 (-2)6.8639 (-2)1.6788 (- 3)3.3094 (- 4)5.4720 

2.2 (-2)7.6962 (-2) 1.9817 (- 3)4.1059 - 4)7.1289 

2.3 (-2)8.5650 (-2 2.3176 (- 3)5.0375 (- 4)9.1665 

2.4 (-2)9.4654 (-2)2.6872 (- 3)6.1171 (- 3)1.1645 

2.5 (-1)1.0392 (-2)3.0911 (- 3)7.3576 (- 3)1.4630 

2.6 (-l)l.l339 -2)3.5292 (- 3 8.7717 (- 3U.8192 

2.7 (-1)1.2301 (-2)4.0014 (- 2 1.0372 (- 3)2.2404 

2.8 (-l)l.3270 (-2)4.5071 (- 2 1.2169 (- 3)2.7345 

2.9 (-l)l.4241 (-2)5.0454 (- 2)1.4174 (- 3)3.3096 

3.0 (-1)1.5205 (-2)5.6150 (- 2)1.6397 (- 3)3.9744 

3.1 (-1 1.6156 (-2)6.2142 (- 2 1.8848 (- 3 4.7374 

3.2 (-l) 1.7087 (-2)6.8409 - 2)2.1532 (- 3 5.6074 

3.3 (-l) 1.7989 (-2)7.4929 (- 2)2.4457 (- 3)6.5935 

3.4 (-l)l.8857 (-2)8.1673 (- 2)2.7626 (- 3)7.7045 

3.5 (-1)1.9681 (-2)8.8610 (- 2)3.1042 (- 3)8.9491 

3.6 (-1)2.0456 (-2)9.5706 (- 2)3.4705 (- 2 1.0336 

3.7 (-1)2.1174 (-l)l.0292 - 2 3.8614 (- 2U.1873 

3.8 (-1 2.1829 (-1 1.1022 (- 2)4.2765 (- 2 1.3569 

3.9 (-1)2.2414 (-l) 1.1756 (- 2)4.7151 (- 2)l.5429 

4.0 (-1)2.2924 (-1)1.2489 (- 2)5.1766 (- 2)1.7462 

4.1 (-1)2.3354 (-1 1.3217 (- 2)5.6596 (- 2U.9673 

4.2 -l) 2.3697 -l) 1.3935 - 2)6.1630 (- 2)2.2065 

4.3 (-1 2.3951 (-1 1.4637 (- 2)6.6851 (- 2 2.4645 

4.4 (-1)2.4110 (-l)l.5319 (- 2)7.2242 (- 2)2.7413 

4.5 (-1)2.4174 (-1)1.5976 (- 2)7.7780 (- 2)3.0371 

4.6 -1 2.4138 (-1 1.6602 (- 2)8.3444 (- 2)3.3520 

4.7 -l)2.4001 (-l)l.7193 (- 2)8.9207 - 2 3.6857 

4.8 (-1 2.3763 (-1 1.7743 (- 2)9.5043 (- 2 4.0381 

4.9 (-1)2.3423 (-l) 1.8247 (- l) 1.0092 (- 2)4.4086 


j 7 (x) j g (x) 10 U x^%(x) 

0.0000 0.0000 1.52734 93 7.27309 19 

(-14)4.9319 (-16)2.9012 1.52698 56 7.27151 10 

(-12)6.3072 (-14)7.4212 1.52589 53 7.26677 00 

-10)l.0761 (-12 1.8995 1.52407 96 7.25887 47 

(-10)8.0448 (-11)1.8938 1.52154 09 7.24783 46 

(- 9)3.8259 (-10)1.1261 1.51828 26 7.23366 29 

- 8)1.3665 -10 4.8282 1.51430 88 7.21637 65 

- 8)4.0046 - 9 1.6515 1.50962 48 7.19599 61 

- 7)1.0153 - 9)4.7873 1.50423 66 7.17254 61 

(- 7)2.3040 (- 8)1.2228 1.49815 12 7.14605 44 

! - 7)4.7901 (- 8)2.8265 1.49137 65 7.11655 26 

- 7)9.2769 (- 8)6.0254 1.48392 11 7.08407 57 

- 6)1.6942 (- 7)1.2013 1.47579 48 7.04866 21 

- 6 2.9451 (- 7)2.2640 1.46700 80 7.01035 39 

- 6)4.9082 (- 7)4.0669 1.45757 18 6.96919 61 

i - 6)7.8875 (- 7)7.0086 1.44749 84 6.92523 71 

- 5)1.2279 - 6 1.1649 1.43680 05 6.87852 85 

- 5)1.8587 (- 6)1.8756 1.42549 17 6.82912 49 

- 5 2.7444 - 6)2.9356 1.41358 63 6.77708 37 

- 5)3.9632 (- 6)4.4800 1.40109 93 6.72246 53 

! - 5)5.6097 (- 6)6.6832 1.38804 63 6.66533 28 

- 5)7.7975 (- 6)9.7670 1.37444 35 6.60575 19 

- 4)1.0661 - 5)1.4009 1.36030 78 6.54379 07 

- 4)1.4358 (- 5)1.9754 1.34565 67 6.47951 98 

- 4)1.9071 (- 5)2.7420 1.33050 81 6.41301 19 

! - 4)2.5009 (- 5)3.7516 1.31488 05 6.34434 22 

- 4)3.2410 (- 5)5.0647 1.29879 28 6.27358 74 

- 4 4.1542 (- 5)6.7532 1.28226 44 6.20082 63 

- 4 5.2705 (- 5)8.9013 1.26531 50 6.12613 95 

- 4)6.6231 (- 4)1.1607 1.24796 48 6.04960 91 

! - 4)8.2484 (- 4)1.4983 1.23023 41 5.97131 85 

- 3 )1.0187 (- 4 1.9160 1.21214 38 5.89135 26 

- 3)1.2481 - 4)2.4283 1.19371 48 5.80979 75 

- 3)1.5177 (- 4)3.0520 1.17496 82 5.72674 00 

- 3)1.8326 (- 4)3.8056 1.15592 54 5.64226 82 

! - 3)2.1980 (- 4)4.7098 1.13660 79 5.55647 05 

- 3)2.6195 - 4)5.7875 1.11703 73 5.46943 61 

- 3 3.1030 - 4 7.0639 1.09723 52 5.38125 47 

- 3 3.6544 (- 4 8.5665 1.07722 33 5.29201 62 

- 3)4.2801 (- 3)1.0325 1.05702 31 5.20181 05 

! - 3)4.9865 (- 3)1.2372 1.03665 63 5.11072 78 

- 3)5.7801 (- 3)1.4743 1.01614 44 5.01885 80 

- 3)6.6676 (- 3)1.7473 0.99550 88 4.92629 07 

- 3)7.6554 (- 3)2.0603 0.97477 06 4.83311 51 

- 3)8.7501 (- 3)2.4174 0.95395 10 4.73942 00 

(- 3)9.9581 (- 3)2.8229 0.93307 06 4.64529 34 

- 2)1.1286 (- 3)3.2814 0.91215 01 4.55082 25 

(- 2)1.2739 (- 3)3.7976 0.89120 97 4.45609 35 

(- 2 1.4322 (- 3 4.3763 0.87026 94 4.36119 18 

- 2)1.6042 - 3)5.0226 0.84934 88 4.26620 13 


5.0 (-1)2.2982 (-1)1.8702 (- 1)1.0681 (- 2)4.7967 (- 2)1.7903 (- 3)5.7414 0.82846 70 

jn^=vl*/ xJ n+k ( X ) [ ( 4 ^ 9 ] 


4.17120 50 


Compiled from National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II. Columbia 
Univ. Press, New York, N.Y., 1947 (with permission). 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


SPHERICAL BESSEL FUNCTIONS—ORDERS 3-10 
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-0.34459 42 
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y n ( x ) = ^/xY n + i ( x ) = (- 1 ) n+1 (n+i) (*) 
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SPHERICAL BESSEL FUNCTIONS—ORDERS 3-IO Table 10.2 


* J 3 ( x ) J 4 ( x ) 

5.0 (-1) 2.2982 (-1) 1.8702 (-1) 

5.1 -1) 2.2441 (-1 1.9102 (- 1 ) 

5.2 (-1) 2.1803 (-1 1.9443 (-1 

5.3 (-1) 2.1069 (-1) 1.9722 (- 1 ) 

5.4 (-1) 2.0245 (-1) 1.9935 (-1) 

5.5 (-1) 1.9335 (-1) 2.0078 (-1) 

5.6 (-1) 1.8340 (-1) 2.0150 -1 

5.7 (-1) 1.7270 (-1) 2.0147 (-1 

5.8 -1) 1.6131 (-1) 2.0069 (-1 

5.9 (-1) 1.4928 (-1) 1.9913 (-1) 

6.0 (-1) 1.3669 (-1) 1.9679 (-1) 

6.1 (-1 1.2361 (-1) 1.9367 (-1) 

6.2 (-1) 1.1014 (-1) 1.8977 (-1) 

6.3 (-2) 9.6346 (-1) 1.8509 (-1 

6.4 (-2) 8.2324 (-1) 1.7966 (-1) 

6.5 (-2) 6.8161 (-1) 1.7349 (-1) 

6.6 (-2) 5.3947 (-1) 1.6661 (-1) 

6.7 (-2) 3.9773 (-1) 1.5905 (-1) 

6.8 (-2) 2.5729 -1) 1.5084 (-1) 

6.9 (-2)+1.1905 (-1) 1.4203 (-1) 

7.0 (-3)-1.6120 (-1) 1.3265 (-1) 

7.1 (-2 -1.4736 -1 1.2277 (-1) 

7.2 (-2)-2.7385 (-1) 1.1243 (-1) 

7.3 (-2)-3.9479 (-1) 1.0170 (-1) 

7.4 (-2)-5.0945 (-2) 9 0628 (-1) 

7.5 (-2)-6.1713 (-2) 7.9285 (-1) 

7.6 (-2)-7.1719 (-2) 6.7736 (-1) 

7.7 (-2)-8.0904 (-2) 5.6051 (-1) 

7.8 (-2)-8.9217 (-2) 4.4300 (-1) 

7.9 (-2) -9.6613 (-2) 3.2552 (- 1 ) 

8.0 (-1)-1.0305 (-2) 2.0880 (- 1 ) 

8.1 -1)-1.0851 (-3)+9.3549 (-1) 

8.2 -1) -1.1296 (-3) -1.9533 (-1) 

8.3 -1)-1.1638 (-2)-1.2975 (-1) 

8.4 (-1)-1.1877 (-2)-2.3644 (-2) 

8.5 (-1)-1.2014 (-2)-3.3894 (-2) 

8.6 (-1) -1.2048 (-2)-4.3664 -2) 

8.7 -1)-1.1982 (-2)-5.2894 (-2) 

8.8 (-1) -1.1817 (-2)-6.1529 (-2) 

8.9 (-1)-1.1558 (-2)-6.9520 (-2) 

9.0 (-1)-1.1207 (-2)-7.6819 (-2) 

9.1 (-1)-1.0770 (-2)-8.3387 (-2) 

9.2 -1)-1.0252 (-2)-8.9186 (-2) 

9.3 (-2)-9.6572 -2-9.4187 (-3 

9.4 (-2)-8.9931 (-2)-9.8365 (-3) 


J 5 ( x ) J 6 ( x ) hW 

1.0681 (-2)4.7967 (-2)1.7903 
1.1268 (-2)5.2015 (-2)1.9908 

1.1849 (-2)5.6221 (-2)2.2061 

1.2421 (-2)6.0573 (-2)2.4365 

1.2980 (-2)6.5057 (-2)2.6821 

1.3522 (-2)6.9660 (-2)2.9429 

1.4044 (-2)7.4364 -2)3.2191 

1.4542 (-2 7.9151 (-2)3.5104 

1.5011 (-2)8.4000 (-2)3.8166 

1.5448 (-2)8.8889 (-2)4.1374 

1.5850 (-2)9.3796 (-2)4.4722 

1.6213 (-2)9.8696 (-2)4.8205 

1.6533 (-1 1.0356 (-2 5.1815 

1.6807 (-1)1.0837 (-2)5.5543 

1.7033 (-1)1.1309 (-2)5.9379 

1.7206 (-1)1.1769 (-2)6.3311 
1.7325 -1 1.2214 (-2 6.7327 

1.7388 (-1)1.2642 (-2)7.1412 

1.7391 (-D1.3049 (-2)7.5551 

1.7335 (-1)1.3432 (-2)7.9728 

1.7217 (-1)1.3789 (-2)8.3923 
1.7036 (-1)1.4117 (-2)8.8118 

1.6793 (-l)l.4412 (-2)9.2292 

1.6486 (-1)1.4672 (-2)9.6425 

1.6117 (-l)1.4895 (-l)l.0049 

1.5685 (-1)1.5077 (-1)1.0448 

1.5193 (-l)l.5217 (-l) 1.0835 
1.4642 (-1)1.5312 (-l)l.l209 

1.4033 (-1)1.5360 (-l)1.1568 

1.3370 (-1)1.5361 (-1)1.1908 

1.2654 (-1)1.5312 (-1)1.2227 

1.1890 (-l)l.5212 (-l)l.2524 

1.1081 (-l) 1.5060 (-l)l.2795 

1.0231 (-1)1.4857 (-1)1.3039 

9.3440 (-1)1.4601 (-1)1.3252 

8.4249 (-1)1.4292 (-1)1.3434 

7.4784 -l)l.3932 -l)1.3581 

6.5099 (-1)1.3520 (-1)1.3693 

5.5245 (-l)l.3059 (-1 1.3767 

4.5278 (-1)1.2548 (-l) 1.3801 

3.5255 (-1)1.1991 (-1)1.3795 

2.5233 (-1)1.1389 (-l)1.3746 

1.5269 -l)l.0744 -l)1.3655 

+5.4232 (-l)1.0060 (-l)1.3520 

-4.2485 (-2)9.3394 (-1)1.3341 



h( x ) 

10 9 x~% 

,(*) 10 n z" 1O j 
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15.7414 

0.82846 

70 

4.17120 
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(-3 
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29 
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42 
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88 

(-3! 
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0.76624 

10 
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72 

(-3] 

(9.4443 

0.74569 

86 

3.79276 
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(- 2 ) 
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0.72528 
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3.69892 

98 

" 2 
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0.70501 

58 

3.60555 
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(1.3229 
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3.51270 
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(1.4707 

0.66497 
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3.42045 

23 

(-2 

(1.6299 

0.64523 

54 

3.32886 

66 

(- 2 ) 

(1.8010 

0.62570 

01 

3.23801 

06 

-2 

(1.9842 

0.60638 

37 

3.14794 

66 

(-2 

(2.1797 

0.58729 

93 

3.05873 

50 

-2 

> 2.3877 

0.56845 

94 

2.97043 

34 

I -?! 

(2.6084 

0.54987 

57 

2.88309 

73 

(- 2 ) 

(2.8417 

0.53155 

94 

2.79677 

98 

(-2 

(3.0876 

0.51352 
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2.71153 
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-2 

13.3461 

0.49577 

04 

2.62739 

98 

-2 

13.6168 

0.47831 
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2.54443 

09 


(3.8996 

0.46116 

89 

2.46266 

76 

(- 2 ) 

(4.1940 

0.44433 

45 

2.38215 

03 

(- 2 ) 

14.4994 

0.42782 

11 

2.30291 

70 

(-2 

(4,8154 

0.41163 

52 

2.22500 

27 

(-2 

(5.1412 

0.39578 

30 

2.14844 

05 

(- 2 ] 

(5.4759 
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03 

(- 2 ] 
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99 

-2 

(6.1686 
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1.92715 
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(6.5244 
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1.85627 

66 
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(6.8849 

0.32169 

28 

1.78687 

63 

(- 2 ! 

(7.2486 

0.30793 

39 

1.71897 

14 

(- 2 ] 

(7.6143 

0.29453 

36 

1.65257 

72 

(-2 

(7.9804 

0.28149 

30 

1.58770 

64 

(-2 

>8.3451 

0.26881 

29 

1.52436 

97 

(-2 

(8.7069 

0.25649 

33 

1.46257 

53 

(-2)9.0640 

0.24453 

39 

1.40232 

92 

(- 2 ! 

(9.4145 

0.23293 

38 

1.34363 

53 

"2 
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0.22169 
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1.28649 
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-1 
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54 
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14 

1.12438 

32 
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78 
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42 

-1 
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84 
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72 

-1 

1.1520 
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93 
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24 
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) 1.1747 
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62 
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83 
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46 
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16 


9.5 (-2)-8.2662 (-1)-1.0170 (-2)-1.3689 (-2)8.5853 (-1)1.3117 

9.6 (-2 -7.4836 (-1 -1.0419 (-2)-2.2842 (-2)7.8016 (-l)l.2849 

9.7 -2)-6.6527 -l)-1.0582 (-2) -3.1654 -2)6.9921 -l) 1.2536 

9.8 (-2 -5.7814 (-1 -1.0659 -2) -4.0072 (-2 6.1608 (-l)1.2180 

9.9 ( -2) -4.8776 (-l)-1.0651 (-2)-4.8048 (-2)5.3120 (-l)l.l780 


- 1 ) 

(1.2126 

0.13616 

93 

0.84144 

75 

-1 

11.2275 

0.12833 

53 

0.79950 

99 

-1 

•1.2394 

0.12081 

68 

0.75902 

10 

-1 

(1.2482 

0.11360 

83 

0.71996 

20 

- 1 ] 

(1.2537 

0.10670 

35 

0.68231 

26 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


Table 10.2 SPHERICAL BESSEL FUNCTIONS—ORDERS 3-10 


^ y 3 (*) y±{*) y^ x ) y % {x) 

5.0 (-2)-1.5443 (-1)-1.8662 (-1)-3.2047 (-1)-5.1841 

5.1 (-3 +1.9691 (-1) -1.6965 (-11-3.0134 -11-4.8031 

5.2 -2 1.8700 i -l) -1.5295 (-11-2.8341 -l)-4.4658 

5.3 (-2 3.4698 (-1 -1.3649 (-11-2.6647 -1 -4.1656 

5.4 (-2) 4.9908 (-1)-1.2025 (-1) -2.5033 (-1) -3.8967 

5.5 (-2) 6.4276 (-1)-1.0424 (-1)-2.3484 (-l)-3.6545 

5.6 (-2) 7.7750 (-2)-8.8447 -l)-2.1990 (-l)-3.4349 

5.7 (-2) 9.0279 (-2)-7.2898 <-1)-2.0538 (-11-3.2345 

5.8 (-1) 1.0182 (-21-5.7610 (-11-1.9121 (-1 -3.0503 

5.9 (-1) 1.1232 (-2)-4.2612 (-1)-1.7732 (-1)-2.8799 

6.0 (-11 1.2175 (-21-2.7936 (-11-1.6365 (-11-2.7210 

6.1 (-1) 1.3007 (-21-1.3619 (-11-1.5017 (-11-2.5717 

6.2 -1) 1.3726 < -4) +2.9727 (-11-1.3683 (-11-2.4306 

6.3 (-1) 1.4329 (-2) 1.3770 (-11-1.2362 (-l)-2.2961 

6.4 (-1) 1.4815 (-2) 2.6754 (-1)-1.1052 (-1)-2.1672 

6.5 (-1) 1.5183 (-2) 3.9204 (-21-9.7544 (-11-2.0428 

6.6 (-11 1.5432 (-2) 5.1073 (-2 -8.4678 (-l)-1.9220 

6.7 (-11 1.5564 (-2) 6.2315 (-21-7.1937 (-11-1.8042 

6.8 -1) 1.5580 (-2) 7.2886 (-21-5.9337 (-11-1.6887 

6.9 (-1) 1.5482 (-2) 8.2743 (-2)-4.6896 (-1)-1.5751 

7.0 (-1) 1.5273 (-2) 9.1846 (-21-3.4641 (-11-1.4628 

7.1 (-1) 1.4956 (-1 1.0016 -21-2.2599 (-lj-1.3517 

7.2 (-11 1.4535 -1) 1.0764 -2 -1.0801 -1 -1.2414 

7.3 -1 1.4016 -1) 1.1427 -4)+7.1768 -1-1.1319 

7.4 (-1) 1.3404 (-1) 1.2001 (-2) 1.1922 (-l)-1.0229 

7.5 (-1) 1.2705 (-1) 1.2485 (-2) 2.2774 (-21-9.1449 

7.6 (-1 1.1925 (-1) 1.2877 (-2) 3.3235 (-21-8.0665 

7.7 -1) 1.1073 (-1 1.3176 (-2 4.3267 -21-6.9945 

7.8 (-1 1.0156 (-1 1.3380 (-2) 5.2830 (-21-5.9299 

7.9 (-2) 9.1812 (-1) 1.3491 (-2) 6.1887 (-2)-4.8741 

8.0 (-21 8.1577 (-11 1.3509 (-2) 7.0400 (-21-3.8290 

8.1 (-2) 7.0941 (-1) 1.3435 (-2) 7.8334 (-21-2.7968 

8.2 (-2) 5.9992 (-1) 1.3270 (-2) 8.5654 (-21-1.7798 

8.3 (-21 4.8821 (-11 1.3017 (-2) 9.2329 (-31-7.8077 

8.4 (-2) 3.7517 (-1) 1,2679 (-2) 9.8330 (-3)4-1.9747 

8.5 (-2) 2.6172 (-1) 1.2259 (-1) 1.0363 (-2) 1.1519 

8.6 (-2) 1.4876 (-1) 1.1762 (-1) 1.0821 (-2) 2.0793 

8.7 (-3 +3.7160 -1) 1.1191 -1 1.1205 (-2) 2.9765 

8.8 (-31-7.2210 (-1) 1.0551 -1) 1.1513 (-2) 3.8403 

8.9 (-2)-1.7852 (-2) 9.8492 (-1) 1.1745 (-2) 4.6672 

9.0 (-21-2.8097 (-2) 9.0898 (-1) 1.1899 (-2) 5.4540 

9.1 (-2)-3.7880 (-2) 8.2794 (-l) 1.1976 (-2) 6.1976 

9.2 (-21-4.7130 (-2) 7.4246 (-1) 1.1976 (-2) 6.8948 

9.3 (-21-5.5782 (-2) 6.5321 (-1 1.1900 (-2) 7.5427 

9.4 (-2)-6.3774 (-2) 5.6089 (-l) 1.1748 (-2) 8.1384 

9.5 (-21-7.1053 (-2) 4.6623 (-1) 1.1522 (-2) 8.6793 

9.6 (-21-7,7572 (-2) 3.6995 (-l) 1.1225 (-2) 9.1630 

9.7 (-21-8.3288 (-2) 2.7280 (-l) 1.0860 (-2) 9.5874 

9.8 (-21-8.8169 (-21 1.7550 (-1 1.0429 (-2) 9.9507 

9.9 (-2)-9.2189 (-3) +7.8793 (-2) 9.9352 (-1) 1.0251 

10.0 (-2)-9.5327 (-3)-1.6599 (-2) 9.3834 (-1) 1.0488 

y n {?) = 'y/ \ T l xYn +■*(*) = ( 


y 7 ( x ) y s ( x ) io 8 x 10 y 9 (x) io VV 10 (*) 

! 01-1.0274 ( 01 -2.5638 -0.75092 23 -1.30156 80 

-11-9.2298 0)-2.2343 -0.77673 01 -1.34013 68 
-1)-8.3305 ( 01 -1.9564 -0.80415 92 -1.38083 98 

-11-7.5528 01 -1.7210 -0.83333 74 -1.42381 86 
-1)-6.8777 ( 0 ) *1.5208 -0.86440 56 -1.46922 70 

! -11-6.2895 ( 01 -1.3499 -0.89751 90 -1.51723 25 

-11-5.7750 ( 0) -1.2034 -0.93284 85 -1.56801 75 

-11-5.3232 ( 0 -1.0774 -0.97058 31 -1.62178 08 

-11-4.9248 (-1) -9.6863 -1,01093 09 -1.67873 97 

-l) -4,5723 (-l)-8.7446 -1.05412 18 -1.73913 16 

! -11-4.2589 (-11 -7,9262 -1.10040 93 -1.80321 67 

-11-3.9791 (- 1 ) -7.2128 -1.15007 32 -1.87128 02 

-11-3.7281 (-1 -6.5889 -1.20342 16 -1.94363 49 

-11-3.5018 -11 -6.0416 -1.26079 38 -2.02062 45 

-1)-3.2969 (- 1 ) -5.5598 -1.32256 26 -2.10262 69 

! -11-3.1101 (-11 -5.1344 -1.38913 71 -2.19005 78 

-11-2.9390 (-11 -4.7576 -1.46096 57 -2.28337 46 

-11-2.7813 (-l) "4.4227 -1.53853 78 -2.38308 14 

-11-2.6351 (-11 -4.1239 -1.62238 69 -2.48973 26 

-l) -2.4985 (-1) -3.8565 -1.71309 24 -2.60393 95 

! -11-2.3703 (-11 -3.6163 -1.81128 11 -2.72637 44 

-l) -2.2489 (-11 -3.3996 -1.91762 85 -2.85777 73 

-11-2.1334 (-1 -3.2032 -2.03285 95 -2.99896 17 

-11-2.0228 (-1) -3.0246 -2.15774 75 -3.15082 08 

-1)-1.9162 (-1)-2.8613 -2.29311 31 -3.31433 45 

! -11-1.8129 (-11 -2.7112 -2.43982 13 -3.49057 53 

-1)-1.7122 (-l) “2.5726 -2.59877 67 -3.68071 56 

-11-1.6136 (-11 -2.4439 -2.77091 77 -3.88603 37 

-11-1.5166 (-11 -2.3236 -2.95720 73 -4.10791 96 

-l)-1.4209 (-l) -2.2106 -3.15862 24 -4.34788 05 

! -11-1.3262 (-11 -2.1038 -3.37613 93 -4.60754 55 

-11-1.2322 (- 1 ) "2.0022 -3.61071 67 -4.88866 85 

-11-1.1387 (-1) -1.9050 -3.86327 49 -5.19312 95 

-1 -1.0456 -11 -1.8115 -4.13466 98 -5.52293 51 

-2)-9.5274 (- 1 ) -1.7211 -4.42566 38 -5.88021 45 

! -2)-8.6015 (-11 -1.6331 -4.73689 09 -6.26721 41 

-21-7.6780 -11 -1.5471 -5.06881 69 -6 68628 70 

-21-6.7573 -1 -1.4627 -5.42169 35 -7.13987 95 

-21-5.8403 -11 -1.3795 -5.79550 68 -7.63051 13 

-2)-4.9278 (-1) -1.2973 -6.18991 88 -8.16074 96 

(-21-4.0214 (-11 -1.2156 -6.60420 33 -8.73317 65 

(-2 -3.1227 (-1) “1.1345 -7.03717 50 -9.35034 96 

(-21-2.2335 -11 -1.0536 -7.48710 95 -10.01475 2 

-2 -1.3560 (-2 -9.7298 -7.95166 19 -10.72873 2 

-31-4.9250 (-2)-8.9243 - 8 . 72777 38 -11.49443 4 

! -3)+3.5462 (-2) -8.1193 -8.91157 56 -12.31371 5 

-2) 1.1827 (-2) -7.3150 -9.39828 63 -13.18805 0 

-21 1.9892 (-2) -6.5114 -9.88210 58 -14.11841 9 

-2 2.7712 (-21 -5.7090 -10.35610 3 -15.10518 2 

-2) 3.5259 (-2) -4.9088 -10.81210 4 -16.14793 9 

(-2) 4.2506 (-2)-4.1117 -11.24057 9 -17.24536 7 
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SPHERICAL BESSEL FUNCTIONS—ORDERS 20 AND 21 

Table 10.3 

X 

lO 26 /®,^) 


10 24 <72o( x ) 

10' 25 92,W 

0.0 

7.62597 90 

1.77348 35 

-0.31983 10 

-1.31130 70 

0.5 

7.62705 91 

1.77371 23 

-0.31988 11 

-1.31149 33 

1.0 

7.63028 29 

1.77439 56 

-0.32003 25 

-1.31205 61 

1.5 

7.63560 15 

1.77552 32 

-0.32028 86 

-1.31300 70 

2.0 

7.64293 25 

1.77707 85 

-0.32065 49 

-1.31436 61 

2.5 

7.65215 99 

1.77903 78 

-0.32113 96 

-1.31616 11 

3.0 

7.66313 22 

1.78137 03 

-0.32175 30 

-1.31842 87 

3.5 

7.67566 19 

1.78403 80 

-0.32250 82 

-1.32121 43 

4.0 

7.68952 28 

1.78699 49 

-0.32342 08 

-1.32457 29 

4.5 

7.70444 90 

1.79018 73 

-0.32450 98 

-1.32856 95 

5.0 

7.72013 23 

1.79355 29 

-0.32579 69 

-1.33328 02 

5.5 

7.73621 95 

1.79702 05 

-0.32730 79 

-1.33879 33 

6.0 

7.75231 00 

1.80050 95 

-0.32907 24 

-1.34521 03 

6.5 

7.76795 28 

1.80392 94 

-0.33112 44 

-1.35264 77 

7.0 

7.78264 38 

1.80717 91 

-0.33350 34 

-1.36123 89 

7.5 

7.79582 23 

1.81014 64 

-0.33625 47 

-1.37113 69 

8.0 

7.80686 80 

1.81270 77 

-0.33943 07 

-1.38251 67 

8.5 

7.81509 84 

1.81472 70 

-0.34309 23 

-1.39557 96 

9.0 

7.81976 53 

1.81605 56 

-0.34731 02 

-1.41055 73 

9.5 

7.82005 32 

1.81653 14 

-0.35216 70 

-1.42771 82 

10.0 

7.815076 

1.815979 

-0.35776 04 

-1.447374 

10.5 

7.803876 

1.814208 

-0.36420 59 

-1.469891 

11.0 

7.785428 

1.811016 

-0.37164 20 

-1.495697 

11.5 

7.758627 

1.806185 

-0.38023 59 

-1.525305 

12.0 

7.722309 

1.799482 

-0.39019 23 

-1.559325 

12.5 

7.675238 

1.790664 

-0.40176 53 

-1.598497 

13.0 

7.616116 

1.779472 

-0.41527 46 

-1.643728 

13.5 

7.543601 

1.765639 

-0.43113 22 

-1.696143 

14.0 

7.456316 

1.748885 

-0.44987 76 

-1.757166 

14.5 

7.352841 

1.728929 

-0.47223 40 

-1.828625 

15.0 

7.231764 

1.705481 

-0.49918 70 

-1.912922 

15.5 

7.091689 

1.678251 

-0.53209 15 

-2.013273 

16.0 

6.931265 

1.646956 

-0.57279 98 

-2.134049 

16.5 

6.749220 

1.611324 

-0.62378 79 

-2.281228 

17.0 

6.544411 

1.571096 

-0.68821 72 

-2.462936 

17.5 

6.315851 

1.526041 

-0.76981 49 

-2.689957 

18.0 

6.062784 

1.475960 

-0.87240 01 

-2.975953 

18.5 

5.784739 

1.420698 

-0.99883 14 

-3.336925 

19.0 

5.481584 

1.360155 

-1.149171 

-3.789188 

19.5 

5.153621 

1.294299 

-1.317987 

-4.344958 

20.0 

4.801647 

1.223178 

-1.490982 

-5.004711 

20.5 

4.427041 

1.146936 

-1.641599 

-5.745922 

21.0 

4.031843 

1.065826 

-1.728777 

-6.508927 

21.5 

3.618830 

0.98022 63 

-1.697442 

-7.182333 

22.0 

3.191590 

0.89065 46 

-1.483467 

-7.592679 

22.5 

2.754567 

0.79777 92 

-1.024223 

-7.504782 

23.0 

2.313103 

0.70243 25 

-0.274630 

-6.640003 

23.5 

1.873442 

0.60561 45 

+ 0.773430 

-4.717888 

24.0 

1.442686 

0.50849 80 

2.072631 

-1.52185 

24.5 

1.028721 

0.41242 27 

3.508629 

+3.01816 

25.0 

0.640055 

0.31888 30 

4.901591 

+8.74251 


m 

m 




j n {x)=f n x n exp (—x 2 /4»+2) y n {x) =g n x-fr+V exp (x 2 /4n+2) 


Compiled from National Bureau of Standards, Tables of spherical Bessel func¬ 
tions, vols. I, II.ColumbiaUniv. Press, New York, N.Y., 1947(with permission). 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


Table 10.4 

SPHERICAL BESSEL FUNCTIONS—MODULUS AND PHASE—ORDERS 9, 10, 20 AND 21 

j n (x) =*JWfxM n +i(x) cos $n+$(x) y n ( x )=^\if/xM n +i(x) sin0 n +*( x ) 


X- 1 

VtirxAfij$(z) 

6'%{x)-x 

VfJTxAf2^(x) 

6%(x)-x 

<x> 

0.100 

1. 50513 630 

1. 72311 121 

1.84157 799 

1.35401 461 

10 

0. 095 

1. 41043 073 

1.44562 029 

1. 65174 534 

1. 00196 372 

11 

0.090 

1.33509 121 

1. 17232 718 

1. 50947 539 

0. 65310 249 

11 

0. 085 

1.27462 197 

0.90378 457 

1. 40190 550 

+0.30984 705 

12 

0 . 080 

1.22560 809 

0. 64017 615 

1. 31955 792 

-0.02643 915 

13 

0.075 

1.18548 011 

0. 38142 613 

1. 25559 223 

-0.35524 574 

13 

0.070 

1. 15231 423 

+0.12729 416 

1.20514 049 

-0. 67664 889 

14 

0.065 

1. 12467 134 

-0. 12255 277 

1.16476 186 

-0.99107 278 

15 

0 . 060 

1. 10147 221 

-0. 36849 087 

1. 13202 416 

-1.29911 571 

17 

0. 055 

1. 08190 340 

-0. 61090 826 

1.10519 883 

-1.60143 947 

18 

0. 050 

1. 06534 781 

-0. 85018 673 

1. 08304 588 

-1.89870 678 

20 

0.045 

1. 05133 389 

-1. 08669 229 

1.06466 562 

-2. 19155 009 

22 

0. 040 

1. 03949 892 

-1. 32077 114 

1. 04939 746 

-2. 48055 907 

25 

0. 035 

1.02956 235 

-1. 55274 891 

1. 03675 104 

-2. 76627 814 

29 

0. 030 

1. 02130 658 

-1. 78293 175 

1. 02635 931 

-3. 04920 936 

33 

0. 025 

1. 01456 304 

-2. 01160 832 

1. 01794 637 

-3. 32981 737 

40 

0 . 020 

1. 00920 210 

-2.23905 224 

1. 01130 529 

-3.60853 532 

50 

0. 015 

1. 00512 574 

-2.46552 469 

1. 00628 277 

-3. 88577 070 

67 

0 . 010 

1. 00226 240 

-2. 69127 701 

1. 00276 864 

-4.16191 106 

100 

0.005 

1. 00056 327 

-2.91655 326 

1 . 00068 866 

-4.43732 935 

200 

0.000 

1 . 00000 000 

-3. 14159 265 

1 . 00000 000 

-4.71238 898 

00 


r(-3)21 

fC-4)6-| 

r(-3)61 

[■(-4)91 



L 9 J 

L 9 J 

L 9 J 

L io J 



x- 1 

Vl7rxM4i/(x) 

0 «/ 2 (x) -x 

V hTrxM4y 2 (x) 

0 «/ 2 (x)-x 

<x> 

0.040 

1. 31126 605 

1.12909 207 

1.37979 868 

+0.54348 547 

25 

0.038 

1. 25741 042 

0.61321 135 

1. 30763 025 

-0. 04056 472 

26 

0. 036 

1.21433 612 

+0. 11048 098 

1.25205 767 

-0. 60729 830 

28 

0. 034 

1.17917 949 

-0. 38066 745 

1.20806 627 

-1. 15885 172 

29 

0.032 

1. 15001 033 

-0.86163 915 

1. 17245 178 

-1. 69717 688 

31 

0. 030 

1.12549 256 

-1. 33366 819 

1.14310 153 

-2.22398 514 

33 

0.028 

1. 10467 736 

-1. 79783 172 

1.11857 851 

-2.74075 480 

36 

0.026 

1.08687 488 

-2.25507 118 

1. 09787 629 

-3. 24876 024 

38 

0.024 

1. 07157 283 

-2. 70621 373 

1. 08027 122 

-3.74910 503 

42 

0 . 022 

1. 05838 371 

-3.15199 149 

1. 06523 083 

-4.24275 239 

45 

0.020 

1. 04700 987 

-3.59305 805 

1. 05235 561 

-4. 73055 105 

50 

0.018 

1.03721 972 

-4. 03000 220 

1. 04134 092 

-5.21325 651 

56 

0.016 

1. 02883 137 

-4. 46335 928 

1. 03195 154 

-5.69154 843 

63 

0. 014 

1. 02170 104 

-4.89362 072 

1. 02400 423 

-6.16604 479 

71 

0.012 

1.01571 485 

-5. 32124 187 

1. 01735 560 

-6.63731 350 

83 

0 . 010 

1. 01078 282 

-5.74664 872 

1. 01189 351 

-7.10588 196 

100 

0.008 

1. 00683 452 

-6.17024 356 

1. 00753 093 

-7.57224 522 

125 

0.006 

1. 00381 592 

-6. 59240 995 

1.00420 153 

-8. 03687 285 

167 

0. 004 

1. 00168 705 

-7. 01351 707 

1.00185 654 

-8.50021 498 

250 

0.002 

1.00042 044 

-7.43392 365 

1. 00046 253 

-8.96270 770 

500 

0.000 

1 . 00000 000 

-7. 85398 164 

1 . 00000 000 

-9.42477 796 

00 


n-m 

["(-3)21 


r(-3)21 



L 9 J 

L 9 J 

L io J 

L 9 J 




<x> = nearest integer to x. 



Compiled from National Bureau of Standards, Tables of spherical Bessel functions, vols. 

I, II. 


Columbia Univ. Press, New York, N.Y., 1947 (with permission). 
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SPHERICAL BESSEL FUNCTIONS—VARIOUS ORDERS Table 10.5 


u x ) 

n x = l x = 2 x = 5 


0 - 1)8.41470 9848 (- 1 4. 

1 - 1 3. 01168 6789 (- 1)4. 

2 - 2)6.20350 5201 - 1)1. 

3 (- 3)9. 00658 1117 (- 2)6. 

4 f- 3)1. 01101 5808 (- 2)1. 

5 (- 5)9. 25611 5861 (- 3)2. 

6 (- 6 7.15693 6310 (- 4 4. 

7 (- 7 4.79013 4199 (- 5)5. 

8 (- 8 2.82649 8802 (- 6)6. 

9 (- 9)1.49137 6503 (- 7)7. 


54648 7134 (- 1)-1.91784 8549 

35397 7750 (- 2)-9. 50894 0808 

98447 9491 (- 1)+1.34731 2101 

07220 9766 (- 1) 2.29820 6182 

40793 9276 (- 1) 1. 87017 6553 

63516 9770 (- 1) 1. 06811 1615 

14040 9734 - 2) 4.79668 9986 

60965 5703 - 2) 1.79027 7818 

68320 4324 (- 3) 5. 74143 4675 

10679 7192 (- 3) 1. 61809 9715 


10 (- 11)7. 11655 2640 (- 8)6.82530 0865 

11 (- 12 3. 09955 1855 (- 9 5. 97687 1612 

12 - 13)1. 24166 2597 - 10 4. 81014 8901 

13 (- 15)4. 60463 7678 - 11)3. 58145 1402 

14 (- 16) 1. 58957 5988 (- 12) 2. 48104 9119 

15 (- 18)5.13268 6115 (- 13)1. 60698 2166 

16 (- 19 1. 55670 8271 - 15)9. 77323 7728 

17 (- 21)4.45117 7504 (- 16 5. 60205 9151 

18 {- 22)1.20385 5742 (- 17)3. 03657 8644 

19 (- 24)3. 08874 2364 (- 18)1. 56113 3992 

20 (- 26)7. 53779 5722 (- 20)7. 63264 1101 

30 (- 43)5. 56683 1267 - 34)5. 83661 7888 

40 - 61)1. 53821 0374 (- 49 1. 66097 8779 

50 (- 81)3. 61527 4717 (- 66)4. 01157 5290 

100 (-190)7. 44472 7742 (-160)9. 36783 2591 


(- 4) 4. 07344 2442 

(- 5 9. 27461 1037 
(- 5 1. 92878 6347 

(- 6 3. 69320 6998 

(- 7) 6. 55454 3131 

(- 7) 1.08428 0182 

- 8) 1. 67993 9976 

- 9) 2. 44802 0198 

(- 10 3. 36741 6303 

(- 11) 4. 38678 6630 

(- 12) 5. 42772 6761 
(- 22 4. 28273 0217 

- 33) 1. 21034 7583 
(- 46) 2.85747 9350 

(-120) 5. 53565 0303 


n x = 10 x = 50 £ = 100 

0 (- 2)-5.44021 1109 (- 3)-5.24749 7074 (-3)-5.06365 6411 

1 (- 2)+7. 84669 4180 (- 2)-1.94042 7051 (-3)-8. 67382 5287 

2 (- 2 +7.79421 9363 (- 3 +4. 08324 0843 (-3 +4. 80344 1652 

3 (- 2)-3. 94958 4498 (- 2)+l. 98125 9460 (-3 +8. 91399 7370 

4 (- 1) -1. 05589 2851 (- 3)-1. 30947 7600 (-3)-4. 17946 1837 

5 (_ 2)-5.55345 1162 (- 2)-2. 00483 0056 (-3)-9. 29014 8935 

6 (- 2 +4.45013 2233 - 3 -3. 10114 8524 (-3)+3.15754 5454 

7 (- 1) 1. 13386 2307 (- 2)+l. 92420 0195 -3 +9.70062 9844 

8 - 1) 1.25578 0236 (- 3)+8. 87374 9108 (-3)-1.70245 0977 

9 (- 1) 1. 00096 4095 (- 2)-1. 62249 2725 (-3) -9. 99004 6510 

10 (- 2) 6. 46051 5449 (- 2)-1. 50392 2146 (-4)-1.95657 8597 

11 (- 2) 3. 55744 1489 - 3 +9.90845 4236 -3 +9. 94895 8359 

12 (- 2 1.72159 9974 - 2)+1.95971 1041 -3 +2. 48391 8282 

13 (- 3) 7. 46558 4477 (- 4)-1.09899 0300 (-3)-9. 32797 8789 

14 (_ 3) 2. 94107 8342 (- 2)-1.96564 5589 (-3)-5. 00247 2555 

15 (- 3) 1. 06354 2715 (- 2)-1. 12908 4539 (-3)+7. 87726 1748 

16 (- 4) 3. 55904 0735 (- 2 +1.26561 3175 (-3)+7. 44442 3697 

17 (- 4) 1. 10940 7280 (- 2)+1. 96438 9234 (-3)-5. 42060 1928 

18 (- 5 3.23884 7439 (- 3)+l. 09459 2888 (-3)-9. 34163 4372 

19 (- 6) 8.89662 7269 (- 2)-1. 88338 9360 (-3)+1. 96419 7210 

20 (- 6) 2. 30837 1961 (- 2)-1. 57850 2990 (-2)+l. 01076 7128 

30 -13) 2. 51205 7385 - 3)-1. 49467 3454 -3)+8. 70062 8514 

40 (-22) 8.43567 1634 (- 2)-2. 60633 6952 (-2) +1. 04341 0851 

50 ( -31) 2.23069 6023 (- 2)+1. 88291 0737 (-4)+5. 79714 0882 

100 (-90) 5. 83204 0182 (-22)+l. 01901 2263 (-2)+1. 08804 7701 
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Table 10.5 SPHERICAL BESSEL FUNCTIONS—VARIOUS ORDERS 


n x~l 


0 ( 

’ -i; 

>-5. 40302 3059 ( 

1 < 

° 

)-l. 38177 3291 ( 

2 ( 

0 

)-3.60501 7566 ( 

3 ( 

1 

>-1. 66433 1454 ( 

4 ( 

2 

>-1. 12898 1842 ( 


x=2 x=5 

1 + 2. 08073 4183 ( -2)-5. 67324 3709 

1-3.50612 0043 ( -lj+1. 80438 3675 

1-7. 33991 4247 ( -1)+1. 64995 4576 

1-1. 48436 6557 ( -2 -1.54429 0991 

-4. 46129 1526 ( -1)-1. 86615 5315 


5 ( 2)-9.99440 3434 

6 4)-l. 08809 4559 

7 ( 5 -1.40452 8524 

8 ( 6)-2. 09591 1840 

9 ( 7)-3.54900 4843 


1) -1. 85914 4531 ( -l)-3. 20465 0467 

1 -9. 77916 5769 ( -l)-5.18407 5714 

2) -6. 17054 3296 ( 0)-1. 02739 4639 

3) -4. 53011 5815 ( 0)-2. 56377 6345 

4) -3. 78889 3009 ( 0)-7. 68944 4934 


10 ( 8)-6. 72215 0083 ( 5)-3.55414 7201 

11 ( 10)-1.40810 2512 ( 6)-3.69396 5631 

12 ll)-3.23191 3629 ( 7)-4.21251 9003 

13 ( 12)-8. 06570 3047 ( 8)-5. 22870 9098 

14 ( 14)-2.17450 7909 ( 9)-7.01663 2092 

15 ( 15)-6. 29800 7233 ( 11)-1. 01218 2944 

16 ( 17 -1.95020 7734 ( 12 -1. 56186 6932 

17 ( 18 -6.42938 7516 13)-2. 56695 8608 

18 ( 20)-2. 24833 5423 ( 14)-4. 47655 8894 

19 ( 21)-8. 31241 1677 ( 15)-8. 25596 4368 

20 ( 23)-3. 23959 2219 ( 17)-1. 60543 6493 

30 ( 40)-2.94642 8547 31)-1.40739 3871 

40 58)-8. 02845 0851 ( 46)-3. 72092 9322 

50 ( 78)-2.73919 2285 ( 63)-l.23502 1944 

100 (186)-6. 68307 9463 (156)-2. 65595 5830 


( 1)-2. 66561 1441 

( 2)-1. 04266 2356 

( 2)-4.52968 5692 

3)-2.16057 6611 
( 4)-1.12141 4513 

! 4)-6. 28814 6513 

5 -3. 78650 9387 
6 -2.43621 4730 
7)-1. 66748 5217 
8)-1, 20957 6913 

( 8)-9.26795 1403 

( 18)-7. 76071 7570 
( 30-2.05575 8716 
( 42)-6. 96410 9188 

(116)-1. 79971 3983 


n x = 10 x = 50 x = 100 

0 (-2)+8. 39071 5291 (-2)-1. 92993 2057 (-3)-8. 62318 8723 

1 (-2)+6. 27928 2638 ( -3)+4. 86151 0663 -3)+4. 97742 4524 

2 -2 -6. 50693 0499 ( -2)+l. 95910 1121 (-3)+8. 77251 1459 

3 (-2)-9. 53274 7888 ( -3)-2. 90240 9542 (-3)-4. 53879 8951 

4 (-3)-l. 65993 0220 ( -2)-l. 99973 4855 (-3)-9. 09022 7385 

5 (-2)+9.38335 4168 ( -4)-6. 97113 1965 (-3)+3. 72067 8486 

6 (-1 +1. 04876 8261 ( -2)+l. 98439 8364 (-3 +9.49950 2019 

7 (-2 +4.25063 3221 ( -3)+5. 85654 8943 -3)-2. 48574 3224 

8 (-2)-4.11173 2775 ( -2)-l. 80870 1896 (-3)-9. 87236 3502 

9 (-l)-l. 12405 7894 ( -2)-l. 20061 3539 (-4)+8. 07441 4285 

10 (-l)-l. 72453 6721 ( -2)+l. 35246 8751 (-2) + l. 00257 7737 

11 (-1 -2. 49746 9220 ( -2)+l. 76865 0414 (-3) + l. 29797 1820 

12 (-l)-4. 01964 2485 ( -3 -5. 38889 5605 (-3)-9. 72724 3855 

13 (-l)-7. 55163 6993 ( -2)-2. 03809 5195 (-3)-3. 72978 2784 

14 ( 0)-l. 63697 7739 ( -3)-5. 61681 8446 (-3)+8. 72020 2503 

15 ( 0)-3. 99207 1745 ( -2)+1. 71231 9725 (-3)+6. 25864 1510 

16 lj-l. 07384 4467 ( -2)+l. 62332 0074 (-3)-6. 78002 3635 

17 l)-3.14447 9567 (-3 -6.40928 4759 (-3)-8.49604 9309 

18 ( 1 -9.93183 4017 ( -2)-2.07197 0007 (-3)+3. 80640 6377 

19 ( 2)-3. 36033 0630 ( -3) -8. 92329 3294 (-3)4-9. 90441 9669 

20 ( 3)~1. 21121 0605 ( -2)+1. 37595 3130 (-5)+5. 63172 9379 

30 ( 9)-6. 90831 8646 ( -2)-2. 24122 6812 (-3)-5. 41292 9349 

40 (18)-1. 51030 4919 ( -5 +4.97879 7221 (-4)-7. 04842 0407 

50 (27)-4. 52822 7272 ( -2)-4. 19000 0150 (-2J+1. 07478 2297 

100 (85)-8.57322 6309 (+18)-1.12569 2891 (-2)-2.29838 5049 
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ZEROS OF BESSEL FUNCTIONS OF HALF-INTEGER ORDER 


Table 10.6 




■JrV, 

, s )=o 


,.)=o 






* 

i v , g 

V r , s (-1 ) n+ 'Y' p {y vg ) 

- 5 

3„, t 

■K o;, 

.) 

( 


1 

3.141593 -0.45015 

82 

1.570796 -0. 63661 

98 

15/2 1 

11.657032 

-0.20550 

46 

9.457882 

+0.20754 

83 

2 

6.283185 +0.31830 

99 

4. 712389 +0. 36755 

26 

2 

15.431289 

+0. 19008 

87 

13.600629 

-0.19801 

01 

3 

9.424778 -0.25989 

89 

7.853982 -0. 28470 

50 

3 

18.922999 

-0.17582 

99 

17.197777 

+0.18264 

01 

4 

12. 566370 +0. 22507 

91 

10.995574 +0.24061 

97 

4 

22.295348 

+0.16402 

38 

20.619612 

-0.16964 

44 

5 

15. 707963 -0.20131 

68 

14.137167 -0. 21220 

66 

5 




23. 955267 

+0.15890 

14 

6 

18.849556 +0.18377 

63 

17.278760 +0. 19194 

81 








7 

21. 991149 -0. 17014 

38 

20.420352 -0. 17656 

66 








8 



23. 561945 +0. 16437 

45 

17/2 1 

12.790782 

-0.19382 

82 

10.529989 

-0.19361 

38 






2 

16.641003 

+0.18155 

15 

14.777175 

+0.18810 

92 






3 

20.182471 

-0. 16922 

10 

18.434529 

-0.17517 

27 

1 

4.493409 -0.36741 

35 

2. 798386 +0. 44914 

84 

4 

23.591275 

+0. 15870 04 

21.898570 

+0. 16373 

75 

2 

7. 725252 +0.28469 

20 

6. 121250 -0.31827 

37 








3 

10.904122 -0. 24061 

69 

9.317866 +0.25989 

33 








4 

14. 066194 +0. 21220 

57 

12.486454 -0. 22507 

76 








5 

17.220755 -0.19194 

77 

15.644128 +0.20131 

63 

19/2 1 

13. 915823 

-0.18376 

12 

11.597038 

+0.18186 

42 

6 

20.371303 +0.17656 

64 

18. 796404 -0.18377 

61 

2 

17. 838643 

+0.17398 80 

15.942945 

-0.17944 

10 

7 

23. 519452 -0. 16437 

44 

21.945613 +0.17014 

37 

3 

21. 428487 

-0.16326 17 

19.658369 

+0.16849 

33 






4 

24. 873214 

+0.15383 

84 

23.163734 

-0.15837 

45 


1 

5.763459 -0. 31710 

58 

3.959528 -0. 36184 68 

21/2 

1 

15. 033469 

-0.17496 

82 

12.659840 

-0.17179 

22 

2 

9. 095011 +0.25973 

30 

7.451610 +0.28430 75 

2 

19. 025854 

+0.16722 

59 

17.099480 

+0.17176 

97 

3 

12. 322941 -0. 22503 

59 

10. 715647 -0. 24053 93 


3 

22.662721 

-0.15785 

09 

20.870973 

-0.16247 

13 

4 

15.514603 +0.20130 

14 

13.921686 +0.21218 15 


4 




24.416749 

+0.15347 

56 

5 

18.689036 -0.18376 

96 

17.103359 -0.19193 81 









6 

21.853874 +0.17014 

05 

20.272369 +0.17656 19 









7 



23. 433926 -0.16437 21 

23/2 

1 

16.144743 

-0.16720 

39 

13.719013 

+0.16304 

06 





2 

20. 203943 

+0.16113 

25 

18.247994 

-0.16491 

86 






3 

23. 886531 

-0.15290 

87 

22.073692 

+0. 15700 

50 

1 

6.987932 -0.28223 

71 

5.088498 +0.30882 36 









2 

10.417119 +0.24019 

23 

8. 733710 -0. 25896 77 









3 

13.698023 -0.21208 

02 

12. 067544 +0. 22485 68 

25/2 

1 

17. 250455 

-0.16028 

44 

14.775045 

-0.15534 

97 

4 

16.923621 +0.19189 

90 

15. 315390 -0.20124 01 

2 

21.373972 

+0.15560 47 

19.389462 

+0.15875 

20 

5 

20.121806 -0.17654 

40 

18. 525210 +0.18374 36 


3 




23.267630 

-0.15201 

34 

6 

23. 304247 +0.16436 

28 

21.714547 -0.17012 77 









7 



24. 891503 +0.15914 62 













27/2 

1 

18. 351261 

-0.15406 88 

15.828325 

+0.14852 

56 





2 

22, 536817 

+0.15056 

00 

20.524680 

-0.15316 

36 






3 




24.453705 

+0.14743 

15 

1 

8.182561 -0.25620 

49 

6. 197831 -0.27236 25 









2 

11.704907 +0.22432 

53 

9. 982466 +0.23908 76 









3 

15. 039665 -0. 20107 

12 

13. 385287 -0. 21179 27 









4 

18.301256 +0.18367 

44 

16. 676625 +0.19179 35 

29/2 

1 

19.447703 

-0.14844 

69 

16.879170 

-0.14242 

04 

5 

21.525418 -0.17009 

46 

19.916796 -0.17649 69 

2 

23. 693208 

+0.14593 

21 

21.654309 

+0.14806 

91 

6 

24. 727566 +0.15912 

86 

23. 128642 +0. 16433 89 

31/2 

1 

20. 540230 

-0.14333 

12 

17.927842 

+0.13691 

88 





2 

24.843763 

+0.14166 

70 

22.778902 

-0.14340 

05 

1 

9. 355812 -0. 23580 

60 

7.293692 +0.24538 14 









2 

12.966530 +0.21109 

29 

11. 206497 -0.22293 49 









3 

4 

16.354710 -0.19155 
19.653152 +0. 17639 

58 

49 

14. 676387 +0.20067 86 
18. 011609 -0. 18352 21 

33/2 

1 

2 

21.629221 

-0. 13865 

11 

18.974562 
23.898931 

-0.13192 

+0.13910 

99 

20 

5 

22.904551 -0.16428 

83 

21.283249 +0.17002 38 






6 



24.518929 -0. 15909 15 













35/2 

1 

22.715002 

-0. 13434 93 

20.019515 

+0.12738 

05 

1 

2 

10,512835 -0. 21926 
14.207392 +0.19983 

48 

04 

8. 379626 -0.22441 70 
12.411301 +0.20946 65 

37/2 

1 

23. 797849 

-0.13037 

81 

21.062860 

-0.12321 

13 

3 

17.647975 -0.18321 

82 

15.945983 -0. 19106 59 









4 

20.983463 +0.16988 

82 

19.324820 +0. 17619 60 









5 

24.262768 -0.15902 

21 

22. 628417 -0.16419 26 

39/2 

1 

24. 878005 

-0.12669 

81 

22.104735 

+0.11937 

34 


Values to greater accuracy and over a wider range are given in [10.31]. 

From National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II. Columbia Univ. 
Press, New York, N.Y., 1947 (with permission). 
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Table 10.7 


ZEROS OF THE DERIVATIVE OF BESSEL FUNCTIONS 
OF HALF-INTEGER ORDER 

r;<y; t ,)~o 


3/2 


s 

j',,S 


y‘ v , s ( 

-i) n+ X(KJ 


s 


JM,») 

1 

1.165561 

+0.679192 

2. 975086 

-0. 456186 

15/2 

1 

9.113402 

+0.330874 

2 

4.604217 

-0.369672 

6. 202750 

+0.319331 


2 

13. 525575 

-0.236854 

3 

7.789884 

+0. 285287 

9. 371475 

-0.260267 


3 

17.153587 

+0.202841 

4 

10.949944 

-0. 240870 

12.526476 

+0.225258 


4 

20.587450 

-0.182077 

5 

14,101725 

+0.212340 

15. 676078 

-0. 201419 


5 

23.929631 

+0.167294 

6 

17.249782 

-0.192029 

18. 822999 

+0. 183841 





7 

20.395842 

+0.176620 

21.968393 

-0.170188 





8 

23.540708 

-0.164412 












17/2 

1 

10. 180054 

+0. 318378 







2 

14.702493 

-0.229449 







3 

18.390930 

+0.197291 







4 

21.866965 

-0.177623 

1 

2.460536 

+0.525338 

4. 354435 

+0. 388891 





2 

6. 029292 

-0. 328062 

7. 655545 

-0. 290138 





3 

9.261402 

+0. 263295 

10. 856531 

+0.242910 





4 

12.445260 

-0. 226711 

14.029845 

-0.213417 

19/2 




5 

15.611585 

+0.202245 

17.191285 

+0.192678 


11.241675 

+0.307606 

6 

18.769469 

-0. 184363 

20. 346496 

-0.177046 



15.868463 

-0.222927 

7 

21.922619 

+0. 170542 

23.498023 

+0.164709 


4 

19.615227 
23.132584 

+0.192335 
-0.173605 


5/2 1 

2 

3 

4 

5 

6 
7 


7/2 


2 

3 

4 

5 

6 


9/2 1 

2 

3 

4 

5 

6 


11/2 


1 

2 

3 

4 

5 

6 


3.632797 
7.367009 
10.663561 
13.883370 
17.072849 
20.246945 
23.412100 


+0.457398 
-0.301449 
+0.247304 
-0.215670 
+0.194015 
-0. 177917 
+0.165314 


5.634297 
9.030902 
12.278863 
15.480655 
18. 661309 
21.830390 
24.992411 


-0. 350669 
+ 0.270006 
-0.229783 
+0.203956 
-0.185432 
+0.171262 
-0.159953 


21/2 1 
2 


12.299124 
17.025072 
20. 828186 
24.385974 


+0. 298179 
-0.217118 
+0.187870 
-0.169950 






23/2 

1 

13.353045 

+0.289825 






2 

18.173567 

-0.211893 






3 

22.031181 

+0.183813 

4.762196 

+0. 415533 

6. 863232 

+0.324651 





8.653134 

-0.282237 

10.356373 

-0. 254849 





12.018262 

+0. 234875 

13.656304 

+0.219318 

25/2 

1 

14.403937 

+0.282348 

15.279081 

-0.206685 

16. 891400 

-0.196124 


2 

19.314945 

-0.207156 

18.496200 

+0.187103 

20.095393 

+0.179270 


3 

23.225333 

+0.180103 

21. 690284 

-0.172377 

23.281796 

-0.166245 





24.870602 

+0.160741 











27/2 

1 

15.452196 

+0.275596 






2 

20.450018 

-0.202830 






3 

24.411571 

+0.176690 

5.868420 

+0. 386006 

8. 060030 

-0. 305246 





9.904306 

-0. 267385 

11.646354 

+0. 242810 





13.337928 

+0.224788 

14.999624 

-0. 210673 

29/2 




16.641787 

-0.199151 

18.270330 

+0.189472 

+ 

16.498138 

+0.269455 

19.888934 

+0.181169 

21.500029 

-0.173929 



21. 579459 

-0.198856 

23.105297 

-0.167534 

24.705942 

+0.161826 









31/2 

1 

17.542024 

+0.263833 






2 

22.703832 

-0.195187 


6. 959746 
11.129856 
14.630406 
17.977886 
21.256291 
24.496327 


+0.363557 
-0.255385 
+0. 216349 
-0.192692 
+0.175987 
-0.163244 


9.234274 
12.909478 
16. 315912 
19. 623229 
22 .- 


+0. 289946 
-0. 232895 
+0.203344 
-0.183714 
+0.169229 


33/2 1 

2 


35/2 1 

2 


18.584071 
23.823614 


19.624460 
24.939214 


+0.258658 
-0.191783 


+0.253871 
-0.188612 


13/2 1 
2 

3 

4 

5 


8.040535 +0.345649 

12.335631 -0.245384 

15.901023 +0.209127 

19. 291967 -0. 187058 

22. 602185 +0. 171399 


10.391621 
14.151399 

-0. 277420 
+0.224513 

37/2 1 

20.663347 

+0. 249423 

17.610124 

-0. 197009 




20,954335 

+0. 178651 




24.238863 

-0.165043 

39/2 1 

21.700865 

+0. 245275 


Values to greater accuracy and over a wider range are given in [10.31]. 

From National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II. 
Press, New York, N.Y., 1947 (with permission). 


vl,s (~D n+i Y y (!/lJ 

11.535731 +0.266883 
15. 376058 -0.217283 
18. 885886 +0.191447 
22.266861 -0.174147 


12.669130 -0.257833 
16.586323 +0.210950 
20.145940 -0.186505 
23.563314 +0.170098 


13.793646 +0. 249935 
17.784362 -0.205332 
21.392422 +0.182067 
24.845689 -0.166427 


14.910648 -0.242951 

18.971857 +0.200296 
22.627032 -0.178048 


16.021196 +0.236710 
20.150142 -0.195742 

23.851147 +0.174383 


17.126125 -0. 231081 
21.320300 +0.191594 


18.226109 +0.225965 
22.483219 -0.187792 


19. 321702 -0. 221286 

23.639641 +0.184287 


20.413362 +0.216981 
24.790191 -0.181040 


21.501477 -0. 213000 


22.586374 +0. 209303 


23.668335 -0.205855 


24.747606 +0.202629 


Columbia Univ. 
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MODIFIED SPHERICAL BESSEL FUNCTIONS—ORDERS 0, 1 AND 2 


x io(x) 


iifr) h(x) ko(x) k\(x) 


0.0 

1.00000 

000 

0.00000 

000 

0.00000 

0000 

OO 


OO 


0.1 

1.00166 

750 

0.03336 

668 

0.00066 

7143 

14.21315 

293 

156.344682 

0.2 

1.00668 

001 

0.06693 

370 

0.00267 

4294 

6.43029 

630 

38.58177 

78 

0.3 

1.01506 

764 

0.10090 

290 

0.00603 

8668 

3.87891 

513 

16.80863 22 

0.4 

1.02688 

081 

0.13547 

889 

0.01078 

9114 

2.63234 

067 

9.21319 

233 

0.5 

1.04219 

061 

0.17087 

071 

0.01696 

6360 

1.90547 

226 

5.71641 

679 

0.6 

1.06108 

930 

0.20729 

319 

0.02462 

3348 

1.43678 

550 

3.83142 

801 

0.7 

1.08369 

100 

0.24496 

858 

0.03382 

5678 

1.11433 

482 

2.70624 

170 

0.8 

1.11013 

248 

0.28412 

808 

0.04465 

2156 

0.88225 

536 

1.98507 456 

0.9 

1.14057 

414 

0.32501 

361 

0.05719 

5452 

0.70959 

792 

1.49804 

005 

1.0 

1.17520 

119 

0.36787 

944 

0.07156 

2871 

0.57786 

367 

1.15572 

735 

1.1 

1.21422 

497 

0.41299 

416 

0.08787 

7251 

0.47533 

880 

0.90746 

4974 

1.2 

1.25788 

446 

0.46064 

259 

0.10627 

7995 

0.39426 

230 

0.72281 

4219 

1.3 

1.30644 

803 

0.51112 

785 

0.12692 

2227 

0.32930 

149 

0.58261 

0332 

1.4 

1.36021 

536 

0.56477 

365 

0.14998 

6112 

0.27668 

115 

0.47431 

0537 

1.5 

1.41951 

964 

0.62192 

665 

0.17566 

6332 

0.23366 

136 

0.38943 

5596 

1.6 

1.48472 

997 

0.68295 

906 

0.20418 

1728 

0.19821 

144 

0.32209 

3595 

1.7 

1.55625 

408 

0.74827 

140 

0.23577 

5138 

0.16879 

918 

0.26809 

2818 

1.8 

1.63454 

127 

0.81829 

550 

0.27071 

5433 

0.14425 

049 

0.22438 

9655 

1.9 

1.72008 

574 

0.89349 

778 

0.30929 

9770 

0.12365 

360 

0.18873 

4440 

2.0 

1.81343 

020 

0.97438 

274 

0.35185 

6089 

0.10629 

208 

0.15943 

8124 

2.1 

1.91516 

988 

1.06149 

681 

0.39874 

5868 

0.09159 

719 

0.13521 

4906 

2.2 

2.02595 

690 

1.15543 

247 

0.45036 

7165 

0.07911 

327 

0.11507 

3847 

2.3 

2.14650 

513 

1.25683 

283 

0.50715 

7959 

0.06847 

227 

0.09824 

2824 

2.4 

2.27759 

551 

1.36639 

653 

0.56959 

9849 

0.05937 

476 

0.08411 

4246 

2.5 

2.42008 

179 

1.48488 

308 

0.63822 

2102 

0.05157 

553 

0.07220 

5736 

2.6 

2.57489 

701 

1.61311 

877 

0.71360 

6125 

0.04487 

256 

0.06213 

1241 

2.7 

2.74306 

041 

1.75200 

304 

0.79639 

0365 

0.03909 

858 

0.05357 

9539 

2.8 

2.92568 

513 

1.90251 

546 

0.88727 

5704 

0.03411 

437 

0.04629 

8067 

2.9 

3.12398 

658 

2.06572 

335 

0.98703 

1387 

0.02980 

354 

0.04008 

0625 

3.0 

3.33929 

164 

2.24279 

012 

1.09650 

152 

0.02606 

845 

0.03475 

7931 

3.1 

3.57304 

872 

2.43498 

437 

1.21661 

224 

0.02282 

681 

0.03019 

0302 

3.2 

3.82683 

875 

2.64368 

983 

1.34837 

954 

0.02000 

910 

0.02626 

1944 

3.3 

4.10238 

723 

2.87041 

631 

1.49291 

787 

0.01755 

635 

0.02287 

6452 

3.4 

4.40157 

747 

3.11681 

153 

1.65144 

965 

0.01541 

841 

0.01995 

3243 

3.5 

4.72646 

494 

3.38467 

421 

1.82531 

562 

0.01355 

255 

0.01742 

4712 

3.6 

5.07929 

316 

3.67596 

831 

2.01598 

623 

0.01192 

222 

0.01523 

3952 

3.7 

5.46251 

092 

3.99283 

865 

2.22507 

418 

0.01049 

611 

0.01333 

2903 

3.8 

5.87879 

128 

4.33762 

799 

2.45434 

813 

0.00924 

735 

0.01168 

0862 

3.9 

6.33105 

220 

4.71289 

572 

2.70574 

780 

0.00815 

280 

0.01024 

3262 

4.0 

6.82247 

930 

5.12143 

838 

2.98140 

051 

0.00719 

253 

0.00899 

0668 

4.1 

7.35655 

060 

5.56631 

208 

3.28363 

932 

0.00634 

934 

0.00789 

7961 

4.2 

7.93706 

374 

6.05085 

704 

3.61502 

300 

0.00560 

833 

0.00694 

3650 

4.3 

8.56816 

571 

6.57872 

451 

3.97835 

791 

0.00495 

661 

0.00610 

9316 

4.4 

9.25438 

538 

7.15390 

628 

4.37672 

200 

0.00438 

300 

0.00537 

9136 

4.5 

10.00066 

914 

7.78076 

689 

4.81349 

122 

0.00387 

777 

0.00473 

9498 

4.6 

10.81241 

998 

8.46407 

908 

5.29236 

840 

0.00343 

248 

0.00417 

8666 

4.7 

11.69554 

012 

9.20906 

250 

5.81741 

513 

0.00303 

975 

0.00368 

6506 

4.8 

12.65647 

789 

10.02142 

620 

6.39308 

652 

0.00269 

318 

0.00325 

4257 

4.9 

13.70227 

889 

10.90741 

515 

7.02426 

961 

0.00238 

716 

0.00287 4331 

5.0 

14.84064 

212 

11.87386 

128 

7.71632 

535 

0.00211 

679 

0.00254 

0146 


[ ( _ 2)1 ] [( _ 2)1] [( _ 3)8] 


infr) = yj\ */xI n+ M) k n (X) = yj\ 


Table 10.8 

k2(x) 

00 

4704.5536 

585.15696 

171.96524 

71.731283 

36.203973 
20.593926 
12.712514 
8.32628 49 
5.70306 48 

4.04504 57 
2.95024 33 
2.20129 78 
1.67378 69 
1.29306 09 

1.01253 25 
0.80213 693 
0.64190 415 
0.51823 325 
0.42165 535 

0.34544 927 
0.28476 135 
0.23603 215 
0.19661 508 
0.16451 757 

0.13822 241 
0.11656 246 
0.09863 140 
0.08371 944 
0.07126 626 

0.06082 638 
0.05204 323 
0.04462 967 
0.03835 312 
0.03302 422 

0.02848 802 
0.02461 718 
0.02130 658 
0.01846 908 
0.01603 223 

0.01393 554 
0.01212 834 
0.01056 808 
0.00921 893 
0.00805 059 

0.00703 744 
0.00615 769 
0.00539 284 
0.00472 709 
0.00414 695 

0.00364 088 
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Table 10.9 MODIFIED SPHERICAL BESSEL FUNCTIONS—ORDERS 9 AND 10 


X 

10 9 x“%( x ) 

10 10 *- 10 h 0 (^) 

10 7 x l %(x) 

10 

0.0 

1. 52734 93 

0. 72730 92 

5. 41287 38 

1. 02844 60 

0.1 

1. 52771 30 

0. 72746 73 

5. 41128 21 

1. 02817 54 

0.2 

1.52880 46 

0.72794 19 

5. 40650 99 

1. 02736 41 

0.3 

1.53062 54 

0.72873 35 

5.39856 70 

1. 02601 35 

0.4 

1.53317 79 

0.72984 30 

5.38746 92 

1. 02412 59 

0.5 

1.53646 54 

0.73127 18 

5. 37323 85 

1. 02170 47 

0.6 

1. 54049 23 

0.73302 17 

5.35590 33 

1. 01875 42 

0.7 

1.54526 36 

0.73509 47 

5. 33549 79 

1. 01527 95 

0.8 

1. 55078 57 

0.73749 33 

5. 31206 23 

1. 01128 67 

0.9 

1. 55706 60 

0.74022 04 

5. 28564 31 

1.00678 27 

1 . 0 

1.56411 27 

0.74327 93 

5. 25629 13 

1.00177 53 

1.1 

1.57193 49 

0.74667 38 

5.22406 45 

0.99627 31 

1.2 

1. 58054 32 

0. 75040 79 

5.18902 48 

0. 99028 56 

1.3 

1.58994 87 

0.75448 62 

5.15123 93 

0.98382 30 

1.4 

1. 60016 42 

0.75891 37 

5.11078 01 

0.97689 61 

1.5 

1. 61120 30 

0.76369 58 

5. 06772 38 

0.96951 68 

1.6 

1.62308 02 

0.76883 83 

5. 02215 07 

0.96169 72 

1.7 

1.63581 13 

0.77434 76 

4.97414 57 

0.95345 03 

1.8 

1.64941 38 

0. 78023 05 

4.92379 68 

0.94478 97 

1.9 

1.66390 60 

0.78649 43 

4. 87119 57 

0.93572 94 

2. 0 

1. 67930 73 

0. 79314 68 

4. 81643 66 

0.92628 41 

2.1 

1. 69563 90 

0.80019 63 

4. 75961 72 

0.91646 88 

2.2 

1.71292 33 

0.80765 17 

4.70083 65 

0.90629 89 

2.3 

1.73118 39 

0. 81552 21 

4.64019 67 

0.89579 04 

2.4 

1.75044 59 

0.82381 79 

4. 57780 09 

0.88495 95 

2. 5 

1. 77073 63 

0.83254 94 

4. 51375 41 

0.87382 25 

2.6 

1.79208 32 

0. 84172 78 

4. 44816 23 

0.86239 63 

2.7 

1.81451 64 

0.85136 49 

4.38113 22 

0.85069 78 

2.8 

1.83806 76 

0. 86147 30 

4. 31277 10 

0. 83874 39 

2.9 

1.86277 03 

0.87206 54 

4.24318 63 

0. 82655 20 

3.0 

1. 88865 96 

0. 88315 57 

4.17248 53 

0.81413 92 

3.1 

1.91577 24 

0.89475 86 

4. 10077 50 

0.80152 28 

3.2 

1.94414 79 

0. 90688 95 

4. 02816 19 

0. 78872 01 

3.3 

1.97382 74 

0.91956 42 

3.95475 12 

0.77574 83 

3.4 

2. 00485 39 

0.93279 97 

3. 88064 76 

0.76262 45 

3.5 

2. 03727 33 

0.94661 40 

3.80595 33 

0.74936 56 

3.6 

2. 07113 33 

0.96102 55 

3.73076 99 

0.73598 84 

3.7 

2.10648 43 

0. 97605 38 

3. 65519 70 

0.72250 95 

3.8 

2.14337 94 

0.99171 97 

3.57933 16 

0.70894 53 

3.9 

2.18187 40 

1. 00804 44 

3. 50326 88 

0. 69531 19 

4. 0 

2.22202 68 

1.02505 08 

3.42710 13 

0.68162 50 

4.1 

2.26389 90 

1. 04276 26 

3.35091 95 

0.66790 02 

4.2 

2.30755 54 

1. 06120 45 

3.27481 07 

0.65415 25 

4.3 

2. 35306 35 

1.08040 28 

3.19885 96 

0.64039 66 

4.4 

2.40049 43 

1.10038 47 

3.12314 76 

0.62664 70 

4.5 

2.44992 27 

1.12117 91 

3.04775 39 

0.61291 75 

4.6 

2.50142 71 

1.14281 58 

2.97275 34 

0.59922 16 

4.7 

2. 55508 99 

1.16532 63 

2.89821 88 

0. 58557 24 

4. 8 

2. 61099 74 

1.18874 39 

2.82421 90 

0.57198 25 

4.9 

2. 66924 03 

1.21310 29 

2.75081 98 

0. 55846 39 

5.0 

2.72991 40 

1.23843 97 

2.67808 38 

0. 54502 82 


m 

['I" 1 ] 

m 

m 


in(x) = Trlxl^x) kn(x) = ir/xK^x) 

Compiled from C. W. Jones, A short table for the Bessel functions I n+ ^(x) t (2/*)K (, x ) 

Cambridge Univ. Press, Cambridge, England, 1952 (with permission;. 
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MODIFIED SPHERICAL BESSEL FUNCTIONS—ORDERS 9 AND 10 


5.0 

5.1 

5.2 

5.3 

5.4 

5.5 

5.6 

5.7 

5.8 

5.9 

6.0 

6.1 

6.2 

6.3 

6.4 

6.5 

6.6 

6.7 

6.8 

6.9 

7.0 

7.1 

7.2 

7.3 

7.4 

7.5 

7.6 

7.7 

7.8 

7.9 

8 . 0 
8.1 
8.2 

8.3 

8.4 

8.5 

8.6 

8. 7 
8.8 

8.9 

9.0 

9.1 

9.2 

9.3 

9.4 

9.5 

9.6 

9. 7 

9.8 

9.9 

10.0 


« X 7i9(x) 

2 

-5)6. 40961 
-5)7.16216 
-5) 7. 97716 
-5 8. 85734 
-5)9. 80541 


1. 08240 
1.19157 

1. 30831 

1. 43285 
1.56545 

1.70632 

1. 85569 

2. 01376 
2.18075 
2.35684 


1 -4)2.54221 
-4)2. 73703 
-4)2.94147 
-4)3.15568 
-4)3. 37978 

1 -4)3. 61391 
-4)3. 85819 
-4 4.11271 
-4) 4. 37758 
-4)4. 65288 

-4)4. 93867 
-4)5.23503 
-4 5. 54199 
(-4)5. 85960 
(-4)6. 18789 

1 -4)6.52688 
-4) 6. 87657 
-4 7. 23697 
-4) 7. 60807 
-4)7. 98985 

(-4)8. 38228 
(- 4 ) 8. 78533 
(-4)9. 19895 
-4 9. 62308 
(-3)1. 00576 

1 -3)1. 05026 
-3)1. 09579 
-3)1.14235 
-3jl. 18991 
-3)1. 23849 

1 -3)1.28806 
-3)1.33861 
-3)l. 39014 
-3 1. 44263 
-3)1.49607 

(-3)1. 55045 


~ x h_i{x) 

1.45387 
1. 65403 

1. 87488 
2,11778 

2. 38413 


-5)2. 67535 
-5)2. 99285 
-5) 3. 33809 
-5) 3. 71252 
-5) 4.11760 


4. 55480 
5.02559 

5. 53143 

6. 07377 

6. 65407 

7. 27375 
7.93423 

8. 63691 

9. 38317 
1.01743 


1 -4)1.10117 
-4)1.18967 
-4 1. 28304 
-4 1.38142 
-4)l. 48492 

! -4) 1.59365 
-4)l. 70773 
-4)1.82727 
-4)1.95236 
-4)2. 08311 


2.21961 
2.36195 
2.51020 
2.66447 

2. 82481 

2.99130 
3.16400 

3. 34298 

3. 52828 

3. 71997 


i -4) 3. 91809 
-4) 4. 12268 
-4) 4. 33377 
-4) 4. 55140 
-4)4. 77560 

(-4)5. 00639 
(-4)5. 24378 
-4)5. 48779 
(-4) 5. 73844 
(-4)5. 99571 

(-4)6. 25963 


-«w&) 
w 2 

1 2)4. 62276 
2)4.11899 
2)3. 68187 
2)3.30123 
2)2. 96863 


2. 67706 
2.42066 
2.19449 
1.99441 
1.81692 

1.65905 
1.51825 
1. 39236 
1. 27955 
1.17821 


1 2)1. 08697 
2) 1. 00464 
1)9. 30213 
1)8. 62775 
1)8. 01557 


7. 45880 
6.95148 
6. 48840 
6. 06498 
5. 67717 


1 1)5.32140 
l)4. 99452 
l)4. 69371 
1)4. 41649 
1)4. 16065 

1 1)3. 92420 
1 3.70539 
1) 3. 50262 
1 3.31448 
1)3.13970 

(1)2. 97713 
(1)2.82574 
(l)2. 68460 
12.55287 
(1)2.42979 

1 1) 2. 31467 
1 2. 20689 
1)2.10586 
12. 01109 
1)1. 92209 

1 1)1.83843 
l) 1.75973 
l)l. 68563 
l)l. 61578 
1)1.54991 

(1)1.48772 


Table 10.9 

-SKa-i(x) 
W ~2 
(3)1.88159 
3 1. 64774 
3 1.44818 
(3 1.27719 
(3)1.13013 

(3)1. 00320 
(2)8. 93250 
(2)7. 97686 
(2)7. 14360 
(2)6.41477 

(2)5.77537 
2 5. 21281 
( 2 ) 4 . 71647 
(2)4.27737 
(2)3. 88791 

(2)3. 54160 
(2)3.23292 
(2)2.95714 
(2)2.71019 
(2)2.48857 

1 2)2. 28926 
2)2.10966 
2 1. 94748 
2 1. 80076 
2)1. 66777 

1 2)1. 54701 
2)1. 43717 
2)1. 33708 
2)1.24573 
2)1.16223 

i 2) 1. 08577 
2)1.01566 
1)9.51284 
1)8.92076 
1)8. 37549 

i l) 7. 87266 
l)7. 40835 
1)6.97906 
l) 6. 58165 
1)6.21331 

1 1)5.87149 
1 5. 55393 
1)5.25858 
1 4. 98356 
l)4. 72722 

(1)4. 48802 
l)4. 26461 
(l)4. 05572 
(1 3. 86022 
(l)3.67709 

(1)3.50537 
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Table 10.9 


MODIFIED SPHERICAL BESSEL FUNCTIONS—ORDERS 9 AND 10 


X- 1 

/«(*) 

fio(x) 

99@) 

gio(x) 

<%> 

0.100 

1.10630 573 

1.21411 149 

0. 65502 364 

0.56777 

303 

10 

0.095 

1.08238 951 

1.17260 877 

0. 68557 030 

0.60351 

931 

11 

0. 090 

1. 06167 683 

1.13650 462 

0.71563 676 

0. 63926 

956 

11 

0.085 

1.04394 741 

1.10534 464 

0. 74502 124 

0. 67473 

612 

12 

0. 080 

1. 02899 406 

1. 07872 041 

0. 77352 114 

0. 70961 

813 

13 

0.075 

1. 01661 895 

1.05626 085 

0.80093 667 

0.74360 

745 

13 

0. 070 

1. 00662 998 

1.03762 412 

0.82707 483 

0. 77639 

538 

14 

0.065 

0. 99883 728 

1. 02248 982 

0. 85175 354 

0.80768 

018 

15 

0.060 

0. 99304 985 

1. 01055 159 

0.87480 587 

0. 83717 

510 

17 

0. 055 

0.98907 251 

1.00151 009 

0. 89608 425 

0.86461 

675 

18 

0. 050 

0. 98670 320 

0.99506 643 

0.91546 455 

0.88977 

340 

20 

0. 045 

0. 98573 080 

0.99091 634 

0.93284 978 

0.91245 

301 

22 

0.040 

0. 98593 357 

0.98874 519 

0.94817 344 

0.93251 

041 

25 

0. 035 

0.98707 842 

0. 98822 421 

0.96140 216 

0.94985 

358 

29 

0. 030 

0. 98892 100 

0.98900 824 

0. 97253 769 

0.96444 

830 

33 

0.025 

0. 99120 680 

0.99073 519 

0.98161 804 

0. 97632 

121 

40 

0. 020 

0. 99367 323 

0.99302 746 

0.98871 764 

0. 98556 

077 

50 

0.015 

0. 99605 259 

0.99549 538 

0.99394 654 

0. 99231 

623 

67 

0.010 

0. 99807 595 

0.99774 259 

0.99744 863 

0.99679 

434 

100 

0. 005 

0. 99947 760 

0.99937 316 

0. 99939 894 

0. 99925 

415 

200 

0.000 

1. 00000 000 

1.00000 000 

1. 00000 000 

1. 00000 

000 

00 



f(—4)71 


r(-4)ffi 



L 6 J 

L ? J 

L 6 J 

L 7 

j 



^2irxliv(x) =/s(a:)e I_4&t-1 
2 

=fio(x)e ?- 55x ~ 1 

2 

^KMx) = g,(x)e~ x +^~ l 
2 


V2x/ 7 rjK:2i(a;)=grio(x)e- ;c + 55x 1 
2 


<z> = nearest integer to x. 
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Table 10.10 

MODIFIED SPHERICAL BESSEL FUNCTIONS—VARIOUS ORDERS 

*/ xI n + h® 

0 ( 0)1. 17520 1194 ( 0)1.81343 0204 ( 1) 1. 48*406 4212 

1 (- 1 3. 67879 4412 - 1)9. 74382 7436 1 1. 18738 6128 

2 - 2)7. 15628 7013 (- 1 3. 51856 0886 0)7.71632 5346 

3 (- 2 1. 00650 9052 - 2 9. 47425 2220 ( 0 4.15753 5935 

4 (- 3)1. 10723 6461 (- 2)2. 02572 6087 ( O) 1. 89577 5037 

5 (- 5)9.99623 7520 (- 3)3. 58484 8301 (- 1)7. 45140 8690 

6 (- 6 7. 65033 3778 (- 4)5.40595 2086 (- 1)2. 56465 1251 

7 (- 7)5. 08036 0873 (- 5)7. 09794 4523 (- 2)7. 83315 4364 

8 (- 8)2.97924 6909 (- 6)8. 24936 9394 (- 2)2.14704 9422 

9 (- 9)1. 56411 2692 (- 7)8.59805 3854 (- 3)5. 33186 3294 

10 (- 11)7. 43279 3549 (- 8)8.12182 3211 (- 3)1.20941 3702 

11 (- 12 3.22604 7141 (- 9)7. 01394 8275 (- 4 2. 52325 7454 

12 (- 13)1. 28851 2381 (- 10 5.57826 9483 (- 5)4.87152 7330 

13 (- 15 4. 76618 7751 (- ll) 4. 11114 2138 (- 6 8. 74937 8858 

14 (- 16)1. 64168 8672 (- 12)2. 82275 9636 (- 6) 1.46862 7470 

15 (- 18)5. 29060 2725 (- 13)1. 81406 6530 (- 7)2. 31339 5316 

16 (- 19)1.60182 7153 (- 14)1.09565 1449 (- 8)3.43223 7424 

17 - 21)4. 57312 0086 - 16 6. 24163 9390 - 9)4.81186 1587 

18 (- 22 1.23512 2995 (- 17 3. 36455 5792 (- 10 6. 39343 1309 

19 (- 24)3.16500 3796 (- 18) 1. 72111 7468 (- ll) 8. 07224 1852 

20 (- 26)7.71514 7565 (- 20)8. 37672 8478 (- 12)9.70826 6441 

30 (- 43) 5. 65589 8686 (- 34 6.21921 4440 (- 22)6. 36889 3001 

40 (- 61)1. 55685 5122 (- 49 1. 74298 6176 (- 33) 1. 63577 1994 

50 (- 81)3. 65054 5412 (- 66)4. 17042 9214 (- 46)3. 64245 9664 

100 (-190)7.48149 1755 (-160)9. 55425 1030 (-120)6.26113 6933 


n x=10 x=50 x=10Q 

0 ( 3)1.10132 3287 ( 19)5.18470 5529 (41)1. 34405 8571 

1 2)9.91190 9633 19)5. 08101 1418 ( 41) 1. 33061 7985 

2 2)8. 03965 9985 ( 19 4.87984 4844 4l) 1. 30414 0031 

3 ( 2)5. 89207 9640 ( 19 4. 59302 6934 41 1.26541 0984 

4 ( 2)3.91520 4237 ( 19)4.23682 1073 (4l) 1.21556 1262 

5 ( 2)2. 36839 5827 ( 19)3.83039 9141 (41)1.15601 0470 

6 ( 2)1. 30996 8827 ( 19)3.39413 3262 (4l) 1. 08840 0111 

7 1)6. 65436 3519 19)2. 94792 4492 (41 1. 01451 8456 

8 1 3. 11814 2991 ( 19 2.50975 5914 (40 9.36222 3425 

9 ( l)l. 35352 0435 ( 19)2. 09460 7482 (40) 8. 55360 6574 

10 ( 0)5. 46454 1653 ( 19)1. 71380 5071 (40)7.73703 8176 

11 ( 0)2. 05966 6874 19) 1.37480 9352 (40 6. 92882 8557 

12 (- 1 7.27307 8439 ( 19) 1. 08139 2769 (40 6.14340 7607 

13 (- 1)2. 41397 2641 ( 18)8. 34112 9672 40 5. 39297 6655 

14 (- 2)7. 55352 3093 ( 18)6. 30971 7670 (40) 4. 68730 3911 

15 (- 2)2. 23450 9437 ( 18)4. 68149 3423 (40)4.03365 8521 

16 (- 3)6.26543 8379 ( 18)3.40719 1747 < 40) 3.43686 9769 

17 (- 3)1. 66914 7720 ( 18)2.43274 6870 (40) 2. 89949 1497 

18 (- 4)4.23421 3574 ( 18)1. 70426 8938 40 2.42204 7745 

19 (- 4)1. 02488 6979 ( 18) 1. 17158 7856 (40)2. 00333 3832 

20 (- 5)2.37154 3577 ( 17)7. 90430 4104 (40)1.64074 7551 

30 (-12 1.22928 4325 ( 15)5. 67659 3929 (39)1. 30147 2327 

40 (-21)2.81471 5830 ( 12)7. 34905 8082 (37) 3. 95371 9716 

50 (-31)5.88991 6154 (+ 9)2. 00489 8633 (35)4. 74095 0959 

100 (-90)9.54463 8661 (-17)2. 34189 3740 (20)3.73598 8741 
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Table 10.10 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 


15 

16 

17 

18 
19 


20 

30 

40 

50 

100 


MODIFIED SPHERICAL BESSEL FUNCTIONS—VARIOUS ORDERS 


x=l 

1) 5.77863 6749 
0)1.15572 7350 
0)4. 04504 5724 
1 2.13809 5597 

2) 1. 53711 7375 

S 3) 1.40478 6594 
4)1.56063 6427 
5 2. 04287 5221 
6)3. 07991 9195 
7)5.25629 1384 

( 9)1. 00177 5282 

10)2.10898 4384 
( 11)4.86068 1836 
( 13)1. 21727 9443 
( 14)3.29151 5179 

! 15)9. 55756 6814 
17)2. 96613 7227 
18)9.79781 0417 
20)3.43219 9783 
22)1.27089 3701 

( 23)4.95991 7633 
( 40)4.55045 5450 
( 59 1.24524 3351 
( 78)4.25947 0196 

( 87)1.04451 3645 




1} 

r-9 

1.06292 

0829 

- 1* 

1.59438 

1243 

1 - 1* 

3. 45449 

2694 

' o' 

1.02306 

1298 

0) 

3. 92616 

3812 

( 1) 

1.86907 

9845 

2 

1. 06725 

5553 

( 2 

7.12406 

9079 

( 3) 

5.44977 

7364 

( 4) 

4.70355 

1451 

( 5 

4. 52287 

1652 

6 

4. 79605 

0749 

7 

5.56068 

7078 

8 

16.99881 

9354 

( ^ 

19. 50401 

2999 

( n ; 

11. 38508 

0704 

( 12j 

12.15637 

9105 

( 13’ 

>3. 57187 

6330 

( 14 

) 6. 27234 

7368 

( i&! 

) 1.16395 

6139 

( 17)2.27598 

6819 

( 31 

2.06581 

6824 

( 46 

5. 55624 

8963 

63 

)1.86314 

7755 

( 156) 4. 08894 

4237 



*=5 


(- 3) 

2.11678 

8479 

- 3 

2.54014 

6175 

- 3 

3. 64087 

6184 

- 3 

6.18102 

2359 

(- 2 

1.22943 

0749 

(- 2 

2.83107 

7584 

(- 2 

7. 45780 

1433 

-1 

2.22213 

6131 

- 1 

7.41218 

8536 

( 0 

2.74235 

7715 

( 1 

1.11621 

7817 

1 

4.96235 

0604 

( 2 

2.39430 

3059 

3 

1.24677 

5036 

( 3 

) 6. 97201 

5499 

( 4 

) 4.16844 

6493 

( 3' 

2.65415 

6981 

6 

1.79342 

8072 

( 7 

1.28194 

1220 

7 

)9. 66570 

7838 

( 8)7.66744 

6235 

18 

)7.97979 

3303 

( 30)2.35318 

1718 

( 42 

8 . 49795 

8757 

(116)2. 49323 

8041 


n 

0 

1 

2 

3 

4 


*=10 

-6)7. 13140 4291 
-6)7.84454 4720 
-6 9.48476 7707 
-5)1.25869 2857 
-5)1. 82956 1771 


*=50 

! -24)6.05934 6353 
-24)6.18053 3280 
-24)6.43017 8350 
-24 6.82355 1115 
-24)7.38547 5506 


*=100 

i —46) 5. 84348 1679 
-46)5. 90191 6495 
-46)6. 02053 9173 
-46)6. 20294 3454 
-46)6. 45474 5215 


5 

6 

7 

8 
9 


(-5)2.90529 8451 
(-5)5. 02539 0067 
(-5 9.43830 5538 
(-4)1.91828 4837 
(-4)4.20491 4777 


(-24)8.15293 6706 
(-24)9.17912 1581 
(-23)1. 05395 0832 
(-23)1.23409 7408 
(-23)1.47354 3950 


(-46)6. 78387 0523 
(-46)7.20097 0973 
(-46)7. 71999 6750 
(-46)8. 35897 0485 
(-46)9. 14102 1732 


10 

11 

12 

13 

14 


5 -4)9. 90762 2914 
-3)2. 50109 2290 
-3)6.74327 4558 
-2)1. 93592 7868 
-2)5.90133 2701 


! -23) 1. 79404 4109 
-23)2. 22704 2476 
-23)2. 81848 3648 
-23)3. 63628 4300 
-23)4.78207 7170 


(-45)1.00957 6461 
(-45)1.12611 3230 
-45)1.26858 2504 
-45)1.44325 8856 
(-45)1. 65826 2396 


15 

16 

17 

18 
19 


(-1)1. 90497 9270 
(-1 6. 49556 9007 
( 0)2.33403 5699 
0 8. 81868 1848 
( 1)3.49631 5854 


(-23)6.40988 9058 
(-23)8.75620 8386 
(-22)1. 21889 8659 
(-22)1.72884 9900 
(-22)2.49824 7585 


(-45)1. 92415 4951 
(-45)2. 25475 0430 
-45)2. 66822 2593 
(-45)3.18862 8338 
(-45)3. 84801 5078 


40 

50 


( 2)1. 45175 0001 
9)1.99043 6138 
17)6. 68871 7408 
27)2. 59020 6572 


(-22)3. 67748 3017 
-20)4. 72460 0057 
-17)3. 32175 1557 
-13)1.10246 0162 


(-45)4.68935 4218 
-44)5.77221 5084 
-42)1.84121 2999 
-40)1. 47876 1633 


100 


(85)8.14750 7624 (+12)5.97531 1344 


(-25)1.48279 6529 
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AIRY FUNCTIONS Table 10.11 

x Ai(x) Ai'(x) Bi(x) Bi'(x) x Ai(x) Ai'(x) Bi(x) Bi'(x) 


0.00 0.35502 805 -0.25881 940 0.61492 663 0.44828 836 

0.01 0.35243 992 -0.25880 174 0.61940 962 0.44831 926 

0.02 0.34985 214 -0.25874 909 0.62389 322 0.44841 254 

0.03 0.34726 505 -0.25866 197 0.62837 808 0.44856 911 

0.04 0.34467 901 -0.25854 090 0.63286 482 0.44878 987 

0.05 0.34209 435 -0.25838 640 0.63735 409 0.44907 570 

0.06 0.33951 139 -0.25819 898 0.64184 655 0.44942 752 

0.07 0.33693 047 -0.25797 916 0.64634 286 0.44984 622 

0.08 0.33435 191 -0.25772 745 0.65084 370 0.45033 270 

0.09 0.33177 603 -0.25744 437 0.65534 975 0.45088 787 

0.10 0.32920 313 -0.25713 042 0.65986 169 0.45151 263 

0.11 0.32663 352 -0.25678 613 0.66438 023 0.45220 789 

0.12 0.32406 751 -0.25641 200 0.66890 609 0.45297 457 

0.13 0.32150 538 -0.25600 854 0.67343 997 0.45381 357 

0,14 0.31894 743 -0.25557 625 0.67798 260 0.45472 582 

0.15 0.31639 395 -0.25511 565 0.68253 473 0.45571 223 

0.16 0.31384 521 -0.25462 724 0.68709 709 0.45677 373 

0.17 0.31130 150 -0.25411 151 0.69167 046 0.45791 125 

0.18 0.30876 307 -0.25356 898 0.69625 558 0.45912 572 

0.19 0.30623 020 -0.25300 013 0.70085 323 0.46041 808 

0.20 0.30370 315 -0.25240 547 0.70546 420 0.46178 928 

0.21 0.30118 218 -0.25178 548 0.71008 928 0.46324 026 

0.22 0.29866 753 -0.25114 067 0.71472 927 0.46477 197 

0.23 0.29615 945 -0.25047 151 0.71938 499 0.46638 539 

0.24 0.29365 818 -0.24977 850 0.72405 726 0.46808 147 

0.25 0.29116 395 -0.24906 211 0.72874 690 0.46986 119 

0.26 0.28867 701 -0.24832 284 0.73345 477 0.47172 554 

0.27 0.28619 757 -0.24756 115 0.73818 170 0.47367 549 

0.28 0.28372 586 -0.24677 753 0.74292 857 0.47571 205 

0.29 0.28126 209 -0.24597 244 0.74769 624 0.47783 623 

0.30 0.27880 648 -0.24514 636 0.75248 559 0.48004 903 

0.31 0.27635 923 -0.24429 976 0.75729 752 0.48235 148 

0.32 0.27392 055 -0.24343 309 0.76213 292 0.48474 462 

0.33 0.27149 064 -0.24254 682 0.76699 272 0.48722 948 

0.34 0.26906 968 -0.24164 140 0.77187 782 0.48980 713 

0.35 0.26665 787 -0.24071 730 0.77678 917 0.49247 861 

0.36 0.26425 540 -0.23977 495 0.78172 770 0.49524 501 

0.37 0.26186 243 -0.23881 481 0.78669 439 0.49810 741 

0.38 0.25947 916 -0.23783 731 0,79169 018 0.50106 692 

0.39 0.25710 574 -0.23684 291 0.79671 605 0.50412 463 

0,40 0.25474 235 -0.23583 203 0.80177 300 0.50728 168 

0.41 0.25238 916 -0.23480 512 0.80686 202 0.51053 920 

0.42 0.25004 630 -0.23376 259 0.81198 412 0.51389 833 

0.43 0.24771 395 -0.23270 487 0.81714 033 0.51736 025 

0.44 0.24539 226 -0.23163 239 0.82233 167 0.52092 614 

0.45 0.24308 135 -0.23054 556 0.82755 920 0.52459 717 

0.46 0.24078 139 -0.22944 479 0.83282 397 0.52837 457 

0.47 0.23849 250 -0.22833 050 0.83812 705 0.53225 956 

0.48 0.23621 482 -0.22720 310 0.84346 952 0.53625 338 

0.49 0.23394 848 -0.22606 297 0.84885 248 0.54035 729 

0.50 0.23169 361 -0.22491 053 0.85427 704 0.54457 256 



0.50 0.23169 361 -0.22491 053 0.85427 704 0.54457 256 

0.51 0.22945 031 -0.22374 617 0.85974 431 0.54890 049 

0.52 0.22721 872 -0.22257 027 0.86525 543 0.55334 239 

0.53 0.22499 894 -0.22138 322 0.87081 154 0.55789 959 

0.54 0.22279 109 -0.22018 541 0.87641 381 0.56257 345 

0.55 0.22059 527 -0.21897 720 0.88206 341 0.56736 532 

0.56 0.21841 158 -0.21775 898 0.88776 152 0.57227 662 

0.57 0.21624 012 -0.21653 112 0.89350 934 0.57730 873 

0.58 0.21408 099 -0.21529 397 0.89930 810 0.58246 311 

0.59 0.21193 427 -0.21404 790 0.90515 902 0.58774 120 

0.60 0.20980 006 -0.21279 326 0.91106 334 0.59314 448 

0.61 0.20767 844 -0.21153 041 0.91702 233 0.59867 447 

0.62 0.20556 948 -0.21025 970 0.92303 726 0.60433 267 

0.63 0.20347 327 -0.20898 146 0.92910 941 0.61012 064 

0.64 0.20138 987 -0.20769 605 0.93524 011 0.61603 997 

0.65 0.19931 937 -0.20640 378 0.94143 066 0.62209 226 

0.66 0.19726 182 -0.20510 500 0.94768 241 0.62827 912 

0.67 0.19521 729 -0.20380 004 0.95399 670 0.63460 222 

0.68 0.19318 584 -0.20248 920 0.96037 491 0.64106 324 

0.69 0.19116 752 -0.20117 281 0.96681 843 0.64766 389 

0.70 0.18916 240 -0.19985 119 0.97332 866 0.65440 592 

0.71 0.18717 052 -0.19852 464 0.97990 703 0.66129 109 

0.72 0.18519 192 -0.19719 347 0.98655 496 0.66832 121 

0.73 0.18322 666 -0.19585 798 0.99327 394 0.67549 810 

0.74 0.18127 478 -0.19451 846 1.00006 542 0.68282 363 

0.75 0.17933 631 -0.19317 521 1.00693 091 0.69029 970 

0.76 0.17741 128 -0.19182 851 1.01387 192 0.69792 824 

0.77 0.17549 975 -0.19047 865 1.02088 999 0.70571 121 

0.78 0.17360 172 -0.18912 591 1.02798 667 0.71365 062 

0.79 0.17171 724 -0.18777 055 1.03516 353 0.72174 849 

0.80 .0.16984 632 -0.18641 286 1.04242 217 0.73000 690 

0.81 0.16798 899 -0.18505 310 1.04976 421 0.73842 795 

0.82 0.16614 526 -0.18369 153 1.05719 128 0.74701 380 

0.83 0.16431 516 -0.18232 840 1.06470 504 0.75576 663 

0.84 0.16249 870 -0.18096 398 1.07230 717 0.76468 865 

0.85 0.16069 588 -0.17959 851 1.07999 939 0.77378 215 

0.86 0.15890 673 -0.17823 223 1.08778 340 0.78304 942 

0.87 0.15713 124 -0.17686 539 1.09566 096 0.79249 282 

0.88 0.15536 942 -0.17549 823 1.10363 385 0.80211 473 

0.89 0.15362 128 -0.17413 097 1.11170 386 0.81191 759 

0.90 0.15188 680 -0.17276 384 1.11987 281 0.82190 389 

0,91 0.15016 600 -0.17139 708 1.12814 255 0.83207 615 

0.92 0.14845 886 -0.17003 090 1.13651 496 0.84243 695 

0.93 0.14676 538 -0.16866 551 1.14499 193 0.85298 891 

0.94 0.14508 555 -0.16730 113 1.15357 539 0.86373 470 

0.95 0.14341 935 -0.16593 797 1.16226 728 0.87467 704 

0.96 0.14176 678 -0.16457 623 1.17106 959 0.88581 871 

0.97 0.14012 782 -0.16321 611 1.17998 433 0.89716 253 

0.98 0.13850 245 -0.16185 781 1.18901 352 0.90871 137 

0.99 0.13689 066 -0.16050 153 1.19815 925 0.92046 818 

1.00 0.13529 242 -0.15914 744 1,20742 359 0.93243 593 

m rri m m 


AIRY FUNCTIONS—AUXILIARY FUNCTIONS FOR LARGE POSITIVE ARGUMENTS 


r- 1 * /(-o M g(-f) 8® 

1.5 1.000000 0.527027 0.619912 0.619954 0.478728 

1.4 1.047069 0.528783 0.620335 0.617156 0.479925 

1.3 1.100099 0.530601 0.620327 0.614275 0.481658 

1.2 1.160397 0.532488 0.619799 0.611305 0.484018 

1.1 1.229700 0.534448 0.618649 0.608239 0.487107 

1.0 1.310371 0.536489 0.616764 0.605068 0.491037 

0.9 1.405721 0.538618 0.614022 0.601782 0.495921 

0.8 1.520550 0.540844 0.610309 0.598372 0.501859 

0.7 1.662119 0.543180 0.605543 0.594823 0.508909 

0.6 1.842016 0.545636 0.599723 0.591120 0.517032 

0.5 2.080084 0.548230 0.593015 0.587245 0.526011 

[<n [<-f] [<r] [<n iti 


f" 1 * f(-t) /(0 s(-0 g( f) 

0.50 2.080084 0.548230 0.593015 0.587245 0.526011 

0.45 2.231443 0.549584 0.589451 0.585235 0.530678 

0.40 2.413723 0.550980 0.585855 0.583174 0.535345 

0.35 2.63B450 0.552421 0.582330 0.581056 0.539902 

0.30 2.924018 0.553912 0.578985 0.578878 0.544235 

0.25 3.301927 0.555456 0.575908 0.576635 0.548255 

0.20 3.831547 0.557058 0.573135 0.574320 0.551930 

0.15 4.641589 0.558724 0.570636 0.571927 0.555296 

0.10 6.082202 0.560462 0.568343 0.569448 0.558428 

0.05 9.654894 0.562280 0.566204 0.566873 0.561382 

0.00 a ° 0.564190 0.564190 0.564190 0.564190 

m ra m ra 


Ai(*)-|* 5 e f/(-r) Bi(*)-x 4 ef/(r) Ai'(x)=-‘-x 4 e f *(-r) Bi'(*)=*<efg(r) 

From J. C. P. Miller, The Airy integral, British Assoc. Adv. Sci. Mathematical 
Tables, Part-vol. B. Cambridge Univ. Press, Cambridge, England, 1946 (with 
permission). 
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Table 10.11 AIRY 


X 

Ai(- 

x ) 

Al (- 

x ) 

Bi(- 

*) 

Bi (- 

*) 

0.00 

0.35502 

805 

- 0.25881 

940 

0.61492 

663 

0.44828 

836 

0.01 

0.35761 

619 

- 0.25880 

157 

0.61044 

364 

0.44831 

896 

0.02 

0.36020 

397 

- 0.25874 

771 

0.60596 

005 

0.44841 

015 

0.03 

0.36279 

102 

- 0.25865 

731 

0.60147 

524 

0.44856 

104 

0.04 

0.36537 

699 

- 0.25852 

986 

0.59698 

863 

0.44877 

074 

0.05 

0.36796 

149 

- 0.25836 

484 

0.59249 

963 

0.44903 

833 

0.06 

0.37054 

416 

- 0.25816 

173 

0.58800 

767 

0.44936 

293 

0.07 

0.37312 

460 

- 0.25792 

001 

0.58351 

218 

0.44974 

364 

0.08 

0.37570 

243 

- 0.25763 

918 

0.57901 

261 

0.45017 

955 

0.09 

0.37827 

725 

- 0.25731 

872 

0.57450 

841 

0.45066 

976 

0.10 

0.38084 

867 

- 0.25695 

811 

0.56999 

904 

0.45121 

336 

0.11 

0.38341 

628 

- 0.25655 

685 

0.56548 

397 

0.45180 

945 

0.12 

0.38597 

967 

- 0.25611 

443 

0.56096 

268 

0.45245 

712 

0.13 

0.38853 

843 

- 0 . 255-63 

033 

0.55643 

466 

0.45315 

546 

0.14 

0.39109 

213 

- 0.25510 

406 

0.55189 

940 

0.45390 

355 

0.15 

0.39364 

037 

- 0.25453 

511 

0.54735 

642 

0.45470 

047 

0.16 

0.39618 

269 

- 0.25392 

297 

0.54280 

523 

0.45554 

530 

0.17 

0.39871 

868 

- 0.25326 

716 

0.53824 

536 

0.45643 

713 

0.18 

0.40124 

789 

- 0.25256 

716 

0.53367 

634 

0.45737 

503 

0.19 

0.40376 

987 

- 0.25182 

250 

0.52909 

771 

0.45835 

806 

0.20 

0.40628 

419 

- 0.25103 

267 

0.52450 

903 

0.45938 

529 

0.21 

0.40879 

038 

- 0.25019 

720 

0.51990 

986 

0.46045 

578 

0.22 

0.41128 

798 

- 0.24931 

559 

0.51529 

977 

0.46156 

860 

0.23 

0.41377 

653 

- 0.24838 

737 

0.51067 

835 

0.46272 

279 

0.24 

0.41625 

557 

- 0.24741 

206 

0.50604 

518 

0.46391 

740 

0.25 

0.41872 

461 

- 0.24638 

919 

0.50139 

987 

0.46515 

148 

0.26 

0.42118 

319 

- 0.24531 

828 

0.49674 

203 

0.46642 

408 

0.27 

0.42363 

082 

- 0.24419 

888 

0.49207 

127 

0.46773 

423 

0.28 

0.42606 

701 

- 0.24303 

053 

0.48738 

722 

0.46908 

095 

0.29 

0.42849 

126 

- 0.24181 

276 

0.48268 

953 

0.47046 

327 

0.30 

0.43090 

310 

- 0.24054 

513 

0.47797 

784 

0.47188 

022 

0.31 

0.43330 

200 

- 0.23922 

719 

0.47325 

181 

0.47333 

081 

0.32 

0.43568 

747 

- 0.23785 

851 

0.46851 

112 

0.47481 

405 

0.33 

0.43805 

900 

- 0.23643 

865 

0.46375 

543 

0.47632 

895 

0.34 

0.44041 

607 

- 0.23496 

718 

0.45898 

443 

0.47787 

450 

0.35 

0.44275 

817 

- 0.23344 

368 

0.45419 

784 

0.47944 

970 

0.36 

0.44508 

477 

- 0.23186 

773 

0.44939 

534 

0.48105 

354 

0.37 

0.44739 

535 

- 0.23023 

893 

0.44457 

667 

0.48268 

500 

0.38 

0.44968 

937 

- 0.22855 

687 

0.43974 

156 

0.48434 

307 

0.39 

0.45196 

631 

- 0.22682 

116 

0.43488 

973 

0.48602 

670 

0.40 

0.45422 

561 

- 0.22503 

141 

0.43002 

094 

0.48773 

486 

0.41 

0.45646 

675 

- 0.22318 

723 

0.42513 

495 

0.48946 

652 

0.42 

0.45868 918 

- 0.22128 

826 

0.42023 

153 

0.49122 

062 

0.43 

0.46089 

233 

- 0.21933 

412 

0.41531 

047 

0.49299 

611 

0.44 

0.46307 

567 

- 0.21732 

447 

0.41037 

154 

0.49479 

193 

0.45 

0.46523 

864 

- 0.21525 

894 

0.40541 

457 

0.49660 

702 

0.46 

0.46738 

066 

- 0.21313 

721 

0.40043 

934 

0.49844 

031 

0.47 

0.46950 

119 

- 0.21095 

893 

0.39544 

570 

0.50029 

070 

0.48 

0.47159 

965 

- 0.20872 

379 

0.39043 

348 

0.50215 

713 

0.49 

0.47367 

548 

- 0.20643 

147 

0.38540 

251 

0.50403 

850 

0.50 

0.47572 

809 

- 0.20408 

167 

0.38035 

266 

0.50593 

371 


[ ( i )3 i m m m 


FUNCTIONS 


X 

Ai(-- 

*) 

Ai'(- 

*) 

Bi(- 

*) 

Bi (- 

*) 

0.50 

0.47572 

809 

- 0.20408 

167 

0.38035 

266 

0.50593 

371 

0.51 

0.47775 

692 

- 0.20167 

409 

0.37528 

379 

0.50784 

166 

0.52 

0.47976 

138 

- 0.19920 

846 

0.37019 

579 

0.50976 

123 

0.53 

0.48174 

089 

- 0.19668 

449 

0.36508 

853 

0.51169 

132 

0.54 

0.48369 

487 

- 0.19410 

192 

0.35996 

193 

0.51363 

080 

0.55 

0.48562 

274 

- 0.19146 

050 

0.35481 

589 

0.51557 

853 

0.56 

0.48752 

389 

- 0.18875 

999 

0.34965 

033 

0.51753 

339 

0.57 

0.48939 

774 

- 0.18600 

016 

0.34446 

520 

0.51949 

424 

0.58 

0.49124 

369 

- 0.18318 

078 

0.33926 

043 

0.52145 

991 

0.59 

0.49306 

115 

- 0.18030 

166 

0.33403 

599 

0.52342 

927 

0.60 

0.49484 

953 

- 0.17736 

260 

0.32879 

184 

0.52540 

115 

0.61 

0.49660 

821 

- 0.17436 

341 

0.32352 

796 

0.52737 

438 

0.62 

0.49833 

659 

- 0.17130 

392 

0.31824 

435 

0.52934 

780 

0.63 

0.50003 

408 

- 0.16818 

399 

0.31294 

101 

0.53132 

022 

0.64 

0.50170 

007 

- 0.16500 

345 

0.30761 

795 

0.53329 

046 

0.65 

0.50333 

395 

- 0.16176 

218 

0.30227 

521 

0.53525 

733 

0.66 

0.50493 

511 

- 0.15846 

007 

0.29691 

282 

0.53721 

964 

0.67 

0.50650 

295 

- 0.15509 

701 

0.29153 

084 

0.53917 

618 

0.68 

0.50803 

685 

- 0.15167 

290 

0.28612 

932 

0.54112 

575 

0.69 

0.50953 

620 

- 0.14818 

768 

0.28070 

835 

0.54306 

714 

0.70 

0.51100 

040 

- 0.14464 

129 

0.27526 

801 

0.54499 

912 

0.71 

0.51242 

882 

- 0.14103 

366 

0.26980 

840 

0.54692 

048 

0.72 

0.51382 

087 

- 0.13736 

479 

0.26432 

964 

0.54883 

000 

0.73 

0.51517 

591 

- 0.13363 

464 

0.25883 

185 

0.55072 

642 

0.74 

0.51649 

336 

- 0.12984 

322 

0.25331 

516 

0.55260 

852 

0.75 

0.51777 

258 

- 0.12599 

055 

0.24777 

973 

0.55447 

506 

0.76 

0.51901 

296 

- 0.12207 

665 

0.24222 

571 

0.55632 

480 

0 i 77 

0.52021 

390 

- 0.11810 

157 

0.23665 

329 

0.55815 

647 

0.78 

0.52137 

479 

- 0.11406 

538 

0.23106 

265 

0.55996 

884 

0.79 

0.52249 

501 

- 0.10996 

815 

0.22545 

398 

0.56176 

063 

0.80 

0.52357 

395 

- 0.10580 

999 

0.21982 

751 

0.56353 

059 

0.81 

0.52461 

101 

- 0.10159 

101 

0.21418 

345 

0.56527 

745 

0.82 

0.52560 

557 

- 0.09731 

134 

0.20852 

204 

0.56699 

994 

0.83 

0.52655 

703 

- 0.09297 

113 

0.20284 

354 

0.56869 

679 

0.84 

0.52746 

479 

- 0.08857 

055 

0.19714 

820 

0.57036 

671 

0.85 

0.52832 

824 

- 0.08410 

979 

0.19143 

630 

0.57200 

845 

0.86 

0.52914 

678 

- 0.07958 

904 

0.18570 

813 

0.57362 

071 

0.87 

0.52991 

982 

- 0.07500 

854 

0.17996 

399 

0.57520 

220 

0.88 

0.53064 

676 

- 0.07036 

852 

0.17420 

419 

0.57675 

165 

0.89 

0.53132 

700 

- 0.06566 

925 

0.16842 

906 

0.57826 

777 

0.90 

0.53195 

995 

- 0.06091 

100 

0.16263 

895 

0.57974 

926 

0.91 

0.53254 

502 

- 0.05609 

407 

0.15683 

420 

0.58119 

484 

0.92 

0.53308 

163 

- 0.05121 

879 

0.15101 

518 

0.58260 

321 

0.93 

0.53356 

920 

- 0.04628 

549 

0.14518 

226 

0.58397 

309 

0.94 

0.53400 

715 

- 0.04129 

452 

0.13933 

585 

0.58530 

317 

0.95 

0.53439 

490 

- 0.03624 

628 

0.13347 

634 

0.58659 

217 

0.96 

0.53473 

189 

- 0.03114 

116 

0.12760 

415 

0.58783 

879 

0.97 

0.53501 

754 

- 0.02597 

957 

0.12171 

971 

0.58904 

174 

0.98 

0.53525 

129 

- 0.02076 

197 

0.11582 

346 

0.59019 

973 

0.99 

0.53543 

259 

- 0.01548 

880 

0.10991 

587 

0.59131 

145 

1.00 

0.53556 

088 

- 0.01016 

057 

0.10399 

739 

0.59237 

563 


[(-6,7] [<-6)8] [(-6)2] [,-6)6] 
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AIRY FUNCTIONS Table 10.11 


X 

Ai(- 

*) 

Ai'(- 

*) 

Bi(- 

*0 


*) 

x Ai(-: 

*) 

Ai’(- 

*) 

Bi(- 

0 

Bi'(- 

*) 

1.0 

0.53556 

088 

- 0.01016 

057 

+ 0.10399 

739 

0.59237 

563 

5.5 + 0.01778 

154 

0.86419 

722 

- 0.36781 

345 

+ 0.02511 

158 

1.1 

0.53381 

051 

+ 0.04602 

915 

+ 0.04432 

659 

0.60011 

970 

5.6 - 0.06833 

070 

0.85003 

256 

- 0.36017 

223 

- 0.17783 

760 

1.2 

0.52619 

437 

0.10703 

157 

- 0.01582 

137 

0.60171 

016 

5.7 - 0.15062 

016 

0.78781 

722 

- 0.33245 

825 

- 0.37440 

903 

1.3 

0.51227 

201 

0.17199 

181 

- 0.07576 

964 

0.59592 

975 

5.8 - 0.22435 

192 

0.67943 

152 

- 0.28589 

021 

- 0.55300 

203 

1.4 

0.49170 

018 

0.23981 

912 

- 0.13472 

406 

0.58165 

624 

5.9 - 0.28512 

278 

0.52962 

857 

- 0.22282 

969 

- 0.70247 

952 

1.5 

0.46425 

658 

0.30918 

697 

- 0.19178 

486 

0.55790 

810 

6.0 - 0.32914 

517 

0.34593 

549 

- 0.14669 

838 

- 0.81289 

879 

1.6 

0.42986 

298 

0.37854 

219 

- 0.24596 

320 

0.52389 

354 

6.1 - 0.35351 

168 

+ 0.13836 

394 

- 0.06182 

255 

- 0.87622 

530 

1.7 

0.38860 

704 

0.44612 

455 

- 0.29620 

266 

0.47906 

134 

6.2 - 0.35642 

107 

- 0.08106 

856 

+ 0.02679 

081 

- 0.88697 

896 

1.8 

0.34076 

156 

0.50999 

763 

- 0.34140 

583 

0.42315 

137 

6.3 - 0.33734 

765 

- 0.29899 

161 

0.11373 

701 

- 0.84276 

110 

1.9 

0.28680 

006 

0.56809 

172 

- 0.38046 

588 

0.35624 

251 

6.4 - 0.29713 

762 

- 0.50147 

985 

0.19354 

136 

- 0.74461 

387 

2.0 

0.22740 

743 

0.61825 

902 

- 0.41230 

259 

0.27879 

517 

6.5 - 0.23802 

030 

- 0.67495 

249 

0.26101 

266 

- 0.59717 

067 

2.1 

0.16348 

451 

0.65834 

069 

- 0.43590 

235 

0.19168 

563 

6.6 - 0.16352 

646 

- 0.80711 

925 

0.31159 

995 

- 0.40856 

734 

2.2 

0.09614 

538 

0.68624 

482 

- 0.45036 

098 

+ 0.09622 

919 

6.7 - 0.07831 

247 . 

- 0.88790 

797 

0.34172 

774 

- 0.19009 

878 

2.3 

+ 0.02670 

633 

0.70003 

366 

- 0.45492 

823 

- 0.00581 

106 

6.8 + 0.01210 

452 

- 0.91030 

401 

0.34908 

418 

+ 0.04437 

678 

2.4 

- 0.04333 

414 

0.69801 

760 

- 0.44905 

228 

- 0.11223 

237 

6.9 0.10168 

800 

- 0.87103 

106 

0.33283 

784 

0.27926 

391 

2.5 

- 0.11232 

507 

0.67885 

273 

- 0.43242 

247 

- 0.22042 

015 

7.0 0.18428 

084 

- 0.77100 

817 

0.29376 

207 

0.49824 

459 

2.6 

- 0.17850 

243 

0.64163 

799 

- 0.40500 

828 

- 0.32739 

717 

7.1 0.25403 

633 

- 0.61552 

879 

0.23425 

088 

0.68542 

058 

2.7 

- 0.24003 

811 

0.58600 

720 

- 0.36709 

211 

- 0.42989 

534 

7.2 0.30585 

152 

- 0.41412 

428 

0.15821 

739 

0.82650 

634 

2.8 

- 0.29509 

759 

0.51221 

098 

- 0.31929 

389 

- 0.52445 

040 

7.3 0.33577 

037 

- 0.18009 

580 

+ 0.07087 

411 

0.90998 

427 

2.9 

- 0.34190 

510 

0.42118 

281 

- 0.26258 

500 

- 0.60751 

829 

7.4 0.34132 

375 

+ 0.07027 

632 

- 0.02159 

652 

0.92812 

809 

3.0 

- 0.37881 

429 

0.31458 

377 

- 0.19828 

963 

- 0.67561 

122 

7.5 0.32177 

572 

0.31880 

951 

- 0.11246 

349 

0.87780 

228 

3.1 

- 0.40438 

222 

0.19482 

045 

- 0.12807 

165 

- 0.72544 

957 

7.6 0.27825 

023 

0.54671 

882 

- 0.19493 

376 

0.76095 

509 

3.2 

- 0.41744 

342 

+ 0.06503 

115 

- 0.05390 

576 

- 0.75412 

455 

7.7 0.21372 

037 

0.73605 

242 

- 0.26267 

007 

0.58474 

045 

3.3 

- 0.41718 

094 

- 0.07096 

362 

+ 0.02196 

800 

- 0.75926 

518 

7.8 0.13285 

154 

0.87115 

540 

- 0.31030 

057 

0.36122 

930 

3.4 

- 0.40319 

048 

- 0.20874 

905 

0.09710 

619 

- 0.73920 

163 

7.9 + 0.04170 

188 

0.94004 

300 

- 0.33387 

856 

+ 0.10670 

215 

3.5 

- 0.37553 

382 

- 0.34344 

343 

0.16893 

984 

- 0.69311 

628 

8.0 - 0.05270 

505 

0.93556 

094 

- 0.33125 

158 

- 0.15945 

050 

3.6 

- 0.33477 

748 

- 0.46986 

397 

0.23486 

631 

- 0.62117 

283 

8.1 - 0.14290 

815 

0.85621 

859 

- 0.30230 

331 

- 0.41615 

664 

3.7 

- 0.28201 

306 

- 0.58272 

780 

0.29235 

261 

- 0.52461 

361 

8.2 - 0.22159 

945 

0.70659 

870 

- 0.24904 

019 

- 0.64232 

293 

3.8 

- 0.21885 

598 

- 0.67688 

257 

0.33904 

647 

- 0.40581 

592 

8.3 - 0.28223 

176 

0.49727 

679 

- 0.17550 

556 

- 0.81860 

044 

3.9 

- 0.14741 

991 

- 0.74755 

809 

0.37289 

058 

- 0.26829 

836 

8.4 - 0.31959 

219 

+ 0.24422 

089 

- 0.08751 

798 

- 0.92910 

958 

4.0 

- 0.07026 

553 

- 0.79062 

858 

0.39223 

471 

- 0.11667 

057 

8.5 - 0.33029 

024 

- 0.03231 

335 

+ 0.00775 

444 

- 0.96296 

917 

4.1 

+ 0.00967 

698 

- 0.80287 

254 

0.39593 

974 

+ 0.04347 

872 

8.6 - 0.31311 

245 

- 0.30933 

027 

0.10235 

647 

- 0.91547 

918 

4.2 

0.08921 

076 

- 0.78221 

561 

0.38346 

736 

0.20575 

691 

8.7 - 0.26920 

454 

- 0.56297 

685 

0.18820 

363 

- 0.78882 

623 

4.3 

0.16499 

781 

- 0.72794 

081 

0.35494 

906 

0.36320 

468 

8.8 - 0.20205 

445 

- 0.77061 

301 

0.25778 

240 

- 0.59221 

371 

4.4 

0.23370 

326 

- 0.64085 

018 

0.31122 

860 

0.50858 

932 

8.9 - 0.11726 

631 

- 0.91289 

276 

0.30483 

241 

- 0.34136 

475 

4.5 

0.29215 

278 

- 0.52336 

253 

0.25387 

266 

0.63474 

477 

9.0 - 0.02213 

372 

- 0.97566 

398 

0.32494 

732 

- 0.05740 

051 

4.6 

0.33749 

598 

- 0.37953 

391 

0.18514 

576 

0.73494 

444 

9.1 + 0.07495 

989 

- 0.95149 

682 

0.31603 

471 

+ 0.23484 

379 

4.7 

0.36736 

748 

- 0.21499 

018 

0.10794 

695 

0.80328 

926 

9.2 0.16526 

800 

- 0.84067 

107 

0.27858 

425 

0.50894 

402 

4.8 

0.38003 

668 

- 0.03676 

510 

+ 0.02570 

779 

0.83508 

976 

9.3 0.24047 

380 

- 0.65149 

241 

0.21570 

835 

0.73928 

028 

4.9 

0.37453 

635 

+ 0.14695 

743 

- 0.05774 

655 

0.82721 

903 

9.4 0.29347 

756 

- 0.39986 

237 

0.13293 

876 

0.90348 

537 

5.0 

0.35076 

101 

0.32719 

282 

- 0.13836 

913 

0.77841 

177 

9.5 0.31910 

325 

- 0.10809 

532 

+ 0.03778 

543 

0.98471 

407 

5.1 

0.30952 

600 

0.49458 

600 

- 0.21208 

913 

0.68948 

513 

9.6 0.31465 

158 

+ 0.19695 

044 

- 0.06091 

293 

0.97349 

918 

5.2 

0.25258 

034 

0.63990 

517 

- 0.27502 

704 

0.56345 

898 

9.7 0.28023 

750 

0.48628 

629 

- 0.15379 

421 

0.86898 

388 

5.3 

0.18256 

793 

0.75457 

542 

- 0.32371 

608 

0.40555 

694 

9.8 0.21886 

743 

0.73154 

486 

- 0.23186 

331 

0.67936 

774 

5.4 

0.10293 

460 

0.83122 

307 

- 0.35531 

708 

0.22307 

496 

9.9 0.13623 

503 

0.90781 

333 

- 0.28738 

356 

0.42147 

209 

5.5 

0.01778 

154 

0.86419 

722 

- 0.36781 

345 

0.02511 

158 

10.0 0.04024 

124 

0.99626 

504 

- 0.31467 

983 

0.11941 

411 


r(-3)2i 

[(-3; 

)5 1 

[(-3: 

>21 

[(-3; 

>51 

r(-3)4i 

[(-2) 

'll 

r(-3)4i 

[(-2) 

q 


L 8 

J 

L 8 

J 

L 8 

J 

L 9 

J 

L 9 

J 

L 10 

J 

L 9 

J 

L 10 

J 


AIRY FUNCTIONS—AUXILIARY FUNCTIONS FOR LARGE NEGATIVE 
ARGUMENTS 


r" 1 

x 

A(0 

m 

#i(0 

ftfr) 

<r> 

0.05 

9.654894 

0.39752 21 

0.40028 87 

0.40092 31 

0.39704 87 

20 

0.04 

11.203512 

0.39781 14 

0.40002 58 

0.40052 06 

0.39741 99 

25 

0.03 

13.572088 

0.39809 83 

0.39975 97 

0.40012 11 

0.39779 49 

33 

0.02 

17.784467 

0.39838 24 

0.39949 03 

0.39972 48 

0.39817 37 

50 

0.01 

28.231081 

0.39866 38 

0.39921 79 

0.39933 19 

0.39855 62 

100 

0.00 

00 

0.39894 23 

0.39894 23 

0.39894 23 

0.39894 23 

00 



[(-7)41 

[(-7)4] 

[(-7)4] 





L 3 J 

L 3 J 

L 3 J 

L 3 J 





Ai(-*)=»* 4 [/j(r) cos r+/ 2 (r) sin r] Bi(-*)-* 4 [/ 2 (r) cos t-fft) sin r] 

i i 

Ai '(-*)~* 4 [^(r) sin r-g 2 (0 cos r] Bi '(-*)=* 4 [gj(r) cos t+g 2 (t) sin r] 


<r>= nearest integer to r. 
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BESSEL FUNCTIONS OF FRACTIONAL ORDER 


INTEGRALS OF AIRY FUNCTIONS 


x J** Ai (t) dt J** Ai (-1) dtj** Bi (t) dt J x Bi ( t) dt x J"* Ai ( t ) dt J** Ai (-t) dt J** Bi ( t) dt 


0.00000 00 
0.03421 01 
0.06585 15 
0.09497 09 
0.12164 06 

0.14595 33 
0.16801 79 
0.18795 52 
0.20589 45 
0.22196 97 

0.23631 73 
0.24907 33 
0.26037 12 
0.27034 09 
0.27910 66 

0.28678 67 
0.29349 24 
0.29932 75 
0.30438 82 
0.30876 29 

0.31253 28 
0.31577 11 
0.31854 43 
0.32091 19 
0.32292 74 

0.32463 80 
0.32608 57 
0.32730 74 
0.32833 55 
0.32919 83 

0.32992 04 
0.33052 31 
0.33102 49 
0.33144 15 
0.33178 65 

0.33207 15 
0.33230 63 
0.33249 93 
0.33265 76 
0.33278 70 

0.33289 27 
0.33297 86 
0.33304 84 
0.33310 50 
0.33315 07 

0.33318 76 
0.33321 73 
0.33324 11 
0.33326 02 
0.33327 54 


0.00000 00 
-0.03679 54 
-0.07615 70 
-0.11802 51 
-0.16229 44 

-0.20880 95 
-0.25736 07 
-0.30768 05 
-0.35944 15 
-0.41225 56 

-0.46567 40 
-0.51918 94 
-0.57224 05 
-0.62421 79 
-0.67447 31 

-0.72232 88 
-0.76709 26 
-0.80807 24 
-0.84459 41 
-0.87602 06 

-0.90177 28 
-0.92135 09 
-0.93435 56 
-0.94050 97 
-0.93967 67 

-0.93187 78 
-0.91730 54 
-0.89633 20 
-0.86951 37 
-0.83758 77 

-0.80146 29 
-0.76220 32 
-0.72100 37 
-0.67915 91 
-0.63802 56 

-0.59897 71 
-0.56335 61 
-0.53242 25 
-0.50730 05 
-0.48892 77 

-0.47800 75 
-0.47496 79 
-0.47992 95 
-0.49268 51 
-0.51269 28 

-0.53908 35 
-0.57068 59 
-0.60606 63 
-0.64358 51 
-0.68146 70 


00000 00 
06373 67 
.13199 45 
.20487 68 
,28256 70 

,36533 85 
,45356 50 
,54773 36 
,64845 82 
,75649 64 

,87276 91 
,99838 41 
,13466 38 
,28318 00 
,44579 42 

,62470 81 
.82252 33 
,04231 52 
,28772 12 
56304 90 

,87340 83 


5.0 0.33328 76 -0.71788 22 


0.00000 00 
-0.05924 87 
-0.11398 10 
-0.16411 57 
-0.20952 89 

-0.25006 28 
-0.28553 62 
-0.31575 56 
-0.34052 58 
-0.35966 27 

-0.37300 50 
-0.38042 77 
-0.38185 43 
-0.37726 99 
-0.36673 34 

-0.35038 81 
-0.32847 24 
-0.30132 67 
-0.26939 97 
-0.23325 04 

-0.19354 74 
-0.15106 46 
-0.10667 18 
-0.06132 23 
-0.01603 45 

+0.02812 94 
0.07009 01 
0.10878 06 
0.14317 88 
0.17234 20 

0.19544 25 
0.21180 21 
0.22092 49 
0.22252 61 
0.21655 57 

0.20321 50 
0.18296 47 
0.15652 33 
0.12485 43 
0.08914 28 

+0.05076 01 
+0.01121 78 
-0.02788 79 
-0.06494 00 
-0.09837 02 

-0.12673 04 
-0.14876 50 
-0.16347 66 
-0.17018 59 
-0.16857 74 

-0.15873 09 


,33328 76 
,33329 73 
,33330 50 
,33331 11 
,33331 59 

33331 97 
,33332 27 

33332 50 
33332 69 
33332 83 

33332 95 

33333 03 
33333 10 
33333 16 
33333 20 

,33333 23 
,33333 25 
,33333 27 
,33333 29 
33333 30 

,33333 31 
,33333 31 
.33333 32 
.33333 32 
,33333 33 

,33333 33 


-0.71788 22 
-0.75103 62 
-0.77926 27 
-0.80111 58 
-0.81545 49 

-0.82151 82 
-0.81897 90 
-0.80797 96 
-0.78914 06 
-0.76354 19 

-0.73267 53 
-0.69836 93 
-0.66268 96 
-0.62781 93 
-0.59592 62 

-0.56902 35 
-0.54883 59 
-0.53667 65 
-0.53334 74 
-0.53906 98 

-0.55345 17 
-0.57549 72 
-0.60365 96 
-0.63593 60 
-0.66999 96 

-0.70336 19 
-0.73355 34 
-0.75830 99 
-0.77575 13 
-0.78453 65 

-0.78398 26 
-0.77413 57 
-0.75578 55 
-0.73041 93 
-0.70011 70 

-0.66739 21 
-0.63499 08 
-0.60566 32 
-0.58192 70 
-0.56584 22 

-0.55881 97 
-0.56148 12 
-0.57358 51 
-0.59403 00 
-0.62093 76 

-0.65181 01 
-0.68375 25 
-0.71373 85 
-0.73889 84 
-0.75680 07 


-0.15873 09 
-0.14113 39 
-0.11667 30 
-0.08660 41 
-0.05250 03 

-0.01617 86 
+0.02038 99 
0.05518 54 
0.08625 18 
0.11181 25 

0.13038 11 
0.14086 00 
0.14262 05 
0.13555 73 
0.12011 15 

0.09726 08 
0.06847 29 
0.03562 42 
+0.00088 60 
-0.03340 40 

-0.06491 67 
-0.09147 36 
-0.11121 47 
-0.12273 90 
-0.12521 80 

-0.11847 31 
-0.10300 57 
-0.07997 85 
-0.05114 35 
-0.01872 22 

+0.01475 64 
0.04664 84 
0.07440 43 
0.09577 87 
0.10902 22 

0.11303 86 
0.10749 35 
0.09285 98 
0.07039 64 
0.04205 63 

+0.01033 04 
-0.02196 26 
-0.05192 24 
-0.07682 93 
-0.09439 87 

-0.10300 27 
-0.10183 70 
-0.09101 44 
-0.07157 33 
-0.04539 57 


-0.76569 84 -0.01504 04 


Table 10.13 


- 2.33810 741 

- 4.08794 944 

- 5.52055 983 

- 6.78670 809 


m p-? 1 ] m [ ( -f] m m m 


ZEROS AND ASSOCIATED VALUES OF AIRY FUNCTIONS 


Ai'(« s ) 

+0.70121 082 - 1.01879 297 


AND THEIR DERIVATIVES 


-0.80311 137 
+0.86520 403 
-0.91085 074 


3.24819 758 
4.82009 921 
- 6.16330 736 


5 - 7.94413 359 +0.94733 571 - 7.37217 726 


- 9.02265 085 
-10.04017 434 
-11.00852 430 


-0.97792 281 
+1.00437 012 
-1.02773 869 


-11.93601 556 +1.04872 065 


- 8.48848 673 

- 9.53544 905 
-10.52766 040 
-11.47505 663 


10 -12.82877 675 -1.06779 386 -12.38478 837 


Ai(«' s ) 

+0.53565 666 


-0.33047 623 
+0.32102 229 
-0.31318 539 
+0.30651 729 
-0.30073 083 


b s Bi'(6 s ) b' 

- 1.17371 322 +0.60195 789 - 2.29443 968 


Bi(6' 4 ) 

. - ... 0.45494 438 

4.07315 509 +0.39652 284 


-0.76031 014 

_ . _ . +0.83699 101 - 5.51239 573 -5136796 916 

- 6.16985 213 -0.88947 990 - 6.78129 445 +0.34949 912 

- 7.37676 208 +0.92998 364 - 7.94017 869 -0.33602 624 

- 8.49194 885 -0.96323 443 

- 9.53819 438 +0.99158 637 

-10.52991 351 -1.01638 966 -11.00646 267 +0.30972 594 


AUXILIARY TABLE—COMPLEX ZEROS AND ASSOCIATED VALUES OF 


>i (a) AND Bi' (z) 


e - Wfy , 

Modulus Phase 

2.354 0.095 

4.093 0.042 

5.524 0.027 

6.789 0.020 

7.946 0.015 


Bi'W 

Modulus Phase 

0.993 +2.641 

1.136 -0.513 

1.224 +2.625 

1.288 -0.519 

1.340 +2.622 


-wy s 


Modulus Phase 

1.121 0.331 

3.257 0.059 

4.824 0.033 

6.166 0.023 

7.374 0.017 


Bi(/.) 


0.592 

0.538 

0.506 


-2.632 

+0.515 

-2.624 

+0.519 


From J. C. P. Miller, The Airy integral, British Assoc. Adv. Sci. Mathematical 
Tables Part-vol. B. Cambridge Univ. Press, Cambridge, England, 1946 and 
F. W. J. Olver, The asymptotic expansion of Bessel functions of large order. 
Philos. Trans. Roy. Soc. London [A] 247, 328-368,1954 (with permission). 
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6D 
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11. Integrals 


of Bessel Functions 


Mathematical Properties 


11.1. Simple Integrals of Bessel Functions 


11 . 1.1 


*»r(++) 

J>( 


xE 


0 -+ 2 i + i ) r (+++) 


J » + 2j;4.i(s) 


(^( M +r+l)>0) 


11 . 1.2 




Jy(t)dt - 2 «/|'+ 2 *+l( 2 : ) — 1 ) 

o k-0 

1113 £ Ju(t)dt=^ Jo(t)dt —2 23 Jn+\( z ) 
11.1.4 f t/? n +i(£)d£ = l—t/o(s) — 2 2*. t/mJg) 

Jo fc-l 


Recurrence Relations 


11.1.5 

f J n+ \(t)dt= f J n -i(t)dt—2J n {z) (ti>0) 

Jo Jo 

11 . 1.6 J'j^dt^l-Mz) 

^J^dt^Y^dt^I^dt^K^dt 

11.1.7 

J\ 0 (t)dt=x^ 0 (x) +iirx {H 0 (x) %{x )—Hi (x)^ 0 (x)} 
V v (x)=AJ y (x)+BY y (x), v = 0,1 
A and B are constants. 


11 . 1.8 

£z 0 (<)<«=*Z„(a:)+ixi{-L„(*)Zi(a:)+L 1 (*)Z„(i)i 
Z,(x)=AI,(x)+Be'"K,(x),v=0,l 
A and B are constants. 

H,(as) and L„(x) are Struve functions (see 
chapter 12). 


11.1.9 

J o ^o(i)^=-(7+ln0x|3 (*1)1(2*+1) 

m u 


m* 




i (k\)\2k+l) 2 


» _^/ 2 T _ 

^ t=i (flm+1) 




7 (Euler's constant) = .57721 56649 . . . 

In this and all other integrals of 11.1, x is real 
and positive although all the results remain valid 
for extended portions of the complex plane unless 
stated to the contrary. 


11 . 1.10 


J~“ K,{t)dt=\ £ Mt)dt+i | j’ Y a (t)dt 

Asymptotic Expansions 


11.1.11 


x[± (-)V +1 *-“-‘+* g (-)V-’ 1 ] 


11 . 1.12 


_ r(fe+j) * T(s+h) 
* r(*) 


11.1.13 

2(fc+l)a* +1 =3 (^+2)(^6) 

-(*+!)■ H)--' 


480 



INTEGRALS OF BESSEL FUNCTIONS 


481 


11.1.14 x*eri 0 (t)dt~(2r)-i S a * x ~* 

Jo *-o 

where the a k are defined as in 11.1.12. 

11.1.15 Ko(t)dt~(^ g (- ) k a k x "* 

where the a t are defined as in 11.1.12. 

Polynomial Approximations a 

11.1.16 8<z<co 

J* [Mt)+iY 0 (t)]dt 

+ig(-) l W*/8)-“+e(*)] 


|.(x)|<2X10-» 


k 

a k 

b k 

0 

. 06233 47304 

. 79788 45600 

1 

. 00404 03539 

. 01256 42405 

2 

. 00100 89872 

. 00178 70944 

3 

. 00053 66169 

. 00067 40148 

4 

. 00039 92825 

.00041 00676 

5 

. 00027 55037 

. 00025 43955 

6 

.00012 70039 

.00011 07299 

7 

.00002 68482 

. 00002 26238 


11.1.17 8<x<» 


x>e-’J‘ I 0 (t)dt=*f: d,Cr/8)-*+«(*) 

|«(*)I<2X10- 6 

k d k 

0 .39894 23 

1 . 03117 34 

2 . 00591 91 

3 .00559 56 

4 —. 01148 58 

5 .01774 40 

6 00739 95 

* Approximation 11.1.16 is from A. J. M. Hitchcock. 

Polynomial approximations to Bessel functions of order 
zero and one and to related functions, Math. Tables Aids 
Comp. 11, 86-88 (1957) (with permission). 


11.1.18 7 <£<oo 

xvj* K 0 (t)dt=^2 (— )%(x/7)~ k -\-e(x) 
|«(aO|<2X10- 7 

k e k 

0 1.25331 414 

1 0. 11190 289 

2 . 02576 646 

3 .00933 994 

4 . 00417 454 

5 .00163 271 

6 . 00033 934 

jJ 0 (t)dt j Y 0 (t)dt J* K 0 (t)dt 

11.1.19 

ri^dt 

Jo f 

=2x~ 1 g (2A:+3)[^(t+2)-^(l)] J u+3 (x) 
=l—2x~ 1 J 1 (x) 


+2x _1 S (2A:+5)[^(^+3)-^(l)-l]J 2 , +8 (x) 
*-o 

For yp(z), see 6.3. 


r mw y 1 In r 

Jx t 2 Jo t 


= _ — 

h *m 2 


/:*?*—iH(^) 




+ >r1§ 2 4(4! 


r-{* ( * +1) 4- ln l} 


f Kn{t)dt 1 /, *V , , * . *•, Y 

J. «~2 ( lD a) +7ln 2 + 24+2 

/ A * 

-sS?{^ +i) 4 - in l} 

11.1.23 

K 0 (t)dt _iir p Mt)dt_r r Y 0 (t)dt 
J-ix t 2 Jx t 2 J x t 
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Asymptotic Expansions 

n. 1.24 r gq( 0 <ft gjtMM 

Jx t & x 

where 

?o(*)~±(-)* (!)'*(«)*, 

W - /x N-.« 

ff .(*)~ S (-)*(|) * K *+ D ! 


11.1.25 

.(.).«;• «'<r 

11.1.26 


where 

13 

11.1.27 

Co=l,C!=-g 

2(i+l)c J+1 =[3(i+l) I +j]c t -(i+i) 3 c«-, 

11.1.28 

a"V’J' 11<i( ~(2T)'is <WT* 


where c* is defined as in 11.1.27. 


Polynomial Approximations 

11.1.29 5<x< oo 

f" _ 2ff I (it)<y 0 (a;) ftfoXfipt) 

J, t x* x 

where 


0o(*)=g (—)*a*(*/5)“*+«(a0, 


|€(a:)|<2X10- 7 


k 

a k 

b k 

0 

1 . 0 

1.0 

1 

0. 15999 2815 

0. 31998 5629 

2 

. 10161 9385 

. 30485 8155 

3 

. 13081 1585 

. 52324 6341 

4 

. 20740 4022 

1. 03702 0112 

5 

. 28330 0508 

1. 69980 3050 

6 

.27902 9488 

1. 95320 6413 

7 

. 17891 5710 

1. 43132 5684 

8 

. 06622 8328 

0. 59605 4956 

9 

. 01070 2234 

. 10702 2336 


11.1.30 4<z< oo 

|e(x)|<6X10- # 

fc d* 

0 1.25331 41 

1 0. 50913 39 

2 .32191 84 

3 .26214 46 

4 .20601 26 

5 .11103 96 

6 .02724 00 

11.1.31 5<x< oo 

| € (a:)|<l.lX10- 5 

k h 

0 0.39893 14 

1 .13320 55 

2 -. 04938 43 

3 1. 47800 44 

4 -8.65560 13 

5 28.12214 78 

6 -48.05241 15 

7 40. 39473 40 

8 -11.90943 95 

9 -3. 51950 09 

10 2.19454 64 

11.2. Repeated Integrals of J n (z) and K 0 {z) 
Repeated Integrals of J „(«) 

Let 

11 . 2.1 

An(z)= f Jn(t)dt, . . .,/ r> »(2) = f Jr-l.nWt 

Jo Jo 

11 . 2.2 ,(z)=jp J.M 

Then 

11.2.3 

A. ( *)“r55 /. ^ r >°> 

11.2.4 /,.(*)=^£^<7. + , +a <*) 
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Recurrence Relations 
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11.2.5 

r(r—l)f r+ i, n (z)=2(r—l)zf T , „(z) 

-[(1 -r)'-n'+g%-i.M 

+ (2r—S)zf T - 2l n(z)-Z 2 Jr~2. »(«) 

11.2.6 


rfr+l, 0 (z) = zfr, 0 ( 2 ) — (r- 1 )jr- 1 , 0 (z) + zfr- 2 , 0 (z) 

11.2.7 f r+1 , n+l(z)=Ul. n-l(z)-2fr, n (z) 

Repeated Integrals of K»(s) 

Let 

11.2.8 

Ki 0 (z)=K 0 (z), 

Ki,(z)=J“ «,(()*, • • Ki '( z )=Jf 

11.2.9 Ki-,(*)-(-)' gpBiU) 

Then 


11.3.2 Z,(s) a 6 

J v {z),Y,{z),H?\z) t H?\z) 1 1 

/,(*) -1 1 

#,(2) 1 -1 


11.3.3 

r(a)=— <r p *2 M Z,(z) 

+ G*+»0fr-i.r(s)—a^.v+i(2) 


11.3.4 


P9», p+i( z) =—e~ p *z li Z y+1 (z) 

+ (p—v—l )g^ x t , + i ( 2 )+ bg^siz) 


11.3.5 

(2> 2 -j-a&)gr Mi „(2)=ae- p2 2'*Z, + i(2) 

4- (m— v— 1 )g _p * 2 ' 1_1 Z > ,( 2 ) —pe~ pt z> l Z y {z) 

+p(2n— 1 )g ll . 1 >r ( 2 ) + [j/ 2 — (m— 1 ) 2 ]^-2 .,( 2 ) 


11.3.6 

a{v — n)gv ,y+i (z) —— 2 ve~ pl , z»Z y ( 2 ) — 2vpg lt ( 2 ) 


11 . 2.10 

Ki ,(z)=J o “ 


g -2coab t dt 

cosh r t 


(02z> 0, @r> 0, ^ 2 > 0 , r=0) 

jLl.2.11 

Ki,(z) =p|?j J (t—zy~ 1 K a (t)dt 

(@a> 0 , 9tr> 0) 

11.2.12 Ki !r (0)=^ffi (^r>0) 


1 rfr+i) / U 

11.2.13 Ki !r+l (0)= i ^ TI5 (*'>-§) 

11.2.14 

rKi r+1 ( 2 ) = — 2 Ki r ( 2 ) + (r— l)Ki r _!( 2 ) + zKi T _ 2 (z) 


11.3. Reduction Formulas for Indefinite 
Integrals 


Let 

11.3.1 & ,,( 2 )= J* e~ pt V>Z v (t)dt 


where Z„( 2 ) represents any of the Bessel functions 
of the first three kinds or the modified Bessel 
functions. The parameters a and b appearing in 
the reduction formulae are associated with the 
particular type of Bessel function as delineated 
in the following table. 


+b(n+v)g ltiV - l (z) 

Casel: j? 2 +a6 = 0, v= ± (/*— 1) 

e~ pz Z r 


u.3.7 9 ,,( 2 )= e -2~r{ z - (z )4 z ’ +i(2 °} 


11.3.8 


11.3.9 


e -pz z -y +1 


2v- 


h-i r 


Z,(2)+^4_ 1 (2) 


} 


£ [Jp(z)-iJ y , 


.(2)] 


11.3.10 


£ eH~’J v (t)dt=- e ^^ [J y (z)+iJ y ^(z)] 


r 2‘’ -1 (2v—l)T(v) 




11.3.11 




i2' +1 T(>+l) 

x(2.+l> ^ ^ 


11.3.12 


r 


«± W ,( 0 < fc =- 


2^+1 


[7,(2)T/, + i(2)1 


(#!»-*) 
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£ e -I n (t)dt=ie -[/„(«)+/.(«)] 

- \-n[e~*Io{z )— l]+2e ( n k)It{z) 

11.3.14 

£ e±n-I,(t)dt -[/,(*) =F/,-,(z)] 

T 2>-»(2y — 1) r ( y) ( ^ i} 

11.3.15 



King’s integral (see [11.5]) 

11.3.16 J\ t K 0 (t)dt=ze z [K 0 (z)+K 1 (z)]-l 

11.3.17 

J" e t t~ v K,(t)dt 

=^=r K(*)+*.-i(*)] (^>1) 

Case 2: p=0, /z— ± J> 

11.3.18 bg,,,- x {z)=z v Z,{z) 

11.3.19 ag^ v+ i(z)=—z~ v Z v (z) 

11.3.20 t’J,- l {t)dt=z v J v (z) (^>0) 

11.3.21 £ r>J, +l (0^" 2 >r - ( ^ +1) -g-^(g) 

11.3.22 


=; 2 ( 2 Ar—l)«7»-i(s) fr>0) 

2 Jlc-»+l 

11.3.23 

(2»+l) J' 

11.3.24 

f ' «- F ^,(()^= z ' i , .( 2 )+—— ( S ?.> 0 ) 

Jo ir 


11.3.25 f* t’’I,- 1 (t)dt=z'’I,(z) (&V> 0) 

11.3.26 

11.3.27 

J* t'K,- l (t)dt=-z"K,(z)+2’- 1 r(v) 0) 

11.3.28 J" t ''K, +l (t)dt~2~'K,(s) 

Indefinite Integrals of Products of Bessel Functions 

Let z ) and ^( 2 ) denote any two cylinder 
functions of orders n and v respectively. 

11.3.29 

%m®AU)dt 

^z{W^x{kz)^{lz)-l^Jikz)9 v+ x{lz) } * 

— (n—v) < £ l i(kz)@,(lz) 

11.3.30 

11.3.31 

J'(<■+■+%(()©,(()* 

? M+»>+2 

11.3.32 

f* tJU(t)dt =2 2 (v+2ifc)J5 +2 *(s) (<^>0) 

Jo *-0 

11.3.33 

J o '«[ ./S-iCO-J5 + ,(01*=2. J!(«) (^>0) 

11.3.34 J%^(t)*=|[^( 2 )+j;(s)] 

11.3.35 

f' [1-./}(*)]-£ JIM 

Jo 2 *-l 

= S JJ («) 

A“»+l 


♦See page 11. 
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11.3.36 

— (m+^+2 n) J t~ le ifp+ n (t)@y +n (t)dt 

=%(z)&(z)+% + M& +a ( g ) + 2E«+»(*)^+»(*) 

k =1 

Convolution Type Integrals 

11.3.37 

(* J?(t)J v {z — t)dt=2 ^2 (— yj, +y+2k+1 (z) 

Jo *=o 

(#*>-l,aV>-l) 

11.3.38 

fj J y (t)J 1 -,(z-t)dt=J 0 (z)~cos z (-1<^<2) 


In connection with these formulae, see 11.3.29. 
If a=0, the above is valid provided 5=0. This 
case is covered by the following result. 

11.4.5 

f tJ p (a m t)J y (a n t)dt —0 j/>— 1) 

= m </:(««)] 2 

(m=n,b= 0,j>>—1) 

=i?3 +al ~ v; l lJJa « )r 

11.3.39 (m=n, b^O, v> — l) 

J,(t)J-,(z-t)dt=on e (|f»|<l) a, . are the p<«itive zeros of 
Jo aJy(x)-\-bxJ y (x)=0, where a and b are real con- 


11.3.40 


JO M 




11.3.41 


/. 


* J»(t)J v (z — t)dt Qn+y) J M+y (g) 


t(z—t) 


(^M>0, ^>0) 

11.4. Definite Integrals 

Orthogonality Properties of Bessel Functions 

Let %{z) be a cylinder function of order v. 
In particular, let 

11.4.1 «(g) —AJy(z) +BYy(z ) 
where A and B are real constants. Then 

11.4.2 

f\v,Q<J)V,(Kt)dt=Q (m^n) 

(m=n)(0<a<6) 

provided the following two conditions hold: 

1. A„ is a real zero of 


2. There must exist numbers ki and k 2 (both 
not zero) so that for all n 


11.4.4 


— k 2 T^'y{\ n (l) = 0 


stants. 

11.4.6 


j; 


t l Jy+2n+l(t)Jr+2m+l(t)dt — 0 (m r^Tl) 

1 

2(2w-|-J'+l) 

( m—n) (v + n+m > — 1) 

Definite Integrals Over a Finite Range 


11.4.7 

J 2 J 2 »(20 sin t)dt=^ 

11.4.8 

J* Jo (2 0 sin £) cos 2^di 

11.4.9 

I 2 F 0 (22 sin <) cos 2ntdt- 


J 0 

11.4.10 


J> 

sin t) sin' 4+1 £ cos 2 ** 1 tdt 


2»r(H-l) 


Jm +-+ i (8) &V>- 1) 


11.4.11 


11.4.3 


KO&y+i (A b) - h 2 %{\b )=0 


J* 2 J M (0 sin 2 t)J v (z cos 2 <) esc 2tdt 


r ( M + y ) 

4jutf 


J M+ ,(0) (i^>0, ^r>0) 
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11.4.12 


Infinite Integrals 
Integrals of the Form J e~ pt t‘ i Z y (t)dt 

i ir <»+r) 


f e it t ll ~ 1 J (t)dt— € - _ r (M+v) r(^— m) 

Jo MW ■ r( i )2 , r(y _ M+1) 

(fh <2 #(?+*)> o) 

11.4.13 

J„ * * r(i) 2 »r(»— m+ 1 ) 

(&><|> ^ >o) 


11.4.14 




11.4.23 §°K,(t)At=l 

H-4-24 (0<ft= ^^* t (M) (XD 

= 0 ( w *> l ) 

where ^(w) is the Chebyshev polynomial of the 
first kind (see chapter 22). 

11.4.25 

J t~ 1 e~ iwt J n (t)dt 

(—i) B (l —w 2 )*C/' b _ 1 («)(w 2 <1) 
=0(co 2 >n 

where £/„(«) is the Chebyshev polynomial of the 
second kind (see chapter 22). 


11.4.15 


11.4.26 


r • liT/ / ,\ j, arc sinh 6 
J sin btK 0 (t)dt= 

11.4.16 


t p J v {t)dt~ 


(1 + * 2 )* 

2 „ r (*± l + i ) 




11417 r J,(0<ft=i (#*>-i) 


11.4.18 


f 


[l—«7o(Q]d£ 
<*■ 


11.4.19 






/>.(0 d( =|r(^±l)r(^±l) 

Xsm|0.-,)(^0*±.)>-l,^ M <I) 

11.4.20 J>,(0*=-tan^ (|«»|<1) 

11.4.21 f'Y 0 (t)dt =0 

11.4.22 

f’t>K,(t)di= 2.-' r (oi|±i) r (MZZ+ 1 ) 

(«( m ±»)>- i ) 


J J'. + ,(0<ft-(-»)*(2r)»P.(«)(Xl) 

== 0(w 2 >l) 

where P n (u) is the Legendre polynomial (see 
chapter 22). 

11.4.27 

J]’ («a>0, <**>0) 

where 7(a, 2) is the incomplete gamma function 
(see chapter 6). 


Integrals of the Form I e~ a2 t2 t“Z,(bt)cU 


11.4.28 


j; 


e ‘ t*- l J v {bt)dt 

r /i ,1 \ n b\ 
V2 V+ 2 y (2 a) 
2c^r( y +i) 


-+1,-^) 

(^0<+v)>0, ^a s >0) 


where the notation M(a, b , 2) stands for the con¬ 
fluent hypergeometric function (see chapter 13). 


11.4.29 

J e at t v+1 Jy(bt)dt 

b v ~— 

= (2 a 2 ) v+1 e ^ 1, ^a 2 >0) 



INTEGRALS OF 


JY ~TJMdt--£ [/. Q tan „ 

+i K, sec vr] (|^c|<i, W>o) 




(#*>-1, #<*•>(>) 


b 1 

c p if , (£ W > 0 ) 

Weber- Schafheitlin Type Integrals 


Jo < x 


2V- x+1 rHi>r 


v-X+1 v-M-X+1. , 6 2 


^S) 


(#G*+i»-X+l)>O f »>-!, 0<6<a) 


5 J li (at)J v (bt)dt_ 


t rKzxz) 

2>»->+T0.+i)r( - l *+ x+1 ) 

-X+l «-■—x+i. , 


(^(k+<—X+ 1)>0,^X>-1, 0<o<6) 
For 2 ^ 1 , see chapter 15. 

Special Cases of the Discontinuous Weber-Schafheitlin 
Integral 

11.4.35 


9 Jujat) sin bt dt 1 . 


—^ sin |jt arc sin (0 < 6 < a) 


af sin y 

= M [6+(& 2 -aW 


(6>a>0) 


9 J^jat) cos tfo 1 


s arc sin (0< b<a) 


TTfi 

O'* COS -y 


M[6+(6 2 -a 2 )*]M 


(b>a>0) 

(&M>0) 
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Hankel-Nicholson Type Integrals 

11.4.44 

P" t y+1 J,(at)dt _ a/ i z v M y- / a „\ 

(a>0, ^2>0,-l<£?.<2ilV+§) 

11.4.45 

rTO^ [was) - L ' (os)i 

11.4.46 

(a>0, fflz'X)) 

Jo t -\~z z 


11.4.47 

f " K v (at)dt ir 2 r „ , , Tr , N1 

Jo t”(^+3 2 )~4^ +1 cos^r [H, ' (a2) 7y(a2)1 

(^a>0, ^3>0,^j/<i) 

11.4.48 

fgg|=/,(i-)X,(ia 2 ) 

(a>0,^3>0, @v>-\) 

11.4.49 

f* J.(ot)it _('?) r(, ' +1) r,i . 

Jo J’(i ! +«*)’ + * - r(2.+i) 

(o>0, 5?2>0, 


Numerical Methods 
11.5. Use and Extension of the Tables 


f J 0 (t)dt, f Y 0 {t)dt, f I Q (t)dt, f K 0 (t)dt 

Jo _ Jo _ Jo _ Jx _ 

For moderate values of x, use 11.1.2 and 11.1.7- 
11.1.10 as appropriate. For x sufficiently large, 
use the asymptotic expansions or the polynomial 
approximations 11.1.11-11.1.18. 

/»3.05 

Example 1. Compute J J 0 (t)dt to 5D. 

Using 11.1.2 and interpolating in Tables 9.1 and 
9.2, we have 

/*3.0» 

J 0 (t)dt=2[.32019 09 + .31783 69 + .04611 52 

+ .00283 19+.00009 72+.00000 21] 
= 1.37415 

/»3.05 

Example 2. Compute J 0 (t)dt to 5D by 

interpolation of Table 11.1 using Taylor’s formula. 
We have 

J o * + ‘ Mt)dt=j‘ Mt)dt+hJo(x ) -J « 7 ,(x) 

[</.(x)-./o(x)]+^ [3J 1 (*W,(*)]+ ... 
Then with x=3.0 and h=. 05, 

/'S.OS 

J o Jo[t)dt=l .387567+(.05) (- .260052) 
-(.00125) (.339059) 

+(.000010) (.746143) = 1.37415 


This value is readily checked using af—3.1 and 
h= — .05. Now JJ 0 (*)|<1 for all x and |t/ n (x)| 
<2“*, n>l for all x. In Table 11.1, we can 
always choose \h\ <.05. Thus if all terms of 0(h 4 ) 
and higher are neglected, then a bound for the 
absolute error is 2 i A 4 /48<.2-10“ 8 for all x if |AI 
<.05. Similarly, the absolute error for quadratic 
interpolation does not exceed 

h?( 2*+2)/24<.2.10" 4 . 

Example 3. Interpolation of J* J 0 (t)dt using 
Simpson’s rule. We have 

(*x+h (*x fx+h 

I Jo(t)dt — I t/o(£) c ^ + I Mt)dt 

JO Jo Jx 

J* J$(t)dt=- ^4/o(^)+4</ 0 ^x+2^+t/o(^+^)J+I? 


R=- 


h* 


Now 


2880 


^ 4) («), *<€<*+& 


•Wx)-g y.(x)-4J 1 (l)+3j 0 (x)] 

W>(x)|<5±|^<.82 
and with |A|<.05, it follows that 
|2?|<.9 • 10“ 10 
Thus if x=3.0 and A=.05 


j. 


3.°fi ( nc\ 

J 0 (0^=1.38756 72520+^ [-.26005 19549 
0 

+4(-.26841 13883)-.27653 49599] 
= 1.37414 86481 
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which is correct to 10 D. The above procedure 
gives high accuracy though it may be necessary to 

interpolate twice in J 0 (x ) to compute J 0 (^+ 2 ) 

and Jo(x-\-h). A similar technique based on the 
trapezoidal rule is less accurate, but at most only 
one interpolation of J 0 (x ) is required. 

Example 4. Compute f J 0 (t)dt and f Y 0 (t)dt 
Jo Jo 

to 5 D using the representation in terms of Struve 
functions and the tables in chapters 9 and 12 . 

For z=3, from Tables 9.1 and 12.1 

J 0 =-. 260052 = .339059 

F 0 = .376850 Yi= .324674 

Ho= .574306 H x = 1.020110 

Using 11.1.7, we have 

q,_ 

J 0 (t)dt=Z(— .260052) [(.574306)(.339059) 

— (1.020110) (— .260052) 1 

=1.38757 


Similarly, 

£ Y 0 (t)dt=. 19766 

Using 11.1.8 and Tables 9.8 and 12.1, one can 

compute f I 0 (t)dt and f K 0 (t)dt. 

Jo Jo 

r m J 0 (t)dt r Y 0 (t)dt r x [i 0 (t)-m r K 0 (t)dt 
Jz t ’J, t ’Jo t % t 

For moderate values of x, use 11.1.19-11.1.23. 
For 2 ; sufficiently large, use the asymptotic ex¬ 
pansions or the polynomial approximations 

11.1.24-11.1.31. 


Repeated Integrals of Jo(.x) 

For moderate values of x and r, use 11.2.4. 
If r=l, see Example 1. For moderate values of 
x, use the recurrence formula 11.2.5. If x is large 
and a?»r, see the discussion below. 

Example 5. Compute j r , o(x)=f r (x) to 5D for 
x=2 and r=0(l)5 using 11.2.6. We have 

rfr+l( X ) =*M X ) - (r- l)/r-l(x) + 2 fr- 2 (x) 

/-.to = -Ji (*), /.(as) = Joto , /, (as)= J’ Jo (<) dt 

and the terms on this last line are tabulated. Thus 
for 2 = 2 , 

/_!=-.57672 48,/ 0 =.22389 08,^ = 1.4257703 


The recurrence formula gives 

/2=2(/ 1 +/_,) = 1.69809 10 

Similarly, 

/ 3 =1.20909 66,/ 4 =.62451 73,/ fi =.25448 17 

When a , »r, it is convenient to use the auxil¬ 
iary function 

g T (x) = (r-l)\x- r+ y r (x) 

This satisfies the recurrence relation 

**g r +. 1 (*) =tfg- (r- l) 2 g r -i (*) 

+ (r— l)(r—2)g r _ 2 (x), r >3 

Mt)dt, g 2 (x)=g l (x)—J 1 (x) 

g 3 (x) = [x 2 g 2 (x)-g x (x) +xJ Q (x)]jx a 

Example 6 . Compute g T (x) to 5D for x=10 
and r=0(l)6. We have for x =10, 

J 0 = -.24593 58, J, =^.04347 27, &=1.06701 13 

Thus 

0 2 =1.02353 86 , 0 3 =.98827 49 
and the forward recurrence formula gives 
04 =.96867 36, 0 6 =.94114 12, g t =.90474 64 
For tables of 2~ T J r (x), see [11.16]. 

Repeated Integrals of Ko(x) 

For moderate values of x, use the recurrence 
formula 11.2.14 for all r. 

Example 7. Compute Ki r («) to 5D for x=2 
and r=0(l)5. We have 

rKi r+ 1 (a;) =—a,Ki r (aO + (r— l)Ki r _j( 2 )+xKi r _ 2 (:c) 

Ki.,(»)=*,(*), Ki„(*)=K c (*), K 0 (t)dt 

and the functions on this last line are tabulated 
Thus for x = 2 , 

K 0 =. 11389 39, i£i=. 13986 59, Ki^.09712 06 
and 

Ki 2 =- 2 Ki 1 + 2 FC 1 = .08549 06 

Similarly, 

Ki 3 =.07696 36, Ki 4 =.07043 17, Ki s =.06525 22 

If x/r is not large the formula can still be used 
provided that the starting values are sufficiently 
accurate to offset the growth of rounding error. 
For tables of Ki r (a:), see [ 11 . 11 ]. 
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/ m (x)=x- m f*t m K 0 (t)dt 

Now 

Mx)= f K 0 {t)dtJ l (x)=[\-xK l {x)]lx 

the latter following from 11 . 3.27 with v=l. In 
11 . 3 . 5 , put o=l, 6= — 1, p =0 and j>= 0. Let 
ji—m. Then 

-x(m-l)Ko(x)]fr? (m> 1 ) 

Using tabular values of/ 0 and/i, one can compute 
in succession / 2 , jz, . . . provided that mjx is not 
large. 

Example 8. Compute/*,(a) to 5D for ®=5 and 
m=0(l)6. We have, retaining two additional 
decimals 

K 0 = .00369 11 Ki—. 00404 46 
/o=l. 56738 74 19595 54 

Thus 

/ 2 =.05791 27,/ 4 =.01458 93,/ fl =.00685 36 

Similarly starting with/i, we can compute/ 3 and/ fi . 

If m>®, employ the recurrence formula in 
backward form and write 

/«-a(x) = f® 2 /*/®)+® 2 K 1 (x)+x(m— l)K 0 (x)]/(m— l ) 2 

In the latter expression, replace /„, by g m . Fix x. 
Take r>m and assume g r = 0. Compute g r ~ 2, 
g r - 4, etc. Then 

lhn g r -2k(x)=f m (x), m=r- 2 k 


Apart from round-off error, the value of r needed 
to achieve a stated accuracy for given x and m 
can be determined a priori. Let 


®“« r 

€r ~ 2k (r—l) 2 (r— 3 ) 2 . . . (r-2fc+l) 2 

< \&K X (®) +x(r- l)K 0 (x) ]/(r— l) 2 

since for x fixed, / r (®) is positive and decreases as r 
increases. 

Example 9. Compute/*/®) to 5 D for ®=3 and 
m=0(2)10. We have 

^o=.03473 95 Ki=.04015 64 

If r= 16 , 

Cie<.86-10“ 2 «io<l-4-10" 8 

Taking g lfi ~ 0 , we compute the following values 
of gu, gu, . . go by recurrence. Also recorded 
are the required values of/*, to 5 D. 


m 

ffm 

fm 

14 

. 00855 42 


12 

.01061 09 


10 

. 01325 05 

. 01325 

8 

. 01751 39 

. 01751 

6 

. 02548 09 

. 02548 

4 

. 04447 31 

. 04447 

2 

. 11936 90 

. 11937 

0 

1. 53994 71 

1. 53995 


For tables of/ m (®), see [11.21]. 
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Table 11.1 INTEGRALS OF BESSEL FUNCTIONS 


X 

f J 0 (t)dt 

J>< 

t)dt 

e Io(t)dt 

e x f Ko(t)dt 

0.0 

0 . 00000 

00000 

0 . 00000 

00000 

0 . 00000 

00 

1. 57079 

63 

0.1 

0. 09991 

66979 

-0.21743 

05666 

0. 09055 

92 

1.35784 

82 

0.2 

0. 19933 

43325 

-0. 34570 

88380 

0. 16429 

28 

1. 25032 

54 

0.3 

0. 29775 

75802 

-0.43928 

31758 

0.22391 

79 

1. 17280 

09 

0. 4 

0. 39469 

85653 

-0. 50952 

48283 

0.27172 

46 

1.11171 

28 

0.5 

0.48968 

05066 

-0.56179 

54559 

0. 30964 

29 

1.06127 

17 

0 . 6 

0. 58224 

12719 

-0. 59927 

15570 

0. 33929 

99 

1 . 01836 

48 

0.7 

0.67193 

68094 

-0. 62409 

96341 

0. 36206 

71 

0.98109 

70 

0.8 

0. 75834 

44308 

-0. 63786 

88991 

0. 37910 

05 

0.94821 

80 

0. 9 

0. 84106 

59149 

-0. 64184 

01770 

0.39137 

42 

0.91885 

56 

X. 0 

0 . 91973 

04101 

-0. 63706 

93766 

0. 39970 

88 

0. 89237 

52 

1.1 

0. 99399 

71082 

-0.62447 

91607 

0.40479 

52 

0. 86829 

97 

1.2 

1. 06355 

76711 

-0. 60490 

26964 

0. 40721 

52 

0. 84626 

10 

1.3 

1.12813 

83885 

-0.57911 

12548 

0. 40745 

78 

0. 82596 

89 

1. 4 

1. 18750 

20495 

-0.54783 

19295 

0. 40593 

39 

0. 80719 

04 

1. 5 

1.24144 

95144 

-0. 51175 

90340 

0.40298 

85 

0. 78973 

57 

1.6 

1. 28982 

09734 

-0. 47156 

13039 

0. 39891 

09 

0. 77344 

80 

1. 7 

1. 33249 

68829 

-0.42788 

62338 

0. 39394 

29 

0.75819 

62 

1 . 8 

1. 36939 

85727 

-0.38136 

24134 

0. 38828 

68 

0. 74386 

97 

1.9 

1. 40048 

85208 

-0. 33260 

04453 

0. 38211 

11 

0. 73037 

44 

2 . 0 

1. 42577 

02932 

-0. 28219 

28501 

0. 37555 

57 

0. 71762 

95 

2.1 

1. 44528 

81525 

-0. 23071 

32490 

0.36873 

67 

0. 70556 

50 

2.2 

1.45912 

63387 

-0. 17871 

50399 

0.36174 

98 

0. 69412 

02 

2. 3 

1. 46740 

80303 

-0. 12672 

97284 

0. 35467 

38 

0. 68324 

16 

2. 4 

1.47029 

39949 

-0. 07526 

50420 

0. 34757 

29 

0. 67288 

26 

2.5 

1. 46798 

09446 

-0. 02480 

29261 

0.34049 

93 

0. 66300 

15 

2 . 6 

1.46069 

96081 

+0. 02420 

24953 

0. 33349 

48 

0. 65356 

16 

2. 7 

1.44871 

25408 

0. 07132 

69288 

0. 32659 

30 

0. 64452 

98 

2.8 

1.43231 

16899 

0.11617 

78353 

0. 31981 

99 

0. 63587 

68 

2.9 

1.41181 

57386 

0.15839 

62206 

0.31319 

59 

0. 62757 

60 

3. 0 

1. 38756 

72520 

0. 19765 

82565 

0. 30673 

62 

0. 61960 

34 

3.1 

1. 35992 

96508 

0. 23367 

66986 

0. 30045 

18 

0. 61193 

74 

3. 2 

1. 32928 

40386 

0 . 26620 

20748 

0. 29435 

04 

0. 60455 

84 

3.3 

1. 29602 

59125 

0. 29502 

36222 

0. 28843 

67 

0. 59744 

84 

3.4 

1. 26056 

17835 

0. 31996 

99576 

0. 28271 

31 

0. 59059 

11 

3. 5 

1.22330 

57382 

0. 34090 

94657 

0. 27718 

02 

0. 58397 

14 

3.6 

1.18467 

59706 

0. 35775 

03989 

0. 27183 

70 

0. 57757 

57 

3.7 

1. 14509 

13136 

0.37044 

06831 

0 . 26668 

11 

0. 57139 

13 

3. 8 

1.10496 

78009 

0. 37896 

74266 

0.26170 

94 

0. 56540 

66 

3.9 

1.06471 

52877 

0. 38335 

61369 

0.25691 

78 

0. 55961 

09 

4. 0 

1.02473 

41595 

0. 38366 

96479 

0. 25230 

18 

0. 55399 

42 

4.1 

0. 98541 

21560 

0. 38000 

67672 

0. 24785 

61 

0. 54854 

72 

4.2 

0. 94712 

13375 

0. 37250 

06552 

0. 24357 

56 

0. 54326 

15 

4.3 

0.91021 

52175 

0. 36131 

69475 

0. 23945 

46 

0. 53812 

91 

4.4 

0. 87502 

60866 

0. 34665 

16398 

0. 23548 

74 

0. 53314 

27 

4. 5 

0. 84186 

25481 

0. 32872 

87513 

0.23166 

83 

0. 52829 

52 

4.6 

0.81100 

72858 

0. 30779 

77892 

0.22799 

15 

0. 52358 

03 

4. 7 

0. 78271 

50802 

0.28413 

10351 

0. 22445 

13 

0. 51899 

19 

4. 8 

0. 75721 

10902 

0. 25802 

06786 

0.22104 

21 

0. 51452 

43 

4.9 

0. 73468 

94106 

0. 22977 

58227 

0.21775 

83 

0. 51017 

24 

5. 0 

0. 71531 

19178 

0.19971 

93876 

0.21459 

46 

0. 50593 

10 
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INTEGRALS OF BESSEL FUNCTIONS Table 11.1 


$*Jo(t)dt j Q X Yo(t)dt e-zf* I 0 (t)dt K 0 (t)dt 


5. 0 

0.71531 

19178 

0. 19971 

93876 

0. 21459 

46 

0. 50593 

10 

5.1 

0. 69920 

74098 

0.16818 

49405 

0.21154 

58 

0. 50179 

55 

5.2 

0. 68647 

10457 

0. 13551 

34784 

0.20860 

68 

0. 49776 

16 

5.3 

0. 67716 

40870 

0. 10205 

01932 

0. 20577 

28 

0. 49382 

50 

5.4 

0. 67131 

39407 

0. 06814 

12463 

0. 20303 

89 

0. 48998 

19 

5.5 

0. 66891 

44989 

0.03413 

05806 

0. 20040 

08 

0.48622 

86 

5.6 

0.66992 

67724 

+0. 00035 

67983 

0. 19785 

40 

0. 48256 

16 

5.7 

0. 67427 

98068 

-0. 03284 

98697 

0. 19539 

44 

0. 47897 

75 

5.8 

0. 68187 

18713 

-0. 06517 

04775 

0. 19301 

81 

0. 47547 

34 

5.9 

0. 69257 

19078 

-0. 09630 

01348 

0. 19072 

13 

0. 47204 

60 

6.0 

0. 70622 

12236 

-0. 12595 

06129 

0. 18850 

02 

0. 46869 

29 

6.1 

0. 72263 

54100 

-0. 15385 

27646 

0.18635 

16 

0. 46541 

11 

6.2 

0.74160 

64692 

-0.17975 

87372 

0.18427 

20 

0. 46219 

83 

6.3 

0. 76290 

51256 

-0. 20344 

39625 

0. 18225 

84 

0. 45905 

20 

6.4 

0.78628 

33012 

-0.22470 

89068 

0. 18030 

78 

0.45596 

99 

6.5 

0. 81147 

67291 

-0. 24338 

05692 

0.17841 

74 

0.45294 

98 

6.6 

0. 83820 

76824 

-0. 25931 

37161 

0. 17658 

44 

0. 44998 

97 

6.7 

0 . 86618 

77897 

-0.27239 

18447 

0.17480 

64 

0. 44708 

76 

6.8 

0. 89512 

09137 

-0. 28252 

78684 

0. 17308 

09 

0. 44424 

15 

6.9 

0. 92470 

60635 

-0. 28966 

45218 

0.17140 

55 

0. 44144 

97 

7.0 

0.95464 

03155 

-0.29377 

44843 

0. 16977 

82 

0. 43871 

05 

7.1 

0. 98462 

17153 

-0. 29486 

02239 

0.16819 

68 

0. 43602 

22 

7.2 

1. 01435 

21344 

-0. 29295 

35658 

0.16665 

93 

0.43338 

34 

7.3 

1.04354 

00558 

-0.28811 

49927 

0.16516 

39 

0.43079 

23 

7.4 

1.07190 

32638 

-0. 28043 

26862 

0. 16370 

89 

0. 42824 

76 

7.5 

1.09917 

14142 

-0. 27002 

13202 

0. 16229 

24 

0.42574 

81 

7.6 

1. 12508 

84628 

-0. 25702 

06208 

0. 16091 

30 

0. 42329 

20 

7.7 

1.14941 

49299 

-0. 24159 

37080 

0. 15956 

91 

0. 42087 

86 

7. 8 

1.17192 

99830 

-0. 22392 

52368 

0. 15825 

93 

0. 41850 

63 

7.9 

1.19243 

33198 

-0. 20421 

93575 

0. 15698 

21 

0.41617 

40 

8.0 

1.21074 

68348 

-0. 18269 

75150 

0. 15573 

64 

0.41388 

07 

8.1 

1.22671 

60587 

-0. 15959 

61109 

0. 15452 

08 

0.41162 

52 

8.2 

1. 24021 

13565 

-0.13516 

40494 

0. 15333 

42 

0. 40940 

65 

8.3 

1.25112 

88778 

-0.10966 

01934 

0.15217 

55 

0. 40722 

37 

8.4 

1.25939 

12520 

-0. 08335 

07540 

0.15104 

36 

0. 40507 

56 

8.5 

1. 26494 

80240 

-0. 05650 

66385 

0.14993 

74 

0.40296 

15 

8.6 

1. 26777 

58297 

-0. 02940 

07834 

0. 14885 

61 

0.40088 

04 

8.7 

1. 26787 

83120 

-0. 00230 

54965 

0.14779 

88 

0. 39883 

15 

8.8 

1.26528 

57796 

+0. 02451 

01664 

0. 14676 

44 

0. 39681 

40 

8.9 

1.26005 

46162 

0. 05078 

29664 

0.14575 

23 

0. 39482 

69 

9.0 

1. 25226 

64460 

0. 07625 

79635 

0.14476 

16 

0. 39286 

97 

9.1 

1. 24202 

70675 

0. 10069 

08937 

0. 14379 

16 

0. 39094 

15 

9.2 

1. 22946 

51666 

0. 12385 

04194 

0.14284 

16 

0. 38904 

17 

9.3 

1.21473 

08237 

0. 14552 

02334 

0.14191 

08 

0. 38716 

95 

9.4 

1 . 19799 

38314 

0. 16550 

09969 

0.14099 

87 

0. 38532 

41 

9.5 

1.17944 

18392 

0. 18361 

20962 

0.14010 

46 

0. 38350 

53 

9. 6 

1. 15927 

83464 

0. 19969 

32017 

0. 13922 

78 

0. 38171 

20 

9.7 

1. 13772 

05614 

0.21360 

56169 

0.13836 

79 

0. 37994 

39 

9.8 

1.11499 

71504 

* 0. 22523 

34059 

0.13752 

43 

0. 37820 

03 

9.9 

1.09134 

58985 

0.23448 

42919 

0. 13669 

65 

0. 37648 

06 

10 . 0 

1. 06701 

13040 

0.24129 

03183 

0.13588 

40 

0. 37478 

43 


i-1 

T 

i_i 

m 

m 

m 
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Table 11.2 INTEGRALS OF BESSEL FUNCTIONS 


X 

Jo t 


e-r^-'dt 

Jo £ 


0 . o. 

0 . 00000 000 

-00 

0 . 00000 000 

0 . 000000 

0.1 

0. 00124 961 

-1. 34138 382 

0.00113 140 

0. 368126 

0.2 

0. 00499 375 

-0. 43423 067 

0. 00409 877 

0.460111 

0.3 

0.01121 841 

-0. 05107 832 

0.00835 768 

0.506394 

0. 4 

0. 01990 030 

+0. 15238 037 

0. 01347 363 

0. 532910 

0.5 

0. 03100 699 

0. 26968 854 

0. 01910 285 

0. 548819 

0.6 

0. 04449 711 

0. 33839 213 

0. 02497 622 

0. 558366 

0.7 

0. 06032 057 

0.37689 807 

0. 03088 584 

0. 563828 

0.8 

0.07841 882 

0. 39543 866 

0. 03667 383 

0 . 566545 

0.9 

0. 09872 519 

0. 40022 301 

0. 04222 295 

0. 567355 

1.0 

0. 12116 525 

0. 39527 290 

0. 04744 889 

0. 566811 

1.1 

0.14565 721 

0. 38332 909 

0. 05229 376 

0. 565291 

1.2 

0.17211 240 

0. 36633 694 

0. 05672 080 

0. 563058 

1.3 

0. 20043 570 

0. 34572 398 

0. 06070 995 

0. 560302 

1.4 

0. 23052 610 

0. 32256 701 

0. 06425 420 

0. 557163 

1.5 

0. 26227 724 

0. 29769 696 

0. 06735 663 

0. 553745 

1.6 

0. 29557 796 

0.27176 713 

0. 07002 797 

0. 550126 

1.7 

0. 33031 288 

0. 24529 896 

0. 07228 458 

0. 546364 

1 . 8 

0.36636 308 

0. 21871 360 

0. 07414 688 

0. 542506 

1.9 

0. 40360 666 

0.19235 409 

0. 07563 806 

0.538587 

2.0 

0.44191 940 

0. 16650 135 

0. 07678 298 

0.534635 

2.1 

0. 48117 541 

0. 14138 594 

0. 07760 744 

0. 530670 

2.2 

0. 52124 775 

0. 11719 681 

0. 07813 746 

0. 526711 

2.3 

0.56200 913 

0.09408 798 

0. 07839 884 

0. 522768 

2.4 

0. 60333 248 

0. 07218 365 

0. 07841 674 

0. 518854 

2.5 

0. 64509 164 

0. 05158 229 

0. 07821 544 

0.514976 

2.6 

0. 68716 194 

0. 03235 987 

0. 07781 809 

0.511139 

2.7 

0. 72942 081 

+0. 01457 248 

0.07724 664 

0. 507350 

2 . 8 

0.77174 836 

-0. 00174 144 

0. 07652 168 

0. 503610 

2.9 

0.81402 795 

-0. 01655 931 

0. 07566 245 

0. 499924 

3.0 

0. 85614 669 

-0. 02987 272 

0. 07468 681 

0.496292 

3.1 

0.89799 596 

-0. 04168 613 

0. 07361 124 

0. 492717 

3.2 

0.93947 188 

-0. 05201 554 

0. 07245 090 

0. 489198 

3.3 

0. 98047 571 

-0. 06088 740 

0. 07121 963 

0. 485736 

3.4 

1. 02091 428 

-0. 06833 756 

0. 06993 006 

0. 482332 

3.5 

1. 06070 032 

-0.07441 025 

0. 06859 360 

0.478984 

3.6 

1. 09975 277 

-0. 07915 722 

0. 06722 060 

0. 475694 

3. 7 

1. 13799 707 

-0. 08263 683 

0. 06582 033 

0.472459 

3.8 

1. 17536 536 

-0. 08491 323 

0. 06440 109 

0.469280 

3.9 

1.21179 667 

-0.08605 553 

0. 06297 029 

0.466155 

4. 0 

1. 24723 707 

-0. 08613 706 

0. 06153 450 

0.463085 

4.1 

1. 28163 975 

-0. 08523 459 

0. 06009 952 

0.460067 

4. 2 

1. 31496 504 

-0. 08342 762 

0. 05867 042 

0.457100 

4.3 

1.34718 044 

-0. 08079 769 

0. 05725 166 

0. 454185 

4.4 

1. 37826 060 

-0. 07742 769 

0. 05584 708 

0. 451320 

4.5 

1.40818 716 

-0. 07340 123 

0.05446 000 

0.448503 

4. 6 

1.43694 870 

-0.06880 199 

0. 05309 325 

0. 445734 

4. 7 

1.46454 052 

-0.06371 317 

0. 05174 921 

0. 443012 

4.8 

1.49096 446 

-0.05821 690 

0. 05042 989 

0. 440335 

4.9 

1. 51622 864 

-0. 05239 371 

0,04913 691 

0. 437703 

5.0 

1.54034 722 

-0. 04632 205 

0. 04787 161 

0. 435114 
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Table 12.2. Struve Functions for Large Arguments. 502 

H.(*)-r,(*), H,w-r,(«), £ [h,(()-f„«)W(-(2/t) in * 

/ 0 (x)-Lo(x), 7,(i)-L,(*), P [L,(t)-I,(t)W-W In * 

J” [H,(0-r,(0]ry«, x-'=.2(-.01)0, 6D 

The author acknowledges the assistance of Bertha H. Walter in the preparation and 
checking of the tables. 


1 National Bureau of Standards. (Deceased.) 












12. Struve Functions and Related Functions 


Mathematical Properties 


12.1. Struve Function H,(a) 

Differential Equation and General Solution 


12 . 1.1 

^ + A {z *- r r) W =4m^- 

dz 2 dz V^r(i'+£) 

The general solution is 

12.1.2 w=aJy{z) J rbY v {z) J r'R v {z) (a,6, constants) 

where z~ w H w (z) is an entire function of z. 

Power Series Expansion 

12.1.3 

n f ji (-DW _ 

farac+mk+v+i) 

12.1.4 H 0 (z)—-^"“ 12 . 32 + 12 . 32 . 52 ““ * J 
5 

r ( r_^_ a 4 1 1 

Lp- 3 P-a 2 ^ P*3 2 '5 2 -7 J 


12 . 1.5 


Integral Representations 

If @v>-h, 


12.1.6 


12 . 


H,(z)= (\l-t*y-hm(zt)dt 

■>frT{ V +h) Jo 

1.1.7 = — — f sin (2 cos 0) sin^ddd 

Vtrr(r+l)Jo 

12.1.8 =Y r (z) 

+ JtSjJ. v ' ,(1+ ‘’ r ^ 

(|arg 2 I<|) 

Recurrence Relations 

12.1.9 H,+ r - ( ^ )y 

^ V^r(,+|) 


12 . 1.10 h,_i-h, +1 = 2 h;- 


m- 


Virrm) 


12.1.11 

H^=(2/ir)-“Hi 

12.1.12 

Jz (z’H,)=z’H,_ 1 

12.1.13 

rW 

N n (X) 




Figure 12.1. Struve functions. 
H„(aO, n=0(l)3 


HnW 



Figure 12.2. Struve functions. 
B»(x), -n= 1(1)3 
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"nM 



Figure 12.3. Struve junctions. 

H,(x), x=3, 5 
Special Properties 

12.1.14 H,(x)>0 (z>0 and p> $) 

12.1.15 

H_ u+ *)( 2) = (-1 ) b J b+ *( 3) (nan integer>0) 

12.1.16 (1-cos z) 

12.1.17 


K)-Q‘ ( sin 2 + hF) 

12.1.18 H,(ze mri )=e m( ' +l)wi VL,(z) (m an integer) 
H 0 (2)=- £ 

Tt-0 


12.1.19 


2/f+l 


12.1.20 H 

,21 - 21 

Integrals (See chapter 11) 

12.1.22 r 1 Ho(<M<=| 


12.1.23 


12.1.24 


12.1.25 


Struve’s Integral 


- r‘n l (t)dt=^-a,(.e)+- 

^ J| 

12.1.26 


0 5 


r l 2 -3 2 -5 2 -5 


] 


12.1.29 

H.(2)-r,( S )=i S 

T fc=0 


r(-+i-« (0 


(|^ M |<l,^>^M-t) 

If/,(«)= 

12.1.28 

/, +1 =(2p+1)/,( 2 )-2’+ 1 H,(z) 

2 2»+J 

+ ( f +i)2-+T(})r(.+#) 

Asymptotic Expansions for Large |s| 

2 *-» + l ' 

(|arg z|<ir) 

where jB m =0(|s| ,r—2,rt-1 ). If v is real, z positive * 
and m+\— p>0, the remainder after m terms is 
of the same sign and numerically less than the 
first term neglected. 

12.1.30 

x "vt 1 / \ 2R 1 , l 2 * 3 2 l 2 • 3 2 • 5 2 , 1 

Wi-rM-n Lj-?+-?-—+ ■ • J 

(|arg z\<tc) 

12.1.31 

„ , , Tr , , 2T, , 1 1* * 3 . I s • 3 2 •5 "I 

H 1 ( 2 )-r,( 2 )~ ; [_i+ ? -^ T -+——...J 

(|arg z|0) 

12.1.32 

f [H„(t)-r.(()]<it— [In (2s)+ y] 

Jo *■ 

■ 2 f, (—l)* +l (2^)1(2fe—1)! . . 

(t!)*(2s)* (larg «K') 

where 7=.57721 56649 . . . is Euler’s constant. 

12.1.33 

C m ro m V 2 (-D > [(2fc)l] 2 

J. 1 [Bo{t) ~ Yo{t)]dt irzUm^k^l)(2z)» 

_ (|arg z\<*) 


'See page it. 
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(M>M) 


Asymptotic Expansions for Large Orders 

12.1.34 

(|arg z\<hirM<\z\) 
b 0 =l, 6 i = 2 f / 2 , 6 2 = Hv/zY-h b 3 =2Q( v /zy-4(vIz) 

12.1.35 

■’ w+</w "75&S53 

12.2. Modified Struve Function L ,(s) 

Power Series Expansion 

12 . 2.1 L »(z)=-ie~ iJ ?H,(iz) 

= (i z y+i jh _ (z/ 2 ) 2k _ 

Integral Representations 

12.2.2 L,(g)= — ~ f sinh (z cos 6) sin 2 - Odd 

V»T(H-*) Jo 

12.2.3 

/-,(*)- L,(x)= P sin (tx)(l+t*)'-idt 

V7rr(y+t) Jo 

(&*<}, z> 0 ) 

Recurrence Relations 

12.2.4 L—i—L, +I =— L.+ yS^Q- - 


12.2.5 L._,+L, + 1 = 2 L:- 


( 3 / 2 )’ 



Figure 12.4. Modified Struve junctions. 
U(x), ±n=0(l)5 


Asymptotic Expansion for Large | % \ 


12 . 2.6 

L .(*)-/_,(*) 


-I'fr (—i)*+‘r(*+ 4 ) 

7T f-i / 2 \ 2 *-f +1 (l ar S Z l < \^ 7r ) 

12.2.7 

Integrals 

X Umt T [2 + 1 » • 3* • 4+l« • 3* ■ 5* • 8+ • "] 

12 . 2.8 

f* [h(t)-U(t)]dt-- [In (2z)+y\ 

JO 7T 


. 2 ^ ( 2 *)! ( 2 *— 1 )! „ , „ , 
«■§ (k\)\2z)* 0 »rgz|<}») 

12.2.9 

r Li(o*=io(*)-? 2 

Jo T 

Relation to Modified Spherical Bessel Function 

12 . 2.10 

L -(n+l) (z)=I(n+\)(z) (n an integer>0) 


12.3. Anger and Weber Functions 


Anger’s Function 

12.3.1 

J,(z)=X 1 cos (vd— z sin 6) dd 
lr JO 

12.3.2 

J n (z) — J n ( 2 ) (n an integer) 


Weber’s Function 

12.3.3 

E,(z)=«X 1 s i n (] vd — z sin 6) dd 
* Jo 


Relations Between Anger’s and Weber’s Function 

12.3.4 sin (?*•) J„( 2 )=cos (nr) E y (z)—E_ y (z) 

12.3.5 sin (nr) E y (z)=J_ y (z)—cos (nr) J y (z) 

Relations Between Weber’s Function and Struve’s 
Function 


If n is a positive integer or zero, 

!2.3.6 *.(,) J . 

12.3.7 

_ , v (— l^+^ZlJrfn— k— iV4z'r B+2 *+ 1 


♦See page n. 
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*,(«)—H.(«) 

12.3.9 E,( 2 )=--Hi(z) 

7T 


Numerical 
12.4. Use and Extension of the Tables 

Example 1. Compute L 0 (2) to 6D. From 
Table 12.1 / 0 (2)—L 0 (2) — .342152; from Table 9.11 
we have 7 0 (2) = 2.279585 so that L 0 (2) = 1.937433. 

Example 2. Compute H 0 (10) to 6D. From 
Table 12.2 for aT^.l. H 0 (10)-.1^(10) = .063072; 
from Table 9.1 we have F 0 (10) = .055671. Thus, 
Ho(10) = .118743. 

Example 3. Compute J* H 0 {t)dt for £=6 to 
5D. Using Tables 12.2, 11.1 and 4.2, we have 
r Ho(i)di — I* Yo(t)dt-\ —In 6-)-/i(6) 

Jo Jo 7T 

= - .125951 + (.636620) (1.791759) 

+ .816764 

= 1.83148 

Example 4. Compute H n (z) for x=4, —n= 
0(1)8 to 6S. From Table 12.1 we have H 0 (4) = 
.1350146, Hj(4) = 1.0697267. Using 12.1.9 we find 

H_i(4) =-.433107 H_ 5 (4) = .689652 

H_ 2 (4)= .240694 H_ 6 (4) = -1.21906 

H_ 3 (4)= .152624 H_ 7 (4) = 2.82066 

H_ 4 (4) =-.439789 H_ 8 (4) = -8.24933 

Example 5. Compute H„(a;) for z=4, n= 
0(1)10 to 7S. Starting with the values of H 0 (4) 
and Hi (4) and using 12.1.9 with forward recur¬ 
rence, we get 

H 0 (4)= .13501 46 H 8 (4) =.05433 54 

Hj(4) = 1.06972 67 H 7 (4) =.01510 37 

H 2 (4) = 1.24867 51 H 8 (4) =.00367 33 

H 3 (4)= .85800 95 H»(4) =.00080 02 

H 4 (4)= .42637 41 H 10 (4) = .00018 25 

H fi (4) = .16719 87 


12.3.10 


Method^ 

We note that for w>6 there is a rapid loss of 
significant figures. On the other hand using 12.1.3 
for x=4 we find H s (4) = .0007935729, H 10 (4) = 
.00015447630 and backward recurrence with 12.1.9 
gives 

H 8 (4) = .00367 1495 H 3 (4)= .85800 94 
H 7 (4) = .01510 315 H 2 (4) = 1.24867 6 

H 6 (4) = .05433 519 (4) = 1.06972 7 

H 5 (4) = .16719 87 Ho(4)= .13501 4 

H 4 (4) = .42637 43 

Example 6. Compute L„(.5) for n=0(l)5 to 
8S. From 12.2.1 we find L#(.5) =9.6307462 X 10~ 7 , 
L 4 (.5)=2.1212342X10 -5 . Then, with 12.2.4 we 
get 

L 3 (.5)=3.82465 03X10" 4 Lj(.5) = .05394 2181 

La(.5) = 5.36867 34X10-* L 0 (.5) = .32724 068 

Example 7. Compute L n (.5) for —n=0(l)5 
to 6S. From Tables 12.1 and 9.8 we find L 0 (.5) = 
.327240, Lj(.5) = .053942. Then employing 12.2.4 
with backward recurrence we get 

L_ t (.5)= .690562 L_ 4 (.5) = -75.1418 

L_ 2 (.5) = -l. 16177 L_ 5 (.5) = 1056.92 

L- 3 (.5) = 7.43824 

Example 8. Compute L n (x) for x=6 and 
— n=0(l)6 to 8S. From Tables 12.2 and 9.8 
we find Lo(6) = 67.124454, L 4 (6) =60.725011. 

Using 12.2.4 we get 

L_j(6) = 61.361631 L_ 4 (6) = 16.626028 

L_ 2 (6) =46.776680 L_ fi (6)= 7.984089 

L_ 3 (6) =30.159494 L_ 6 (6)= 3.32780 

We note that there is no essential loss of accuracy 
until n= —6. However, if further values were 
necessary the recurrence procedure becomes un¬ 
stable. To avoid the instability use the methods 
described in Examples 5 and 6. 
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STRUVE FUNCTIONS Table 12.1 


X 

H 0 (x) 

Hi(x) 

/,>(<)* 

Z 0 (x)—Lo(x) 

Zi(x)—Li(x) 

M x ) 

21-HoW,,, 

TJX t 

0.0 

0. 00000 00 

0. 00000 

00 

0. 000000 

1.000000 

0.000000 

0. 00000 

1.000000 

0.1 

0. 06359 13 

0.00212 

07 

0. 003181 

0.938769 

0.047939 

0.09690 

0.959487 

0.2 

0. 12675 90 

0.00846 

57 

0.012704 

0.882134 

0. 091990 

0.18791 

0.919063 

0.3 

0.18908 29 

0.01898 

43 

0.028505 

0. 829724 

0.132480 

0.27347 

0. 878819 

0.4 

0.25014 97 

0. 03359 

25 

0.050479 

0.781198 

0.169710 

0. 35398 

0. 838843 

0.5 

0.30955 59 

0. 05217 

37 

0.078480 

0.736243 

0.203952 

0. 42982 

0. 799223 

0.6 

0.36691 14 

0.07457 

97 

0.112322 

0.694573 

0.235457 

0.50134 

0. 760044 

0.7 

0. 42184 24 

0.10063 

17 

0. 151781 

0.655927 

0.264454 

0.56884 

0.721389 

0.8 

0.47399 44 

0.13012 

25 

0.196597 

0.620063 

0.291151 

0.63262 

0. 683341 

0.9 

0. 52303 50 

0.16281 

75 

0. 246476 

0.586763 

0.315740 

0.69294 

0.645976 

1. 0 

0.56865 66 

0.19845 

73 

0.301090 

0.555823 

0.338395 

0. 75005 

0.609371 

1.1 

0.61057 87 

0.23675 

97 

0.360084 

0.527058 

0. 359276 

0.80418 

0.573596 

1.2 

0. 64855 00 

0.27742 

18 

0. 423074 

0.500300 

0.378530 

0. 85553 

0. 538719 

1.3 

0.68235 03 

0. 32012 

31 

0.489655 

0.475391 

0.396290 

0.90430 

0. 504803 

1.4 

0.71179 25 

0. 36452 

80 

0.559399 

0.452188 

0.412679 

0.95066 

0. 471907 

1.5 

0.73672 35 

0.41028 

85 

0. 631863 

0.430561 

0.427810 

0.99479 

0. 440086 

1.6 

0. 75702 55 

0.45704 

72 

0.706590 

0.410388 

0.441783 

1.03682 

0. 409388 

1.7 

0.77261 68 

0.50444 

07 

0.783111 

0.391558 

0.454694 

1. 07691 

0.379857 

1.8 

0.78345 23 

0. 55210 

21 

0.860954 

0.373970 

0. 466629 

1.11518 

0. 351533 

1.9 

0. 78952 36 

0.59966 

45 

0.939643 

0.357530 

0.477666 

1.15174 

0. 324450 

2. 0 

0. 79085 88 

0.64676 

37 

1. 018701 

0. 342152 

0.487877 

1. 18672 

0. 298634 

2.1 

0.78752 22 

0.69304 

18 

1. 097659 

0.327756 

0.497329 

1. 22020 

0. 274109 

2.2 

0. 77961 35 

0.73814 

96 

1. 176053 

0.314270 

0.506083 

1.25230 

0.250891 

2.3 

0.76726 65 

0.78174 

98 

1.253434 

0. 301627 

0.514194 

1. 28309 

0.228992 

2.4 

0.75064 85 

0. 82351 

98 

1.329364 

0.289765 

0.521712 

1.31265 

0. 208417 

2.5 

0.72995 77 

0.86315 

42 

1.403427 

0.278627 

0.528685 

1.34106 

0.189168 

2.6 

0.70542 23 

0. 90036 

74 

1. 475227 

0.268162 

0. 535156 

1.36840 

0.171238 

2.7 

0. 67729 77 

0.93489 

57 

1. 544392 

0.258319 

0.541164 

1.39472 

0. 154618 

2.8 

0.64586 46 

0.96649 

98 

1.610577 

0.249056 

0.546746 

1. 42008 

0. 139293 

2.9 

0.61142 64 

0.99496 

63 

1.673465 

0.240332 

0.551933 

1.44455 

Q. 125242 

3. 0 

0.57430 61 

1. 02010 

96 

1.732773 

0.232107 

0.556757 

1.46816 

0. 112439 

3.1 

0.53484 44 

1.04177 

30 

1.788248 

0.224348 

0.561246 

1.49098 

0. 100857 

3.2 

0.49339 57 

1.05983 

03 

1. 839675 

0.217022 

0.565426 

1.51305 

0.090460 

3.3 

0. 45032 57 

1. 07418 

63 

1. 886873 

0.210099 

0.569319 

1.53440 

0.081212 

3.4 

0. 40600 80 

1.08477 

74 

1. 929699 

0.203553 

0.572948 

1.55508 

0. 073071 

3.5 

0.36082 08 

1.09157 

23 

1. 968046 

0.197357 

0.576333 

1.57512 

0.065992 

3.6 

0.31514 40 

1.09457 

16 

2. 001847 

0.191488 

0.579492 

1.59456 

0.059928 

3.7 

0. 26935 59 

1.09380 

77 

2.031071 

0.185924 

0.582442 

1.61343 

0. 054829 

3.8 

0.22382 98 

1.08934 

44 

2. 055726 

0.180646 

0.585199 

1.63176 

0.050642 

3.9 

0. 17893 12 

1.08127 

62 

2. 075858 

0. 175634 

0.587776 

1.64957 

0. 047311 

4.0 

0. 13501 46 

1.06972 

67 

2. 091545 

0. 170872 

0.590187 

1.66689 

0.044781 

4.1 

0.09242 08 

1.05484 

79 

2. 102905 

0. 166343 

0.592445 

1.68375 

0. 042994 

4.2 

0.05147 40 

1.03681 

86 

- 2. 110084 

0.162032 

0.594560 

1.70017 

0.041891 

4.3 

+0. 01247 93 

1.01584 

22 

2.113265 

0.157926 

0. 596542 

1.71616 

0. 041414 

4.4 

-0.02427 98 

0.99214 

51 

2. 112655 

0. 154012 

0.598402 

1.73176 

0. 041502 

4.5 

-0. 05854 33 

0.96597 

44 

2.108492 

0. 150279 

0. 600147 

1.74697 

0. 042096 

4.6 

-0. 09007 71 

0.93759 

56 

2.101037 

0.146714 

0.601787 

1.76182 

0. 043139 

4.7 

-0.11867 42 

0.90729 

01 

2.090574 

0.143309 

0.603328 

1.77632 

0.044571 

4.8 

-0.14415 67 

0.87535 

28 

2.077406 

0.140053 

0.604777 

1.79049 

0.046335 

4.9 

-0. 16637 66 

0. 84208 

90 

2.061852 

0.136938 

• 0.606142 

1.80434 

0. 048376 

5.0 

-0. 18521 68 

0.80781 

19 

2. 044244 

0.133955 

0.607426 

1.81788 

0.050640 


ra 

[ ( -f] 

[ ( -f] 

m 

[ ( -f] 

I ”1 

T 

[ ( -f] 


J o Vo(0-M0]rfWb(z) 


Ho(x), Hi (a;), Lo(»), Li(x), compiled from Mathematical Tables Project, Table of the Struve functions 
L„(x) and H„(x), J. Math. Phys. 25, 252-259,1946 (with permission). 


J o *Ho(0dL J^[4(0—U)(0]^* -f x °° dt, compiled from M. Abramowitz, Tables of integrals of Struve 

functions, J. Math. Phys. 29,49-51,1950 (with permission). 
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Table 12.2 STRUVE FUNCTIONS FOR LARGE ARGUMENTS 


x~ l 

H 0 (x)-Y 0 (x) 

Hi(x) —Fi(x) 

/i(*) 

/,(*)-L 0 (x) 

/^-L^x) 

m 

/.(*) 

<*> 

0.20 

0.123301 

0. 659949 

0. 819924 

0.133955 

0. 607426 

0.793280 

0. 125868 

5 

0.19 

0. 117449 

0.657819 

0.818935 

0.126683 

0. 610467 

0.794902 

0.119694 

5 

0.18 

0.111556 

0. 655774 

0. 817981 

0.119468 

0.613348 

0.796448 

0. 113505 

6 

0.17 

0.105625 

0.653818 

0. 817062 

0.112319 

0.616060 

0. 797910 

0.107299 

6 

0.16 

0.099655 

0.651952 

0.816182 

0. 105242 

0.618598 

0.799279 

0.101079 

6 

0,15 

0. 093647 

0. 650180 

0. 815341 

0. 098241 

0.620955 

0. 800551 

0. 094843 

7 

0.14 

0.087602 

0. 648504 

0. 814541 

0. 091318 

0.623129 

0.801721 

0.088593 

7 

0.13 

0.081521 

0. 646927 

0.813785 

0.084474 

0. 625119 

0. 802787 

0.082328 

8 

0.12 

0. 075404 

0. 645452 

0. 813074 

0. 077706 

0.626927 

0.803750 

0.076051 

8 

0.11 

0.069254 

0.644081 

0.812411 

0.071010 

0.628558 

0. 804611 

0.069761 

9 

0.10 

0.063072 

0.642817 

0.811796 

0. 064379 

0.630018 

0.805374 

0.063460 

10 

0. 09 

0. 056860 

0.641663 

0. 811232 

0. 057805 

0.631315 

0. 806047 

0.057147 

11 

0.08 

0.050620 

0. 640622 

0. 810722 

0. 051279 

0.632457 

0. 806634 

0.050824 

13 

0.07 

0. 044354 

0. 639696 

0.810266 

0. 044793 

0.633450 

0. 807140 

0. 044492 

14 

0.06 

0.038064 

0.638888 

0. 809866 

0. 038340 

0. 634302 

0.807572 

0.038152 

17 

0.05 

0.031753 

0. 638200 

0. 809525 

0.031912 

0.635016 

0. 807933 

0.031805 

20 

0. 04 

0.025425 

0.637634 

0. 809244 

0.025506 

0.635596 

0.808225 

0.025451 

25 

0.03 

0.019082 

0.637191 

0. 809023 

0.019116 

0.636045 

0.808450 

0. 019093 

33 

0. 02 

0. 012727 

0.636874 

0.808865 

0.012738 

0.636365 

0.808611 

0.012731 

50 

0. 01 

0. 006366 

0. 636683 

0.808770 

0.006367 

0.636556 

0. 808706 

0.006366 

100 

0.00 

0.000000 

0. 636620 

0.808738 

0. 000000 

0.636620 

0.808738 

0. 000000 

OG 


r(-6)5-i 


r(-6)8l 

r(-5)n 

[*(-5)2-1 

r(-5)n 

[(-6)21 



L 3 J 

L 3 J 

L 3 J 

L 3 J 

L 3 J 

L 3 J 

L 3 J 



^IHoiO-Yomt-llnx+Mx) 
JjLo«) - UtW In x+Mx) 


<x> = nearest integer to x. 

Starting with H„(x) and Hi(x), recurrence formula 12.1.9 may be used to generate H„(x) for n<0. As long as n<x/2 
(approx.), H n (x) may be generated by forward recurrence. When n>x/2, forward recurrence is unstable. To avoid tne 
instability, choose n> >x, compute H*(x) and H* + i(x) with 12.1.3, and then use backward recurrence with 12.1.9. 

If n>0, L n (x) must be generated by backward recurrence. If n<0, L n (x) may be generated by backward recurrence 
as long as L„(x) increases. If n<0 and L„(x) is decreasing, forward recurrence should be used. 

See Examples 4-8. 
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13. Confluent Hypergeometric Functions 


Mathematical Properties 


13.1. Definitions of Rummer and 'Whittaker 
Functions 


13.1.1 


Kummer’s Equation 

d?U> . ,, >, du> A 

’ d? +<6 ~ z) *- aw=0 


It has a regular singularity at 2=0 and an irregular 
singularity at ®. 

Independent solutions are 


Kummer’s Function 

13.1.2 

-\t( V \ 1 1 I i a )* z2 1 . (a)»z n . 

M(a,6,s)=l+ T +^2!-h ■ • • +(^i+ • • 

where 

(a),«a(a+l)(o+ 2 ) . . . (a+»-l>, (a)c=l, 
and 

13.1.3 

M (a, b, z) 


U(a, b, z)= 


— / _ 

'sintri 1 T(l+a- 6 )r( 6 ) 

!_ 6 6,2— b, 2), 

z r(a)r(2-6) 1 


Parameters 

(m, n positive integers) 

by^—n a 9 ±—m 

by^—n a~—m 

b~—n a?*—m 
b——n a~ —m, 
m>n 


ill (a, b, 2 ) 

a convergent series for 
all values of a, 6 and z 
a polynomial of degree m 
in z 

a simple pole at 6 =—n 


undefined 


6 =—n a— —m, 
m<n 

U(a, b , z) is defined even when b-*±n 
AS j Sj—, 

13.1.4 

and 

13.1.5 

M(a, », *>=f$=i) (-«)-[!+0(W->)] (®z< 0) 


(«s>0) 


f7(a, 6 , z) is a many-valued function. Its princi¬ 
pal branch is given by — t< arg z<i r. 


13.1.6 

U(a,n-j-l, z) 


logarithmic Solution 

z) In z 


J=Q?L.h 

n\T(a—ri) L 


{^(a+r)—<t(l-fr)—^(l+Tt+r)} J 


+ 


(n-1)1 , 
r(a) 


n M(a~'n, 1 ~n, z) n 


for n—Q, 1 , 2 ,.. ., where the last function is the 
sum to n terms. It is to be interpreted as zero 
when n= 0 , and r , (a)/r(a). 

13.1.7 U{a, 1 —n, z) — z*U{aAn., 1 +n, z) 

As £%z-±o 0 

13.1.8 V(a, b, z)=z- a [l+0(\z\'- i )] 

Analytic Continuation 


13.1.9 

Via, b,ze* vi )= 


-rr _ , M(b—a,b,z ) 

sinirb e r(l~ba— 6 )T( 6 ) 

2 - 6 , 2 ). 

r(a)r(2-6) 1 


where either upper or lower signs are to be taken 
throughout. 

13.1.10 

U(a, b, 2 e*"*)=[l-«-•"•*] M(a,b, z) 

b,z) 

Alternative Notations 

1 Fx(a; b; z) or $(a; b; z) for M{a, b, 2 ) 
z~\F<s{a, 1 -fa— b; 1 (z) or *(a; b; z) for U(a, 6 , z) 

Complete Solution 

13.1.11 y=AM(a, b, z)+BU(a, b , 2 ) 
where A and B are arbitrary constants, by*—n. 

Eight Solutions 

13.1.12 y 1 =M(a, 6 , z) 

13.1.13 y 8 = 2 l -*M(l+a-&, 2-6, 2 ) 

13.1.14 y 3 =se‘M( 6 —a, 6 , - 2 ) 


504 
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13.1.15 y 4 =2 1- VM(1—<z, 2—6, -z) 

13.1.16 y & =U(a, 6, z) 

13.1.17 y^z x ~ b U(\+a-b, 2-6, z) 

13.1.18 y 7 =e*U(b—a, 6, -z) 

13.1.19 2 / 8 = 2 1 ~ Vi7(l — a, 2—6. —z) 

Wronskians 

If W{m, n}=y m y’ n —y n y' m and 

€=sgn (, Jz) — \ if Jz> 0, 

= —1 if Sz<0 

13.1.20 

TF{l f 2} = W{3, 4} = W{1, 4} = -W{2, 3} 

= ( 1 - 6 ) 3 -V 

13.1.21 

W{ 1, 3} = W{2, 4} = W{5, 6} = W{7, 8}=0 

13.1.22 I7{1, 5} = — T(6) 2 “ V/r(a) 

13.1.23 W{ 1 , 7} = r( 6 )e- 16 2 - 6 e*/r( 6 -a) 

13.1.24 W{2, 5} = -r(2-6)2- 6 e l /r(l+a-6) 

13.1.25 W{ 2 , 7} = -r( 2 - 6 ) 2 “V/r(l-a) 

13.1.26 W{5, 7}=e"*< & -‘W 

Kummer Transformations 

13.1.27 M(a, 6, z)=e‘M(b-a, b, - 2 ) 

13.1.28 

0 l-a iV4'(l —6, 2—6, z)=z x ~ l> e t M(l— a, 2 — 6, —z) 

13.1.29 U(a , 6, 0) = g 1 - 6 C7(l+a-6, 2-6, 2 ) 


13.1.30 

e*£7(6—a, 6, — 2)=e ,,ria “ 6 V2 1 “ 6 C7(l—a, 2—6, — 2 ) 

Whittaker’s Equation 

131,31 i? +[ ~ \H+^ W=0 

Solutions: 


Whittaker’s Functions 

13.1.32 M Ktli (z)=e~ i *zi +,t M(%+n—K, l+2ju, 2 ) 

13.1.33 

1+2m, 3) 

(—7r<^arg 2<7r, k=^ 6—a, jw=|6—£) 


13.1.34 




13.1.35 


General Confluent Equation 


. r 2.4 1 1 6A , < 6/ -i . 

*"+[ T + V '+ x - v - v ]«' 




Z s 


+^+y"+y , 2 -^]w=o 


Solutions: 

13.1.36 Z~ A e~ f(Z) M(a, 6, A(Z)) 

13.1.37 Z~ A e~ nz) U(a } 6, A(Z)) 

13.2. Integral Representations 

^6>^a>0 


13.2.1 

r(6-a)r(q) 

r(6) 


M(a, 6, 2 ) 


13.2.2 


13.2.3 


=2 1 - 6 gi*J +1 e-i«(l+i) 6_a " 1 (l-0 a ~ 1 
=2 1 " & e^J o %" i * ooa9 sin & -^ cot 6 ' 20 (i0)d0 




13.2.4 


13.2.5 


e~ At C e u {t-A) a ~ x {B-t) b ~ a - l dt 

{A=B- 1) 

^U>0, ^2>0 




13.2.6 


13.2.7 


r(a)Z7(a, 6, 2 )= 

e " ** (f—1 ) 0_ 1 £* _a - x dt 
x - b ei* J X e ~*’ C08h fl sinh 6 _ 1 ^coth 6-2a {\d)dd 


*See page 0. 
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13.2.8 T(a)U(a,b, z) 

= e A * f e~ zt (t—A) a ~ 1 (t-\-B) b ~ a ~ 1 dt 
A (A=l-B) 

Similar integrals for M Kylt (z) and W t}ll (z) can 
be deduced with the help of 13.1.32 and 13.1.33. 


13.2.9 


Barnes-type Contour Integrals 




’ r(—$)r(a+s) 

r (6+s) 


(— z)'ds 


for |arg (—s)|<i^r r a, 6^0, —1, —2, .... The 
contour must separate the poles of r(—s) from 
those of r(a-M); c is finite. 


13.2.10 

T(a)T(l+a-b)z a U(a,b,z ) 

= 7 T~- I T(—s)r(a+s)r(l+a—6+s)z~'ds 

for |arg zj<^p ot*0, —1, —2, . . ., b—0,7*1, 2, 

3, . . . . The contour must separate the poles of 
r(-s) from those of r(a+s) and r(l+a— b+s). 

13.3. Connections With Bessel Functions 

(see chapters 9 and 10) 

Bessel Functions as Limiting Cases 


13.3.7 

• XI A(^) lB (6-2a)-*"J»- 1+n (V(226-42a)) 

n-0 


where 

^o—l) ^i=0, A 2 =\b, 

(n+l)^ n+1 =(n+6-l)A-i+(2a-6)^ tt - 2 , 

(a real) 


13.3.8 

M(a, b, z) 

r(6) 

=e ht ib C n z n (-az) i{1 - b - n) J b - 1+n (2j{-az)) 

where 

C Q = 1, Ci ——bh, C a =-£(26-l)a+*6(6+l)6 2 , 
(n+l)C n+1 =[(l-2h)n-bh]C n 
+ [(l-2^)a-/i(A-l)(6+n-*l)]C f n _ 1 

—h(h—l)aC n _ a (h real) 


13.3.9 M(a, b , 2) = EO„(tt, b) /„(z) 

n=0 

where 

Co—1, Ci(a, b)=2a/b, 

C n+ i(a, 6)=2aC n (a+l, 6+l)/6-C n _!(a, 6) 


If 6 and z are fixed, 

13.3.1 lim{M(a, 6,z/a)/r(6)} = z*"i 6 / 6 - 1 (2VI) 

13.3.2 lim {M(a, b ,-z/a)/r(6)} =z^ b J b . l (2^/z) 

13.3.3 

lim {T{l+a-b) U{a, b, zla)} =2z*-»K b - l (2Jz) 

0 

13.3.4 

lim{r(lH-a— b)U{a, b, —zla)} 

a-+» 

= -7rie Tt6 2^^H^ 1 (2Vi) {Jz> 0) 

13.3.5 =T'ie-'">*-m ( ?i l {2Jz) (j*z< 0) 


13.4. Recurrence Relations and Differential 
Properties 

13.4.1 

(b—a)M(a— 1, b, z) + (2a—6+z)M(a, b , z) 

6, z)=0 

13.4.2 

6(6—l)M(a, 6—1, z)+6(l — 6— z)M(a, 6, z) 

+3(6— a)M(a, 6+1, z)—0 

13.4.3 

(1+a— b)M(a, 6, z)—ail/(a+l, 6, z) 

+ (6—l)M(a, 6—1, z)=0 


13.3.6 


Expansions in Series 


M(a,b, z)=«i*r (6-a-*)(iz)«-* + * 


* 


•a 


(26—2a—l) n (6—2a)„ (b-a -£ + n) 
n\(b) n 

(-1)» W i+ ,(^) (6*0,-1,-2,...) 


13.4.4 

62l/(a, 6, z)—6M(a— 1, 6, z) — zM(a, 6+1, z)=0 

13.4.5 

6(a+z)Af(a, 6, z) + z(a—6)M(a, 6+1, z) 

—a6A/(a+l, 6, z)=0 


•See page n. 
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13.4.6 

(a-l + s)M(a, 6 , s) + (b-a)M(a- 1 , 6 , z) 

+ (1 — 6 )M(a, 6 — 1 , z )=0 

13.4.7 

b(l-b+z)M(a, 6 , z)+b(b-l)M(a-l, 6 - 1 , z) 

-azM(a-\- 1 , 6 + 1 , z )=0 

13.4.8 M'(a, b, z)=| M(a+1, 6+1, z) 

13.4.9 { M(a , 6, z) } M(a+n, b+n, z) 

CIZ \Q)n 

13.4.10 aM(a-\- 1, 6, z)—aM(a , 6, 2)-)-3M / (a ( 6, 3 ) 


13.4.11 

(6— a)M(a— 1, 6, z) = (b—a—z)M(a, 6, 2 ) 

+ 2 il/'(a, 6, 2 ) 

13.4.12 

(b—a)M(a, 6+1, z) = 6M(a, 6, z)-bM'(a, 6, 2 ) 


13.4.13 

(6—l)M(a, 6—1, 2 ) = (6-l)M(a, 6, 2 ) 

+ 2 M'(a, 6, 2 ) 

13.4.14 

(6— l)iU/"(<x—1, 6—1, z)—(b—l — z)M(a, 6, 2 ) 

+ 2 M'(a, 6, 2 ) 

13.4.15 

U(a— 1, 6, 2 ) + (6— 2d — z)U(a, 6, 2 ) 

+a(l+a—6)C/(a+l, 6, 2)=0 

13.4.16 

(b-a-l)U{a } 6-1, 2 ) + (l—6— 2 ) U(a, 6, 2 ) 

+ 2?7(a, 6+1, 2 )—0 

13.4.17 

U(a, 6, 2 )—oZ7(a+l, 6, z) — U(a, 6—1, 2 )—0 

13.4.18 

( 1 b—a)U{a , 6, 2 ) + C/(a—1, 6, 2 ) 

—zU{a, 6+1, z)=0 


13.4.19 

(a+z)t/(a, 6, z)—zU(a, 6 + 1, 2 ) 

+a(6—a—l)Z7(a+l, 6, z)=0 

13.4.20 

(a-\-z—l)U(a, 6, 2 ) — C7(a— 1, 6, 2 ) 

+ (l+a— b)U(a, 6—1, z)=0 

13.4.21 £7'(a, 6, 2 ) = -aZ7(a+l, 6+1, 2 ) 

13.4.22 

4— {£7(a, 6, 2 )) = (—l)"(a)»?7(a+n, 6+n, 2 ) 
a 2 

13.4.23 

a(l+a—6)£7(a+l, 6, z)=a,U(a, 6, 2 ) 

+2f7'(a, 6, 2 ) 

13.4.24 

(l+a-6)C7(a, 6-1, 2 ) = (l-6)C7(a, 6, 2 ) 

— zU'(a, 6, 2 ) 

13.4.25 £T(a, 6 + 1 , 2 ) = *7(a, 6 , 2 ) - E/'(a, 6 , 2 ) 

13.4.26 

U(a— 1, 6, 2 ) = (a—6+2)f7(a, 6, z)—zXJ'{a, 6, 2 ) 

13.4.27 

f/(a— 1, 6 — 1 , 2 ) = (1— 6 + 2 ) 6 , 2 ) 

— zU'(a , 6, 2 ) 

13.4.28 2^ M _|(z)—^( 2 )=2mA/,+ 

13.4.29 

(1+2m+2k)M< + i, p ( 2) — (1+2/i— 2k)M k -i^{z) 

=2 (2k— z)M*, m (z) 

13.4.30 

F« +}l ^)-2W M+ }(2) + ( K +M)^-b(2)=0 

13.4.31 

(2k-Z)^, m (2)+TF« +1 .,(2) 

=( m — k +^)( m + k — hW K -i tfl (z) 

13.4.32 

2M',^(2)=(|2 —K)M KiM (2)+(i+M+K)M« +1 ^(2) 

13.4.33 2W;,,(2) = (|2-k)^,,(2)-^ +1 ,,(2) 
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13.5. Asymptotic Expansions and Limiting 
Forms 

For 1*1 large, (a, b fixed) 

13.5.1 

M(a,b,z) 

T(b) 

SSI (o -- ( -^r r - 

+w { S^# =5L ’ 3 '“ +0(|2| ' S)} 

the upper sign being taken if— |x<arg 2 <^fx, the 
lower sign if —fx<arg z<—\ir. 

13.5.2 

V{a, b, z) =8-{ z! (_ 2 )-» 

n-0 Wl 


13.5.10 

%a-b)+°W-^ 

13.5.11 

=r(i 1 +a) +<>(|2ln3|) (6 - 0) 

13.5.12 

= r( r i ( ia- 6 )+° (|2|) 

(fK 0 ,M 0 ) 

13.5.13 

For large a (6, * fixed) 


M(a,b,z) = 

T (b)e**($bz-az)i-»J b ^ U(2bz-4az)) 

[l+0(|*&-a|"')] 

where 

I I P 

|s|= | 6—a and cr=min (1 — p, $—fp), 0<p<$. 


+ 0 (|«|”*)} (-fx<arg 3 <|x) 

Converging Factors for the Remainders 

13.5.3 

[i + (i . +it- . fr+ig-W + 0( | S |- 2)1 

and 

13.5.4 

0 (|s|- s )=^^Mk^? z~ s 

O! 

[$-b+2a+z-S+0(\z\-')] 

where the R’th and <S’th terms are the smallest in 
the expansions 13.5.1 and 13.5.2. 

For small * (a, b fixed) 

13.5.5 As \z\->0, M(a, b, 0) = 1, b^— n 

13.5.6 U(a,b,z)=^^- z'- t +OQz\^‘-‘) 

(,gtb>2,b*2) 

13 - 5 - 7 =£ ^r z '" +0(!lne|) 

(6=2) 

13-5.8 =E tW ""“ +0(1) 

( 1 <« 6 < 2 ) 

13-5.9 — f ^[ln*+«a)]+0(| S! ln*|) 

( 1 = 1 ) 


13.5.14 

M(a, b, x) = T(b)ei x (?bx-ax)i-i b T-> 

cos (V(26z—4az) —$£>x+lx) 
[l+0(|*6-a|"*)] 

as a-»— <» for 6 bounded, a: real. 

13.5.15 

C7(a, b, z)= 

T(^6—a+4)e**s*"**[cos (ax)«/ & _i(V(2&3—4a2)) 
—sin (ax)F 6 _i(V(263—4a0))] [1+0(|££>—al"')] 

where <r is defined in 13.5.13. 

13.5.16 

U{a, b, x)—T(\b—a J r\)v~h^ x x^ l> 

cos (V(26x—4aa:) — iix-j-ax+Jx) 

[1+0(|45—«(-»)] 

as a-*—oo for b bounded, x real. 

For large real a, b, x 

If cosh 2 0=a:/(2&—4a) so that x>26—a>l, 

13.5.17 

M(a, b, x) = Y(b) sin (ax) 

exp [(6—2a) (^ sinh 20—0+cosh 2 0)] 
[(6—2a) cosh 0] 1_6 [x(^6—a) sinh 20]"* 

[1+0(146—al" 1 )] 

13.5.18 

U(a, b, x)=exp [(6—2a) (^ sinh 20—0+cosh 2 0)] 

[(6—2a) cosh 0] 1 ~ 6 [($6—a) sinh 20]"* 

[1+0(145—a|"01 
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If x =( 2 b- 4 a)[U-t/(b- 2 a)i], so that 
x^ 2 b— 4 a 

13.5.19 

M(a, b, x) = e ix {b— 2a)* -6 r(6)[Ai(f) cos (air) 

sin (air) ~\~ 0 (\\b —a| 0] 

13.5.20 

U(a, b , x)=ei I+a -i e r(|)ir~ix6-* 

{l-ff(t)(fa-2«f)-»3W-*+0(|i4-a|“«)} 


If cos 2 9 =x/( 2 b~ 4 a) so that 26—4a>z>0, 


M (a, b, x) — T (6) exp ((b— 2a) cos 2 0 } 

[{b— 2 a) cos 9 \ l ~ b [ir(\b —a) sin 20]~* 
[sin (air)+sin {(£6—a) (20—sin 20 )+Jt} 

+<x»i-«ni 

U(a, b, x)=exp [( b— 2 a ) cos 2 0][(6—2a) cos 0] 1-6 

[(|6—a) sin 20]“*{sin [(56—a) 
(20-sin 20) + H + O(|*6-a|- 1 )} 


13.6. Special Cases 



M(a, b, z) 

Relation 

Function 


a 

b 

2 



13.6.1 


2v+ 1 

2iz 

r(l + ,)e»(Jz)-',/,(z) 

Bessel 

13.6.2 

1 -H-* 

—2v +1 

2iz 

r(l — '[cos (yr)J,(z) —sin (*^r) F,(z)] 

Bessel 

13.6.3 

! v+i 

2v+1 

2 2 

r(l + r)«-(W-/p(«) 

Modified Bessel 

13.6.4 

! n+l 

1 2n+2 

2tz 


Spherical Bessel 

13.6.5 

—n 

— 2 n 

2iz 


Spherical Bessel 

13.6.6 

n+l 

2n+2 

2 z 

r(f + n)e*(iz)-»-i7,, + j(2) * 

Spherical Bessel 

13.6.7 

»+i 

2n+l 

— 2Vm? 

r(l + n)e -lr '(iixir)- B (ber 1 , x+t bei« x) 

Kelvin 

13.6.8 

L+l— iij 

2L+2 

2tx 

e'*Fi(n, x)xr L ~ t /CL(n) 

Coulomb Wave 

13.6.9 

— n 

a+1 

X 

. n ?_ L {a) (x) 

(«+ 1). * W 

Laguerre 

13.6.10 

a 

O+l 

—X 

ax~ a y{a, x) 

Incomplete Gamma 

13.6.11 

— n 

1 + v-n 

X 

(nl) J x iB , _ N 

n j_ „\ '**(*'» x > 

(1 +y—n) H 

Poisson-Charlier 

13.6.12 

a 

a 

2 

e* 

Exponential 

13.6.13 

1 

2 

—2iz 

e - ’* . 

— sin 2 

2 

Trigonometric 

13.6.14 

1 

2 

2 z 

— sinh 2 

2 

Hyperbolic 

13.6.15 


* 

W 

2'*exp (iz 2 )#< 0) (z) 

Weber 

13.6.16 



i ** 


or 

Parabolic Cylinder 

13.6.17 

— n 

* 

& 

®5T (-»-»*» 

Hermite 

13.6.18 

— n 

* 

w 

(2 n + l)t ( - J) "*#'■•«<*> * 

Her mite 

13.6.19 

i 

* 

-x* 

iri 

£ erf * 

Error Integral 

13.6.20 

hm+i 

1+n 

r* 

«ly~2n+m-l * 

r(im+4) e '’ r(m ' "■ r) 

Toronto 


‘See page n. 
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13.6. Special Cases—Continued 



U(a, b, z) 

Relation 

Function 

a 

b 

z 

13.6.21 

r+i 

2*4-1 

2 z 

ir"le*(2z) -, K,(z) 

Modified Bessel 

13.6.22 

*4-1 

2*4-1 

—2tz 


Hankel 

13.6.23 

*4-1 

2*4-1 

2 iz 

iTrle —»!«■(»' + %) — *] (2 *) -ffj® (zf 

Hankel 

13.6.24 

n+1 

2n4- 2 

2 1 

T-Je‘(2z)-'‘-iif. + }(z) 

Spherical Bessel 

13.6.25 

i 

i 


tIz - 1 exp (|z 3/ *)2- 2/J 3 4/ « Ai (z) 

Airy 

13.6.26 


2n4-l 

Vix 

i n ir ~ le v ' i * (2Vtr) - "[ker n x+i kei„ x] 

Kelvin 

13.6.27 

—n 

at 4-1 

X 

(— l) B n!Li“ ) (x) 

Laguerre 

13.6.28 

l—a 

1 — 0 

X 

e*r(a, x) 

Incomplete Gamma 

13.6.29 

1 

1 

—z 

— e~* Ei (*) 

Exponential Integral 

13.6.30 

1 

1 

X 

e*Ei(x) 

Exponential Integral 

13.6.31 

1 

1 

—lnx 

-;«(■) 

Logarithmic Integral 

13.6.32 

Iro—n 

14 -m 

X 

r(14-n-lOT)e i -' i( i m ~» ) a.„, m (x) 

Cunningham 

13.6.33 

-1* 

o 

2x 

r(14-l*)e*^(x) for x>0 

Bateman 

13.6.34 

1 

1 

it 

e ,x [ — Iti 4- 1 Si (x) — Ci (x) ] 

Sine and Cosine Integral 

13.6.35 

1 

1 

—ix 

e~ ix [\*i—i Si (x) — Ci (x)] 

Sine and Cosine Integral 

13.6.36 

~1* 

1 


2 _ l , e ,a/4 Z) r (z) 

Weber 

13.6.37 

1-1* 


W 

2i ~i’e' 2 '*D,{z)lz * 

Parabolic Cylinder 

13.6.38 

1-in 

1 

X » 

2 ~ n H n (x)lx * 

Hermite 

13.6.39 

1 

1 

X J 

yir exp (x 1 ) erfc x 

Error Integral 


13.7. Zeros and Turning Values 


For the derivative, 


If jb-i.r is the r’th positive zero o(J„-i(x), then 
a first approximation X 0 to the r’th positive zero 
of M(a, b, x ) is 

13.7.1 X 0 =jl. Ur {mb~4a)+O(mb-am 


13.7.4 


M'(a f b,X l ) = 

M'(a,b,X 0 ){l+(b-Xo) 


M(a, b,Xo) , 
M'(a, b,X 0 y 


13.7.2 


A °~ 26—4a 


A closer approximation is given by 
13.7.3 X,=X 0 -M(a, 6, X 0 )/M'(a, 6, X 0 ) 


If X' 0 is the first approximation to a turning value 
of M(a, 6, a?), that is, to a zero of M'(a, 6, x) then 
a better approximation is 


13.7.5 


v , X' 0 M'(a, b, Xq) 
aM(a, b,X' 0 ) 


•See page n. 
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The self-adjoint equation 13.1.1 can also be 
written 

13.7.6 ~[z t e-‘^]=az'" I e-w 

The Sonine-Polya Theorem 

The maxima and minima of |w| form an in¬ 
creasing or decreasing sequence according as 

— ax 2b ~ 1 e~ 2x 


is an increasing or decreasing function of x, that is, 
they form an increasing sequence for M(a, b, x) 
if a>0, x<Cb—\ or if a<0, x^>b~\, and a decreas¬ 
ing sequence if a>0 and z>6 —\ or if u<0 and 
x<Cb —+ 

The turning values of \w\ lie near the curves 

13.7.7 

w= ±T(b)Tr- lf2 e x ' 2 Gbx-ax)i-i>{ l-z/(26-4a)} " 1/4 


Numerical Methods 


13.8. Use and Extension of the Tables 
Calculation of M(a, b, x) 

Rummer’s Transformation 

Example 1. Compute M(. 3, .2, —.1) to 7S. 
Using 13.1.27 and Tables 4.4 and 13.1 we have 
a=. 3, b = .2 so that 

M(. 3 , .2, — .l)=e -,1 M(—.1, .2, .1) 

= .85784 90. 

Thus 13.1.27 can be used to extend Table 13.1 to 
negative values of x. Rummer’s transformation 
should also be used when a and b are large and 
nearly equal, for x large or small. 

Example 2. Compute M{ 17, 16, 1) to 7S. 
Here a=17, 6=16, and 

M(17, 16, l)=e 1 M(- 1, 16, -1) 

=2.71828 18X1.06250 00 
=2.88817 44. 

Recurrence Relations 

Example 3. Compute M(-1.3, 1.2, .1) to 7S. 
Using 13.4.1 and Table 13.1 we have a= — .3, 
b =.2 so that 

M(—1.3, .2, .1)=2[.7 M(—.3, .2, .l)-.3M(.7, .2, .1)1 
= .35821 23. 

By 13.4.5 when a= — 1.3 and 6=.2, 

M(-1.3,1.2,.l) = [.26M(-.3, .2, .1) 

-.24 M(—1.3, .2, . 1)]/. 15 

= .89241 08. 

Similarly when a— — .3 and b =.2 

M(~. 3, 1.2, .1) = .97459 52. 

Check, by 13.4.6, 

M(- 1.3, 1.2, .1) = [.2 M(—.3, .2, .1) 

+ 1.2 M(~. 3 , 1 . 2 , . 1 )]/ 1.5 

= .89241 08. 


In this way 13.4.1-13.4.7 can be used together 
with 13.1.27 to extend Table 13.1 to the range 

— 10<a<10, —10<6<10, —10 <x<10. 

This extension of ten units in any direction is 
possible with the loss of about IS. All the re¬ 
currence relations are stable except i) if a<0, 6<0 
and |<z|>|6|, z>0, or ii) &<a, 6<0, |6—a|>j6|, 
a:<0, when the oscillations may become large, 
especially if \x\ also is large. 

Neither interpolation nor the use of recurrence 
relations should be attempted in the strips 
b=— n±.\ where the function is very large nu¬ 
merically. In particular M(a, b , x) cannot be 
evaluated in the neighborhood of the points 
a— — m, b=—n, m <n, as near these points 
small changes in a, b or z can produce very large 
changes in the numerical value of M{a, b, x). 

Example 4. At the point (—1, — 1, au), M(a, b, x) 
is undefined. 

When a——1 , M(— 1 , b, z) = l— |for all x. 

Hence lim M(-1, b,x) = 1 4-z. But M(b,b,x)=<? 

b ->-1 

for all x. when a=6. Hence limM(6, b , x)=e*. 

b —>—1 

In the first case 6—>—1 along the line a— — 1, and 
in the second case 6—»—1 along the line a=b. 

Derivatives 

Example 5. To evaluate M'( —.7, —.6, .5) to 
7S. By 13.4.8, when o=—. 7 and 6=— .6, we have 

M'(—.7, -.6, ,5)=5^M(.3, .4, .5) 

= 1.724128. 

Asymptotic Formulas 

For x> 10 , a and b small, M(a, b, x) should be 
evaluated by 13.5.1 using converging factors 
13.5.3 and 13.5.4 to improve the accuracy if 
necessary. 
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Example 6. Calculate M(.9, .1, 10) to 7S, 
using 13.5.1. 


tut/ q i iq^_LQL g-^lQ -- 9 y\ 

I r(.l) glOl Q.8 y' (~-8)n(.l)w 1 (}(1Q-^) 

+ r(.9) * 10 & n!lO" > 

= — .198(.869) +1237253(.99190 285) 

+ 0 ( 1 ) 

= 1227235.23—.17 + 0(1) 

= 1227235+0(1) 


Check, from Table 13.1, M(. 9, .1, 10) = 1227235. 
To evaluate M(a, b, x) with a large, x small and 6 
small or large 13.5.13-14 should be used. 

Example 7. Compute M(— 52.5, .1, 1) to 3S, 
using 13.5.14. 

M(—52.5, .1, l)=r(.l)e- 8 (.05+52.5)- 26 - 05 
.5642 cos [(.2-4(-52.5))- 8 -.057r+.257rl 

[1 + 0((.O5+52.5)“- 8 )] = ~ 16.34+<9(. 2) 

By direct application of a recurrence relation, 
M(—52.5, .1, 1) has been calculated as —16.447. 
To evaluate Mia , 6, x) with x, a and/or b large, 
13.5.17,19 or 21 should be tried. 

Example 8 . Compute M{— 52.5, .1, 1) using 
13.5.21 to 3S, cos 0=VV2i<b2. 


M(-52.5, .1, 1) 

= r(.l)e 108 1 0082 8 [105.1 cos 0] 1-,1 .5641 

52.55 1 sin 20 ^[sin (—52.5ir) 
+sin {52.55(20—sin 20)+!*} 
+ 0((52.55)~ 1 )] = —16.47+0(.O2) 


A full range of asymptotic formulas to cover all 
possible cases is not yet known. 


Calculation of t/(a, b, x) 

For —10<x< 10, —10<a<10, —10<6< 10 

this is possible by 13.1.3, using Table 13.1 and the 
recurrence relations 13.4.15-20. 

Example 9. Compute £7(1.1, .2, 1) to 5S. 
Using Tables 13.1, 4.12 and 6.1 and 13.1.3, we 
have 

U(.l, .2, 1)= 


it { M(. 1,.2,1) M(.9, 1.8,1), 

sin (.2ir) T(.9)r(.2) r(.l)r(1.8) '* 

But M(.9, 1.8, 1) = .8[M(.9, .8, l)-il/(-.l, .8, 1)] 
= 1.72329, using 13.4.4. 


Hence 

£7(.l, .2, 1)=5.344799(.371765 —.194486) 

= .94752. 

Similarly 

£7(-.9, .2, 1) = .91272. 

Hence by 13.4.15 

£7(1.1, .2, !)=[£/(.1, .2, 1)—£7(—.9, .2, l)]/.09 
= .38664. 

Example 10. To compute £/'(—.9, —.8, 1) to 
5S. By 13.4.21 

£7'(—.9, -.8, 1) = .9£7(.l, .2, 1) 

= (.9) (.94752) 

=.85276. 


Asymptotic Formulas 

Example 11. To compute £7(1, .1, 100) to 5S. 

By 13.5.2 


1.9 2.9 3.9 


100 100 100 


+0(10-’)}. 


= .01 {1 - .019 + .000551 - .000021 

+0(io- 9 )}, 

= .00981 53. 


Example 12, To evaluate E7(.l, .2, .01). For 
x small, 13.5.6-12 should be used. 


u(. 1, .2, ■0i)- jjff I r| +O((.0i) 1 -’) 

= 1.09 to 3S, by 13.5.10. 

To evaluate U(a,b, x) with a large, x small and 
6 small or large 13.5.15 or 16 should be used. 

To evaluate £7(o, 6, x) with x f a and/or b large 
13.5.18, 20 or 22 should be tried. In all these 
cases the size of the remainder term is the guide to 
the number of significant figures obtainable. 


Calculation of the Whittaker Functions 

Example 13. Compute M. 0 , -. 4 ( 1 ) and W, 0 , _. 4 (1) 
to 5S. By formulas 13.1.32 and 13.1.33 and 
Tables 13.1, 4.4 


M. 0 ._.4(l)=e- 8 M(.l, .2, 1) = 1.10622, 
B7o,_. 4 (l)=e- 6 £7(.l, .2, 1)=.57469. 
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Thus the values of M Kilt (x) and W Ktll (x) can 
always he found if the values of M(a, b, x) and 
U(a, b, x) are known. 

13.9. Calculation of Zeros and Turning Points 


X[=X',[ 1- 


-3Af(-3,.6,AQ j 


=X; 1.6,X' 0 )/.6M(—3, .6,X' 0 )] 


= .9715XI.0163 = .9873 to 4S. 


Example 14. Compute the smallest positive 
zero of M(—4, .6, x). This is outside the range of 
Table 13.2. Using 13.7.2 we have, as a first 
approximation 




(.55tt) 2 

17.2 


= .174. 


Using 13.7.3 we have 


X^Xo-Mi-4, .6, Z 0 )/M'(-4, .6, X 0 ). 


But, by 13.4.8, 

M'(—4, .6, X 0 ) = —(.15) -1 M(—3, 1.6, X 0 ) 
Hence 


X l =X 0 +.\5M(-^ .6, Z 0 )/M(-3,1.6, X 0 ), 

= .174+(.15) (.030004) 

= .17850 as a second approximation. 

If we repeat this calculation, we find that 
X 2 =X 1 + .00002 99 = .17852 99 to 7S. 

Calculation of Maxima and Minima 

Example 15. Compute the value of x at which 
M(—1 .8, —.2, x) has a turning value. Using 13.4.8 
and Table 13.2, we find that M'(—1 .8, —.2,a:) 
= 9M(— .8, .8, x)=0 when x = .94291 59. 

Also M"(-1.8, -.2, s) = 9M'(-.8, .8, x) = 
-9Af(.2, 1.8, x) and M(.2 , 1.8, .94291 59) >0. 
Hence M(—1 .8, —.2, x) has a maximum in x when 
x= .94291 59. 

Example 16. Compute the smallest positive 
value of x for which M(— 3, .6, x) has a turning 
value, X[ . This is outside the range of Table 13.2. 
Using 13.4.8 we have 


M'(-3, .6, x) =—3M(—2, 1.6, x)/.6. 

By 13.7.2 for M(-2, 1.6, x), 

X 0 = (1.05ir) 2 /(11.2) = .9715. 

This is a first approximation to Xq for M(— 3, .6, x ). 
Using 13.7.5 and 13.4.8 we find a second approxi¬ 
mation 


This process can be repeated to give as many 
significant figures as are required. 



Figure 13.1. 

Figure 13.1 shows the curves on which M(a, 6, x) 
=0 in the a , b plane when x=l. The function is 
positive in the unshaded areas, and negative in the 
shaded areas. The number in each square gives 
the number of real positive zeros of M(a, b , x ) as a 
function of x in that square. The vertical 
boundaries to the left are to be included in each 
square. 

13.10. Graphing M(a, b, x) 

Example 17. Sketch M{— 4.5, 1, x). Firstly, 
from Figure 13.1 we see that the function has 
five real positive zeros. From 13.5.1, we find 
that M'-»—oo as x—>+« and that 

M-»+°°, M'— »+a> as £-*—<». By 13.7.2 we 
have 6s first approximations to the zeros, .3,1.5,3.7, 

6.9, 10.6, and by 13.7.2 and 13.4.8 we find as first 
approximations to the turning values .9, 2.8, 5.8, 

9.9. From 13.7.7, we see that these must lie near 
the curves 


y— ± e**(5x) “1(1 — x/1 1) -l 7r 

From these facts we can form a rough graph of 
the behavior of the function, Figure 13.2. 
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(From F. Q. Tricoml, Funzionl, ipergeometrlche confluent!, Edlsloni. 
Cremonese, Rome, Italy, 1954, with permission.) 

M 




Figure 13.4. M(a, .5, x). 

(From E. Jahnke and F. Emde, Tables of functions, Dover Publications, 
Inc., New York, N.Y., 1945, with permission.) 
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CONFLUENT HYPERGEOMETRIC FUNCTION M(o, b, *) 
x =0.1 


a\b 0.1 

-1.0 0.00000 

-0.9 (-2) 9.58364 

-0.8 (-1) 1.92586 

-0.7 (-1) 2.90253 

-0.6 (-1) 3.88843 

-0.5 (-1) 4.88360 

-0.4 (-1) 5.88807 

-0.3 (-1 6.90191 

-0.2 (-1) 7.92514 

-0.1 (-1) 8.95782 

0.0 ( 0) 1.00000 

0.1 ( 0) 1.10517 

0.2 ( 0) 1.21130 

0.3 ( 0) 1.31839 

0.4 0) 1.42645 

0.5 ( 0) 1.53548 

0.6 ( 0) 1.64549 

0.7 ( 0) 1.75647 

0.8 ( 0) 1.86845 

0.9 0) 1.98142 

1.0 ( 0) 2.09538 


0.2 

00 (-1) 5.00000 

34 (-1) 5.48093 

25 (-1 5.96605 

86 (-1) 6.45537 

71 (-1) 6.94891 

25 (-1) 7.44670 

94 (-1) 7.94876 

26 (-1) 8.45509 

70 (-1) 8.96573 

77 (-1) 9.48069 

00 ( 0) 1.00000 

09 ( 0) 1.05236 

01 ( 0) 1.10517 

21 0 1.15841 

14 0 1.21210 

28 ( 0) 1.26623 

07 ( 0) 1.32081 

99 ( 0) 1.37583 

49 ( 0 1.43131 

05 0) 1.48723 

12 ( 0) 1.54362 


0.3 

00 (- 1 ) 6.66666 

23 (-1) 6.98827 

00 (-1) 7.31245 

25 (-1 7.63922 

92 (-1) 7.96859 

94 (-1) 8.30057 

28 -1) 8.63516 

89 (-1 8.97239 

73 -1) 9.31227 

78 (-1) 9.65480 

00 ( 0) 1.00000 

64 ( 0) 1.03478 

09 ( 0) 1.06984 

56 { 0 1.10517 

24 0) 1.14076 

34 ( 0) 1.17663 

05 ( 0) 1.21278 

59 ( 0) 1.24920 

14 ( 0) 1.28589 

92 ( 0) 1.32287 

12 ( 0) 1.36012 


0.4 

67 (-1) 7.50000 00 

46 (-1) 7.74183 96 

77 (-1) 7.98547 23 

74 (-1) 8.23090 56 

49 (-1) 8.47814 73 

19 (-1) 8.72720 49 

97 -1) 8.97808 60 

98 -1) 9.23079 84 

38 -1) 9.48534 97 

34 (-1) 9.74174 76 

00 ( 0) 1.00000 00 

75 ( 0) 1.02601 15 

41 ( 0) 1.05220 99 

09 0) 1.07859 61 

91 0 1.10517 09 

99 ( 0) 1.13193 51 

44 ( 0) 1.15888 93 

38 0) 1.18603 45 

94 ( 0) 1.21337 14 

23 ( 0 1.24090 08 

38 ( 0) 1.26862 36 


0.5 

(- 1 ) 8.00000 00 
(-1 8.19391 07 

(-1) 8.38915 99 
(-1) 8.58575 33 
(-1) 8.78369 61 

S -l) 8.98299 40 
-1 9.18365 22 

-1 9.38567 64 

-1) 9.58907 21 
-1) 9.79384 48 

( 0 ) 1.00000 00 

( 0) 1.02075 43 
( 0 1.04164 80 

0) 1.06268 16 
( 0) 1.08385 58 
( 0) 1.10517 09 

S O) 1.12662 77 
0) 1.14822 66 
0) 1.16996 83 
0 1.19185 34 
0) 1.21388 22 


a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 (-1) 8.33333 33 (-1) 8.57142 86 (-1) 8.75000 00 (-1) 8.88888 89 (-1) 9.00000 00 

-0.9 (-1) 8.49524 54 (-1 8.71045 21 (-1) 8.87183 35 -l) 8.99733 47 -l) 9.09772 21 

-0.8 (-1 8.65820 31 (-1 8.85031 91 -1) 8.99436 39 (-1 9.10636 73 -1 9.19594 59 

-0.7 -1 8.82221 06 (-1) 8.99103 26 (-1) 9.11759 38 (-1 9.21598 87 -1) 9.29467 31 

-0.6 (-1) 8.98727 18 (-1) 9.13259 59 (-1) 9.24152 56 (-1) 9.32620 11 (-1) 9.39390 52 

-0.5 (-1) 9.15339 10 (-1) 9.27501 22 (-1) 9.36616 18 (-1) 9.43700 64 (-1) 9.49364 42 

-0.4 -1 9.32057 22 -1 9.41828 47 (-1 9.49150 52 (-1) 9.54840 68 -l) 9.59389 16 

-0.3 -1) 9.48881 96 (-1) 9.56241 64 -1) 9.61755 81 (-1) 9.66040 42 (-1 9.69464 91 

-0.2 (-1) 9.65813 72 (-1) 9.70741 08 (-1) 9.74432 32 -l) 9.77300 09 (-1 9.79591 86 

-0.1 (-1) 9.82852 93 (-1) 9.85327 09 (-1) 9.87180 29 (-1) 9.88619 88 (-1) 9.89770 16 

0.0 { 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 

0.1 ( 0) 1.01725 53 ( 0) 1.01476 01 ( 0) 1.01289 17 ( 0) 1.01144 07 ( 0) 1.01028 15 

0.2 ( 0) 1.03461 94 0) 1.02960 78 ( 0) 1.02585 56 ( 0) 1.02294 21 ( 0) 1.02061 50 

0.3 ( 0) 1.05209 25 ( 0) 1.04454 34 ( 0) 1.03889 21 ( 0) 1.03450 45 ( 0) 1.03100 04 

0.4 ( 0) 1.06967 52 0 1.05956 71 ( 0) 1.05200 13 ( 0) 1.04612 80 (0 1.04143 81 

0.5 ( 0) 1.08736 79 ( 0) 1.07467 94 ( 0) 1.06518 35 ( 0) 1.05781 30 ( 0) 1.05192 82 

0.6 ( 0) 1.10517 09 { 0) 1.08988 06 ( 0) 1.07843 90 ( 0) 1.06955 95 ( 0) 1.06247 09 

0.7 ( 0) 1.12308 48 ( 0) 1.10517 09 0) 1.09176 81 ( 0) 1.08136 79 ( 0) 1.07306 64 

0.8 ( 0) 1.14110 98 ( 0) 1.12055 08 ( 0) 1.10517 09 ( 0) 1.09323 83 ( 0) 1.08371 47 

0.9 ( 0} 1.15924 65 ( 0) 1.13602 05 0) 1.11864 79 ( 0) 1.10517 09 ( 0 1.09441 62 

1.0 ( 0) 1.17749 53 ( 0) 1.15158 03 ( 0) 1.13219 91 ( 0) 1.11716 60 ( 0) 1.10517 09 

For 0<x< 1, linear interpolation in a, b or x provides 3-4S. Lagrange four-point interpolation gives 7S in a, b or x over 
most of the table, but the Lagrange six-point formula is needed over the range 1<£<10. Any interpolation formula 
can be reapplied to give two dimensional interpolates in a and b, a and x or b and x. This calculation can be checked 
by being repeated in a different order. 
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CONFLUENT HYPERGEOMETRIC FUNCTION M(«, b, x) Table 13.1 


x =1 


a\b 0.1 0.2 


-1.0 

r 0)-1.00000 00 


0.00000 00 

;-i 

-0.9 

’-1)-8.16955 02 

;-2; 

) 9.22415 48 

-1 

-0.8 

|-1)-6.30239 72 

-i 

) 1.86164 63 

-i 

-0.7 

-1)-4.39817 97 

:-i; 

) 2.81785 03 

! -i 

-0.6 

!-l)-2.45653 39 

!-i! 

) 3.79118 64 

I-i) 

-0.5 

[ -2)-4.77093 96 

;-i: 

) 4.78181 44 

;-i) 

-0.4 

-1)+1.54050 87 


> 5.78989 52 

-i 

-0.3 

-1) 3.59664 50 

;-i 

) 6.81559 07 

’-I) 

-0.2 

-1) 5.69168 81 

-1 

) 7.85906 39 

I - 1 

-0.1 

(-1) 7.82601 37 

-i 

) 8.92047 86 

-i 


0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 


0.1 

; o; 

) 1.22140 28 

; 0, 

) 1.10977 94 

; o) 

0.2 

( 0 

) 1.44684 80 

1 0 

) 1.22140 28 

o 

0.3 

; o; 

) 1.67637 41 

; o; 

) 1.33488 69 

o 

0.4 


) 1.91002 01 

0 

1.45024 87 

I 0 

0.5 

! o! 

) 2.14782 49 

! o' 

) 1.56750 53 

o) 


0.6 ( 0) 2.38982 79 ( 0) 1.68667 37 ( 0) 

0.7 ( 0) 2.63606 85 0) 1.80777 12 0) 

0.8 ( 0) 2.88658 67 ( 0 1.93081 51 0) 

0.9 ( 0) 3.14142 25 ( 0) 2.05582 28 ( 0) 

1.0 0) 3.40061 61 ( 0) 2.18281 20 ( 0) 


a\b 0.6 0.7 


-1.0 

-1 

1 6.66666 67 

I- 1 ! 

) 7.14285 71 

;-i) 

-0.9 


1 6.98070 53 

- 1 

) 7.41302 26 

- 1 

-0.8 

-lj 

1 7.29894 21 

- 1 

) 7.68657 38 

-i 

-0.7 

- 1 ; 

1 7.62141 04 

i- 1 

> 7.96353 68 

l- 1 ) 

-0.6 

t-il 

1 7.94814 35 

!-i! 

) 8.24393 73 

!-i) 

-0.5 


) 8.27917 51 

i-i; 

} 8.52780 14 

r 1 ) 

-0.4 

-l 

) 8.61453 89 

- 1 

) 8.81515 54 

- 1 

-0.3 

- 1 

) 8.95426 91 

- 1 

) 9.10602 57 

- 1 

-0.2 

- 1 

) 9.29839 97 

-i 

> 9.40043 88 

r 1 

-0.1 

t-i! 

) 9.64696 51 

-i 

> 9.69842 13 

-i 


0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 


0.1 ( 0) 1.03575 39 ( 0) 1.03052 02 ( 0) 

0.2 0 1.07196 17 0) 1.06140 54 ( 0) 

0.3 0 1.10862 70 ( 0 1.09265 84 ( 0 

0.4 ( 0) 1.14575 32 ( 0 1.12428 18 ( 0) 

0.5 ( 0) 1.18334 39 { 0) 1.15627 85 ( 0) 

0.6 ( 0) 1.22140 28 { 0) 1.18865 12 ( 0) 

0.7 0 1.25993 33 ( 0) 1.22140 28 ( 0 

0.8 ( 0 1.29893 91 ( 0) 1.25453 59 ( 0) 

0.9 ( 0 1.33842 39 ( 0) 1.28805 34 ( 0) 

1.0 ( 0) 1.37839 12 ( 0) 1.32195 81 ( 0) 


1.2 


0.3 0.4 0.5 

3.33333 33 (-1) 5.00000 00 (-1) 6.00000 00 

3.95232 64 -1) 5.46684 38 -1) 6.37527 43 

4.58166 34 (-1 5.94088 89 (-1) 6.75592 38 

5.22143 72 -1) 6.42219 72 -1) 7.14199 30 

5.87174 11 (-1) 6.91083 10 (-1) 7.53352 62 

6.53266 92 (-1) 7.40685 28 (-1) 7.93056 84 

7.20431 59 -1 7.91032 56 -1) 8.33316 46 

7.88677 63 (-1) 8.42131 28 (-1) 8.74136 01 

8.58014 62 (-1) 8.93987 82 (-1) 9.15520 06 

9.28452 18 (-1) 9.46608 57 (-1) 9.57473 18 

1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 

1.07266 78 ( 0) 1.05416 86 ( 0) 1.04310 51 

1.14646 55 ( 0) 1.10912 09 0) 1.08679 33 

1.22140 28 ( 0 1.16486 34 ( 0) 1.13106 91 

1.29748 97 0) 1.22140 28 0) 1.17593 74 

1.37473 61 ( 0) 1.27874 56 ( 0) 1.22140 28 

1.45315 23 ( 0) 1.33689 87 ( 0) 1.26747 01 

1.53274 81 0) 1.39586 86 0) 1.31414 41 

1.61353 39 ( 0 1.45566 22 0 1.36142 97 

1.69551 97 0) 1.51628 63 0) 1.40933 17 

1.77871 60 ( 0) 1.57774 76 ( 0) 1.45785 51 


0.8 0.9 1.0 

7.50000 00 (-1) 7.77777 78 (-1) 8.00000 00 

7.73716 33 (-1 7.98920 01 (-1 8.19077 41 

7.97712 40 (-1) 8.20297 76 -1) 8.38356 13 

8.21990 25 -1 8.41912 68 -1) 8.57837 54 

8.46551 94 (-1) 8.63766 45 (-1) 8.77523 03 

8.71399 57 (-1) 8.85860 76 (-1) 8.97413 99 

8.96535 20 (-1 9.08197 30 (-1 9.17511 81 

9.21960 95 -1) 9.30777 78 -1) 9.37817 91 

9.47678 92 (-1 9.53603 91 -1 9.58333 69 

9.73691 22 (-1) 9.76677 40 (-1) 9.79060 58 

1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 

1.02660 74 ( 0) 1.02357 34 ( 0) 1.02115 34 

1.05351 56 ( 0 1.04739 95 0 1.04252 22 

1.08072 66 ( 0) 1.07147 98 ( 0 1.06410 78 

1.10824 29 ( 0) 1.09581 63 ( 0) 1.08591 18 

1.13606 64 ( 0) 1.12041 07 { 0) 1.10793 56 

1.16419 94 ( 0) 1.14526 47 ( 0) 1.13018 06 

1.19264 41 0 1.17038 02 ( 0 1.15264 83 

1.22140 28 ( 0) 1.19575 89 ( 0) 1.17534 02 

1.25047 76 0) 1.22140 28 0 1.19825 79 

1.27987 08 ( 0) 1.24731 35 ( 0) 1.22140 28 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION Mia. b. x 


x = 

a\b 0.1 0.2 

-1.0 ( 0)-2.00000 00 (-1)-5.00000 00 

-0.9 0 -1.73884 94 -1)-3.67762 19 (-2) 

-0.8 ( 0 -1.46940 36 (-1 -2.31724 76 (-1) 

-0.7 0)-1.19153 81 -2)-9.18332 95 (-1) 

-0.6 (-1)-9.05127 09 (-2) + 5.19671 16 (-1) 

-0.5 (-1)-6.10043 44 (-1) 1.99731 93 (-1) 

-0.4 (-1)-3.06158 84 (-1) 3.51517 11 (-1) 

-0.3 (-3)+6.65629 62 -1 5.07379 19 (-1) 

-0.2 -1 3.28532 83 -1) 6.67375 21 (-1 

-0.1 (-1) 6.59602 92 (-1) 8.31562 77 (-1) 

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 

0.1 ( 0) 1.34985 88 ( 0) 1.17274 56 ( 0) 

0.2 0) 1.70931 54 ( 0) 1.34985 88 ( 0 

0.3 ( 0 2.07850 71 ( 0) 1.53139 94 0) 

0.4 0) 2.45757 28 0) 1.71742 78 0) 

0.5 ( 0) 2.84665 23 ( 0) 1.90800 49 ( 0) 

0.6 ( 0) 3.24588 71 ( 0) 2.10319 22 ( 0) 

0.7 0) 3.65541 99 ( 0) 2.30305 18 ( 0) 

0.8 0) 4.07539 50 0) 2.50764 63 0) 

0.9 ( 0) 4.50595 77 ( 0) 2.71703 89 ( 0) 

1.0 ( 0) 4.94725 50 ( 0) 2.93129 36 ( 0) 


a\b 0.6 0.7 

-1.0 (-1) 5.00000 00 (-1) 5.71428 57 (-1) 

-0.9 (-1 5.45594 63 (-1 6.10737 55 (-1 

-0.8 -1) 5.92137 29 (-1) 6.50811 03 (-1) 

-0.7 (-1) 6.39639 42 (-1) 6.91657 86 (-1) 

-0.6 (-1) 6.88112 54 (-1) 7.33287 00 (-1) 

-0.5 (-1) 7.37568 28 (-1) 7.75707 44 (-1) 

-0.4 (-1 7.88018 36 (-1) 8.18928 28 (-1) 

-0.3 (-1 8.39474 59 (-1 8.62958 68 (-1 

-0.2 (-1) 8.91948 91 (-1) 9.07807 88 (-1) 

-0.1 (-1) 9.45453 34 (-1) 9.53485 19 (-1) 

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 


0.1 

' 0) 1.05560 11 

[ 0) 1.04736 18 ( 

0.2 

0 1.11226 90 

0 1.09558 01 

0.3 

0) 1.17001 62 

0) 1.14466 45 

0.4 

0 1.22885 51 

0) 1.19462 48 ( 

0.5 

; 0) 1.28879 84 

[ 0) 1.24547 07 ( 

0.6 

' 0) 1.34985 88 

( 0) 1.29721 20 ( 

0.7 

0) 1.41204 93 

0 1.34985 88 ( 

0.8 

0) 1.47538 27 

0) 1.40342 10 

0.9 

0 1.53987 22 

0 1.45790 88 ( 

1.0 

[ 0) 1.60553 08 

( 0) 1.51333 23 ( 


0.3 0.4 0.5 

0.00000 00 (-1) 2.50000 00 (-1) 4.00000 00 

8.90939 59 -1) 3.17420 35 (-1 4.54351 25 

1.80524 85 (-1) 3.86467 39 (-1) 5.09916 51 

2.74324 64 (-1) 4.57162 39 (-1 5.66711 03 

3.70525 58 (-1) 5.29526 85 (-1) 6.24750 17 

4.69160 23 (-1) 6.03582 44 (-1) 6.84049 44 

5.70261 46 (-1 6.79351 05 -1) 7.44624 48 

6.73862 42 -1 7.56854 74 (-1) 8.06491 07 

7.79996 60 (-1 8.36115 78 -1) 8.69665 13 

8.88697 76 (-1) 9.17156 65 (-1) 9.34162 71 

1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 

1.11393 77 ( 0) 1.08466 87 ( 0) 1.06719 33 

1.23054 56 ( 0) 1.17118 59 ( 0 1.13575 92 

1.34985 88 0) 1.25957 47 0) 1.20571 42 

1.47191 26 ( 0 1.34985 88 ( 0) 1.27707 51 

1.59674 26 ( 0) 1.44206 18 ( 0) 1.34985 88 

1.72438 49 ( 0) 1.53620 75 ( 0) 1.42408 24 

1.85487 58 0) 1.63232 02 ( 0) 1.49976 30 

1.98825 19 ( 0) 1.73042 41 ( 0 1.57691 80 

2.12455 03 0 1.83054 38 0 1.65556 49 

2.26380 82 ( 0) 1.93270 41 ( 0) 1.73572 13 


0.8 0.9 1.0 

6.25000 00 (-1) 6.66666 67 (-1) 7.00000 00 

6.59572 25 -l) 6.97537 97 -1) 7.27897 71 

6.94776 02 (-1) 7.28940 91 (-1) 7.56249 82 

7.30618 39 (-1) 7.60881 20 (-1) 7.85061 06 

7.67106 45 (-1) 7.93364 63 (-1) 8.14336 18 

8.04247 38 (-1) 8.26397 01 (-1) 8.44079 99 

8.42048 41 (-1) 8.59984 20 (-1) 8.74297 33 

8.80516 81 -1) 8.94132 11 (-1) 9.04993 07 

9.19659 93 (-1) 9.28846 71 (-1 9.36172 12 

9.59485 17 (-1) 9.64133 99 (-1) 9.67839 44 

1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 

1.04121 19 ( 0) 1.03645 08 ( 0) 1.03265 88 

1.08312 85 ( 0) 1.07349 27 ( 0) 1.06582 10 

1.12575 75 ( 0) 1.11113 16 ( 0 1.09949 16 

1.16910 65 ( 0) 1.14937 40 0) 1.13367 58 

1.21318 32 ( 0) 1.18822 61 ( 0) 1.16837 88 

1.25799 56 ( 0) 1.22769 42 ( 0) 1.20360 57 

1.30355 15 0 1.26778 47 0) 1.23936 18 

1.34985 88 ( 0) 1.30850 41 ( 0) 1.27565 25 

1.39692 56 { 0) 1.34985 88 ( 0 1.31248 30 

1.44475 99 ( 0) 1.39185 54 ( 0) 1.34985 88 
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) 


1 = 0.4 


a\b 

1.0 

0 

0.1 

-3.00000 

00 

o 

0.2 

-1.00000 

00 

-1 

0.3 

-3.33333 

33 


0.4 

0.00000 

00 ( 

0.9 

0 

-2.67035 

54 

-1 

-8.32139 

43 

-1 

-2.19718 

27 

-2) 

8.63057 

33 ( 

0.8 

0 

-2.32590 

02 

-1 

-6.57495 

96 

-1 

-1.01932 

12 

-1 

1.75514 

40 ( 

0.7 

0 

-1.96633 

24 

-1 

-4.75937 

91 

-2 

+2.01024 

24 

-1) 

2.67677 

48 ( 

0.6 

0 

-1.59134 

63 

-1 

-2.87331 

90 

-1 

1.46463 

65 

-1) 

3.62847 

08 ( 

0.5 

0 

-1.20063 

19 

-2 

-9.15428 

01 

-1 

2.77230 

84 

-1) 

4.61075 

95 ( 

0.4 

-1 

-7.93875 

31 

-1 

+1.11566 

21 

-1 

4.12484 

23 

-1 

5.62417 

45 

0.3 

-1 

-3.70758 

28 

-1 

3.22133 

74 

-1 

5.52305 

08 

-1 

6.66925 

61 ( 

0.2 

—2) 6.90415 

20 

-1 

5.40300 

15 

-1 

6.96775 

63 

-1 

7.74655 

09 

0.1 

-1) 5.25850 

66 

-1 

7.66207 

59 

-1 

8.45979 

18 

-1) 

8.85661 

23 ( 

0.0 

0) 1.00000 

00 

0) 1.00000 

00 

0) 1.00000 

00 

0) 1.00000 

00 ( 

0.1 

0 

1.49182 

47 

0 

1.24182 

32 

0 

1.15892 

34 

0) 

1.11772 

81 ( 

0.2 

0 

2.00166 

43 

0 

1.49182 

47 

0 

1.32283 

59 

0 

1.23890 

28 

0.3 

0 

2.52986 

27 

0 

1.75015 

41 

0 

1.49182 

47 

0 

1.36358 

21 ( 

0.4 

0 

3.07676 

82 

0 

2.01696 

26 

0 

1.66597 

84 

0 

1.49182 

47 ( 

0.5 

0 

3.64273 

38 

0 

2.29240 

35 

0 

1.84538 

67 

0) 

1.62369 

00 ( 

0.6 

0] 

4.22811 

68 

0 

2.57663 

20 

0 

2.03014 

00 

0] 

1.75923 

82 ( 

0.7 

0 

4.83327 

91 

0 

2.86980 

51 

0 

2.22033 

03 

0 

1.89852 

99 ( 

0.8 

0 

5.45858 

73 

0 

3.17208 

18 

0 

2.41605 

02 

0 

2.04162 

67 

0.9 

0 

6.10441 

27 

0 

3.48362 

30 

0 

2.61739 

39 

0 

2.18859 

08 ( 

1.0 

0 

6.77113 

12 

0 

3.80459 

19 

0 

2.82445 

63 

0 

2.33948 

51 ( 

a\b 

-1.0 

-1 

0.6 

3.33333 

33 

-1 

0.7 

4.28571 

43 1 

-1 

0.8 

5.00000 

00 

-1 

0.9 

5.55555 

56 ( 

-0.9 

-1 

3.92050 

85 

-1 

4.79315 

51 1 

-1 

i 5.44722 

84 

-1 

5.95564 

45 ( 

-0.8 

-1 

4.52459 

74 

-1 

5.31423 

36 1 

-1 

5.90572 

12 

-1 

6.36521 

50 { 

-0.7 

-1 

5.14587 

62 

-1 

5.84916 

36 | 

-1 

6.37564 

87 

-1 

6.78440 

52 ( 

-0.6 

-1 

5.78462 

40 

-1 

6.39816 

17 1 

-1 

6.85718 

29 

-1 

7.21335 

46 ( 

-0.5 

-1 

6.44112 

32 

-1 

6.96144 

64 < 

-1 

7.35049 

77 

-1 

7.65220 

44 ( 

-0.4 

-1 

7.11565 

94 

-1 

7.53923 

92 1 

-1 

7.85576 

88 

-1 

8.10109 

70 

-0.3 

-1 

7.80852 

14 

-1 

8.13176 

35 1 

-1 

8.37317 

41 

-1 

8.56017 

66 

-0.2 

-1 

8.52000 

13 

-1 

8.73924 

56 1 

-1 

8.90289 

30 

-1 

9.02958 

86 

-0.1 

-1 

9.25039 

46 

-1 

9.36191 

40 | 

-1 

i 9.44510 

72 

-1 

9.50948 

02 j 

0.0 

0) 1.00000 

00 

0) 1.00000 

00 1 

0) 1.00000 

00 

0) 1.00000 

00 ( 

0.1 

0 

1.07691 

20 

0 

1.06537 

37 i 

0 

1.05677 

57 

0 

1.05012 

98 ( 

0.2 

0 

1.15580 

59 

0 

1.13233 

62 i 

0 

1.11485 

65 

0 

1.10135 

26 

0.3 

0 

i 1.23671 

28 

0 

1.20091 

13 i 

o 

1 1.17426 

15 

0 

1.15368 

38 ( 

0.4 

o 

1.31966 

37 

0 

1.27112 

31 i 

0 

1.23500 

97 

o 

1.20713 

88 

0.5 

o 

1.40469 

04 

o 

1.34299 

62 i 

0 

1.29712 

04 

0 

1.26173 

33 ( 

0.6 

o 

1.49182 

47 

0 

1.41655 

50 

0 

) 1.36061 

33 

0 

1.31748 

31 ( 

0.7 

o 

1.58109 

90 

0 

1.49182 

47 

0 

) 1.42550 

81 

0 

1.37440 

41 

0.8 

0 

1.67254 

59 

0 

1.56883 

03 

0 

) 1.49182 

47 

0 

1.43251 

25 

0.9 

o 

1.76619 

84 

0 

1.64759 

75 i 

0 

1.55958 

33 

0 

1.49182 

47 

1.0 

o 

1.86208 

99 

o 

) 1.72815 

18 

o 

) 1.62880 

44 

0 

1.55235 

70 ( 


Table 13.1 


0.5 

-1) 2.00000 00 
-1 2.69801 05 
-l) 3.41768 30 
-1) 4.15938 56 
-1) 4.92349 10 

-1) 5.71037 59 
-1 6.52042 19 

-1 7.35401 47 

-1) 8.21154 46 
-1) 9.09340 66 

0) 1.00000 00 

0) 1.09317 29 
0) 1.18890 02 
0 1.28722 33 

0) 1.38818 41 
0) 1.49182 47 

0) 1.59818 80 
0) 1.70731 73 
0 1.81925 64 

0) 1.93404 94 
0) 2.05174 12 


1.0 

- 1 ) 6.00000 00 

-1 6.36214 28 

-1) 6.73238 89 
-1) 7.11085 21 
-1) 7.49764 78 

-1) 7.89289 21 
-1) 8.29670 27 
-1) 8.70919 82 
-1 9.13049 86 

-1) 9.56072 51 

0) 1.00000 00 

0) 1.04484 47 
0 1.09061 91 

0) 1.13733 58 
0) 1.18500 76 
0) 1.23364 74 

0) 1.28326 80 
0 1.33388 28 

0 1.38550 48 

0 1.43814 76 

0) 1.49182 47 
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CONFLUENT HYPERGEOMETRIC FUNCTIONS 


Table 13.1 


CONFLUENT HYPERGEOMETRIC 

FUNCTION M(a, b 

,*) 




a\b 


0.1 



0.2 


x = 

0.5 

0.3 



0.4 



0.5 


-1.0 

( o, 

)-4.00000 

00 

( o 

)-1,50000 

00 

(-1 

)-6.66666 

67 

(-i; 

)-2.50000 

00 


0.00000 00 

-0.9 

0 

-3.61201 

86 

0 

-1.30112 

70 

-1 

-5.31342 

47 

-1 

)-1.46751 

27 

[~2\ 

> 8.38114 

43 

-0.8 

0 

-3.20079 

89 

0 

-1.09161 

33 

(-1 

-3.89475 

90 

-2 

)-3.89499 

09 

- 1 

> 1.71019 66 

-0.7 

o 

-2.76573 

85 

-1 

-8.71196 

18 

(-1 

-2.40912 

78 

-2; 

>+7.35066 

66 

- 1 

) 2.61697 

96 

-0.6 

( 0' 

j-2.30622 

47 

(-1 

)-6.39608 

65 

(-2 

)-8.54965 

30 

i-l! 

) 1.90722 

60 

(-l! 

) 3.55920 

78 

-0.5 

( 0 

)-1.82163 

45 

[-1 

)-3.96579 

38 

(-2 

)+7.69319 

06 

-I' 

) 3.12803 

64 

[- 1 ; 

> 4.53763 

61 

-0.4 

0 

-1.31133 

45 

(-1 

-1.41832 

63 

-1 

2.46534 

08 

-1 

) 4.39857 

14 

-1 

> 5.55303 09 

-0.3 

-1' 

-7.74681 

00 

-1 

+1.24911 

75 

(-1 

4.23474 

05 

-1 

) 5.71992 

06 

-i 

) 6.60617 

00 

-0.2 

-l 1 

-2.11019 

41 

(-1 

4.03938 

42 

-1 

6.07918 

46 

-1 

> 7.09319 

04 

-i' 

> 7.69784 

21 

-0.1 

(-l) + 3.80315 

52 

(-1' 

) 6.95536 

57 

(-1 

) 8.00036 

50 

-l! 

) 8.51950 

36 

l-i' 

) 8.82884 

81 

0.0 

( 0) 1.00000 

00 

( 0) 1.00000 

00 

( 0) 1.00000 

00 

( 0) 1.00000 

00 

( 0) 1.00000 00 

0.1 

0 

) 1.64872 

13 

f o 

) 1.31762 

72 

0 

) 1.20798 

34 

( °i 

) 1.15358 

36 

! °; 

> 1.12121 

22 

0.2 

0 

2.32717 

78 

o' 

1.64872 

13 

o 

1.42416 

39 

0 

) 1.31281 

87 

o 

> 1.24660 

50 

0.3 

0 

3.03607 

92 

o' 

1.99359 

02 

0 

1.64872 

13 

0 

) 1.47782 

42 

0 

) 1.37626 

32 

0.4 

0 

3.77614 

69 

o 

2.35254 

68 

0 

) 1.88183 

81 

0 

> 1.64872 

13 

0 

> 1.51027 29 

0.5 

t o: 

4.54811 

35 

1 o! 

) 2.72590 

86 

( o! 

) 2.12369 

98 

[ oj 

> 1.82563 

24 

[ 0 ! 

> 1.64872 

13 

0.6 

i °; 

5.35272 

38 

[ 0’ 

) 3.11399 

83 

; o; 

) 2.37449 

45 

! °; 

) 2.00868 

23 

( 0 ; 

> 1.79169 69 

0.7 

0 

6.19073 

40 

0 

3.51714 

35 

0 

> 2.63441 

32 

0 

> 2.19799 

70 

0 

> 1.93928 94 

0.8 

0 

7.06291 

26 

0 

) 3.93567 

68 

0 

) 2.90364 

98 

0 

> 2.39370 

49 

0 

> 2.09159 

01 

0.9 

° 

7.97004 

04 

0 

) 4.36993 

59 

0 

> 3.18240 

09 

0 

> 2,59593 

60 

0 

> 2.24869 

11 

1.0 

1 o! 

8.91291 

03 

t Ol 

) 4.82026 

39 

t o: 

) 3.47086 

63 

( o| 

> 2.80482 

21 

t o! 

> 2.41068 

61 

a\b 


0.6 



0.7 



0.8 



0.9 



1.0 


-1.0 ( 

-i; 

> 1.66666 

67 j 


> 2.85714 

29 | 

;-i; 

) 3.75000 

00 

[- 1 ; 

> 4.44444 

44 1 

[- 1 ! 

> 5.00000 

00 

-0.9 ( 

-i 

1 2.37390 

35 | 

-1 

) 3.46998 

42 | 

-1 

) 4.29138 

21 

-1 

> 4.92975 

27 | 

-1 

> 5.44007 21 

-0.8 ( 

- 1 

1 3.10765 

94 ( 

-ij 

► 4.10420 

52 < 

-i 

) 4,85042 

16 

-1 

1 5.42992 

21 ( 

- 1 

> 5.89284 

39 

-0.7 { 

-1 

I 3.86848 

36 ( 

-1 

1 4.76023 

18 < 

-i 

) 5.42745 

70 

-1 

1 5.94522 

72 ( 

- 1 

1 6.35854 

17 

-0.6 ( 

-ii 

I 4.65693 

33 ( 

!-i| 

1 5,43849 

54 ( 

-i! 

> 6.02283 

14 

!-i] 

1 6.47594 

62 ( 

!-i] 

1 6.83739 

50 

-0.5 ( 

-i) 

1 5.47357 

40 ( 

;-i; 

> 6.13943 

38 < 

-i; 

1 6.63689 

23 

;-i] 

1 7.02236 

09 | 


I 7.32963 

60 

-0.4 ( 

-ij 

1 6.31897 

89 ( 

-i 

) 6.86349 

09 < 

-i 

) 7.26999 

22 

-1 

1 7.58475 

70 i 

-1 

> 7.83550 

00 

-0.3 { 

-l) 

1 7.19372 

99 ( 

-1 

) 7.61111 

66 < 

-i 

I 7.92248 

85 

-1 

1 8.16342 

38 ( 

- 1 

1 8.35522 

55 

-0.2 

-1 

1 8.09841 

67 ( 

-1 

I 8.38276 

72 | 

-i 

> 8.59474 

31 

- 1 

1 8.75865 

45 ( 

- 1 

1 8.88905 

38 

-0.1 j 

-l] 

> 9.03363 

78 ( 

-i 

) 9.17890 

54 ( 

-i 

> 9.28712 

29 

-1 

1 9.37074 

63 ( 

:>ij 

> 9.43722 

94 

0.0 ( 

; o) i.ooooo 

00 { 

; o) i.ooooo 

00 { 

; o) i.ooooo 

00 

: 0 ) 1.00000 

00 < 

; 0 ) 1.00000 

00 

0.1 ( 


1.09981 

19 ( 

oi 

1.08465 

27 { 


1.07337 

51 

’ 

1.06467 

21 1 

| 0 ; 

1 1.05776 16 

0.2 

1 0 

1.20286 

18 

0 

1.17189 

67 | 

0 

1.14887 

58 

1 0 

1.13112 

17 ( 

0 

1 1.11703 

33 

0.3 

1 0 

1.30921 

31 

o 

1.26178 

10 

0 

1.22654 

08 

’ 0 

1.19938 

02 ( 

1 0 

► 1.17784 

06 

0.4 

1 0 

1.41892 

99 

0 

1.35435 

51 i 

0 

1.30640 

94 

0 

1.26947 

93 ( 

; 0 

1 1.24020 96 

0.5 ( 

0) 

1.53207 

73 j 

0] 

1.44966 

91 ( 

0) 

1.38852 

11 

; oj 

1.34145 

10 < 

! oj 

t 1.30416 

68 

0.6 ( 

°) 

1.64872 

13 ( 

o) 

1.54777 

40 ( 

°] 

1.47291 

64 ( 

o) 

1.41532 

79 ( 


1 1.36973 

88 

0.7 

0 

1.76892 

87 

o) 

1.64872 

13 

0 

1.55963 

60 

0 

1.49114 

29 

' 0 

1 1.43695 

27 

0.8 

0 

1.89276 

74 

o 

1.75256 

32 

0 

1.64872 

13 

' 0 

1.56892 

95 

’ 0 

1 1.50583 59 

0.9 

o 

2.02030 

62 

0 

1.85935 

29 

0 

1.74021 

40 

0 

1.64872 

13 

’ 0 

1 1.57641 

61 

1.0 ( 

0) 

2.15161 

47 ( 

oj 

1.96914 

38 j 

0] 

1.83415 

67 j 

' 0) 

1 1.73055 

26 ( 

' oj 

1 1.64872 

13 
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CONFLUENT HYPERG EOMETRIC FUNCTION M(a, b, x ) Table 13.1 


a\b 0.1 

-1.0 ( 0)-5.00000 

-0.9 0 -4.56442 

-0.8 ( 0)-4.09525 

-0.7 ( 0)-3.59141 

-0.6 ( 0)-3.05183 

-0.5 ( 0)-2.47539 

-0.4 ( 0)-1.86097 

-0.3 ( 0)-1.20740 

-0.2 (-1)-5.13527 

-0.1 (-l)+2.21866 

0.0 ( 0) 1.00000 

0.1 ( 0) 1.82211 

0.2 0 2.68949 

0.3 { 0 3.60342 

0.4 ( 0) 4.56523 

0.5 ( 0) 5.57625 

0.6 ( 0) 6.63788 

0.7 ( 0) 7.75149 

0.8 ( 0) 8.91853 

0.9 1) 1.01404 

1.0 ( 1) 1.14187 


0.2 

00 ( 0 )- 2.00000 

36 0)-1.77497 

03 ( 0)-1.53457 

57 ( 0-1.27832 

34 ( 0)-1.00575 

54 (-1)-7.16392 

11 (-1-4.09732 

73 (-2)-8.52791 

80 (-1)+2.57478 

89 (-1) 6.19061 

00 ( 0) 1.00000 

88 ( 0) 1.40083 

50 0) 1.82211 

49 ( 0 2.26441 

01 ( 0) 2.72828 

77 ( 0) 3.21432 

04 ( 0) 3.72312 

76 0) 4.25528 

48 ( 0) 4.81141 

45 ( 0) 5.39216 

08 ( 0) 5.99815 


x=0.6 

0.3 

00 ( 0 )- 1.00000 00 

83 (-1)-8.45926 51 

51 (-1)-6.82397 09 

65 (-1-5.09139 76 

96 (-1)-3.25877 35 

12 (-1)-1.32327 40 

38 (-2 +7.17978 94 

51 (-1) 2.86791 75 

49 (-1) 5.12952 90 

29 (-lj 7.50585 66 

00 ( 0 ) 1.00000 00 

55 ( 0) 1.26151 16 

88 ( 0) 1.53544 21 

16 0) 1.82211 88 

58 ( 0) 2.12187 52 

45 ( 0) 2.43505 08 

11 ( 0) 2.76199 12 

05 ( 0) 3.10304 83 

85 ( 0 3.45858 04 

24 0) 3.82895 20 

10 ( 0) 4.21453 44 


0.4 

(-1)-5.00000 00 
(-1)-3.81848 50 
(-1-2.57117 79 
(-l)-l.25627 00 
(-2)+l.28080 81 

(-1) 1.58375 09 
(-1) 3.11265 10 
(-1 4.71672 67 

-1) 6.39795 93 
(-1) 8.15836 59 

( 0) 1.00000 00 

( 0) 1.19249 52 
0) 1.39353 51 
( 0) 1.60333 61 
0) 1.82211 88 
( 0) 2.05010 75 

( 0) 2.28753 06 
0 2.53462 03 

( 0 2.79161 30 

( 0) 3.05874 93 
( 0) 3.33627 37 


0.5 

(- 1 )- 2.00000 00 
-1)-1.03687 14 
-3)-2.46606 50 
(-1)+1.03792 44 
(-1) 2.15219 9; 

(-1) 3.31950 22 
(-1) 4.54119 67 
(-1) 5.81866 96 
(-1 7.15333 26 

(-1) 8.54662 21 

( 0) 1.00000 00 

( 0) 1.15149 54 
( 0 1.30929 96 

( 0) 1.47356 68 
( 0) 1.64445 34 
( 0) 1.82211 88 

( 0) 2.00672 51 
( 0 2.19843 71 

0) 2.39742 24 
0 2.60385 15 

( 0) 2.81789 78 


a\b 0.6 0.7 

-1.0 0.00000 00 (-1) 1.42857 14 (-1) 

-0.9 (-2) 8.15612 80 (-1) 2.13746 25 (-1 

-0.8 (-1) 1.66954 03 (-1 2.87723 99 -1) 

-0.7 -1) 2.56274 99 (-1 3.64865 28 -1) 

-0.6 (-1) 3.49622 62 (-1) 4.45246 33 (-1) 

-0.5 (-1) 4.47097 05 (-1) 5.28944 63 (-1) 

-0.4 (-1) 5.48800 20 -1) 6.16039 00 (-1) 

-0.3 -1 6.54835 72 -1) 7.06609 56 -1) 

-0.2 (-1 7.65309 05 (-1 8.00737 79 (-1) 
-0.1 (-1) 8.80327 45 (-1) 8.98506 53 (-1) 

0.0 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 

0.1 ( 0) 1.12443 77 ( 0) 1.10530 38 ( 0) 

0.2 0) 1.25375 32 ( 0 1.21450 50 ( 0) 

0.3 0) 1.38806 15 ( 0 1.32769 20 0) 

0.4 0) 1.52747 91 0 1.44495 47 ( 0 

0.5 ( 0) 1.67212 47 ( 0) 1.56638 46 ( 0) 

0.6 ( 0) 1.82211 88 ( 0) 1.69207 45 ( 0) 

0.7 ( 0 1.97758 41 0 1.82211 88 0) 

0.8 ( 0) 2.13864 53 0) 1.95661 34 0) 

0.9 ( 0 2.30542 91 0) 2.09565 57 ( 0 

1.0 ( 0) 2.47806 43 ( 0) 2.23934 48 ( 0) 


0.8 0.9 1.0 

2.50000 00 (-1) 3.33333 33 (-1) 4.00000 00 

3.12786 69 -1 3.89744 84 -1) 4.51255 49 

3.78124 01 (-1 4.48302 85 (-1) 5.04345 12 

4.46071 49 -1) 5.09055 63 -l) 5.59308 68 

5.16689 67 (-1) 5.72052 24 (-1) 6.16186 59 

5.90040 05 (-1) 6.37342 52 (-1) 6.75019 92 

6.66185 18 (-1) 7.04977 12 -1) 7.35850 35 

7.45188 6,1 (-1) 7.75007 48 -1 7.98720 24 

8.27114 95 (-1) 8.47485 87 -1 8.63672 59 

9.12029 84 (-1) 9.22465 40 (-1) 9.30751 06 

1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 

1.09109 32 ( 0) 1.08014 45 ( 0) 1.07146 44 

1.18537 84 0) 1.16295 44 0) 1.14519 01 

1.28292 55 ( 0) 1.24848 64 ( 0) 1.22122 33 

1.38380 56 0) 1.33679 79 0) 1.29961 13 

1.48809 10 ( 0) 1.42794 70 ( 0) 1.38040 19 

1.59585 51 ( 0) 1.52199 31 ( 0) 1.46364 36 

1.70717 25 0) 1.61899 63 0) 1.54938 57 

1.82211 88 0) 1.71901 75 ( 0) 1.63767 83 

1.94077 10 0) 1.82211 88 ( 0) 1.72857 22 

2.06320 72 ( 0) 1.92836 31 ( 0) 1.82211 88 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) 


a\b 0.1 0.2 0.3 0.4 0.5 

-1.0 ( 0)-6.00000 00 ( 0)-2.50000 00 ( 0)-1.33333 33 (-l)-7.50000 00 (-l)-4.00000 00 

-0.9 ( 0)-5.52819 79 ( 0)-2.25396 47 0)-1.16362 83 (-1)-6.19090 30 (-1 -2.92768 78 

-0.8 0)-5.01049 23 0)-1.98691 64 (-1 -9.81007 11 (-1) -4.79194 87 (-1)-1.78834 77 

-0.7 ( 0)-4.44515 47 ( 0)-1.69810 26 (-1)-7.85028 60 (-1)-3.30020 58 (-2)-5.79886 90 

-0.6 ( 0)-3.83041 49 ( 0)-1.38675 31 (-1)-5.75241 82 (-1)-1.71267 91 (-2)+6.99831 62 

-0.5 ( 0)-3.16446 06 ( 0)-1.05207 99 (-1)-3.51185 70 (-3)-2.63083 59 (-1) 2.05299 00 

-0.4 ( 0)-2.44543 68 -1)-6.93277 09 (-1)-1.12388 92 (-1)+1.76203 27 (-1) 3.48181 61 

-0.3 0)-1.67144 46 (-1 -3.09520 29 -1)+1.41630 28 -l) 3.65553 75 (-1) 4.98858 44 

-0.2 (-1)-8.40541 00 (-1)+1.00033 57 (-1 4.11364 25 (-1) 5.65746 78 -1) 6.57561 66 

-0.1 (-2)+4.92624 47 (-1) 5.36246 53 (-1) 6.97316 13 (-1) 7.77115 48 (-1) 8.24528 23 

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 < 0) 1.00000 00 

0.1 ( 0) 2.01375 27 ( 0) 1.49219 50 ( 0> 1.31994 11 ( 0) 1.23474 77 ( 0) 1.18422 38 

0.2 ( 0) 3.09264 92 ( 0) 2.01375 27 0 1.65767 60 ( 0) 1.48171 31 ( 0) 1.37745 14 

0.3 0 4.23886 64 ( 0) 2.56561 44 ( 0) 2.01375 27 ( 0) 1.74125 83 ( 0 1.57993 98 

0.4 0) 5.45463 06 ( 0 3.14874 21 ( 0) 2.38873 10 ( 0) 2.01375 27 ( 0) 1.79195 11 

0.5 ( 0) 6.74221 79 ( 0) 3.76411 90 ( 0) 2.78318 26 ( 0) 2.29957 36 ( 0) 2.01375 27 

0.6 ( 0) 8.10395 56 ( 0) 4.41274 94 ( 0) 3.19769 12 ( 0) 2.59910 58 ( 0) 2.24561 74 

0.7 ( 0) 9.54222 25 ( 0 5.09565 95 0) 3.63285 27 0) 2.91274 21 ( 0) 2.48782 35 

0.8 ( 1) 1.10594 50 ( 0) 5.81389 76 ( 0) 4.08927 57 ( 0) 3.24088 34 ( 0) 2.74065 46 

0.9 ( 1 1.26581 24 ( 0) 6.56853 43 ( 0 4.56758 14 0) 3.58393 85 ( 0) 3.00440 00 

1.0 ( 1) 1.43407 83 ( 0) 7.36066 31 ( 0) 5.06840 38 ( 0) 3.94232 46 ( 0) 3.27935 49 


a\b 0.6 0.7 

-1.0 (-1)-1.66666 67 0.00000 00 (-1) 

-0.9 -2 -7.54915 03 (-2) 7.95165 75 -1) 

-0.8 (-2)+2.09154 67 -1) 1.63250 20 (-1) 

-0.7 -1 1.22710 86 -1 2.51322 11 (-1) 

-0.6 (-1) 2.30054 51 (-1) 3.43855 96 (-1) 

-0.5 (-1) 3.43109 52 (-1) 4.40977 87 (-1) 

-0.4 (-1) 4.62042 36 -1) 5.42816 47 -1) 

-0.3 (-1) 5.87022 82 (-1 6.49502 91 -1) 

-0.2 (-1) 7.18224 16 -l) 7.61170 97 (-1 

-0.1 (-1) 8.55823 13 (-1) 8.77956 99 (-1) 

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 

0.1 ( 0) 1.15093 86 ( 0) 1.12744 17 ( 0) 

0.2 0 1.30882 66 ( 0) 1.26042 67 0 

0.3 0 1.47385 50 ( 0 1.39910 20 0 

0.4 ( 0 1.64621 90 ( 0 1.54361 79 ( 0) 

0.5 ( 0) 1.82611 74 ( 0) 1.69412 73 ( 0) 

0.6 ( 0) 2.01375 27 ( 0) 1.85078 59 ( 0) 

0.7 ( 0) 2.20933 17 ( 0) 2.01375 27 ( 0 

0.8 ( 0 2.41306 50 0 2.18318 94 0 

0.9 ( 0) 2.62516 74 ( 0) 2.35926 09 ( 0 

1.0 ( 0) 2.84585 75 ( 0) 2.54213 50 ( 0) 


0.8 0.9 1.0 

1.25000 00 (-1) 2.22222 22 (-1) 3.00000 00 

1.95634 74 (-1 2.85846 10 (-1 3.57936 92 

2.69751 66 (-1) 3.52400 18 (-1) 4.18377 43 

3.47447 03 (-1) 4.21962 49 (-1) 4.81385 81 

4.28819 01 (-1) 4.94612 53 (-1) 5.47027 56 

5.13967 66 (-1) 5.70431 32 (-1) 6.15369 36 

6.02994 98 (-1) 6.49501 40 -1) 6.86479 13 

6.96004 90 -1) 7.31906 85 -1) 7.60426 03 

7.93103 40 (-1) 8.17733 33 (-1) 8.37280 46 

8.94398 42 (-1) 9.07068 09 (-1) 9.17114 12 

1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 

1.11002 02 ( 0) 1.09661 96 ( 0) 1.08601 24 

1.22457 33 ( 0) 1.19701 89 ( 0 1.17522 70 

1.34377 57 ( 0) 1.30129 20 ( 0) 1.26772 07 

1.46774 58 ( 0) 1.40953 43 { 0) 1.36357 19 

1.59660 44 ( 0) 1.52184 32 ( 0) 1.46286 04 

1.73047 46 ( 0) 1.63831 77 ( 0) 1.56566 72 

1.86948 15 ( 0 1.75905 87 ( 0 1.67207 52 

2.01375 27 ( 0) 1.88416 89 0) 1.78216 81 

2.16341 82 ( 0 2.01375 27 0 1.89603 16 

2.31861 02 ( 0) 2.14791 66 ( 0) 2.01375 27 
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1 


d\o 0.1 0.2 


-1.0 

! o 

)-7.00000 00 

; o 

>-3.00000 00 

: o) 

-0.9 

; o 

-6.50401 48 

0 

>-2.73837 67 

; o 

-0.8 

0 

)-5.94785 78 

° 

-2.44921 23 

0 

-0.7 

0 

)-5.32888 96 

0 

>-2.13135 83 

0 

-0.6 

! 0 

) -4.64439 77 

1 o! 

>-1.78363 55 

-i) 

-0.5 

; o 

>-3.89159 56 

' o; 

>-1.40483 36 

-i) 

-0.4 

* 0 

>-3.06762 06 

s -i 

>-9.93710 17 

-l) 

-0.3 

0 

>-2.16953 29 

-l 

>-5.48990 22 

-2) 

-0.2 

! 0 

>-1.19431 35 

-2 

>-6.93656 36 

-1) 

-0.1 

,-i; 

>-1.38863 05 

'-1 ( 

>+4.46505 60 ( 

-1) 


0.0 ( 0)+l.00000 00 ( 0) 1.00000 00 ( 0) 


0.1 

0 

2.22554 09 

0 

1.59252 93 


0.2 

0 

3.54111 04 

0 

2.22554 09 

0 

0.3 

0 

4.95014 63 

0 

2.90051 91 

0 

0.4 

0 

6.45617 50 

0 

3.61898 52 

o 

0.5 

0 

8.06281 37 

0 

4.38249 84 

0) 

0.6 

o; 

) 9.77377 18 

i °; 

> 5.19265 68 

; o) 

0.7 

1 

) 1.15928 53 

° 

> 6.05109 78 

0 

0.8 

1 

> 1.35239 56 

°j 

1 6.95949 89 

: o) 

0.9 

1' 

> 1.55710 78 

°i 

> 7.91957 87 

; o) 

1.0 

’ l\ 

) 1.77383 16 

t 0 

> 8.93309 73 

o 


a\b 0.6 0.7 

-1.0 (-1)-3.33333 33 (-1)-1.42857 14 

-0.9 (-1)-2.33826 62 -2)-5.57356 94 (-2) 

-0.8 (-1 -1.27465 48 (-2)+3.69102 15 -1) 

-0.7 -2 -1.40115 64 -l) 1.35264 99 (-1) 

-0.6 (-1) +1.06779 15 (-1) 2.39517 31 (-1) 

-0.5 (-1) 2.35156 45 (-1) 3.49860 15 (-1) 

-0.4 (-1 3.71375 95 -1) 4.66490 92 (-1) 

-0.3 -1) 5.15699 27 -1 5.89611 50 (-1 

-0.2 (-1) 6.68394 10 (-1 7.19428 36 (-1) 

-0.1 (-1) 8.29734 28 (-1) 8.56152 59 (-1) 

0.0 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 

0.1 ( 0) 1.17947 78 ( 0) 1.15119 12 ( 0) 

0.2 0) 1.36846 08 ( 0) 1.30995 18 0) 

0.3 0 1.56724 87 ( 0 1.47651 22 ( 0 

0.4 { 0) 1.77614 79 ( 0 1.65110 80 ( 0 

0.5 ( 0) 1.99547 19 ( 0) 1.83397 98 ( 0) 

0.6 ( 0) 2.22554 09 ( 0) 2.02537 37 ( 0) 

0.7 0 2.46668 24 ( 0) 2.22554 09 ( 0) 

0.8 0) 2.71923 11 ( 0) 2.43473 81 ( 0) 

0.9 ( 0 2.98352 90 0) 2.65322 74 0) 

1.0 ( 0) 3.25992 56 ( 0) 2.88127 68 ( 0) 


0.3 0.4 0.5 

-1.66666 67 ( C)-7,00000 00 (-1)-6.00000 00 

-1.48461 68 (-1)-8.58588 03 (-1)-4.83512 37 

-1.28563 99 (-1)-7.05401 18 -1-3.58242 29 

-1.06906 32 (-1)-5.39992 81 (-1)-2.23871 07 

-8.34197 05 (-1)-3.61905 04 (-2)-8.00722 55 

-5.80333 58 (-1)-1.70668 54 (-2)+7.34885 63 

-3.06747 02 -2+3.41976 74 -1 2.37153 85 

-1.26930 95 (-1) 2.53186 47 (-1 4.11274 30 

+3.02591 28 (-1) 4.86802 83 (-1) 5.96208 97 

6.39888 38 (-1) 7.35564 06 (-1) 7.92325 45 

1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 

1.38374 79 ( 0) 1.28065 33 ( 0) 1.21961 77 

1.79197 39 ( 0) 1.57807 97 ( 0) 1.45157 28 

2.22554 09 ( 0 1.89284 81 0 1.69626 83 

2.68533 25 ( 0) 2.22554 09 ( 0 1.95411 70 

3.17225 39 ( 0) 2.57675 45 ( 0) 2.22554 09 

3.68723 21 ( 0) 2.94709 89 ( 0) 2.51097 18 

4.23121 63 ( 0 3.33719 88 ( 0 2.81085 12 

4.80517 86 0) 3.74769 30 ( 0) 3.12563 06 

5.41011 38 ( 0) 4.17923 55 ( 0) 3.45577 20 

6.04704 06 ( 0) 4.63249 51 ( 0) 3.80174 73 


0.8 0.9 1.0 

0.00000 00 (- 1 ) 1.11111 11 (- 1 ) 2.00000 00 

7.76467 88 -l) 1.81250 42 -1 2.64028 04 

1.59854 95 (-1) 2.55227 74 (-1) 3.31335 07 

2.46770 86 -1 3.33161 66 (-1 4.02018 75 

3.38544 19 (-1) 4.15173 34 (-1) 4.76178 82 

4.35327 95 (-1) 5.01386 60 (-1) 5.53917 14 

5.37278 55 (-1) 5.91927 92 -1) 6.35337 71 

6.44555 87 (-1 6.86926 51 (-1 7.20546 73 

7.57323 29 (-1) 7.86514 37 (-1) 8.09652 62 

8.75747 79 (-1) 8.90826 31 (-1) 9.02766 05 

1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 

1.13025 42 ( 0) 1.11417 60 ( 0) 1.10146 98 

1.26668 86 ( 0 1.23349 80 ( 0 1.20729 30 

1.40948 49 ( 0) 1.35811 24 ( 0) 1.31758 99 

1.55882 92 ( 0 1.48816 89 ( 0 1.43248 29 

1.71491 10 ( 0) 1.62382 02 ( 0) 1.55209 71 

1.87792 43 ( 0) 1.76522 23 ( 0) 1.67656 00 

2.04806 69 ( 0) 1.91253 43 0) 1.80600 17 

2.22554 09 0) 2.06591 86 0) 1.94055 51 

2.41055 26 0) 2.22554 09 0) 2.08035 55 

2.60331 27 ( 0) 2.39157 03 ( 0) 2.22554 09 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(«, b, x) 


x =0.9 

a\b 0.1 0.2 0.3 0.4 0.5 

-1.0 ( 0)-8.00000 00 ( 0)-3.50000 00 ( 0)-2.00000 00 ( 0)-1.25000 00 (-1)-8.00000 00 

-0.9 ( 0)-7.49259 77 ( 0)-3.22852 60 ( 0)-1.80907 26 ( 0)-1.10046 05 (-1)-6.76001 98 

-0.8 ( 0)-6.90878 25 0)-2.92208 06 0 -1.59665 35 (-1 -9.35972 27 -1 -5.40855 15 

-0.7 0-6.24470 96 0)-2.57899 21 0)-1.36176 43 -1)-7.55885 89 (-1-3.94096 49 

-0.6 ( 0)-5.49641 35 ( 0)-2.19753 81 ( 0)-1.10339 79 (-1)-5.59533 56 (-1)-2.35250 18 

-0.5 ( 0)-4.65980 55 ( 0)-1.77594 43 (-1)-8.20518 02 (-1)-3.46228 53 (-2)-6.38272 88 

-0.4 0 -3.73067 11 0)-1.31238 34 (-1) -5.12058 10 (-1) -1.15264 70 -l)+1.20674 49 

-0.3 ( 0)-2.70466 65 (-1) -8.04973 88 (-1)-1.76920 97 (-l)+l.34083 75 (-1) 3.18771 09 

-0.2 0 -1.57731 62 (-1 -2.51778 79 (-1) + 1.86021 91 (-1 4.02562 81 (-1 5.30992 39 

-0.1 (-1)-3.44010 11 (-1)+3.49195 37 (-1) 5.77931 14 (-1) 6.90939 03 (-1) 7.57882 50 

0.0 ( 0 )+ 1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 

0.1 ( 0) 2.45960 31 ( 0) 1.70274 56 { 0) 1.45345 52 ( 0) 1.33055 47 ( 0) 1.25791 83 

0.2 0 4.03983 23 ( 0 2.45960 31 0) 1.93955 77 ( 0) 1.68343 42 0) 1.53222 60 

0.3 ( 0 5.74586 78 ( 0) 3.27280 52 ( 0) 2.45960 31 ( 0) 2.05949 16 ( 0) 1.82352 69 

0.4 ( 0) 7.58304 06 ( 0) 4.14464 74 ( 0) 3.01492 28 ( 0) 2.45960 31 ( 0) 2.13244 07 

0.5* ( 0) 9.55683 50 ( 0) 5.07749 00 ( 0) 3.60688 44 ( 0) 2.88466 81 ( 0) 2.45960 31 

0.6 ( 1) 1.16728 93 ( 0) 6.07375 88 ( 0) 4.23689 27 ( 0) 3.33560 96 ( 0) 2.80566 62 

0.7 ( 1) 1.39370 17 ( 0) 7.13594 69 ( 0) 4.90639 03 ( 0 3.81337 52 ( 0) 3.17129 88 

0.8 ( 1) 1.63551 72 ( 0) 8.26661 58 ( 0) 5.61685 85 ( 0) 4.31893 69 ( 0) 3.55718 66 

0.9 ( 1) 1.89334 94 ( 0) 9.46839 74 ( 0) 6.36981 80 ( 0) 4.85329 20 ( 0) 3.96403 28 

1.0 ( 1) 2.16782 87 1) 1.07439 95 ( 0) 7.16683 00 ( 0) 5.41746 38 ( 0) 4.39255 83 


a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 (-1)-5.00000 00 (-1)-2.85714 29 (-1)-1.25000 00 0.00000 00 (-1) 1.00000 00 

-0.9 (-1)-3.93506 44 (-1)-1.92058 43 (-2)-4.12148 81 (-2) 7.59274 35 (-1) 1.69504 02 

-0.8 (-1)-2.78312 29 (-2)-9.13906 92 (-2)+4.83592 97 (-1) 1.56725 54 (-1) 2.43169 00 

-0.7 (-1) -1.54071 44 (-2) + 1.65565 38 (-1 1.43934 85 (-1) 2.42566 24 (-1) 3.21136 46 

-0.6 (-2)-2.04284 74 (-1) 1.32057 89 (-1) 2.45729 51 (-1) 3.33625 68 (-1) 4.03551 32 

-0.5 (-1)+1.22981 53 (-1) 2.55395 12 (-1) 3.53966 52 (-1) 4.30084 39 (-1) 4.90562 01 

-0.4 -1) 2.76533 21 -1) 3.86857 31 -1) 4.68874 74 -l) 5.32127 33 (-1 5.82320 50 

-0.3 (-1) 4.40611 09 (-1 5.26740 93 (-1) 5.90688 76 -1 6.39943 94 -l) 6.78982 39 

-0.2 -1) 6.15609 81 -1) 6.75350 07 -1) 7.19649 04 (-1) 7.53728 29 -1) 7.80706 95 

-0.1 (-1) 8.01934 30 (-1) 8.32996 53 (-1) 8.56001 96 (-1) 8.73679 14 (-1) 8.87657 20 

0.0 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 

0.1 ( 0) 1.21023 31 ( 0) 1.17668 82 ( 0) 1.15190 18 ( 0) 1.13289 93 ( 0) 1.11790 61 

0.2 0 1.43307 07 ( 0) 1.36339 71 0 1.31197 24 ( 0 1.27259 03 ( 0) 1.24155 02 

0.3 ( 0) 1.66896 10 ( 0) 1.56047 09 ( 0) 1.48048 31 ( 0) 1.41929 15 ( 0) 1.37111 10 

0.4 0 1.91836 37 ( 0 1.76826 25 ( 0) 1.65771 19 0) 1.57322 64 ( 0) 1.50677 14 

0.5 ( 0) 2.18175 01 ( 0) 1.98713 34 ( 0) 1.84394 34 ( 0) 1.73462 38 ( 0) 1.64871 85 

0.6 ( 0) 2.45960 31 ( 0) 2.21745 38 ( 0) 2.03946 90 ( 0) 1.90371 79 ( 0) 1.79714 36 

0.7 ( 0) 2.75241 80 ( 0) 2.45960 31 ( 0) 2.24458 71 ( 0) 2.08074 81 ( 0) 1.95224 22 

0.8 ( 0) 3.06070 20 0) 2.71396 99 0) 2.45960 31 0 2.26595 96 0) 2.11421 45 

0.9 0) 3.38497 53 ( 0) 2.98095 21 ( 0 2.68482 96 ( 0 2.45960 31 ( 0 2.28326 51 

1.0 ( 0) 3.72577 04 ( 0) 3.26095 72 ( 0) 2.92058 65 ( 0) 2.66193 52 ( 0) 2.45960 31 



CONFLUENT HYPERGEOMETRIC FUNCTIONS 


525 


CONFLUENT HYPERG EOMETRIC FUNCTION M(o, b, x) 


x 


= 1.0 


a\b 


0.2 


0.3 


0.4 


- 1.0 

-0.9 

- 0.8 

-0.7 

- 0.6 

-0.5 

-0.4 

-0.3 

- 0.2 

- 0.1 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 


S O)-9.00000 00 
0) -8.49472 34 
0)-7.89481 34 
0)-7.19487 27 
0)-6.38931 44 

! 0)-5.47235 71 
0)-4.43802 02 
0)-3.28011 86 
0) -1.99225 77 
-1)-5.67828 07 

( 0 ) + 1.00000 00 

( 0) 2.71828 18 
( 0 4.59430 40 
( 0) 6.63559 00 
( 0) 8.84990 62 
( 1) 1.12452 68 

1 1) 1.38299 44 
1) 1.66124 65 
1) 1.96016 30 
1) 2.28065 08 
1) 2.62364 52 


( 0)-4.00000 00 
( 0)-3.72474 63 
( 0)-3.40618 57 
( 0-3.04197 32 
( 0)-2.62968 42 

! 0)-2.16681 22 
0)-1.65076 69 
0-1.07887 24 
-1)-4.48364 63 
-1)+2.43610 69 

( 0) 1.00000 00 

! 0) 1.82384 44 
0 2.71828 18 

0) 3.68654 94 
0 4,73198 60 

0) 5.85803 42 

! 0) 7.06824 32 
0) 8.36627 13 
0) 9.75588 81 
1) 1.12409 78 
1) 1.28255 41 


0' 

)-2.33333 

33 

; o; 

>-1.50000 

00 

o' 

)-2.13718 

91 

° 

>-1.34483 

48 

0 

)-1.91443 

23 

0 

>-1.17116 

05 

0 

)-1.66369 

18 

-1 

>-9.78067 

35 

0, 

>-1.38355 

11 

U: 

>-7.64616 

83 

o; 

>-1.07254 

74 

;-i; 

>-5.29840 

46 

-1 

>-7.29170 

37 

-1 

>-2.72739 

30 

-1 

>-3.51861 

30 

-3 

>+7.71680 

36 

-2 

>+6.09884 

13 

-1 

) 3.12589 

94 

-i! 

> 5.11038 

28 

-1 

> 6.42974 

92 

o 

o 

o 

o 

o 

o' 

00 

; o) 1.00000 

00 

0' 

> 1.52963 

87 

o; 

> 1.38482 

77 

0 

> 2.10177 

40 

° 

) 1.79865 

55 

0 

) 2.71828 

18 

0 

> 2.24271 

69 

0 

) 3.38109 

51 

o 

> 2.71828 

18 

o. 

) 4.09220 

54 

o; 

I 3.22665 

79 

o; 

> 4.85366 

43 

o] 

> 3.76919 

11 

0 

> 5.66758 

48 

0 

> 4.34726 

65 

0 

> 6.53614 

27 

0 

> 4.96230 

95 

0 

> 7.46157 

79 

o 

> 5.61578 

62 

0* 

> 8.44619 

60 

oj 

> 6.30920 

50 


a\b 


0.6 


0.7 


0.8 


0.9 

-1.0 


>-6.66666 67 


1-4.28571 43 ( 

;-i; 

>-2.50000 00 

-1 

>-1.11111 11 

-0.9 


>-5.54597 35 

-1 

>-3.29502 50 ( 

-1 

>-1.60990 29 

-2 

>-3.01549 81 ( 

-0.8 

I- 1 ! 

>-4.31756 71 

-1^ 

>-2.21753 45 ( 

-2 

1-6.48146 54 

-2 

> + 5.68299 01 ( 

-0.7 

- 1 

>-2.97660 48 


>-1.04950 02 

-2 

>+3.88236 65 

-1 

> 1.50083 68 ( 

-0.6 

!-i! 

>-1.51809 81 

:-2: 

>+2.12929 76 

[-l! 

> 1.50229 88 

[-1 

) 2.49853 18 ( 

-0.5 

[- 3 ; 

> + 6.30910 70 

;-i; 

> 1.57371 99 

;-i; 

1 2.69717 87 

;-i 

) 3.56392 05 ( 

-0.4 


> 1.77225 36 

-1 

> 3.03694 92 

-1 

1 3.97610 35 

-1 

> 4.69960 88 ( 

-0.3 

l- 1 ! 

> 3.61483 67 

- 1 

> 4.60681 41 

-1 

> 5.34239 08 

-1 

> 5.90827 38 ( 

-0.2 

- 1 

> 5.59644 73 

- 1 

> 6.28763 08 

-1 

> 6.79945 04 

-1 

) 7.19266 55 { 

-0.1 

-1 

) 7.72285 59 

-1 

> 8.08383 81 

-1 

> 8.35078 67 

-1 

> 8.55560 76 ( 

0.0 

( 0) 1.00000 00 < 

[ 0) 1.00000 00 | 

; 0 ) 1.00000 00 1 

[ 0) 1.00000 00 ( 

0.1 

[ 0 ; 

> 1.24339 88 

[ 0 ; 

> 1.20408 08 

1 

> 1.17507 89 

[ 0 : 

> 1.15288 20 ( 

0.2 

1 0 

) 1.50311 03 

i 0 

) 1.42110 86 

0 

> 1.36069 55 

0 

> 1.31451 22 ( 

0.3 

; 0 

) 1.77978 05 

; o, 

> 1.65157 89 

0 

> 1.55723 97 

0 

> 1.48520 44 ( 

0.4 

0 

> 2.07407 40 

0 

> 1.89600 10 

0 

> 1.76511 25 

°! 

> 1.66528 05 ( 

0.5 

1 0 : 

> 2.38667 38 

( 0 ! 

> 2.15489 81 

! o; 

> 1.98472 52 

t 0 : 

) 1.85507 07 ( 

0.6 

( 0 ; 

) 2.71828 18 

( 0 

) 2.42880 78 

; 0 ; 

> 2.21650 01 

[ 0 ; 

> 2.05491 39 ( 

0.7 

0 

) 3.06961 97 

0 

> 2.71828 18 

0 

> 2.46087 06 

0 

> 2.26515 76 

0.8 

0 

> 3.44142 89 

0 

3.02388 72 

0 

> 2.71828 18 

0 

> 2.48615 84 ( 

0.9 

o' 

) 3.83447 12 


3.34620 59 


) 2.98919 01 

0 

> 2.71828 18 

1.0 

( O' 

) 4.24952 89 

[ o 1 

> 3.68583 55 

0 ! 

> 3.27406 39 

! 0 

> 2.96190 29 ( 


Table 13.1 


0.5 

0)-1.00000 00 
-1)-8.70327 28 
-1)-7.26851 39 
-1)-5.68924 14 
-1)-3.95877 20 

-1)-2.07021 66 
-3-1.64753 21 
-l)+2.20976 75 
-1 4.61604 79 

-1) 7.21012 79 

0) 1.00000 00 

0) 1.29938 93 
0) 1.62002 78 
0 1.96278 70 

0) 2.32856 41 
0) 2.71828 18 

0) 3.13288 93 
0) 3.57336 26 
0) 4.04070 56 
0 4.53595 02 

0) 5.06015 69 


1.0 

0.00000 00 
-2) 7.43386 23 
-1) 1.53827 23 
-1) 2.38663 42 
-1) 3.29050 15 

-1) 4.25195 83 
-1) 5.27314 45 
-1) 6.35625 70 
-1) 7.50355 07 
-1) 8.71734 01 

0) 1.00000 00 

0) 1.13539 67 
0) 1.27817 41 
0) 1.42858 86 
0 1.58690 33 

0) 1.75338 77 

0) 1.92831 84 
0 2.11197 89 
0) 2.30465 98 
0) 2.50665 90 
0) 2.71828 18 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(«, b, x) 

x =2.0 


a\b 0.1 


0.2 


0.3 


0.4 


0.5 


-1.0 ( 1)-1.90000 

-0.9 ( 1)-1.94803 

-0.8 ( 1) -1.95774 

-0.7 1)-1.92363 

-0.6 ( 1)-1.83976 


00 

' 0)-9.00000 00 

05 

| 0)-9.11450 17 

57 

’ 0)-9.05346 68 

39 

0)-8.79313 67 

09 

* 0)-8.30798 80 


( 0)-5.66666 67 
0-5.67351 46 
0)-5.57239 85 
( 0)-5.34952 69 
0)-4.99011 57 


0)-4.00000 00 
0)-3.96130 19 
0-3.84746 13 
0-3.64939 40 
0)-3.35738 15 


( 0)-3.00000 00 
( 0 -2.93919 07 
( 0-2.82231 32 
( 0)-2.64293 64 
( 0)-2.39419 32 


-0.5 ( 1)-1.69974 

-0.4 ( 1)-1.49674 

-0.3 1)-1.22340 

-0.2 0 -8.71869 

-0.1 ( 0)-4.33729 


68 ( 0)-7.57063 

24 ( 0 -6.55175 

44 0)-5.21994 

85 0)-3.54165 

58 { 0)-1.48107 


96 

’ 0)-4.47833 

56 

’ 0)-3.79726 

53 

0)-2.92882 

86 

0-1.85372 

68 

[-I)-5.51412 


69 ( 0)-2.96103 91 

52 0)-2.44928 29 

34 0)-1.81029 53 

46 0)-1.03148 90 

64 (-2)-9.94703 39 


S O)-2.06875 95 
0) -1.65883 14 
0)-1.15610 27 
-1)-5.51740 45 
-l)+l.63639 81 


0.0 ( 0 )+ 1.00000 00 


0 )+ 1.00000 00 


0)+1.00000 00 


0 )+ 1.00000 00 


0) 1.00000 00 


0.1 ( 0) 7.38905 

0.2 ( 1) 1.49320 

0.3 ( 1) 2.37378 

0.4 ( 1) 3.39223 

0.5 ( 1) 4.56085 


61 ( 0) 3.94227 09 

73 ( 0) 7.38905 61 

96 1 1.13864 24 

44 ( 1 1.59833 25 

43 ( 1) 2.12317 23 


( 0) 2.82379 65 
0 4.94472 25 

( 0) 7.38905 61 
( 1) 1.01846 79 
( 1) 1.33611 54 


0) 2.28204 66 
0) 3.76272 10 
0) 5.45904 52 
0) 7.38905 61 
0) 9.57185 22 


0) 1.96790 63 
0) 3.07855 71 
0) 4.34381 17 
0) 5.77622 05 
0) 7.38905 61 


0.6 ( 

; l] 

5.89272 84 

i !) 

2.71867 46 

; i) 

1.69497 98 ( 

i; 

> 1.20276 42 

1 °! 

0.7 ( 

1 

7.40173 79 

1 

3.39068 27 

i 

2.09837 67 ( 

1 

> 1.47777 93 
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527 


CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1 


x—3.0 

a\b 0.1 0.2 0.3 0.4 0.5 

1.0 ( 1)-2.90000 00 ( 1)-1.40000 00 ( 0)-9.00000 00 ( 0)-6.50000 00 ( 0)-5.00000 00 

0.9 ( 1)-3.33062 11 j 1) -1.57397 85 ( 0)-9.93407 08 ( 0)-7.05978 63 ( 01-5.35304 11 

0.8 ( 1)-3.67972 78 ( 1)-1.71028 23 ( 1)-1.06346 98 ( 0)-7.45607 06 ( 0)-5.58342 63 

0.7 ( 1-3.92295 55 ( 1)-1.79849 94 { 1)-1.10419 34 { 0)-7.64967 21 ( 0)-5.66362 13 

0.6 ( 1)-4.03286 65 ( 1)-1.82694 57 ( 1)-1.10887 39 ( 0)-7.59691 35 ( 0)-5.56302 55 

0.5 ( 1) -3.97869 07 ( 11-1.78256 05 ( 1) -1.07004 00 ( 0) -7.24926 51 ( 01-5.24773 50 

0.4 11-3.72604 95 j 1)-1.65079 47 ( 0)-9.79393 09 ( 0)-6.55296 82 ( 0)-4.68029 11 

0.3 ( 11-3.23666 24 ( 11-1.41549 22 ( 01-8.27742 10 ( 01-5.44863 43 ( 01-3.81941 32 

0.2 11-2.46803 49 1)-1.05876 41 ( 01-6.04935 06 01-3.87082 13 01-2.61971 67 

0.1 ( 1) -1.37312 67 ( 0)-5.60854 66 ( 0)-2.99786 41 ( 0)-1.74758 43 ( 0)-1.03141 44 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.0000 00 ( 0 )+ 1.00000 00 ( 01 + 1.00000 00 


0.1 ( 1) 2.00855 37 ( 0) 9.47722 60 ( 0) 

0.2 1 4.41540 99 ( 1) 2.00855 37 ( 1) 

0.3 1) 7.38953 06 ( 1 3.31122 04 ( 1 

0.4 ( 2) 1.10064 09 l) 4.88711 46 ( 1) 

0.5 ( 2) 1.53485 39 ( 1) 6.77048 23 ( 1) 

0.6 ( 21 2.05059 14 ( 1) 8.99862 23 ( 1) 

0.7 2) 2.65765 56 ( 2) 1.16120 98 ( 1) 

0.8 2) 3.36670 66 j 2) 1.46549 60 ( 1) 

0.9 ( 2) 4.18932 19 ( 2 1.81749 79 2) 

1.0 ( 2) 5.13805 80 ( 2) 2.22239 01 ( 2) 


a\b 0.6 0.7 

-1.0 ( 0)-4.00000 00 ( 01-3.28571 43 ( 0) 

-0.9 0) -4.22698 22 0 -3.43076 30 ( 0 

-0.8 ( 01-4.35776 62 ( 0)-3.49795 59 ( 0) 

-0.7 ( 0)-4.37205 21 ( 0) -3.47180 10 ( 0) 

-0.6 ( 0) -4.24734 55 ( 0)-3.33517 91 ( 0) 

-0.5 ( 0)-3.95879 09 ( 01-3.06922 34 ( 0) 

-0.4 ( 0)-3.47899 58 0-2.65319 12 ( 0) 

-0.3 ( 0)-2.77784 38 ( 0)-2.06432 89 ( 0) 

-0.2 0) -1.82229 72 0)-1.27772 88 (-1) 

-0.1 (-11-5.76188 60 (-1)-2.66178 30 (-2) 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 ) 

0.1 ( 0) 2.94937 02 ( 0) 2.55311 64 ( 0} 

0.2 ( 0) 5.31885 34 ( 0 4.42829 20 ( 0) 

0.3 0 8.15947 04 ( 0) 6.66364 61 0) 

0.4 ( 1) 1.15266 06 ( 01 9.30049 38 ( 0) 

0.5 ( 1) 1.54802 96 ( 1) 1.23835 54 ( 1) 

0.6 ( 1) 2.00855 37 ( 1) 1.59611 70 ( 1) 

0.7 1) 2.54126 00 l) 2.00855 37 ( 1) 

0.8 ( 1) 3.15373 75 ( 1) 2.48129 50 ( 1) 

0.9 { 1 3.85417 22 ( 1) 3.02040 57 1 

1.0 ( 1) 4.65138 52 ( 1) 3.63241 26 ( 1) 


6.07912 54 ( 0) 4.45833 69 ( 0) 3.53408 59 

1.23871 81 0) 8.72184 59 0) 6.63580 90 

2.00855 37 ( 1 1.38935 23 1 1.03759 15 

2.93502 26 1) 2.00855 37 1) 1.48313 21 

4.03729 70 ( 1) 2.74198 55 (1) 2.00855 37 

5.33622 57 ( 1) 3.60289 07 ( 1) 2.62290 97 

6.85444 79 1) 4.60562 86 ( l) 3.33600 27 

8.61651 37 ( 1) 5.76574 86 ( 1) 4.15843 31 

1.06490 11 ( 1) 7.10006 77 ( 1) 5.10165 02 

1.29806 99 ( 1) 8.62675 30 ( 1) 6.17800 67 


0.8 0.9 1.0 

-2.75000 00 ( 0)-2.33333 33 ( 0)-2.00000 00 

-2.83937 20 ( 0)-2.38362 40 ( 0)-2.02218 41 

-2.86423 28 ( 0)-2.37946 93 ( 0)-1.99773 27 

-2.81244 38 ( 0)-2.31115 68 ( 0)-1.91873 96 

-2.67062 69 ( 0)-2.16800 92 ( 0)-1.77653 50 

-2.42407 50 ( 0)-1.93831 65 ( 0)-1.56163 15 

-2.05665 59 0)-1.60926 29 ( 0-1.26366 85 

-1.55071 23 ( 0)-1.16684 98 (-1)-8.71351 71 

-8.86954 74 (-1)-5.95815 42 (-1)-3.72391 35 

-4.43495 10 ( -1)+1.20451 21 (-l)+2.46564 64 

+ 1.00000 00 ( 0 ) 1.00000 00 ( 0 ) 1.00000 00 

2.27097 84 ( 0) 2.06241 49 ( 0) 1.90360 36 

3.79559 01 ( 0) 3.32891 38 ( 0) 2.97434 69 

5.60309 84 ( 0) 4.82245 42 ( 0) 4.23056 48 

7.72517 18 ( 0) 6.56784 35 ( 0 5.69204 18 

1.01960 38 ( 0) 8.59185 66 ( 0) 7.38010 13 

1.30526 48 ( 1) 1.09233 58 ( 0) 9.31770 09 

1.63348 43 l) 1.35934 30 ( 1) 1.15295 31 

2.00855 37 ( 1) 1.66355 12 ( 1) 1.40421 20 

2.43509 06 ( 1) 2.00855 37 ( l) 1.68839 43 

2.91805 85 ( 1) 2.39820 88 ( 1) 2.00855 37 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(«, b, x ) 


a\b 0.1 0.2 0.3 0.4 0.5 

-1.0 ( 1)-3.90000 00 ( 1)-1.90000 00 ( 1)-1.23333 33 ( 0)-9.00000 00 ( 0)-7.00000 00 

-0.9 1)-5.28985 40 ( 1)-2.48147 20 ( 1 -1.55982 88 { 1)-1.10723 65 ( 0)-8.40761 69 

-0.8 ( 1 -6.56662 17 ( 1 -3.00867 57 { l)-1.85166 07 1)-1.28958 24 ( 0)-9.62460 70 

-0.7 1)-7.65252 34 ( 1)-3.44868 41 ( 1-2.09004 11 ( 1)-1.43486 25 ( 1-1.05661 02 

-0.6 ( 1)-8.45540 43 ( 1)-3.76267 54 ( 1)-2.25292 22 ( 1)-1.52885 30 ( 1)-1.11333 79 

-0.5 ( 1)-8.86704 80 ( 1)-3.90525 49 ( 1)-2.31462 88 ( 1)-1.55505 56 ( 1)-1.12123 61 

-0.4 ( 1 -8.76134 25 1 -3.82372 05 1)-2.24546 12 1)-1.49445 23 ( 1)-1.06719 99 

-0.3 ( 1)-7.99228 75 1-3.45726 34 ( l)-2.01126 30 ( l)-1.32524 14 ( 01-9.36252 11 

-0.2 1)-6.39183 19 ( 1)-2.73610 36 ( 1-1.57295 45 1-1.02255 01 01-7.11353 67 

-0.1 ( 1)-3.76752 93 ( 1)-1.58055 26 ( 0)-8.86027 55 ( 0)-5.58125 37 ( 0)-3.73199 87 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( I) 5.45981 50 ( 1) 2.40818 08 ( 1) 1.44217 35 ( 0) 9.87867 71 ( 0) 7.32759 68 

0.2 2 1.25936 21 ( 1) 5.45981 50 ( 1 3.20473 65 1 2.14598 18 ( 1 1.55257 11 

0.3 ( 21 2.18189 72 1) 9.38520 09 ( 1) 5.45981 50 ( 1) 3.61972 65 ( lj 2.59017 89 

0.4 ( 2 3.34927 25 ( 2 1.43304 83 ( 1 8.28815 42 ( 1 5.45981 50 l) 3.87987 49 

0.5 ( 2) 4.80147 67 ( 2) 2.04591 31 ( 2) 1.17799 11 ( 1) 7.72277 23 ( 1) 5.45981 50 

0.6 ( 21 6.58320 17 ( 2) 2.79535 32 ( 2) 1.60355 04 ( 2) 1.04714 53 ( 1) 7.37235 87 

0.7 ( 2) 8.74427 45 ( 2) 3.70166 95 ( 2) 2.11665 31 ( 2) 1.37755 99 ( 1) 9.66443 28 

0.8 ( 3) 1.13401 20 2) 4.78740 93 ( 2) 2.72967 48 2) 1.77124 33 2) 1.23879 22 

0.9 ( 3) 1.44322 61 ( 2) 6.07756 33 2) 3.45631 21 ( 2) 2.23672 99 ( 2 1.56000 85 

1.0 ( 3) 1.80888 49 ( 2) 7.59977 67 ( 2) 4.31169 57 ( 2) 2.78343 47 ( 2) 1.93640 05 


a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 ( 0)-5.66666 67 ( 0)-4.71428 57 ( 0)-4.00000 00 ( 0)-3.44444 44 ( 0)-3.00000 00 

-0.9 ( 0) -6.66432 27 0 -5.44175 41 0)-4.54078 84 0)-3.85159 75 ( 0)-3.30880 92 

-0.8 ( 0)-7.50985 56 ( 0)-6.04428 51 ( 0)-4.97675 07 ( 0)-4.16932 54 ( 0) -3.54030 67 

-0.7 ( 0)-8.14117 89 0)-6.47484 53 ( 0)-5.27129 22 ( 0)-4.36854 34 ( 0) -3.67096 90 

-0.6 ( 0) -8.48636 64 ( 0) -6.67916 15 ( 0)-5.38234 50 ( 0)-4.41593 73 ( 0)-3.67394 51 

-0.5 ( 0)-8.46261 04 ( 0)-6.59496 95 ( 0)-5.26181 06 ( 0)-4.27354 17 ( 0)-3.51873 12 

-0.4 ( 0) -7.97509 54 0)-6.15120 28 ( 01-4.85495 90 0)-3.89828 45 ( 01-3.17081 98 

-0.3 ( 01-6.91578 17 01-5.26711 67 ( 0 -4.09978 13 ( 01-3.24149 77 ( 01-2.59132 26 

-0.2 0) -5.16209 26 ( 01-3.85134 51 ( 0) -2.92629 19 ( 01-2.24839 06 ( 01-1.73656 51 

-0.1 ( 0)-2.57549 99 ( 0)-1.80088 43 ( 0)-1.25577 95 (-1)-8.57483 35 (-1)-5.57651 91 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 0) 5.73952 56 ( 0) 4.68094 79 ( 0) 3.93968 87 ( 0) 3.40078 42 ( 0) 2.99716 17 

0.2 1) 1.18390 73 0) 9.38676 76 ( 0) 7.67325 59 01 6.43024 18 ( 01 5.50132 78 

0.3 ( 1) 1.95174 11 ( 1) 1.52787 90 ( 1 1.23229 94 1) 1.01831 42 ( 01 8.58729 05 

0.4 ( 1) 2.90181 11 1) 2.25363 21 ( l) 1.80245 87 ( 1) 1.47644 52 ( 1) 1.23377 53 

0.5 ( 1) 4.06117 30 ( 1) 3.13582 01 ( 1) 2.49282 52 ( 1) 2.02901 97 ( 1) 1.68439 84 

0.6 ( 1) 5.45981 50 ( 1) 4.19644 69 ( 1) 3.31999 64 ( 1) 2.68883 75 ( 11 2.22065 21 

0.7 ( 1) 7.13090 76 ( 1) 5.45981 50 ( 1) 4.30227 62 ( 1) 3.46999 38 j 11 2.85359 16 

0.8 ( 1 9.11107 21 ( 1 6.95271 64 ( 1) 5.45981 50 ( 1) 4.38798 40 { 1) 3.59535 37 

0.9 2) 1.14406 67 ( 1) 8.70463 66 ( 1) 6.81475 87 ( 1) 5.45981 50 ( 1) 4.45924 13 

1.0 ( 2) 1.41640 95 ( 2) 1.07479 72 ( 1) 8.39140 83 ( 1) 6.70412 50 ( 1) 5.45981 50 
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1 

x = 5.0 

a\b 0.1 0.2 0.3 0.4 0.5 

-1.0 ( 1)-4.90000 00 ( 1)-2.40000 00 ( 1)-1.56666 67 ( 1)-1.15000 00 ( 0)-9.00000 00 

-0.9 ( 1 -8.48135 46 ( 1 -3.90138 34 ( 1)-2.41382 36 ( 1)-1.69201 76 ( 1) -1.27235 43 

-0.8 ( 2)-1.20177 53 ( 1) -5.37054 86 ( 1 -3.23511 34 ( 1 -2.21244 58 ( 1 -1.62630 91 

-0.7 ( 2)-1.52985 90 1) -6.71922 90 ( 1)-3.98065 33 ( l)-2.67925 47 ( 1 -1.93973 31 

-0.6 ( 2)-1.80596 42 ( 1)-7.83737 80 ( 1)-4.58862 62 ( 1)-3.05298 12 ( 1)-2.18551 10 

-0.5 ( 2)-1.99749 08 ( 1)-8.58991 93 ( 1)-4.98353 39 ( l)r3.28566 20 ( 1)-2.33084 19 

-0.4 ( 2)-2.06475 40 ( 1)-8.81313 79 ( 1)-5.07426 08 ( 1 -3.31965 25 ( 1)-2.33646 31 

-0.3 2)-1.95997 71 ( 1 -8.31068 13 ( 1 -4.75193 11 1)-3.08632 11 ( l)-2.15579 45 

-0.2 ( 2)-1.62617 59 l)-6.84913 57 ( 1)-3.88754 12 ( l)-2.50460 94 ( l) -1.73399 46 

-0.1 ( 1) -9.95925 89 ( 1)-4.15313 99 ( 1)-2.32934 93 ( 1)-1.47944 56 ( 1)-1.00692 28 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 2) 1.48413 16 ( 1) 6.28624 01 ( 1) 3.60663 62 ( 1) 2.36223 07 ( 1) 1.67304 26 

0.2 2) 3.53395 30 2 1.48413 16 1) 8.42893 34 l) 5.45552 50 ( 1 3.81153 30 

0.3 ( 2) 6.28371 74 ( 2) 2.62678 96 ( 2) 1.48413 16 ( 1) 9.55023 72 ( 1) 6.62935 70 

0.4 2 9.87643 86 2) 4.11434 26 2 2.31584 25 ( 2 1.48413 16 ( 2 1.02565 96 

0.5 ( 3) 1.44760 74 ( 2) 6.01287 11 ( 2) 3.37396 77 ( 2) 2.15510 54 ( 2) 1.48413 16 

0.6 ( 3) 2.02699 13 ( 2) 8.39773 11 ( 2) 4.69942 40 ( 2) 2.99320 90 ( 2) 2.05515 14 

0.7 ( 3) 2.74711 92 ( 3 1.13545 79 ( 2 6.33864 72 ( 2) 4.02706 82 2) 2.75772 43 

0.8 3 3.63219 45 { 3) 1.49804 92 ( 2 8.34418 40 ( 2) 5.28902 72 2) 3.61329 22 

0.9 ( 3) 4.70961 17 ( 3) 1.93851 85 ( 3) 1.07753 37 ( 2) 6.81553 64 2) 4.64598 46 

1.0 ( 3) 6.01029 56 ( 3) 2.46923 43 ( 3) 1.36988 66 ( 2) 8.64757 36 ( 2) 5.88289 14 


a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 ( 0)-7.33333 33 { 0)-6.14285 71 ( 0)-5.25000 00 ( 0)-4.55555 56 ( 0)-4.00000 00 

-0.9 ( 1)-1.00125 62 ( 0)-8.13469 15 ( 0)-6.76712 82 ( 0)-5.73274 31 0)-4.92670 46 

-0.8 ( 1) -1.25327 68 ( 0)-9.98761 99 ( 0) -8.16187 54 ( 0 -6.80132 29 0)-5.75641 51 

-0.7 ( 1 -1.47334 02 ( 1)-1.15809 94 ( 0)-9.34109 21 ( 0)-7.68780 55 0)-6.43011 23 

-0.6 ( 1)-1.64188 17 ( 1)-1.27685 52 ( 1)-1.01924 14 ( 0)-8.30396 66 ( 0)-6.87726 99 

-0.5 ( 1)-1.73534 19 ( 1)-1.33749 40 ( 1)-1.05817 04 ( 0)-8.54492 28 ( 0)-7.01437 97 

-0.4 1) -1.72563 11 ( 1 -1.31918 93 ( 1 -1.03502 42 ( 0)-8.28701 58 0 -6.74333 16 

-0.3 ( 1)-1.57953 99 ( 1)-1.19740 11 ( 0)-9.31162 41 0)-7.38548 98 0)-5.94963 73 

-0.2 ( 1)-1.25808 94 ( 0)-9.43413 73 ( 0)-7.24837 36 ( 0 -5.67194 55 0)-4.50048 61 

-0.1 ( 0)-7.15818 24 ( 0) -5.23827 09 ( 0)-3.90821 47 ( 0)-2.95155 22 ( 0)-2.24261 78 

0.0 ( 0 ) + 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 1) 1.25021 43 ( 0) 9.72559 33 { 0) 7.81074 40 ( 0) 6.43982 88 ( 0) 5.42870 50 

0.2 ( 1) 2.80473 44 ( 1) 2.14485 95 1) 1.69066 81 l) 1.36614 90 ( l) 1.12729 02 

0.3 ( 1) 4.84355 66 l) 3.67515 33 ( 1) 2.87239 67 ( 1) 2.29989 34 ( 1 1.87930 66 

0.4 ( 1) 7.45788 26 ( 1) 5.62973 09 ( 1) 4.37580 33 ( 1) 3.48308 09 ( 1 2.82840 13 

0.5 ( 2) 1.07513 41 ( 1) 8.08378 40 ( 1) 6.25698 73 ( 1) 4.95851 46 ( l) 4.00784 46 

0.6 ( 2) 1,48413 16 ( 2) 1.11223 46 ( 1) 8.57928 78 ( 1) 6.77444 40 ( 1) 5.45508 08 

0.7 ( 2) 1.98603 96 ( 2) 1.48413 16 ( 2) 1.14140 27 ( 1) 8.98511 69 ( 1) 7.21214 61 

0.8 ( 2) 2.59579 43 2) 1.93485 65 2) 1.48413 16 ( 2) 1.16513 78 ( 1} 9.32612 06 

0.9 ( 2) 3.33018 07 ( 2) 2.47651 46 ( 2) 1.89509 28 { 2) 1.48413 16 ( 2) 1.18496 18 

1.0 ( 2) 4.20801 74 ( 2) 3.12265 96 { 2) 2.38432 45 ( 2) 1.86309 66 ( 2) 1.48413 16 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x ) 


x=6.0 

a\b 0.1 0.2 0.3 0.4 0.5 

-1.0 ( 1)-5.90000 00 ( 1)-2.90000 00 ( 1)-1.90000 00 ( 1)-1.40000 00 ( 1)-1.10000 00 

-0.9 ( 2)-1.44132 92 ( 1)-6.43961 14 ( l)-3.88390 81 { 11-2.66287 93 1)-1.96459 57 

-0.8 ( 21-2.33128 14 ( 21-1.01116 95 ( 11-5.92627 62 ( 11-3.95288 49 ( 11-2.84081 83 

-0.7 ( 21-3.20791 31 ( 21-1.37008 05 ( 1 -7.90656 11 ( 1) -5.19335 87 ( 11-3.67618 94 

-0.6 ( 2)-4.00174 16 ( 2)-1.69209 38 ( 1)-9.66592 36 ( 1)-6.28400 93 ( 1)-4.40252 67 

-0.5 ( 21-4.62243 63 ( 2) -1.94024 69 ( 21-1.10002 61 ( 11-7.09668 98 ( 11-4.93318 77 

-0.4 ( 2) -4.95505 80 ( 21-2.06773 13 ( 2 -1.16523 15 ( 1 -7.47062 14 ( 1 -5.15995 73 

>0.3 ( 21-4.85579 61 ( 21-2.01621 45 ( 21-1.13027 51 ( 11-7.20700 55 ( 11-4.94954 27 

-0.2 ( 2 -4.14715 07 21-1.71394 56 1)-9.56011 20 ( 11-6.06296 12 11-4.13963 47 

-0.1 ( 2)-2.61250 17 ( 2)-1.07362 31 ( 1)-5.94951 89 ( 1)-3.74471 97 ( 1) -2.53449 16 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 2) 4.03428 79 ( 2) 1.66280 07 ( 1) 9.26969 34 ( 1) 5.89051 37 ( 1) 4.04184 10 

0.2 ( 2) 9.83405 67 2) 4.03428 79 2) 2.23669 33 2) 1.41226 82 ( 1) 9.61906 66 

0.3 3) 1.78513 43 21 7.30095 48 2 4.03428 79 2) 2.53795 01 2 1.72165 84 

0.4 ( 3) 2.86060 97 ( 3) 1.16700 13 ( 2) 6.43121 54 ( 2) 4.03428 79 2) 2.72837 67 

0.5 ( 3) 4.27068 45 ( 3) 1.73835 48 ( 2) 9.55746 91 ( 2) 5.98067 12 ( 2) 4.03428 79 

0.6 ( 3) 6.08625 44 { 3) 2.47231 35 ( 3) 1.35639 99 ( 21 8.46913 69 ( 2) 5.69983 97 

0.7 ( 3 8.38957 36 ( 3 3.40149 55 ( 3) 1.86253 97 ( 3) 1.16059 73 ( 2) 7.79473 21 

0.8 ( 4) 1.12757 14 ( 3) 4.56354 65 ( 3) 2.49428 70 ( 3 1.55134 92 ( 3) 1.03990 56 

0.9 ( 4) 1.48541 80 ( 3) 6.00176 64 3) 3.27475 26 ( 3) 2.03319 84 ( 3) 1.36045 49 

1.0 ( 4) 1.92506 91 ( 3) 7.76580 14 ( 3) 4.23039 92 ( 3) 2.62218 79 ( 3) 1.75159 77 


a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 ( 0)-9.00000 00 ( 01-7.57142 86 ( 0) -6.50000 00 ( 0)-5.66666 67 ( 0)-5.00000 00 

-0.9 { 1) -1.52103 70 ( 1) -1.21887 04 ( 1 -1.00236 52 ( 01-8.41150 68 ( 0 -7.17389 32 

-0.8 ( 11-2.14539 69 ( 1 -1.67928 88 11-1.35080 52 ( l)-1.11025 64 01-9.28639 79 

-0.7 ( 1 -2.73534 89 ( 11-2.11028 68 ( 11-1.67379 50 ( 11-1.35713 62 ( 11-1.12032 42 

-0.6 ( 1J-3.24219 87 ( 1)-2.47582 00 ( 1)-1.94390 70 ( 1)-1.56045 26 ( 1)-1.27553 63 

-0.5 ( 1) -3.60439 87 ( 11-2.73056 65 ( 1) -2.12682 93 ( 1)-1.69364 40 ( 1)-1.37333 18 

-0.4 1)-3.74541 77 11-2.81841 55 ( 11-2.18026 23 11-1.72410 15 11-1.38810 25 

-0.3 ( 1 -3.57134 39 ( 1)-2.67076 84 ( 11-2.05268 12 ( 1)-1.61224 68 11-1.28887 64 

-0.2 ( 11-2.96819 67 1)-2.20463 65 ( 11-1.68195 09 ( 11-1.31050 12 ( 11-1.03853 60 

-0.1 ( 1)-1.79891 61 ( 1)-1.32051 32 ( 0)-9.93780 50 ( 0)-7.62137 49 ( 0) -5.92948 86 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ l .00000 00 ( 0 )+ l .00000 00 ( 0 ) + 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 1) 2.92224 67 ( 1) 2.19683 71 ( 1) 1.70335 65 ( 1) 1.35491 58 ( 1) 1.10148 13 

0.2 ( 1 6.89588 66 ( 1 5.13440 78 { 11 3.93817 92 11 3.09503 99 ( 1) 2.48291 09 

0.3 ( 2) 1.22879 89 ( 1) 9.10486 02 ( 1) 6.94664 31 ( 1) 5.42797 37 ( 1) 4.32726 56 

0.4 ( 2) 1.94097 77 ( 2) 1.43316 97 ( 21 1.08938 21 ( 1) 8.47842 06 ( 1} 6.73053 68 

0.5 ( 2) 2.86223 27 ( 2) 2.10737 78 ( 2) 1.59705 69 ( 2) 1.23903 18 ( 1) 9.80333 40 

0.6 ( 2) 4.03428 79 ( 2) 2.96297 41 ( 2) 2.23967 22 ( 2) 1.73291 89 ( 2) 1.36726 52 

0.7 ( 2) 5.50517 98 2) 4.03428 79 2) 3.04245 98 ( 2) 2.34847 33 ( 2) 1.84838 13 

0.8 ( 2) 7.33002 58 ( 2) 5.36065 25 ( 2) 4.03428 79 ( 2) 3.10736 70 ( 2) 2.44026 08 

0.9 ( 2) 9.57187 15 ( 2 6.98699 63 ( 2) 5.24808 61 ( 2) 4.03428 79 2) 3.16176 35 

1.0 ( 3) 1.23026 21 ( 2) 8,96449 42 ( 2) 6.72131 30 ( 2) 5.15728 26 ( 2) 4.03428 79 
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CONFLUENT HYPERG EOMETRIC FUNCTION M(a, b. x) Table 13.1 

x =7.0 


a\b 0.1 


-1.0 

1)-6.90000 

-0.9 

21-2.66288 

-0.8 

21-4.82834 

-0.7 

21-7.06530 

-0.6 

2) -9.19980 

-0.5 

3)-1.09929 

-0.4 

3)-1.21270 

-0.3 

31-1.21896 

-0.2 

3)-1.06546 

-0.1 

2) -6.86139 


0.2 

00 ( 1)-3.40000 

80 ( 2-1.15002 

55 ( 2-2.03315 

95 2)-2.93971 

13 ( 2)-3.79893 

51 ( 2)-4.51426 

91 ( 2)-4.95796 

61 ( 2)-4.96479 

71 ( 2)-4.32480 

84 ( 2)-2.77502 


0.3 

00 ( 1)-2.23333 33 

17 1) -6.72111 28 

80 2)-1.15809 32 

82 ( 2)-1.65375 76 

33 ( 2)-2.12025 19 

47 ( 2)-2.50491 09 

49 ( 21-2.73838 73 

64 ( 2)-2.73134 11 

32 ( 21-2.37063 77 

15 ( 2)-1.51499 28 


0.4 

i ll-1.65000 00 

1)-4.47674 11 

1) -7.51697 57 

2)-1.05973 99 

2)-1.34754 31 

! 2)-1.58243 03 
21-1.72158 27 
21-1.71005 68 
21-1.47850 91 
l)-9.40594 48 


0.5 

i ll-1.30000 00 
11-3.21693 87 
1)-5.26450 27 
1)-7.32517 82 
1)-9.23583 79 

! 2)-1.07780 84 
21-1.16671 10 
2-1.15389 05 
11-9.93558 67 
1) -6.28867 03 


0.0 ( 01 + 1.00000 00 ( 01+1.00000 00 ( 01+1.00000 00 ( 01+1.00000 00 ( 01+1.00000 00 


0.1 ( 31 1.09663 32 ( 21 4.42900 71 ( 2) 2.41753 11 ( 2) 1.50292 87 

0.2 ( 31 2.72330 73 ( 3) 1.09663 32 ( 2) 5.96600 60 ( 21 3.69501 44 

0.3 ( 3) 5.02903 83 ( 31 2.02058 34 ( 3 1.09663 32 ( 21 6.77457 83 

0.4 ( 3) 8.19139 01 ( 3) 3.28466 83 ( 3 1.77901 54 ( 3 1.09663 32 

0.5 ( 4) 1.24220 89 ( 3) 4.97211 80 ( 3) 2.68791 51 ( 3) 1.65368 85 


2) 1.00798 98 
2) 2.46763 45 
2) 4.51182 31 

2) 7.28692 93 

3) 1.09663 32 


0.6 ( 4) 1.79722 28 ( 3) 7.18148 47 ( 3) 3.87554 96 ( 3) 2.38009 49 

0.7 ( 4) 2.51381 30 ( 4) 1.00289 02 ( 31 5.40336 15 ( 3) 3.31282 90 

0.8 4 3.42679 34 ( 4) 1.36506 23 3) 7.34333 78 3) 4.49515 29 

0.9 { 4) 4.57689 88 4) 1.82058 62 ( 3) 9.77948 66 ( 3) 5.97748 66 

1.0 ( 4) 6.01161 32 ( 4) 2.38799 82 ( 4) 1.28094 89 ( 3) 7.81838 27 


31 1.57543 68 
31 2.18907 73 
3) 2.96556 40 
3 3.93749 79 

3) 5.14269 05 


a\b 0.6 0.7 


-1.0 

1 

-1.06666 67 

0 

-9.00000 00 ( 

-0.9 

1 

-2.43203 85 

1 

-1.90770 95 ( 

-0.8 

1 

-3.88035 55 

1 

-2.96917 41 

-0.7 

1 

-5.32790 43 

1 

-4.02257 88 | 

-0.6 

1 

-6.65941 15 

1 

-4.98346 93 ( 

-0.5 

i; 

>-7.72147 28 

i; 

>-5.74011 58 ( 

-0.4 

i 

1-8.31498 75 

i 

>-6.14818 51 ( 

-0.3 

i 

1-8.18647 83 

i 

1-6.02463 60 ( 

-0.2 

i 

1-7.01816 36 

i 

1-5.14074 94 ( 

-0.1 

i; 

) -4.41663 81 

i 

>-3.21419 15 ( 


0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 


0.1 ( 1) 7.11674 98 ( 1) 5.21962 63 ( 

0.2 ( 2) 1.73382 30 ( 2) 1.26468 67 

0.3 2) 3.16073 31 ( 2) 2.29812 96 ( 

0.4 2) 5.09262 36 ( 21 3.69345 22 ( 

0.5 ( 2) 7.64800 47 ( 2) 5.53466 48 ( 

0.6 ( 3) 1.09663 32 ( 2) 7.92047 08 ( 

0.7 ( 3) 1.52109 75 3) 1.09663 32 

0.8 ( 31 2.05725 48 ( 3) 1.48067 73 ( 

0.9 ( 3) 2.72726 12 ( 31 1.95979 60 

1.0 ( 3) 3.55678 22 ( 3) 2.55205 62 ( 


0.8 0.9 1.0 

11-7.75000 00 ( 01-6.77777 78 ( 0)-6.00000 00 

.1-1.53927 06 ( 1 -1.27012 46 1 -1.06732 11 

. -2.33863 78 ( 1)-1.88526 21 1-1.54912 65 

.1-3.12617 60 ( 1)-2.48676 78 ( 1)-2.01662 21 

.) -3.83826 01 ( 1) -3.02562 11 ( 1) -2.43133 06 

! -4.39120 14 ( l)-3.43770 69 ( 1)-2.74320 50 

-4.67738 87 ( 11-3.64095 75 ( 11-2.88847 09 

-4.56087 46 ( 1-3.53208 76 ( 1-2.78716 65 

-3.87234 20 ( 11-2.98287 74 ( 11-2.34034 55 

-2.40338 13 ( 1)-1.83595 18 ( 1)-1.42690 55 

0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

11 3.94472 08 ( 1) 3.05562 65 ( 1) 2.41701 00 

11 9.49891 56 ( 11 7.30700 42 ( 1) 5.73511 61 

2 1.72012 72 ( 2 1.31824 90 ( 2 1.03047 87 

21 2.75715 27 { 2 2.10704 18 ( 21 1.64217 15 

2) 4.12222 44 ( 2) 3.14277 19 ( 2) 2.44332 54 

21 5.88720 07 ( 2) 4.47895 79 ( 21 3.47456 13 

21 8.13601 69 ( 2) 6.17802 12 2) 4.78318 84 

3) 1.09663 32 ( 2) 8.31248 87 ( 2) 6.42409 85 

31 1.44913 63 ( 3) 1.09663 32 ( 2) 8.46076 16 

3) 1.88419 29 ( 3) 1.42364 54 ( 3) 1.09663 32 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x ) 


x =8.0 

a\b 0.1 0.2 0.3 0.4 0.5 

-1.0 ( 1)-7.90000 00 ( 1) -3.900QO 00 ( 1)-2.56666 67 ( 1)-1.90000 00 ( 1)-1.50000 00 

-0.9 ( 21-5.35947 58 ( 21-2.23970 82 21-1.26764 73 ( 11-8.18608 14 f 11-5.71092 02 

-0.8 j 3)-1.05913 37 21-4.34517 66 ( 21-2.41159 61 21-1.52562 18 ( 21-1.04182 83 

-0.7 j 31-1.62135 82 21-6.59589 37 { 21-3.62791 31 ( 2 -2.27325 01 21-1.53682 58 

-0.6 ( 3)-2.18025 86 ( 2)-8.82153 60 ( 2)-4.82414 97 ( 2)-3.00441 34 ( 2)-2.01811 79 

-0.5 ( 31-2.67429 61 ( 31-1.07763 74 ( 2)-5.86783 06 ( 2)-3.63786 60 ( 2)-2.43202 00 

-0.4 ( 31-3.01799 53 ( 31-1.21208 08 ( 21-6.57678 93 ( 21-4.06244 15 ( 21-2.70544 00 

-0.3 ( 31-3.09632 67 ( 31-1.23996 24 ( 21-6.70780 36 ( 21-4.13029 89 ( 2 -2.74155 31 

-0.2 ( 3 -2.75810 97 ( 31-1.10164 91 21-5.94329 13 ( 2) -3.64902 75 21-2.41475 59 

-0.1 ( 3)-1.80829 89 ( 2)-7.20419 31 ( 2)-3.87580 16 ( 2)-2.37245 74 ( 2)-1.56480 05 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 31 2.98095 80 ( 3) 1.18444 63 ( 2) 6.35818 11 ( 2) 3.88567 25 ( 2) 2.56061 41 

0.2 ( 31 7.51808 32 ( 31 2.98095 80 ( 31 1.59656 00 ( 2 9.73282 54 2) 6.39631 86 

0.3 { 4) 1.40881 29 j 3) 5.57611 41 ( 3) 2.98095 80 ( 3) 1.81369 75 ( 3) 1.18950 58 

0.4 ( 41 2.32720 88 ( 3) 9.19616 72 j 3) 4.90796 57 ( 3) 2.98095 80 ( 3) 1.95153 01 

0.5 ( 4) 3.57745 28 ( 4) 1.41150 69 ( 3) 7.52139 08 ( 3) 4.56094 12 ( 3) 2.98095 80 

0.6 ( 41 5.24445 76 ( 4) 2.06625 00 ( 4) 1.09940 42 ( 3) 6.65669 18 ( 3) 4.34399 08 

0.7 { 4 7.42998 57 ( 4) 2.92330 17 ( 4) 1.55324 53 ( 3) 9.39119 38 ( 3) 6.11953 13 

0.8 ( 5 1.02553 76 ( 4) 4.02964 70 ( 4) 2.13822 46 4 1.29105 19 ( 3) 8.40117 14 

0.9 ( 5) 1.38646 40 ( 4) 5.44098 22 ( 4) 2.88342 27 ( 4) 1.73873 91 { 4 1.12994 43 

1.0 ( 5) 1.84279 80 ( 4) 7.22305 38 ( 4) 3.82312 68 4) 2.30252 22 ( 4 1.49443 61 


a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 ( 1)-1.23333 33 ( 1)-1.04285 71 ( 0)-9.00000 00 ( 0)-7.88888 89 ( 0)-7.00000 00 

-0.9 ( lj-4.19816 11 j 1)-3.20746 94 ( 1 -2.52522 99 1)-2.03685 45 ( 1)-1.67621 46 

-0.8 1}-7.49216 65 1)-5.59749 62 { 1 -4.30847 38 ( 1)-3.39751 08 1 -2.73380 70 

-0.7 j 2)-1.09361 95 ( lj-8.08183 59 ( 1)-6.15107 90 ( l)-4.79493 78 ( 1)-3.81325 44 

-0.6 ( 2)-1.42648 08 ( 2)-1.04680 37 ( 1)-7.90952 94 ( 1)-6.11965 64 ( 1)-4.82945 42 

-0.5 ( 2)-1.71051 24 ( 2)-1.24874 83 ( 1)-9.38477 69 ( 1)-7.22077 10 ( 1)-5.66582 71 

-0.4 ( 2)-1.89519 44 ( 2 -1.37780 10 ( 2) -1.03097 46 ( 1)-7.89678 13 ( 1)-6.16743 32 

-0.3 j 2)-1.91386 58 j 2)-1.38635 99 ( 2)-1.03347 63 ( l)-7.88488 72 ( 1)-6.13297 12 

-0.2 j 2)-1.68033 35 ( 2j-1.21307 63 ( lj-9.01063 22 ( lj-6.84858 28 ( lS-5.30551 30 

-0.1 ( 2)-1.08493 76 ( 1)-7.80116 43 ( 1) -5.76904 74 ( lj-4.36332 11 ( lj-3.36181 13 

0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+l.00000 00 ( 0)+1.00000 00 

0.1 ^ 2) 1.77542 34 ( 2) 1.27804 07 ( 1) 9.47420 10 ( 1) 7.19400 22 ( 1) 5.57451 38 

0.2 ( 2 4.42157 41 { 2 3.17224 03 { 2j 2.34287 19 2j 1.77165 46 ( 2j 1.36651 86 

0.3 j 2) 8.20490 47 j 2) 5.87308 59 ( 2) 4.32702 55 ( 2 3.26355 40 2j 2.51027 48 

0.4 ( 3j 1.34359 84 2) 9.59878 19 ( 2j 7.05759 09 ( 2} 5.31172 06 ( 2j 4.07661 58 

0.5 ( 3) 2.04885 12 ( 3j 1.46114 76 ( 3j 1.07237 41 ( 2j 8.05582 19 ( 2j 6.17064 03 

0.6 ( 3) 2.98095 80 ( 3) 2.12243 36 ( 3) 1.55511 32 ( 3) 1.16622 16 ( 2) 8.91734 62 

0.7 ( 3 4.19313 16 ( 3j 2.98095 80 ( 3 2.18075 96 ( 3 1.63280 79 ( 3j 1.24646 81 

0.8 j 3) 5.74840 89 j 3) 4.08075 63 ( 3} 2.98095 80 ( 3j 2.22860 68 ( 3j 1.69869 84 

0.9 ( 3j 7.72114 36 ( 3j 5.47370 48 ( 3j 3.99294 06 ( 3> 2.98095 80 ( 3j 2.26888 68 

1.0 ( 4) 1.01986 91 ( 3) 7.22067 87 ( 3j 5.26034 65 ( 3S 3.92186 75 ( 3S 2.98095 80 
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1 


1=9.0 

a\b 0.1 0.2 0.3 0.4 0.5 

-1.0 ( 1)-8.90000 00 ( 1) -4.40000 00 ( 1)-2.90000 00 ( 1)-2.15000 00 ( 1)-1.70000 00 

-0.9 ( 3-1.15822 92 { 2)-4.70696 01 ( 21-2.58988 67 ( 2)-1.62573 25 2)-1.10263 21 

-0.8 ( 31-2.42781 38 2 -9.74816 44 21-5.29323 09 ( 2) -3.27532 02 ( 2) -2.18739 83 

-0.7 ( 3)-3.83823 48 ( 31-1.53240 98 2-8.26992 61 ( 2)-5.08337 71 ( 2)-3.37079 66 

-0.6 ( 3) -5.28795 76 ( 3)-2.10310 78 ( 3) -1.13032 66 ( 2)-6.91755 27 ( 2) -4.56573 11 

-0.5 ( 31-6.62068 16 ( 31-2.62521 11 ( 31-1.40643 82 ( 21-8.57840 43 ( 21-5.64186 81 

-0.4 ( 31-7.60990 61 ( 3) -3.00975 26 ( 3 -1.60814 10 ( 21-9.78118 66 ( 21-6.41404 87 

-0.3 31-7.94036 79 ( 3) -3.13336 92 { 31-1.67025 41 ( 31-1.01340 64 ( 21-6.62844 84 

-0.2 ( 31-7.18584 92 ( 31-2.82979 30 ( 31-1.50519 87 ( 21-9.11218 60 ( 21-5.94613 42 

-0.1 ( 3)-4.78278 15 ( 3)-1.87974 72 ( 2)-9.97775 31 ( 2)-6.02698 67 ( 2)-3.92362 38 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 3) 8.10308 39 ( 3) 3.17569 47 ( 3l 1.68114 27 ( 3) 1.01296 25 ( 2) 6.57992 17 

0.2 ( 4) 2.07097 19 ( 3) 8.10308 39 ( 3) 4.28218 60 ( 3) 2.57548 14 3) 1.66969 38 

0.3 ( 4) 3.93063 86 4) 1.53566 77 { 3) 8.10308 39 ( 3) 4.86584 85 ( 3) 3.14939 49 

0.4 ( 4) 6.57367 60 4) 2.56471 76 4) 1.35137 30 ( 3) 8.10308 39 ( 3) 5.23683 11 

0.5 ( 5) 1.02271 23 ( 4) 3.98485 11 ( 4) 2.09683 16 { 4) 1.25557 31 ( 3) 8.10308 39 

0.6 ( 5) 1.51686 28 { 4) 5.90279 86 ( 4) 3.10207 78 ( 4) 1.85508 62 ( 4) 1.19562 36 

0.7 ( 5) 2.17356 27 ( 4) 8.44810 69 4) 4.43426 09 ( 4) 2.64844 50 4) 1.70478 81 

0.8 5) 3.03359 16 ( 5) 1.17771 47 4) 6.17433 59 ( 4) 3.68332 96 ( 4 2.36805 96 

0.9 ( 5) 4.14598 16 ( 5) 1.60777 16 4 8.41941 52 ( 4) 5.01687 01 ( 4) 3.22165 07 

1.0 ( 5) 5.56941 19 ( 5) 2.15743 14 ( 5) 1.12854 63 ( 4) 6.71721 10 ( 4) 4.30870 75 


a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 ( 1)-1.40000 00 ( 1)-1.18571 43 ( 1)-1.02500 00 ( 0)-9.00000 00 ( 0)-8.00000 00 

-0.9 ( 1)-7.88310 88 ( l)-5.86101 35 ( 1)-4.49394 10 ( 1)-3.53363 88 ( 1)-2.83797 81 

-0.8 ( 2 -1.53831 87 2)-1.12401 55 ( 1) -8.46300 77 ( 1)-6.53007 44 1) -5.14354 17 

-0.7 ( 2)-2.35259 85 ( 2)-1.70516 69 ( 2)-1.27296 76 ( l)-9.73476 07 { 1)-7.59652 04 

-0.6 ( 2)-3.17089 67 ( 2)-2.28631 95 ( 2)-1.69747 84 ( 2)-1.29066 47 ( 2)-1.00113 60 

-0.5 ( 2)-3.90366 91 ( 2)-2.80365 84 ( 2)-2.07304 42 ( 2)-1.56947 14 ( 2)-1.21196 37 

-0.4 ( 2)-4.42433 15 ( 2)-3.16741 38 2)-2.33416 78 ( 2)-1.76099 80 ( 2)-1.35492 40 

-0.3 ( 2)-4.56001 78 ( 2-3.25546 25 2)-2.39208 63 ( 2)-1.79922 96 2)-1.37997 11 

-0.2 2 -4.08061 95 ( 2)-2.90574 94 2)-2.12938 18 ( 2)-1.59711 34 ( 2 -1.22131 75 

-0.1 ( 2)-2.68584 35 ( 2)-1.90735 35 ( 2)-1.39363 74 ( 2)-1.04195 05 ( 1)-7.94021 75 

0.0 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 2) 4.49581 13 ( 2) 3.18820 43 ( 2) 2.32750 60 ( 2) 1.73981 39 ( 2) 1.32662 16 

0.2 ( 3) 1.13844 85 ( 2) 8.05506 28 ( 2) 5.86608 76 ( 2) 4.37321 78 { 2) 3.32490 16 

0.3 ( 3) 2.14370 76 ( 3) 1.51408 89 { 3) 1.10059 12 2) 8.18906 59 ( 2 6.21332 82 

0.4 ( 3) 3.55908 19 ( 3) 2.50977 29 ( 3) 1.82136 70 { 3) 1.35291 34 ( 3 1.02470 26 

0.5 ( 3) 5.49915 09 ( 3) 3.87215 54 ( 3) 2.80582 25 ( 3) 2.08094 05 ( 3) 1.57360 49 

0.6 ( 3) 8.10308 39 ( 3) 5.69778 22 { 3) 4.12286 14 ( 3) 3.05330 38 ( 3) 2.30549 09 

0.7 4) 1.15389 32 ( 3) 8.10308 39 ( 3) 5.85547 03 ( 3) 4.33052 37 ( 3 3.26534 78 

0.8 ( 4) 1.60085 54 ( 4 1.12277 41 • ( 3) 8.10308 39 3) 5.98502 62 3) 4.50694 55 

0.9 ( 4) 2.17532 51 ( 4) 1.52385 32 ( 4) 1.09842 88 ( 3) 8.10308 39 ( 3) 6.09425 86 

1.0 ( 4) 2.90602 06 ( 4) 2.03337 24 ( 4) 1.46399 00 ( 4) 1.07870 28 { 3) 8.10308 39 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b , x) 

i = 10.0 

a\b 0.1 0.2 0.3 0.4 0.5 

-1.0 ( 1)-9.90000 00 ( 1)-4.90000 00 ( 1)-3.23333 33 ( 1)-2.40000 00 ( 1)-1.90000 00 

-0.9 ( 3)-2.63572 95 ( 3)-1.04774 98 ( 2)-5.63504 48 ( 2)-3.45535 97 ( 2)-2.28812 39 

-0.8 ( 3)-5.74321 45 ( 3)-2.26606 51 ( 3)-1.20865 20 ( 21-7.34339 26 ( 2)-4.81371 33 

-0.7 3}-9.29414 29 ( 3-3.65315 21 ( 3)-1.94041 89 ( 3)-1.17365 02 ( 2)-7.65615 62 

-0.6 ( 4)-1.30473 07 ( 3)-5.11412 18 ( 3)-2.70839 91 ( 3)-1.63300 24 ( 3)-1.06170 13 

-0.5 ( 4)-1.66086 19 ( 31-6.49508 42 ( 3)-3.43144 26 ( 3)-2.06370 40 ( 3)-1.33814 35 

-0.4 41-1.93829 90 31-7.56478 22 31-3.98819 28 ( 3) -2.39329 23 ( 31-1.54831 36 

-0.3 ( 41-2.05153 93 ( 31-7.99213 74 { 3)-4.20553 66 31-2.51877 45 ( 3)-1.62617 94 

-0.2 f 41-1.88191 87 31-7.31898 36 31-3.84460 18 ( 31-2.29844 83 ( 3 -1.48115 57 

-0.1 ( 41-1.26894 82 ( 3)-4.92715 82 ( 3)-2.58388 05 ( 3) -1.54205 59 ( 2)-9.91916 94 

0.0 ( 0 )+ 1.00000 00 ( 01 + 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 4) 2.20264 66 ( 3) 8.52983 30 ( 3) 4.46140 89 ( 3) 2.65569 71 ( 3) 1.70399 66 

0.2 ( 41 5.69563 19 ( 4) 2.20264 66 4) 1.15043 71 ( 3) 6.83804 74 ( 3) 4.38084 00 

0.3 ( 5) 1.09330 93 ( 4) 4.22272 41 41 2.20264 66 ( 4) 1.30747 73 ( 3) 8.36496 74 

0.4 ( 5} 1.84869 24 ( 4) 7.13160 87 ( 4) 3.71537 68 ( 4 2.20264 66 ( 4) 1.40739 54 

0.5 ( 5) 2.90713 00 ( 5) 1.12016 64 ( 4) 5.82887 58 ( 4) 3.45147 55 ( 4) 2.20264 66 

0.6 ( 5) 4.35713 28 ( 5) 1.67700 20 ( 4) 8.71652 20 ( 4) 5.15540 77 ( 4) 3.28620 65 

0.7 5) 6.30765 47 5) 2.42511 79 ( 5) 1.25912 31 4 7.43887 06 ( 4) 4.73642 75 

0.8 51 8.89199 75 ( 51 3.41517 02 5) 1.77129 13 5) 1.04535 82 4) 6.64873 73 

0.9 ( 61 1.22723 53 ( 5) 4.70872 70 ( 5) 2.43971 24 ( 5) 1.43835 42 ( 4) 9.13874 32 

1.0 ( 6) 1.66450 66 ( 5) 6.38024 53 ( 5) 3.30250 83 ( 5) 1.94508 11 ( 5) 1.23458 19 


a\b 0.6 0.7 0.8 0.9 1.0 

-1.0 ( 11-1.56666 67 ( 11-1.32857 14 ( 1)-1.15000 00 ( 1)-1.01111 11 ( 01-9.00000 00 

-0.9 2) -1.59656 19 ( 21-1.15824 17 ( l)-8.66482 26 ( 11-6.64811 79 ( 1)-5.21121 29 

-0.8 ( 21-3.32180 59 ( 2)-2.38103 41 ( 21-1.75833 05 ( 2)-1.33052 77 ( 2)-1.02772 90 

-0.7 21-5.25566 60 ( 2)-3.74603 08 ( 21-2.74969 50 ( 2)-2.06733 55 ( 2-1.58596 75 

-0.6 ( 2)-7.26224 96 ( 2)-5.15669 48 ( 2)-3.77001 68 ( 2)-2.82246 37 ( 2)-2.15560 45 

-0.5 ( 2)-9.12749 57 ( 21-6.46204 50 ( 21-4.70972 63 ( 21-3.51454 04 ( 21-2.67503 59 

-0.4 ( 3 -1.05359 27 { 21-7.44065 06 { 21-5.40890 80 ( 21-4.02538 09 ( 2) -3.05522 11 

-0.3 j 3 -1.10424 16 21-7.78122 74 ( 21-5.64358 20 ( 2 -4.19006 43 ( 2) -3.17236 75 

-0.2 ( 3)-1.00381 19 ( 2) -7.05925 89 ( 2)-5.10920 02 ( 21-3.78501 43 ( 2) -2.85915 68 

-0.1 ( 2)-6.70959 43 ( 2) -4.70898 38 ( 2)-3.40090 10 ( 2)-2.51375 92 ( 2)-1.89427 82 

0.0 ( 01 + 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 ( 0 )+ 1.00000 00 

0.1 ( 31 1.14989 01 ( 21 8.05237 11 ( 2) 5.80387 50 ( 2) 4.28243 19 ( 2) 3.22252 43 

0.2 ( 3) 2.95153 65 ( 31 2.06339 28 ( 3) 1.48456 77 ( 31 1.09332 07 ( 2 8.21055 88 

0.3 ( 3) 5.62785 57 ( 3 3.92867 40 ( 3) 2.82236 24 ( 3) 2.07532 55 3) 1.55600 88 

0.4 ( 3) 9.45635 54 ( 31 6.59238 53 ( 3) 4.72945 31 ( 31 3.47272 61 ( 3) 2.59995 59 

0.5 ( 4) 1.47812 55 ( 4) 1.02914 95 ( 3) 7.37367 65 ( 3) 5.40715 90 ( 3) 4.04275 54 

0.6 ( 41 2.20264 66 ( 41 1.53174 58 ( 41 1.09611 92 ( 3) 8.02783 98 ( 3) 5.99449 62 

0.7 4 3.17106 89 ( 4) 2.20264 66 4) 1.57436 46 4) 1.15166 83 ( 3) 8.58922 62 

0.8 4) 4.44649 42 ( 4) 3.08513 39 ( 4) 2.20264 66 ( 4 1.60942 26 ( 4) 1.19892 63 

0.9 ( 41 6.10528 43 ( 4 4.23152 76 4) 3.01784 47 ( 41 2.20264 66 4) 1.63901 69 

1.0 ( 4) 8.23940 35 ( 4) 5.70477 12 ( 4) 4.06428 07 ( 4) 2.96327 38 ( 4) 2.20264 66 
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ZEROS OF M(a, b, x) Table 13.2 


a\b 

0.1 


0.2 


0.3 


0.4 


0.5 


-1.0 

0.10000 

00 

0.20000 

00 

0.30000 

00 

0.40000 

00 

0.50000 

00 

-0.9 

0.11054 

47 

0.22012 

64 

0. 32894 

15 

0. 43713 

15 

0. 54480 

16 

-0.8 

0, 12357 

83 

0.24477 

52 

0. 36411 

44 

0. 48196 

35 

0. 59858 

98 

-0.7 

0.14010 

11 

0.27567 

24 

0.40779 

72 

0.53721 

21 

0. 66443 

91 

-0.6 

0.16173 

42 

0. 31555 

72 

0.46354 

99 

0. 60707 

04 

0.74705 

02 

-0.5 

0.19128 

98 

0.36906 

09 

0. 53728 

03 

0.69839 

96 

0.85403 

26 

-0.4 

0.23411 

73 

0.44470 

78 

0. 63961 

58 

0. 82334 

00 

0.99868 

55 

-0.3 

0.30182 

31 

0. 56019 

88 

0.79200 

44 

1. 00591 

69 

1.20695 

84 

-0.2 

0. 42537 

31 

0. 75993 

80 

1. 04632 

32 

1.30289 

37 

1.53918 

36 

-0.1 

0. 72703 

16 

1.20342 

40 

1.58016 

05 

1.90320 

51 

2.19258 

90 


a\b 

0.6 


0.7 


0.8 


0.9 


1.0 


-1.0 

0.60000 

00 

0.70000 

00 

0.80000 

00 

0. 90000 

00 

1.00000 

00 

-0.9 

0.65203 

19 

0.75888 

50 

0.86541 

05 

0. 97164 

85 

1.07763 

19 

-0.8 

0. 71419 

38 

0. 82892 

89 

0. 94291 

59 

1. 05625 

10 

1.16901 

22 

-0.7 

0.78986 

07 

0.91376 

55 

1. 03637 

62 

1.15786 

85 

1.27838 

33 

-0.6 

0.88415 

45 

1.01887 

44 

1.15158 

21 

1.28256 

70 

1.41205 

79 

-0.5 

1.00529 

53 

1.15298 

99 

1.29771 

21 

1.43991 

63 

1.57995 

68 

-0.4 

1.16751 

37 

1.33112 

03 

1.49044 

27 

1. 64618 

10 

1.79887 

13 

-0.3 

1.39828 

59 

1. 58200 

88 

1.75960 

56 

1.93215 

19 

2.10045 

49 

-0.2 

1.76075 

91 

1.97114 

63 

2.17271 

84 

2.36714 

89 

2.55566 

24 

-0.1 

2.45881 

88 

2.70808 

56 

2.94434 

51 

3.17028 

02 

3.38779 

57 


Table 13.2 gives the smallest zeros in x of M(a, b, x), near a~b = 0, that is, the smallest positive roots in 
x of the equation M(a,b,x)= 0. Linear interpolation gives 3-4S. Interpolation by the Lagrange six-point 
formula in two dimensions gives 7S. 
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14. Coulomb Wave Functions 

Mathematical Properties 


14.1. Differential Equation, Series Expansions 

Differential Equation 

14.1.1 

^ +[1 _?5_^+i) ]w= o 

dp 2 p p 2 

(p>0, — <» <Ct?<C 00 , L a non-negative integer) 

The Coulomb wave equation has a regular 
singularity at p=0 with indices L -\rl and — L; 
it has an irregular singularity at p= <». 

General Solution 

14.1.2 

w=CiF L (ri, p) + C 2 G l (% u p) (<7 i, C 2 constants) 

where F L (rj, p) is the regular Coulomb wave 
function and G L (i), p) is the irregular (logarithmic) 
Coulomb wave function. 


14.1.12 n=£ F l < v , p)=<7 £ (,)p^J(,, p) 

14.1.13 ^(p,p)= t S 

Irregular Coulomb Wave Function G L (v f p) 


14.1.14 


p) : 

^ p)[ln 2 ' >+ flto 1+tfi( ’’’ p) 

14.1.15 

Ol(v, p)=D L (y)p~ L 'l'L(y, p) 

14.1.16 

Z> £ (p)C £ »=2^ fi 

14.1.17 

^(p,p)“S l «f(»)p‘ +I 


Regular Coulomb Wave Function Fl(i}, p) 

14.1.3 

F l (v, p)=^CMp L+1 e- i <‘M(L+l-ir 1 , 2L+2, 2 ip) 

14.1.4 

=C L (v) P L+1 *L(n,p) 


14.1.5 Mv,p)= it, A L k { v )p k - L - 1 

k=L +1 

14.1.6 

1=1, ^+2 = *£+I , 

(*+£)(*-£- 1 ), 4 £ = 2^_,-^_ 2 (*> L + 2 ) 


(See chapter 6.) 

14.1.8 C 2 0 (v)=2T V (e 2r "-l)- 1 


14.1.9 


CM ~2 V (2L+1) 


14.1.10 c £ (,)=gigc £ .,w 


14 m ^(^) _ a+^ 2 )(4+i? 2 ) . . . (L 2 -\-ri 2 )2 2L 
* 2 V (2L+1)[(2L)!]* 


14.1.18 


a- L =l, a£ +1 =0, 

(k—L— 1) (&+Z)a£=27;a£_ 1 -a£_ 3 - (2&-1) pMAj; 


14.1.19 


aM ^ s 1 

i>*(i) h\s 




r^i+fr?) 

r(i+fi7) 


+ 27 +; 


rsO?) 

Pl(v) 


(See Table 6.8.) 


14.1.20 

jrf 1 | Wl-L) 

lW (2 L)\ 2L{\\) 

2*(i v -L)(i v -L+l) 

(2X—1)(2!) 

2^(fi?-Z)(ti 7 -L+l) ... (ir?+z:-i) 

+ (2 L)\ 


14.1.21 

G '=f=-A 2 >+m ^-' F ^ p >> 

+^(^1 p) 
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14.1.22 0' L =jpd L (ri, p)=D L (r])p l Vt(n,p) 

14.1.23 ttiv, p) =1L l ka L M p k+L 


Gl.^l 



ij— 1, p —10 



Figure 14.2. F L) F' L , 0 L and 0' L . 
V— 10, p=20 


14.2. Recurrence and Wronskian Relations 
Recurrence Relations 

If u l =F l { t;, p) or 0 L (ri, p), 

14.2.1 L (~+r,)u L 

ap p 

14.2.2 

(£+1) +-iK-[(i+ i) ! +<i ! ]*« i+ . 

14.2.3 

L[(i+l) 2 +, 2 ]t« I+1 =(2£+l)[,+^±^K 

P 

-(Z+l)[L 2 +r? 2 ]^-i 

Wronskian Relations 

14.2.4 F' l Q l -F l G' l = 1 

14.2.5 =F(F 2 +1? 2 ) -* 

14.3. Integral Representations 

14.3.1 

F l +iGi= j2L+lfiCM)h «‘'^'''(«+2»p) t+, ’d< 

14.3.2 

Ft— %Gl— 

14.3.3 

g _ir, ?p £ + 1 

i?i+ * 6 ' i= (2£+ 1 )!(7 I (,) 

J" {(1—tanh 2 () 1+1 exp [—i(p tanh <—2tjf)] 

+i(14-< 2 ) 2 ' exp [—pf+ 2 r 7 arctan t]}dt 

14.4. Bessel Function Expansions 
Expansion in Terms of Bessel-Clifford Functions 

14.4.1 

F t (v,p)-cM p- L 

{t=2i)p y ij>0) 

14.4.2 

G L b,p)~DM\ L ( v )p-‘' ± (— l)*b k t kl2 K k (2-Jt) 

k=2L+l 
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£> 2 £+ l=l J b 2L +2 — 0, 
4rj 2 (fc— 2L)bjc+l-\-kb k -i-\-b k -2=0 


(k>2L+2) 


14.4.4 


£ (-1)*(£-1)!&*=2 
ft-2Z+l 

(See chapter 9.) 

Expansion in Terms of Spherical Bessel Functions 

14.4.5 


Fl(v, p) = 




1-3-5 . • . (2Z-f-l)pCx(ty) b t 

14.4.6 

i - , 2L+3 

Oi,==l, o L+ 1— JEfi 71 

i (2Jfc+l) 

^'kik+v-m+i) 

(k-i)(k—2)—L(L-\-l) , > 

\2v0k-i - 2k —3 °*- 2 ' 


(*>£+1) 


14.4.7 

n(n,p)=l-3*5...(2L+l)pCk(n) 

r (£+1) i IjH j j yi QE+2) . 

*(2L+1) 6£ V2p Ji " i(p) + (2X+3) &i+1 

• yjfe JLM+ & +1 K 

>. (*+ 2 ) t (t-1) n 

14.4.8 »*— (2 /t+3) 6,+1 (2*-l) 

Expansion in Terms of Airy Functions 

*= (2i7 p)/(2ij) 1/3 m = (2^) 2/3 , *»0 

|p—2ij[<2i7 

14.4.9 

F 0 {ri,p) j/ 2 ur^^) ri ... 1 

Go(v, P r T {2r,) { Bi(x) ll + „V + ] 


14.4.10 


Al'(x) r/l ,/2, - 11 

+ Bi'(x) l M V + J1 


F' 0 (v,p)_ 1/0 w ,Ai(x) r g;+a:/i 


■ 92 +xJ 2 Ai'(x) (jh+/fl 

”* M 2 ' ' ‘ j+ Bi'(x) M 


.(fl^K/ 2 ) , 
+ M 2 


•*]} 


/,= ( l / 5)* 2 

y 3 =g3^g (84z’+1480x‘+2320:j) 

—( 1 / 5 )* 

^do (7x ‘- 3W) 

ff3= 63500 (1056*'’-1160 i 3 -2240) 
(See chapter 10.) 


14.5. Asymptotic Expansions 

Asymptotic Expansion for Large Values of p 

14.5.1 cos d L +f sin $ L 

14.5.2 #£=/ cos 6 L —g sin d L 

14.5.3 FL=g* cos 9 t +f* sin 0 L 

14.5.4 Qi=f* cos d L —g* sin 0 Lt gf*—fg *—1 

14.5.5 0 L =p —17 In 2p—X^+<rz, 

14.5.6 <r L =arg T(Z+1 +ir?) 

(See 6.1.27, 6.1.44.) 

14.5.7 Oi+^^+arctan 

(See Tables 4.14, 6.7.) 

14.5.8 /-£/*, 0~£ 0*~£ 

A=0 k-0 A=0 A-0 

where 

Zo=l, 9o=0,ft=0, 00 = 1 —Vp 
fk+l = &kfk — &A0* 

0A+1 = + bkfk 

fk+l = a kf* ^*0* /*+l/ P 
0?+l = ^*0* + Kft — 0*+l/P 
„ (2ft+l)9 . L(L+l)-kVc+l)+r,* 

at ~(2k+2)p °* (2i+2)p 
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14.5.9 

j i • i | (iij—Zr)(iif+Z+1) | (iy—L)(iy— L+\)(iy-\-L+\){iy-\-L-\-2) 

/+ ^~ 1+ — mid — + -- 

. (iy—L)(iy— L+l)(^— L-\-2)(iy+L-\-\)(iy-\-L-\-2)(iy-\-L-\-'$) . 

+ 3!(2i P ;i 3 + * * * 

Asymptotic Expansion for L=0, p = 2i?>>0 

F r(l/3)/3^ f 2 T(2/3) 1 32 1 92672 T(2/3) l 

<? 0 (2i7)/V5 2V5F 1 + 35 T(l/3) |8 4 8100 /3 8_h 737M0 4 r(l/3) /3 10 ' 


14.5.11 

F' 0 (2ri) . r(2/3) f 1 r(l/3) 1 8 1 11488 r(l/3) 1 , 

G’ 0 (2ri)/^ 2^^ {± +15 T(2/3) /3 2± 56700' |S 6 +1871M0 3 T(2/3) /3 8 * ‘ *' 

0=(2i,/3)X, r(1/3)=2.6789 38534 . . . , r(2/3) = 1.3541 17939 . . . 

14.5.12 

F 0 (2 V ) , .70633 26373, Uf .04959 570165 .00888 88888 89 

G 0 (2v) ~ 1 1 -22340 4016 117 11T y* V 2 

.00245 51991 81 .00091 08958 061 00025 34684 115 , 

+ Jj‘94 ^ + ^‘94 ■ • ■' 

14.5.13 

F' 0 (2y) f .40869 57323 1 _ Mf .17282 60369 .00031 74603 174 
Go(2v )~--70788 17734 177 U± + i7 2 


. .00358 12148 50 , .00031 17824 680 , .00090 73966 427 . 

i i 4 di i4x i 


. 6 - 

2 - 

^.^■5 


s- /VA-a— 

iK \ / 

A# 

iV' /\ / \ 


/ y y 


4_ \ A 

8 Alb \ 2 j \ 14 

W ’ '8 j y ' i/ 24 v' ' P 

8 - TO \ / '' 

. / W \ 

A //\ A / 

. F 0 = sin / , 'v 
. 2 - 


/ Vy V V 


Figure 14.3. F 0 (y, p ). 
»;=0, 1, 5, 10, p/2 



Figure 14.4. FoOj, p). 
v=0, 1, 5, 10, p/2 




Figure 14.6. Go(y, p). 
n==0, 1, 5, 10, p/2 
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14.6. Special Values and Asymptotic Behavior 

14.6.1 £>0, p=0 
F l = 0 , F' l = 0 

0 L = oo, Q ' l =-CO 

14.6.2 Z=0, p=0 

•^ 0 = 0 , F 0 = C 0 (v) 

^=ira^;=-» 

14.6.3 Z^co 

F L ~CM P ™, G L ~D L ( v )p-L 

14.6.4 L=0, ?j=0 

Z^sin p, Zq=cos p 
6^o=cos p, 6^= —sin p 

14.6.5 p—> oo 

#i,+^~exp i[p~7j In 2p——+<rj 

14.6.6 Z>0, 77=0 

F L =(hirp) i Jl+M 

J_ (Zr+1) (p) 

14.6.7 Z>0,2 J? »p 

(2-)0)*/ 2i+ .[2(2,p)i] 

ffl "'(2Z+0!C i (7,) ( 2 1P) t ^i+i[ 2 ( 2 ’lP) t ] 

14.6.8 £=0,2rj>>p 
fo~e-'’MV,[2(2 w )*] 
K~«-'»(2^)i/ 0 [2(2 w )»] 

<7 0 -2«'-^y^ I [2(2 w )i] 

«-2^y e -« 0 [2(2 w )t] 

14.6.9 i=0,2,>> p 

Go~Pe~ a ; Go' -/S -1 *-- 

a=2-\l‘2,iip—irri 

P=(p/2ri)l 


14.6.10 Z=0,2?7»p 

F„-i /3e”; £;~ (r ! +-^ 

(?„~)3e-«; (T 0 ~{- / 3- 2 +-L r 2 ^}ff 0 
t=p/2r, 



Pp=9+[V 1 +£(£+l)] I,, 

Fl(pl) ^£M/piV'‘ /", , £(£+1)1 
<?i(pJ/V3 2 v 'jr \ 3 / V + Pi / 

£1(pp) ^ , r(2/3) /p, , £(£+ 1 ) 1 "« 

Gl(pl)/t/3 2Vir \3/ \ pi J 
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14.6.15 p= 2,»0 

F 0 r(l/3) /2;Y/» 
GJ^~ 2jr \3j 
K r(2/3) 

-GUtI3~2MW‘ 

14.6.16 77 —»<» 
froWMi+’jfln 77 -1)] 

(Equality to 8 S for 17 >3.) 


14.6.17 17 —M3 

<ro 0 ?)~ —yi? ( 7 =Euler's constant) 

(2L+l)l 


14.6.18 




2 L L\ 

(21,+1)! 


e -»,/2 


Numerical Methods 


14.7. Use and Extension of the Tables 

In general the tables as presented are not simply 
interpolate. However, values for £>0 may be 
obtained with the help of the recurrence relations. 
The values of p) may be obtained by 

applying the recurrence relations in increasing 
order of L. Forward recurrence may be used for 
Fl(v, p ) as long as the instability does not produce 
errors in excess of the accuracy needed. In this 
case the backwards recurrence scheme (see Ex¬ 
ample 1) should be used. 

Example 1. Compute F L (ri, p) and F' L (r), p) for 
17 = 2 , p=5, Z,=0(l)5. Starting with F* 0 =l, 
F* [=0, where F*=cF L , we compute from 14.2.3 in 
decreasing order of L: 



(l) 

( 2 ) 

(3) 

(4) 

L 

FI 

F l 

f l 

n 

11 

0. 




10 

1. 




9 

4.49284 




8 

17. 5225 




7 

61.3603 




6 

191. 238 




5 

523.472 

.090791 

.091 

. 1043 

4 

1238. 53 

.21481 

.215 

. 2030 

3 

2486. 72 

.43130 

.4313 

. 3205 

2 

4158. 46 

.72124 

.72125 

.3952 

1 

5727. 97 

.99346 

. 99347 

. 3709 

0 

6591.81 

1. 1433 

1. 1433 

. 29380 

FJFt= 1.7344X10 

- 4 =<T\ 




The values in the second column are obtained 
from those in the first by multiplying by the 
normalization constant, F 0 /F$ where F 0 is the 
known value obtained from Table 14.1. 

Repetition starting with F? 6 =l and F* e =0 
yields the same results. 

In column 3, the results have been given when 
14.2.3 is used in increasing order of L. 

F' l (column 4) follows from 14.2.2. 


Example 2 . Compute O l (ij, p) and G' l (i 7 , p) for 
77 = 2 , p = 5, Z=l(l)5. 

Using 14.2.2 and G 0 ( 2, 5) = .79445, <? 0 ' = -.67049 
from Table 14.1 we find Gi(2, 5) = 1.0815. Then 
by forward recurrence using 14.2.3 we find: 


L 

g l 

— G‘ l 

1 

1. 0815 

. 60286 

2 

1. 4969 

. 56619 

3 

2. 0487 

. 79597 

4 

3. 0941 

1. 7318 

5 

5. 6298 

4. 5493 


The values of G' L are obtained with 14.2.1. 
Example 3. Compute # 0 ( 77 , p) for 77 = 2 , p=2.5. 
From Table 14.1, G 0 (2, 2)=3.5124, G' 0 ( 2, 2) 
= —2.5554. Successive differentiation of 14.1.1 
for L=0 gives 


d k+2 w (ty . cPw j ,d* +1 w <P~ l w x 

d?- k[ d^ + d^ ] 


Taylor’s expansion is w(p-\-kp)=w{p)-\-{bp)v}' 
+^p w"+ .... With w=G 0 {y,p) and Ap=.5 



d k G 0 

(Ap)‘d‘(?„ 

k 

dp* 

*! dp* 

0 

3. 5124 

3. 5124 

1 

-2. 5554 

-1.2777 

2 

3. 5124 

.43905 

3 

-6. 0678 

12641 

4 

12. 136 

.03160 

5 

-29. 540 

-. 00769 

6 

83.352 

.00181 

7 

-268. 26 

-. 00042 


G 0 (2, 2 . 5)=2. 5726 

As a check the result is obtained with tj= 2, p=3, 
Ap= —.5. The derivative G' 0 { 77 , p) may be ob¬ 
tained using Taylor’s formula with w—G'oiv, p). 


•See page ir. 
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Table 14.1 COULOMB WAVE FUNCTIONS OF ORDER ZERO 


Tl\ P 


1 


2 


3 


4 


5 

0.5 

- 1 

) 5.1660 

0 

) 1.0211 1 

0 

1.0432 

[- 1 

4.1924 

[- I ' 

) - 4 . 9046 

1.0 

- 1 

) 2.2753 

- 1 

) 6 . 6178 1 

0 

1 1.0841 

o ' 

1.1571 

’- 1 ' 

+ 6.8494 

1.5 

- 2 

8.4815 

- 1 

3.3159 l 

- 1 

1 7.3013 

0 

1.1186 

! 0 

1.2327 

2.0 

- 2 

) 2 . 8898 

- 1 

) 1 . 4445 1 


3.9861 

- 1 

7.7520 

0 

) 1.1433 

2.5 

- 3 

) 9.3008 

- 2 

) 5 . 7560 I 

- 1 

1.9162 

- 1 ' 

4.4865 

-1 

1 8.0955 

3.0 

- 3 

2.8751 

- 2 

2.1538 I 

- 2 

8.4417 

-1 

2 . 3093 

-1 

( 4.8882 

3.5 

- 4 

) 8.6200 

- 3 

) 7 . 6857 I 

- 2 

3.4863 

-1 

1.0927 

-1 

) 2.6473 

4.0 

- 4 

2 . 5224 

- 3 

2.6417 [ 

- 2 

1.3692 

- 2 

4 . 8493 

-1 

1.3227 

4 . 5 

- 5 

) 7.2358 

- 4 

) 8 . 8072 1 

- 3 

5.1636 

- 2 

2 . 0448 

- 2 

> 6.2060 

5.0 

- 5 

) 2.0413 

- 4 

) 2 . 8622 1 

- 3 

1.8829 

t - 3 

8 . 2690 

t - 2 ! 

( 2.7673 

5.5 

(- 8 

) 5 . 6770 

(- 5 

9.1017 1 

- 4 

6.6735 

- 3 

3.2283 

[- 2 ; 

1.1829 

6.0 

- 6 

) 1.5593 

- 5 

2.8403 1 

- 4 

2 . 3080 

- 3 

1 . 2230 

- 3 

4.8778 

6.5 

" 7 

4.2367 

- 6 

8.7187 | 

- 5 

7.8131 

- 4 

4 . 5136 

“ 3 

1.9502 

7.0 

- 7 

1.1400 

" 8 

2.6375 1 

- 5 

2.5954 

- 4 

1.6280 

- 4 

7.5886 

7.5 

- 8 

3 . 0407 

- 7 

7.8750 I 

- 6 

8.4780 

- 5 

5.7536 

- 4 

2.8831 

8.0 

- 9 

8 . 0474 

- 7 

2.3238 1 

- 6 

2.7278 

- 5 

1 . 9966 

- 4 

1.0722 

8.5 

- 9 

2.1146 

- 8 

6.7842 I 

- 7 

8.6573 

- 6 

6 . 8154 

- 5 ’ 

3.9115 

9.0 

-10 

5 . 5203 

" 8 

1.9614 | 

- 7 

2.7136 

- 6 

2 . 2918 

- s ! 

1.4023 

9.5 

-10 

1.4325 

- 9 

5.6202 I 

- 8 

8.4089 

- 7 

7 . 6019 

- 6 , 

4.9481 

10.0 

t -11 

) 3.6966 

i - ?! 

1 . 5971 | 

- 8 

2.5785 

- 7 

2 . 4900 

- 6 ! 

1 . 7207 

10.5 

[-12 

) 9.4903 

-10 

4 . 5043 | 

- 9 

) 7.8306 

- 8 ! 

) 8 . 0621 


I 5.9043 

11.0 

-12 

2.4248 

-10 

1 1.2613 | 

- 9 

2.3567 

- 8 ! 

2 . 5824 

'- 7 ' 

2.0009 

11.5 

-13 

6.1679 

-11 

1 3 . 5086 | 

-10 

7.0332 

- 9 

8.1895 

- 8 

6.7032 

12.0 

-13 

1.5623 

-12 

1 9 . 6998 < 

-10 

( 2.0826 

- 9 

2 . 5730 

- 8 

( 2.2216 

12.5 

-14 

3.9419 

-12 

1 2 . 6660 1 

-11 

) 6.1216 

- 10 ' 

8.0134 

- 9 

1 7.2896 

13.0 

-15 

9.9089 

-13 

1 7 . 2878 | 

-11 

) 1.7870 

-10 

2.4754 

- 9 

( 2.3694 

13.5 

-15 

2.4822 

-13 

1.9819 1 

-12 

) 5.1827 

-11 

( 7 . 5877 

- i 0 

7.6337 

14.0 

-16 

6.1972 

-14 

5.3636 I 

-12 

> 1.4939 

- 11 ' 

2 . 3090 

-iO 

) 2.4390 

14.5 

r -16 

1 . 5424 

-14 

1.4449 | 

-13 

) 4.2812 

-12 

) 6.9781 

" n 

) 7.7314 

15.0 

[- 1 7 ! 

3.8274 

- 15 , 

3 . 8752 | 

[-13 

) 1.2201 

- 12 ! 

) 2 . 0952 

t - n ! 

( 2.4326 

15.5 

- 18 ' 

) 9.4708 

-15 

> 1 . 0350 | 

-14 

) 3.4592 

- 13 ; 

) 6.2521 

r 12 ! 

7.5998 

16.0 

- 18 ' 

) 2.3372 

-16 

> 2 . 7536 1 

-15 

9.7586 

-13 

) 1 . 8547 

-12 

2.3584 

16.5 

- 19 ' 

5.7529 

- 17 ' 

7.2980 ( 

-15 

) 2.7399 

- 14 ' 

5.4712 

-13 

7.2719 

17.0 

- 19 ' 

1.4126 

- 17 ' 

) 1 . 9272 ( 

-16 

) 7.6580 

-14 

1.6053 

- 13 ‘ 

2.2286 

17.5 

- 20 ' 

( 3.4602 

-18 

> 5 . 0719 ( 

-16 

) 2.1311 

-15 

4.6864 

" 14 

6.7904 

18.0 

- 21 ' 

8.4571 

-18 

> 1 . 3304 ( 

-17 

5.9063 

-15 

1.3614 

- I 4 

2.0575 

18.5 

-21 

( 2.0625 

- 19 ; 

> 3 . 4785 ( 

-17 

( 1.6304 

-16 

3.9364 

-15 

6.2009 

19.0 

-22 

► 5.0197 

-20 

> 9 . 0677 ( 

-18 

1 4.4834 

-16 

1.1331 

-15 

1.8594 

19.5 

-22 

) 1.2192 

- 20 ' 

2.3568 ( 

-18 

( 1.2284 

-17 

3.2476 

-16 

5 . 5480 

20.0 

- 23 l 

) 2.9556 

- 2 l ! 

) 6.1087 ( 

-19 

>!>) 

I 3.3538 

-18 

) 9.2696 

- 16 ! 

1.6477 

0.5 

- 1 ’ 

) 5.9292 

- 1 

) 3 . 2960 | 

- 1 

1 - 3.1699 

- 1 

) - 8 . 6672 

[- I ! 

) - 8 . 3314 

1.0 

- 1 

) 3.4873 

- 1 

4.8156 | 

- 1 

+ 3 . 0192 

- 1 

- 1 . 9273 

- 1 

)- 7 . 2364 

1.5 

- 1 ' 

1 . 5684 

- 1 

3.3631 | 

- 1 

) 4.3300 

" 1 

(+ 2.9671 

- 1 

- 1 . 0456 

2.0 

- 2 ; 

) 6.1308 

- 1 ; 

( 1 . 7962 | 

- 1 

3.2695 

- 1 

) 4 . 0401 

- 1 

+ 2 . 9380 

2.5 

- 2 

) 2.1980 

- 2 

) 8 . 2804 ( 

- 1 

1.9237 

- 1 

3.1922 

- 1 

3.8386 

3.0 

- 3 [ 

( 7.4239 

- 2 

) 3 . 4693 | 

- 2 

( 9.8019 

- 1 

2 . 0030 

!- 1 

) 3.1264 

3.5 

- 3 

) 2.3993 

- 2 

) 1 . 3575 I 

- 2 

4 . 5336 

- 1 

1 . 0945 

1“ 1 

2.0555 

4.0 

- 4 ' 

7.4933 

- 3 

> 5 . 0436 1 

- 2 

1 . 9532 

- 2 

5.4362 

- 1 

1.1839 

4.5 

- 4 

) 2.2767 

“ 3 

) 1.7984 ( 

- 3 

7.9650 

- 2 

2.5140 

- 2 

) 6.2113 

5.0 

- 5 | 

) 6.7615 

- 4 ! 

I 6.2008 ( 

- 3 

3.1077 

- 2 

( 1.0992 

!- 2 ! 

( 3.0360 

5.5 

- 5 ' 

► 1.9700 

- 4 ’ 

> 2 . 0789 ( 

- 3 

1.1690 

- 3 

) 4.5914 

[- 2 ! 

1.4028 

6.0 

- 8 

) 5.6457 

- 5 ‘ 

) 6 . 8046 

- 4 

4 . 2638 

- 3 

1.8462 

- 3 

6.1885 

6.5 

" 8 

1 1 . 5950 

- 5 

> 2.1817 

- 4 

1 . 5145 

- 4 

( 7.1867 

- 3 

2.6259 

7.0 

- 7 

) 4.4497 

- 6 

I 6 . 8691 j 

- 5 

5 . 2563 

- 4 ' 

) 2.7200 

- 3 

1 . 0777 

7.5 

- 7 

) 1.2276 

- 6 

) 2.1283 ( 

- 5 

1 . 7875 

- 4 , 

) 1 . 0045 

- 4 

4.2964 

8.0 

- 8 

> 3.3527 

- 7 

) 6 . 5001 | 

- 6 

5 . 9696 

- 5 

3 . 6292 

- 4 ; 

1.6695 

8.5 

- 9 

> 9 . 0744 

- 7 

1 1 . 9597 ( 

- 6 

1 . 9614 

- 5 

( 1.2859 

- 5 

6.3417 

9.0 

- 9 

> 2.4359 

- 8 

1 5 . 8395 

- 7 

6 . 3501 

- 6 

) 4.4771 

- 5 ‘ 

2.3601 

9.5 

- 10 ' 

| 6.4900 

- 8 

1 1 . 7215 

- 7 

2.0285 

- 6 

1 . 5341 

“ 6 

8 . 6225 

10.0 

- 10 ! 

> 1.7173 

- 9 ! 

) 5 . 0256 ( 

- 8 

6 . 4011 

- 7 

( 5.1804 

[- 6! 

3.0976 

10.5 

- 11 ' 

) 4.5150 

- 9 

) 1 . 4539 ( 

- 8 

1 . 9973 

- 7 

) 1.7262 

[- 6 ! 

1 1 . 0958 

11.0 

-n 

) 1.1801 

-10 

> 4.1713 

- 9 

6.1672 

- 8 ' 

5.6813 

- 7 

3.8219 

11.5 

-12 

) 3 . 0676 

-10 

1.1875 ( 

- 9 

1 . 8860 

- 8 

1.8487 

- 7 

1.3157 

12.0 

- 13 ! 

) 7.9334 

-11 

3.3562 ( 

-10 

5 . 7160 

- 9 

( 5.9521 

- 8 

) 4.4743 

12.5 

-13 

> 2 . 0420 

-12 

( 9 . 4217 ( 

-10 

1 . 7179 

- 9 ' 

> 1.8975 

- 8 

1 . 5045 

13.0 

-14 

) 5.2322 

-12 

) 2 . 6282 ( 

-11 

5.1227 

-10 

> 5.9935 

- 9' 

) 5 . 0060 

13.5 

-14 

) 1.3350 

-13 

> 7 . 2879 < 

-11 

1 . 5163 

-10 

> 1 . 8768 

- 9 

) 1.6492 

14.0 

- is ! 

> 3.3929 

-13 

) 2 , 0096 ( 

-12 

4 . 4571 

-11 

) 5 . 8291 j 

-10 

> 5.3830 

14.5 

- 16 ' 

I 8.5905 

-14 

) 5.5121 ( 

-12 

1 . 3016 

-11 

1.7966 ( 

-10 

( 1.7417 

15.0 

- 16 | 

> 2.1673 

-14! 

) 1 . 5043 j 

-13 

3 . 7774 

- 12 ! 

( 5.4972 j 

!- n ! 

) 5 . 5888 

15.5 

- 17 ' 

> 5.4495 

-IS! 

\ 4 . 0861 

-13 

1 . 0899 

- 12 ' 

) 1.6705 

[- 11 ; 

1 1.7794 

16.0 

-17 

► 1.3659 

-15 

I 1.1049 1 

-14 

3.1270 

-13 

( 5.0433 

- 12 ! 

\ 5.6234 

16.5 

-18 

► 3.4129 

-16 

) 2.9747 1 

-15 

8.9243 

- 13 ! 

> 1.5132 

-12 

I 1 . 7647 

17.0 < 

-19 

) 8 . 5032 

-17 

) 7 . 9764 1 

-15 

2 . 5341 

-14 

> 4.5133 

- 13 

> 5.5009 

17.5 ( 

-19 

1 2.1127 

-17 

1 2.1304 1 

-16 

7.1612 

- 14 ' 

> 1.3386 

- 13 

( 1 . 7038 

18.0 

- 20 ! 

1 5.2352 

-18 

) 5. 6690 1 

-16 

2 . 0144 

-15 

> 3.9490 

- 14 

> 5.2453 

18.5 

-20; 

1 1.2940 

-18 

> 1 . 5031 ■ 

-17 

5 . 6414 

- I 5 

) 1.1590 

- 14 

) 1.6054 

19.0 

-2l] 

1 3.1905 

-19 

) 3 . 9718 1 

-17 

1 . 5733 

-16 

) 3 . 3848 

-15 

( 4.8863 

19.5 

-22’ 

1 7.8484 

-19 

1 1 . 0461 

-18 

4 . 3698 

-17 

\ 9.8388 

"15 

I 1.4793 

20.0 ( 

For use of this 

!- 22 ) 1.9263 ( 

table see Examples 1-5 

-20! 

1 2.7464 

-18 

1.2090 

- 17 ! 

\ 2.8470 

!- 16 ! 

1 4.4556 
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COULOMB WAVE FUNCTIONS OF ORDER ZERO Table 14.] 

G«(n,p) 

ti\ p 1 2 3 4 5 

0.5 0)1.1975 -1)5.3221 - 1)-3.4105 (- 1)-9.8570 - 1) -9.3493 

1.0 0 2. 0431 0) 1.2758 1- 1 +6.2704 (- 1)-1.8901 -l)-8. 9841 

1.5 I 0 4. 0886 i 0) 2.0276 0) 1.3423 (-l)+7.1836 (- 2 -5,3716 

2.0 ( 0 9. 8003 0) 3. 5124 I 0) 2.0405 ( 0) 1.3975 (- 1)+7.9445 

2.5 ( 1) 2.6401 i 0 7.1318 0) 3.2733 ( o) 2.0592 0 1.4442 

3.0 1 7.6551 1 1.6390 I 0 6.0195 / 0) 3.1445 0 2.0788 

3. 5 ( 2) 2.3355 1 4.1)982 1) 1.2493 ( 0) 5.4049 0) 3.0657 

4.0 I 2 7.4015 i 2 1.1)878 1) 2.8313 ( 1) 1.0423 o) 5.0146 

4.5 ( 3 2.4167 2) 3.0209 1) 6.8403 ( 1) 2.1964 0) 9.1424 

5.0 ( 3) 8.0855 2) 8.6969 2 1.7354 ( 1) 4.9434 1) 1.8193 

5.5 ( 4) 2.7606 3) 2.5792 ( 2) 4.5790 2) 1.1708 ( 1) 3.8704 

6.0 ( 4) 9.5899 3 7.8428 3) 1.2482 I 2) 2.8891 1 8.6736 

6.5 ( 5 3.3815 4 2.4367 i 3 3.4980 I 2) 7.3782 2 2. 0275 

7.0 i 6) 1.2081 4) 7.7137 4) 1. 0041 3) 1.9403 2) 4.9101 

7.5 6) 4.3664 5 2.4826 4 2.9432 3 5.2344 3 1.2258 

8.0 7 1.5946 5) 8.1086 4 8.7893 4) 1.4441 3 3.1422 

8.5 ( 7) 5.8778 6 2.6837 5 2.6689 4) 4.0648 3 8.2458 

9.0 ( 8) 2.1850 6 8.9891 5) 8.2266 5) 1.1648 4 2.2097 

9.5 ( 8) 8.1855 7 3.0439 6 2.5706 5 3.3928 4) 6.0344 

10.0 ( 9) 3. 0882 8) 1.0411 ( 6) 8.1333 6) 1.0029 ( 5) 1.6764 

10.5 ( 10) 1.1727 8) 3.5934 7) 2.6029 6) 3.0052 5) 4.7305 

11.0 ( 10) 4.4801 9 1.2509 7) 8.4187 6) 9.1181 6 1.3542 

11.5 11 1.7211 9 4.3888 8) 2.7496 7) 2.7986 6 3.9285 

12.0 11) 6.6465 10 1.5511 8 9.0625 7) 8. 6825 7) 1.1537 

12.5 12) 2.5793 10 5.5199 9) 3.0124 I B) 2.7207 7) 3.4272 

13.0 13) 1.0055 11 1.9769 10 1.0093 8) 8.6053 8 1.0290 

13.5 13) 3.9366 11 7.1230 i 10) 3.4069 I 9) 2. 7457 8 3.1205 

14. 0 14) 1. 5474 12 2.5811 11 1.1581 9) 8.8331 8 9.5523 

14.5 14 6.1061 12 9.4029 11 3.9629 10 2.8638 9 2.9500 

15. 0 15) 2.4181 13 3.4429 12 1.3645 10) 9.3530 9) 9.1867 

15.5 15) 9.6091 14) 1.2667 12) 4.7264 11) 3.0758 10 2.8835 

16.0 16) 3.8309 14 4.6814 13) 1.6463 12) 1.0182 10 9.1182 

16.5 17) 1.5320 151 1.7377 1 13) 5.7652 12) 3.3917 11 2.9039 

17.0 17) 6,1445 15) 6.4769 I 14) 2.0292 13) 1.1365 ll) 9.3107 

17.5 18) 2,4714 16) 2.4236 14) 7.1771 13 3.8299 12 3. 0045 

18.0 18) 9.9670 16) 9.1034 15) 2.5502 14 1.2976 12 9.7548 

18. 5 19) 4.0300 17 3.4316 15) 9.1019 14) 4.4194 13 3.1857 

19.0 20) 1.6335 18) 1.2981 16) 3.2623 1 15) 1.5126 14 1. 0462 

19.5 20 6.6365 18 4.9263 17) 1.1741 151 5.2016 14 3.4544 

20.0 21) 2.7024 19) 1.8756 17) 4.2418 16) 1.7969 15 1.1464 

0.5 (- 1) —5.6132 - l)-8.0753 (-l)-8.5494 (-1)_3.4747 -l)+4.5076 

1.0 0)-1.2636 1 - l) -5.8273 - l)-7.4783 (- l)-8.3273 1 - l)-5.1080 

1.5 0)-4.2300 (- 1 -9.5930 (- l) -5.7358 I- l)-7. 0346 1 - l)-8. 0665 

2.0 l)-1.3813 I 0)-2.5554 (- l)-8.3499 (- l)-5.6167 (- 1 -6.7049 

2.5 l l)-4.5128 0)-7.1137 0)-1.9326 -l)-7.6379 -l)-5.5046 

3.0 1 2i-1.5015 I 1 -2.0029 0)-4.8566 I 0)-1.6029 (- l)-7.1618 

3.5 2 -5.1001 1 -5.7725 l)-1.2438 0)-3.7375 0)-1.3970 

4.0 3)-1.7657 2 -1.7086 l)-3.2646 0)-8.9366 0 -3.0719 

4.5 l 3-6.2161 1 2-5.1(159 l)-8.8150 I l)-2.1901 0 -6.9633 

5.0 4)-2.2206 3)-1.6097 2)-2.4467 l)-5.5222 l)-1.6176 

5.5 4 -8.0354 3)-5.0961 2)-6. 9635 2)-1.4325 1 -3.8641 

6.0 5 -2.9409 4)-1.6418 3)-2.0268 2) -3. 8154 1 -9.4968 

6.5 6 -1.0873 l' 4)-5.3723 3)-6.0185 3)-1.0408 2 -2.3977 

7.0 6 -4.0566 I 5)-1.7825 4)-1.8195 3)-2.9006 2 -6.2044 

7.5 7 -1.5259 5)-5.9890 4)-5.5B97 3)-8.2422 3 -1.6419 

8.0 7 -5.7831 6)-2.0352 5 -1.7425 • 4)-2.3835 3 -4.4339 

8.5 8 -2.2067 6)-6.9879 5 -5.5045 4)-7.0031 4 -1.2197 

9. 0 8 -8.4732 7)-2.4222 61-1.7601 5)-2.0878 4 -3.4122 

9.5 ( 9 -3.2724 I 7)-8.4693 6 -5.6909 5)-6.3080 4 -9. 6943 

10.0 10 -1.2706 8)-2.9853 7)-1.8591 6)-1.9295 5 -2.7937 

10.5 10)-4. 9580 ( 9)-1.0602 7)-6.1315 6)-5.9693 5)-8.1574 

11.0 I ll)-1.9437 ( 9)-3.7915 8) -2.0402 7)-1.8664 6)-2.4111 

11.5 111-7.6530 ( 10)-1.3647 8)-6.8449 7)-5.8932 6)-7.2077 

12. 0 12 -3. 0256 { 10)-4.9424 I 9)-2.3143 a)-1.8780 7)-2.1776 

12.5 13)-1.2008 ll)-1.8002 1 9)-7.8819 8)-6.0367 7)-6.6446 

13.0 l 13)-4. 7827 ( ll)-6.5922 f lo)-2.7027 9)-1.9562 8)-2.0464 

13.5 141—1.9115 ( 12)-2.4263 10 -9.3274 9)-6. 3878 8 -6. 3581 

14.0 14)-7.6643 ( 12)-8.9735 ll)-3.2386 10) -2.1009 9)-1.9918 

14.5 15 -3.0826 13)-3.3339 12 -1.1310 lo)-6.9573 9 -6.2887 

15.0 16)-1,2434 ( 14)-1.2440 12)-3.9713 ll)-2.3188 10)-2.0003 

15.5 16)-5. 0296 14)-4. 6610 13)-1.4017 11)-7. 7763 10)-6.4071 

16.0 17)-2.0399 15)-1.7532 13)-4.9720 12)-2.6230 I ll)-2.0660 

16.5 17)-8.2941 15)-6.6194 14)-1.7719 12)-8.8973 I ll)-6.7044 

17.0 18)-3. 3805 ( 16)-2. 5081 1 14)-6.3433 1 13)-3. 0340 12)-2.1889 

17.5 19)-1.3810 16)-9. 5361 1 15)-2.2806 14) -1.0399 12)-7.1879 

18.0 19)-5.6545 17)-3.6376 1 15)-8.2334 14)-3.5813 13)-2.3735 

18.5 20)-2.3201 18)-1.3919 16) -2. 9841 15)-1.2392 13)-7. 8789 

19.0 20)-9. 5394 18)-5.3424 1 17)-1.0857 15)-4.3069 14)-2.6288 

19.5 2l)-3.9299 19)-2.0564 1 17)-3.9642 1 16)-1.5033 14)-8.8139 

20.0 22)-1.6221 19)-7.9378 18)-1.4526 16)-5.2691 15)-2.9690 


■See page 11. 
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COULOMB WAVE FUNCTIONS 


Table 14.1 COULOMB WAVE FUNCTIONS OF ORDER ZERO 


v\ p 

0.5 

( o, 

6 

)-l. 0286 

(- 1 

? F o (v,p 

-7. 6744 

) 

(- 1 

8 

)+l. 0351 

(- 1 

9 

)+8. 8802 

(- 1] 

10 

+9. 3919 

i.o 

~ l 

-1.6718 

- 1 

-9.0632 

( 0 

)-l. 0333 

(- 1 

) -4. 3441 

- I 1 

+4.7756 

1. 5 

(- 1 

) +8. 7682 

- 1 

+1.1034 

(- 1 

j -7. 0763 

( 0 

-1.1015 

- 1' 

-8. 0125 

2. 0 

0 

) 1.2850 

0 

1.0148 

(- 1 

)+3. 3340 

(- 1 

-4. 9930 

0 

-1.0616 

2.5 

( 0 

1]1633 

0 

1. 3237 

0 

j 1.1181 

(- 1 

+5.1312 

- 1 

-3. 0351 

3.0 

(- 1 

8. 3763 

0 

1.1803 

0 

1. 3540 

0 

1.1984 

- 1 

+6.6010 

3.5 

- 1 

5.2251 

- 1 

8. 6154 

0 

1.1952 

( 0 

1.3786 

0 

1.2627 

4.0 

- 1 

2.9445 

- 1 

5.5158 

- 1 

8.8245 

( 8 

1.2085 

0 

1. 3992 

4. 5 

- 1’ 

1. 5362 

- 1 

3.2100 

- 1 

} 5.7720 

(- 1 

9.0109 

0 

1.2207 

5.0 

(- 2 

) 7. 5384 

(- 1 

■ 1.7351 

(- 1 

) 3.4502 

(-1 

) 6.0014 

(-1! 

9.1794 

5.5 

(- 2 

) 3.5181 

f- 2 

) 8.8379 

s- 1 

) 1.9214 

(- 1 

) 3.6697 

(- r 

6. 2092 

6.0 

- 2 

) 1.5740 

- 2 

) 4.2849 

-1 

1.0100 

-1 

2.0964 

- 1] 

3. 8720 

6.5 

- 3 

) 6.7927 

- i 

1.9924 

- 2 

5. 0593 

- 1 

1.1325 

-1 

2.2615 

7.0 

- 3 

2.8407 

- 3' 

8.9366 

- 2 

) 2.4318 

- 2 

5.8352 

- 1 

1.2511 

7.5 

- 3 

1.1557 

- 3 

3.8839 

- 2 

) 1.1277 

- 2 

) 2.8870 

- 2 

6. 6087 

8.0 

" 4 ' 

4.5875 

- 3 

) 1.6415 

- 3 

5. 0678 

- 2 

1.3786 

- 2 

3. 3543 

8.5 

- 4< 

) 1.7814 

- 4 

6. 7674 

- 3 

2.2145 

- 3 

6.3805 

- 2 

1.6440 

9.0 

- 5| 

) 6.7813 

- 4 

2. 7281 

- 4 

9.4374 

- 3 

2.8716 

- 3 

7. 8106 

9. 5 

" 5 

) 2.5352 

- 4' 

1. 0776 

- 4 

3.9317 

- 3 

1.2603 

- 3 

3. 6091 

10.0 

i- 6' 

| 9.3224 

(- 5 

4.1786 

- 4 

) 1.6046 

;- 4 

) 5.4065 

(- 3 

1.6263 

10.5 

(- 6' 

) 3.3763 

(" 5 ' 

1. 5930 

(- 5 

) 6.4260 

r- 4 

2.2716 

(- 4 

7.1627 

11.0 

- 8 

1 1.2058 

- 6 

5. 9782 

- 8 

) 2.5293 

- 5 

9.3643 

- 4 

3. 0895 

11.5 

- 7 ; 

) 4.2504 

- 6 

2.2113 

- 8 

) 9.7972 

- 5 

3.7930 

- 4 

1.3072 

12.0 

- 7 

| 1.4802 

- 7 

8. 0697 

- 6 

) 3.7389 

- 5 

1.5115 

- 5 

5. 4341 

12.5 

- s' 

| 5.0971 

- r 

2. 9081 

- 8 

1.4073 

- 6 

1 5.9333 

- 5 

2. 2220 

13.0 

- 8 

) 1.7367 

-1 

1. 0358 

- 7 

) 5.2291 

- 6 

2.2964 

- 6 

8. 9480 

13.5 

- 9 

5.8586 

- 8' 

3. 6487 

- 7 

) 1.9195 

- 7 

8.7713 

- 8 

3. 5521 

14.0 

~ 9 ‘ 

) 1.9579 

- 8' 

1.2720 

- 8 

6.9669 

- 7 

3. 3091 

- 6 

1.3913 

14.5 

-!o; 

) 6.4858 

- 9 ' 

4. 3915 

- 8 

2,5016 

- 7 

1. 2340 

- 7 

5. 3814 

15.0 

i-io! 

I 2.1306 

[- 9] 

1. 5022 

- 9 

) 8.8925 

(- 8 

4.5511 

(- 7 

2. 0569 

15.5 

;-n; 

) 6.9438 

-10' 

5. 0935 

- 9 

) 3.1309 

f- 8 

) 1.6612 

(- 8 

7. 7746 

16.0 

-n 

| 2.2461 

-10 

1. 7129 

- 9 

1. 0924 

- 9 

> 6. 0045 

- 8 

2.9076 

16.5 

-12 

1 7.2135 

-11' 

5. 7147 

-10 

3.7787 

- 9 

i 2.1502 

- 8 

1. 0765 

17.0 

-12 

1 2. 3009 

-11' 

1. 8924 

-10 

1.2965 

-10 

) 7.6316 

- 9 

3. 9479 

17.5 

-13 

I 7.2918 

-12 

6.2217 

-11 

) 4.4135 

-10 

) 2.6859 

- 9 

1.4347 

18.0 

-1 3 1 

1 2.2965 

-12! 

2.0316 

-11' 

) 1.4913 

-11 

) 9. 3772 

(-10 

5.1691 

18.5 

-i4] 

| 7.1900 

-13] 

6. 5907 

-12' 

5.0033 

-11' 

) 3.2487 

I-10 

1.8470 

19.0 

-14 

| 2.2382 

-13 

2.1247 

-12 

1.6672 

-11' 

1.1173 

-11 

6. 5478 

19.5 

-15 

I 6.9296 

-14 

6. 8088 

-13' 

) 5.5194 

-12] 

S 3.8154 

-11 

2.3038 

20.0 

-15] 

1 2.1342 

[-14] 

2.1694 

j Fq(v 

dp 

+6. 5317 

-13 

) 1.8158 

[ -12 

) 1.2942 

[-12] 

8. 0470 

0.5 

- 1 

-1. 6439 

- 1] 

») 

- 1' 

+9. 6217 

f- 1' 

)+4. 8856 

- 1] 

-3. 9577 

1.0 

- 1 

-8.9251 

- 1 

-4. 9515 

- I 1 

+2. 6293 

- 1' 

)+8, 6117 

- 1 

+8.4114 

1.5 

- 1 

-5. 9833 

- l! 

-8. 7151 

- 1] 

-6. 7918 

- 2 

-5.9095 

- 1 

+6. 3051 

2.0 

- 2 

-4. 4197 

- 1] 

-4. 9758 

- 1 

-8. 2026 

- 1 

-7. 7036 

- 1 

-2. 9353 

2.5 

- r 

+2.9104 ( 

- 3 

-1.2700 

- 1 

-4.1714 

- 1 

-7. 6083 

- 1 

-8. 0858 

3.0 

- 1 

3. 6867 

- 1 

+2. 8830 

- 2 

+3. 0507 

- 1 

-3. 5216 

- A 

-7. 0180 

3.5 

- 1 

3.0694 j 

- 1 

3. 5660 

- 1 

2. 8559 

- 2 

+5.4822 

-1 

-2. 9887 

4.0 

- 1 

2.0917 ( 

- 1 

3. 0193 

- 1' 

3. 4667 

- 1] 

2. 8296 

- 2 

+7. 3929 

4.5 

- 1 

1.2557 

- 1 

2.1173 

- 1 

2. 9748 

- 1 

3. 3827 

-1 

2. 8044 

5.0 

- 2 

6.8842 j 

- 1) 

1.3148 

- I] 

2.1357 

- l] 

2.9346 

-1) 

3. 3103 

5.5 

- 2) 

3. 5199 

- 2 J 

7. 4742 

- 1' 

1.3640 

- I] 

2.1489 

-1] 

2.8982 

6.0 

- 2 

1.7018 

- 2 

3. 9680 

- T 

7.9960 

- 1 

1. 4058 

-1 

2.1583 

6.5 < 

- 3 

7. 8549 

- 2 

1.9931 

- 2 

4. 3832 

- 2 

8. 4608 

-1) 

1. 4416 

7.0 ( 

- 3 

3. 4861 

- 3 

9. 5595 

- 2‘ 

2.2750 

- 2 

4. 7685 

- 2 

8. 8777 

7.5 

- 3 

1. 4956 

- 3 

4. 4083 

- 2 

1.1280 

- 2 

2. 5468 

- 2 

5.1268 

8.0 

- 4 

6. 2296 

- 3 

1.9647 

- 3 

5. 3775 

- 2 

1. 2999 

- 2 

2. 8081 

8.5 

- 4 

2. 5276 

- 4 

8. 4983 

- 3 

2. 4777 

- 3 

6. 3815 

- 2) 

1. 4707 

9.0 j 

- 4) 

1.0018 

- 4 

3. 5795 

- 3 

1.1077 

- 3 

3. 0279 

- 3 

7.4103 

9.5 ( 

- 5 

3.8880 

- 4 

1. 4721 

- 4 

4. 8216 

- 3 

1. 3940 

- 3 

3. 6095 

10.0 { 

- 5) 

1. 4803 

- 5 

5. 9256 

- 4] 

2. 0487 

- 4] 

6. 2477 

- 3) 

1. 7060 

10.5 ( 

- 6 

5.5384 

- 5) 

2.3388 ( 

- 5’ 

8. 5166 

- 4' 

2.7329 

- 4 

7. 8494 

11.0 

- 6 

2. 0392 

- 6 

9.0675 ( 

- 5] 

3. 4707 

- 4 

1.1694 

- 4 

3. 5246 

11.5 

- 7 

7. 3981 

- 8 

3.4579 ( 

- 5 

1.3887 

- 5 

4.9038 

- 4 

1. 5479 

12.0 ( 

- 7 

2.6475 

- 6 

1.2988 ( 

- 8 

5. 4642 

- 5 

2. 0187 

- 5) 

6. 6617 

12.5 

- 8 

9. 3549 

- 7 

4. 8095 

- 6 

2.1167 

- 6 

8.1695 

- 5 

2. 8139 

13.0 

- 8 

3.2665 

- 7 

1.7578 ( 

- 7 

8. 0818 

- 6 

3. 2541 

- 5 

1.1682 

13.5 

- 8 

1.1280 

- 8 

6.3458 ( 

- 7] 

3. 0443 

- 6 

1.2772 

- 6 

4. 7727 

14.0 { 

- 9 

3.8550 

- 8 

2.2647 

- 7 

1.1324 

- 7 

4. 9445 

- 6 

1.9209 

14.5 ( 

~ 9 

1.3046 

- 9 

7. 9952 

- 8 

4.1623 

- 7 

1. 8896 

- 7 

7. 6241 

15.0 ( 

-10) 

4. 3743 

- 9 

2.7940 ( 

- 8 

1. 5130 

- a 

7.1342 

- 7) 

2.9865 

15.5 ( 

-10 

1.4540 

-10) 

9. 6701 ( 

- 9 

5. 4422 

- 8) 

2. 6629 ( 

- V 

1.1555 

16.0 

-11 

4.7930 ( 

-10 

3.3165 ( 

- 9 

1. 9382 

- 9] 

9. 8333 \ 

- 8 

4.4191 

16.5 

-11 

1. 5677 1 

-10 

1.1277 

-10 

6. 8378 

- 9 

3.5942 ( 

- 8 

1.6715 

17.0 

-12 

5. 0893 

-11 

3. 8030 

-10 

2. 3909 

- 9 

1. 3011 

- 9 

6. 2571 

17.5 

-12 

1.6405 

-11 

1.2726 

-11 

8. 2893 

-10 

4.6667 ( 

- 9 

2.3192 

18.0 

-13 

5.2523 

-12 

4.2267 

-11 

2. 8507 

-10 

1.6593 ( 

-10 

8.5155 

18.5 

-13 

1. 6708 

-12) 

1. 3939 

-12 

9. 7283 

-11 

5.8508 ( 

-10 

3.0988 

19.0 ( 

-14) 

5. 2819 

-13 

4. 5659 

-12 

3. 2955 


2. 0467 ( 

-10 

1.1181 

19.5 ( 

-14 

1.6599 

-13 

1. 4859 

-12 

1.1085 

-12 

7.1053 ( 

-11 

4.0014 

20. 0 ( 

-15) 

5.1871 

-14) 

4. 8057 

-13 

3. 7036 ( 

-12) 

2.4488 ( 

-11) 

1.4209 
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n\P 

0.5 

1.0 

1.5 
2.0 

2.5 
3.0 

3.5 
4.0 

4.5 


5.5 
6.0 

6.5 
7.0 

7.5 
8.0 

8.5 
9.0 

9.5 
10.0 


COULOMB WAVE FUNCTIONS OF ORDER ZERO Table 14.1 

„ Gq(v,p) 


f l)-1.8864 (- 11+7. 0035 ( 0 +1. 

0)-1. 0908 (- 1)-5. 9842 (- 1 +2. 

1 -7. 8946 { 0)-1.1433 (- 1 -8. 

2)+5. 7313 (- 1 -6.8439 ( 0 -1. 

1) 8. 5834 {- 1 +1.4966 (-1-5. 

0) 1.4847 - 1) 9.1321 (-1+2. 

0) 2. 0980 ( 0) 1.5205 (- 1 9. 

0) 3.0138 ( 0) 2.1165 ( 0 1. 

0) 4.7449 i 0) 2.9779 ( 0 2. 

0) 8.2720 ( 0) 4.5475 ( 0 2. 


0284 (- 11+5.2116 (- 11-4.1435 

9114 (- 1 +9.7148 (- 11+9.4287 

7095 - 21-9. 0032 - 11+7.4235 

1353 ( 01-1. 0415 (- 11-3.9931 

8782 ( 01-1.1041 ( 01-1.1456 

2822 (- 11-5. 0095 ( 01-1.0601 

6127 - 1 +2.9641 - 1 -4.2253 

5526 ( 0) 1. 0040 (- 11+3, 5656 

1340 ( 0) 1.5818 0) 1.0426 

9524 ( 0) 2.1507 ( 0 1. 6085 


( 1) 1.5713 ( 0) 7.6426 ( 0) 4.3971 ( 0) 2.9338 ( 0) 2.1665 

( 11 3.1910 ( 1) 1.3964 ( 0) 7.1665 ( 0) 4.2789 ( 0 2.9202 

f l) 6.8300 ( l) 2. 7266 ( 1) 1.2667 ( 0) 6.7939 ( 0) 4.1837 

( 2) 1. 5259 ( 1 5.6125 ( 1) 2.3913 ( 1) 1.1669 ( 0) 6.4944 

( 2) 3. 5340 ( 2) 1,2063 ( 1) 4. 7587 ( 1 2. 1389 ( 1 1.0879 

( 21 8.4429 ( 2) 2.6887 ( 1) 9. 8888 1) 4.1320 ( 1 1.9428 

( 3) 2.0726 ( 2) 6.1843 ( 2) 2.1316 ( 1) 8.3352 ( 1) 3.6553 

( 31 5.2121 ( 3) 1.4623 ( 2) 4. 7425 ( 2) 1.7442 ( 1) 7. 1811 

4) 1. 3393 ( 3) 3, 5436 ( 3) 1.0850 ( 2) 3.7678 ( 2 1.4634 

( 4) 3.5096 ( 3) 8.7792 ( 3l 2.5448 ( 2) 8.3709 ( 2) 3. 0787 


10.5 ( 4) 9.3615 ( 4 2.2190 

11.0 ( 5) 2. 5381 4 5.7119 

11.5 ( 5) 6.9851 ( 5) 1.4951 

12.0 ( 6) 1.9492 ( 5) 3.9745 

12.5 ( 6) 5.5096 ( 6 1.0718 

13.0 ( 7) 1. 5761 ( 6) 2.9250 

13.5 ( 7 4.5596 6 8. 1041 

14.0 ( 8) 1.3330 ( 7) 2.2666 

14.5 ( 8) 3.9356 ( 7) 6.4200 

15. 0 ( 9) 1.1728 ( 8 1,8356 


3) 6.1041 ( 3) 1.9070 ( 2) 6. 6618 

4 1.4943 ( 3) 4.4437 ( 3) 1.4783 

4 3. 7266 4) 1.0570 ( 3) 3. 3559 

4 9. 4543 4) 2. 5623 3) 7.7783 

5) 2.4367 ( 4) 6.3199 ( 4) 1.8375 

5) 6.3731 5) 1. 5841 4) 4.4178 

6) 1.6898 ( 5) 4. 0302 ( 5) 1. 0796 

6) 4.5378 ( 6) 1.0398 ( 5) 2. 6784 

7) 1.2333 ( 6) 2.7177 ( 5) 6.7399 

7) 3.3897 6) 7.1908 ( 6) 1. 7186 


15.5 ( 9) 3.5260 

16. 0 ( 10 1. 0689 

16.5 ( 10 3.2661 

17. 0 ( 11 1. 0055 

17.5 ( 11) 3.1176 

18.0 11 9. 7326 

18.5 ( 12) 3. 0582 

19. 0 ( 12) 9. 6692 

19.5 ( 13) 3. 0754 

20.0 ( 13) 9.8379 


0.5 (- 1 +9.4204 

1.0 (- 1)+1. 5804 

1.5 (-1 -6.0177 

2.0 (-1 -7.8017 

2.5 (- 1 -6.4488 

3.0 - 1 -5.4037 

3.5 (-1 -6.8137 

4. 0 0 -1.2552 

4.5 0 -2.6310 

5.0 (0 -5.7112 


8 5.2995 7) 9.4158 ( 7) 1.9247 ( 6 

9 1.5441 8) 2.6418 7) 5. 2078 ( 7 

l 9 4.5382 8) 7.4830 ( 8) 1.4237 ( 7 

10 1.3449 9 2.1387 ( 8) 3.9301 ( 7 

10 4.0168 9) 6.1650 ( 9) 1. 0950 ( 8 

i 11) 1.2087 10 1. 7916 ( 9). 3.0778 ( 8 

i 11 3. 6634 10) 5.2473 ( 9) 8. 7237 ( 9 

i 12 1.1179 ll) 1. 5483 ( 10) 2.4925 ( 9 

i 12 3.4335 11) 4.6007 10) 7. 1762 10 

13) 1.0612 12) 1.3764 ( ll) 2.0813 ( 10 



4.4374 
1.1592 
3.0621 
8.1738 
2.2037 
5.9978 
1.6472 
4.5626 
' 1.2742 
i 3. 5867 


5.5 ( 1 -1.2704 0 -4.8515 

6.0 ( 1 -2. 9032 1 -1. 0407 

6.5 1 -6. 8237 1 -2.2915 

7. 0 ( 2 -1.6477 1 -5.1862 

7.5 ( 2)-4. 0793 2 -1.2056 

8.0 ( 3)-1. 0333 2 -2. B73H 

8.5 ( 3)-2.6728 2 -7.0107 

9. 0 ( 3 -7. 0464 3)-1. 7469 

9.5 4 -1.8904 3)-4. 4387 

10. 0 ( 4 - 5.154 0 4 -1. 1482! 


0)-2. 0829 ( 0)-1. 0071 (- 1)-5. 9925 

0)-4. 2272 ( 0 -1.9007 (- 1 -9. 5489 

0 -8. 7913 ( 0)-3. 7545 ( 0 -1. 7550 

1 -1.8751 ( 0)-7. 6010 ( 0)-3. 3846 

1 -4.1077 ( 1)-1. 5769 ( 0 -6.6920 

1) -9. 2394 ( l)-3. 3574 ( l)-1. 3548 

2) -2.1308 ( l)-7. 3362 ( l) -2. 8128 

2) -5. 0295 ( 2)-1. 6432 ( l)-5. 9900 

3) -1.2129 ( 2)-3.7670 ( 2)-1. 3072 

3)-2. 9831 ( 2)-8. 8229 ( 2)-2. 9193 


10.5 ( 5)-1.4262 ( 4)-3.0197 

11.0 ( 5)-4. 0011 ( 4 -8.0639 

11.5 ( 6 -1.1369 ( 5 -2.1843 

12.0 ( 6)-3.2694 ( 5 -5.9953 

12.5 ( 6)-9.5069 6 -1.6661 

13. 0 ( 7) -2.7936 ( 6 -4.6835 

13.5 ( 7)-8.2899 ( 7 -1.3312 

14. 0 ( 8)-2.4829 ( 7)-3.8226 

14.5 ( 8)-7.5021 ( 8 -1.1083 

15.0 ( 9)-2.2856 ( 8 -3.243C 


3) -7. 4717 ( 3)-2.1080 ( 2)-6. 6607 

4) -1.9033 3)-5.1298 ( 3)-1.5503 

4) -4. 9246 ( 4)-1. 2698 ( 3)-3.6759 

5) -1.2929 ( 4)-3.1937 ( 3)-8. 8669 

5)-3. 4407 4 -8.1522 4)-2.1734 

5) -9.2739 ( 5)-2.1099 ( 4 -5.4080 

6 -2.5296 ( 5)-5.5322 ( 5 -1.3647 

6) -6. 9781 ( 6)-1.4684 5 -3. 4B94 

7 -1.9454 ( 6)-3.9424 5)-9.0337 

7) -5.4781 ( 7)-1. 0701 ( 6)-2. 3663 


15.5 ( 9)-7.0183 8)-9.5716 

16.0 ( 10)-2.1712 9 -2.8485 

16.5 10)-6.7650 9)-8. 5435 

17.0 ( 11 -2.1221 10)-2. 5817 

17.5 ( ll)-6. 7001 10)-7.8569 

18.0 ( 12)-2.1285 ll)-2.4075 

18.5 ( 12)-6.8019 11 -7.4250 

19.0 ( 13)-2.1860 12)-2. 3043 

19.5 ( 13)-7.0638 12 -7.1939 

20.0 ( 14)-2.2945 13 -2.2589 


8) -1.5573 ( 7)-2. 9344 6)-6. 2673 

8 -4.4670 ( 7 -8. 1256 7)-1.6775 

9) -1.2923 ( 8)-2. 2710 7)-4. 5347 

9) -3.7692 ( 8 -6.4031 8)-1.2375 

10) -1.1079 ( 9 -1.8206 8)-3.4078 

10)-3.2807 ( 9)-5.2180 8)-9. 4651 

10) -9. 7840 ( 10)-1. 5070 9)-2. 6506 

11 -2.9377 ( 10)-4. 3845 9)-7.4812 

11) -8.8779 ( ll)-1.2846 10)-2.1275 

12) -2. 6998 ( ll)-3. 7889 10)-6.0938 



550 


COULOMB WAVE FUNCTIONS 


Table 14.1 

i\ p 


COULOMB WAVE FUNCTIONS OF ORDER ZERO 


15 


0. 5 (- 1)+2. 0734 (- 1)-6. 9792 

1.0 ( 0)+1.0298 (- 1)+7. 9515 

1.5 (- 2)+2. 4612 (- l)+8. 3008 

2.0 ( 0)-1.0170 (- 1-3.6119 

2.5 (- 1)-9. 6841 ( 0)-1.1262 

3.0 - 1) -1.2613 (- 1)-8. 5079 

3.5 (- 1)+7. 8227 (- 2)+3. 2549 

4.0 ( 0) 1. 3156 (- 1) 8.8532 

4.5 0) 1.4169 ( 0 1. 3600 

5.0 ( 0) 1.2318 ( 0) 1.4324 

5. 5 (- 1) 9.3335 ( 0) 1.2422 

6. 0 - 1) 6.3994 - 1) 9.4757 

6.5 (- 1) 4. 0596 (- 1) 6.5749 

7.0 (- 1) 2.4178 (- 1) 4.2347 

7.5 (- 1) 1.3660 (- 1) 2. 5662 

8.0 - 2 7. 3768 - 1) 1.4773 

8.5 - 2 3.8306 (- 2) 8.1375 

9.0 - 2) 1.9215 (- 2) 4.3132 

9.5 (- 3) 9.3472 (- 2) 2.2096 

10. 0 (- 3) 4.4228 (- 2) 1.0980 

10. 5 (- 3) 2.0410 (- 3) 5.3087 

11.0 (- 4) 9.2064 (- 3) 2. 5036 

11. 5 (- 4) 4. 0667 (- 3) 1.1541 

12. 0 (- 4) 1. 7621 (- 4 5.2102 

12.5 (- 5) 7. 5001 - 4) 2.3072 

13.0 (- 5 3.1398 - 4 1.0036 

13.5 (- 5) 1.2943 - 5) 4.2931 

14.0 (- 6) 5.2587 (- 5 1.8082 

14. 5 (- 6) 2.1078 (- 6) 7. 5055 

15.0 (- 7) 8.3417 (- 6) 3. 0731 

15.5 (- 7) 3.2617 (- 6) 1.2422 

16. 0 (- 7) 1.2609 (- 7 4.9601 

16.5 (- 8) 4.8223 (- 7 1.9580 

17. 0 (- 8) 1. 8255 - 8) 7. 6449 

17.5 (- 9) 6.8436 (- 8) 2.9542 

18.0 (- 9) 2. 5420 - 8) 1.1303 

18.5 (-10) 9.3587 (- 9) 4.2845 

19.0 (-10) 3.4166 (- 9) 1.6095 

19.5 (-10) 1.2373 (-10) 5.9943 

20.0 (-11) 4.4462 (-10) 2.2143 



( 0)-1.0101 (- 1)-4. 5964 (- 1)+4. 8492 

- 2)-5. 5932 (- 1)-8. 6120 - 1) -9.7879 

( 0)+l. 0493 (- 1)+5.1243 (- 1)-3. 9930 

I - 1U5.1844 ( 0)+l. 0566 - 1 +8.8343 

- 1)-6.5977 (- 1)+1.8869 - 1 +9.1875 

0)-1.1642 (- 1)-8. 7866 (- 1 -1.1758 

- 1)-7.2395 ( 0 -1.1551 0 -1. 0318 

- 1)+1. 7404 - 11 —5. 9595 0 -1.1153 

- 1 9.7341 (- 1 +3.0035 (- 1 -4. 7101 

0) 1.3978 ( 0) 1.0496 - 1 +4.1342 

1 0) 1.4462 ( 0) 1.4305 0) 1.1161 

0) 1.2519 ( 0) 1.4586 0) 1.4592 

- 1 9.6077 ( 0) 1.2610 0 1.4698 

- 1) 6.7378 - 1) 9.7312 0) 1.2697 

- 1) 4.3989 (- 1) 6.8900 - l) 9.8472 

- 1 2.7074 - 1) 4. 5535 (- 1 7. 0328 

- 1 1. 5852 (- 1) 2,8422 (- 1) 4. 6997 

- 2 8.8895 (- 1) 1.6898 (- 1 2.9711 

- 2) 4.8001 (- 2) 9. 6316 (- 1) 1.7913 

- 2) 2. 5064 (- 2) 5.2898 (- 1) 1.0363 

- 2) 1.2700 (- 2) 2.8108 - 2) 5. 7809 

i- 3) 6.2624 (- 2 1.4498 - 2) 3.1214 

I - 3) 3.0126 (- 3) 7.2798 (- 2) 1. 6367 

(- 3) 1.4168 - 3 3. 5666 (- 3 8.3567 

(- 4) 6. 5253 (- 3) 1. 7085 (- 3) 4.1640 

- 4 2.9480 - 4) 8. 0157 (- 3) 2. 0290 

(- 4) 1.3082 (- 4) 3. 6890 (- 4) 9. 6841 

(- 5) 5. 7090 - 4) 1.6677 (- 4) 4.5343 

- 5 2.4529 (- 5) 7.4139 - 4) 2. 0854 

(- 5) 1. 0386 (- 5) 3.2448 (- 5) 9.4326 

I - 6) 4.3371 (- 5) 1.3994 (- 5) 4.2002 

- 6) 1.7878 (- 6) 5.9525 (- 5) 1.8429 

- 7) 7.2797 (- 6) 2.4990 (- 6) 7.9746 

- 7) 2.9299 (- 6) 1. 0363 (- 6) 3.4058 

- 7) 1.1663 (- 7 4.2471 - 6) 1.4366 

- 8 4. 5940 (- 7 1.7213 (- 7) 5.9886 

- 8) 1. 7916 (- 8) 6.9031 (- 7) 2.4686 

- 9) 6.9206 (- 8) 2.7406 (- 7) 1.0068 

- 9) 2. 6491 (- 8) 1. 0776 (- 8) 4.0646 

- 9) 1. 0052 (- 9) 4.1981 (- 8) 1. 6250 

M 


0.5 (- 1)-9. 5680 

1. 0 (- 1)+1.8546 

1.5 (- l)+9. 2360 

2.0 (- l)+3. 8476 

2.5 (- 1)-4. 5774 

3.0 - l)-8.1670 

3.5 (- 11-6.4636 

4.0 (- 11-2.5453 

4.5 (- 21 + 8.9270 

5.0 (- 1) 2. 7803 

5.5 (- 1) 3.2469 

6.0 (- 1) 2.8649 

6.5 (-1) 2.1649 

7.0 - 1) 1.4725 

7.5 (- 2) 9.2538 

8. 0 - 2) 5.4607 

8.5 - 2 3.0589 

9. 0 (- 2) 1.6394 

9.5 (- 3) 8.4560 

10.0 (- 3) 4.2172 


1)-7.1349 (- 1)+1. 3869 

1 -6.2449 - 1) -9.5769 

1 +5. 8520 - 11-1. 7814 

1 +8. 5839 - 11+7.9972 

1 +1.6399 - 11+7.2679 

1 -5. 7064 (- 2 -2.2037 

1 -8.0763 - 1 -6.4688 

1 -5.9550 - 11-7. 8882 

11-2.1713 (- 1 -5.4930 

1)+1. 0181 (- 1)-1.8523 

1 ) 2.7572 {- 1 )+ 1.1221 

1 ) 3.1907 (- 1 ) 2 . 7353 

1 ) 2.8342 (- 1 3.1402 

1 ) 2.1694 (- 1 ) 2.8059 

1) 1.4994 - 1 2.1722 

2) 9.5947 (- 1) 1.5231 

2) 5.7724 (- 2) 9.9053 

2) 3.2995 (- 2 6.0640 

2) 1.8054 (- 2) 3. 5301 

3) 9. 5118 (- 2 1.9685 



10. 5 (- 3) 2. 0412 (- 3) 4.8467 

11. 0 (- 4 9. 6175 - 3) 2.3971 

11.5 - 4) 4. 4224 (- 3) 1.1542 

12. 0 (- 4) 1.9888 (- 4) 5.4237 

12.5 - 5) 8.7636 - 4) 2.4927 

13.0 (- 5) 3.7897 (- 4) 1.1224 

13. 5 - 5) 1. 6105 (- 5) 4.9597 

14. 0 (- 6) 6. 7342 (- 5) 2.1535 

14.5 (- 6) 2.7736 (- 6) 9.1993 

15.0 (- 6) 1.1263 (- 6) 3.8704 


1 - 2 1. 0573 - 2) 2. 1282 (- 2) 3.9633 

- 3 5.4937 - 2) 1.1634 (- 2) 2.2844 

- 3 2.7714 (- 3 6.1551 (- 2) 1.2693 

- 3) 1.3612 - 3) 3.1620 (- 3) 6.8276 

- 4) 6. 5256 - 3) 1. 5818 (- 3) 3.5670 

- 4 3.0596 - 4) 7.7243 (- 3) 1.8150 

- 4) 1.4055 - 4) 3.6892 (- 4) 9.0158 

- 5) 6.3355 - 4) 1.7264 (- 4) 4.3806 

- 5) 2.8061 (- 5 7.9271 (- 4) 2. 0855 

- 5) 1.2227 (- 5) 3.5765 (- 5) 9. 7427 


15. 5 (- 7) 4.5133 (- 6) 1.6053 

16.0 (- 7) 1.7861 (- 7) 6. 5690 

16.5 (- 8 6.9850 (- 7) 2.6544 

17. 0 (- 8) 2.7014 (- 7) 1.0598 

17.5 - 8 1.0337 - 8) 4.1839 

18.0 (- 9) 3.9159 (- 8) 1.6340 

18.5 (- 9) 1.4693 (- 9 6.3169 

19.0 (-10) 5.4629 (- 9 ' 2.4184 

19. 5 (-10) 2.0135 (-10 9.1730 

20.0 (-11) 7.3598 (-10 3.4487 


(- 6) 5.2466 - 5) 1.5873 (- 5) 4.4720 

'- 6) 2.2191 (- 6) 6.9375 (- 5) 2. 0192 

i- 7) 9.2602 (- 6) 2.9885 (- 6) 8.9777 

- 7) 3.8151 - 6) 1.2700 (- 6 3.9341 

7 1.5529 (- 7) 5. 3278 (- 6) 1. 7006 

- 8) 6.2491 (- 7) 2.2081 (- fi 7.2565 

- 8) 2.4875 (- 8) 9. 0465 (- 7) 3.0587 

(- 9) 9.8001 (- 8) 3.6658 (- 7) 1.2744 

I - 9) 3.8231 - 8 1.4700 - 8) 5.2514 

(- 9) 1.4774 (- 9) 5.8367 (- 8) 2.1413 
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COULOMB WAVE FUNCTIONS OF ORDER ZERO 

G 0 (»j»p) 


0.5 

! 0 

-1. 0028 

(- 1 

-7. 4645 

- 1 

+1. 4266 

- 1 

+9,0905 i 

1.0 

- 1 

+2.1054 

- 1 

-6. 8021 

0 

-1. 0410 

- 1 

-5.8152 1 

1.5 

0 

+1. 0819 

- 1 

+6. 8165 

- 1 

-1. 9619 

- 1 

-9.3005 1 

2. 0 

- 1 

+4. 6526 

' 0 

+1. 0451 

- 1 

+9. 6524 

- 1 

+2. 5664 

2.5 

1- 1 

-6. 4066 

- 1 

+1.9303 

- 1 

+9.1486 

0 

+1.0999 1 

3.0 

0 

-1.2065 

- 1 

-8. 2667 

- 2 

-5. 4999 

- 1 

+7.4014 1 

3.5 

o 

-1.0105 

0 

-1.2387 

- 1 

-9. 6933 

- 1 

-2.7342 l 

4.0 

- 1 

-3. 5145 

1 

-9. 5867 

0 

-1.2515 

0 

-1.0783 1 

4.5 

-1 

+4.1032 

- 1 

-2. 8667 

- 1 

-9. 0670 

0 

-1.2510 I 

5.0 

0) 

1.0777 

- 1 

+4. 5891 

- 1 

-2. 2730 

-1 

-8.5560 1 

5.5 

0) 

1. 6333 

0 

1.1100 

- 1 

+5. 0322 

- 1 

-1.7259 { 

6.0 

0 

2.1816 

0 

1. 6563 

0 

1.1399 

-1 

+5.4393 < 

6.5 

0 

2. 9102 

0 

2.1960 

0 

1. 6778 

0 

1.1677 { 

7.0 

0 

4.1056 

0 

2. 9029 

0 

2.2097 

0 

1. 6980 ( 

7.5 

0 

6. 2486 

0 

4. 0404 

0 

2. 8977 

0 

2.2229 ( 

B. 0 

1 

1. 0238 

0 

6. 0432 

0 

3.9853 

0 

2.8940 < 

8.5 

1 

1. 7863 

0 

9. 7072 

0 

5. 8691 

0 

3.9383 ( 

9.0 

1 

3. 2824 

1 

1. 6687 

0 

9. 2614 

0 

5. 7197 

9.5 

1) 

6. 2966 

1 

2.9836 

1 

1. 5529 

0 

8.8817 

10.0 

2) 

1.2529 

1 

5. 6013 

1 

2. 7395 

1) 

1. 4638 ( 

10.5 I 

; 2) 

2. 5735 

2) 

1. 0906 

; i) 

i 5. 0429 ( 

1) 

2. 5369 ( 

11.0 1 

2) 

5. 4370 

2 

2.1919 

' i) 

i 9. 6258 

1) 

4.5863 ( 

11.5 < 

3) 

1.1780 

2 

4. 5309 

' 2) 

1.8964 

1) 

8.5960 ( 

12.0 { 

3) 

2. 6115 

2) 

9. 6C54 

’ 2) 

3.8424 ( 

2 

1.6627 

12.5 < 

3) 

5.9114 

3) 

2. 0835 

‘ 2) 

7.9840 ( 

2) 

3.3072 ( 

13.0 < 

4) 

1. 3640 

3) 

4. 6148 

3 

1.6974 ( 

2 

6.7457 ( 

13.5 ( 

4) 

3. 2036 

4) 

1. 0421 

3) 

3. 6852 

3) 

1.4078 ( 

14.0 

4) 

7. 6488 

4 

2.3953 

’ 3 

8.1567 

3) 

3. 0002 ( 

14. 5 ( 

5 

1.8544 < 

4) 

5. 5978 

’ 4 ) 

1. 8380 

3 

6.5186 

15.0 j 

5) 

4. 5606 ( 

5) 

1. 3286 

! 4 ) 

4.2110 ( 

4) 

1.4419 ( 

15.5 

6) 

1.1368 ( 

5) 

3.1990 

; 4 ) 
5 

9.7988 

4) 

3.2432 ( 

16.0 

6) 

2. 8697 

5) 

7. 8082 

2. 3136 

V 

7. 4095 

16.5 

6) 

7.3309 

6 

1. 9303 

' 8 

5.5378 

5'i 

1.7177 ( 

17.0 

7 

1.8940 ( 

6 

4. 8301 

' 6 ) 

1. 3427 

5) 

4. 0372 

17.5 

71 

4.9456 

7 

1. 2225 

6) 

3. 2955 

5j 

9.6130 ( 

IB. 0 

8 

1.3046 

7) 

3.1276 

6) 

8.1823 

6'i 

2.3172 ( 

18.5 

8 

3.4746 ( 

7) 

8.0845 i 

7 

2. 0539 

6 i 

5.6510 ( 

19.0 

8 

9.3396 ( 

8) 

2.1103 i 

7) 

5.2096 

7) 

1. 3934 ( 

19.5 i 

9) 

2.5325 

8) 

5.5602 1 

8) 

1.3345 

7) 

3.4722 ( 

20.0 

9) 

6. 9249 

9) 

1.4781 

A 

8 

3. 4512 

7) 

8.7394 ( 


0.5 

- 1)-1.9549 

f- 1 

1+6. 6972 

- l)+9. 7040 

[- 1)+4. 4173 ( 

1.0 

- 1-9.3312 

- 1 

) -7. 2341 

- 2)+5. 5060 

- 1)+7. 9924 ( 

1.5 

- 2 -3. 0001 

- 1‘ 

>-7.2415 

- 1)-9.1975 

- 1)-4. 4998 ( 

2.0 

- 1)+8. 0730 

- K 

)+2. 8479 

- 1)-4. 3994 

- 1)-8. 9553 ( 

2.5 

- 1 +7.2980 


)+8. 5982 

- 1)+5. 0789 

- 11-1.6218 

3.0 

- 1)+1.1621 

1| 

>+6.2091 

- 1) +8. 5795 

- 11+6.5611 

3.5 

- 1 -4.4342 


1+1.2156 

- l)+5,1517 

- 1 +8.2450 

4.0 

- 1-6.9211 

!- 1 

>-4. 8470 

- 2)-7. 3596 

- 11+4.1682 ( 

4.5 

- 1)-6. 7991 

- 1 

1-6. 8955 

- 1)-5.1566 

- 11-1.4460 ( 

5.0 

I- 1)-5.6855 

:- il 

1-6. 6551 

1- 1)-6. 8530 

- l)-5. 3907 ( 

5.5 

(- 1)-5. 0324 

(-1 

)-5. 5663 

(- 1)-6. 5243 

(- 1)-6. 8002 ( 

6.0 

(- 1)-5. 8597 

-1 

1-4.9764 

- 1 -5.4972 

- 1 -6.4050 ( 

6.5 

(- 1) —9.1132 

(-1 

1-5. 7431 

(- 1)-4. 9245 

(- 1)-5. 4165 ( 

7.0 

0)-1.6356 

(-1 

-8. 7431 

- 11-5. 6396 

(- 11-4.8763 ( 

7.5 

0)-3. 0877 

0 

-1. 5360 

(- 1)-8. 4240 

- 11-5.5466 

8.0 

( 0) -5. 9776 

( 0 

-2. 8442 

( 0)-1.4516 

- 11-8.1456 ( 

8.5 

( 1)-1.1842 

0 

-5.4C29 

0) -2. 6410 

01-1.3790 { 

9.0 

( 1 -2.4038 

1 

1-1. 0496 

0 -4.9315 

0)-2. 4689 { 

9.5 

( 1)-5. 0022 

1 

-2.0879 

0 -9.4124 

01-4.5385 ( 

10.0 

( 2)-1.0663 

( 1 

) -4. 2551 i 

( 1) -1. 8382 

( 0) -8.5238 ( 

10.5 ( 

2)-2. 3257 

1 

1 -8. 8802 

1)-3. 6758 ( 

11-1. 6369 ( 

11.0 

2)-5.1822 

2 

1-1. 8956 

1)-7. 5239 ( 

11-3.2170 ( 

11.5 

1 3-1.1779 

2 

1-4.1335 

2)-1.5749 ( 

11-6.4688 

12.0 

3)-2. 7275 

2 

f-9.1940 

2) -3. 3666 

21-1.3297 ( 

12.5 

3) -6. 4259 

3 

-2.0833 

2)-7. 3407 

21-2.7912 ( 

13.0 

4 -1. 5386 ( 

3 

-4. 8031 

3)-1. 6305 

21-5.9750 

13.5 

4)-3. 7400 i 

4 

-1.1255 

3) -3. 6849 

31-1.3029 

14.0 ( 

4)-9. 2211 

4 

-2. 6777 

3) -8. 4644 ( 

3)-2.8906 ( 

14.5 ( 

5 -2.3041 

4 

-6. 4624 

4)-1.9742 ( 

3 -6. 5183 ( 

15.0 ( 

5)-5. 8301 ( 

5) 

-1.5838 ( 

4)-4. 6712 ( 

4)-1.4925 ( 

15.5 ( 

6)-1.4929 ( 

5) 

-3. 9163 

5)-1.1203 

4) -3. 4670 ( 

16.0 

6)-3. 8658 

5 

-9.8198 i 

5)-2. 7217 

4)-8.1642 

16.5 

7)-l. 0118 

8 

-2. 49 D4 

5)-6. 6925 

5 -1.9474 ( 

17.0 

7 -2.6753 

61 

-6.3846 

6) -1.6647 

51-4. 7022 ( 

17.5 ( 

7)-7.1420 

7 

-1. 6537 

6)-4.1862 

6) -1.1486 ( 

18.0 ( 

8)-1.9243 

7 

-4.3256 1 

7) -1. 0637 

6 -2.8369 

18.5 ( 

8)-5. 2302 

8 

-1.1421 

7)-2. 7299 

61-7.0806 ( 

19.0 ( 

9)-1.4335 

8 

-3. 0423 

7) -7. 0724 

7 -1. 7850 

19.5 ( 

9)-3. 9609 ( 

8 

-8.1738 1 

8 i-l. 8489 

7)-4. 5433 

20.0 ( 

10)-1.1028 ( 

9 

-2.2141 

8)-4. 8757 

8)-1.1670 ( 


- 1)-4. 6958 

- 1)+9.1053 

- 1)+3. 6132 

- 1)-7. 5330 

- 1)-7. 5598 

- 2)+7. 8968 

- 11+7.4771 


- 1)-5. 5683 

- 11-6.7414 

- l)-6.2956 

- 1) -5. 3428 

- 1 -4. 8313 

- 11-5. 4626 

- 11-7.9001 
0-1.3159 
0-2.3213 
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Table 14.1 
v\ p 


COULOMB WAVE FUNCTIONS OF ORDER ZERO 
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0.5 ( 0 +1.0105 (- 1)+6. 6039 

1.0 (- 1)-3. 0813 (- 1 +6.1193 

1. 5 ( 0)-1.0106 (- 1 -8. 5450 

2.0 (- 1)+1.0271 (- 1 -7.4809 

2. 5 ( 0)+1. 0681 (- 11+5.2505 

3.0 (- 11+7. 0689 01+1, 1097 

3. 5 (- 1 -3.8460 (- 1)+4.6531 

4.0 ( 0 -1.1328 (- l)-6. 0877 

4. 5 ( 0 -1.0557 ( 0 -1.1932 

5. 0 (- 1 -3. 5128 (- 1 -9.8377 

5. 5 (- 1)+5.1503 (- 11-2. 3772 

6. 0 ( 0) 1.1748 (- 11+6.0673 

6. 5 ( 0) 1. 4845 ( 01 1,2270 

7.0 ( 0) 1. 4802 ( 0) 1.5072 

7.5 0 1.2778 0 1.4897 

8. 0 (- 1) 9.9567 ( 0) 1.2856 

8.5 (- 1 7.1674 0 1. 0060 

9.0 (- 1) 4.8384 (- 11 7.2948 

9.5 (- 1) 3.0947 (- 1) 4.9703 

10. 0 (- 1) 1, 8899 (- 1) 3.2134 

10. 5 (- 1) 1.1084 (- 1) 1.9857 

11. 0 (- 2) 6.2723 - 11 1.1794 

11. 5 - 2) 3.4374 (- 2) 6. 7632 

12. 0 (- 2) 1.8300 (- 21 3.7577 

12.5 - 3) 9.4892 (- 2) 2,0290 

13. 0 (- 3) 4. 8032 (- 2 1.0674 

13. 5 - 3) 2. 3779 (- 3 5.4824 

14. 0 - 3 1.1532 - 3 2.7546 

14.5 - 4) 5.4870 (- 3) 1.3560 

15. 0 (- 4) 2.5646 (- 4) 6. 5497 

15.5 (- 4) 1. 1789 (- 4) 3.1079 

16. 0 - 5) 5.3346 - 4 1.4504 

16. 5 - 5) 2.3787 - 5) 6. 6636 

17.0 (- 5) 1.0460 (- 5) 3.0167 

17. 5 (- 6) 4.5399 (- 5) 1. 3469 

18.0 (- 6) 1.9459 (- 6 5.9345 

18. 5 (- 7) 8.2424 (- 6) 2.5824 

19. 0 (- 7 3.4522 (- 6) 1.1105 

19. 5 (- 7 1.4304 (- 7) 4.7213 

20.0 (- 8) 5.8668 (- 7) 1.9859 

a 


(- 1) -2. 6356 (- 1)-9. 5714 (- 1)-8.1320 

0)+1. 0298 (- 1)+5. 9819 (- 1) -3. 2923 

i - 2)-4.2659 (- 11+8. 0098 ( 01+1.0154 

0) -1.0610 (-1-6.0110 (-1+3.0159 

- 1) -3. 6504 ( 0 -1. 0050 - 1 -9.4813 

- 1 +8.3235 - 21+3.2093 - 1 -7.8654 

i 01+1. 0517 ( 0 +1. 0266 (- 1 +3.8780 

- 11+2.2016 (- 11+9.2908 ( 01+1.1240 

- 11-7.9196 (- 2 -1.3928 (- 11+7.6776 

01-1.2226 (- l)-9.3827 (- 1)-2. 2935 

i - l)-9.0447 ( 0)-1.2281 ( 0)-1. 0524 

- 11-1.3066 (- 11-8.2121 ( 01-1.2155 

- 11+6.8982 - 21-3.0049 - 11-7.3630 

0) 1.2736 (- 1) +7. 6541 (- 21+6.4345 

0 1. 5276 ( 0 1.3157 (- 1 8. 3446 

0 1.4986 ( 0 1.5461 ( 0 1.3538 

0 1.2930 0) 1. 5069 ( 0) 1.5630 

0) 1.0159 ( 0) 1. 3001 ( 0) 1. 5147 

- 1) 7.4157 ( 0) 1.0253 ( 0) 1. 3070 

(- 1) 5.0960 (- 1) 7.5308 ( 0) 1. 0343 

I - 1) 3.3276 (- 1) 5.2163 (- 11 7.6406 

- 1) 2.0789 (- 1) 3.4376 - 1) 5.3315 

- 1) 1.2493 (- 1 2.1696 - 1 3.5437 

- 2) 7.2527 (- 1 1.3181 (- 1 2.2578 

- 2) 4. 0816 (- 2) 7.7405 - 1) 1.3858 

- 2 2.2331 - 2) 4.4084 - 2) 8.2258 

- 2 1.1907 - 2) 2.4418 - 2 4. 7375 

- 3 6.2000 - 2 1.3185 - 2 2.6546 

- 3 3.1586 - 3) 6.9542 (- 2 1.4504 

- 3) 1.5768 (- 3) 3.5893 (- 3) 7.7433 

- 4) 7. 7245 (- 3) 1.8156 - 3) 4. 0459 

- 4) 3.7177 (- 4) 9. 0130 (- 3 2.0721 

- 4) 1. 7598 (- 4) 4.3962 (- 3) 1.0416 

- 5) 8.2016 - 4) 2.1092 - 4 5.1452 

- 5) 3.7665 (- 5 9. 9629 - 4 2.5000 

- 5) 1. 7058 (- 5 4. 6375 - 4 1.1961 

- 6) 7 . 6243 (- 5) 2.1289 - 5) 5. 6392 

- 6) 3.3654 - 6) 9.6448 (- 5) 2.6221 

(- 6 1.4679 (- 6 4.3152 (- 5 1.2032 

- 7) 6. 3305 (- 6) 1.9078 - 6) 5.4529 

n,p) 


0. 5 (- 1)+1. 0374 (- 

1. 0 - 1 +9.2398 

1.5 - l)-2. 6352 

2.0 -11-9.2711 

2.5 - 11-2.1794 

3.0 (- 1U6.8521 i- 

3.5 (- l)+8.2181 (- 

4. 0 (- 1) +2. 6981 

4.5 (- 1J-3.9491 i- 

5.0 (- l)-7. 4641 (- 

5. 5 (- 1) -7. 0977 (- 

6. 0 - 1)-4. 3534 

6.5 (- 11-1.1279 (- 

7. 0 (- 1)+1. 3471 (- 

7.5 (- 1 2.6755 (- 

8.0 - 1 3.0148 (- 

8.5 (- 1) 2.7316 (- 

9. 0 (- 1) 2.1740 (- 

9. 5 (- 1) 1. 5790 (- 

10.0 {- 1) 1.0690 (- 

10.5 (- 2) 6. 8361 (- 

11.0 - 2) 4.1667 (- 

11.5 - 2) 2.4370 (- 

12. 0 - 2) 1.3747 (- 

12. 5 (- 3) 7.5088 (- 

13.0 (- 3) 3.9846 

13. 5 (- 3 2.0598 

14.0 - 3 1. 0396 

14.5 (- 4) 5.1328 (- 

15. 0 (- 4) 2.4832 (- 

15. 5 (- 4) 1.1789 (- 

16.0 (- 5) 5.4992 (- 

16. 5 (- 5) 2.5233 (- 

17. 0 (- 5 1. 5 401 (- 

17.5 (- 6) 5. 0769 (- 

18.0 (- 6) 2,ZjjO (- 

18.5 (- 7 9.0688 

19.0 (- 7 4.1409 

19.5 (- 7) 1.7529 (- 

20.0 (- 8 7. 3379 (- 


1)-7. 4873 (- 11-9. 5176 

1)+7. 7918 (- 31-6.9768 

11+5. 5592 (- 11+9.5486 

11-6.6487 - 21+8.1839 

11-8.0683 - 1 -8.6636 

21+7.3796 - 11-6.0115 

11+7. 9551 (- 11+3.1511 

11+7.3722 - 11+8.4585 

11+1.3669 - 11+6.3816 

1) —4. 7259 (- 21+1.8327 

l)-7. 5469 (- l)-5. 3380 

11-6.8162 (- 11-7. 5595 

1)-4. 0420 - 11-6.5393 

21-9.4232 (- 1 -3.7584 

11+1.4020 (- 2 -7.7728 

1 2.6574 (- 11+1.4497 

1 2.9796 (- 1 2.6401 

1 2. 7098 (- 1) 2.9470 

1) 2.1730 (- 1 2.6893 

1) 1.5938 (- 1) 2.1715 

1) 1. 0912 (- 1 1.6072 

2) 7.0640 (- 1 1.1118 

2 4. 3620 (- 2 7.2792 

2 2.5860 (- 2) 4.5494 

2) 1.4792 (- 2 2.7313 

3 8.1964 - 2 1.5829 

3) 4.4133 (- 3 8.8884 

3) 2. 3153 - 3 4.8514 

3) 1.1861 (- 3) 2.5805 

4) 5.9443 (- 3) 1.3405 

4) 2.9194 (- 4 6.8135 

4 1.4071 (- 4 3.3940 

5) 6. 6637 (- 4 1.6592 

5) 3.1043 - 5) 7.9706 

5) 1.4240 (- 51 3.7665 

6) 6.4378 (- 5) 1. 7526 

6) 2.8708 (- 6) 8. 0374 

6) 1.2636 - 6) 3.6355 

7 5. 4935 - 6 1.6231 

7) 2.3605 (- 7) 7.1576 


(- 11-3.2396 (- 11+5.8913 

(- 1 -7.9198 - 11-9.2215 

(- 1 +6.1234 - 11-2.1544 

(- 1 +7.7886 - 11+9.0561 

(- 1 -3.3293 - 11+4.4171 

i-l) -9. 0956 - 1 -6. 3111 

(- 11-3.6640 (- 11-8.4454 

- 11+5. 0199 (- 1 -1.3528 

- 11+8.5260 (- 1 +6.3846 

(- 1)+5. 3380 - 1) +8. 2B68 



(- 3) 1.5025 (- 3 3.1370 

(- 4) 7.7388 (- 3 1.6717 

- 4 3.9067 - 4 8.7182 

- 4 1.9356 (- 4 4.4568 

- 5) 9.4242 - 4 2.2364 

(- 5 4.5139 - 4) 1.1028 

(- 5) 2.1289 (- 5 5.3499 

(- 6 9. 8957 (- 5) 2.5557 

- 6 4.5369 (- 5 1.2033 

(- 6) 2.0531 (- 6 5.5878 
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COULOMB WAVE FUNCTIONS OF ORDER ZERO 
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Table 14.2 


CoGi) 


0.00 

1. 000000 

0.05 

0.922568 

0.10 

0.847659 

0.15 

0. 775700 

0.20 

0. 707063 

0.25 

0. 642052 

0. 30 

0. 580895 

0.35 

0. 523742 

0.40 

0.470665 

0.45 

0. 421667 

0.50 

0.376686 

0.55 

0.335605 

0. 60 

0.298267 

0.65 

0. 264478 

0.70 

0.234025 

0.75 

0. 206680 

0.80 

0.182206 

0.85 

0.160370 

0.90 

0. 140940 

0.95 

0.123694 

1. 00 

0.108423 

m 


For In r(l+ij/), see Table 


COULOMB WAVE FUNCTIONS 

Co(tj) =e~i irr f |r(l + ir?)| 


T) Co(lj) 

1. 00 (-1)1.08423 

1. 05 -2)9. 49261 

1.10 (-2)8. 30211 

1.15 (-2)7. 25378 

1. 20 (-2)6.33205 

1.25 (-2)5. 52279 

1.30 (-2)4. 81320 

1. 35 (-2 4.19173 

1.40 (-2)3. 64804 

1. 45 (-2)3. 17287 

1. 50 (-2)2. 75796 

1. 55 (-2)2. 39599 

1. 60 (-2)2. 08045 

1. 65 (-2 1. 80558 

1.70 (-2)1.56632 

1. 75 (-2)1. 35817 

1.80 (-2)1.17720 

1. 85 (-2)1. 01996 

1.90 (-3 8. 83391 

1. 95 (-3)7. 64847 

2. 00 (-3) 6. 61992 


7J Co (rj) 

2. 00 (-3)6. 61992 

2. 05 -3)5. 72791 

2. 10 -3)4. 95461 

2. 15 -3)4. 28450 

2. 20 (-3)3.70402 

2. 25 (-3)3. 20136 

2. 30 (-3)2. 76623 

2. 35 (-3)2. 38968 

2.40 (-3)2. 06392 

2.45 (-3)1. 78218 

2. 50 (-3)1. 53858 

2.55 (-3)1. 32801 

2. 60 (-3)1.14604 

2. 65 (-4 9. 88816 

2.70 (-4)8. 53013 

2.75 (-4)7. 35735 

2. 80 -4)6. 34476 

2.85 (-4)5. 47066 

2.90 -4)4. 71626 

2.95 (-4)4. 06528 

3. 00 (-4)3. 50366 
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15. Hypergeometric Functions 

Mathematical Properties 


15.1. Gauss Series, Special Elementary Cases, 
Special Values of the Argument 

Gauss Series 

The circle of convergence of the Gauss hyper¬ 
geometric series 

15.1.1 


15.1.7 

F(b b b ~* 2 )=(i+ 2 2 mi, l; -z 2 ) 

=z~ l In [*+(i+* 2 )*] 

15.1.8 F(a, b;b;z)=(l-z)- a 

15.1.9 F(a, Ha; b * 2 )=*[(!+*)■- 2 “+(l- *)'~ 2a ] 


F(a,b;c; z)= 2 Fi(a, b; c; z) 


=F(b, a; c; z)=X) 

71=0 


{a)n(b)n 

(c)« w! 


r(c) . ~ r(q+n)r( 6 +n) ^ 
r(a)r( 6)^ 0 r(c+w) n! 

is the unit circle \z\ — 1 . The behavior of this 
series on its circle of convergence is: 

(a) Divergence when & (c—a—b)^— 1. 

(b) Absolute convergence when & (c—a—b)^> 0. 

(c) Conditional convergence when — 1 <C&(fi—a 

—b) ^ 0 ; the point 2=1 is excluded. The Gauss 
series reduces to a polynomial of degree n in z 
when a or b is equal to —n, (n= 0 , 1,2,...). 
(For these cases see also 15.4.) The series 15.1.1 
is not defined when c is equal to — m, (ra= 0 , 1 , 
2 , . . .), provided a or b is not a negative integer 
n with For c=—m 


15.1.10 

F(a, §+a; f; z 2 )= 

H- 1 (l-2®)- 1 [(l+2) 1 - 20 -(l-2) 1 " 2a ] 

15 * 1 * 11 y) &ivj 

F(-a,a;t;-z 2 )=${[(l + z*)i+z] 2a +[( l+z^-z]^} 

15.1.12 C & ' ' : t 

F(a, 1—a; \\ —z 2 ) = 

Hi+^-nia+^^+^r^+ta+s 2 ) 1 -^- 1 } 

15.1.13 

F(a, £+a; l+2a; z)=2* a [l + (l-z)i]~* a 

= (l- 2 )*F(l-fa, H«; l+2a; z) 

15.1.14 

F(a, |-fa; 2a; 3 )=2 2a - 1 (l — s)-*[1 +(1 — 2)4] 1 - 2a 


15.1.2 

lim F(a, b; c; z) = 

c->—m 1 \C) 

z m+1 F (a+m+1, 6 + m+l; m+ 2 ; z) 


15.1.15 


F (a, 1 —a; f; sin 2 2 ) = 


sin [ ( 2 a— 1 ) 2 ] 
( 2 a— 1 ) sin 2 


15.1.16 


F(a, 2 —a; f; sin 2 z)= 


sin [( 2 a— 2 ) 2 ] 
(a— 1 ) sin ( 2 z) 


15.1.17 F{—a, a; 5 ; sin 2 2 )=cos ( 2 az) 


Special Elementary Cases of Gauss Series 

(For cases involving higher functions see 15.4.) 

15.1.3 F(l, 1 ; 2 ; z)= —z -1 In (1 — 2 ) * 

15.1.4 F(i, 1; z*) =lz~' In (j±0 

15.1.5 F{\, 1 ; f; — z 2 ) = z “ 1 arctan 2 

15.1.6 

F(b b f; 2 2 )=(1 — 2 2 ) 4 F( 1 ,1; f; z 2 ) = z -1 arcsin 2 


15.1.18 F(a, 1 -a; *; sin 2 2 ) [(2a 

COS 2 

15.1.19 F(a, i+o; —tan 2 2 )=cos 2a 2 cos (2az) 


Special Values of the Argument 


15.1.20 


F(a, b; c; 1)= 


r(c)r(c—a—6) 
r(c-a)r(c-6) 


(c^0, -1, -2, . 


^(c-a- 6 )> 0 ) 


*See page II. 
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15.1.21 

F(a, 6; a-6+1; 

(1+a-MO, -1, -2, . . .) 

15.1.22 

TO, b ; a- 6 + 2 ;-l)= 2 -V /2 ( 6 -l)- 1 r(a- 6 -f 2 ) 

trr(£+ \a—b ) r(H %a) r (i+ bj J 

(a-6+2^0, -1, -2, . . .) 

15.1.23 TO, a; a+1; -1)=-*(*«)] 

15.1.24 

^ (a, 6; r (i+^ r ^+§6) 

-1, - 2 ,. . .) 

15.1.25 

TO, 6; ia+l&+i; ^)=2^(o-&)- 1 r(i+|a+^) 
{[rcwrci+i*)]- 1 —[r(*+4a)r(46)]-*} 

(i(a+6)+1^0 f -l f -2 f ...) 

15.1.26 

F(a, 1— a; b) b)~ 

2 , -Mr(6) [r(4a+*6) r (i+W-fo)]- 1 

(6*0,-1,-2,...) 

15.1.27 

TO, i; «+i; j)=#(Hk)-iKi®)] 

{a t* —1, —2, —3,. . .) 

15.1.28 

TO, a; a+1; £)=2 a - 1 fl#(£+£a) — t(?a)] 

{a*- 1,-2, -3,...) 

15.1.29 

(f-2a^0, -1, -2,...) 


15.2. Differentiation Formulas and Gauss’ 
Relations for Contiguous Functions 

Differentiation Formulas 

15.2.1 ~ TO, h c; z)=~ TO+i,6+1; c+i; 3 ) 

15.2.2 

^ TO, 6; c; TO+w, 6+n; c+n; 2 ) 

15.2.3 

d_ [ 2 a+»-i^( a> C j 2 )]=(a) n 2 a - 1 F(a+n, 6; c; 3 ) 

15.2.4 

^ [2 c-1 F(a, 6; c; 3)]=(c— n) n z c ~ n ' l F{a, b; c—n; 2 ) 

15.2.5 

+- 1 (1 -* ) -+*-TO,6 ;c ; .*)] 

= (c—a) n z e ~ a ~ l {\—z) a+}> ~ c ~ n F(a—n, b;c ; 2 ) 

15.2.6 

^ [(1— 2 ) a+ 6 _c TO, 6 ;c; 3 )] 

(l-2) a+s_< ‘ n TO, 6; c+n; 0 ) 

15.2.7 

~ [(1—2) a+ »- 1 TO,6;c; 2)] 

==, ( ~' 1)B( ^ ) ) w(C ~ 6) " (i-^TO+rc, 6;c+n; 2 ) 

15.2.8 

~~ n [ef- 1 Q.-gy-‘+»F(a, b;c; 2 )] 

==(c—n) n z c ~ n ~ 1 (l—z) b ~ c F(a—n, b;c—n; z) 


F {a, |+a; | -+a; £) = 


=W‘ 




15.1.31 

F^^+ij^+f;^) 

_ 9 §«+l io-i (0+1) ^ <ir0/6 rfta+fr) 

r(ia+f)r(§) 

(i «*-* 


15.2.9 


^ [e*-‘(l-*)* + *-**l(a, &;c; 0 )] 


= (e—w) B 2 c-n_1 (l—3) a+&-c- "TO—^», 6—w;c—n; 2 ) 


Gauss’ Relations for Contiguous Functions 

The six functions F(a± 1, b; c; z), F(a, b±l;c; z) } 
-TO, b; c±l; s) are called contiguous to 
F(a, b; c; z). Relations between F(a, b; c; z) and 
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any two contiguous functions have been given by 
Gauss. By repeated application of these rela¬ 
tions the function F(a+m, 6 +n; c+Z; z) with 
integral m, n, Z(c+Z?*0, —1, —2, . . .) can be 
expressed as a linear combination of F(a, 6 ; c; z) 
and one of its contiguous functions with coefficients 
which are rational functions of a, b , c, z. 

15.2.10 

(c— cl)F{cl — 1 , 6 ; c; z)- 3 r(2a— c— az-\-bz)F(a, 6 ; c; z) 

-\-a(z—\)F(a-\- 1 , b ; c; z)= 0 

15.2.11 

{c—b)F(a, b— 1; c; z)+(2b—c—bz+az)F(a, 6 ; c ; z) 

+ b{z—\)F(a , 6+1; c; s)=0 

15.2.12 

c(c— 1 )( 2 — l)F(a, 6 ; c— 1 ; 2 ) 

+c[c—1 — ( 2 c— a—b—\)z]F{a, 6 ; c; z) 

+ (c—a)(c—b)zF(a, 6 ; c+1; s) = 0 

15.2.13 

[c—2a— (b—a)z]F(a, 6 ; c; z) 

+a(l — z)F{a-{-\, 6 ; c; z) 

— (c—a)F(a— 1 , 6 ; c; s)=0 

15.2.14 

C b—a)F(a, b; c; z)~haF(a+ 1 , 6 ; c; 2 ) 

—bF(a, 6 + 1; c; 2)=0 

15.2.15 

(c—a— 6 )F(a,. 6 ; c; z)-{-a(l — z)F(a-\-l, 6 ; c; 2 ) 

— {c—b)F{a, 6 — 1 ; c; 2)=0 

15.2.16 

c[a— (c— 6 ) 2 ] 7 r (a, 6 ; c; z)—ac(l—z)F(a+l, 6 ; c; 2 ) 
+ (c— a)(c—b)zF(a, 6 ; c+ 1 ; 2)=0 

15.2.17 

(c—a—l)F(a, 6 ; c; 2 )+aF(a+l, 6 ; c; z) 

— (c—l)F(a, 6 ; c— 1 ; 2)=0 

15.2.18 

(c—a—b)F(a, 6 ; c; 2 ) —(c—a)F(a— 1 , 6 ; c; 2 ) 

+ 6 ( 1 — 2 )F(a, 6 + 1 ; c; 2)=0 

15.2.19 

( 6 — a) (1 — z)F(a, 6 ; c; z) — (c—a)F(a— 1 , 6 ; c; 2 ) 

+ (c— b)F(a, 6 — 1 ; c; 2)=0 

15.2.20 

c(l- 2 )F(a, 6; c; z)—cF(a— 1 , 6; c; 2 ) 

+ (c— 6 ) 2 F(a, 6 ; c+ 1 ; 2)=0 


15.2.21 

[a— 1 — (c—6— l)z]F(a, 6; c; 2 ) 

+ (c— a)F(a— 1, 6; c; 2 ) 

— (c—1)(1 — z)F(a, 6; c—1; 2)=0 

15.2.22 

[c—26+(6— a)z]F(a, 6; c; 2 ) 

+6(1 — z)F(a, 6 + 1; c; 2 ) 

— (c—b)F(a, 6—1; c; 2 ) =0 

15.2.23 

c[6—(c—a) 2 ]F(a, 6; c; 2 )—6c(l— 2 )F(a, 6+1; c; 2 ) 

+ (c—a)(c— b)zF(a, 6; c+1; 2)=0 

15.2.24 

(c—6 — l)2^(dj 6; c; z)-\-bF(a, 6+1; c; 2 ) 

— (e—l)F(a, 6; c—1; 2 ) =0 

15.2.25 

c(l — z)F(a, 6; c; z)—cF(a, 6—1; c; 2 ) 

* + (c — a)zF{a, 6; c+1; 2)=0 

15.2.26 

[6—1 — (c—a— l)z]F(a, 6; c; 2 ) 

+ (c— b)F(a y 6—1; c; 2 ) 

— (c—1) (1 — 2 )F(a, 6; c—1; 2)=0 

15.2.27 

c[c—1 — (2c— d —6— \)z\F{cl, 6; c; 2 ) 

+ (c—a)(c— b)zF(a, 6; c+1; 2 ) 

—c(c—1)(1 — 2 )F(a, 6; c—1; 2)=0 

15.3. Integral Representations and Transfor¬ 
mation Formulas 

Integral Representations 

15.3.1 

F(a, 6; c; z) — 

(^c>^6>0) 

The integral represents a one valued analytic func¬ 
tion in the 2 -plane cut along the real axis from 1 to 
00 and hence 15.3.1 gives the analytic continua¬ 
tion of 15.1.1, F{a, b; c; z). Another integral 
representation is in the form of a Mellin-Barnes 
integral 


•See pagr fl. 
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15.3.2 


F(a, b; c; ^- 2w J^T(b) 

r 

* r(o)r(») J-,„ 


Tjs±jmb+ ^) 

T(c+s ) 


r(a+s)r(6+s) 

r(i+s)r(c+«) 


CSC (its) (— 0)*C& 


Here —*<arg(—s)< 7 r and the path of integration is chosen such that the poles of r(a+s) and 
T( 6 +s) i.e. the points s=—a—n and s=—b—m(n, m= 0 , 1 , 2 , . . .) respectively, are at its left 
side and the poles of csc(irs) or r(— s) i.e. s==0, 1 , 2 , are at its right side. The cases in which —a, —b 
or — c are non-negative integers or a —6 equal to an integer are excluded. 


Linear Transformation Formulas 

From 15.3.1 and 15.3.2 a number of transformation formulas for F(a, b; c; z) can be derived. 

15.3.3 F{a , b ; c; z) = {l—z) c ~ a ~ h F(c—a 1 c—b., c; z) 

15.3.4 =(1 -z)~ a F(a, c-b; c; 

=(1 -z)-'F(b, c-a; c; -^) 

r(c)r(c-q-ft) 


15.3.5 

15.3.6 


r(c-a)r(c-6) 


F(a, b; a-\-b— c+1; 1 —z) 


+ (1-*) 


T(c)T(a+b-c) 


T{a)T(b) 


15.3.7 


15.3.8 


15.3.9 


r(c)r(6-g) 
"r(6)r(c 


F ( c—a, c—b ; c— a— 6 + 1 ; 1 — 0 ) 

(|arg ( 1 - 0 )|O) 

(— z)~ a F(a, 1 — c-j-a; 1 —b+a;~^ 


| 1—0+6; l-o+i; i) (|arg (-*)|<r) 


r T(a)T(c 

*■(•• *- b < rh) 


5 F ( 4 - *"* J - 0+1 - I=i) 


(|arg (1-0)|O) 


F ( a - a_c+1; !-;) 

+ 


r(«)r(6) 


Each term of 15.3.6 has a pole when c=a-\-b±m 1 (m— 0, 1 , 2, 


r(f)T(a+b e) l-o; e-a-b+V, 1-i) 


(|arg 0|O, |arg (1-0)|O) 
.); this case is covered by 


15.3.10 *M; |fj 


(a)n(b) n 

(nl)> “ 


[ 2 ^(ri+l)— \f/(a+n)— \f/(b+n )—In ( 1 — 0 )]( 1 — z) n 


(|arg ( 1 - 0 )|<tt, |1 -0|<1) 


Furthermore for m= 1 , 2 , 3, . . . 

15.3.11 F(a, b; a+b+m; g g (I-.)’ 


- I rwr (s ' ir § - t fe Sr" a-.)-«*+i) 

-f(n+m+l)+$(a+n+m)+}p(b+n+m)] (|arg (1— 0 )|<tt,| 1 —s|<l) 
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- 'SSB att (1—.)1ln 0-)-«•+.) 

-^(RmRR^(a+?i)4-^(6+n)] 

(|arg (1 —s)|<tt,| 1—s|<l) 

Similarly each term of 15.3.7 has a pole when b=a±m or b—a= ±m and the case is covered by 
T(c) 

=5 V_ *' nmO " (niy 

(|arg(-g)|<7r > |g|>l,(c-a)^0,±l,±2 J .. .) 


15.3.13 F(a,a',c;z) = 


r(a)r(c—a) go (a),(1 (nir^ ^Hn (-,)+^(n+l)-^ + «)-^-a-„)] 


The case b—a=m, (m= 1 , 2 , 3, . . .) is covered by 

15.3.14 J F , (a,a+m;c; g)=F(a+m,a;c; g) 

- rasg a s ' iin <-.>+*i+»+»>+*i+»> 

_, (tt+ro+n) _* (c _ a _ m _„ )m _ s) -.^ ■- 

(|arg(—g)| 0 ,|g|>l,(c—a)^ 0 , ± 1 , ± 2 ,...) 

v 

The case c—a= 0 , — 1 , — 2 , . . . becomes elementary, 15.3.3, and the case c—a= 1 , 2 , 3, . . . can be 
obtained from 15.3.14, by a limiting process (see [15.2]). 


Quadratic Transformation Formulas 

If, and only if the numbers ±( 1 — c), ±(a—b), ±(a+ 6 —c) are such, that two of them are equal 
or one of them is equal to then there exists a quadratic transformation. The basic formulas 
are due to Kummer [15.7J and a complete list is due to Goursat [15.3]. See also [15.2]. 

15.3.15 F(a,b;2b\z)=( 1 - 2 )-*“f(Jo, 6 -i<t; 6 +J; 4 ^ 4 ) 

15.3.16 =(1 -iz)-F(ia, i+i<x; 6 +J; z\2-z)-*) 

15.3.17 =(RWi^)-^[a,a-*+M+*; 

15.3.18 == (1 — g) ~^F ^a, 26 —a; 6 +$; 

15.3.19 F(a, a+i;c;g)=(R Wl—g)~ 2a .F ^ 2 a, 2a—c+1; c; 

15.3.20 =(l±-Jz)~ 2a F (2a,c—\\ 2 c— 1 ; ±^|) 

15.3.21 =(l-g)“ a ^2a, 2c—2a—1; c; 

15.3.2? F(a,b ; a+b+l;z)=F( 2a, 26; a+ 6 +i; RRl^g) 

15.3.23 =(RiVT^)- a, ^(2a,a-6+i;a+6+i;^^^^ 


VELzT\ 
2 vr iI i / 
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15.3.24 F(a, b ; a+b~h z)={\-z)-'F(2a-\,2b-\]a+b-hh-h^-*) 

15.3.25 =(1-2)-* (Ki VT = 2) 1 ' 2a ^(2a-l, a-6+fc 

15.3.26 F{a, 6; a-6+1; 0) = (l+0)-“F (K *a+*; a—6+1; 43(l+3)- 2 ) 

15.3.2T = (1 ±Jz)~ 2a F(a, a-6-f}; 2a-26+l; ±4-Jz(\±^)~ 2 ) 

15.3.28 =(1 -z)~ a F{\a, ia-&+*;a-5+l;-40(l-3)- 2 ) 

/ 4z 2 —4 z \ 

15.3.29 F (a, 6; 2 )=(l- 20 )-“F(£a, ia+i; *«+*&+*; - (i _ 2g) ^ 

15.3.30 =F(*a, *6; *»+*&+*; 43-43 2 ) 

15.3.31 ^(a, 1—a; c; ^(l-*)- 1 /^-!®, ic+*a-i; c; 40-40 2 ) 

15.3.32 =(l- 0 ) e - 1 (l- 2 ^) a -■ c i ?, (\c-\a, c; (40 2 -40)(l-20)- 2 ) 


Cubic transformations are listed in [15.2] and [15.3]. 

In the formulas above, the square roots are defined so that their value is real and positive when 
O^ 0 < 1 . All formulas are valid in the neighborhood of 2=0. 

15.4. Special Cases of F(a, b\ c; z) 

Polynomial* 

When a or b is equal to a negative integer, then 


15.4.1 


m 


F(—m, b; c; «)—S 

n-0 


(— m) n (b) n 3" 
(c) n n\ 


This formula is also valid when c=—m—l ; m, Z=0, 1, 2, . . . 


15.4.2 F(—m, b; m l; «)-ZJ n \ 

Some particular cases are 

15.4.3 F(-n, n; x)=T n (l-2x) 


15.4.4 F(-n, n+1; 1; x)=P n (l-2x ) 

15.4.5 F(-n,n+2a-, a +|; l)=+ C'?>(l-2x) 

15.4.6 F(-n, a+l+0+re; a+1; x)=^pjy- P<“''>(l-2x) 

Here T n , P n , C ( n a) , P ( *' S) denote Chebyshev, Legendre's, Gegenbauer’s and Jacobi’s polynomials re¬ 
spectively (see chapter 22). 

Legendre Functions 

Legendre functions are connected with those special cases of the hypergeometric function for which 
a quadratic transformation exists (see 15.3). 

15.4.7 F(a, b;2b;s)=2 a -'T(i+b)^-‘ (l- s )t»--*>/>»r;_ i ||(l-|)(l-x)-l] 

15.4.8 =2“ir-> s- > (l-2 )‘ < ‘-“ ) « , ' < - w PM (?-l) 


15.4.9 F{a, b ; 2i.;-s)=2 a x-» P\-\ (l+j) (kg *10, |arg (l±s)|<ir) 
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15.4.10 F{a t a+\)C) z)=V- l T{c)z*-*{\- Z )*-*-'P\:iX(\-z)-^ 

(|arg s|<7r, |arg (1— z)\<Cv, z not between 0 and — co) 

15.4.11 jr (a>a+ * ;c ;s) = 2‘-lr( C )(-^^ ( — oo < x <0 ) 

15.4.12 F(ffi,i;«+H-i;2)=2 , + 8 -tr(l+«+i)(-2) ,(, "‘'‘ , fi=r![(l-2) t l 

(|arg (— 2 )|<tt, z not between 0 and 1) 

15.4.13 F(», b ; a+6+i; x)=2“+»-»r(}+o+6) ; cl<i— 1 [(1 —*)») (0<x<l) 

15.4.14 F(a,b\a-b+l\z)=T(a-b+l)zV-»(\-z)-'’P'L- l '‘ (j±|) 

(|arg (1 — 2 )|<tt, z not between 0 and — oo) 

15.4.15 F(e, i;a-6+l;x)=r(o-6+l)(l-x)-*(-x)i*-t“PV (i±|) (- »<ss<0) 

15.4.16 F(a, 1—a;c; 2)=r(c)(-2)»-*(l- 2 )*-iPLy(l-2z) 

(|arg (—z) |<tt, Jarg (1— 2 )|<7r, z not between 0 and 1) 

15.4.17 F(a, 1—a; c; x)=r(c)x i ~ ie (l—x) ie ~ i P\r a e (l—2x) (0<x<l) 

15.4.18 F(a, b ; *a+*6+*; 2) = r(H^+i6)[ 2 ( 3 -l)]l (1 -«-^a--r-S(l“22) 

(|arg z |0, |arg (z— l)|<ir, z not between 0 and 1) 

15.4.19 F(a, b; **+*&+*; x) = r(Hk+|6)(*-a: 2 )‘ (1 - B - w /1^r-!J(l-*2 a :) (0<x<l) 

15.4.20 F(a, b;a+b~k 2)=2 a+ft -*r(a+6-i)(-3)l ( t- B - w (l-2)-*Pil a a l|[(l- 2 )J] 

(I ft rg (—s)|<ir, I arg(l—2)|<7r, 0t[(l— 2 )*]>0, 2 not between 0 and 1) 

15.4.21 ^(a,6;«+6-l ;a; )=2^-*r(a+6-i)xifi- a -»(l-*)-*Piir4[(l-x)i] (0<x<l) 

15.4.22 F(a, b; \; 2)=^2 B + 6 -ir(Ha)r(H6)( 2 -l)* ( l-“- w [P*ir4(2 i )+PtT-5(-2*)] 

(|arg z|<>, | arg(z—l)|<x, z not between 0 and 1) 

15.4.23 F{a, b; *; x)=x-*2 a+6 -*r(Ka)r(H6)(l-x)i < *- a - 6) [Pi- a 6 -5(x*)+Ptr-|(-x*)] (0<x<l) 

15.4.24 F(a, b; \\~z)=- jr-i2“- ft - 1 r(Ka)r(l-6)( 2 +l)“* a -^ ± ^ (b ~ a) {P^.^l-f^)-*] 

+P2;<U[-s*( 1+2)-*]} 

(± according as Sz^O, z not between 0 and oo) 

*15.4.25 F(a, b; h -x)=x-*2 B - ft - 1 r(Ha)r(l-6)(l+ a; )-i a -l»{P>; a .i[xi(l+a ; )-l]+P2n-i[-x 1 / 2 (l+x)-*]} 

(0<x< °°) 

15.4.26 P(a,6;t;x) = -x-i2 a + ft -ir(a-J)r(6-^)x*'*(l-x)* < i— w {Pi-r-i(x*)-Pi- a 6 -5(-^)} (0<x<l) 


15.5. The Hypergeometric Differential Equation 

The hypergeometric differential equation 

15.5.1 2(1-2) g’ + [ c -( a+ 6 + i)2] %?-abw =0 


•See page n. 



HYPERGEOMETRIC FUNCTIONS 


563 


has three (regular) singular points 2=0, 1, °°. The pairs of exponents at these points are 

15.5.2 />i (0 >=0,l-c, p$=0,c-a-b, Pl ( “ 2 >=a,6 

respectively. The general theory of differential equations of the Fuchsian type distinguishes between 
the following cases. 

A. None oj the numbers c, c—a—b; a—b is equal to an integer. Then two linearly independent solutions 
of 15.5.1 in the neighborhood of the singular points 0, 1, « are respectively 

15.5.3 w U0 )=F(a, 6; c; — z) e ~ a ~ b F(c—a, c—b ; c; z) 

15.5.4 w 2m = z l ~ c F(a— c+1, b— c+1; 2—c; z)=z 1 ~ c (l — z) e ~ a ~ b F(l —a, 1—6; 2—c; z) 

15.5.5 v) 1( i ) =F(a, 6; a+6+1— c; 1 — z)=z l ~ e F(l+b— c, 1 +a—c; a+6+1— c; 1 — z) 

15.5.6 w 2 (i)=(l — z) e ~ a ~ b F(c—b,c—a;c—a— 6+1; 1—2)=2 1-c (l —2) e ~ a ~ b F(l—a, 1—6;c— a— 6+1; 1—2) 

15.5.7 U> Ua> )=z~ a F(a > a—c+1; a—6+1; z" 1 ) —z b ~ e (z—l) e ~ a ~ b F(l—b, c—b ; a—6+1; z~ l ) 

15.5.8 w 2(<0) =z~ b F(b, 6—c+1; 6—a+1; z~ l )=z a ~ c (z—l) e ~ a ~ b F(l—a, c—a; 6—a+1; 2 -1 ) 

The second set of the above expressions is obtained by applying 15.3.3 to the first set. 

Another set of representations is obtained by applying 15.3.4 to J5.5.3 through 15.5.8. This 
gives 15.5.9-15.5.14. 

15.5.9 Wuo. = (l-2)-*f (a, c-b; c; c-a; e; +■) 

15.5.10 1-6; 2—c; ■^L.)= 2 *-*(l-*)«-»-<F(4-e+l, l-o; 2-c;^+) 

15.5.11 Wi ( i ) =z~ a F(a, a—c+1; a+6—c+1; 1— z~ 1 )=z~ b F(b, 6—c+1; a+6—c+1; 1 —z~ l ) 

15.5.12 

w 2a) =z a ~ e {\—z) e ~ a ~ b F{c—a, 1—a; c—a—6+1; 1 — 2~ l )=2 6-c (l — z) c ~ a ~ b F{c—6 ,1—6; c—a—6+1; 1 —2" 1 ) 

15.5.13 w Uco) =(z—l)~ a F(a, c—b; a—6+1; ~^j={z—l)~ b F(b, c—a ; 6—a+1; 

15.5.14 

w 2 ^ ) =z x ~ c (z-\y- a - l F ^a—c+1, 1-6; a-6+1; =2 1 - c (2-l) e - 6 - 1 F’ (^6-c+l, 1-a; 6-a+l; 

15.5.3 to 15.5.14 constitute Rummer's 24 solutions of the hypergeometric equation. The analytic con¬ 
tinuation of «+2(o ){z) can then be obtained by means of 15.3.3 to 15.3.9. 

B. One of the numbers a, 6, c—a, c—b is an integer. Then one of the hypergeometric series for 
instance uh i2 «», 15.5.3, 15.5.4 terminates and the corresponding solution is of the form 

15.5.15 w—z a (l—zyp n (z) 

where p n (z) is a polynomial in z of degree n. This case is referred to as the degenerate case of the 
hypergeometric differential equation and its solutions are listed and discussed in great detail in [15.2]. 

C. The number c—a—b is an integer, c nonintegral. Then 15.3.10 to 15.3.12 give the analytic continu¬ 
ation of Wi i2( o) into the neighborhood of 2=1. Similarly 15.3.13 and 15.3.14 give the analytic continu¬ 
ation of W\ ,2(0) into the neighborhood of z— <*> in case a—b is an integer but not c, subject of 
course to the further restrictions c—a=0, ±1, ±2 . . . (For a detailed discussion of all possible 
cases, see [15.2]). 

D. The number c=l. Then 15.5.3, 15.5.4 are replaced by 

15.5.16 w U0) =F(a, 6; 1; 2) 
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15.5.17 w* m =F(a,b;l; z)]n z+^^^^z n [\k{a+n)-^(a)+^(b+n)--rk(b)-2^(n+l)+2\k(l)] (|z|<l) 

E. The number c=m+ 1, m—1, 2, 3, ... . A fundamental system is 

15.5.18 Wi(o)=F(a, b; m+1; z) 

15.5.19 w m =F(a, b; m+1; 2 ) In 2 +g 2?1«o+»)-f(o)-M’(H-»)-#(i)-lKTO+l+#) 

+^m+l)-^(n+l)+»(l)]-Zj z ~" (l*l< 1 mda.b^O, 1 , 2 ,... (ro- 1 )) 

F. The number c=l—m, m—l, 2, 3, . . . . A fundamental system is 

15.5.20 w no) =z m F(a+m, b+m; 1+m; z) 


15.5.21 

w 2{0) =z m F(a+m, b+m; 1+m; z) In z+z m g) z" ( a +m)n^6+m) n 


—^(6+m)—^(m+l+w)+^(m+l)—^(n+l)+^(l)]—XI 


[\l/(a+m +7) )—^(a+ m)+if/(b+m+n) 
(n-l)!(-m), 


I (1— a— m) n (l— b—m) n 
(|z|<l and a, 6^0, —1, —2, . . . —(m—l)) 


15.6. Riemann’s Differential Equation 

The hypergeometric differential equation 15.5.1 
with the (regular) singular points 0, 1, °=> is a 
special case of Riemann’s differential equation 
with three (regular) singular points a, b f c 


15.6.1 

d 2 w . [~ 1— a— a! . 1— ft—ft' . 1—7~7' ~| dw 
dz 2 ~* L z—a ' z—b z—c J dz 

, f aot'(a—b)(a—c) ftft'(6—c)(6—a) 

+L z-a + z-b 

77'(c-a)(c-6) ~|_w_ ; 

z—c J ( z—a)(z—b)(z—c ) 


The pairs of the exponents with respect to the 
singular points a; b; c are a, a'; ft, ft'; 7 , 7 ' respec¬ 
tively subject to the condition 

15.6.2 a+a' +ft+ft' + 7 +V' = 1 


The complete set of solutions of 15.6.1 is denoted 
by the symbol 



Special Cases of Riemann’s P Function 

(a) The generalized hypergeometric function 


15.6.4 


ro - 

1 

1 


w=P - 

1 « ft 

7 

* 



La' ft' 

7' 

J 


(b) The hypergeometric function F(a, b; c; Z) 


15.6.5 



(c) The Legendre functions P$(z), Q!t{z) 


15.6.6 

I 

r 0 

00 

1 ] 



b 

0 (l-z 2 )- 1 

1 

l h+b 

b 

4 J 


(d) The confluent hypergeometric function 


15.6.7 


yo=P< 


0 <» 
\+u —c 
L ?—u 0 


c—k 

k 


provided lim c- 
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Transformation Formulas for Riemann’s P Function 


15.6.8 (0j(~ h )P 


f° 

b 

c 

1 


'a b c "j 

- 

0 

y 



a-\-k —k—l y-\-l z I 

u 

0' 

y f 

J 


Ict'+k p'-k-l y'+l J 


15.6.9 P' 


fa b 

c 

1 

f o> 

bi 

Cl 

cc 0 

y 

z i 

II 

0 

y 

U' 0 ' 

y' 

J 

U' 

0' 

y' 


where 

1e . £ _Az\-\-B Acii+B t _Abi~\~B Aci-\-B 

15.6.10 z- Clli+D ’ a - Cai +D’ b ~Cb I +D’ Cci+D 

and A, B, C, D are arbitrary constants such that AD—BC^O. 
Riemann’s P function reduced to the hypergeometric function is 


15.6.11 



-(3)'(3)'H • 


a+P+Y 

<x+j8'+y 


(g— a)(c—b) 
( z—b){c—a) 


y'-y 


The P function on the right hand side is Gauss’ hypergeometric function (see 15.6.5). If it is replaced 
by Rummer’s 24 solutions 15.5.3 to 15.5.14 the complete set of 24 solutions for Riemann’s differential 
equation 15.6.1 is obtained. The first of these solutions is for instance by 15.5.3 and 15.6.5 


15.6.12 


(J=f) f [“+0+T.“+0'+r;i^ 


(*-q) (c—fe) ~] 
(z-b) (c-d) J 


15.7. Asymptotic Expansions 

The behavior of F(a, b; c; z) for large \z\ is 
described by the transformation formulas of 15.3. 

For fixed a, b, z and large |c| one has [15.8] 


15.7.1 


F(a, b;c ; g)=X) 


(aUb) n z' 




For fixed a, c , z, (c^O, — 1, —2, . . . , 0<|a|<l) 
and large |6| one has [15.2] 


15.7.2 

F(a, b; c; z)=e~ ira [T(c)/T(c-a)] (bz)-*[l+0{\bz\~ 1 )] 
+[ r (c)/r (a)] e* *( &g) a ~ e [ 1+0( IM 1 

(-Y< ar g( 62 X^ T ) 

15.7.3 

F(a, b; c; z)=^[r(c)/r(c-a)] (&g)-‘[l+0(|M -1 )] 
+[T(c)lr(a)]e bi (bz) a - c [l+0(\bz\- 1 )] 

(-i»< arg(6g)<fir) 

For the case when more than one of the param¬ 
eters are large consult [15.2]. 
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16. Jacobian Elliptic Functions and Theta Functions 

Mathematical Properties 


Jacobian Elliptic Functions 
16.1. Introduction 

A doubly periodic meromorphic function is 
called an elliptic function. 

Let m, m x be numbers such that 

We call m the parameter , m t the complementary 
parameter. 

In what follows we shall assume that the param¬ 
eter m is a real number. Without loss of gen¬ 
erality we can then suppose that 0<m<l (see 

16.10,16.11). 

We define quarter-periods K and iK' by 

16.1.1 

C*I2 (]R 

*«=*=/„ 

iK f (m)=iK'=:i J o (1 _ Wi sin 2 0)1/2 

so that K and K' are real numbers. K is called 
the real, iK' the imaginary quarter-period. 

We note that 

16.1.2 K(m)=K , (m 1 )=K'(l-m). 

We also note that if any one of the numbers m, 
m u K(m), K'(m), K'(m)IK(m) is given, all the 
rest are determined. Thus K and K' can not 
both be chosen arbitrarily. 

In the Argand diagram denote the points 0, K, 
K+iK', iK' by s, c, d, n respectively. These 
points are at the vertices of a rectangle. The 
translations of this rectangle by \K, uiK', where 
X, n are given all integral values positive or nega¬ 
tive, will lead to the lattice 

.s .c .s ,c 

.n .d .n .d 

.s .c .s .c 

.n .d .n .d 

the pattern being repeated indefinitely on all 
sides. 


Let p, q be any two of the letters s, c, d, n. 
Then p, q determine in the lattice a minimum 
rectangle whose sides are of length K and K' and 
whose vertices s, c, d, n are in counterclockwise 
order. 

Definition 

The Jacobian elliptic function pq u is defined by 
the following three properties. 

(i) pq u has a simple zero at p and a simple 
pole at q. 

(ii) The step from p to q is a half-period of pq u. 
Those of the numbers K, iK', K+iK' which differ 
from this step are only quarter-periods. 

(iii) The coefficient of the leading term in the 
expansion of pq u in ascending powers of u about 
u=0 is unity. With regard to (iii) the leading 
term is u, l/u, 1 according as u —0 is a zero, a 
pole, or an ordinary point. 

Thus the functions with a pole or zero at the 
origin (i.e., the functions in which one letter is s) 
are odd, and the others are even. 

Should we wish to call explicit attention to the 
value of the parameter, we write pq (u\m) instead 
of pq u. 

The Jacobian elliptic functions can also be 
defined with respect to certain integrals. Thus if 

^ , o f* dd 

16.1.3 u-J o (1 _ m8in s 

the angle <p is called the amplitude 

16.1.4 <p=am u 
and we define 

16.1.5 

sn u=sin tp, cn it=cos <p, 

dn w=(l —m sin 2 p) 1/2 =A(p). 

Similarly all the functions pq u can be expressed 
in terms of <p. This second set of definitions, 
although seemingly different, is mathematically 
equivalent to the definition previously given in 
terms of a lattice. For further explanation of 
notations, including the interpretation, of such 
expressions as sn (<p\a), cn (-u|m), dn (u, k), see 17.2. 
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16.2. Classification of the Twelve Jacobian Elliptic Functions 
According to Poles and Half-Periods 



Pole 

iK' 

Pole 

K+iK' 

Pole 

K 

Pole 

0 


Half period iK' 

sn u 

cd u 

dc u 

ns u 

Periods 2 iK', 4K+4iK', 4K 

Half period K+iK 7 

cn u 

sd u 

nc u 

j 

ds u 

Periods 4t K', 2K+2iK', 4 K 

Half period K 

dn u 

nd u 

sc u 

cs u 

Periods 4t K’, 4K+4iK', 2 K 


The three functions in a vertical column are 
copolar. 

The four functions in a horizontal line are 
coperiodic. Of the periods quoted in the last line 
of each row only two are independent. 



Figure 16.1. Jacobian elliptic functions 
sn u, cn u, dn u 



The curve for cn (u|l) is the boundary between those 
which have an inflexion and those which have not. 



Figure 16.2. Jacobian elliptic functions 
ns u, nc u, nd u 




Figure 16.3. Jacobian elliptic functions 
sc u, cs u, cd u, dc u 



16.3. Relation of the Jacobian Functions to the 
Copolar Trio sn u, cn u, dn u 


16.3.1 

, cn u 

cdw=-5— 
dnw 

. dnu 

dc u= - 

cn u 

1 

ns - 

sn u 

16.3.2 

, snii 

sdM= a^ 

1 

nc u— - 

cn u 

, dn« 

ds u= - 

sn u 

14 O D 

1 

nd 

__snu 

_cn u 

10 . 0.3 

dn u 

cn u 

~ sn u 


And generally if p, q, r are any three of the letter s 
s, c, d, n, 


16.3.4 


pq u 


_pr u 
— qr u 


provided that when two letters are the same, e.g., 
pp u, the corresponding function is put equal to 
unity. 
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16.4. Calculation of the Jacobian Functions by 
Use of the Arithmetic-Geometric Mean 
(A.G.M.) 

For the A.G.M. scale see 17.6. 

To calculate sn {u\m) y cn ( u\m ), and dn ( u\m ) 
form the A.G.M. scale starting with 

16.4.1 a 0 = 1, &o=V^i, c 0 =V^, 
terminating at the step N when c N is negligible to 
the accuracy required. Find <p N in degrees where 

1 Qrt° 

16.4.2 

7T 


and then compute successively tp N - 1, <p N - 2 , . . 
<pi, <po from the recurrence relation 


16.4.3 sin (2 <p n -i—<f> n )=— sin <p n . 

(L n 

Then 

16.4.4 

sn («|m)=sin <p 0 , cn (w|m)=cos <p 0 


dn {u\m)~ 


cos {<pi—<Po) 


From these all the other functions can be deter¬ 
mined. 


16.5. Special Arguments 



u 

sn u 

cn u 

dn u 

16.5.1 

0 

0 

1 

1 

16.5.2 

l K 

1 

nh l/ * 

TTCl ,/4 

2 K 



16.5.3 

K 

1 

0 

mi 1/2 

16.5.4 



(1 + m*/*)^* 


16.5.5 


-M(l —m I/, ) 1/J ] 



16.5.6 

K+l(iK') 

m~ l/ * 

-'{-opr) 


16.5.7 

iK' 

* 

00 

00 

16.5.8 

\ K + iK ' 


./ m,' /2 V /J 

‘Vi-™!' 2 / 

— »TO| ,/4 

16.5.9 

K+iK' 

m~ l/t 

—i(mi/m ) u2 

0 


16.6. Jacobian Functions when m=0 or 1 




wi=0 

m— 1 

16.6.1 

sn ( u\m ) 

sin u 

tanh u 

16.6.2 

cn (it|m) 

cos u 

sech u 

16.6.3 

dn («|m) 

1 

sech u 

16.6.4 

cd (u\m) 

cos It 

1 

16.6.5 

sd {u\m) 

sin u 

sinh u 

16.6.6 

nd ( u\m ) 

1 

cosh u 

16.6.7 

dc (w|m) 

sec u 

1 

16.6.8 

nc (u\m) 

sec u 

cosh u 

16.6.9 

sc ( u\m) 

tan u 

sinh u 

16.6.10 

ns (ulm) 

CSC u 

coth u 

16.6.11 

ds (u|m) 

CSC u 

csch u 

16.6.12 

cs (u|m) 

cot u 

csch u 

16.6.13 

am (u|m) 

u 

gd u 


•See page n. 
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16.9. Relations Between the Squares of the 
Functions 

16.9.1 —dn 2 u-\-mi=—m cn 2 u—m sn 2 u—m 

16.9.2 — mind 2 u+mi=—mmisd 2 u=m cd 2 u—m 

16.9.3 miSc 2 u-\-mi=minc 2 u=dc 2 u~ m 

16.9.4 cs*tt+mi=ds 2 tt=ns a tt—m 

In using the above results remember that 
m+mi=l. 

If pq u, rt u are any two of the twelve functions, 
one entry expresses tq 2 v in terms of pq 2 u and 
another expresses qt 2 w in terms of rt 2 w. Since 
tq 2 «-qt 2 «=l, we can obtain from the table the 
bilinear relation between pq 2 u and rt 2 u. Thus 
for the functions cd u, sn u we have 

16.9.5 nd 2 «=-— m C< * U > dn 2 w= 1 —m sn 2 w 

m x 

and therefore 

16.9.6 (1 —m cd 2 u) (1—m sn 2 u)=mi. 

16.10. Change of Parameter 

Negative Parameter 

If m is a positive number, let 
i6 - m ( °<'‘< i) 


16.10.2 

sn (w|—m)=/ii*sd (v|/i) 

16.10.3 

cn (w|—m) =cd (v|m) 

16.10.4 

dn (w|—w)=nd (o|/u). 

16.11. Reciprocal Parameter (Jacobi’s Real 
Transformation) 

16.11.1 

m>0, n=m~ l , v=um m 

16.11.2 

sn (w|m)=M 1/2 sn (fl|n) 

16.11.3 

cn (tt|m)=dn (w|ju) 

16.11.4 

dn (u|m) = cn (w|ju) 

Here if m> 1 then ra _1 =/x<l. 

Thus elliptic functions whose parameter is real 
can be made to depend on elliptic functions whose 
parameter lies between 0 and 1. 


16.12. Descending Landen Transformation 
(Gauss 9 Transformation) 

To decrease the parameter, let 


__ _ /l —m! 1/2 Y u 

16.12.1 

then 

16.12.2 

16.12.3 

16.12.4 dn(«|m)= ^W-^2 - 

Note that successive applications can be made 
conveniently to find sn (u\m) in terms of sn 
and dn (w|m) in terms of dn (p|/i), but that the 
calculation of cn (u\m) requires all three functions. 

16.13. Approximation in Terms of Circular 
Functions 

When the parameter m is so small that we may 
neglect m 2 and higher powers, we have the 
approximations 

16.13.1 

sn («|m) «sin u —^ m(u —sin u cos u) cos u 

16.13.2 

cn (w|m) ~ cos u+^ m(u —sin u cos «) sin u 


16.13.3 


dn {u\m) ~ 1—^ wi sin 2 u 


16.13.4 am (w|m) | m{u —sin u cos u ). 

One way of calculating the Jacobian functions 
is to use Landen’s descending transformation to 
reduce the parameter sufficiently for the above 
formulae to become applicable. See also 16.14. 

16.14. Ascending Landen Transformation 

To increase the parameter, let 

4 m 1 ' 2 /l-m^Y u 


16.14.1 M = 


(1 + m 1/z ) 


A—m 1/2 \ 2 


i+».■'* 


16.14.2 sn(,| m) =(l + , 1 -) 3D t ) ( y^ ) 


16.14.3 cn (wj m) = 


l+Ml 1/2 dD 2 (g|M)— Ml 1/2 
dn (v\n) 
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Note that, when successive applications are to 
be made, it is simplest to calculate dn (u\m) since 
this is expressed always in terms of the same func¬ 
tion. The calculation of cn {u\m) leads to that of 
dn (»|m). 

The calculation of sn {u\m) necessitates the 
evaluation of all three functions. 

16.15. Approximation in Terms of Hyperbolic 
Functions 


When the parameter m is so close to unity that 
mi 2 and higher powers of m x can be neglected we 
have the approximations 

16.15.1 

sn (m|to) «tanh (sinh u cosh u—u) sech 2 u 

16.15.2 

cn ('w|m)«sechw 

—i mi (sinh u cosh u—u) tanh u sechu 

16.15.3 

dn (u|m)«sech« 

+| Wi (sinh u cosh u+u) tanh u sech u 

16.15.4 

am (u\m) «gd tt+^ m x (sinh u cosh u—u) sech u. 


16.17. Addition Theorems 

16.17.1 sn(u+t>) 

_ sn tt-cn p-dn y+sn #-cn u-dn u 
1 —m sn 2 u-an 2 v 

16.17.2 cn^+fl) 

cn u • cn v— sn u • dn u »sn v • dn v 
~ 1 —m snVsnty 

. / , . dnii-dnc—msnw-cnw-sny-cnw 

16.17.3 dn («+»)=*-:- 5 -«- 

' 1 —msn 2 u-sn% 

Addition theorems are derivable one from 
another and are expressible in a great variety of 
forms. Thus ns(u;+fl) comes from l/sn(«+®) in the 
form (1— msn 2 u sn 2 w) / (sn u cn v dn v +sn v cn u dn u) 
from 16.17.1. 

Alternatively ns(u-\- v)=m 1/2 an {{iK'—u)—v} 
which again fromT6.17.1 yields the form (ns ucsv dsn 
—nsvcsudav)/(ns 2 u—ns 2 v). 

The function pq(w+t>) is a rational function of 
the four functions pq u, pq v, pq 'u, pq+. 

16.18. Double Arguments 

16.18.1 sn 2 u 

2sn u • cn u ■ dnu 2sn u • cn u • dn u 
~~ 1 — msn 4 u cn 2 w+sn 2 w • dn 2 w 

16.18.2 cn 2 u 

_cu 2 u— sn 2 u • dn 2 tt cn 2 u—-sn 2 u • dn% 
— 1 —msn 4 w — cn 2 tfc+sn 2 tt • dn 2 u 


Another way of calculating the Jacobian func¬ 
tions is to use Landen’s ascending transformation 
to increase the parameter sufficiently for the above 
formulae to become applicable. See also 16.13. 


16.16. Derivatives 



Func¬ 

tion 

Derivative 

16.16.1 

sn u 

cn u dn u 


16.16.2 

cn u 

— sn u dn u 

Pole n 

16.16.3 

dn u 

-msniicnu 


16.16.4 

cd u 

— mi sd u nd u 


16.16.5 

sd u 

cd u nd u 

Pole d 

16.16.6 

nd u 

m sd u cd u 


16.16.7 

dc u 

mi sc u nc u 


16.16.8 

nc u 

sc u dc u 

Pole c 

16.16.9 

sc u 

dc u nc u 


16.16.10 

ns u 

— ds u cs u 


16.16.11 

ds u 

— cs u ns u 

Pole s 

16.16.12 

cs u 

—ns u ds u 



Note that the derivative is proportional to the 
product of the two copolar functions. 


16.18.3 dn 2u 

_dn 2/ tt—msn 2 « • cn 2 u dn 2, M+cn 2 t&(dn 2 -u—1) 
— 1 msu*u dn 2 w—cn 2 w(dn 2 w—1) 


16.18.4 


1—cn 2u _ an 2 u- dn 2 u 
1+cn 2 u~ cn 2 u 


16.18.5 


1—dn 2u msn 2 u • cn 2 u 
1+dn 2 u~ dn 2 tt 


16.19.1 

16.19.2 
16.19.3 


16.19. Half Arguments 


sn 2 £«= 


1—cn u 
1+dn u 


cn 2 + 


dn ^+cn u 
1+dnt^ 


mj+dn u+mcn u 
dn 1 “-l+dnu 


16.20. Jacobi’s Imaginary Transformation 

16.20.1 sn(iw|m)=isc(zt|mi) 

16.20.2 cn (iw| m) =nc (u| m x ) 

16.20.3 dn(itt|m)=dc(ii|mi) 
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16.21. Complex Arguments 

With the abbreviations 

16.21.1 

s=sn(a:|m), c=cn(z|m), d=dn(;r|m), s 1 =sn(y|m 1 ), 
c,=cn(y|mi), d 1 =dn(2/| mO 


16.21.2 

16.21.3 

16.21.4 


sn(x+it/|m) = 

cn(*+ty| m .) — 

dn(z-|-M/|m) = 


s • dj “I - ic • d • Sj • Ci 

Ci+ms 2 • Si 

c • Ci—is • d»St • di 
c?+ms 2 • s? 

d • Ci • dj— ima • c • s x 
c?+ms 2 • s 2 


16.22. Leading Terms of the Series in Ascending 
Powers of u 

16.22.1 

sn('w|m)=«—(l+m) ^-+(l+14m+m 2 ) ^ 

- (1 + 135m+135 m 2 +m a ) . . . 

16.22.2 

cn(«lm)=l~+(l+4m) ~ 

— (l+44m+16m 2 ) . . . 

16.22.3 

dn(u|m)=l —m 2j+m(4+m) ^ 

— m(16+44m-f m 2 ) . . . 


No formulae are known foi; the general coeffi¬ 
cients in these series. 


16.23. Series Expansions in Terms of the Nome 

q- = . e -TK.'i K ant j t j le Argument v=wu/(2K) 

2jr “ 0 «+l/2 

16.23.1 sd (2n+l)» 

16.23.2 cn (ulm) = ^g£} cos (2»+l)t> 

16.23.3 dn (u| m) 2 cos 2nv 

16.23.4 

® ( _-i'»»„»+ 1/2 

cd (u\ m)=^i 72 g 2 ~ 1 _ g 2 n+i CQS $n+\)v 

16.23.5 

2 ir ® „n+i/2 

sd ( “ |m)= (mm l ) l ' 2 lfS (-1) ’r+? 5T5Sin (2b+1> 


16.23.6 

nd ^ m) -2^+^kt^~ l), 'T+^ coa2n ’’ 

16.23.7 

dc (ujm)=^sec v 

o_ oo n 2n+l 

+K 2 (~1) B jprp ii+1 cos 

16.23.8 

nc Hm)= ^ p ^ secp 

(-1)B i+« 2,,+i cos (2il+1)w 

16.23.9 

sc (u\m)=^^tmv 

“I-2 (~1) B . V 2n S ^ n 2»W 

m} /2 i£ JT^i 1 + 2 2 * 

16.23.10 

7T 2x 00 1 

ns (w|m)= 2 ^ esc v-^ g 1 j r ^n T i sin (2»+l)t> 

16.23.11 

TT 27T “ <7 2n+1 

ds (w[m)= 2 ^ esc 2 x j. g2 n+i sin (2»+l)» 

16.23.12 

7T 2t " (7 2n 

C8 (ujm)=^ cot g sin 2 nv 

16.24. Integrals of the Twelve Jacobian Elliptic 
Functions 

16.24.1 /sn u du—m ~ xl2 In (dn u— m 1/2 cn u) 

16.24.2 /cn w du—m~ xn arccos (dn u) 

16.24.3 /dn « dw=arcsin (sn u) 

16.24.4 /cd u du=m~ in in (nd ^+m 1/2 sd u) 

16.24.5 /sd u du=(mm i) _1/2 arcsin (—m 1/2 cd tt) 

16.24.6 /nd « du~mc xn arccos (cd u) 

16.24.7 /dc u du ~In (nc u+sc u) 

16.24.8 /nc u du=mi 1/2 In (dc u-tm\ /2 sc, u) 

16.24.9 /sc u du=ml xn In (dc u+mi /2 nc u) 

16.24.10 /ns u du —In (ds u —cs u) 

16.24.11 /ds w du=ln (ns u —cs u ) 

16.24.12 /cs u du=ln (ns ds u ) 

In numerical use of the above table certain re¬ 
strictions must be put on u in order to keep the 
arguments of the logarithms positive and to avoid 
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trouble with many-valued inverse circular func¬ 
tions. 

16.25. Notation for the Integrals of the Squares 
of the Twelve Jacobian Elliptic Functions 

16.25.1 Pq u=j pq 2 £ dt when q?*s 

16.25.2 Ps u=£ (pq 2 *-^) dt~ 

Examples 

Cdw=J^cd 2 * dt, Ns u=J U (ns 2 *-^)<ft--~ 

16.26. Integrals in Terms of the Elliptic Inte¬ 
gral of the Second Kind (see 17.4) 

16.26.1 mSn u= — E(u)+u 

16.26.2 mCn u=E(u) —m x u Pole n 

16.26.3 Dn u=E(u) 

16.26.4 mCd u =—E(u) +u+7nsn u cd u 

16.26.5 

wmiSd u=E(u)—m i u—msn u cd u Pole d 

16.26.6 miNd u=E{u) — msn u cd u 

16.26.7 DcM=-^(ii)+w+sn«dcw 

16.26.8 

miNc u—— E(u)-\-miU-\-sn u dc u Pole c 

16.26.9 w^Sc u— —E(u) +sn u dc u 

16.26.10 Ns u= —E(u) +v —cn wds« 

16.26.11 

Ds u—— E(u)-\-miU —cn u ds u Poles 

16.26.12 Cs u= —E{u )—cn u dsu 

All the above may be expressed in terms of 
Jacobi’s zeta function (see 17.4.27). 

Z(u)=E(u) —jg u , where E=E(K) 

16.27. Theta Functions; Expansions in Terms 

of the Nome q 

16.27.1 

M z , q)=#i(z)=2q 1/i 'j>2(—l) n q n{n+l) sin( 2 n+l )2 

16.27.2 

M z , <l)=M z )=2<l l/i iti <z B(n+1) cos (271+1)2 

n-0 


16.27.3 M z > 2 )=^,( 2 ) = l+2 X) f 2 cos 2 nz 

16.27.4 

M z , 5 )=^( 2 ) = l +2 2 (—l)" 2 " z cos 2riz 

n — 1 

Theta functions ape important because every 
one of the Jacobian elliptic functions can be ex¬ 
pressed as the ratio of two theta functions. 
See 16.36. 

The notation shows these functions as depend¬ 
ing on the variable z and the nome q, |<z|<l. 
In this case, here and elsewhere, the convergence 
is not dependent on the trigonometrical terms. 
In their relation to the Jacobian elliptic functions, 
we note that the nome q is given by 

q= e - K 'i K , 

where K and iK f are the quarter periods. Since 
q=q(m) is determined when the parameter m is 
given, we can also regard the theta functions as 
dependent upon m and then we write 

M z > q) = ^a(z\in), a—1, 2, 3, 4 

but when no ambiguity is to be feared, we write 
t \{z) simply. 

The above notations are those given in Modern 
Analysis [16.6]. 

There is a bewildering variety of notations, for 
example the function # 4 ( 2 ) above is sometimes 
denoted by ^( 2 ) or 0 ( 2 ); see the table given in 
Modern Analysis [16.6]. Further the argument 
u=2Kz/t is frequently used so that in consulting 
books caution should be exercised. 

16.28. Relations Between the Squares of the 

Theta Functions 

16.28.1 t??( 2 )t?J( 0 )=^|( 2 )^( 0 )-^( 2 )^( 0 ) 

16.28.2 dl ( 2 ) t9l(0)=^*( 0 ) dl ( 0 )—( 2 ) f?l( 0 ) 

16.28.3 ^(a)tfj(0)=«(2)tfj(0)-dj(»)^(0) 

16.28.4 *J(2)*S(0)=t?S( 2 )t?i( 0 )-^( 2 )t>|( 0 ) 

16.28.5 *S(0)+tf(0)=*j(0) 

Note also the important relation 

16.28.6 #1 (0)=t? 2 (0)t? 3 (0)# 4 (0) or 

16.29. Logarithmic Derivatives of ’ the Theta 

Functions 

16.29.1 -^-7—r=COt tt+4 S 1 g 2 n si n 2nw 
Mu) n=il -q 2n 
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16.29.2 

#^ = -tan u+4 ± (-1)" sin 2nu 

& 2 {U) n=l 1_ 2 


16.31. Jacobi’s Notation for Theta Functions 
16.31.1 0(tt|m) = 0(tt)=tf 4 (®), 


16 - 29 - 3 Wr i t‘> { - l)n ^¥' si0 * nu 
16 - 29 - 4 Si= 4 Sr^ sin2n “ 

16.30. Logarithms of Theta Functions of Sum 
and Difference 

16.30.1 

In glVfcS -In sin + 

0) sin (a-0) 

“ 1 a 2n 

+4 2- ^ — 2 - sin 2na sin 2ft0 

n«=l ft 1 2 

16.30.2 

In flg( g +ff) _ 1n COS (a4-/3) 
d 2 (ai—19) cos (a—0) 

-f -4 V) till- .. . g — sin 2fta sin 272,0 
ft 1~2 

16.30.3 


In 


#a(«4~0) 

t?a(a-/3) 


=4S 

n-1 


(- 1 )" 

ft 


g W 

1~2 2b 


sin 2 7 &a sin 2?i0 


16.30.4 


In =4 S ~ . g ^ 2 n s™ 2na sin ^J 0 
d 4 (a— 0) jrriftl-2 2 " 

The corresponding expressions when /3=iy are 
easily deduced by use of the formulae 4.3.55 and 
4.3.56. 


16.31.2 0, (ft |7ft) = 0! (ft)=$ 3 (v) =0 (ft ■ +K) 

16.31.3 H(u| to) = H(ft) =& x (v) 

16.31.4 H 1 (w|to) = H 1 (ft)= (v) = H (ft ■+FQ 

16.32. Calculation of Jacobi’s Theta Function 
0 (ft 17ft) by Use of the Arithmetic-Geometric 
Mean 

Form the A.G.M. scale starting with 

16.32.1 a 0 =l, 6 0 =V m i) c o— V™ 

terminating with the iVth step when c N is negligible 
to the accuracy required. Find <? N in degrees, 
where 

i Rn° 

16.32.2 <p N =2Pa N u — 

7T 

and then compute successively <Px-i, <pn- 2 , • • •, 
(Pi, <p 0 from the recurrence relation 


16.32.3 sin (2<p n -i—<p n )—^- sin <p n . 
Then 


16.32.4 

In 0(«|»).i InI q 

v 1 ' 2 7T 2 COS<po 

+£ In sec ( 2 ^ 0 —^!)+^ In sec (2^—^)+ . . . 


■^“2^+1 sec 


16.33. Addition of Quarter-Periods to Jacobi’s Eta and Theta Functions 


u 

— u 

u+K 

u + 2K 

u-\-iK' 

u + 2iK' 

u+K+iK' 

u+2K+2iK' 

16.39.1 

H(tt) 

-H (u) 

Hi (u) 

~H (ft) 

i'M(w)0(u) 

-N(u)H(u) 

Af(u)©i(t*) 

N(u)H(u) 

16.33.2 

Hi(tt) 

H,(«) 

-H(ti) 

-Hi(«) 

M(u)0i(u) 

jy(«)Hi(tt) 

— iM(u)Q(u) 

-JV(u)H,( W ) 

16.33.3 

0i(«) 

0i (u) 

0(m) 

0i («) 

M(u)Hx(«) 

N(u)Qi(u) 

iM(u)U(u) 

iV(it)0i(«) 

16.33.4 

0(w) 

0(w) 

0i(«) 

0(«) 

»M(tt)H(u) 

~N(u)Q{u) 


-tf(u)0(«) 


where 


M«=[exp(-g)] r ., 
JV(u)=[exp (~x)] ' r ' 


H (ft) and lb (ft) have the period 4K. 0(ft) and 

0i (ft) have the period 2 K. 

2iK' is a quasi-period for all four functions, 
that is to say, increase of the argument by 2iK' 
multiplies the function by a factor. 
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16.34. Relation of Jacobi’s Zeta Function to the 
Theta Functions 




16.34.1 Z(u)=- t 


1 \2K/ cnudnu 


2 K q (tu,\ 

»'\m) 


16.34.2 


16.34.3 


16.34.4 


:) 

^ (H), 


dn « sn « 


IT '’’(S) 

= 2 MS)“ 

= 2 MS) 


dn u 


16.35. Calculation of Jacobi’s Zeta Function 
Z(u\m) by Use of the Arithmetic-Geometric 
Mean 

Form the A.G.M. scale 17.6 starting with 

16.35.1 Oo=l» 6o=V w h> c 0 = -jm 

terminating at the Mh step when c N is negligible 
to the accuracy required. Find <p N in degrees 
where 


16.35.2 


OAT 180° 

tpx —2 (iffU 


and then compute successively <Pn- 2 , 

<Pi, <p 0 from the recurrence relation 


sin (2 (p n -i—<Pn)=~r sin *>»• 
dn 


16.35.3 
Then 

16.35.4 

Z{u\m)=c l sin <px +c 2 sin <p 2 + . • . +c N sin <p N . 

16.36. Neville’s Notation for Theta Functions 

These functions are defined in terms of Jacobi's 
theta functions of 16.31 by 

or 1 o / N H(u) 0 , x H(u+K) 

16.36.1 *.(«)—H®- 


16.36.2 *„«=§§• 

If X, m are any integers positive, negative, or 
zero the points Uo-\-2\K.-\-2niK' are said to be 
congruent to Uq. 

d s (u) has zeros at the points congruent to 0 
t } c (u) has zeros at the points congruent to K 
Mu) has zeros at the points congruent to iK r 
Mu) has zeros at the points congruent to 
K+iK' 

Thus the suffix secures that the function Mu) 
has zeros at the points marked p in the intro¬ 
ductory diagram in 16.1.2, and the constant by 
which Jacobi's function is divided secures that the 
leading coefficient of M u ) at the origin is unity. 
Therefore the functions have the fundamentally 
important property that if p, q are any two of the 
letters s, c, n, d, the Jacobian elliptic function 
pq u is given by 

16.36.3 Pq«=Jg- 

These functions also have the property 

16.36.4 mi lli & e (K-~u)=& s (u) 

16.36.5 mi l '%(K-u)=& n ( u ), 

for complementary arguments u and K—u. 

In terms of the theta functions defined in 16.27, 
let v—vu/(2K) ) then 

16.36.6 *>)= 2 -ggW)=tg 

16.36.7 



Figure 16.4. Neville's theta junctions 
t >,(u), Mu), Mu), Mu) 


1 

m== 2 
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J ; h *«.(.»), *.(.») 


16.37. Expression as Infinite Products 

q=q(m), v—tu/(2K) 

16.37.1 

sin v II (1— 2q 2n cos 2v-\-q in ) 

16.37.2 

d,.(u )=^— ~~ ^ cost> II (l+2g; 2B cos 2v+q* n ) 

16.37.3 

Tl^ (l+2g 2 »- 1 cos 2 v+q in - 2 ) 

16.37.4 

/ m \ 1/12 00 

^ (u) =(l6^) cos W 2 ) 


16.38. Expression as Infinite Series 

Let v—ttuI(2K) 

16.38.1 

r 2 irrt 1/2 “ 11/2 ® 

t? J (w) = ^ m i/ 2 TO i /2 ^J 2 (-l) n g n(n+1) sin (2n+l)t> 

[ 2irf1 1/2 -1 1/2 00 

S 2” <,+,, cos C 3 "* 1 )” 

r *• “i 1/2 » 

16.38.3 d d (u) =1 I {1 +2 ^ q n cos 2 nvj 

16.38.4 

^n(^)=[^ 2m T/ 2 ^ ] U+ 2 S (—l) B g n2 cos 2?u>) 

16.38.5 (2#/7r) 1/2 =l+2 2 +2 2 4 +22 9 + . . . =t? 3 {0,g) 

16.38.6 

(2#'Ar) 1/2 =l+2 2l +2< Z ?+2< Z ?+. . . = *((>, j&) 

16.38.7 

(2m 1/2 K/Tr ) 1 /2 =2<z 1/4 ( 1+g 2 ++ q n +g 20 + • . •) 

=MP, q) 

16.38.8 

(2ml /2 ^/7r) 1/2 =l-2 2 +2 2 4 -2 2 9 +. . .=0 4 (4<Z). 


Numerical Methods 


16.39. Use and Extension of the Tables 

Example 1. Calculate nc (1.99650|.64) to 4S. 
From Table 17.1,1.99650=#+ .001. From the 
table of principal terms 

nc u=—mi 1/2 /(u —#) + . . . 

nc (.g+ .0011.64) = — (; —+... 

10000 
6 + 

= -1667+ ... 

and since the next term is of order .001 this value 
— 1667 is correct to at least 4S. 

Example 2. Use the descending Landen trans¬ 
formation to calculate dn (.20|.19) to 6D. 

Here m=.19, wi /2 =.9 and so from 16.12.1 


m ! =(j^) 4 =10- 8 X7.67 


which is negligible. 

From 16.12.4 


dn(.20|.19) = 

I 

Now from 16.13.3 


t 

dn |^.19 | ^^=.999951 


whence dn (.20|. 19) = .996253. 

Example 3. Use the ascending Landen trans¬ 
formation to calculate dn (.20J.81) to 5D. 

From 16.14.1 


_ 4(,9) 360 _/J_\ 2 

M (1.9)* 36l’ U9/ 

-gx.20-.19, 

Ml is negligible to 4D. Thus 
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IQ 

dn (. 20 |. 81 )= 2 qX 


-Hi) ' 


From 16.15.3 


dn ( 19 |iii) =sech ( - 19 )+ i x dii tanh 19 sech - 19 

[sinh .19 cosh.19+,19] 


= . 982218 +^X 3 ^ (.187746) (.982218) 
[(.191145) (1.01810)+ .19] 
= .982218+7x4? (-184408)[.384605] 

4 «50i 

= .982218+ .000049= .982267. 


Thus dn (.201.81) = .98406. 


Example 4. Use the ascending Landen trans¬ 
formation to calculate cn (,20|,81) to 6D. 

Using 16.14.4, we calculate dn (.20|.81) and 
deduce cn (.20|.81) from 16.14.3 settling the sign 
from Figure 16.1. 

As in the preceding example, we reduce the 
calculation of dn (.20|.81) to that of dn ^.19 1 
when 

dn ( 19 |if) = 982267 

dn (.20|.81) = .984056 
cn (.20|.81) = .980278. 


Example 5. Use the A.G.M. scale to compute dc (.672| .36) to 4D. 

64 

From 16.9.6 we have dc 2 (.672|.36) = .36 + 1 ^ n ^ We now calculate sn(.672|.36) by the 

method given in 16.4. Form the A.G.M. scale 


n 

d n 

bn 

c„ 

C n 

dn 

<fn 

sin <p n 

sin (2ip n -i~<p n ) 

2l(>n-l—<f>n 

0 

1 

. 8 

. 6 

. 6 

. 65546 

. 60952 



1 

. 9 

. 89443 

. 1 

. 11111 

1. 2069 

. 93452 

. 10383 

. 10402 

2 

. 89721 

. 89721 

. 00279 

. 00311 

2. 4117 

. 66679 

. 00207 

. 00207 

3 

. 89721 

i 

. 89721 

0 

0 

4. 8234 

-. 99384 

0 

0 


<p n = 2»a n u V3 = 2+89721) (.672) =4.8234 

continuing until c n =0 to 5D. 

Then complete as indicated in 16.4 to find <p 0 and so sn u and hence dc u, 
^o = >65546 sn u =.60952 dc «=1.1740. 

Example 6 . Use the A.G.M. scale to compute 0(.6|.36) to 5D. 

We use the method explained in 16.32 with oo—1, b 0 =.S, c 0 —.G. 
Computing the A.G.M. as explained in 17.6, we find 


(For values of a n , b n , c n , see Example 5.) 


n 

fn 

sin <p n 

sin — <p n ) 

2?»n-i — <f n 

sec (2^-i-^) 

2 ^ In sec ( 2 ^- 1 -**) 

0 

1 

. 58803 

1. 0780 

. 55472 
. 88101 

. 09789 

. 09805 

1. 0048 

. 00120 

2 

2. 1533 

. 83509 

. 00260 

. 00260 


0 

3 

4. 3066 

-. 91879 

0 

0 

1 . 

0 


and then complete the calculation outlined in 16.32 to give 

In 0(w|m) = —.05734+.02935+.00120 
= -.02679 
0(u|m) = .97357. 


The series expansion for © is preferable. 
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Example 7. Use the g-series to compute 
cs (.53601 62|.09). 

Here we use the series 16.23.12, K— 1.60804 862, 
g=.00589 414, y=||?=^radians or 30°. 

Since g 4 is negligible to 8 D, we have to 7D 
cs (.53601 62J.09) 

=^ cot30 °-|{lT? 8in 600 } 

= (.97683 3852) (1.73205 081) 

-3.90733 541 [(.00003 4740)(.86602 5404)] 
=1.69180 83. 


Example 8. Use theta functions to compute 
sn (.618021.5) to 5D. 

Here #(§) =1.85407 


Thus 


0 _ .61802 q — q 0 

€ “1.85407 X90 
sin 2 a=l/2, a=45°. 

Y fiionoi ^ t?,(30°\45°) 

(•618021-5) ~^ b ( 3 0 o \ 45 o ) 


.59128 


=.56458 


1.04729 

from Table 16.1. 

Example 9. Use theta functions to compute 
sc (.618021.5) to 5D. 

As in the preceding example 

€°=30°, a°=45° 

so that 

sc (618021 5 W^ 32 !\«!). 
sc (.618021.5) 

We use Table 16.1 to give 


d,(30°\45°) = .59128 
(sec 45°)h> c (30°\45°) = 1.02796. 
Therefore 

sc (.618021.5)=,^^ (sec 45°)l 
= .68402. 

Example 10. Find sn (.753421.7) by inverse 
interpolation in Table 17.5. 

This method is explained in chapter 17, Example 
7. 

Example 11. Find u, given that cs (u|.5) = .75. 
From 16.9.4 we have 


Thus 

and 


sn 2 


_ 1 
U l+cs 2 u 


sn 2 (w|.5) = .64 
sn (it|.5) = . 8 . 


We have therefore replaced the problem by 
that of finding u given sn (tfjm), where mis known. 
If <p=am u 

sin v>=sn u and so 

^>=.9272952 radians or 53.13010°. 

From Table 17.5, 


w=F(53.13010°\45°) = .99391. 

Alternatively, starting with the above value of 
<p we can use the A.G.M. scale to calculate F((p\a) 
as explained in 17.6. This method is to be pre¬ 
ferred if more figures are required, or if a differs 
from a tabular value in Table 17.5. 
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Table 16.1 THETA FUNCTIONS 


A(‘\“) 


e\a 

0° 

5° 

10° 

15° 

20° 

25° 

a Ai 

0° 

0.00000 0000 

0.00000 0000 

0.00000 0000 

0.00000 0000 

0.00000 0000 

0.00000 0000 

90® ■ 

5 

0.08715 5743 

0.08732 1966 

0.08782 4152 

0.08867 3070 

0.08988 7414 

0.09149 5034 

85 

10 

0.17364 8178 

0.17397 9362 

0.17497 9967 

0.17667 1584 

0.17909 1708 

0.18229 6223 

80 

15 

0.25881 9045 

0.25931 2677 

0.26080 4191 

0.26332 6099 

0.26693 4892 

0.27171 4833 

75 

20 

0.34202 0143 

0.34267 2476 

0.34464 3695 

0.34797 7361 

0.35274 9211 

0.35907 2325 

70 

25 

0.42261 8262 

0.42342 4343 

0.42586 0446 

0.42998 1306 

0.43588 2163 

0.44370 5382 

65 

30 

0.50000 0000 

0.50095 3708 

0.50383 6358 

0.50871 3952 

0.51570 1435 

0.52497 0857 

60 

35 

0.57357 6436 

0.57467 0526 

0.57797 7994 

0.58357 6134 

0.59159 9683 

0.60225 0597 

55 

40 

0.64278 7610 

0.64401 3768 

0.64772 1085 

0.65399 8067 

0.66299 9145 

0.67495 6130 

50 

45 

0.70710 6781 

0.70845 5688 

0.71253 4820 

0.71944 3681 

0.72935 6053 

0.74253 3161 

45 

50 

0.76604 4443 

0.76750 5843 

0.77192 5893 

0.77941 4712 

0.79016 4790 

0.80446 5863 

40 

55 

0.81915 2044 

0.82071 4821 

0.82544 2256 

0.83345 4505 

0.84496 1783 

0.86028 0899 

35 

60 

0.86602 5404 

0.86767 7668 

0.87267 6562 

0.88115 1505 

0.89332 9083 

0.90955 1166 

30 

65 

0.90630 7787 

0.90803 6964 

0.91326 9273 

0.92214 2410 

0.93489 7610 

0.95189 9199 

25 

70 

0.93969 2621 

0.94148 5546 

0.94691 1395 

0.95611 4956 

0.96935 0025 

0.98700 0216 

20 

75 

0.96592 5826 

0.96776 8848 

0.97334 6839 

0.98281 0311 

0.99642 3213 

1.01458 4761 

15 

80 

0.98480 7753 

0.98668 6836 

0.99237 4367 

1.00202 5068 

1.01591 0350 

1.03444 0908 

10 

85 

0.99619 4698 

0.99809 5528 

1.00384 9133 

1.01361 2807 

1.02766 2527 

1.04641 6011 

5 

90 

1.00000 0000 

1.00190 8098 

1.00768 3786 

1.01748 5224 

1.03158 9925 

1.05041 7974 

0 

e\a 

30° 

35° 

40° 

45° 

50° 

55° 

“A. 

0° 

0.00000 0000 

0.00000 0000 

- 0.00000 0000 

0.00000 0000 

0.00000 0000 

0.00000 0000 

90° 

5 

0.09353 4894 

0.09606 0073 

0.09914 2353 

0.10287 9331 

0.10740 5819 

0.11291 2907 

85 

10 

0.18636 3367 

0.19139 9811 

0.19754 9961 

0.20501 0420 

0.21405 3194 

0.22506 4618 

80 

15 

0.27778 4006 

0.28530 3629 

0.29449 2321 

0.30564 8349 

0.31918 5434 

0.33569 3043 

75 

20 

0.36710 5393 

0.37706 5455 

0.38924 7478 

0.40405 4995 

0.42204 9614 

0.44403 4769 

70 

25 

0.45365 1078 

0.46599 3521 

0.48110 6437 

0.49950 2749 

0.52189 9092 

0.54932 5515 

65 

30 

0.53676 4494 

0.55141 5176 

0.56937 7735 

0.59127 8.602 

0.61799 6720 

0.65080 1843 

60 

35 

0.61581 3814 

0.63268 1725 

0.65339 2178 

0.67868 8658 

0.70961 8904 

0.74770 4387 

55 

40 

0.69019 6708 

0.70917 3264 

0.73250 7761 

0.76106 3101 

0.79606 0581 

0.83928 2749 

50 

45 

0.75934 4980 

0.78030 3503 

0.80611 4729 

0.83776 1607 

0.87664 1114 

0.92480 2089 

45 

50 

0.82272 9031 

0.84552 4503 

0.87364 0739 

0.90817 9128 

0.95071 1025 

1.00355 1297 

40 

55 

0.87986 2121 

0.90433 1298 

0.93455 6042 

0.97175 1955 

1.01765 9399 

1.07485 2509 

35 

60 

0.93030 4365 

0.95626 6326 

0.98837 8598 

1.02796 3895 

1.07692 1759 

1.13807 1621 

30 

65 

0.97366 6431 

1.00092 3589 

1.03467 8996 

1.07635 2410 

1.12798 8100 

1.19262 9342 

25 

70 

1.00961 2870 

1.03795 2481 

1.07308 5074 

1.11651 4503 

1.17041 0792 

1.23801 2299 

20 

75 

1.03786 5044 

1.06706 1179 

1.10328 6100 

1.14811 2152 

1.20381 2008 

1.27378 3626 

15 

80 

1.05820 3585 

1.08801 9556 

1.12503 6391 

1.17087 7087 

1.22789 0346 

1.29959 2533 

10 

85 

1.07047 0366 

1.10066 1511 

1.13815 8265 

1.18461 4727 

1.24242 6337 

1.31518 2322 

5 

90 

1.07456 9932 

1.10488 6686 

1.14254 4218 

1.18920 7115 

1.24728 6586 

1.32039 6454 

0 

e\a 

60° 

65° 

70° 

75° 

80° 

85° 

a/e. 

0° 

0.00000 0000 

0.00000 0000 

0.00000 0000 

0.00000 0000 

0.00000 0000 

0.00000 0000 

90 ® 

5 

0.11968 1778 

0.12814 8474 

0.13904 1489 

0.15372 0475 

0.17522 3596 

0.21321 7690 

85 

10 

0.23861 4577 

0.25558 9564 

0.27747 6571 

0.30706 5715 

0.35063 9262 

0.42844 3440 

80 

15 

0.35604 4091 

0.38160 3032 

0.41467 2740 

0.45960 9511 

0.52633 5260 

0.64743 4941 

75 

20 

0.47120 6153 

0.50544 4270 

0.54994 7578 

0.61082 7702 

0.70219 9693 

0.87146 4767 

70 

25 

0.58332 3727 

0.62633 5361 

0.68254 9331 

0.76005 8920 

0,87783 8622 

1.10111 6239 

65 

30 

0.69160 6043 

0.74345 9784 

0.81164 3704 

0.90647 6281 

1.05251 4778 

1.33612 3616 

60 

35 

0.79525 0355 

0.85596 1570 

0.93630 8263 

1.04907 2506 

1.22511 1680 

1.57526 8297 

55 

40 

0.89344 6594 

0.96294 9380 

1.05553 5305 

1.18666 0037 

1.39412 6403 

1.81633 9939 

50 

45 

0.98538 4972 

1.06350 5669 

1.16824 3466 

1.31788 6740 

1.55769 2334 

2.05616 7815 

45 

50 

1.07026 6403 

1.15670 0687 

1.27329 7730 

1.44126 6644 

1.71363 1283 

2.29072 3417 

40 

55 

1.14731 5349 

1.24161 0747 

1.36953 6895 

1.55522 4175 

1.85953 2258 

2.51529 0558 

35 

60 

1.21579 4546 

1.31733 9855 

1.45580 7011 

1.65814 9352 

1.99285 2358 

2.72469 4161 

30 

65 

1.27502 0900 

1.38304 3549 

1.53099 8883 

1.74846 0610 

2.11103 3523 

2.91357 4159 

25 

70 

1.32438 1718 

1.43795 3601 

1.59408 7380 

1.82467 1332 

2.21162 7685 

3.07668 6743 

20 

75 

1.36335 0417 

1.48140 2159 

1.64417 0149 

1.88545 5864 

2.29242 2061 

3.20921 2227 

15 

80 

1.39150 0813 

1.51284 3876 

1.68050 3336 

1.92971 0721 

2.35155 6149 

3.30704 7313 

10 

85 

1.40851 9209 

1.53187 4716 

1.70253 2036 

1.95660 6998 

2.38762 2438 

3.36705 9918 

5 

90 

1.41421 3562 

1.53824 6269 

1.70991 3565 1.96563 0511 

Vsec a 0 (; £i\a) 

2.39974 3837 

3.38728 7004 

0 



90° 

€°=90°-e° 

tt=arcsin 

0, (•!")- fcST'O) 



In calculating elliptic functions from theta functions, when the modular angle exceeds about 60°, use 


the descending Landen transformation 16.12 to induce dependence on a smaller modular angle. 
Compiled from E. P. Adams and R. L. Hippisley, Smithsonian mathematical formulae and tables of 
elliptic functions, 3d reprint (The Smithsonian Institution, Washington, D.C., 1957) (with permission). 
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THETA FUNCTIONS Tabic 16.1 




e \« 

0° 


5° 


10 ° 


15° 


20° 


25° 


a/e i 

0 ° 

1 


1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

90 ° 

5 

1 


1.00001 

44942 

1.00005 

83670 

1.00013 

28199 

1.00023 

99605 

1.00038 

29783 

85 

10 

1 


1.00005 

75362 

1.00023 

16945 

1.00052 

72438 

1.00095 

25510 

1.00152 

02770 

80 

15 

1 


1.00012 

78184 

1.00051 

47160 

1.00117 

12875 

1.00211 

61200 

1.00337 

73404 

75 

20 

1 


1.00022 

32051 

1.00089 

88322 

1.00204 

53820 

1.00369 

53131 

1.00589 

77438 

70 

25 

1 


1.00034 

07982 

1.00137 

23717 

1.00312 

29684 

1.00564 

21475 

1.00900 

49074 

65 

30 

1 


1.00047 

70246 

1.00192 

09464 

1.00437 

13049 

1.00789 

74700 

1.01260 

44231 

60 

35 

1 


1.00062 

77451 

1.00252 

78880 

1.00575 

24612 

1.01039 

27539 

1.01658 

69227 

55 

40 

1 


1.00078 

83803 

1.00317 

47551 

1.00722 

44718 

1.01305 

21815 

1.02083 

14013 

50 

45 

1 


1.00095 

40492 

1.00384 

18928 

1.00874 

26104 

1.01579 

49474 

1.02520 

88930 

45 

50 

1 


1.00111 

97181 

1.00450 

90305 

1.01026 

07491 

1.01853 

77143 

1.02958 

63905 

40 

55 

1 


1.00128 

03532 

1.00515 

58975 

1.01173 

27599 

1.02119 

71444 

1.03383 

08852 

35 

60 

1 


1.00143 

10738 

1.00576 

28392 

1.01311 

39167 

1.02369 

24323 

1.03781 

34098 

30 

65 

1 


1.00156 

73002 

1.00631 

14139 

1.01436 

22536 

1.02594 

77596 

1.04141 

29561 

25 

70 

1 


1.00168 

48932 

1.00678 

49535 

1.01543 

98405 

1.02789 

45992 

1.04452 

01522 

20 

75 

1 


1.00178 

02800 

1.00716 

90696 

1.01631 

39354 

1.02947 

37972 

1.04704 

05862 

15 

80 

1 


1.00185 

05621 

1.00745 

20912 

1.01695 

79795 

1.03063 

73701 

1.04889 

76746 

10 

85 

1 


1.00189 

36042 

1.00762 

54187 

1.01735 

24037 

1.03134 

99632 

1.05003 

49895 

5 

90 

1 


1.00190 

80984 

1.00768 

37857 

1.01748 

52237 

1.03158 

99246 

1.05041 

79735 

0 

«\<x 

30° 


35° 


40 c 


45° 


50° 


55° 


«/€, 

0 ° 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

90 ° 

5 

1.00056 

64294 

1.00079 

66833 

1.00108 

26253 

1.00143 

67802 

1.00187 

71775 

1.00243 

05914 

85 

10 

1.00224 

85079 

1.00316 

25308 

1.00429 

76203 

1.00570 

35065 

1.00745 

17850 

1.00964 

88003 

80 

15 

1.00499 

51300 

1.00702 

56701 

1.00954 

73402 

1.01267 

06562 

1.01655 

47635 

1.02143 

61311 

75 

20 

1.00872 

28461 

1.01226 

87413 

1.01667 

23379 

1.02212 

67193 

1.02891 

00179 

1.03743 

56974 

70 

25 

1.01331 

83978 

1.01873 

24599 

1.02545 

62012 

1.03378 

46028 

1.04414 

27466 

1.05716 

29130 

65 

30 

1.01864 

21583 

1.02622 

04548 

1.03563 

21191 

1.04729 

03271 

1.06179 

07561 

1.08002 

00285 

60 

35 

1.02453 

23743 

1.03450 

52308 

1.04689 

09786 

1.06223 

37524 

1.08131 

84270 

1.10531 

40947 

55 

40 

1.03081 

00797 

1.04333 

50787 

1.05889 

07481 

1.07816 

10137 

1.10213 

29153 

1.13227 

78297 

50 

45 

1.03728 

45330 

1.05244 

17208 

1.07126 

68617 

1.09458 

82886 

1.12360 

21058 

1.16009 

27802 

45 

50 

1.04375 

90125 

1.06154 

84606 

1.08364 

32917 

1.11101 

64844 

1.14507 

37802 

1.18791 

40899 

40 

55 

1.05003 

67930 

1.07037 

85902 

1.09564 

39724 

1.12694 

63970 

1.16589 

54205 

1.21489 

61356 

35 

60 

1.05592 

71242 

1.07866 

37978 

1.10690 

42279 

1.14189 

38846 

1.18543 

40490 

1.24021 

82552 

30 

65 

1.06125 

10260 

1.08615 

23221 

1.11708 

18582 

1.15540 

45920 

1.20309 

54999 

1.26310 

97835 

25 

70 

1.06584 

67280 

1.09261 

66042 

1.12586 

75438 

1.16706 

77783 

1.21834 

25328 

1.28287 

36204 

20 

75 

1.06957 

45853 

1.09786 

02047 

1.13299 

42539 

1.17652 

88244 

1.23071 

12287 

1.29890 

75994 

15 

80 

1.07232 

13226 

1.10172 

37756 

1.13824 

53698 

1.18350 

00363 

1.23982 

51648 

1.31072 

29838 

10 

85 

1.07400 

34764 

1.10408 

99048 

1.14146 

12760 

1.18776 

94140 

1.24540 

69243 

1.31795 

95033 

5 

90 

1.07456 

99318 

1.10488 

66859 

1.14254 

42177 

1.18920 

71150 

1.24728 

65857 

1.32039 

64540 

0 

(CL 

60° 


65° 


70° 


75° 


80° 


85° 


a'Ci 

0 ° 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

90 ° 

5 

1.00313 

85295 

1.00406 

92257 

1.00534 

44028 

1.00720 

88997 

1.01026 

06485 

1.01663 

88247 

85 

10 

1.01245 

94672 

1.01615 

50083 

1.02121 

95717 

1.02862 

79374 

1.04076 

43440 

1.06618 

38299 

80 

15 

1.02768 

16504 

1.03589 

51569 

1.04715 

56657 

1.06363 

90673 

1.09068 

07598 

1.14751 

59063 

75 

20 

1.04834 

57003 

1.06269 

75825 

1.08238 

38086 

1.11122 

86903 

1.15864 

11101 

1.25875 

62174 

70 

25 

1.07382 

76019 

1.09575 

73598 

1.12585 

71388 

1.17001 

24008 

1.24276 

19421 

1.39725 

25218 

65 

30 

1.10335 

71989 

1.13408 

00433 

1.17627 

97795 

1.23826 

96285 

1.34068 

05139 

1.55957 

26706 

60 

35 

1.13604 

11010 

1.17651 

06705 

1.23214 

31946 

1.31398 

80140 

1.44960 

33094 

1.74151 

57980 

55 

40 

1.17088 

93642 

1.22176 

77148 

1.29176 

91861 

1.39491 

71251 

1.56636 

90138 

1.93815 

19599 

50 

45 

1.20684 

51910 

1.26848 

10938 

1.35335 

85717 

1.47863 

07744 

1.68752 

66770 

2.14389 

95792 

45 

50 

1.24281 

67937 

1.31523 

31927 

1.41504 

43413 

1.56259 

67789 

1.80942 

88493 

2.35264 

71220 

40 

55 

1.27771 

04815 

1.36060 

17261 

1.47494 

78592 

1.64425 

25175 

1.92833 

82823 

2.55792 

12198 

35 

60 

1.31046 

39783 

1.40320 

31647 

1.53123 

64694 

1.72108 

41609 

2.04054 

54606 

2.75309 

84351 

30 

65 

1.34007 

89457 

1.44173 

53793 

1.58218 

06891 

1.79070 

70015 

2.14249 

29245 

2.93165 

25995 

25 

70 

1.36565 

16965 

1.47501 

81348 

1.62620 

90720 

1.85094 

39670 

2.23090 

12139 

3.08742 

47870 

20 

75 

1.38640 

11169 

1.50203 

00916 

1.66195 

87940 

1.89989 

92030 

2.30289 

04563 

3.21489 

91220 

15 

80 

1.40169 

28947 

1.52194 

10514 

1.68832 

00831 

1.93602 

35909 

2.35609 

12550 

3.30946 

52989 

10 

85 

1.41105 

92570 

1.53413 

83232 

1.70447 

27784 

1.95816 

92561 

2.38873 

86793 

3.36764 

82512 

5 

90 

1.41421 

35624 

1.53824 

62687 

1.70991 

35651 

1.96563 

05108 

2.39974 

38370 

3.38728 

70037 

0 


Vsec ««£(«>)_ 

«°=^90° «j=90°-«’ a=arcsin -yjm & n {u | w 0 = ^n(«°\«) 

In calculating elliptic functions from theta functions, when the modular angle exceeds about 60°, use the 
descending Landen transformation 16.12 to induce dependence on a smaller modular angle. 
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Table 16.2 LOGARITHMIC DERIVATIVES OF THETA FUNCTIONS 

^ln#«(«)=/(<\oi) 


<\« 

0° 

5° 

10° 

15° 

20° 

25° 


0° 

00 

OO 

OO 

00 

DO 

°° 

90° 

5 

11.43005 

11.40829 

11.34306 

11.23449 

11.08275 

10.88811 

85 

10 

5.67128 

5.66049 

5.62812 

5.57427 

5.49902 

5.40253 

80 

15 

3.73205 

3.72495 

3.70365 

3.66823 

3.61876 

3.55536 

75 

20 

2.74748 

2.74225 

2.72658 

2.70051 

2,66414 

2.61756 

70 

25 

2.14451 

2.14043 

2.12820 

2.10787 

2.07952 

2.04325 

65 

30 

1.73205 

1.72875 

1.71888 

1.70248 

1.67962 

1.65041 

60 

35 

1.42815 

1.42543 

1.41729 

1.40378 

1.38497 

1.36096 

55 

40 

1.19175 

1.18949 

1.18270 

1.17143 

1.15577 

1.13581 

50 

45 

1.00000 

0.99810 

0.99240 

0.98296 

0.96985 

0.95315 

45 

50 

0.83910 

0.83750 

0.83273 

0.82481 

0.81383 

0.79987 

40 

55 

0.70021 

0.69888 

0.69489 

0.68830 

0.67915 

0.66754 

35 

60 

0.57735 

0.57625 

0.57297 

0.56754 

0.56001 

0.55047 

30 

65 

0.46631 

0.46542 

0.46277 

0.45839 

0.45232 

0.44464 

25 

70 

0.36397 

0.36328 

0.36121 

0.35779 

0.35306 

0.34708 

20 

75 

0.26795 

0.26744 

0.26592 

0.26340 

0.25992 

0.25553 

15 

80 

0.17633 

0.17599 

0.17499 

0.17334 

0.17105 

0.16816 

10 

85 

0.08749 

0.08732 

0.08683 

0.08600 

0.08487 

0.08344 

5 

90 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0 

t\0£ 

30° 

35° 

40° 

45° 

50° 

55° 

«/«J 

0° 

» 

OO 

OO 

CO 

CO 

OO 

90° 

5 

10.65083 

10.37113 

10.04914 

9.68479 

9.27764 

8.82657 

85 

10 

5.28496 

5.14645 

4.98711 

4.80696 

4.60585 

4.38332 

80 

15 

3.47816 

3.38730 

3.28290 

3.16502 

3.03365 

2.88859 

75 

20 

2.56090 

2.49430 

2.41789 

2.33179 

2.23605 

2.13062 

70 

25 

1.99919 

1.94749 

1.88828 

1.82172 

1.74793 

1.66695 

65 

30 

1.61498 

1.57348 

1.52607 

1.47292 

1.41419 

1.35001 

60 

35 

1.33189 

1.29791 

1.25919 

1.21591 

1.16828 

1.11647 

55 

40 

1.11167 

1.08352 

1.05154 

1.01592 

0.97687 

0.93462 

50 

45 

0.93301 

0.90958 

0.88302 

0.85355 

0.82139 

0.78679 

45 

50 

0.78307 

0.76355 

0.74151 

0.71714 

0.69066 

0.66232 

40 

55 

0.65359 

0.63743 

0.61923 

0.59918 

0.57749 

0.55441 

35 

60 

0.53902 

0.52579 

0.51093 

0.49462 

0.47705 

0.45846 

30 

65 

0.43543 

0.42482 

0.41292 

0.39991 

0.38595 

0.37125 

25 

70 

0.33992 

0.33169 

0.32248 

0.31242 

0.30168 

0.29042 

20 

75 

0.25028 

0.24424 

0.23751 

0.23017 

0.22235 

0.21419 

15 

80 

0.16471 

0.16076 

0.15634 

0.15155 

0.14645 

0.14114 

10 

85 

0.08173 

0.07977 

0.07759 

0.07522 

0.07270 

0.07009 

5 

90 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0 

t\a 

60° 

65° 

70 s 

75° 

o 

OO 

85° 

«/«l 

0° 

ao 

OO 

DO 

OO 

OO 

DO 

90° 

5 

8.32941 

7.78200 

7.17654 

6.49756 

5.71041 

4.71263 

85 

10 

4.13843 

3.86930 

3.57238 

3.24056 

2.85790 

2.37760 

80 

15 

2.72935 

2.55490 

2.36323 

2.15026 

1.90678 

1.60605 

75 

20 

2.01530 

1.88950 

1.75208 

1.60057 

1.42943 

1.22261 

70 

25 

1.57876 

1.48308 

1.37931 

1.26603 

1.13996 

0.99169 

65 

30 

1.28047 

1.20552 

1.12492 

1.03795 

0.94288 

0.83453 

60 

35 

1.06066 

1.00096 

0.93737 

0.86969 

0.79715 

0.71737 

55 

40 

0.88940 

0.84142 

0.79086 

0.73784 

0.68225 

0.62344 

50 

45 

0.75000 

0.71131 

0.67101 

0.62941 

0.58682 

0.54358 

45 

50 

0.63242 

0.60125 

0.56918 

0.53662 

0.50411 

0.47247 

40 

55 

0.53023 

0.50526 

0.47987 

0.45454 

0.42988 

0.40690 

35 

60 

0.43911 

0.41932 

0.39943 

0.37992 

0.36140 

0.34488 

30 

65 

0,35605 

0.34063 

0.32532 

0.31054 

0.29684 

0.28513 

25 

70 

0.27885 

0.26719 

0.25574 

0.24484 

0.23497 

0.22685 

20 

75 

0.20584 

0.19749 

0.18935 

0.18170 

0.17490 

0.16949 

15 

80 

0.13572 

0.13034 

0.12512 

0,12026 

0.11601 

0.11272 

10 

85 

0.06742 

0.06478 

0.06224 

0.05988 

0.05784 

0.05628 

5 

90 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0 




In calculating elliptic functions from theta functions, when the modular angle exceeds about 
60°, use the descending Landen transformation 16.12 to induce dependence on a smaller mod¬ 
ular angle. 
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LOGARITHMIC DERIVATIVES OF THETA FUNCTIONS Table 16.2 



0° 

5° 

£ In *%>(«)-§(*# 

10° 15° 

20° 

25° 


0 ° 

0 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

90 ° 

5 

0 

0.000331 

0.001324 

0.002984 

0.005318 

0.008337 

85 

10 

0 

0.000651 

0.002607 

0.005875 

0.010466 

0.016401 

80 

15 

0 

0.000952 

0.003811 

0.008583 

0.015283 

0.023933 

75 

20 

0 

0.001224 

0.004897 

0.011024 

0.019616 

0.030690 

70 

25 

0 

0.001458 

0.005833 

0.013124 

0.023332 

0.036462 

65 

30 

0 

0.001649 

0.006591 

0.014819 

0.026318 

0.041075 

60 

35 

0 

0.001788 

0.007147 

0.016057 

0.028487 

0.044394 

55 

40 

0 

0.001874 

0.007486 

0.016804 

0.029776 

0.046332 

50 

45 

0 

0.001903 

0.007596 

0.017037 

0.030154 

0.046846 

45 

50 

0 

0.001873 

0.007476 

0.016753 

0.029616 

0.045938 

40 

55 

0 

0.001787 

0.007129 

0.015962 

0.028185 

0.043654 

35 

60 

0 

0.001647 

0.006566 

0.014691 

0.025912 

0.040077 

30 

65 

0 

0.001457 

0.005805 

0.012979 

0.022871 

0.035328 

25 

70 

0 

0.001222 

0.004868 

0.010879 

0.019154 

0.029556 

20 

75 

0 

0.000951 

0 . 0 C 3786 

0.008455 

0.014877 

0.022935 

15 

80 

0 

0.000650 

0.002589 

0.005780 

0.010165 

0.015661 

10 

85 

0 

0.000330 

0.001314 

0.002933 

0.005157 

0.007942 

5 

90 

0 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0 

«\ot 

30° 

35° 

40° 

45° 

50° 

55° 

«/«i 

0 ° 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

90 ° 

5 

0.012059 

0.016511 

0.021734 

0.027787 

0.034760 

0.042791 

85 

10 

0.023711 

0.032444 

0.042671 

0.054498 

0.068087 

0.083685 

80 

15 

0.034569 

0.047248 

0.062057 

0.079124 

0.098650 

0.120939 

75 

20 

0.044277 

0.060427 

0.079221 

0.100783 

0.125308 

0.153099 

70 

25 

0.052528 

0.071558 

0.093605 

0.118758 

0.147169 

0.179081 

65 

30 

0.059074 

0.080308 

0.104784 

0.132533 

0.163627 

0.198206 

60 

35 

0.063730 

0.086442 

0.112477 

0.141791 

0.174358 

0.210188 

55 

40 

0.066384 

0.089827 

0.116544 

0.146411 

0.179298 

0.215082 

50 

45 

0.066987 

0.090424 

0.116978 

0.146447 

0.178606 

0.213212 

45 

50 

0.065561 

0.088287 

0.113888 

0.142097 

0.172615 

0.205102 

40 

55 

0.062183 

0.083549 

0.107483 

0.133678 

0.161784 

0.191402 

35 

60 

0.056989 

0.076408 

0.098051 

0.121592 

0.146658 

0.172831 

30 

65 

0.050157 

0.067122 

0.085943 

0.106302 

0.127835 

0.150136 

25 

70 

0.041905 

0.055989 

0.071553 

0.088310 

0.105932 

0.124058 

20 

75 

0.032483 

0.043344 

0.055309 

0.068143 

0.081578 

0.095321 

15 

80 

0.022163 

0.029545 

0.037660 

0.046339 

0.055395 

0.064622 

10 

85 

0.011235 

0.014968 

0.019067 

0.023443 

0.028000 

0.032631 

5 

90 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0 

«\« 

60° 

65° 

70 ° 

75° 

80° 

85° 


0 ° 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

90 ° 

5 

0.052098 

0.063034 

0.076222 

0.092860 

0.115687 

0.153481 

85 

10 

0.101680 

0.122704 

0.147856 

0.179233 

0.221544 

0.289421 

80 

15 

0.146471 

0.176024 

0.210938 

0.253725 

0.309882 

0.395712 

75 

20 

0.184635 

0.220691 

0.262588 

0.312762 

0.376371 

0.467893 

70 

25 

0.214885 

0.255225 

0 . 301.193 

0.354775 

0.420046 

0.507818 

65 

30 

0.236514 

0.278976 

0.326329 

0.379918 

0.442452 

0.520777 

60 

35 

0.249349 

0.292010 

0 . 33 B 517 

0.389553 

0.446532 

0.512966 

55 

40 

0.253651 

0.294931 

0 . 33 B 908 

0.385698 

0.435687 

0.490013 

50 

45 

0.250000 

0.288691 

0.323990 

0.370590 

0.413176 

0.456422 

45 

50 

0.239181 

0.274426 

0.310353 

0.346389 

0.381811 

0.415539 

40 

55 

0.222085 

0.253326 

0.284538 

0.315020 

0.343874 

0.369741 

35 

60 

0.199639 

0.226549 

0.252950 

0.278119 

0.301140 

0.320668 

30 

65 

0.172751 

0.195171 

0.215820 

0.237026 

0.254956 

0.269431 

25 

70 

0.142285 

0.160167 

0.177204 

0.192823 

0.206331 

0.216780 

20 

75 

0.109049 

0.122405 

0.134996 

0.146375 

0.156015 

0.163217 

15 

80 

0.073794 

0.082664 

0.090960 

0.098382 

0.104574 

0.109083 

10 

85 

0.037222 

0.041645 

0.045763 

0.049423 

0.052449 

0.054618 

5 

90 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0 





= -<K e ,\«) 





In calculating elliptic functions from theta functions, when the modular angle exceeds about 
60°, use the descending Landen transformation 16.12 to induce dependence on a smaller mod¬ 
ular angle. 
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17. Elliptic Integrals 

Mathematical Properties 
17.1. Definition of Elliptic Integrals 17.1.5 

If R(x, y) is a rational function of x and y, (2—s)6 0 t/^ 3 +|& l (3—2s)J s _ 2 +6 2 (1—«)«/*-! 


where y 2 is equal to a cubic or quartic polynomial 

in x, the integral 

17.1.1 jR(x,y)dx 

is called an elliptic integral. 

The elliptic integral just defined can not, in 
general, be expressed in terms of elementary 
functions. 

Exceptions to this are 

(i) when R(x, y) contains no odd powers of y. 

(ii) when the polynomial y 2 has a repeated factor. 

We therefore exclude these cases. 

By substituting for y 2 and denoting by p s {x) a 
polynomial in a: we get 2 

ApM+VPM] [Ps( x )-yp4(x)]y 
{[Pz(x)] 2 -y 2 [p i {x)f}y 

= Pi>(x)+ypi(x) _ R / v ■ R 2 (x) 
ypi(x) lW y 


-\r\biO.-2s)J—sbJ i + x =y(x—c)- s 

(s—1, 2, 3, . . .) 

By means of these reduction formulae and cer¬ 
tain transformations (see Examples 1 and 2) 
every elliptic integral can be brought to depend 
on the integral of a rational function and on three 
canonical forms for elliptic integrals. 

17.2. Canonical Forms 


m=sin 2 a) m is the parameter, 

a is the modular angle 

17.2.2 a;=sin co=sn u 


(1 —m sin 2 ^)i=dn u=A(^), the delta amplitude 


where B,(a>) and fi 2 (x) are rational functions of x. 17-2 .s (f , =arcsin ( 9n u )=sxn u, the amplitude 
Hence, by expressing R 2 (x) as the sum of a poly¬ 


nomial and partial fractions 
^R(x,y)dx=j R l (x)dx~\-'L S A S J x s y~ l dx 

+S,B.J[(x-c)*3/J- 


Reduction Formulae 


y 2 ~a^ J \-ai^-\-a 2 x?-\-a z x J r a i (K! + I a il ^0) 

~b 0 (x—c)*-\-bi{x—cf-\-b 2 {x—c) 2 +b z {x— c)+& 4 

(IW+l&il^o) 

17.1.3 /,= ^x*y~ l dx, J,=J[yix—^'y'dx 

By integrating the derivatives of yx * and 
y(x—c)~ s we get the reduction formulae 


(s+2)a 0 -f*+3+iai(2s+3)/, +2 +a 2 ($+l)/ g +i 

'\-?a 3 ( 2 s-\-l)I s -\-sa 4 l t _ l ~x 3 y (s=0, 1, 2, . . .) 

^See [17.7] 22.72. 


Elliptic Integral of the First Kind 

17.2.6 (1—sin 2 a sin 2 0) 

17.2.7 = J *[(1 - 1 2 ) (1 - mt 2 )\~Wt 

~j 0 dw ~ U 

Elliptic Integral of the Second Kind 

17.2.8 E(<p\a)=E(u\m)=j\l-t 2 )-Kl~mt 2 )*dt 

17.2.9 =J^(l-sin 2 asin 2 0)*d0 

17.2.10 = J^dn 2 W dw 

17.2.11 —rriiU+m^ cn 2 wdw 
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17.2.12 E(<p\a)=u— mj sn 2 wdw 

17 9 i t 7T ^{iru/2K) E(m)u 

17U ' 16 ~2K(m) Miru/2K)^ K{m) 


In computation the modulus is of minimal im¬ 
portance, since it is the parameter and its comple¬ 
ment which arise naturally. The parameter and 
the modular angle will be employed in this chapter 
to the exclusion of the modulus. 


(For theta functions, see chapter 16.) 


The Characteristic « 


Elliptic Integral of the Third Kind 

17.2.14 

(1— ft sin 2 0) -1 [1—sin 2 a sin 2 6]~ V2 d6 

If x=sn ( u\m ), 

17.2.15 

17.2.16 (1— nsn 2 ( w\m))~ l dw 

The Amplitude <p 

17.2.17 <p— am ii=arcsin (sn w)=arcsin x 
can be calculated from Tables 17.5 and 4.14. 

The Parameter m 

Dependence on the parameter m is denoted by a 
vertical stroke preceding the parameter, e.g., 
F{ip\m ). 

Together with the parameter we define the 
complementary parameter mi by 

17.2.18 m+m!=1 

When the parameter is real, it can always be 
arranged, see 17.4, that 0<m<l. 

The Modular Angle a. 

Dependence on the modular angle a, defined in 
terms of the parameter by 17.2.1, is denoted by a 
backward stroke \ preceding the modular angle, 
thus E(<p\a). The complementary modular angle 
is ir 12—a or 90 °—a according to the unit and 
thus mi=sin 2 (90° — a)=cos 2 a. 


The elliptic integral of the third kind depends 
on three variables namely (i) the parameter, 
(ii) the amplitude, (in) the characteristic n. 
When real, the characteristic may be any number 
in the interval (—°°, 00 ). The properties of the 
integral depend upon the location of the charac¬ 
teristic in this interval, see 17.7. 

17.3. Complete Elliptic Integrals of the First 
and Second Kinds 

Referred to the canonical forms of 17.2, the ellip¬ 
tic integrals are said to be complete when the 
amplitude is \i r and so x=l. These complete in¬ 
tegrals are designated as follows 

17.3.1 

=J (1 —m sin 2 6)~ 1/2 d8 

17.3.2 K= F{h r I m)=F{W\a) 

17.3.3 

E[K{m)]=E= ^\\ — t 2 )~ V2 {\—mt 2 ) V2 dt 

= | (1—m sin 2 e) 1,2 dd 

17.3.4 E=E[K(m)]=E(m)=E$ir\a) 

We also define 


17.3.5 

K'=K(mi)=K(l-m)= f^Q-m, sin 2 d)~ 1/2 dd 


The Modulus k 

In terms of Jacobian elliptic functions (chapter 
16), the modulus k and the complementary 
modulus are defined by 

17.2.19 k=ns ( K-\-iK'), k'=dn K. 

They are related to the parameter by k 2 =m, 
k ,2 =m x . 

Dependence on the modulus is denoted by a 
comma preceding it, thus II (n; u } k). 


17.3.6 K , =F(%T\mi)=F($T\%T—a) 

17.3.7 

E'=E(m 1 )=E(\-m)=£'\l-mi sin 2 6) 1/2 dd 

17.3.8 E'=E[K{mi))=E{m x )=E{fr\\Tr-<x) 

K and iK' are the “real” and “imaginary” 
quarter-periods of the corresponding Jacobian 
elliptic functions (see chapter 16). 
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Relation to the Hypergeometric Function 

(see chapter 15) 


17.3.9 

K=%ttF{\, l;l;m) 


17.3.10 

E=\ttF{—\, 1; 1; m) 


17.3.11 

Infinite Series 


K(m)=\ir\ 

[ i+ G) ! m +<M) 2 "■ 




(|W|<1) 

17.3.12 



E(m)=^| 




/I • 3 • 5\ 2 m 3 1 

\2.4 • 6/ 5 ’ 1 ‘ J 

| (M<1) 


Legendre’s Relation 



17.3.13 EK'+E'K-KK'^tt 

Auxiliary Function 


17.3.14 

7T 7Yl\ 

17.3.15. m=l —16 exp [— v{K(m)+L(m))/K'(m)] 

17.3.16 m= 16 exp [— T(K\m)+L(rrii))/K(m)] 
The function L{m) is tabulated in Table 17.4. 


17.3.22 

17.3.23 


( 1 + m i) + ( ir /^0 2 ^1/12—2 S 2 24 (1~ 2 2 *) -2 J 


17.3.24 am u=v-\~y^. 


2q s sin 2 sv 


7=i «(1 +2 24 ) 

Limiting Values 

17.3.25 lim K' (E—K)=Q 

77 *—>0 

17.3.26 


where v=tu/(2K) 


lim [K—% In (16/mi)]=0 


17.3.27 lim m £)=lim m~ 1 (E—m 1 K)=irf4 

™-*0 ro - tf ) 

17.3.28 lim qjm =lim qjmi— 1/16 

m-M) 77ii—>1 


Alternative Evaluations of K and B (see also 17.5) 

17.3.29 

K{m) =2[1 -f-Wi /2 ]~ 1 ^C[ (1 — m| /2 )/(l + m} /2 )] 2 

17.3.30 

E(m) = (1 + wil /2 ) E([ (1 - mi' 2 )/(l + mi' 2 ) ] 2 ) 

—2m} /2 (l+mi /2 ) _1 iiL([(l—m} /2 )/(l+m} /2 )] 2 ) 

17.3.31 iir(a)=2^(arctan (sec 1/2 a)\a) 

17.3.32 it'(a)=2£'(arctan (sec 1/2 a)\a)— 1-f-cos a 

Polynomial Approximations 3 (0<m<[l) 

17.3.33 


q- Series 

The Nome q and the Complementary Nome q x 

17.3.17 q=q(m)=ex p [—ttK'/K] 

17.3.18 q l =q(m,i)=ex p [—tK/K'] 


K(m) =[ao+ai mi+oam?]+[6 0 +&i m l 
+b 2 m\ ] In (l/mO+€(m) 

|e(m)|<3X10" 6 

a 0 = 1-38629 44 b 0 =.5 

«!= .11197 23 &!=. 12134 78 

a 2 = .07252 96 b 2 =. 02887 29 


17.3.19 In - In -=ir 2 

2' 2i 

17.3.20 

log 10 -log 10 —= (it logio e) 2 = 1.86152 28349 to 10D 
9. 2i 

17.3.21 


™ [-^ 1=^+8 ( 0+84 (*)* 


17.3.34 

K(m)={a 0 +aim l + . . . +a 4 m?]+[M-&imi4- . . . 
+6 4 wJ] In (l/mO+eCm) 

| e (m)|<2X10- 8 


a„= 1.38629 436112 
a,= .09666 344259 
Oa= .03590 092383 
a 3 — .03742 563713 
o 4 —- .01451 196212 


6 0 = .5 

5i=. 12498 593597 
b 2 = .06880 248576 
6 3 =.03328 355346 
& 4 =.00441 787012 



(|m|<l) 


3 The approximations 17.3.33-17.3.36 are from C. Has¬ 
tings, Jt., Approximations for Digital Computers, Prince¬ 
ton Univ. Press, Princeton, N. J. (with permission). 
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Figure 17.1. Complete elliptic integral of the first 
kind. 



Figure 17.2. Complete elliptic integral of the 
second kind. 


17.3.35 

E{m)=[\+a l m l -{-<i 2 m\]-\-[b l m l -\-b 2 m\\ In (1/mO 

+«(»») 

|e(m)|<4X10- 5 

<*!=.46301 51 6, = .24527 27 

a 2 =. 10778 12 6 2 =.04124 96 

17.3.36 

E(m) = [ 1 —1~CTi1 . . . 

+6 4 ml] In (l/mi)-H(m) 

|e(w)|<2X10- 8 


*1= 

a 2 = 

a z = 

a 4 = 

.44325 141463 b t =. 24998 368310 
.06260 601220 6 2 =.09200 180037 
.04757 383546 6 a =.04069 697526 
.01736 506451 b 4 =. 00526 449639 

17.4. Incomplete Elliptic Integrals of the First 
and Second Kinds 


Extension of the Tables 


Negative Amplitude 

17.4.1 

F(—<p\m) =—F(<p\m) 

17.4.2 

E(—<p\m) = —E(<p\m) 


Amplitude of Any Magnitude 

17.4.3 

F(sw±:<p\m) =2sK±F{<p\m ) 

17.4.4 

E(u-\-2K) — E(u) 2 E 

17.4.5 

E(u+2iK') =E(u)+2i(K'-E') 

17.4.6 


E(u-\-2mK-\-2niK') =E(u ) +2mE-\-2ni(K' —E') 

17.4.7 

E(K— u)=E—E(u)+m$n u cd u 


Imaginary Amplitude 

If tan 0—sinh <p 

17.4.8 

F(i<p\a) = iF(0\$ t— a) 


17.4.9 

E(i<f>\a) = — iE($\$i r— a) + iF(0\%ir —a) 

+i tan 0(1—cos 2 a sin 2 0)* 

Jacobi’s Imaginary Transformation 

17.4.10 

E(iu\m) =i[u-\-dn(u\mi)sc(u\mi) — E(u\mi)] 

Complex Amplitude 

17.4.11 F(<p+iif/\m) =F(\\m) +iF(n\m 1 ) 
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where cot 2 A is the positive root of the equation 
x 2 — [cot 2 <p+m sinhV cscV—mJa;— m x cotV=0 
and m tan 2 n=t&n V cot 2 X— 1 . 

17.4.12 

E(ip-\-vj\a ) =E(\\a) — iE(n\ 90°—a) 

+;f( m \9o°-c.)+-±^ 

O3 

where 

6 x=sin 2 a sin X cos X sin 2 ju(l—sin 2 a sin 2 A)* 

62 =(l 1 — sin 2 a sin 2 X)(l—cos 2 a sin 2 /x)* sin p cos m 
63 =cos 2 ju+sin 2 a sin 2 X sin 2 ^ 

Amplitude Near to tt/2 (see also 17.5) 

If cos a tan <p tan ^=1 

17.4.13 F(<p\a) -\-F(rf\a) =F{i r/ 2 \a) =K 

17.4.14 

E(<p\a)E(\f/\a) =E(irj2\a) + sin 2 a sin<p sin rf/ 
Values when <p is near to 7r/2 and m is near to unity- 


can be calculated by these formulae. 

F «p\d) 



Figure 17.3. Incomplete elliptic integral of the 
first kind. 

F(<p\a), <p constant 


Parameter Greater Than Unity 

17.4.15 F{<p\m)—m~^F{d\m~ l ), sin 9=m i sin <p 

17.4.16 E(u\m) =m i E(um i \m~ 1 ) — (m—l)u 

by which a parameter greater than unity can be 
replaced by a parameter less than unity. 

Negative Parameter 

17.4.17 

F(<p\—m) — (1 +m) -1 ) 

— (l+m)"*F <p\ 

17.4.18 

E(u\ — m) = (1+m ) 1 {#(w(l+m)*|ra(m-t- 1 ) -1 ) 

— m(l+m) - *sn(«(l+m)*|m(l +m) _1 ) 

cd(u(l +m)*|m(l -\-m )~ l )} 

whereby computations can be made for negative 
parameters, and therefore for pure imaginary 
modulus. 


F«p\ai 



Figure 17.4. Incomplete elliptic integral of the 
first kind. 

F(ip\a), a constant 
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Jacobi’s Zeta Function 


17.4.27 

Z(tp\a) =E(<p\a)—E(a)F(<p\a)/K(a) 

17.4.28 

Z(u\m)—Z(u)=E(u)—uE(m)/K(m) 

17.4.29 

Z(-u) = -Z(u) 

17.4.30 

Z(u + 2K)=Z(u) 

17.4.31 

Z{K-u) = -Z(K+u) 

17.4.32 

Z(u)=Z(u—K)—msn(u—K)cd(u—K) 

17.4.33 

Special Values 

Z(w|0)=0 

17.4.34 

Z(u|l)=tanh u 

17.4.35 

Addition Theorem 


Z(u+v)=Z(u)+Z(v) — msn u sn v sn(w-H) 

Jacobi’s Imaginary Transformation 

17.4.36 

iZ(iu\ m)—Z(u\ m j) + 2 ^^ *»i)sc(«| m t ) 

Relation to Jacobi’s Theta Function 

17.4.37 Z(u)=©'(«)/0(w)=j|rin 0(u) 

q- Series 

17.4.38 Z(u ) =% S 2*(1 - 7 2 *)" 1 sin (ir.ra/tf) 

A 4=1 


Kla)Z(yAa) 



Figure 17.9. Jacobian zeta Junction K(a)Z(tp\a). 


Heuman’s Lambda Function 

17.4.39 

a,(A«) ( g^)~ ?) +|g(«)Z(A90°-«) 

17.4.40 —-{K(a)E (^\90°— a) 

7T 

-[X(«)-E(«)]F(A90°-a)} 



Figure 17.10. Heuman’s lambda junction A 0 ( AA 

Numerical Evaluation of Incomplete Integrals of the 
First and Second Kinds 

For the numerical evaluation of an elliptic 
integral the quartic (or cubic 4 ) under the radical 
should first be expressed in terms of t 2 , see 
Examples 1 and 2. In the resulting quartic there 
are only six possible sign patterns or combinations 
of the factors namely 

(t 2 +a 2 )(t 2 +b 2 ), (a 2 —t 2 )(t 2 —b 2 ), 
(a 2 -t 2 W-t 2 ), (t 2 -a 2 )(t 2 ~b 2 ), (fi+a 2 ) (t 2 —b 2 ), 
{t 2 -\-a 2 )(b 2 -t 2 ). 

The list which follows is then exhaustive for 
integrals which reduce to F(<p\a ) or E(<p\a). 

The value of the elliptic integral of the first 
kind is also expressed as an inverse Jacobian 
elliptic function. Here, for example, the notation 
«=sn" 1 x means that x=sn u. 

The column headed “t substitution" gives the 
Jacobian elliptic function substitution which is 
appropriate to reduce every elliptic integral which 
contains the given quartic. 

4 For an alternate treatment of cubics see 17.4.61 and 
17.4.70. 


•Sec page II. 



O; 

CO 

OS 


cos a—b/a 
a>b 

m=(a 2 —6*)/a 2 


sin a = bfa 

a>b 

m=b 2 /a 2 


( a , + fe 2)l/ 2 jj. 

If 

m=a 2 /(a 2 +b*) 

|(a 2 +b 4 ) ,/2 J o “| 


m=6 2 /(o 2 +6 2 ) 


f(A«) 


a l [(f 2 +a i 




°r 


()(p + 6 8)]l/2 

dt 


[(P+aW+b 2 )]" 2 

17.4.43 

r* 

'J& [(a 2 —f») (^—52)31/2 

17.4.44 


“IV 


W-W 2 


lo [(a 2 —* 2 ) (6 s —P)] 1/2 

17.4.46 

f* dt 

“ JxK ^-^ Xft 2 -?)]!/ 2 

17.4.47 

r* dt 

°J a [(P-a 2 )(P-m' 2 

17.4.48 

dt 

°J* E(f*—a 2 ) (P —6 2 )] 1 / 2 


dt 


[(< 2 -ha 2 ) « 2 —62)]i/ 2 


(o 2 + b 2 )i /2 J^ 6 j 


Equivalent Inverse 
Jacobian Elliptic 
Function 


"•(Irr) 

-CIS) 

*'(© 

'•-'(© 

-GIS 

a °-'(s|©i) 


[(P+aW-b 2 )] 1 ' 2 


^( a 2 + b2)I/2| 

a 2 +VJ 

» dt 

sd -1 

/x^+b 2 ) 1 ' 2 ! b 2 ' 

[(« 2 + a 2 )(b 2 -i 2 )] 1 / 2 

V ab 

I a 2 + b 2 . 

6 dt 


(x\ b 2 \ 


[(« 2 +a 2 )(b 2 —« 2 )]^ 2 


kb|a>+bV 



tan fp—T 


G 2(^_ 6 2) 
x 2 (a 2 —b 2 ) 

a 2 —x 2 
_ o 2 —b 2 


sin 2 <p= 


o 2 (6 2 —x 2 ) 
62(a 2 -x 2 ) 

x 2 —a 2 
x 2 -^ 


_a 2 +6 2 

a 2 +x 2 


_ x 2 (a 2 +6 2 ) 

b*(o 2 +x 2 ) 


t Substitution 


<=b nd w 


<=(a 2 +6 2 ) 1/2 dsv 


* (a 2 +b 2 )>' 2Sd ‘' 


E(<p\a) 


& ryp + a «\ _ 

a Jo V< 2 +6V [(0+a 2 




')(I»+6*)F 

r°yg+g\ dt 

Jx V^+a 2 / [(i 2 +a 2 )(i 2 + 6 2 )] 1/2 

f * 1 

Jt P [(a 2 —P)(P—&)] 1/2 

1 r- f*d< 

a Jx [(a 2 —i 2 ) (<*—6 s )] 1/2 

1 f* (a 2 ~t 2 )dt 

a Jo [ (a 2 —i 2 ) (fe 2 —I 2 ) 1 1/2 

o(a 2 —b 2 )^ [(tf-**) (ft*_ **)]!/! 

a 2 —b 2 ry i 2 \ d* 

a JA^-b 2 / £(^ — o 2 )(«*—b 2 )] 2 / 2 

('”/i 2 _b 2 \ dt 

“Jx \ t 2 ) [(P-a 2 ')(**-6»)F 

b 2 _r M 2 +o 2 

-b 2 ) 1 '^ * 2 

(o 2 +b 2 ) 1/2 J^ 


d/ 


(a 2 +b 2 ) 1/2 Je, * 2 [(< 2 +a 2 ) (f 2 —b 2 )] 1 / 

< 2 dt 


(< 2 +a 2 ) [(f 2 +a 2 ) (« 2 —b 2 )]!/^ 
dt 


a 2 (a 2 +b*)i'*J # (f*+a 2 ) [(<2H-a 2 )C62_f*)]i/a 

1 f b (P+a 2 )dt 

-b 2 ) 1/2 J* 


(a 2 +b 2 ) 1/2 J* [(J 2 + a 2 ) (b 2 —f 2 )] 1 / 2 
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WA«) 

COS <f> 

a 

3^P(A«) 

COS <ft 

17.4.53 



17.4.57 

x— 1—V3 

f “ dt 

x 3 -l 

45° 

f" dt 

Jx (1 + * 4 )* 

x 3 +l 

Jx « 8 -l)i 

x-l + V3 

17.4.54 



17.4.58 

V3+1-S 

f* dt 

1 —X 3 

45° 

r* dt 

Jo (l + < 4 )* 

1+x 3 


Ji (t>~ l)i 

-y/3-l+x 

17.4.55 



17.4.59 

V3-1+X 

V3+l-x 

1_ f dt 

2 1/1 J, « 4 -l)i 

1 

X 

45° 

f 1 

Jxd-f 3 )* 

17.4.56 



17.4.60 

1-V3-X 

l r 1 


AKO 

r* 

2 1/8 Jx(l-< 4 )* 


40 

J—(! — <»)* 

1 + V3-X 


Reduction of J dt/-JP where P~P(t ) is a cubic 
polynomial with three real factors P== 
(t-fa) (t-p z ) where &>&>&. Write 


X=i (ft-ft) 1 ' 2 , m=sm 2 a=| = ^, 


Reduction of Jeft/VP when P=P(t)=fi^-ait 2 
-\-a 2 t-\-(h is a cubic polynomial with only one real 
root £=/$. We form the first and second deriva¬ 
tives P'(t), P"(t) with respect to t and then \|mte 

17.4.70 X 2 =[i>'0S)]'« 7B=sin 2 «=i-| 




(fa — fa) (fa—X) 


. . X — Pi 

sin 3 <p— -^ 

x f} 3 


F(A(90°-«°)) sin 3 *=^-4 3 
Pi—x 


\T^ *** 

17.4.66 

X J_„ F(A (90 ° “ 0)) sin ’ 

17.4.67 

x J,’’v=? f (A(9o«-o) 

17.4.68 

x X'v=? nA(90 °-»” )) 

17.4.69 

X J.'‘V=? «A(90»-O) 


U VP 

17.4.73 

r* d* 

X J-W(=7 


X 3 +(*-0) 

(x-fl)-X 3 


F(<p\ (90° —a 0 )) cos *= 


X Jx VFPj P(A(90°-«°)) cos y 

17.5. Landen’s Transformation 
Descending Landen Transformation 8 

Let a n , «»+! be two modular angles such that 

17.5.1 (1+sin a»+i)(l+ cos a »)= 2 (a»+i <£<**) 

and let <p„, <p n+t be two corresponding ampHtudes 
such that 

17.5.2 tan (^»+i—^»)= cos «» <Pn (<P»+i!>v>») 

* The emphasis here is on the modular angle since this 
is an argument of the Tables. All formulae concerning 
Landen’s transformation may also be expressed in tsrms 
of the modulus jfe=mi=sin a and its complement k' = ml 
=cos a. 
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Thus the step from n to n+1 decreases the modular 
angle but increases the amplitude. By iterating 
the process we can descend from a given modular 
angle to one whose magnitude is negligible, when 
17.4.19 becomes applicable. 

With a 0 =a we have 

17.5.3 

F(<p\cc) = {l + cos a)~'F(<p i\oi) 

=+(l + sin a x )F(<p x \a i) 

17.5.4 ^V)=2- n n (1 +sin a s )F(<p n \a n ) 

8 = 1 

17.5.5 F(<p\a)^$ n (1+sin a s ) 

8 = 1 

17.5.6 4>=lim ^ F(<p n \a n ) =lim g 

17.5.7 ir=F(+r\a) = +r 5 (1+sina,) 

8 = 1 

17.5.8 JfV\«)=2r- 1 X* 

17.5.9 

E((p\a)—F(<p\a) sin 2 a (\+| sin a x 
+^2 sin a x sin . . .^J + sin a Q (sin «i) 1/2 sin <p x 
(sin sin a 2 ) 1/2 sin *> 2 + . . .J 

17.5.10 

£ , =jK‘ £l — ~ sin 2 a ^1 +^ sin «i+^ s™ a i sin a 2 

+^3 sin at sin a 2 sin a 3 + . . 

Ascending Landen Transformation 
Let a n , a n+1 be two modular angles such that 

17.5.11 (1+sin a n )(l + cos a n+1 )=2 («„+!>«*) 

and let <p n , <p n+x be two corresponding amplitudes 
such that 

17.5.12 sin (2<p n+x —(p n ) —sin a n sin <p n (<p n+ iO n ) 

Thus the step from n to n+1 increases the 
modular angle but decreases the amplitude. By 
iterating the process we can ascend from a given 
modular angle to one whose difference from a right 
angle is so small that 17.4.21 becomes applicable. 


With a„=a we have 

17.5.13 F(<p\a)=2(l+sm *)~'F(<p\ol x ) 

17.5.14 F(<p\a)= 2” ”n (1 +sin a 3 )~ l F(<p n \a n ) 

8=0 

17.5.15 F(fp\a) =5(1 +cos a s )F(<p n \a n ) 

8 = 1 

17.5.16 F(«?\a)=[csc a n sin a,]* In tan (j7r+$<i>) 

8 = 1 

17.5.17 4>=lim <p n 

»-> 00 

Neighborhood of a Right Angle (see also 17.4.13) 

When both <p and a are near to a right angle, 
interpolation in the table F(<p\a) is difficult. 
Either Landen’s transformation can then be used 
with advantage to increase the modular angle and 
decrease the amplitude or vice-versa. 

17.6. The Process of the Arithmetic-Geometric 
Mean 

Starting with a given number triple ( a 0 , b 0 , c 0 ) 
we proceed to determine number triples 
(a x , b x , Cj,), ( 02 , b 2) c 2 ), . . ., (a N , b N , c N ) according to 
the following scheme of arithmetic and geometric 
means 

1761 

o+6o) 6i=(a 0 6o) 4 

a 2 =2(ai+6i) 6 2 —(a^i)* 

a N~ K^V-l + ^V-l) btf=(aN- X btf- X )* 

Co 

c x = \ (do bo) 
c 2 =?(a x —b x ) 


Cir— 2 i—bN- X ). 

We stop at the Mh step when a N —b N , i.e., when 
<^=0 to the degree of accuracy to which the num¬ 
bers are required. 

To determine the complete elliptic integrals 
K(a), E(a ) we start with 


00 = 1 , &o=cos a, c 0 =sin a 



17.6.2 
whence 

17.6.3 
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17.6.4 g( 1Uf— =6 [cl+2ct+2V 2 + . . . +2V„] 

K{a) 2 

To determine K'(a), E'(a ) we start with 

17.6.5 a'o=l, &i=sin a, Cq=cos a 
whence 

17.6.6 

17.6.7 

g '- a ^ 7 ^ — M [4 ! +2 cI 2 +2 ! c5 ! + . . . +2^] 

ii (a) 2 

To calculate Ffo\a), E(ip\a) start from 17.5.2 
which corresponds to the descending Landen 
transformation and determine <p u <p 2 , . . .., <p N 
successively from the relation 

17.6.8 tan (<f> n +i—<Pn) = (b n /a n ) tan <p n , <p 0 =(p 
Then to the prescribed accuracy 

17.6.9 Fto\a)=i»K Van) * 

17.6.10 

Z(<p\a)=E(<p\a) - (. E/K)F(<p\a) 

* =Cj sin <p\~\~c 2 sin <p 2 -\- . . . -\~Cn sin 

17.7. Elliptic Integrals of the Third Kind 

17.7.1 

n(w; <p\a) = J* (1 — n sin 2 0) -1 (1 —sin 2 a sin 2 0) ~*dd 

17.7.2 n(w;^V)=n(A«) 

Case (i) Hyperbolic Case 0<7)< sin* a 
«=arcsin ( 71 /sin 2 a)*, 0<e<^ir 

HtFMTO 

2= 2(a) 

V — %TrF(<p\a)IK(a) t 
6!=[n(l—nj'^sin* a— n) -1 ]* 

17.7.3 

II (n;<p\a)=8 t [—£ In 0)] 

+V& , 1 (0)/r> i m 


17.7.4 

\ In y^. — g ,2i )~ 1 sin 2sv sin 2s/3 

P ) *=1 

17.7.5 

g|=0Ot 0+4 S V cos 2(3+ S ‘')‘‘ sin 20 

In the above we can also use Neville’s theta 
functions 16.36. 

17.7.6 n(n\a) =K(a) +5 l K(a)Z(€\a ) 

Case (ii) Hyperbolic Case n>l 

The case n>l can be reduced to the case 
0<iV<sin 2 a by writing 

17.7.7 N=n~ l sin 2 a, Pi = [(n—1)(1—n -1 sin 2 a)]* 

17.7.8 

II (n; <p\a) =—II(IV; <p\ a) -f F(<p\a) 

In [ (A(?) +A tan <p) (A (<p) -p, tan <p) ~*] 

where A(^) is the delta amplitude, 17.2.4. 

17.7.9 H (n\a) =K{a)-U(N\a) 

Case (iii) Circular Case sin 2 ar<n< 1 
e=arcsin [(1—n)/cos 2 a]* 0<e<?7r 

j 3=i 7r F( € \90°-a)/K( a ) 

2=2 (a) 

17.7.10 

v=%irF(<p\ct)/K(a), 62 = (1— n)~ l (n —sin 2 a) -1 ]* 

17.7.11 U(n; <p\a)=8 2 (\-4fiv) 

17.7.12 

X—arctan (tanh 0 tan v) 

+2 2 (—l) , “ , s~ 1 g 2, (l — 2 2 *) -1 sin 2st;sinh 2s0 

4 = 1 

17.7.13 

u=jjp. sq* 2 sinh 2s(sJ ^1 +2 ^ q* 2 cosh 2s0^ 

17.7.14 II(w\a)=iiL(a) + ^ir62[l —A 0 («\a)] 
where A 0 is Heuman’s Lambda function, 17.4.39. 


'See page n, 
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n<n ; ^)\a) 



Figure 17.11. Elliptic integral of the third kind 
II ( 77 ; <p\oc). 


Case (iv) Circular Case n< 0 

The case 77<0 can be reduced to the case 
sin 2 a<A r <l by writing 

17.7.15 

iV=(sin 2 a— 77 ) (1 — n)~ x 
P 2 =[— n(l— n) _1 (sin 2 a— 77 )]* 

17.7.16 

[(1— n)(l— n~ x sin 2 a)Pn(n; <p\a) 

= [(l-iV)(l-iV- 1 sin 2 a)]*II(iV; <p\a) 

+P 2 1 sin 2 aF(^\a) + arctan [\p 2 sin 2<p/A(<p)] 

17.7.17 

II (n\a) = (—n cos 2 a) (1 —n) _1 (sin 2 a—n)~ l IL(N\a) 
*f sin 2 a (sin 2 a—n)~ x K{a) 


Special Cases 

17.7.18 n= 0 

n(0; v\a)=F{i\a) 

17.7.19 77=0, a= 0 

n( 0 ; ^>\ 0 ) — tp 

17.7.20 a=0 

II (n; <p\0) = (l—ri)~* arctan [(1— n)* tan <p], 
— (n— I) - * arctanh [( 77 — 1)* tan <p], 
=tan <p n=l 


* 

7l< 1 
71 > 1 


17.7.21 a=7r/2 

n(7i; <p\ir/2) = (1—7i) _1 [ln (tan y?+sec <p) 

— \ 77* In (1+77* sin <p)(l— 77 * sin <p) -1 ] n^\ 

17.7.22 77= ± sin a 
(l^sin o!){2n(±sin a; <p\a )— F(<p\a )} 

= arctan [(1+sin a) tan <p/A(<p)] 

17.7.23 77=l±COSa 

2 cos aJI(l ±cos a; <p\a) = ±2 In [(1 +tan tp 
• A(vj))( 1—tan ip- A(^)) _1 ]+§ In [(A(<p) 

+ cos a- tan <p)(A(<p) — cos a tan tp )~ l ] 

-F (1 + cos a)F(ip\a) 

17.7.24 7i=sin 2 a 

II(sin 2 a; ip\a)—sec 2 aE(ip\cc) —(tan 2 a sin 2^>)/(2A(<p)) 

17.7.25 77=1 

II (1; <p\a)—F(<p\a) —sec 2 aE(<p\a) +sec 2 a tan <pA(<p) 


Numerical Methods 


17.8. Use and Extension of the Tables 

Example 1 . Reduce to canonical form J y~ x dx, 
where 

y 2 = —3x 4 +34x 3 —119x 2 +172x—90 

By inspection or by solving an equation of the 
fourth degree we find that 

y 2 =Q1Q2 where £i=3x 2 -10x+9, ^ 2 =-^+8x-10 

First Method 

$1 X $2 = (3+X)a; 2 —(10+8X)x+9+10X is a per¬ 
fect square if the discriminant 


(10+8X) 2 —4(3+X) (9+1 OX) =0; i.e., if X= or ^ 

and then 

Ci+| (*-D 2 , QvQt=l (*-zy 

Solving for Q x and Q 2 we get 
& = (x-l) 2 +2(x-2) 2 , &=2(x-l) 2 -3(x-2) 2 
The substitution t—(x— l)/(x—2) then gives 

fy- , dx=±fl(t*+ 2) (2«‘-3)]-W( 


"See page n. 
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If the quartic y 2 =0 has four real roots in x 
(or in the case of a cubic all three roots are real), 
we must so combine the factors that no root of 
$ 1= 0 lies between the roots of $ 2 =0 and no root 
of Q 2 —0 lies between the roots of $i=0. Provided 
this condition is observed the method just de¬ 
scribed will always lead to real values of X. These 
values may, however, be irrational. 


Write 


Second Method 

, Qi 3s 2 — 10s+9 
Qi -x 2 +8x-10 


and let the discriminant of Q 2 t 2 —Qi be 


4 T 2 = (8* 2 +10) 2 -4« 2 +3) (10£ 2 +9) 
==4(3« 2 -f-2)(2< 2 —1) 

Then 


jy-'dx=±jT-'dt=±f[(3t*+2)(2t‘-l)}- 


Mt 


This method will succeed if, as here, T 2 as a 
function of t 2 has real factors. If the coefficients 
of the given quartic are rational numbers, the 
factors of T 2 will likewise be rational. 


Third Method 

Write 

Qi_ 3s 2 —10s+9 
W Q,2 —x 2 +8x—10 

and let the discriminant of Q 2 w~-Q i be 

4W=4(3w+2)(2w-l)=4(^+5w+C) 
Then if 

z 2 =W(w and Z 2 ~(B— z 2 ) 2 — 4AC'=(z 2 —1) 2 -|-48 


Jy~ 1 dx=±Jz~ 1 dz 

However, in this case the factors of Z are complex 
and the method fails. 

Of the second and third methods one will always 
succeed where the other fails, and if the coefficients 
of the given quartic are rational numbers, the 
factors of T 2 or Z 2 , as the case may be, will be 
rational. 

Example 2. Reduce to canonical form J y~ x dx 
where y 2 =x(x— l)(x—2). 

We use the third method of Example 1 talking 
$i=(z—1), $ 2 =x(x—2) and writing 


The discriminant of Q 2 'W~Q 1 =x 2 w— (2w+\)x+\ 
is 

4 W= (2 w-\-1 ) 2 —4w=4‘w 2 +1 

so that 

W=Aw 2J r Bw-{-C where ^4=1, B=0 , C~\ 

4 

and if we write z 2 = W/w and 

Z 2 = (. B-z 2 ) 2 -±AC= (s 2 ) 2 —1 = (z 2 -1 ) ( 2 2 +1), 

J y-'dx=±J [(*•- 1) ( 2 *+1) J-w da 

The first method of Example 1 fails with the 
above values of Q x and Q 2 since the root of Qi=0 
lies between the roots of Q 2 =0, and we get 
imaginary values of X. The method succeeds, 
however, if we take Qi=x, Q 2 =(x— 1)(a?—2), for 
then the roots of <2i=0 do not lie between those 
of $2=0. 

Example 3. Find Fl(80/81). 

First Method 

Use 17.3.29 with m=80/81, Wi = l/81, w} /2 =l/9. 
Since [(1 — m} /2 ) (1 + m\ ,2 )~ 1 ] 2 = .64, #(80/81) = 
1.8 #(.64) =3.59154 500 to 8D, taking #(.64) from 

Table 17.1. 


Second Method 

Table 17.4 giving L(m) is useful for computing 
K{m) when m is near unity or #'(m) when m is 
near zero. 

#(80/81)=- #'(80/81) In (16X81)-£(80/81). 

7r 

By interpolation in Tables 17.1 and 17.4, since 
80/81 =.98765 43210, 

#'(80/81) = 1.57567 8423 
Z(80/81) = .00311 16543 
#(80/81) = tt- 1 (1.57567 8423)(7.16703 7877) 

-.00311 16543 

=3.59154 5000 to 9D. 

Third Method 

The polynomial approximation 17.3.34 gives to 
8 D 

#(80/81) =3.59154 501 
Fourth Method, Arithmetic-Geometric Mean 
Here sin 2 a=80/81 and we start with 

a 0 =1, 6 0 =i c 0 =V80/81=.99380 79900 
giving 
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n 

On 

bn 

Cn 

0 

1 . 00000 00000 

. mu mil 

. 99380 79900 

1 

. 55555 55555 

. 33333 33333 

. 44444 

44444 

2 

. 44444 44444 

.43033 14829 

.11111 

11111 

3 

. 43738 79636 

.43733 10380 

. 00705 64808 

4 

. 43735 95008 

. 43735 94999 

. 00002 

84628 

5 

. 43735 95003 

. 43735 95003 

0 



Thus #(80/81)=| 7 ra 6 - 1 =3.59154 5001. 

Example 4. Find #(80/81). 

First Method 

Use 17.3.30 which gives, with m=80/81 

£(80/81)=“ £(.64)-g £(.64) 

= 1.01910 6047 

taking #(.64) and #(.64) from Table 17.1. 

Second Method 

Polynomial approximation, 17.3.36 gives 
#(80/81) = 1.01910 6060. The last two figures 
must be dropped to keep within the limit of 
accuracy of the method. 

Third Method 

Arithmetic-geometric mean, 17.6. The numbers 
were calculated in Example 3, fourth method, and 
we have 

— 0l Mmr' 1 =l 2 • • • + 25 ^ 

[1.43249 71298] 

= .71624 85649. 

Using the value of #(80/81) found in Example 3, 
fourth method, we have 

#(80/81) = 1.01910 6048 to 9D. 

Example 5. Find q when m=.9995. 

Here mi = .0005 and so from Table 17.4 

Q(m) = .06251 563013 

q 1 =m 1 Q(m) = .00003 12578 15. 

From 17.3.19 

In 0=7r 2 /ln 0)=ir 2 /lO.37324 1132 

= .95144 84701 
g=.38618 125. 


The computation could also be made using 
common logarithms with the aid of 17.3.20. The 
point of this procedure is that it enables us to 
calculate q t without the loss of significant figures 
which would result from direct interpolation in 
Table 17.1. By this means In (1/gi) can be found 
without loss of accuracy. 

Example 6. Find m to 10D when #'/#=.25 
and when #7#—3.5. 

From 17.3.15 with #7#=.25 we can write the 
iteration formula 

m (»+n = l_16 e -4r ex p [— ir L(m {n) )/K'(m ln) )]. 

Then by iteration using Tables 17.1 and 17.4 


n 

m (n) 

0 

1 . 

1 

.99994 42025 

2 

.99994 42041 

3 

.99994 42041 


Thus m=.99994 42041. 

From 17.3.16 with #7#=3.5 we can write the 
iteration formula, 

w ('»+ 1 )=16e _3 - 6T exp [—ir£(m 1 (n) )/#(m <B> )] 


n 

m {n) 

0 

0 

1 

.(3)26841 25043 

2 

.(3)26837 65 

3 

.(3)26837 65 


Thus m=.00026 83765. 

The above methods in conjunction with the 
auxiliary Table 17.4 of L(m ) enable us to extend 
Table 17.3 for #7#>3, and for #7#<.3- 

Example 7. Calculate to 5D the Jacobian 
elliptic function sn (.753421.7) using Table 17.5. 
Here 

m=sin 2 a—.7, «=56.789089°. 

Thus, sn (.75342|.7)=sin <p where <p is determined 
from 

F( <p\ 56.789089°) = .75342. 

Inspection of Table 17.5 shows that <p lies 
between 40° and 45°. We have from the table 

of #(A«) 
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\ « 

<P \ 

56° 

58° 

60° 

35° 

. 63803 

. 63945 

. 64085 

40° 

. 73914 

. 74138 

. 74358 

45° 

. 84450 

. 84788 

. 85122 

50° 

. 95479 

. 95974 

. 96465 


From this we form the table of F(^\56.789089°) 


<P 

F 

A 

A 2 

a 3 

35° 

. 63859 

10144 



40° 

. 74003 

10581 

437 

72 

45° 

. 84584 

11090 

509 


50° 

. 95674 





A rough estimate now shows that <p lies between 
40° and 41°. We therefore form the following 
table of -F(^>\56.789089°) by direct interpolation 
in the foregoing table 


V 

F 

40.0° 

.74003 

40.5° 

.75040 

41.0° 

.76082 


whence by linear inverse interpolation 


v?=40.5°+.5° 


T.75342-.750401 
l_.76082—.75040J 


=40.6449 


and so sin *?=.65137=sn (.75342|.7). 

This method of bivariate interpolation is given 
merely as an illustration. Other more direct 
methods such as that of the arithmetic-geometric 
mean described in 17.6 and illustrated for the 
Jacobian functions in chapter 16 are less laborious. 

Example 8. Evaluate 




Second Method, Numerical Quadrature 

Simpson’s formula with 11 ordinates and interval 
.1 gives .141117. 

Example 9. Evaluate 

£ [« 2 -2)(i 2 -4)]-«. 

First Method, Reduction to Standard Form and 
Bivariate Interpolation 

Here we can use 17.4.48 noting that a 2 — 4, 
6 2 =2, and that 

£ [« 2 —2) (t 2 -4)]-W«= j"- j’ 

=|[^\45»)-ffe\45»)] 

=1 [1.854075—.535623]=.659226 

where 

2 . 2 ... 2 
sm <pi= 2 > sm ^2=^7 sin a—-- 

Thus 

a=45°, ^=90°, ^=30°. 

Second Method, Numerical Integration 

If we wish to use numerical integration we must 
observe that the integrand has a singularity at 
t —2 where it behaves like [8(£—2)] -i . 

We remove the singularity at t— 2, by writing 

f 4 [(* 2 -2-}{**-4)]-^= f/(<)<«+ f [8(f-2)]~M 

J 2 J 2 J 2 

where 

/«) = [(< 2 -2)(^-4)]-i-[8«-2)l-i. 

If we define/(2) =0, 

J 2 

can be calculated by numerical quadrature. Also 


First Method, Bivariate Interpolation 

From 17.4.50 we have 

VS £ l(2t‘+W‘-2)]-'m=F( Vl \a)-F(<e i \«, 

where 

• 2 1 V2 J2 

sin' a=-> cos *?i=—> cos *3 2 =-jj- 

Thus <*=26.56505 12°, ^=61.87449 43°, ^=45°, 
F(^\a) = 1.115921 and F( ( p 2 \a) = . 800380 and 
therefore the integral is equal to .141114. 


£ [8(«—2)]-t<rt=[Jg «- 2 )*]‘=l 
and thus we calculate the integral as 

1 +J*f(t)dt =1 - .340773=. 659227. 
Example 10. Evaluate 

u= f (z 3 — 7x-\-6)~*dx. 

J17 

x*—7x-\-6=(x— l)(x—2)(x+3) and we use 17.4.65 
with /3x=2, /S 2 = 1, 183 = — 3, 
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m=sin 2 ar=4/5, X=V5/2, cos 2 95 = 3 / 4 . 

Thus <*=63.434949°, *>=30° and 

u =2 (5) "*F(30°\63.434949°) 

= 2 (5) ”*(.543604) = .486214 from Table 17.5. 

The above integral is of the Weierstrass type and 
in fact 17= 28, —24) (see chapter 18). 

Example 11. Evaluate 



12 J+ 2* 2 -* 3 )" 1 ' 2 dt. 


We have 


24- 12 H- 2 i 2 - -P= - (t- 2 ) (t 2 + 12 ) = - P(t ). 


There is only one real zero and we therefore 
use 17.4.74 with P(t)=t 3 -2t 2 +12t-24, 0=2 so 
that P'( 2 ) = 16, P"( 2 )= 8 , X =2 and therefore 

m=sin 2 a =i <*=30° 

4 

Therefore the given integral* is 

P- f =4 [fteXen-FteVso 0 )] 

Jo J 2/3 * 

where 

cos <pi=-» 951 = 70.52877 93° 

COS <p 2 =7j» ^2 = 60° 

and the integral=$[1.510344 -1.212597]=. 148874. 

Example 12 . Use Landen’s transformation to 
evaluate 


r*/2 / i \-i/2 

J (^l-^sin 2 0 J d6 to 5D. 

First Method, Descending Transformation 

We use 17.5.1 to give 
2 


1 +sin ai = 


=1.071797 


1+cos 30° 

cos <*!=[(!—sin <*0 (1+sin ai)] 1/2 = .997419 


1 +sin q- 2 = 


2 

1 -f cos a x 


= 1.001292; cos <* 2 = .999999 


the integral=P(90°\30°)=| (1.071797) (1.001292) 
=1.68575 to 5D. 


Second Method, Ascending Transformation 

We use 17.5.11 to give 

1 +cos <*„+i = 2 /(l+sin a n ) 


n 

COS a n 

sin a„ 

1 

. 33333 333 

. 94280 904 

2 

. 02943 725 

. 99956 663 

3 

. 00021 673 

. 99999 998 


sin (2^i—90°)= sin 30°, 
sin ( 2^ 2 —<pi)=sin sin 
sin ( 2953 — 952 )=sin <* 2 sin 
sin ( 2954 — 9 > 3 )= sin <* 3 sin 


95J = 60° 

9>i, 9>2=57.367805 o 

9 *, 953=57.348426° 

¥5 3 , 954=57.348425°=$. 


From 17.5.16 

P(90°\30°)=— j 9 42 80 904 1.99956 663 

1 - /99999 998 ln tan ( 45 °+| $ ) 
= 1.37288 050 ln tan 73.674213° 

= 1.37288 050(1.22789 30) 

F( 90°\30°) = 1.68575 to 5D. 

Example 13. Find the value of P(89.5°\89.5°). 


First Method 

This is a case where interpolation in Table 17.5 
is not possible. We use 17.4.13 which gives 

F(89.5°\89.5°)=F(90 o \89.5°)-F(*\89.5°) 

where 

cot ^=sin (.5°) cot (.5°)=cos (.5°) 
^=45.00109 084° 

and F(^\89.5°) = .881390 from Table 17.5. 

F(90°\89.5°)=ii:(sin 2 89.5°) =#(.99992 38476) 

= 6.12777 88 

Thus P(89.5°\89.5°) = 5.246389. 


2 

1+sin a 3 =— -=1.000000 

1+cos <* 2 

Thus from 17.5.7, 


Second Method 

Landen’s ascending transformation, 17.5.11, 
gives 
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cos «!=(1—sin 89.5°)/(l+sin 89.5°) 
sin ai=[(l—cos aj)(l+cos ai)]*=.99999 99997 
cos £* 2—0 
sin a 2 =l. 

17.5.12 then gives 

sin (2^-89.5°)=sin 89.5° sin 89.5° 

= .99992 38476 

2^—89.5° = 89.2929049°, #* = 89.39645 245° 

sin ( 2 ^ 2 — (pi) =sin aj sin ^=89.39645 602° 

sin ( 2 ^ 3 — 1 ^ 2 )= sin <&, <p z = #*=$. 

Thus 17.5.16 gives 

F(89.5°\89.5°) = 

( .99 9 9619231 )* ln (tan 89 - 69822 801 °)= 5 - M64 °- 


This is case (i) of integrals of the third kind, 
0 <n<sin 2 a, 17.7.3 

n=i> (jc=45°, <*=30°, 


«=arcsin (n/sin 2 a)*=30°, 
0=^(3O°\3O°)/#(3O°) = .49332 60 
v— ^F(45°\30°)/#(30°) = .74951 51, 
5i= (16/45)* 
and so from 17.7.3 


n(i;45°\30°) = 

g= .01797 24. 

Using the ^-series, 16.27, for the t? functions we get 


Example 14. Evaluate 

j‘ [(9—i 2 ) (le+f*) 3 ] -1 ^ to5D. 
From 17.4.51 the given integral 


n (£; 45°\30°) = (16/45)* {- .02995 89 

+ (1.86096 21)(.74951 51)} =.813845. 

Table 17.9 gives .81385 with 4 point Lagrangian 
interpolation. 


[£■(*>,>)-£fev)i 


where 


Example 16. Evaluate the complete elliptic 
integral 


n (tV\ 30°) to 6D. 


sin a=g> a=36.86990° 


From 17.7.6 we have 


sin pi=f -y/ 5 , #*=48.18968° 


sin <p 2 =; 


yn’ 


^=23.84264°. 


By bivariate interpolation in Table 17.6 we 
find that the given integral 

=$5 [.80904 — .41192]=.00496. 


n (+^30°) =#(30°) + (16/45) 1/2 #(«)Z(e\30°) 

where e=arcsin(n/sin 2 a) i =30°. Thus using 

Table 17.7 

n GV\30°)=1.743055. 

Table 17.9 gives 1.74302 with 5 point Lagran¬ 
gian interpolation. 

Example 17. Evaluate 


Simpson’s rule with 3 ordinates gives 

£[.00504+.01975+.005]=,00496. 
Example 15. Evaluate 
n&45°\30°) = 

/»*/4 

J o ( 1 —B sin 2 0 ) -I (l—isin 2 0 )"*<ffl to 6 D. 


n (I; 45°\30°) 

=J" (1 —| sin 2 6) ~ 

to 6 D. 


(i-l sin *e)- 1/2 de 


This is case (iii) of integrals of the third kind, 
sin 2 a<w< 0 , 


n= I, #>=45°, <*=30° 
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€=arcsin [(1— ft)/cos 2 a]*=45° 
j8=^F(45 o \60°)/ir(30°) = .79317 74 
tf=^F(45 o \30°)AK:(30 o ) = .74951 51 
62 = (40/9)* 
q =.01797 24 
and so from 17.7.11 
n (£; 45°\30°) = (40/9) 1/2 (A—4/tf?) 

=2.10818 51 {.55248 32-4(.03854 26) 

(.74951 51)} = .921129. 

Table 17.9 gives .92113 with 4 point Lagrangian 
interpolation. 

Example 18. Evaluate the complete elliptic 
integral 

n (f\30°) to 5D. 

From 17.7.14 we have 

n (t\30°) =X(30») +| -y/f [ 1 - Ao( e \30°)] 


5 

Here n=-> <p— 45°, a=30° and since the character¬ 
istic is greater than unity we use 17.7.7 


N=n~ l sin 2 «=. 2 , ( 1 / 5 )* 

n (£; 45°\30°) = -n( 2; 45°\30°) +F(45°\30°) 

+ 1 (7/8)*-(1/5)4 

=-.83612-}-.80437 


In 


V35+V8 

V35-V8 


= 1.13214. 


Numerical quadrature gives the same result. 
Example 20. Evaluate 


n (-£; 45°\30°) 

l+i sin 2 0) _1 (1—i sin 2 d)~*dB 

to 5D. 


where e=arcsin [(l—n)/cos 2 a] 1 / 2 =45°. Thus using 

Table 17.8 

n (f\30°)=2.80099. 

Table 17.9 gives 2.80126 by 6 point Lagrangian 
interpolation. The discrepancy results from in¬ 
terpolation with respect to n for <p=90° in Table 
17.9. 

Example 19. Evaluate 
n (£; 45°\30°) 

=J* ( 1 — £ sin 2 0 )“ l (l — £ sin 2 6)~ 1/2 d6 

to 5D. 


Here the characteristic is negative and we there¬ 
fore use 17.7.15 with ft—— 7 . sin 2 a=\ 

4’ 4 

N=(l— »)" l (sin* oc—n)~A, j? 2 =V^ 
and therefore 

(5/2)* n (-£; 45°\30°) = (9/40)*II (f; 45°\30°) 

+i(5/2)*F(45°\30°)-farctan (35)"* 

Using Tables 4.14, 17.5, and 17.9 we get 
n (-£; 45°\30°) = .76987 
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Table 17.1 COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS 
AND THE NOME q WITH ARGUMENT THE PARAMETER m 

K(m)=^ (1-m sin 2 «) 2 do 


(1-wi sin 2 ofde E'(m)=E(rn j) 

9 (m)-exp [-*K'(m)/K(m)] q\(m)=q(mi) 


711 

K(m) 

K'(m) 

7(«0 

TOl 

0.00 

1.57079 63267 94897 

00 

0.00000 00000 00000 

1.00 

0. 01 

1.57474 55615 17356 

3.69563 73629 89875 

0.00062 81456 60383 

0.99 

0. 02 

1,57873 99120 07773 

3.35414 14456 99160 

0.00126 26665 23204 

0. 98 

0.03 

1.58278 03424 06373 

3.15587 49478 91841 

0.00190 36912 69025 

0.97 

0. 04 

1. 58686 78474 54166 

3.01611 24924 77648 

0.00255 13525 13689 

0.96 

0.05 

1.59100 34537 90792 

2.90833 72484 44552 

0.00320 57869 70686 

0.95 

0.06 

1.59518 82213 21610 

2.82075 24967 55872 

0.00386 71356 22010 

0. 94 

0.07 

1.59942 32446 58510 

2.74707 30040 24667 

0.00453 55438 98018 

0.93 

0.08 

1.60370 96546 39253 

2.68355 14063 15229 

0.00521 11618 66885 

0. 92 

0. 09 

1.60804 86199 30513 

2.62777 33320 84344 

0.00589 41444 34269 

0.91 

0.10 

1.61244 13487 20219 

2.57809 21133 48173 

0.00658 46515 53858 

0.90 

0.11 

1.61688 90905 05203 

2.53333 45460 02200 

0.00728 28484 49518 

0. 89 

0.12 

1.62139 31379 80658 

2.49263 53232 39716 

0.00798 89058 49815 

0.88 

0.13 

1.62595 48290 38433 

2.45533 80283 21380 

0.00870 30002 35762 

0. 87 

0.14 

1.63057 55488 81754 

2.42093 29603 44303 

0.00942 53141 02678 

0. 86 

0.15 

1.63525 67322 64580 

2.38901 64863 25580 

0. 01015 60362 37153 

0. 85 

0.16 

1.63999 98658 64511 

2.35926 35547 45007 

0.01089 53620 10173 

0. 84 

0.17 

1.64480 64907 98881 

2.33140 85677 50251 

0.01164 34936 87540 

0. 83 

0.18 

1.64967 82052 94514 

2.30523 17368 77189 

0.01240 06407 58856 

0. 82 

0.19 

1.65461 66675 22527 

2.28054 91384 22770 

0.01316 70202 86392 

0. 81 

0.20 

1.65962 35986 10528 

2.25720 53268 20854 

0.01394 28572 75318 

0. 80 

0.21 

1.66470 07858 45692 

2.23506 77552 60349 

0.01472 83850 66891 

0.79 

0.22 

1.66985 00860 83368 

2.21402 24978 46332 

0.01552 38457 56320 

0.78 

0.23 

1.67507 34293 77219 

2.19397 09253 19189 

0.01632 94906 37206 

0.77 

0.24 

1.68037 28228 48361 

2.17482 70902 46414 

0.01714 55806 74605 

0. 76 

0.25 

1.68575 03548 12596 

2.15651 56474 99643 

0.01797 23870 08967 

0.75 

0.26 

1.69120 81991 86631 

2.13897 01837 52114 

0.01881 01914 93399 

0.74 

0.27 

1.69674 86201 96168 

2.12213 18631 57396 

0.01965 92872 66940 

0. 73 

0.28 

1.70237 39774 10990 

2.10594 83200 52758 

0.02051 99793 66788 

0. 72 

0. 29 

1.70808 67311 34606 

2.09037 27465 52360 

0.02139 25853 82708 

0. 71 

0.30 

1.71388 94481 78791 

2.07536 31352 92469 

0.02227 74361 57154 

0. 70 

0. 31 

1.71978 48080 56405 

2.06088 16467 30131 

0.02317 48765 35013 

0. 69 

0.32 

1.72577 56096 29320 

2.04689 40772 10577 

0.02408 52661 67250 

0.68 

0.33 

1. 73186 47782 52098 

2.03336 94091 52233 

0.02500 89803 73177 

0. 67 

0.34 

1.73805 53734 56358 

2.02027 94286 03592 

0.02594 64110 66576 

0. 66 

0. 35 

1.74435 05972 25613 

2.00759 83984 24376 

0.02689 79677 51443 

0. 65 

0.36 

1.75075 38029 15753 

1.99530 27776 64729 

0.02786 40785 93729 

0. 64 

0.37 

1.75726 85048 82456 

1.98337 09795 27821 

0.02884 51915 76181 

0. 63 

0. 38 

1.76389 83888 83731 

1.97178 31617 25656 

0.02984 17757 44138 

0. 62 

0.39 

1.77064 73233 .33534 

1.96052 10441 65830 

0.03085 43225 51033 

0. 61 

0. 40 

1.77751 93714 91253 

1.94956 77498 06026 

0.03188 33473 13363 

0. 60 

0. 41 

1.78451 88046 81873 

1.93890 76652 34220 

0.03292 93907 86003 

0. 59 

0.42 

1.79165 01166 52966 

1.92852 63181 14418 

0.03399 30208 70043 

0. 58 

0.43 

1.79891 80391 87685 

1.91841 02691 09912 

0.03507 48344 66773 

0. 57 

0. 44 

1.80632 75591 07699 

1.90854 70162 81211 

0.03617 54594 93133 

0. 56 

0.45 

1.81388 39368 16983 

1.89892 49102 71554 

0.03729 55570 75822 

0. 55 

0.46 

1.82159 27265 56821 

1.88953 30788 53096 

0.03843 58239 43468 

0. 54 

0.47 

1.82945 97985 64730 

1.88036 13596 22178 

0.03959 69950 38753 

0.53 

0.48 

1.83749 13633 55796 

1.87140 02398 11034 

0.04077 98463 75263 

0. 52 

0. 49 

1.84569 39983 74724 

1.86264 08023 32739 

0.04198 51981 67183 

0. 51 

0. 50 

1.85407 46773 01372 

1. 85407 46773 01372 

0.04321 39182 63772 

0.50 

TOl 

K'(m) 

K(m) 

?iM 

TO 


m 


CO 

So* 



See Examples 3-4. 

E(m) and E'(m) from L. M. Milne-Thomson, Ten-figure table of the complete elliptic integrals 
K, K',E, E' and a table of Proc. London Math. Soc.(2)33,1931(with permission). 
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COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS Table 17.1 
AND THE NOME q WITH ARGUMENT THE PARAMETER m 



*w=J> 

-m sin 2 0) 2 d6 

A"'(m)= A'(mi) 





m sin 2 e) 2 de 

E' (m)=E(m\) 




7 (m)=exp [- 


<?i(m)=< 7 (mi) 



m 

qi(m) 

E(vi ) 

E'(m) 

m\ 

0.00 

1.00000 00000 00000 

1. 57079 6327 

1.00000 

0000 

1.00 

0.01 

0.26219 62679 17709 

1.56686 1942 

1.01599 

3546 

0.99 

0.02 

0.22793 45740 67492 

1.56291 2645 

1.02859 

4520 

0.98 

0. 03 

0.20687 98108 47842 

1.55894 8244 

1. 03994 

6861 

0.97 

0.04 

0.19149 63082 09940 

1.55496 8546 

1.05050 

2227 

0.96 

0.05 

0.17931 60069 55723 

1.55097 3352 

1.06047 

3728 

0.95 

0.06 

0.16920 75311 46133 

1.54696 2456 

1.06998 

6130 

0.94 

0.07 

0.16055 42010 73011 

1.54293 5653 

1.07912 

1407 

0. 93 

0. 08 

0.15298 14810 09741 

1. 53889 2730 

1.08793 

7503 

0. 92 

0.09 

0.14624 42694 73236 

1.53483 3465 

1.09647 

7517 

0. 91 

0.10 

0.14017 31269 54262 

1. 53075 7637 

1.10477 

4733 

0.90 

0.11 

0.13464 58847 92091 

1.52666 5017 

1.11285 

5607 

0.89 

0.12 

0.12957 14695 20553 

1.52255 5369 

1.12074 

1661 

0. 88 

0.13 

0.12488 01223 52049 

1.51842 8454 

1.12845 

0735 

0.87 

0.14 

0.12051 71957 28729 

1. 51428 4027 

1.13599 

7843 

0. 86 

0.15 

0.11643 90607 17472 

1.51012 1831 

1.14339 

5792 

0.85 

0.16 

0. 11261 03164 23363 

1.50594 1612 

1. 15065 

5629 

0. 84 

0.17 

0.10900 18330 23834 

1.50174 3101 

1.15778 

6979 

0.83 

0.18 

0.10558 93457 98477 

1.49752 6026 

1. 16479 

8293 

0. 82 

0.19 

0.10235 24235 13544 

1.49329 0109 

1.17169 

7053 

0. 81 

0.20 

0.09927 36973 38825 

1.48903 5058 

1.17848 

9924 

0. 80 

0.21 

0.09633 82749 65990 

1.48476 0581 

1.18518 

2883 

0. 79 

0.22 

0.09353 32888 80648 

1.48046 6375 

1.19178 

1311 

0.78 

0.23 

0.09084 75434 60707 

1.47615 2126 

1.19829 

0087 

0. 77 

0.24 

0.08827 12359 87862 

1. 47181 7514 

1. 20471 

3641 

0. 76 

0.25 

0.08579 57337 02195 

1.46746 2209 

1.21105 

6028 

0.75 

0.26 

0.08341 33938 83117 

1.46308 5873 

1.21732 

0955 

0.74 

0.27 

0.08111 74173 41165 

1.45868 8155 

1.22351 

1839 

0.73 

0.28 

0.07890 17281 26084 

1.45426 8698 

1.22963 

1828 

0. 72 

0.29 

0.07676 08740 04317 

1.44982 7128 

1.23568 

3836 

0. 71 

0. 30 

0.07468 99435 37179 

1. 44536 3064 

1.24167 

0567 

0. 70 

0. 31 

0.07268 44965 37110 

1.44087 6115 

1.24759 

4538 

0. 69 

0. 32 

0.07074 05053 87511 

1.43636 5871 

1.25345 

8093 

0. 68 

0.33 

0.06885 43052 47167 

1.43183 1919 

1.25926 

3421 

0. 67 

0. 34 

0.06702 25515 69108 

1.42727 3v821 

1. 26501 

2576 

0. 66 

0.35 

0.06524 21836 78738 

1.42269 1133 

1.27070 

7480 

0. 65 

0. 36 

0. 06351 03934 00746 

1.41808 3394 

1.27634 

9943 

0. 64 

0.37 

0. 06182 45979 15898 

1.41345 0127 

1.28194 

1668 

0. 63 

0.38 

0.06018 24161 79938 

1.40879 0839 

1.28748 

4262 

0. 62 

0. 39 

0.05858 16483 56838 

1.40410 5019 

1.29297 

9239 

0. 61 

0.40 

0.05702 02578 14610 

1.39939 2139 

1. 29842 

8034 

0. 60 

0. 41 

0.05549 63553 09081 

1.39465 1652 

1. 30383 

2008 

0.59 

0. 42 

0. 05400 81850 43499 

1.38988 2992 

1. 30919 

2448 

0.58 

0. 43 

0.05255 41123 42653 

1. 38508 5568 

1.31451 

0576 

0.57 

0.44 

0. 05113 26127 21764 

1. 38025 8774 

1.31978 

7557 

0. 56 

0.45 

0.04974 22621 64574 

1.37540 1972 

1. 32502 

4498 

0.55 

0.46 

0.04838 17284 53289 

1.37051 4505 

1. 33022 

2453 

0. 54 

0.47 

0.04704 97634 16424 

1. 36559 5691 

1. 33538 

2430 

0. 53 

0.48 

0.04574 51959 80149 

1.36064 4814 

1.34050 

5388 

0.52 

0.49 

0. 04446 69259 25028 

1.35566 1135 

1.34559 

2245 

0. 51 

0.50 

0.04321 39182 63772 

1. 35064 3881 

1.35064 

3881 

0. 50 

mi 

q(m) 

E'(m) 

E(m) 

m 



m 
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Table 17.2 COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS 
AND THE NOME q WITH ARGUMENT THE MODULAR ANGLE « 

K(a) = J Q 2 (1-sin 2 « sin 2 ») ~ 2 de K' («) - K (90°-«) 

7T 1 

(1-sin 2 « sin 2 efde E'{«) =£(90°-«) 

g(«)=exp [-WT («)/#(«)] ?i(“)=?(90°-«) 


0 ° 

1.57079 

K(a) 

63267 

94897 

5.43490 

K\a) 

00 

25564 

0. 00000 

<?(<*) 

00000 

00000 

90 °-c 
90* 

1 

1.57091 

59581 

27243 

98296 

0 . 00001 

90395 

55387 

89 

2 

1.57127 

49523 

72225 

4. 74271 

72652 

78886 

0. 00007 

61698 

24680 

88 

3 

1.57187 

36105 

14009 

4. 33865 

39759 

99725 

0. 00017 

14256 

42257 

87 

4 

1. 57271 

24349 

95227 

4. 05275 

81695 

49437 

0.00030 

48651 

48814 

86 

5 

1.57379 

21309 

24768 

3. 83174 

19997 

84146 

0.00047 

65699 

16867 

85 

6 

1.57511 

36077 

77251 

3. 65185 

59694 

78752 

0.00068 

66451 

27305 

84 

7 

1. 57667 

79815 

92838 

3. 50042 

24991 

71838 

0. 00093 

52197 

97816 

83 

8 

1.57848 

65776 

88648 

3.36986 

80266 

68445 

0.00122 

24470 

64294 

82 

9 

1. 58054 

09338 

95721 

3. 25530 

29421 

43555 

0. 00154 

85045 

16579 

81 

10 

1.58284 

28043 

38351 

3. 15338 

52518 

87839 

0.00191 

35945 

90170 

80 

11 

1. 58539 

41637 

75538 

3. 06172 

86120 

38789 

0. 00231 

79450 

15821 

79 

12 

1.58819 

72125 

27520 

2. 97856 

89511 

81384 

0. 00276 

18093 

29252 

78 

13 

1.59125 

43820 

13687 

2. 90256 

49406 

70027 

0. 00324 

54674 

43525 

77 

14 

1. 59456 

83409 

31825 

2. 83267 

25829 

18100 

0. 00376 

92262 

86978 

76 

15 

1. 59814 

20021 

12540 

2. 76806 

31453 

68768 

0.00433 

34205 

09983 

75 

16 

1.60197 

85300 

86952 

2. 70806 

76145 

90486 

0. 00493 

84132 

64213 

74 

17 

1.60608 

13494 

10364 

2. 65213 

80046 

30204 

0. 00558 

45970 

58517 

73 

18 

1. 61045 

41537 

89663 

2.59981 

97300 

61099 

0. 00627 

23946 

95994 

72 

19 

1.61510 

09160 

67722 

2. 55073 

14496 

27254 

0. 00700 

22602 

97383 

71 

20 

1 . 62002 

58991 

24204 

2.50455 

00790 

01634 

0. 00777 

46804 

16442 

70 

21 

1. 62523 

36677 

58843 

2.46099 

94583 

04126 

0. 00859 

01752 

53626 

69 

22 

1.63072 

91016 

30788 

2. 41984 

16537 

39137 

0. 00944 

92999 

75082 

68 

23 

1.63651 

74093 

35819 

2. 38087 

01906 

04429 

0. 01035 

26461 

44729 

67 

24 

1. 64260 

41437 

12491 

2. 34390 

47244 

46913 

0. 01130 

08432 

78049 

66 

25 

1. 64899 

52184 

78530 

2.30878 

67981 

67196 

0. 01229 

45605 

27181 

65 

26 

1.65569 

69263 

10344 

2.27537 

64296 

11676 

0. 01333 

45085 

07947 

64 

27 

1.66271 

59584 

91370 

2.24354 

93416 

98626 

0. 01442 

14412 

80638 

63 

28 

1. 67005 

94262 

69580 

2.21319 

46949 

79374 

0. 01555 

61584 

97708 

62 

29 

1. 67773 

48840 

80745 

2. 18421 

32169 

49248 

0. 01673 

95077 

33023 

61 

30 

1.68575 

03548 

12596 

2. 15651 

56474 

99643 

0.01797 

23870 

08967 

60 

31 

1. 69411 

43573 

05914 

2.13002 

14383 

99325 

0. 01925 

57475 

39635 

59 

32 

1. 70283 

59363 

12341 

2.10465 

76584 

91159 

0. 02059 

05967 

10437 

58 

33 

1.71192 

46951 

55678 

2. 08035 

80666 

91578 

0. 02197 

80013 

16901 

57 

34 

1.72139 

08313 

74249 

2. 05706 

23227 

97365 

0. 02341 

90910 

88188 

56 

35 

1.73124 

51756 

57058 

2.03471 

53121 

85791 

0. 02491 

50625 

23981 

55 

36 

1. 74149 

92344 

26774 

2. 01326 

65652 

05468 

0. 02646 

71830 

76961 

54 

37 

1. 75216 

52364 

68845 

1.99266 

97557 

34209 

0. 02807 

67957 

17219 

53 

38 

1. 76325 

61840 

59342 

1. 97288 

22662 

74650 

0. 02974 

53239 

19583 

52 

39 

1. 77478 

59091 

05608 

1. 95386 

48092 

51663 

0. 03147 

42771 

20286 

51 

40 

1.78676 

91348 

85021 

1.93558 

10960 

04722 

0. 03326 

52566 

95577 

50 

41 

1. 79922 

15440 

49811 

1. 91799 

75464 

36423 

0.03511 

99625 

22096 

49 

42 

1.81215 

98536 

62126 

1.90108 

30334 

63664 

0.03704 

02001 

87133 

48 

43 

1. 82560 

18981 

35889 

1. 88480 

86573 

80404 

0. 03902 

78889 

26607 

47 

44 

1.83956 

67210 

93652 

1.86914 

75460 

26462 

0.04108 

50703 

79885 

46 

45 

90°-« 

1. 85407 

46773 

K\ a ) 

01372 

1. 85407 

46773 

K(a) 

01372 

0. 04321 

39182 

9i(«) 

63772 

45 

a 



Compiled from G. W. and R. M. Spenceley, Smithsonian elliptic function tables, Smithsonian 
Miscellaneous Collection, vol. 109, Washington, D.C., 1947 (with permission). 
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COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS Table 17.2 
AND THE NOME q WITH ARGUMENT THE MODULAR ANGLE « 

K(a)=f* (l-sin 2 « sin 2 K'(a)=K( 90 °-a) 


E{a)= Q (l- s in 2 a sin 2 tfde E'(a)=E(90°-<*) 

9(«)=exp [-,*»/*»] g l( «)-?(90r-«) 


a 


?i(«) 



E{a) 



E'(a) 


90°-« 

0° 

1. 00000 

00000 

00000 

1.57079 

63267 

94897 

1.00000 

00000 

00000 

90° 

1 

0.40330 

93063 

38378 

1. 57067 

67091 

27960 

1. 00075 

15777 

01834 

89 

2 

0. 35316 

56482 

96037 

1.57031 

79198 

97448 

1.00258 

40855 

27552 

88 

3 

0. 32040 

03371 

34866 

1. 56972 

01504 

23979 

1. 00525 

85872 

09152 

87 

4 

0.29548 

83855 

58691 

1.56888 

37196 

07763 

1. 00864 

79569 

07096 

86 

5 

0.27517 

98048 

73563 

1.56780 

90739 

77622 

1. 01266 

35062 

34396 

85 

6 

0.25794 

01957 

66337 

1.56649 

67877 

60132 

1. 01723 

69183 

41019 

84 

7 

0.24291 

29743 

06665 

1. 56494 

75629 

69419 

1. 02231 

25881 

67584 

83 

8 

0.22956 

71598 

81194 

1.56316 

22295 

18261 

1. 02784 

36197 

40833 

82 

9 

0.21754 

89496 

99726 

1.56114 

17453 

51334 

1. 03378 

94623 

90754 

81 

10 

0.20660 

97552 

00965 

1.55888 

71966 

01596 

1. 04011 

43957 

06010 

80 

11 

0. 19656 

76611 

43642 

1.55639 

97977 

70947 

1.04678 

64993 

44049 

79 

12 

0.18728 

51836 

10217 

1. 55368 

08919 

36509 

1. 05377 

69204 

07046 

78 

13 

0. 17865 

56628 

04653 

1. 55073 

19509 

84013 

1. 06105 

93337 

53857 

77 

14 

0.17059 

45383 

49477 

1.54755 

45758 

69993 

1. 06860 

95329 

78401 

76 

15 

0. 16303 

35348 

21581 

1. 54415 

04969 

14673 

1.07640 

51130 

76403 

75 

16 

0. 15591 

66592 

65792 

1. 54052 

15741 

27631 

1. 08442 

52193 

72543 

74 

17 

0.14919 

73690 

67429 

1.53666 

97975 

68556 

1. 09265 

03455 

37715 

73 

18 

0.14283 

65198 

36280 

1. 53259 

72877 

45636 

1.10106 

21687 

57941 

72 

19 

0. 13680 

08474 

28619 

1. 52830 

62960 

54359 

1.10964 

34135 

42761 

71 

20 

0.13106 

18244 

99858 

1. 52379 

92052 

59774 

1.11837 

77379 

69864 

70 

21 

0.12559 

47852 

09819 

1.51907 

85300 

25531 

1. 12724 

96377 

57702 

69 

22 

0. 12037 

82455 

07894 

1.51414 

69174 

93342 

1. 13624 

43646 

84239 

68 

23 

0.11539 

33684 

49987 

1. 50900 

71479 

16775 

1. 14534 

78566 

80849 

67 

24 

0.11062 

35386 

78854 

1. 50366 

21353 

53715 

1.15454 

66775 

24465 

66 

25 

0.10605 

40201 

85996 

1.49811 

49284 

22116 

1.16382 

79644 

93139 

65 

26 

0.10167 

16783 

93444 

1.49236 

87111 

24151 

1.17317 

93826 

83722 

64 

27 

0.09746 

47524 

70352 

1.48642 

68037 

44253 

1.18258 

90849 

45384 

63 

28 

0. 09342 

26672 

88483 

1.^8029 

26638 

27039 

1.19204 

56765 

79886 

62 

29 

0. 08953 

58769 

52553 

1. 47396 

98872 

41625 

1.20153 

81841 

13662 

61 

30 

0. 08579 

57337 

02195 

1.46746 

22093 

39427 

1.21105 

60275 

68459 

60 

31 

0. 08219 

43773 

66408 

1. 46077 

35062 

13127 

1. 22058 

89957 

54247 

59 

32 

0. 07872 

46415 

92073 

1. 45390 

77960 

65210 

1.23012 

72241 

85949 

58 

33 

0.07537 

99738 

58803 

1. 44686 

92406 

95183 

1. 23966 

11752 

88672 

57 

34 

0.07215 

43668 

98737 

1.43966 

21471 

15459 

1. 24918 

16206 

07472 

56 

35 

0.06904 

22996 

09032 

1.43229 

09693 

06756 

1.25867 

96247 

79997 

55 

36 

0.06603 

86859 

10861 

1. 42476 

03101 

24890 

1.26814 

65310 

65206 

54 

37 

0. 06313 

88302 

96461 

1.41707 

49233 

71952 

1.27757 

39482 

50391 

53 

38 

0.06033 

83890 

33716 

1.40923 

97160 

46096 

1.28695 

37387 

83001 

52 

39 

0. 05763 

33361 

79494 

1.40125 

97507 

85523 

1.29627 

80079 

94134 

51 

40 

0.05501 

99336 

98829 

1.39314 

02485 

23812 

1. 30553 

90942 

97794 

50 

41 

0.05249 

47051 

04844 

1.38488 

65913 

75413 

1.31472 

95602 

64623 

49 

42 

0. 05005 

44121 

29953 

1. 37650 

43257 

72082 

1.32384 

21844 

81263 

48 

43 

0. 04769 

60340 

17056 

1.36799 

91658 

73159 

1.33286 

99541 

17179 

47 

44 

0.04541 

67490 

83529 

1.35937 

69972 

75008 

1. 34180 

60581 

29911 

46 

45 

90°-« 

0.04321 

39182 

?(«) 

63772 

1.35064 

38810 

E'(a) 

47676 

1.35064 

38810 

E( a ) 

47676 

45 

a 


ra 
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Table 17.3 PARAMETER m WITH ARGUMENT K'(m)/K(m) 


K ’ 

K 

m 

A" 

K 


i 

K ' 

K 

V 


0 . 30 

0.99954 

69976 

1.20 

0 . 30866 

25998 

2.10 

0 . 02158 

74007 

0.32 

0.99912 

85258 

1.22 

0 . 29292 

52811 

2.12 

0 . 02028 

61803 

0.34 

0 . 99844 

79307 

1.24 

0.27782 

39170 

2.14 

0.01906 

26278 

0.36 

0.99740 

80762 

1.26 

0.26335 

17107 

2.16 

0 . 01791 

21974 

0 . 38 

0.99590 

01861 

1.28 

0 . 24949 

94512 

2.18 

0.01683 

05990 

0 . 40 

0 . 99380 

79974 

1.30 

0.23625 

58558 

2.20 

0 . 01581 

37845 

0 . 42 

0.99101 

23521 

1.32 

0 . 22360 

78874 

2.22 

0 . 01485 

79356 

0 . 44 

0 . 98739 

58502 

1.34 

0.21154 

10467 

2.24 

0.01395 

94517 

0.46 

0.98284 

72586 

1.36 

0.20003 

96393 

2.26 

0.01311 

49385 

0.48 

0.97726 

54540 

1.38 

0 . 18908 

70181 

2.28 

0 . 01232 

11967 

0.50 

0 . 97056 

27485 

1.40 

0 . 17866 

58032 

2.30 

0.01157 

52117 

0.52 

0.96266 

75125 

1.42 

0 . 16875 

80773 

2 . 32 

0.01087 

41433 

0 . 54 

0 . 95352 

60602 

1.44 

0.15934 

55603 

2 . 34 

0 . 01021 

53165 

0.56 

0 . 94310 

38029 

1.46 

0 . 15040 

97635 

2.36 

0 . 00959 

62118 

0 . 58 

0.93138 

57063 

1.48 

0.14193 

21249 

2.38 

0 . 00901 

44574 

0 . 60 

0.91837 

61134 

1.50 

0 . 13389 

41273 

2.40 

0 . 00846 

78199 

0 . 62 

0.90409 

80105 

1.52 

0 . 12627 

73987 

2.42 

0 . 00795 

41974 

0 . 64 

0 . 88859 

18214 

1.54 

0.11906 

38004 

2.44 

0 . 00747 

16117 

0 . 66 

0.87191 

38254 

1.56 

0.11223 

54993 

2.46 

0 . 00701 

82011 

0 . 68 

0 . 85413 

42916 

1.58 

0 . 10577 

50300 

2.48 

0 . 00659 

22140 

0.70 

0.83533 

54217 

1.60 

0 . 09966 

53447 

2.50 

0 . 00619 

20026 

0 . 72 

0 . 81560 

91841 

1.62 

0 . 09388 

98538 

2 . 52 

0.00581 

60167 

0.74 

0.79505 

51193 

1.64 

0 . 08843 

24583 

2 . 54 

0.00546 

27984 

0.76 

0.77377 

81814 

1.66 

0 . 08327 

75739 

2 . 56 

0.00513 

09763 

0.78 

0.75188 

66711 

1.68 

0 . 07841 

01486 

2.58 

0.00481 

92610 

0.80 

0.72949 

03078 

1.70 

0.07381 

56747 

2.60 

0.00452 

64398 

0 . 82 

0.70669 

84707 

1.72 

0 . 06948 

01950 

2.62 

0.00425 

13725 

0 . 84 

0.68361 

86358 

1.74 

0 . 06539 

03054 

2.64 

0 . 00399 

29873 

0 . 86 

0.66035 

50204 

1.76 

0.06153 

31533 

2 . 66 

0.00375 

02764 

0 . 88 

0.63700 

74395 

1.78 

0 . 05789 

64327 

2.68 

0.00352 

22924 

0.90 

0.61367 

03730 

1.80 

0.05446 

83767 

2.70 

0.00330 

81448 

0.92 

0.59043 

22404 

1.82 

0.05123 

77481 

2.72 

0.00310 

69966 

0 . 94 

0.56737 

48621 

1.84 

0 . 04819 

38272 

2.74 

0 . 00291 

80610 

0.96 

0 . 54457 

30994 

1.86 

0.04532 

63995 

2.76 

0 . 00274 

05988 

0.98 

0 . 52209 

46531 

1.88 

0 . 04262 

57408 

2,78 

0 . 00257 

39151 

1 . 00 

0 . 50000 

00000 

1.90 

0.04008 

26022 

2.80 

0.00241 

73568 

1 . 02 

0 . 47834 

24497 

1.92 

0 . 03768 

81947 

2.82 

0 . 00227 

03103 

1 . 04 

0.45716 

83054 

1.94 

0.03543 

41720 

2.84 

0.00213 

21990 

1 . 06 

0.43651 

71048 

1.96 

0.03331 

26147 

2.86 

0 . 00200 

24811 

1 . 08 

0 . 41642 

19278 

1.98 

0 . 03131 

60134 

2 . 88 

0.00188 

06475 

1.10 

0.39690 

97552 

2.00 

0.02943 

72515 

2.90 

0 . 00176 

62198 

1.12 

0.37800 

18621 

2 . 02 

0.02766 

95892 

2 . 92 

0 . 00165 

87487 

1.14 

0.35971 

42366 

2 . 04 

0 . 02600 

66464 

2.94 

0 . 00155 

78119 

1.16 

0 . 34205 

80100 

2.06 

0.02444 

23873 

2.96 

0.00146 

30127 

1.18 

0.32503 

98919 

2 . 08 

0 . 02297 

11038 

2.98 

0.00137 

39785 

1.20 

0 . 30866 

25998 

2.10 

0.02158 

74007 

3 . 00 

0.00129 

03591 


m 


m 


Pf 1 ] 


> 3.0, ^ < 0.3, see Example 6. 







Table 17.4 


AUXILIARY FUNCTIONS FOR COMPUTATION 





m \ 

OH 

Lira ) 

0 . 00 

0.06250 00000 00000 

0.00000 00000 

0 . 01 

0.06281 45660 38302 

0.00251 65276 

0 . 02 

0.06313 33261 60188 

0.00506 66040 

0 . 03 

0.06345 63756 34180 

0.00765 09870 

0.04 

0.06378 38128 42217 

0 . 01027 04595 

0.05 

0.06411 57394 13714 

0.01292 58301 

0.06 

0.06445 22603 66828 

0 . 01561 79344 

0.07 

0.06479 34842 57396 

0.01834 76360 


m 

m 

See Examples 3 , 5 and 6 . 



OF THE NOME q AND THE PARAMETER m 

Tt \ t \ K ’( jn ) , 16 

L(m)=—K (m)-i-—- In — 


m , 

Q ( m ) 

L ( m ) 

0 . 08 

0.06513 95233 36060 

0.02111 58281 

0 . 09 

0.06549 04937 14101 

0 . 02392 34345 

0.10 

0.06584 65155 38584 

0 . 02677 14110 

0.11 

0.06620 77131 77434 

0 . 02966 07472 

0.12 

0.06657 42154 15123 

0 . 03259 24678 

0.13 

0.06694 61556 59704 

0 . 03556 76342 

0.14 

0.06732 36721 61983 

0.03858 73466 

0.15 

0.06770 69082 47689 

0.04165 27452 


[ ( -s 7)7 ] 

m 
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ELLIPTIC INTEGRAL OF THE FIRST KIND F(<p\ a ) Table 17.5 

F ( v \°)=Jo (1-sin 2 « sin 2 e) i de 


a\<p 

0 ° 

5° 


10 ° 


15° 


20 ° 


25° 

30° 


0° 

0 

0. 08726 

646 

0. 17453 

293 

0.26179 

939 

0. 34906 

585 

0.43633 231 

0.52359 

878 

2 

0 

0.08726 

660 

0.17453 

401) 

0.26180 

298 

0. 34907 

428 

0. 43634 855 

0. 52362 

636 

4 

0 

0.08726 

700 

0.17453 

721 

0. 26181 

374 

0.34909 

952 

0.43639 719 

0. 52370 

903 

6 

0 

0. 08726 

767 

0.17454 

255 

0. 26183 

163 

0.34914 

148 

0. 43647 806 

0. 52384 

653 

8 

0 

0. 08726 

860 

0.17454 

999 

0.26185 

656 

0.34919 

998 

0.43659 086 

0.52403 

839 

10 

0 

0.08726 

980 

0.17455 

949 

0.26188 

842 

0. 34927 

479 

0.43673 518 

0. 52428 

402 

12 

0 

0.08727 

124 

0. 17457 

102 

0.26192 

707 

0. 34936 

558 

0.43691 046 

0. 52458 

259 

14 

0 

0.08727 

294 

0.17458 

451 

0.26197 

234 

0. 34947 

200 

0.43711 606 

0. 52493 

314 

16 

0 

0.08727 

487 

0.17459 

991 

0.26202 

402 

0.34959 

358 

0.43735 119 

0, 52533 

449 

18 

0 

0.08727 

703 

0.17461 

714 

0. 26208 

189 

0.34972 

983 

0.43761 496 

0.52578 

529 

20 

0 

0. 08727 

940 

0.17463 

611 

0.26214 

568 

0. 34988 

016 

0.43790 635 

0. 52628 

399 

22 

0 

0.08728 

199 

0.17465 

675 

0.26221 

511 

0.35004 

395 

0.43822 422 

0. 52682 

887 

24 

0 

0.08728 

477 

0.17467 

895 

0.26228 

985 

0.35022 

048 

0.43856 733 

0. 52741 

799 

26 

0 

0. 08728 

773 

0. 17470 

26). 

0.26236 

958 

0. 35040 

901 

0.43893 430 

0.52804 

924 

28 

0 

0.08729 

086 

0.17472 

762 

0.26245 

392 

0. 35060 

870 

0.43932 365 

0.52872 

029 

30 

0 

0.08729 

413 

0.17475 

386 

0.26254 

249 

0.35081 

868 

0.43973 377 

0.52942 

863 

32 

0 

0.08729 

755 

0.17478 

119 

0. 26263 

487 

0.35103 

803 

0. 44016 296 

0. 53017 

153 

34 

0 

0.08730 

108 

0.17480 

950 

0.26273 

064 

0.35126 

576 

0.44060 939 

0.53094 

608 

36 

0 

0.08730 

472 

0.17483 

864 

0.26282 

934 

0.35150 

083 

0.44107 115 

0.53174 

916 

38 

0 

0.08730 

844 

0.17486 

848 

0.26293 

052 

0.35174 

218 

0. 44154 622 

0.53257 

745 

40 

0 

0.08731 

222 

0.17489 

887 

0.26303 

369 

0.35198 

869 

0.44203 247 

0.53342 

745 

42 

0 

0.08731 

606 

0. 17492 

967 

0.26313 

836 

0. 35223 

920 

0.44252 769 

0. 53429 

546 

44 

0 

0.08731 

992 

0. 17496 

073 

0. 26324 

404 

0.35249 

254 

0.44302 960 

0.53517 

761 

46 

0 

0.08732 

379 

0.17499 

189 

0.26335 

019 

0. 35274 

748 

0.44353 584 

0. 53606 

986 

48 

0 

0.08732 

765 

0.17502 

30C 

0. 26345 

633 

0.35300 

280 

0.44404 397 

0.53696 

798 

50 

0 

0.08733 

149 

0.17505 

392 

0.26356 

191 

0.35325 

724 

0.44455 151 

0. 53786 

765 

52 

0 

0. 08733 

528 

0. 17508 

446! 

0. 26366 

643 

0. 35350 

955 

0.44505 593 

0. 53876 

438 

54 

0 

0.08733 

901 

0.17511 

455 

0.26376 

936 

0.35375 

845 

0.44555 469 

0. 53965 

358 

56 

0 

0.08734 

265 

0.17514 

397 

0.26387 

020 

0.35400 

269 

0.44604 519 

0.54053 

059 

58 

0 

0.08734 

620 

0.17517 

260 

0. 26396 

842 

0. 35424 

101 

0.44652 487 

0. 54139 

069 

60 

0 

0.08734 

962 

0. 17520 

029 

0. 26406 

355 

0. 35447 

217 

0.44699 117 

0.54222 

911 

62 

0 

0.08735 

291 

0.17522 

690 

0. 26415 

509 

0. 35469 

497 

0.44744 153 

0. 54304 

111 

64 

0 

0.08735 

605 

0.17525 

232 

0. 26424 

258 

0. 35490 

823 

0.44787 348 

0.54382 

197 

66 

0 

0. 08735 

902 

0.17527 

64C 

0. 26432 

556 

0.35511 

081 

0.44828 459 

0. 54456 

704 

68 

0 

0.08736 

182 

0.17529 

903 

0. 26440 

362 

0.35530 

160 

0.44867 252 

0. 54527 

182 

70 

0 

0.08736 

442 

0.17532 

010 

0.26447 

634 

0. 35547 

959 

0.44903 502 

0.54593 

192 

72 

0 

0. 08736 

681 

0.17533 

949 

0. 26454 

334 

0.35564 

377 

0.44936 997 

0. 54654 

316 

74 

0 

0. 08736 

898 

0. 17535 

712 

0.26460 

428 

0. 35579 

326 

0.44967 538 

0. 54710 

162 

76 

0 

0. 08737 

092 

0.17537 

289 

0.26465 

883 

0. 35592 

721 

0.44994 944 

0. 54760 

364 

78 

0 

0.08737 

262 

0.17538 

672 

0.26470 

671 

0.35604 

488 

0.45019 046 

0.54804 

587 

80 

0 

0. 08737 

408 

0.17539 

854 

0.26474 

766 

0. 35614 

560 

0.45039 699 

0.54842 

535 

82 

0 

0. 08737 

528 

0.17540 

83C 

0. 26478 

147 

0.35622 

881 

0.45056 775 

0.54873 

947 

84 

0 

0.08737 

622 

0.17541 

594 

0.26480 

795 

0. 35629 

402 

0.45070 168 

0.54898 

608 

86 

0 

0. 08737 

689 

0.17542 

143 

0.26482 

697 

0. 35634 

086 

0.45079 795 

0. 54916 

348 

88 

0 

0.08737 

730 

0.17542 

473 

0. 26483 

842 

0.35636 

908 

0.45085 596 

0.54927 

042 

90 

0 

0. 08737 

744 

0.17542 

583 

0.26484 

225 

0. 35637 

851 

0.45087 533 

0.54930 

614 



m 

m 

[ ( -4 6)1 ] 

[ ( -f] 

m 

m 

5 

0 

0. 08726 730 

0.17453 962 

0.26182 

180 

0.34911 

842 

0.43643 361 

0.52377 

095 

15 

0 

0. 08727 

387 

0.17459 198 

0. 26199 

739 

0. 34953 

092 

0.43722 998 

0.52512 

754 

25 

0 

0.08728 

623 

0.17469 

061 

0.26232 

912 

0.35031 

330 

0.43874 792 

0.52772 

849 

35 

0 

0. 08730 289 

0.17482 

397 

0.26277 965 

0.35138 

244 

0.44083 848 

0. 53134 425 

45 

0 

0.08732 

185 

0.17497 630 

0.26329 

709 

0.35261 

989 

0.44328 233 

0. 53562 

273 

55 

0 

0. 08734 084 

0.17512 

935 

0. 26382 

007 

0.35388 

123 

0.44580 113 

0.54009 

391 

65 

0 

0.08735 

756 

0.17526 454 

0. 26428 

466 

0. 35501 

092 

0.44808 179 

0.54419 

926 

75 

0 

0. 08736 998 

0. 17536 

525 

0. 26463 

238 

0.35586 

223 

0.44981 645 

0.54735 

991 

85 

0 

0.08737 

659 

0. 17541 

895 

0.26481 

840 

0.35631 

976 

0.45075 457 

0. 54908 352 


The table can also be used inversely to find <p=am u where u=F(<p\a) and so the Jacobian elliptic 
functions, for example sn w=sin *>, cn u=cos v, dn u= (1-sin 2 « sin 2 <p) W. See Examples 7-11. 
Compiled from K. Pearson, Tables of the complete and incomplete elliptic integrals, Cambridge 
Univ. Press, Cambridge, England, 1934 (vith permission). Known errors have been corrected. 
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Table 17.5 ELLIPTIC INTEGRAL OF THE FIRST KIND F(*\«) 


F(<p\a)=j* (1-sin 2 « sin 2 e) i de 


“V 

35° 

40° 

45° 

50° 

55° 


60° 

0° 

0.61086 524 

0. 69813 170 

0.78539 816 

0.87266 463 

0.95993 

109 

1.04719 755 

2 

0. 61090 819 

0.69819 436 

0.78548 509 

0.87278 045 

0. 96008 

037 

1.04738 465 

4 

0.61103 691 

0.69838 220 

0. 78574 574 

0.87312 784 

0. 96052 

821 

1. 04794 603 

6 

0.61125 108 

0.69869 484 

0. 78617 974 

0.87370 649 

0. 96127 

450 

1.04888 194 

8 

0. 61155 010 

0. 69913 161 

0.78678 644 

0.87451 593 

0. 96231 

911 

1. 05019 278 

10 

0. 61193 318 

0. 69969 159 

0.78756 494 

0.87555 545 

0.96366 

180 

1. 05187 911 

12 

0. 61239 927 

0.70037 358 

0.78851 403 

0.87682 412 

0.96530 

224 

1. 05394 160 

14 

0.61294 707 

0. 70117 608 

0.78963 221 

0.87832 076 

0.96723 

998 

1.05638 099 

16 

0.61357 504 

0.70209 730 

0.79091 768 

0. 88004 389 

0. 96947 

438 

1.05919 813 

18 

0. 61428 140 

0.70313 511 

0.79236 827 

0.88199 174 

0.97200 

462 

1.06239 384 

20 

0. 61506 406 

0.70428 706 

0.79398 143 

0.88416 214 

0.97482 

960 

1. 06596 891 

22 

0. 61592 071 

0. 70555 037 

0.79575 422 

0.88655 254 

0. 97794 

790 

1. 06992 405 

24 

0.61684 871 

0.70692 183 

0.79768 324 

0.88915 992 

0.98135 

773 

1. 07425 976 

26 

0.61784 515 

0.70839 788 

0.79976 461 

0.89198 071 

0. 98505 

681 

1.07897 628 

28 

0. 61890 682 

0.70997 451 

0.80199 389 

0. 89501 076 

0. 98904 

227 

1. 08407 347 

30 

0. 62003 018 

0. 71164 728 

0.80436 610 

0. 89824 524 

0. 99331 

059 

1. 08955 067 

32 

0.62121 138 

0.71341 124 

0. 80687 558 

0.90167 852 

0. 99785 

743 

1.09540 656 

34 

0. 62244 622 

0.71526 098 

0.80951 599 

0.90530 415 

1. 00267 

749 

1.10163 899 

36 

0. 62373 019 

0. 71719 052 

0.81228 024 

0.90911 465 

1. 00776 

438 

1.10824 474 

38 

0.62505 840 

0.71919 335 

0.81516 039 

0.91310 148 

1. 01311 

039 

1.11521 933 

40 

0.62642 563 

0.72126 235 

0.81814 765 

0.91725 487 

1. 01870 

633 

1.12255 667 

42 

0.62782 630 

0.72338 982 

0.82123 227 

0.92156 370 

1. 02454 

127 

1. 13024 880 

44 

0. 62925 446 

0. 72556 741 

0.82440 346 

0. 92601 535 

1. 03060 

230 

1.13828 546 

46 

0. 63070 385 

0. 72778 615 

0.82764 941 

0.93059 558 

1. 03687 

427 

1.14665 369 

48 

0. 63216 783 

0.73003 640 

0. 83095 712 

0.93528 835 

1. 04333 

948 

1.15533 731 

50 

0.63363 947 

0.73230 789 

0.83431 247 

0.94007 568 

1.04997 

735 

1.16431 637 

52 

0.63511 150 

0.73458 970 

0.83770 010 

0.94493 756 

1. 05676 

412 

1.17356 652 

54 

0. 63657 639 

0. 73687 028 

0.84110 344 

0.94985 177 

1. 06367 

248 

1.18305 833 

56 

0.63802 636 

0. 73913 751 

0.84450 468 

0.95479 381 

1. 07067 

128 

1.19275 650 

58 

0. 63945 343 

0.74137 870 

0.84788 483 

0.95973 682 

1. 07772 

516 

1.20261 907 

60 

0.64084 944 

0.74358 071 

0.85122 375 

0.96465 156 

1.08479 

434 

1.21259 661 

62 

0. 64220 613 

0. 74572 998 

0. 85450 024 

0.96950 647 

1.09183 

436 

1.22263 139 

64 

0. 64351 521 

0.74781 266 

0.85769 220 

0.97426 773 

1.09879 

601 

1.23265 660 

66 

0.64476 839 

0. 74981 471 

0. 86077 677 

0.97889 946 

1.10562 

535 

1.24259 576 

68 

0.64595 751 

0. 75172 208 

0.86373 057 

0.98336 406 

1.11226 

392 

1.25236 238 

70 

0.64707 458 

0.75352 078 

0.86652 996 

0.98762 253 

1.11864 

920 

1.26185 988 

72 

0. 64811 189 

0.75519 716 

0.86915 135 

0.99163 507 

1.12471 

530 

1.27098 218 

74 

0. 64906 209 

0.75673 800 

0.87157 159 

0.99536 166 

1.13039 

401 

1.27961 482 

76 

0.64991 829 

0.75813 076 

0.87376 830 

0.99876 287 

1.13561 

610 

1. 28763 696 

78 

0. 65067 415 

0.75936 376 

0.87572 037 

1.00180 067 

1.14031 

304 

1.29492 436 

80 

0. 65132 394 

0.76042 640 

0.87740 833 

1.00443 942 

1.14441 

892 

1. 30135 321 

82 

0. 65186 270 

0.76130 931 

0.87881 481 

1. 00664. 678 

1.14787 

262 

1.30680 495 

84 

0. 65228 622 

0.76200 457 

0.87992 495 

1. 00839 470 

1.15062 

010 

1.31117 166 

86 

0. 65259 116 

0.76250 582 

0.88072 675 

1. 00966 028 

1.15261 

652 

1. 31436 170 

88 

0. 65277 510 

0.76280 846 

0.88121 143 

1. 01042 658 

1.15382 

828 

1.31630 510 

90 

0.65283 658 

0.76290 965 

0. 88137 359 

1. 01068 319 

1.15423 

455 

1. 31695 790 


m 

[<?*] 

m 

m 

[(-: 

*] 

m 

5 

0.61113 335 

0. 69852 295 

0.78594 111 

0.87338 828 

0.96086 405 

1.04836 715 

15 

0. 61325 114 

0.70162 198 

0.79025 416 

0.87915 412 

0.96832 

014 

1.05774 229 

25 

0.61733 857 

0.70764 702 

0.79870 514 

0.89054 388 

0.98317 128 

1. 07657 042 

35 

0.62308 236 

0.71621 617 

0.81088 311 

0.90718 679 

1.00518 803 

1.10489 545 

45 

0. 62997 691 

0. 72667 222 

0.82601 788 

0.92829 036 

1.03371 

296 

1. 14242 906 

55 

0.63730 374 

0. 73800 634 

0. 84280 548 

0.95232 094 

1.06716 

268 

1.18788 407 

65 

0.64414 930 

0.74882 464 

0.85924 936 

0.97660 210 

1.10223 

0.77 

1.23764 210 

75 

0. 64950 235 

0.75745 364 

0.87269 924 

0.99710 535 

1.13306 

645 

1.28370 993 

85 

0.65245 368 

0. 76227 978 

0.88036 502 

1.00908 899 

1.15171 

457 

1. 31291 870 
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ELLIPTIC INTEGRAL OF THE FIRST KIND F(*\«) 
F (*\ a ) = fo (1—sin 2 “ sin 2 e) * dQ 


«v 

65' 


70' 


0° 

1.13446 

401 

1. 22173 

048 

2 

1.13469 

294 

1.22200 

477 

4 

1.13537 

994 

1.22282 

810 

6 

1. 13652 

576 

1.22420 

180 

8 

1.13813 

158 

1.22612 

810 

10 

1.14019 

906 

1.22861 

010 

12 

1. 14273 

032 

1.23165 

180 

14 

1.14572 

789 

1.23525 

808 

16 

1.14919 

471 

1.23943 

470 

18 

1.15313 

409 

1.24418 

827 

20 

1.15754 

967 

1.24952 

627 

22 

1.16244 

535 

1.25545 

700 

24 

1.16782 

525 

1.26198 

957 

26 

1.17369 

362 

1.26913 

385 

28 

1.18005 

472 

1.27690 

045 

30 

1.18691 

274 

1.28530 

059 

32 

1.19427 

162 

1.29434 

605 

34 

1.20213 

489 

1.30404 

906 

36 

1.21050 

542 

1.31442 

210 

38 

1.21938 

520 

1.32547 

772 

40 

1.22877 

499 

1.33722 

824 

42 

1.23867 

392 

1.34968 

545 

44 

1.24907 

904 

1.36286 

013 

46 

1.25998 

475 

1. 37676 

148 

48 

1.27138 

210 

1.39139 

640 

50 

1.28325 

798 

1.40676 

855 

52 

1.29559 

414 

1.42287 

717 

54 

1.30836 

604 

1.43971 

560 

56 

1.32154 

149 

1.45726 

935 

58 

1. 33507 

910 

1.47551 

372 

60 

1. 34892 

643 

1.49441 

087 

62 

1.36301 

803 

1.51390 

609 

64 

1.37727 

323 

1.53392 

332 

66 

1.39159 

384 

1.55435 

972 

68 

1.40586 

195 

1.57507 

940 

70 

1.41993 

796 

1.59590 

624 

72 

1. 43365 

925 

1.61661 

644 

74 

1. 44684 

001 

1.63693 

134 

76 

1.45927 

266 

1. 65651 

218 

78 

1.47073 

163 

1. 67495 

873 

80 

1.48098 

006 

1.69181 

489 

82 

1.48977 

975 

1.70658 

456 

84 

1.49690 

410 

1.71876 

033 

86 

1. 50215 

336 

1.72786 

543 

88 

1. 50537 

033 

1.73350 

464 

90 

1.50645 

424 

1.73541 

516 



m 

5 

1.13589 

544 

1.22344 

604 

15 

1.14740 

244 

1.23727 

471 

25 

1. 17069 

811 

1.26548 

460 

35 

1.20625 

660 

1. 30915 

104 

45 

1.25446 

980 

1.36971 

948 

55 

1.31490 

567 

1.44840 

433 

65 

1.38443 

225 

1.54409 

676 

75 

1.45316 

359 

1.64683 

711 

85 

1.49977 

412 

1. 72372 

395 


75° 

80' 


85° 


1.30899 694 

1.39626 

340 

1.48352 

986 

1.30931 959 

1.39663 

672 

1.48395 

543 

1.31028 822 

1.39775 

763 

1.48523 

342 

1.31190 491 

1.39962 

909 

1.48736 

769 

1.31417 314 

1.40225 

598 

1.49036 470 

1.31709 778 

1.40564 

522 

1.49423 

361 

1.32068 514 

1.40980 

577 

1.49898 

627 

1.32494 296 

1.41474 

871 

1.50463 

742 

1. 32988 047 

1.42048 

728 

1.51120 

474 

1.33550 840 

1.42703 

700 

1.51870 

904 

1.34183 901 

1.43441 

578 

1.52717 445 

1.34888 616 

1.44264 

399 

1. 53662 

865 

1.35666 531 

1.45174 

466 

1.54710 

309 

1.36519 359 

1.46174 

360 

1. 55863 

334 

1.37448 981 

1.47266 

958 

1.57125 

942 

1.38457 455 

1.48455 

455 

1. 58502 

624 

1. 39547 013 

1J49743 

384 

1. 59998 

406 

1.40720 064 

lj51134 

644 

1.61618 906 

1.41979 198 

1,52633 

523 

1.63370 

398 

1.43327 179 

1.54244 

734 

1.65259 

894 

1.44766 938 

1.55973 

441 

1.67295 

226 

].46301 565 

1.57825 

301 

1.69485 

156 

1.47934 287 

1.59806 

493 

1.71839 

498 

1.49668 437 

1.61923 

762 

1.74369 

264 

1.51507 416 

1.64184 

453 

1. 77086 

836 

1.53454 619 

1. 66596 

542 

1.80006 

176 

1.55513 354 

1.69168 

665 

1.83143 

068 

1.57686 709 

1.71910 

125 

1.86515 

414 

1. 59977 378 

1.74830 

880 

1.90143 

591 

1.62387 409 

1.77941 

482 

1.94050 

873 

1.64917 867 

1.81252 

953 

1.98263 

957 

1.67568 359 

1.84776 

547 

2.02813 

570 

1. 70336 398 

1.88523 

335 

2. 07735 

219 

1. 73216 516 

1.92503 

509 

2.13070 

052 

1.76199 085 

1.96725 

237 

2.18865 

839 

1.79268 736 

2.01192 

798 

2.25177 

995 

1. 82402 292 

2.05903 

582 

2.32070 

416 

1.85566 175 

2.10843 

282 

2.39615 

610 

1.88713 308 

2.15978 

295 

2.47892 

739 

1.91779 814 

2.21243 

977 

2.56980 

281 

1.94682 231 

2. 26527 

326 

2.66935 

045 

1.97316 666 

2.31643 

897 

2. 77736 

748 

1.99562 118 

2. 36313 

736 

2.89146 

664 

2.01290 452 

2.40153 

358 

3.00370 

926 

2. 02384 126 

2.42718 

003 

3. 09448 

898 

2. 02758 942 

2. 43624 

605 

3.13130 

133 

[ ( lf] 


[(-S)7j 

1.31101 537 

1. 39859 

928 

1.48619 

317 

1.32732 612 

1.41751 

762 

1. 50780 

533 

1.36083 467 

1. 45663 

012 

1.55273 

384 

1.41338 702 

1.51870 

347 

1. 62477 

858 

1,48788 472 

1.60847 

673 

1. 73081 

713 

1.58817 233 

1. 73347 

444 

1. 88296 

142 

1.71762 935 

1. 90483 

674 

2.10348 

169 

1.87145 396 

2.13389 

514 

2. 43657 

614 

2.00498 776 

2.38364 

709 

2. 94868 

876 


Table 17.5 


90° 

1.57079 633 

1. 57127 495 
1.57271 244 
1.57511 361 
1.57848 658 

1.58284 280 

1. 58819 721 
1.59456 834 
1.60197 853 
1.61045 415 

1.62002 590 

1. 63072 910 
1. 64260 414 
1. 65569 693 
1. 67005 943 

1.68575 035 
1.70283 594 

1. 72139 083 
1.74149 923 
1.76325 618 

1.78676 913 
1.81215 985 
1.83956 672 
1.86914 755 
1.90108 303 

1.93558 110 
1.97288 227 

2. 01326 657 

2. 05706 232 
2.10465 766 

2.15651 565 
2.21319 470 
2.27537 643 

2. 34390 472 
2.41984 165 

2.50455 008 
2.59981 973 
2.70806 762 
2.83267 258 
2.97856 895 

3.15338 525 

3. 36986 803 

3. 65185 597 
4.05275 817 
4.74271 727 


1.57379 213 
1.59814 200 
1.64899 522 
1.73124 518 
1.85407 468 
2. 03471 531 
2. 30878 680 

2. 76806 315 

3. 83174 200 
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ELLIPTIC INTEGRALS 


Table 17.6 ELLIPTIC INTEGRAL OF THE SECOND KIND E( v \ a ) 

E (<A«) = f* (1-sin 2 « sin 2 «) * do 


«v 

0 ° 

5° 


10 ° 

15° 

20 ° 

25° 

30° 

0° 

0 

0.08726 

646 

0. 17453 293 

0.26179 939 

0. 34906 585 

0.43633 231 

0.52359 878 

2 

0 

0.08726 

633 

0.17453 185 

0.26179 579 

0.34905 742 

0. 43631 608 

0.52357 119 

4 

0 

0.08726 

592 

0.17452 864 

0.26178 503 

0.34903 218 

0.43626 745 

0. 52348 856 

6 

0 

0. 08726 

525 

0.17452 330 

0.26176 715 

0. 34899 025 

0.43618 665 

0.52335 123 

8 

0 

0. 08726 

432 

0.17451 587 

0.26174 224 

0.34893 181 

0. 43607 403 

0. 52315 981 

10 

0 

0. 08726 

313 

0.17450 636 

0.26171 041 

0.34885 714 

0.43593 011 

0. 52291 511 

12 

0 

0.08726 

168 

0. 17449 485 

0.26167 182 

0. 34876 657 

0.43575 552 

0. 52261 821 

14 

0 

0.08725 

999 

0. 17448 137 

0.26162 664 

0.34866 055 

0.43555 106 

0.52227 039 

16 

0 

0.08725 

806 

0.17446 599 

0.26157 510 

0.34853 954 

0.43531 765 

0. 52187 317 

18 

0 

0. 08725 

590 

0.17444 879 

0.26151 743 

0.34840 412 

0.43505 633 

0.52142 828 

20 

0 

0.08725 

352 

0.17442 985 

0.26145 391 

0.34825 492 

0.43476 831 

0. 52093 770 

22 

0 

0.08725 

094 

0.17440 926 

0.26138 485 

0. 34809 262 

0.43445 488 

0. 52040 357 

24 

0 

0.08724 

816 

0. 17438 712 

0.26131 056 

0. 34791 800 

0.43411 749 

0. 51982 827 

26 

0 

0. 08724 

521 

0.17436 353 

0. 26123 141 

0.34773 187 

0.43375 767 

0.51921 436 

28 

0 

0. 08724 

208 

0.17433 862 

0.26114 778 

0.34753 510 

0.43337 709 

0.51856 461 

30 

0 

0.08723 

881 

0.17431 250 

0.26106 005 

0. 34732 863 

0.43297 749 

0.51788 193 

32 

0 

0.08723 

540 

0.17428 529 

0.26096 867 

0.34711 342 

0.43256 075 

0. 51716 944 

34 

0 

0.08723 

187 

0.17425 714 

0.26087 405 

0. 34689 050 

0.43212 880 

0. 51643 040 

36 

0 

0. 08722 

824 

0. 17422 817 

0.26077 666 

0. 34666 093 

0.43168 368 

0.51566 820 

38 

0 

0. 08722 

453 

0.17419 852 

0. 26067 697 

0.34642 580 

0.43122 748 

0. 51488 638 

40 

0 

0. 08722 

075 

0.17416 835 

0.26057 545 

0.34618 625 

0.43076 236 

0. 51408 862 

42 

0 

0.08721 

692 

0.17413 779 

0.26047 261 

0.34594 343 

0.43029 055 

0.51327 866 

44 

0 

0.08721 

307 

0.17410 700 

0.26036 893 

0. 34569 850 

0.42981 431 

0. 51246 037 

46 

0 

0. 08720 

920 

0.17407 613 

0.26026 492 

0.34545 266 

0.42933 594 

0.51163 767 

48 

0 

0.08720 

535 

0.17404 531 

0.26016 110 

0. 34520 710 

0.42885 776 

0. 51081 454 

50 

0 

0. 08720 

152 

0.17401 472 

0.26005 795 

0.34496 302 

0.42838 212 

0.50999 501 

52 

0 

0.08719 

774 

0. 17398 449 

0.25995 600 

0. 34472 162 

0.42791 134 

0. 50918 310 

54 

0 

0. 08719 

402 

0.17395 477 

0.25985 574 

0. 34448 409 

0.42744 775 

'0.50838 287 

56 

0 

0.08719 

039 

0. 17392 571 

0.25975 765 

0.34425 159 

0.42699 368 

0.50759 831 

58 

0 

0. 08718 

686 

0. 17389 745 

0.25966 224 

0.34402 529 

0.42655 138 

0. 50683 341 

60 

0 

0. 08718 

345 

0. 17387 013 

0.25956 996 

0.34380 631 

0.42612 308 

0.50609 207 

62 

0 

0. 08718 

017 

0. 17384 388 

0.25948 126 

0. 34359 575 

0.42571 097 

0.50537 811 

64 

0 

0.08717 

704 

0. 17381 883 

0.25939 660 

0.34339 465 

0.42531 712 

0. 50469 523 

66 

0 

0.08717 

408 

0.17379 511 

0. 25931 640 

0.34320 404 

0.42494 358 

0. 50404 700 

68 

0 

0.08717 

130 

0.17377 283 

0.25924 104 

0. 34302 487 

0.42459 224 

0. 50343 686 

70 

0 

0.08716 

871 

0.17375 210 

0.25917 090 

0.34285 805 

0.42426 495 

0. 50286 804 

72 

0 

0.08716 

633 

0. 17373 302 

0.25910 634 

0. 34270 443 

0.42396 339 

0. 50234 359 

74 

0 

0. 08716 

416 

0. 17371 568 

0.25904 767 

0.34256 478 

0.42368 913 

0. 50186 633 

76 

0 

0. 08716 

223 

0.17370 018 

0.25899 519 

0. 34243 984 

0.42344 363 

0.50143 886 

78 

0 

0.08716 

053 

0.17368 659 

0.25894 917 

0. 34233 022 

0.42322 817 

0. 50106 351 

80 

0 

0. 08715 

909 

0.17367 498 

0.25890 983 

0.34223 650 

0.42304 389 

0.50074 232 

82 

0 

0.08715 

789 

0.17366 539 

0.25887 737 

0.34215 915 

0.42289 175 

0.50047 707 

84 

0 

0. 08715 

695 

0. 17365 789 

0.25885 195 

0.34209 857 

0.42277 258 

0. 50026 923 

86 

0 

0.08715 

628 

0.17365 250 

0.25883 370 

0. 34205 507 

0.42268 700 

0.50011 993 

88 

0 

0.08715 

588 

0. 17364 926 

0.25882 271 

0.34202 889 

0.42263 547 

0. 50003 003 

90 

0 

0. 08715 

574 

0.17364 818 

0.25881 905 

0. 34202 014 

0.42261 826 

0. 50000 000 



[ ( f 4 ] 

m 

m 

rn 

m 

m 

5 

0 

0.08726 562 

0.17452 624 

0.26177 698 

0.34901 329 

0.43623 105 

0. 52342 670 

15 

0 

0.08725 905 

0.17447 391 

0.26160 165 

0.34860 188 

0.43543 791 

0. 52207 785 

25 

0 

0.08724 

671 

0.17437 550 

0.26127 157 

0.34782 632 

0.43394 028 

0.51952 597 

35 

0 

0. 08723 

006 

0.17424 275 

0.26082 567 

0.34677 648 

0.43190 776 

0. 51605 197 

45 

0 

0.08721 

113 

0.17409 157 

0.26031 693 

0. 34557 562 

0.42957 525 

0. 51204 932 

55 

0 

0.08719 

220 

0.17394 015 

0.25980 639 

0. 34436 714 

0.42721 938 

0. 50798 838 

65 

0 

0. 08717 

554 

0.17380 680 

0.25935 592 

0. 34329 797 

0.42512 769 

0.50436 656 

75 

0 

0. 08716 317 

0.17370 770 

0.25902 064 

0. 34250 043 

0.42356 271 

0.50164 622 

85 

0 

0.08715 

659 

0.17365 493 

0.25884 192 

0.34207 467 

0.42272 556 

0.50018 720 


See Example 14. 

Compiled from K. Pearson, Tables of the complete and incomplete elliptic integrals, Cambridge Univ. 
Press, Cambridge, England, 1934 (with permission). Known errors have been corrected. 
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ELLIPTIC INTEGRAL OF THE SECOND KIND E( v \a) 


E 0\<*)= j'J’ (1-sin 2 « sin 2 9) h dQ 


-V 

35° 


40° 


45° 


50 c 


55° 


0° 

0.61086 

524 

0.69813 

170 

0. 78539 

816 

0.87266 

463 

0.95993 

109 

2 

0. 61082 

230 

0. 69806 

905 

0.78531 

125 

0.87254 

883 

0. 95978 

184 

4 

0. 61069 

365 

0. 69788 

136 

0.78505 

085 

0.87220 

183 

0.95933 

459 

6 

0. 61047 

983 

0. 69756 

935 

0.78461 

792 

0. 87162 

487 

0.95859 

083 

8 

0. 61018 

171 

0. 69713 

427 

0. 78401 

409 

0.87081 

998 

0. 95755 

301 

10 

0. 60980 

055 

0. 69657 

784 

0. 78324 

162 

0. 86979 

001 

0.95622 

460 

12 

0.60933 

793 

0. 69590 

226 

0. 78230 

343 

0. 86853 

863 

0. 95461 

005 

14 

0. 60879 

577 

0.69511 

023 

3.78120 

308 

0.86707 

031 

0. 95271 

478 

16 

0.60817 

636 

0. 69420 

492 

0. 77994 

473 

0. 86539 

034 

0. 95054 

522 

18 

0.60748 

229 

0.69318 

999 

3. 77853 

323 

0.86350 

481 

0.94810 

878 

20 

0.60671 

652 

0. 69206 

954 

0. 77697 

402 

0.86142 

062 

0.94541 

386 

22 

0. 60588 

229 

0.69084 

814 

0. 77527 

316 

0.85914 

545 

0. 94246 

984 

24 

0.60498 

319 

0. 68953 

083 

0. 77343 

735 

0. 85668 

781 

0.93928 

709 

26 

0.60402 

308 

0.68812 

308 

0.77147 

387 

0.854Q5 

695 

0.93587 

699 

28 

0. 60300 

616 

0.68663 

077 

0.76939 

059 

0. 85126 

295 

0. 93225 

186 

30 

0. 60193 

687 

0.68506 

023 

0.76719 

599 

0. 84831 

663 

0. 92842 

504 

32 

0.60081 

994 

0. 68341 

817 

Cl. 76489 

908 

0. 84522 

958 

0. 92441 

083 

34 

0. 59966 

035 

0. 68171 

170 

0. 76250 

947 

0.84201 

414 

0.92022 

452 

36 

0. 59846 

332 

0. 67994 

830 

C.76003 

726 

0.83868 

340 

0.91588 

234 

38 

0.59723 

431 

0.67813 

578 

0. 75749 

309 

0.83525 

115 

0.91140 

150 

40 

0.59597 

897 

0.67628 

229 

0.75488 

809 

0. 83173 

189 

0.90680 

017 

42 

0.59470 

312 

0.67439 

630 

0. 75223 

383 

0. 82814 

080 

0. 90209 

742 

44 

0.59341 

278 

0. 67248 

651 

0.74954 234 

0. 82449 

369 

0. 89731 

325 

46 

0.59211 

406 

0. 67056 

191 

0.74682 

605 

0.82080 

700 

0.89246 

858 

48 

0. 59081 

324 

0.66863 

167 

0.74409 

773 

0. 81709 

775 

0.88758 

513 

50 

0. 58951 

664 

0. 66670 

515 

0.74137 

047 

0.81338 

346 

0. 88268 

551 

52 

0. 58823 

065 

0. 66479 

183 

0.73865 

766 

0. 80968 

217 

0. 87779 

305 

54 

0.58696 

171 

0.66290 

130 

0,73597 

286 

0.80601 

230 

0.87293 

184 

56 

0.58571 

622 

0. 66104 

317 

0„ 73332 

979 

0. 80239 

262 

0.86812 

660 

58 

0.58450 

056 

0.65922 

707 

0„ 73074 

229 

0. 79884 

217 

0. 86340 

261 

60 

0. 58332 

103 

0. 65746 

255 

0. 72822 

416 

0.79538 

015 

0. 85878 

561 

62 

0. 58218 

382 

0.65575 

905 

0. 72578 

915 

0.79202 

582 

0.85430 

169 

64 

0. 58109 

497 

0.65412 

585 

0. 72345 

085 

0. 78879 

839 

0. 84997 

709 

66 

0. 58006 

032 

0. 65257 

197 

0. 72122 

260 

0.78571 

685 

0.84583 

811 

68 

0.57908 

549 

0. 65110 

612 

0.71911 

737 

0. 78279 

987 

0.84191 

082 

70 

0. 57817 

584 

0.64973 

667 

0. 71714 

767 

0. 78006 

562 

0. 83822 

090 

72 

0.57733 

641 

0. 64847 

154 

0.71532 

545 

0. 77753 

157 

0.83479 

335 

74 

0.57657 

189 

0.64731 

812 

0.71366 196 

0. 77521 

434 

0. 83165 

223 

76 

0. 57588 

663 

0. 64628 

328 

0. 71216 

766 

0.77312 

952 

0.82882 

031 

78 

0.57528 

450 

0. 64537 

322 

0. 71085 210 

0. 77129 

143 

0. 82631 

879 

80 

0.57476 

897 

0.64459 

347 

0.70972 

381 

0. 76971 

298 

0. 82416 

694 

82 

0. 57434 

302 

0.64394 

879 

0. 70879 

019 

0. 76840 

544 

0.82238 

177 

84 

0.57400 

912 

0. 64344 

316 

0.70805 

745 

0. 76737 

830 

0. 82097 

770 

86 

0. 57376 

921 

0.64307 

973 

0. 70753 

050 

0.76663 

912 

0.81996 

631 

88 

0.57362 

470 

0.64286 

075 

0. 70721 

289 

0. 76619 

339 

0. 81935 

604 

90 

0.57357 

644 

0.64278 

761 

0.70710 

678 

0.76604 

444 

0.81915 

204 


ra 

ra 

ra 

ra 

ra 

5 

0.61059 734 

0. 69774 

083 

0. 78485 

586 

0. 87194 

199 

0. 95899 964 

15 

0. 60849 

557 

0.69467 152 

0. 78059 

337 

0. 86625 

642 

0. 95166 

385 

25 

0.60451 

051 

0. 68883 

790 

0. 77247 109 

0.85539 

342 

0. 93760 

971 

35 

0. 59906 618 

0. 68083 

664 

0. 76128 

304 

0. 84036 

234 

0. 91807 

186 

45 

0.59276 408 

0.67152 

549 

0. 74818 

650 

0.82265 424 

0.89489 714 

55 

0.58633 

563 

0. 66196 

758 

0. 73464 

525 

0. 80419 

500 

0. 87052 

066 

65 

0.58057 

051 

0. 65333 

844 

0. 72232 

215 

0. 78723 

820 

0. 84788 

276 

75 

0.57621 

910 

0.64678 

548 

0.71289 

304 

0. 77414 

195 

0. 83019 625 

85 

0.57387 732 

0. 64324 

351 

0. 70776 

799 

0. 76697 

232 

0. 82042 

232 


Table 17.6 


60° 

1.04719 755 
1. 04701 051 
1.04644 996 
1. 04551 764 
1. 04421 646 

1. 04255 047 
1. 04052 491 
1. 03814 615 
1.03542 177 
1.03236 049 

1.02897 221 
1.02526 804 
1. 02126 023 
1. 01696 224 
1. 01238 873 

1.00755 556 
1.00247 977 
0.99717 966 
0.99167 469 
0.98598 560 

0.98013 430 
0. 97414 397 
0. 96803 899 
0.96184 497 
0.95558 873 

0.94929 830 
0. 94300 285 
0. 93673 272 
0.93051 931 
0. 92439 505 

0.91839 329 
0.91254 821 
0.90689 460 
0.90146 778 
0.89630 323 

0. 89143 642 
0.88690 237 
0.88273 530 
0.87896 810 
0.87563 185 

0.87275 520 
0.87036 381 
0. 86847 970 
0.86712 068 
0. 86629 990 

0.86602 540 

ra 

1. 04603 012 
1. 03682 664 
1. 01914 662 
0. 99445 152 
0.96495 146 
0. 93361 692 
0. 90415 063 
0.88079 972 
0.86773 361 
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Table 17.6 ELLIPTIC INTEGRAL OF THE SECOND KIND £(*\«) 


E(<p\a)= (1-sin 2 a sin 2 e)* </g 


<*\<p 

65' 


70° 


75° 


80° 


85° 


90° 


0° 

1.13446 

401 

1.22173 

048 

1.30899 

694 

1. 39626 

340 

1.48352 

986 

1.57079 

633 

2 

1.13423 

517 

1.22145 

628 

1. 30867 

442 

1.39589 

024 

1.48310 

448 

1.57031 

792 

4 

1.13354 

929 

1.22063 

443 

1.30770 

767 

1.39477 

165 

1.48182 

929 

1.56888 

372 

6 

1.13240 

837 

1.21926 

717 

1.30609 

916 

1.39291 

030 

1. 47970 

717 

1.56649 

679 

8 

1.13081 

573 

1.21735 

820 

1.30385 

297 

1.39031 

062 

1.47674 

288 

1.56316 

223 

10 

1.12877 

602 

1.21491 

274 

1.30097 

484 

1.38697 

886 

1. 47294 

312 

1.55888 

720 

12 

1.12629 

522 

1.21193 

748 

1.29747 

215 

1.38292 

302 

1.46831 

652 

1. 55368 

089 

14 

1.12338 

066 

1.20844 

065 

1.29335 

393 

1. 37815 

292 

1.46287 

363 

1.54755 

458 

16 

1.12004 

099 

1.20443 

195 

1.28863 

089 

1.37268 

017 

1.45662 

693 

1. 54052 

157 

18 

1.11628 

624 

1.19992 

262 

1.28331 

541 

1. 36651 

823 

1.44959 

085 

1.53259 

729 

20 

1.11212 

778 

1.19492 

542 

1.27742 

153 

1. 35968 

233 

1.44178 

179 

1. 52379 

921 

22 

1.10757 

834 

1.18945 

465 

1.27096 

502 

1.35218 

961 

1.43321 

813 

1.51414 

692 

24 

1.10265 

204 

1.18352 

618 

1.26396 

337 

1.34405 

903 

1.42392 

023 

1.50366 

214 

26 

1. 09736 

439 

1.17715 

743 

1.25643 

578 

1.33531 

146 

1.41391 

049 

1.49236 

871 

28 

1.09173 

228 

1.17036 

745 

1.24840 

326 

1.32596 

967 

1.40321 

335 

1.48029 

266 

30 

1. 08577 

404 

1.16317 

686 

1.23988 

858 

1.31605 

841 

1. 39185 

532 

1.46746 

221 

32 

1.07950 

942 

1.15560 

796 

1.23091 

635 

1.30560 

436 

1.37986 

503 

1.45390 

780 

34 

1. 07295 

961 

1.14768 

469 

1.22151 

305 

1.29463 

629 

1. 36727 

328 

1.43966 

215 

36 

1.06614 

728 

1.13943 

273 

1.21170 

705 

1.28318 

499 

1.35411 

306 

1.42476 

031 

38 

1. 05909 

660 

1.13087 

946 

1.20152 

870 

1.27128 

343 

1.34041 

965 

1.40923 

972 

40 

1. 05183 

322 

1.12205 

408 

1.19101 

036 

1.25896 

675 

1.32623 

066 

1.39314 

025 

42 

1.04438 

435 

1.11298 

760 

1.18018 

648 

1.24627 

240 

1. 31158 

614 

1.37650 

433 

44 

1.03677 

875 

1.10371 

291 

1.16909 

366 

1.23324 

019 

1.29652 

865 

1.35937 

700 

46 

1.02904 

677 

1. 09426 

484 

1.15777 

077 

1.21991 

241 

1.28110 

340 

1.34180 

606 

48 

1.02122 

034 

1.08468 

023 

1.14625 

899 

1.20633 

398 

1.26535 

837 

1.32384 

218 

50 

1.01333 

305 

1. 07499 

796 

1.13460 

200 

1.19255 

255 

1. 24934 

449 

1.30553 

909 

52 

1.00542 

010 

1.06525 

908 

1.12284 

604 

1.17861 

873 

1.23311 

580 

1.28695 

374 

54 

0. 99751 

835 

1.05550 

682 

1.11104 

010 

1.16458 

621 

1.21672 

971 

1.26814 

653 

56 

0.98966 632 

1.04578 

671 

1. 09923 

604 

1.15051 

210 

1.20024 

724 

1. 24918 

162 

58 

0.98190 

414 

1.03614 

663 

1.08748 

883 

1.13645 

710 

1.18373 

339 

1.23012 

722 

60 

0.97427 

354 

1.02663 

689 

1. 07585 

669 

1.12248 

590 

1.16725 

747 

1.21105 

603 

62 

0. 96681 

780 

1.01731 

023 

1.06440 

132 

1.10866 

752 

1. 15089 

364 

1.19204 

568 

64 

0.95958 

158 

1.00822 

192 

1. 05318 

814 

1.09507 

580 

1.13472 

145 

1.17317 

938 

66 

0.95261 

084 

0.99942 

966 

1.04228 

653 

1.08178 

986 

1.11882 

658 

1.15454 

668 

68 

0.94595 

256 

0.99099 

354 

1. 03176 

998 

1.06889 

476 

1.10330 

172 

1.13624 

437 

70 

0.93965 

447 

0. 98297 

583 

1.02171 

634 

1.05648 

221 

1.08824 

773 

1.11837 

774 

72 

0.93376 

462 

0. 97544 

068 

1.01220 

781 

1. 04465 

133 

1.07377 

505 

1.10106 

217 

74 

0.92833 

088 

0.96845 

360 

1.00333 

091 

1. 03350 

951 

1. 06000 

556 

1.08442 

522 

76 

0. 92340 

024 

0. 96208 

074 

0.99517 

606 

1.02317 

331 

1. 04707 

504 

1.06860 

953 

78 

0. 91901 

802 

0.95638 

776 

0.98783 

670 

1.01376 

904 

1.03513 

640 

1.05377 

692 

80 

0.91522 

691 

0.95143 

847 

0.98140 

781 

1.00543 

295 

1.02436 

393 

1.04011 

440 

82 

0.91206 

588 

0.94729 

297 

0. 97598 

331 

0. 99831 

000 

1.01495 

896 

1.02784 

362 

84 

0.90956 

905 

0. 94400 

544 

0.97165 

228 

0. 99255 

019 

1.00715 

650 

1.01723 

692 

86 

0. 90776 

445 

0. 94162 

171 

0. 96849 

392 

0.98830 

025 

1. 00123 

026 

1.00864 

796 

88 

0.90667 

305 

0.94017 

677 

0.96657 

142 

0. 98568 

915 

0.99748 

392 

1. 00258 

409 

90 

0.90630 

779 

0.93969 

262 

0. 96592 

583 

0. 98480 

775 

0. 99619 

470 

1.00000 

000 


m 

m 

m 

m 

m 

['if] 

5 

1.13303 

553 

1.22001 

878 

1.30698 

342 

1.39393 

358 

1. 48087 

384 

1.56780 

907 

15 

1.12176 

337 

1.20649 

962 

1.29106 

728 

1.37550 

358 

1.45984 

990 

1.54415 

050 

25 

1.10005 

236 

1.18039 

569 

1.26026 

405 

1.33976 

099 

1.41900 

286 

1.49811 

493 

35 

1.06958 

479 

1.14359 

813 

1.21665 

853 

1.28896 

903 

1.36076 

208 

1.43229 

097 

45 

1.03292 

660 

1.09900 

829 

1.16345 

846 

1.22661 

050 

1.28885 

906 

1.35064 

388 

55 

0.99358 

365 

1.05063 

981 

1.10513 

448 

1.15755 

065 

1.20849 

656 

1.25867 

963 

65 

0. 95606 

Oil 

1.00378 

508 

1. 04769 

389 

1.08838 

943 

1.12673 

373 

1.16382 

796 

75 

0.92579 

978 

0.96518 

626 

0.99915 

744 

1.02823 

305 

1.05342 

632 

1.07640 

511 

85 

0.90857 

873 

0. 94269 

813 

0.96992 

212 

0. 99022 

779 

1.00394 

027 

1.01266 

351 
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JACOBIAN ZETA FUNCTION Z(*\«) Table 17.7 

K(a)Z^\a)=K( a )E( v \ a )-E( a )F( v \a) 

K (90°)Z( A “)= K (90°)Z(« \1)-K (90°) tanh «=» for all u 


a\<p 

0 ° 

5° 

10 ° 

15° 

20 ° 

25° 

30° 

0° 

0 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

2 

0 

0. 000083 

0. 000164 

0.000239 

0. 000308 

0.000367 

0. 000414 

4 

0 

0. 000332 

0. 000655 

0.000957 

0.001231 

0.001467 

0.001658 

6 

0 

0.000748 

0. 001474 

0. 002155 

0.002770 

0. 003302 

0.003734 

8 

0 

0. 001331 

0. 002621 

0.003832 

0.004928 

0.005875 

0.006644 

10 

0 

0.002080 

0. 004098 

0.005992 

0. 007706 

0. 009188 

0. 010393 

12 

0 

0.002997 

0.005905 

0.008635 

0.011107 

0.013246 

0.014987 

14 

0 

0.004082 

0.008043 

0.011765 

0.015136 

0. 018055 

0. 020433 

16 

0 

0.005337 

0.010516 

0.015384 

0.019796 

0. 023621 

0.026740 

18 

0 

0. 006761 

0. 013324 

0. 019496 

0.025094 

0. 029951 

0.033919 

20 

0 

0. 008357 

0.016470 

0. 024105 

0.031035 

0. 037055 

0.041981 

22 

0 

0.010125 

0.019958 

0. 029216 

0.037627 

0. 044942 

0.050941 

24 

0 

0. 012067 

0.023791 

0.034834 

0.044878 

0.053626 

0.060814 

26 

0 

0.014186 

0.027972 

0. 040968 

0. 052799 

0.063119 

0. 071617 

28 

0 

0. 016483 

0.032508 

0.047624 

0.061401 

0. 073438 

0.083373 

30 

0 

0.018962 

0.037403 

0.054811 

0.070696 

0. 084599 

0.096103 

32 

0 

0.021625 

0.042664 

0. 062540 

0. 080700 

0.096624 

0. 109834 

34 

0 

0.024476 

0. 048298 

0. 070823 

0.091430 

0. 109534 

0.124596 

36 

0 

0.027520 

0.054315 

0.079674 

0.102905 

0. 123356 

0. 140421 

38 

0 

0.030761 

0.060725 

0. 089108 

0.115148 

0.138120 

0.157347 

40 

0 

0.034205 

0.067540 

0.099145 

0.128185 

0.153860 

0.175418 

42 

0 

0.037860 

0.074774 

0. 109807 

0. 142046 

0. 170614 

0. 194683 

44 

0 

0.041734 

0. 082444 

0.121118 

0.156765 

0. 188428 

0.215197 

46 

0 

0.045835 

0. 090569 

0.133109 

0. 172383 

0. 207353 

0. 237025 

48 

0 

0.050177 

0.099172 

0. 145813 

0.188947 

0.227450 

0. 260240 

50 

0 

0. 054771 

0.108280 

0. 159273 

0.206513 

0. 248789 

0. 284929 

52 

0 

0.059634 

0.117925 

0.173536 

0.225145 

0.271452 

0.311193 

54 

0 

0. 064786 

0.128146 

0.188661 

0.244921 

0.295538 

0. 339150 

56 

0 

0. 070249 

0.138989 

0.204716 

0.265933 

0.321161 

0.368940 

58 

0 

0. 076052 

0.150510 

0. 221785 

0.288294 

0.348462 

0. 400731 

60 

0 

0.082227 

0.162776 

0.239971 

0.312138 

0.377610 

0.434726 

62 

0 

0. 088818 

0.175872 

0.259398 

0. 337632 

0. 408811 

0. 471170 

64 

0 

0.095876 

0.189901 

0.280221 

0.364981 

0.442321 

0.510371 

66 

0 

0. 103468 

0.204994 

0.302637 

0.394446 

0.478462 

0.552710 

68 

0 

0.111676 

0.221320 

0.326895 

0.426356 

0.517644 

0.598675 

70 

0 

0.120612 

0.239097 

0.353322 

0.461145 

0.560402 

0.648900 

72 

0 

0.130420 

0.258615 

0.382351 

0.499384 

0. 607444 

0. 704225 

74 

0 

0.141301 

0.280272 

0.414575 

0.541857 

0.659739 

0. 765797 

76 

0 

0. 153537 

0. 304631 

0.450832 

0. 589673 

0.718657 

0. 835238 

78 

0 

0.167542 

0. 332519 

0.492356 

0.644462 

. 0.786214 

0.914934 

80 

0 

0.183967 

0.365230 

0.541075 

0.708771 

0.865556 

1.008608 

82 

0 

0.203902 

0. 404937 

0.600229 

0. 786884 

0. 961976 

1.122523 

84 

0 

0.229402 

0. 455734 

0. 675918 

0.886859 

1.085434 

1.268462 

86 

0 

0.265091 

0. 526833 

0. 781873 

1.026844 

1. 258352 

1. 472953 

88 

0 

0.325753 

0. 647691 

0. 962000 

1.264856 

1.552420 

1.820811 

90 

00 

00 

00 

00 

so 

00 

00 

5 

0 

0. 000519 

0.001023 

0. 001496 

0.001923 

0.002292 

0.002592 

15 

0 

0.004688 

0. 009238 

0.013513 

0.017387 

0.020743 

0.023479 

25 

0 

0. 013105 

0.025838 

0. 037836 

0.048754 

0. 058271 

0.066098 

35 

0 

0.025973 

0. 051258 

0. 075176 

0.097073 

0. 116329 

0. 132373 

45 

0 

0.043755 

0. 086448 

0.127026 

0.164459 

0.197748 

0. 225942 

55 

0 

0.067477 

0.133487 

0.196567 

0.255266 

0. 308149 

0. 353807 

65 

0 

0.099601 

0.197305 

0. 291216 

0. 379430 

0.460039 

0.531121 

75 

0 

0.147228 

0.292070 

0.432134 

0.565011 

0. 688264 

0. 799407 

85 

0 

0. 245478 

0.487761 

0.723644 

0. 949910 

1. 163313 

1.360551 


See Example 16. 

Compiled from P.F. Byrd and M.D. Friedman, Handbook of elliptic integrals for engineers 
and physicists, Springer-Verlag, Berlin, Germany, 1954 (with permission). 
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Table 17.7 JACOBIAN ZETA FUNCTION Z(*\«) 


K (a)Z (<p\a) = K (<*) E (<p\a)-E(«) F (*\«) 


a\v 

35° 

X(90°)Z(*\«) 

40° 

= K(9Q°)Z(u\l) 
45° 

=AT(90°) tanh 
50° 

w= ® for all u 

55° 

60° 

0° 

0. 000000 

0.000000 

0. 000000 

0.000000 

0. 000000 

0.000000 

2 

0. 000450 

0.000471 

0. 000479 

0. 000471 

0. 000450 

0.000415 

4 

0. 001800 

0. 001886 

0.001916 

0. 001887 

0. 001800 

0.001659 

6 

0. 004052 

0. 004248 

0. 004314 

0. 004250 

0. 004056 

0.003739 

8 

0. 007212 

0. 007561 

0.007681 

0. 007567 

0. 007224 

0.006660 

10 

0. 011284 

0.011833 

0. 012023 

0.011849 

0.011313 

0. 010433 

12 

0. 016276 

0.017073 

0.017353 

0.017106 

0.016337 

0.015070 

14 

0. 022197 

0.023293 

0.023683 

0. 023354 

0. 022312 

0. 020588 

16 

0. 029060 

0.030505 

0. 031029 

0. 030610 

0. 029257 

0.027006 

18 

0. 036876 

0. 038728 

0. 039411 

0. 038897 

0. 037194 

0.034347 

20 

0. 045662 

0.047979 

0. 048850 

0.048238 

0. 046150 

0. 042639 

22 

0. 055435 

0. 058279 

0.059372 

0. 058663 

0. 056156 

0. 051912 

24 

0. 066216 

0.069655 

0. 071005 

0. 070203 

0. 067246 

0. 062203 

26 

0. 078026 

0. 082132 

0.083783 

0. 082895 

0. 079461 

0. 073551 

28 

0.090893 

0. 095744 

0.097742 

0.096782 

0. 092844 

0. 086003 

30 

0. 104844 

0. 110525 

0.112924 

0.111909 

0. 107447 

0. 099613 

32 

0.119914 

0. 126515 

0. 129375 

0. 128330 

0. 123327 

0.114438 

34 

0.136138 

0.143758 

0.147147 

0.146103 

0.140549 

0. 130548 

36 

0. 153557 

0. 162305 

0. 166300 

0.165296 

0.159186 

0. 148018 

38 

0. 172220 

0.182211 

0. 186898 

0. 185983 

0. 179319 

0. 166934 

40 

0.192178 

0.203541 

0.209016 

0.208248 

0.201042 

0.187395 

42 

0. 213492 

0. 226365 

0.232738 

0.232187 

0. 224459 

0. 209512 

44 

0.236228 

0.250764 

0. 258158 

0.257907 

0.249691 

0.233413 

46 

0.260466 

0. 276831 

0. 285383 

0.285531 

0. 276871 

0.259243 

48 

0. 286295 

0. 304671 

0. 314535 

0. 315196 

0.306156 

0. 287169 

50 

0. 313816 

0. 334405 

0.345755 

0.347064 

0. 337723 

0. 317383 

52 

0. 343151 

0. 366173 

0. 379203 

0. 381317 

0.371776 

0. 350108 

54 

0.374438 

0.400138 

0. 415067 

0.418166 

0.408552 

0. 385601 

56 

0. 407844 

0. 436490 

0.453565 

0.457861 

0.448328 

0. 424167 

58 

0. 443565 

0. 475457 

0. 494956 

0. 500691 

0.491428 

0.466161 

60 

0. 481836 

0.517310 

0. 539547 

0. 547003 

0.538238 

0.512007 

62 

0. 522947 

0. 562378 

0.587709 

0.597211 

0.589220 

0.562214 

64 

0. 567251 

0.611064 

0. 639896 

0.651822 

0. 644933 

0.617399 

66 

0.615191 

0. 663870 

0. 696670 

0.711460 

0.706068 

0. 678320 

68 

0. 667330 

0. 721434 

0. 758741 

0.776910 

0. 773487 

0.745922 

70 

0. 724397 

0.784577 

0. 827024 

0. 849178 

0.848294 

0. 821411 

72 

0.787359 

0. 854390 

0. 902728 

0. 929590 

0.931931 

0.906356 

74 

0. 857536 

0.932355 

0. 987491 

1. 019938 

1.026343 

1.002860 

76 

0. 936789 

1. 020563 

1. 083621 

1.122735 

1.134246 

1.113848 

78 

1.027859 

1. 122089 

1.194508 

1.241670 

1.259612 

1.243568 

80 

1. 135017 

1. 241721 

1.325428 

1.382470 

1.408589 

1.398577 

82 

1. 265447 

1. 387516 

1. 485245 

1.554749 

1.591484 

1.589820 

84 

1. 432669 

1.574623 

1. 690632 

1.776579 

1. 827639 

1.837791 

86 

1. 667113 

1. 837147 

1.979107 

2.088611 

2. 160541 

2.188502 

88 

2.066078 

2.284127 

2. 470622 

2. 620801 

2.729164 

2.788909 

90 

00 

X 

00 

00 

00 

« 

5 

0. 002813 

0. 002948 

0. 002994 

0. 002949 

0. 002815 

0. 002594 

15 

0. 025510 

0.026774 

0.027228 

0. 026855 

0.025662 

0. 023683 

25 

0.071991 

0. 075754 

0. 077249 

0. 076403 

0. 073210 

0.067742 

35 

0. 144695 

0. 152865 

0.156547 

0. 155518 

0. 149686 

0.139108 

45 

0. 248154 

0.263583 

0.271538 

0. 271473 

0. 263028 

0.246077 

55 

0. 390865 

0. 418002 

0.433972 

0. 437641 

0. 428046 

0.404479 

65 

0.590735 

0.636916 

0. 667669 

0.680968 

0.674774 

0.647089 

75 

0. 895883 

0. 975016 

1.033955 

1.069585 

1. 078397 

1. 056317 

85 

1. 538234 

1. 692810 

1.820471 

1.916972 

1.977347 

1.995386 
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K( a )Z(,\a)=K(a)E( v \ a )-E(a)F^\a) 

K (%°)Z{v\a )= K (90°) Z(u\\)=K (90°) tanh for all u 


a\<p 

65° 

70° 

75° 

80° 

85° 

90° 

0° 

0. 000000 

0. 000000 

0. 000000 

0. 000000 

0. 000000 

0 

2 

0. 000367 

0.000308 

0. 000239 

0. 000164 

0.000083 

0 

4 

0. 001468 

0. 001232 

0.000958 

0. 000656 

0. 000333 

0 

6 

0. 003308 

0. 002776 

0. 002160 

0.001477 

0. 000750 

0 

8 

0. 005893 

0. 004946 

0. 003849 

0. 002633 

0. 001337 

0 

10 

0. 009233 

0.007751 

0.006032 

0. 004127 

0.002096 

0 

12 

0. 013341 

0. 011202 

0.008718 

0.005966 

0. 003030 

0 

14 

0. 018231 

0.015312 

0.011920 

0.008158 

0. 004143 

0 

16 

0.023922 

0. 020098 

0. 015649 

0.010713 

0. 005442 

0 

18 

0. 030438 

0. 025581 

0. 019924 

0.013642 

0. 006930 

0 

20 

0. 037803 

0. 031783 

0.024763 

0.016959 

0. 008617 

0 

22 

0. 046047 

0. 038732 

0. 030188 

0. 020680 

0. 010509 

0 

24 

0. 055206 

0.046459 

0.036225 

0.024823 

0. 012617 

0 

26 

0. 065319 

0.055000 

0. 042905 

0. 029411 

0.014952 

0 

28 

0.076431 

0. 064397 

0. 050260 

0.034466 

0.017526 

0 

30 

0.088594 

0. 074696 

0. 058332 

0. 040018 

0.020354 

0 

32 

0.101867 

0.085951 

0.067164 

0.046099 

0.023454 

0 

34 

0.116315 

0. 098224 

0.076808 

0. 052747 

0. 026845 

0 

36 

0.132015 

0.111585 

0.087324 

0.060004 

0.030550 

0 

38 

0. 149053 

0.126114 

0. 098779 

0. 067920 

0.034595 

0 

40 

0. 167527 

0.141905 

0.111254 

0.076554 

0. 039011 

0 

42 

0. 187551 

0. 159064 

0. 124839 

0. 085973 

0.043833 

0 

44 

0. 209254 

0.177713 

0.139641 

0. 096255 

0. 049104 

0 

46 

0.232785 

0. 197996 

0. 155784 

0. 107493 

0. 054874 

0 

48 

0.258315 

0.220078 

0.173414 

0.119798 

0. 061201 

0 

50 

0. 286045 

0. 244154 

0.192704 

0.133299 

0. 068157 

0 

52 

0. 316206 

0. 270454 

0.213858 

0.148154 

0. 075826 

0 

54 

0. 349070 

0.299246 

0.237121 

0.164550 

0. 084312 

0 

56 

0. 384960 

0. 330854 

0.262789 

0.182720 

0. 093745 

0 

58 

0. 424255 

0. 365664 

0.291220 

0. 202947 

0.104281 

0 

60 

0.467411 

0.404143 

0. 322854 

0. 225584 

0.116121 

0 

62 

0. 514976 

0. 446860 

0. 358236 

0.251076 

0.129521 

0 

64 

0. 567621 

0. 494517 

0. 398048 

0.279993 

0. 144812 

0 

66 

0. 626169 

0. 547987 

0. 443155 

0.313069 

0. 162430 

0 

68 

0. 691653 

0.608372 

0. 494668 

0. 351277 

0.182965 

0 

70 

0. 765385 

0.677086 

0.554038 

0.395917 

0. 207230 

0 

72 

0. 849072 

0. 755975 

0. 623195 

0. 448779 

0.236382 

0 

74 

0. 944993 

0. 847508 

0.704762 

0. 512376 

0.272114 

0 

76 

1. 056298 

0.955095 

0.802400 

0.590350 

0.317015 

0 

78 

1. 187535 

1.083634 

0. 921408 

0.688163 

0. 375226 

0 

80 

1. 345674 

1.240571 

1.069839 

0. 814374 

0. 453784 

0 

82 

1. 542281 

1.438150 

1.260828 

0. 983236 

0. 565578 

0 

84 

1.798909 

1. 698985 

1.518315 

1. 220780 

0.736684 

0 

86 

2. 163806 

2.073357 

1.894760 

1.583040 

1.028059 

0 

88 

2. 790834 

2.721008 

2. 555104 

2. 241393 

1. 628299 

0 

90 

oo 

00 

00 

00 

0O 

00 

5 

0. 002295 

0. 001926 

0. 001498 

0. 001025 

0.000520 

0 

15 

0. 020975 

0.017619 

0.013718 

0.009390 

0. 004769 

0 

25 

0. 060141 

0. 050625 

0. 039483 

0. 027060 

0. 013755 

0 

35 

0.124003 

0. 104764 

0. 081953 

0. 056296 

0. 028657 

0 

45 

0.220781 

0.187640 

0. 147536 

0.101748 

0. 051923 

0 

55 

0. 366615 

0.314676 

0. 249634 

0.173397 

0.088901 

0 

65 

0. 596098 

0. 520463 

0. 419877 

0.295957 

0. 153297 

0 

75 

0. 998480 

0. 899033 

0.751288 

0. 549278 

0. 293208 

0 

85 

1.962673 

1.866624 

1. 686113 

1.380465 

0. 860811 

0 
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Table 17.8 HEUMAN’S LAMBDA FUNCTION A 0 (*>\a) 


^(A a )=^^^ + ^ K{a)Z{A90 °' a)= ^ i^W^ ( A9° o -« ) - [ Jr(« ) -^ ( a)F(A 90O -« ) } 


«v 

0° 

5° 

10° 

15° 

to 

o 

25° 

© 

CO 

0° 

0 

0.087156 

0.173648 

0. 258819 

0. 342020 

0.422618 

0. 500000 

2 

0 

0.087129 

0.173595 

0.258740 

0.341916 

0.422490 

0.499848 

4 

0 

0.087050 

0.173437 

0.258504 

0.341604 

0.422104 

0.499391 

6 

0 

0.086917 

0.173173 

0.258111 

0. 341084 

0. 421462 

0. 498633 

8 

0 

0.086732 

0.172804 

0.257562 

0.340359 

0.420566 

0.497574 

10 

0 

0.086495 

0. 172332 

0. 256858 

0.339430 

0. 419419 

0.496219 

12 

0 

0. 086206 

0.171757 

0. 256001 

0.338299 

0.418024 

0. 494572 

14 

0 

0. 085866 

0.171080 

0. 254994 

0. 336969 

0. 416385 

0.492638 

16 

0 

0.085476 

0. 170303 

0.253838 

0.335445 

0.414506 

0.490424 

18 

0 

0.085037 

0.169429 

0.252536 

0. 333729 

0.412394 

0.487937 

20 

0 

0.084549 

0.168458 

0.251092 

0.331827 

0.410054 

0.485184 

22 

0 

0. 084013 

0.167393 

0.249509 

0.329743 

0.407492 

0.482176 

24 

0 

0.083432 

0. 166236 

0.247790 

0. 327483 

0.404717 

0.478920 

26 

0 

0.082806 

0.164991 

0.245941 

0. 325052 

0.401736 

0. 475428 

28 

0 

0. 082136 

0.163661 

0.243966 

0.322458 

0.398558 

0.471710 

30 

0 

0.081425 

0.162247 

0.241870 

0. 319707 

0. 395191 

0.467777 

32 

0 

0.080674 

0.160755 

0.239657 

0.316806 

0.391645 

0. 463642 

34 

0 

0.079884 

0.159187 

0. 237335 

0. 313764 

0.387930 

0. 459316 

36 

0 

0.079058 

0.157548 

0.234908 

0.310587 

0.384057 

0.454813 

38 

0 

0.078198 

0.155842 

0. 232383 

0.307286 

0. 380037 

0.450147 

40 

0 

0. 077307 

0. 154073 

0. 229767 

0.303869 

0.375880 

0.445330 

42 

0 

0.076385 

0. 152246 

0.227068 

0.300346 

0. 371600 

0. 440378 

44 

0 

0.075436 

0. 150367 

0.224292 

0.296727 

0.367209 

0.435306 

46 

0 

0. 074463 

0.148439 

0.221447 

0. 293022 

0.362720 

0.430127 

48 

0 

0. 073469 

0.146470 

0.218543 

0. 289242 

0.358145 

0.424860 

50 

0 

0. 072455 

0. 144464 

0. 215587 

0. 285399 

0. 353500 

0.419519 

52 

0 

0. 071426 

0. 142428 

0.212589 

0. 281505 

0. 348799 

0. 414121 

54 

0 

0. 070385 

0.140370 

0.209558 

0.277573 

0.344057 

0.408685 

56 

0 

0. 069336 

0. 138295 

0. 206506 

0.273616 

0. 339290 

0.403228 

58 

0 

0.068281 

0. 136211 

0.203443 

0.269648 

0. 334516 

0.397769 

60 

0 

0.067226 

0.134126 

0.200380 

0.265684 

0.329751 

0.392328 

62 

0 

0, 066175 

0. 132049 

0.197331 

0. 261739 

0. 325015 

0.386926 

64 

0 

0.065131 

0.129989 

0.194307 

0.257832 

0. 320328 

0.381586 

66 

0 

0.064100 

0.127955 

0.191324 

0. 253979 

0. 315710 

0.376331 

68 

0 

0.063088 

0.125958 

0.188396 

0.250200 

0.311185 

0.371186 

70 

0 

0. 062100 

0. 124009 

0.185540 

0.246517 

0.306778 

0.366180 

72 

0 

0.061143 

0.122121 

0. 182774 

0. 242952 

0.302515 

0.361342 

74 

0 

0.060223 

0.120307 

0.180119 

0. 239531 

0.298427 

0.356706 

76 

0 

0.059348 

0.118583 

0.177596 

0.236282 

0.294547 

0.352309 

78 

0 

0. 058528 

0.116967 

0.175231 

0.233238 

0.290914 

0.348194 

80 

0 

0. 057773 

0.115479 

0. 173054 

0.230436 

0.287571 

0.344410 

82 

0 

0. 057095 

0.114143 

0.171099 

0. 227922 

0.284573 

0. 341017 

84 

0 

0. 056508 

0.112988 

0.169410 

0.225750 

0.281983 

0.338088 

86 

0 

0.056034 

0. 112053 

0.168043 

0. 223992 

0.279887 

0. 335718 

88 

0 

0. 055698 

0.111392 

0.167078 

0. 222751 

0.278408 

0. 334046 

90 

0 

0. 055556 
[ ( 1 )2 ] 

0.111111 

ra 

0.166667 

ra 

0.222222 

ra 

0.277778 

ra 

0. 333333 
[ (_ 6 )1 ] 

5 

0 

0. 086990 

0. 173318 

0.258327 

0. 341370 

0.421815 

0. 499050 

15 

0 

0. 085677 

0. 170704 

0. 254434 

0.336231 

0.415475 

0. 491565 

25 

0 

0.083124 

0. 165625 

0.246882 

0.326288 

0. 403252 

0.477203 

35 

0 

0.079476 

0.158377 

0.236134 

0.312192 

0. 386013 

0.457086 

45 

0 

0.074953 

0. 149408 

0.222878 

0. 294884 

0. 364976 

0.432729 

55 

0 

0.069861 

0.139334 

0. 208034 

0.275597 

0.341676 

0.405958 

65 

0 

0. 064614 

0. 128968 

0.192809 

0.255897 

0.318009 

0.378946 

75 

0 

0.059779 

0. 119433 

0.178839 

0.237883 

0. 296459 

0.354475 

85 

0 

0. 056256 

0.112490 

0.168682 

0.224814 

0. 280867 

0. 336826 


Compiled from C. Heuman, Tables of complete elliptic integrals, J. Math. Phys. 20, 127-206, 
1941 (with permission). 
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HEUMAN’S LAMBDA FUNCTION A 0 (*>\«) Table 17.B 


a\<P 

35° 

40° 

45° 

50° 

55° 

60° 

0 ° 

0.573576 

0 . 642788 

0.707107 

0 . 766044 

0.819152 

0.866025 

2 

0.573402 

0 . 642592 

0.706891 

0.765811 

0 . 818903 

0 . 865762 

4 

0 . 572878 

0 . 642006 

0.706247 

0.765113 

0.818157 

0 . 864975 

6 

0 . 572009 

0 . 641032 

0.705177 

0.763956 

0 . 816922 

0 . 863674 

8 

0 . 570795 

0.639674 

0.703687 

0.762347 

0.815210 

0.861876 

10 

0.569244 

0 . 637940 

0.701786 

0 . 760298 

0.813034 

0.859602 

12 

0 . 567360 

0.635836 

0.699484 

0.757822 

0 . 810416 

0.856877 

14 

0 . 565150 

0.633373 

0.696794 

0.754937 

0.807375 

0 . 853731 

16 

0.562623 

0.630561 

0 . 693729 

0.751660 

0.803935 

0.850194 

18 

0 . 559789 

0.627412 

0 . 690306 

0.748011 

0 . 800123 

0 . 846297 

20 

0.556657 

0.623939 

0 . 686540 

0.744012 

0.795963 

0 . 842073 

22 

0.553238 

0.620157 

0.682450 

0 . 739683 

0.791483 

0 . 837553 

24 

0.549546 

0.616080 

0.678054 

0.735049 

0.786709 

0 . 832766 

26 

0 . 545591 

0 . 611725 

0 . 673372 

0 . 730130 

0.781667 

0 . 827743 

28 

0.541389 

0.607107 

0 . 668422 

0 . 724951 

0.776384 

0 . 822510 

30 

0.536953 

0 . 602244 

0.663225 

0.719533 

0.770883 

0 . 817093 

32 

0.532297 

0.597153 

0.657801 

0.713900 

0.765190 

0 . 811517 

34 

0.527437 

0.591851 

0.652170 

0.708073 

0.759326 

0 . 805804 

36 

0.522388 

0.586356 

0.646351 

0 . 702074 

0 . 753314 

0.799976 

38 

0 . 517165 

0 . 580687 

0.640365 

0 . 695923 

0 . 747177 

0.794052 

40 

0.511786 

0 . 574862 

0 . 634231 

0.689642 

0.740932 

0.788051 

42 

0.506266 

0 . 568898 

0.627970 

0 . 683251 

0.734602 

0.781992 

44 

0 . 500622 

0.562815 

0.621600 

0.676769 

0 . 728203 

0.775891 

46 

0.494873 

0 . 556632 

0.615142 

0.670217 

0.721756 

0.769764 

48 

0.489034 

0 . 550366 

0.608615 

0.663613 

0 . 715277 

0.763627 

50 

0.483125 

0.544038 

0.602038 

0.656976 

0.708785 

0.757496 

52 

0,477164 

0.537668 

0.595432 

0.650326 

0.702298 

0 . 75-1385 

54 

0.471170 

0 . 531275 

0 . 588817 

0.643682 

0.695832 

0.745310 

56 

0.465163 

0.524879 

0 . 582212 

0.637064 

0.689405 

0.739286 

58 

0 . 459163 

0 . 518502 

0.575640 

0 . 630491 

0.683037 

0.733329 

60 

0.453192 

0.512167 

0.569122 

0.623985 

0.676745 

0.727455 

62 

0.447272 

0 . 505895 

0 . 562680 

0.617567 

0.670549 

0 . 721680 

64 

0.441428 

0.499711 

0.556339 

0.611258 

0.664469 

0 . 716024 

66 

0.435683 

0.493642 

0.550124 

0.605085 

0.658528 

0.710504 

68 

0.430065 

0.487715 

0 . 544062 

0 . 599072 

0.652749 

0.705142 

70 

0.424604 

0 . 481959 

0.538183 

0.593247 

0 . 647159 

0.699961 

72 

0.419332 

0.476408 

0.532519 

0 . 587641 

0.641784 

0.694985 

74 

0.414284 

0.471098 

0.527106 

0.582290 

0.636659 

0 . 690244 

76 

0.409500 

0.466070 

0.521985 

0.577231 

0 . 631818 

0.685770 

78 

0 . 405026 

0.461371 

0.517202 

0.572511 

0.627303 

0 . 681601 

80 

0.400915 

0 . 457055 

0.512813 

0.568181 

0 . 623166 

0 . 677782 

82 

0.397229 

0.453189 

0.508883 

0.564307 

0.619464 

0.674368 

84 

0 . 394049 

0.449853 

0.505494 

0 . 560967 

0 . 616276 

0 . 671427 

86 

0 . 391477 

0.447157 

0.502754 

0 . 558268 

0 . 613700 

0.669053 

88 

0 . 389662 

0.445255 

0.500823 

0.556366 

0.611884 

0.667379 

90 

0 . 388889 

0 . 444444 

0.500000 

0 . 555556 

0.611111 

0.666667 


[ ( -s 4)1 ] 

m 

[>-?■] 

[ ( -6 4)1 ] 

[ ( -e 4)1 ] 

[ ( -e 4)1 ] 

5 

0.572487 

0.641567 

0.705765 

0.764592 

0.817600 

0.864388 

15 

0.563926 

0.632010 

0.695307 

0.753346 

0 . 805703 

0.852010 

25 

0.547600 

0 . 613936 

0.675748 

0 . 732623 

0.784220 

0.830282 

35 

0.524935 

0 . 589127 

0 . 649283 

0 . 705094 

0.756337 

0 . 802903 

45 

0 . 497760 

0.559735 

0.618381 

0.673501 

0.724985 

0.772830 

55 

0 . 468167 

0 . 528076 

0.585512 

0 . 640369 

0.692612 

0 . 742291 

65 

0 . 438541 

0.496661 

0 . 553214 

0 . 608153 

0.661480 

0.713246 

75 

0 . 411857 

0.468546 

0 . 524506 

0 . 579721 

0.634200 

0.687972 

85 

0 . 392679 

0.448417 

0.504034 

0.559529 

0.614903 

0 . 670162 
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Table 17.8 HEUMANS LAMBDA FUNCTION Aq(#>\«) 

! A'H E (.\90° -») - [ K{„) - £(«) ]/-(*\90"-*)| 


a \* 

65° 

70° 

75° 

80° 

85° 

90' 

0° 

0. 906308 

0.939693 

0.965926 

0. 984808 

0.996195 

1 

2 

0.906032 

0.939407 

0.965633 

0.984511 

0.995903 

1 

4 

0. 905210 

0.938559 

0. 964769 

0.983652 

0.995130 

1 

6 

0.903857 

0.937172 

0.963376 

0.982315 

0. 994063 

1 

8 

0. 901997 

0.935282 

0. 961512 

0.980599 

0.992833 

1 

10 

0.899660 

0.932934 

0. 959244 

0.978597 

0. 991511 

1 

12 

0. 896881 

0.930177 

0. 956638 

0.976384 

0. 990135 

1 

14 

0.893699 

0.927061 

0.953755 

0.974016 

0.988727 

1 

16 

0. 890152 

0.923634 

0. 950646 

0. 971534 

0. 987299 

1 

18 

0. 886280 

0.919940 

0.947355 

0.968969 

0. 985858 

1 

20 

0. 882119 

0.916018 

0.943918 

0.966343 

0.984410 

1 

22 

0.877704 

0.911904 

0.940364 

0.963671 

0.982958 

1 

24 

0.873068 

0.907630 

0.936718 

0.960968 

0.981506 

1 

26 

0. 868240 

0.903221 

0.933000 

0.958241 

0.980054 

1 

28 

0.863249 

0.898703 

0.929226 

0.955500 

0.978604 

1 

30 

0. 858117 

0.894095 

0.925409 

0.952751 

0. 977159 

1 

32 

0. 852869 

0. 889416 

0. 921563 

0.949998 

0.975719 

1 

34 

0. 847523 

0. 884681 

0.917695 

0.947247 

0.974286 

1 

36 

0. 842100 

0. 879904 

0.913817 

0.944502 

0.972861 

1 

38 

0. 836615 

0.875099 

0.909935 

0.941766 

0.971445 

1 

40 

0. 831085 

0.870277 

0. 906056 

0.939042 

0.970039 

1 

42 

0. 825524 

0. 865449 

0.902188 

0.936335 

0. 968644 

1 

44 

0.819946 

0.860625 

0. 898337 

0. 933647 

0.967262 

1 

46 

0. 814365 

0.855814 

0. 894508 

0.930981 

0.965894 

1 

48 

0. 808792 

0. 851026 

0. 890708 

0.928341 

0.964540 

1 

50 

0.803241 

0.846269 

0. 886942 

0.925731 

0.963204 

1 

52 

0. 797724 

0.841553 

0. 883216 

0.923152 

0. 961885 

1 

54 

0. 792252 

0. 836887 

0. 879537 

0.920610 

0. 960586 

1 

56 

0. 786839 

0.832280 

0.875911 

0.918108 

0.959309 

1 

58 

0.781496 

0.827742 

0.872345 

0.915649 

0. 958055 

1 

60 

0. 776237 

0.823283 

0. 868846 

0.913240 

0.956826 

1 

62 

0. 771077 

0.818913 

0.865421 

0.910884 

0.955626 

1 

64 

0.766029 

0. 814645 

0. 862080 

0.908588 

0.954457 

1 

66 

0. 761110 

0. 810490 

0.858831 

0.906357 

0. 953321 

1 

68 

0. 756338 

0.806464 

0. 855685 

0.904198 

0.952223 

1 

70 

0. 751731 

0.802581 

0. 852654 

0.902119 

0. 951166 

1 

72 

0. 747312 

0.798860 

0.849751 

0.900129 

0. 950154 

1 

74 

0.743104 

0.795319 

0.846990 

0.898237 

0. 949193 

1 

76 

0.739137 

0.791983 

0.844390 

0.896456 

0.948288 

1 

78 

0. 735442 

0.788877 

0. 84]972 

0.894800 

0.947446 

1 

80 

0. 732059 

0.786036 

0.839759 

0.893286 

0. 946677 

1 

82 

0.729036 

0. 783497 

0.837783 

0.891933 

0. 945990 

1 

84 

0. 726434 

0.781312 

0.836083 

0.890770 

0. 945400 

1 

86 

0.724333 

0. 779549 

0.834711 

0.889831 

0.944923 

1 

88 

0.722852 

0.778307 

0.833745 

0.889170 

0. 944587 

1 

90 

0. 722222 

0. 777778 

0.833333 

0.888889 

0.944444 

1 


[ ( -e 4)1 ] 

m 

m 

[(-5)5] 

m 


5 

0.904599 

0.937930 

0.964135 

0.983037 

0.994624 

1 

15 

0.891969 

0. 925384 

0. 952226 

0.972787 

0. 988015 

1 

25 

0.870676 

0. 905441 

0.934867 

0. 959607 

0.980779 

1 

35 

0.844820 

0.882297 

0.915757 

0.945873 

0. 973573 

1 

45 

0.817155 

0.858217 

0.896419 

0.932311 

0.966576 

1 

55 

0.789537 

0.834576 

0.877717 

0.919353 

0.959944 

1 

65 

0.763552 

0.812552 

0. 860443 

0.907464 

0.953885 

1 

75 

0.741089 

0.793624 

0.845669 

0. 897332 

0. 948733 

1 

85 

0.725315 

0. 780373 

0.835352 

0. 890270 

0.945145 

1 
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ELLIPTIC INTEGRAL OF THE THIRD KIND n(n,M»\«) Table 17.9 


n(w,>\a)=(1-w sin 2 6) ‘[l-sin 2 a sin 2 e] 2 de 


n 

a\<p 

0° 

15° 

30° 

45° 

60° 

75° 

90° 

0.0 

0° 

0 

0.26180 

0. 52360 

0. 78540 

1. 04720 

1. 30900 

1. 57080 

0. 0 

15 

0 

0. 26200 

0. 52513 

0. 79025 

1. 05774 

1. 32733 

1. 59814 

0. 0 

30 

0 

0. 26254 

0. 52943 

0.80437 

1. 08955 

1. 38457 

1.68575 

0. 0 

45 

0 

0.26330 

0. 53562 

0. 82602 

1.14243 

1. 48788 

1.85407 

0. 0 

60 

0 

0. 26406 

0. 54223 

0. 85122 

1.21260 

1. 64918 

2.15651 

0. 0 

75 

0 

0. 26463 

0. 54736 

0. 87270 

1. 28371 

1.87145 

2.76806 

0.0 

90 

0 

0.26484 

0. 54931 

0. 88137 

1.31696 

2. 02759 

00 

0.1 

0 

0 

0.26239 

0. 52820 

0. 80013 

1. 07949 

1.36560 

1.65576 

0.1 

15 

0 

0. 26259 

0. 52975 

0.80514 

1. 09058 

1. 38520 

1.68536 

0.1 

30 

0 

0.26314 

0. 53412 

0.81972 

1. 12405 

1.44649 

1.78030 

0.1 

45 

0 

0.26390 

0. 54041 

0.84210 

1.17980 

1. 55739 

1. 96326 

0.1 

60 

0 

0.26467 

0.54712 

0. 86817 

1.25393 

1.73121 

2.29355 

0.1 

75 

0 

0.26524 

0. 55234 

0. 89040 

1. 32926 

1. 97204 

2.96601 

0. 1 

90 

0 

0. 26545 

0. 55431 

0. 89939 

1. 36454 

2. 14201 

00 

0.2 

0 

0 

0. 26299 

0. 53294 

0. 81586 

1.11534 

1. 43078 

1. 75620 

0.2 

15 

0 

0.26319 

0.53452 

0. 82104 

1. 12705 

1. 45187 

1. 78850 

0. 2 

30 

0 

0.26374 

0.53896 

0. 83612 

1. 16241 

1. 51792 

1. 89229 

0.2 

45 

0 

0. 26450 

0. 54535 

0.85928 

1.22139 

1. 63775 

2. 09296 

0.2 

60 

0 

0.26527 

0.55217 

0. 88629 

1.30003 

1. 82643 

2. 45715 

0.2 

75 

0 

0. 26585 

0. 55747 

0. 90934 

1. 38016 

2. 08942 

3. 20448 

0.2 

90 

0 

0. 26606 

0. 55948 

0.91867 

1.41777 

2. 27604 

00 

0.3 

0 

0 

0. 26359 

0. 53784 

0. 83271 

1. 15551 

1. 50701 

1. 87746 

0.3 

15 

0 

0. 26379 

0. 53945 

0. 83808 

1.16791 

1.52988 

1.91309 

0.3 

30 

0 

0. 26434 

0. 54396 

0. 85370 

1. 20543 

1. 60161 

2.02779 

0.3 

45 

0 

0. 26511 

0. 55046 

0.87771 

1. 26812 

1. 73217 

2. 25038 

0.3 

60 

0 

0. 26588 

0.55739 

0.90574 

1. 35193 

1.93879 

2.65684 

0.3 

75 

0 

0. 26646 

0. 56278 

0.92969 

1. 43759 

2.22876 

3. 49853 

0.3 

90 

0 

0.26667 

0. 56483 

0. 93938 

1.47789 

2.43581 

00 

0.4 

0 

0 

0. 26420 

0.54291 

0. 85084 

1.20098 

1. 59794 

2.02789 

0. 4 

15 

0 

0. 26440 

0. 54454 

0. 85641 

1.21419 

1. 62298 

2.06774 

0. 4 

30 

0 

0.26495 

0. 54912 

0. 87262 

1. 25419 

1. 70165 

2.19629 

0.4 

45 

0 

0. 26572 

0. 55573 

0. 89756 

1. 32117 

1. 84537 

2. 44683 

0.4 

60 

0 

0. 26650 

0. 56278 

0.92670 

1.41098 

2.07413 

2. 90761 

0.4 

75 

0 

0. 26708 

0. 56827 

0.95162 

1. 50309 

2. 39775 

3. 87214 

0.4 

90 

0 

0. 26729 

0. 57035 

0. 96171 

1. 54653 

2. 63052 

oo 

0. 5 

0 

0 

0. 26481 

0. 54814 

0. 87042 

1.25310 

1.70919 

2.22144 

0. 5 

15 

0 

0. 26501 

0. 54980 

0.87621 

1.26726 

1.73695 

2.26685 

0.5 

30 

0 

0. 26557 

0. 55447 

0. 89307 

1.31017 

1.82433 

2.41367 

0.5 

45 

0 

0. 26634 

0.56119 

0.91902 

1. 38218 

1.98464 

2.70129 

0, 5 

60 

0 

0.26712 

0. 56837 

0. 94939 

1.47906 

2.24155 

3. 23477 

0.5 

75 

0 

0. 26770 

0. 57394 

0. 97538 

1.57881 

2. 60846 

4. 36620 

0.5 

90 

0 

0.26792 

0. 57606 

0.98591 

1.62599 

2.87468 

00 

0.6 

0 

0 

0.26543 

0. 55357 

0. 89167 

1.31379 

1. 85002 

2. 48365 

0.6 

15 

0 

0. 26563 

0.55525 

0. 89770 

1. 32907 

1. 88131 

2.53677 

0.6 

30 

0 

0. 26619 

0. 56000 

0.91527 

1. 37544 

1. 98005 

2. 70905 

0.6 

45 

0 

0. 26696 

0. 56684 

0. 94235 

1.45347 

2.16210 

3. 04862 

0.6 

60 

0 

0. 26775 

0,57414 

0. 97406 

1. 55884 

2. 45623 

3. 68509 

0.6 

75 

0 

0.26833 

0. 57982 

1. 00123 

1. 66780 

2. 88113 

5. 05734 

0.6 

90 

0 

0.26855 

0.58198 

1. 01225 

1.71951 

3. 19278 

00 




r(-5)51 

fc-4) 4 i 

r(-3)21 

r ( -3 )7 i 






L 4 J 

L 6 J 

L 7 J 

L 7 J 




See Examples 15-20. 
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ELLIPTIC INTEGRALS 


Table 17.9 ELLIPTIC INTEGRAL OF THE THIRD KIND n 


n (n; <p\ a) =Jj* (1 -n sin 2 e) ^l-sin 2 a sin 2 6] ^dd 


n 

a\<p 

0° 

15° 

30° 

45° 

60° 

75° 

90° 

0.7 

0° 

0 

0. 26605 

0. 55918 

0.91487 

1. 38587 

2. 03720 

2. 86787 

0.7 

15 

0 

0. 26625 

0. 56090 

0.92116 

1.40251 

2. 07333 

2. 93263 

0.7 

30 

0 

0.26681 

0. 56573 

0. 93952 

1. 45309 

2.18765 

3. 14339 

0. 7 

45 

0 

0. 26759 

0. 57270 

0.96784 

1.53846 

2.39973 

3.56210 

0. 7 

60 

0 

0. 26838 

0. 58014 

1.00104 

1. 65425 

2. 74586 

4. 35751 

0. 7 

75 

0 

0. 26897 

0. 58592 

1. 02954 

1.77459 

3.25315 

6.11030 

0.7 

90 

0 

0.26918 

0. 58812 

1. 04110 

1.83192 

3. 63042 

00 

0.8 

0 

0 

0. 26668 

0.56501 

0. 94034 

1.47370 

2. 30538 

3.51240 

0.8 

15 

0 

0.26688 

0. 56676 

0. 94694 

1.49205 

2. 34868 

3. 59733 

0.8 

30 

0 

0.26745 

0.57168 

0. 96618 

1. 54790 

2. 48618 

3. 87507 

0.8 

45 

0 

0.26823 

0.57877 

0.99588 

1. 64250 

2.74328 

4.43274 

0.8 

60 

0 

0.26902 

0. 58635 

1.03076 

1.77145 

3.16844 

5.51206 

0.8 

15 

0 

0. 26961 

0. 59225 

1. 06073 

1. 90629 

3. 80370 

7. 96669 

0.8 

90 

0 

0.26982 

0. 59449 

1.07290 

1. 97080 

4. 28518 

00 

0.9 

0 

0 

0.26731 

0.57106 

0. 96853 

1.58459 

2. 74439 

4. 96729 

0. 9 

15 

0 

0.26752 

0. 57284 

0. 97547 

1.60515 

2.79990 

5. 09958 

0.9 

30 

0 

0. 26808 

0. 57785 

0.99569 

1. 66788 

2. 97710 

5. 53551 

0.9 

45 

0 

0. 26887 

0.58508 

1.02695 

1.77453 

3. 31210 

6. 42557 

0. 9 

60 

0 

0. 26966 

0. 59281 

1. 06372 

1. 92081 

3. 87661 

8. 20086 

0. 9 

75 

0 

0. 27025 

0. 59882 

1. 09535 

2.07487 

4. 74432 

12. 46407 

0. 9 

90 

0 

0. 27047 

0.60110 

1. 10821 

2. 14899 

5. 42125 

00 

1.0 

0 

0 

0. 26795 

0. 57735 

1. 00000 

1.73205 

3.73205 

00 

1. 0 

15 

0 

0.26816 

0. 57916 

1. 00731 

1. 75565 

3.81655 

00 

1. 0 

30 

0 

0. 26872 

0. 58428 

1.02866 

1. 82781 

4. 08864 

00 

1.0 

45 

0 

0. 26951 

0.59165 

1. 06170 

1.95114 . 

4. 61280 

00 

1. 0 

60 

0 

0. 27031 

0. 59953 

1. 10060 

2.12160 

5. 52554 

oo 

1. 0 

75 

0 

0. 27090 

0. 60566 

1.13414 

2. 30276 

7. 00372 

00 

1. 0 

90 

0 

0.27112 

0. 60799 

1.14779 

2. 39053 

8. 22356 

00 




[■(-5)51 

["( — 4)51 

r(-3)2i 

r(- 2 ) 1 ] 






L 4 J 

L 6 J 

L 7 J 

L 7 J 
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Table 18.1. Table for Obtaining Periods for Invariants g 2 and <73 

(?2 = M 3 _2/3 ). 


Page 

673 


Non-Negative Discriminant (3<<j 2 <«>) 

ln(? s -3); ? a =3(.05)3.4, 7D 

“Ss'*, u'gl'Vi; ?!=3.4(.1)5(.2)10, 7D 
<<'?S' 4 , v'gV'gl'Vr, j^.K-.ouo, 7D 
Non-Positive Discriminant (—<» <0 2 <3) 

«2<?H?4 1/4 , "'2^3 /6 l?2| 1/4 /i; ? 2 - 1 =0(-.01)-.2, 7D 
«2, g\'\ u'tfl'yi; gi 1 ^-. 2(-.05)-l, 7D 

^ «4 /, + : y ln(3-ff s ); 9.-1(.2)3,7D 

Table 18.2. Table for Obtaining , @> r and f on Ox and 0 y (Unit 
Real Half-Period—Period Ratio a) .. 674 

Positive Discriminant (0<x<l, 0<y<a) 

z 2 g>(z), z 3 g. >'(z), zr(z),a=i, 1.05,1.1,1.2,1.4,2,4 

x=0(.05)l, t/=0(.05) 1.1, 1.2 (.2) a, 6-8D 

Negative Discriminant (0<x<l, 0<y<a/2 ) 

z 2 &>(*), z 3 P'(z), sr(z),a=l, 1.05,1.15,1.3, 1.5, 2, 4 
x=0(.05)l, y=0(.05)l (.1)6(6 >a/2), 7D 

Table 18.3. Invariants and Values at Half-Periods (1 <a<°°) (Unit 

Real Half-Period). 680 

a=l(.02)1.6(.05)2.3(.l) 4, 6-8D 

Non-Negative Discriminant 

02, 03, «i= &(&'), v=?0-), y'/i=t(w')/i } o-(i), v(«')/b o - ^) 

Non-Positive Discriminant 

.02, 03, Cl, »?2=r(l), c(l), o-(o)2)/i, <r(c/) 

The author gratefully acknowledges the assistance and encouragement of the personnel 
of Numerical Analysis Research, UCLA (especially Dr. C. B. Tompkins for generating the 
author’s interest in the project, and Mrs. H. O. Rosay for programming and computing, 
hand calculation and formula checking) and the personnel of the Computation Laboratory 
(especially R. Capuano, E. Godefroy, D. Liepman, B. Walter and R. Zucker for the prepara¬ 
tion and checking of the tables and maps). 
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18. Weierstrass Elliptic and Related Functions 
Mathematical Properties 


18.1. Definitions, Symbolism, Restrictions and 
Conventions 

An elliptic function is a single-valued doubly 
periodic function of a single complex variable 
which is analytic except at poles and whose only 
singularities in the finite plane are poles. If &> and 

are a pair of (primitive) half-periods of such a 
function f{z), then f(z+2M<a+2N<a')=f(z), M 
and N being integers. Thus the study of any 
such function can be reduced to consideration of 
its behavior in a fundamental period parallelo¬ 
gram (FPP). An elliptic function has a finite 
number of poles (and the same number of zeros) 
in a FPP; the number of such poles (zeros) (an 
irreducible set) is the order of the function (poles 
and zeros are counted according to their multi¬ 
plicity). All other poles (zeros) are called con¬ 
gruent to the irreducible set. The simplest (non¬ 
trivial) elliptic functions are of order two. One 
may choose as the standard function of order two 
either a function with two simple poles (Jacobi's 
choice) or one double pole (Weierstrass' choice) 
in a FPP. 

Weierstrass' -Function. Let w, «' denote a 
pair of complex numbers with J r (a//w)> 0 . Then 
(P(z) = (p(z jw, «') is an elliptic function of order 
two with periods 2 w, 2 w' and having a double pole 
at 2 = 0 , whose principal part is z ~ 2 ; @>{z) — z~ 2 is 
analytic in a neighborhood of the origin and van¬ 
ishes at 2 = 0 . 

Weierstrass’ f- Function r( 2 )=f(z|«, a/) satisfies 
the condition {*'( 2 ) = — further, $*( 2 ) has a 

simple pole at 2=0 whose principal part is z~ l \ 
$•( 2 ) — 2 “ l vanishes at 2=0 and is analytic in a 
neighborhood of the origin. £(z) is NOT an 
elliptic function, since it is not periodic. However, 
it is quasi-periodic (see “period” relations), so 
reduction to FPP is possible. 

Weierstrass’ a-Function <t(z) = <t(z\w, «') satisfies 
the condition <t'(z)/<t(z)=£(z ); further, <r(z) is an 
entire function which vanishes at the origin. 
Like 1 *, it is NOT an elliptic function, since it is 
not periodic. However, it is quasi-periodic (see 
“period” relations), so reduction to FPP is pos¬ 
sible. 


Invariants g 2 and g 3 

Let W=2M<ti-\-2N<j}', M and N being integers. 
Then 

18.1.1 « 7 2 = 60 S'JP-* and 0 3 =14O2'W- 6 

are the INVARIANTS, summation being over all 
pairs M, N except Af=iV=0. 

Alternate Symbolism Emphasizing Invariants 

18.1.2 @(z)=CP(z] g 2 , g 5 ) 

18.1.3 <J> , (z) = g>'(z\ 0 3 ) 

18.1.4 f(z)=r(z; 02 , 0 3 ) 

18.1.5 a(z) = <r(z; 0 2 , 0 3 ) 

Fundamental Differential Equation, Discriminant and 
Related Quantities 

18.1.6 0' 2 (z)=4,0 3 (2)-02 #>( 2)-03 

18.1.7 

=4( & (z)-e 0(0 (z)~e 2 )(& (z)-e 3 ) 

18.1.8 

A=0i-27$=16(r2-e 3 ) 2 (e3— e^)\e x -eff 


18.1.9 


02 = 

—4 ( e x e 2 -f e l e 3 -f e 2 e 3 )=2 (ei + e\ -f el) 

18.1.10 

g 3 =4eie 2 e 3 =i(e 3 ii-el-\-el) 

18.1.11 

«l + «2 + 6 3 = 0 

18.1.12 

ei+et+ei=gl/8 

18.1.13 

4d-0 2 e<-03=O(i=l, 2, 3) 

Agreement about Values of Invariants (and Discrim- 


inant) 


We shall consider, in this chapter, only real g 2 
and 03 (this seems to cover most applications)— 
hence A is real. We shall dichotomize most of 
what follows (either A>0 or A<0). Homoge¬ 
neity relations 18.2.1-18.2.15 enable a further 
restriction to non-negative g 3 (except for one case 
when A=0). 

Note on Symbolism for Roots of Complex Numbers and 
for Conjugate Complex Numbers 

In this chapter, 2 1/n (n a positive integer) is used 
to denote the principal nth root of 2 , as in chapter 
3; 2 is used to denote the complex conjugate of 2 . 
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FPP’s, Symbols for Periods, etc. 



RECTANGLE FIGURE 18.1 RHOMBUS 

GJl = « 

0>a = to “I" 0)' to 2 = to — W 

to 3 = to / 

W REAL "2 REAL 

a,' PURE IMAG. PURE IMAG. 

|to'f^to, since M^ w 2 > since y 3 ^0 

Fundamental Rectangles 

Study of all four functions (@> f, 0 ) can be reduced to consideration of their values in a Funda¬ 
mental Rectangle including the origin (see 18.2 on homogeneity relations, reduction formulas and 
processes). 

A>0 A<0 

Fundamental Rectangle is ^ FPP, which has ver- Fundamental Rectangle has vertices 0, to 2 , u 2 -bf’ 



Figure 18.2 

There is a point on the right boundary of Fundamental Rectangle where (P =0. Denote it by Zq. 



WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


631 


18.2. Homogeneity Relations, Reduction 
Formulas and Processes 
Homogeneity Relations (Suppose tj* 0) 

Note that Period Ratio is preserved. 

18.2.1 tv>')=t-*3>'{z\v, a >0 

18.2.2 {p(tz\to), to')=r 2 P(z|«, «') 

18.2.3 f(fz|to, to')=r*i*(z|«, «') 

18.2.4 <r(*z|to, to')==to(z|w, w') 

18.2.5 g 2 (ta, to') =t-%(u, «') 

18.2.6 gz(to), to')=r 6 p 3 («, «') 

18.2.7 <j<(to, to')=r a « 1 (co f w'), i=l, 2, 3 

18.2.8 A (to, to')=r 12 A(«, «') 

18.2.9 tf/to, to')=r 2 ff<(«, w'), t=l, 2 , 3 

(See 18.3) 

18.2.10 g(to, to')=g[(w, co') (See 18.10) 

18.2.11 w(to, to')=m(w, «') (See 18.9) 

18.2.12 g>'(tz\r%, t-‘g,)=r 3 (P'(.z; 9i, g a) 

18.2.13 Q> ( tz; t-<g 2 , r’g,) =r s #> (z; pj, 0 a) 

18.2.14 r(iz; r'ft. rVa)=r‘f(z; ff>) </ 3 ) 

18.2.15 <r(tz; t~‘g 2l r‘g 3 ) =<<r(z; g 3 , g 3 ) 


The Case g 8 <0 
Put t—i and obtain, e.g., 

18.2.16 G> (z; g 2 , g 3 ) = -{P ( iz ; g 2f -g 2 ) 

Thus the case g 3 <0 can be reduced to one where 

03>O. 

“Period” Relations and Reduction to the FPP (M,iV 
integers) 

18.2.17 G> ' (z+ +2iV«') = Q> ' (z) 

18.2.18 G* (z+2Mo+2iVa/) = & (z) 

18.2.19 

f(z+2Mw+2Ato') = f (z) +2Aft7+2i\y 

18.2.20 

<r(z+2Ma+2iVa/) 

= (-l)*+*+“V*) exp [(z+Ma>+iVco')(2Mj 

+2JVt?')] 

18.2.21 where *?={"(«)> 

“Conjugate” Values 

f(z)=J(z), where / is any one of the functions 

0 >, &>’, r,.. 


Reduction to % FPP (See Figure 18.1) 

A>0 A<0 

(s denotes conjugate of «) 

Point »4 in R 4 


18.2.22 

^>'(z 4 ) = -^>'(2co-z 4 ) 


18.2.23 

^ (^) = ^ (2w— z 4 ) 


18.2.24 

f(s4) = -r(^ r 7 4 )+2t 7 

f ( 24 ) =— r(2 «2 —+ 2 (»? + 1 ? / ) 

18.2.25 

ff(z 4 ) = o-(2w—z 4 ) exp [2tj(z 4 — w)] 

<r(z 4 ) = o-( 2 w 2 —z 4 ) exp [ 2 ( 77 + 7 ?') (z 4 — W 2 )] 
Point in R 3 

18.2.26 



18.2.27 


&>(%) = ^>( 2 « 3 -z 3 ) 

18.2.28 

T(zs) =—f ( 2 wj—Z 3 ) + 2 ( 77 + 77 ') 

f(3 3 )-~-f( 2 «2-^)+2(n+»? / ) 

18.2.29 

«r(z 3 ) = < r(2« 2 -Z3) exp [ 2 ( 77 + 77 ') (z 3 - 

-«ii)l <r(z 3 ) = c-( 2 a) 2 —Zj) exp [ 2 ( 77 + 77 ') (z 3 —o> 2 )] 

Point a 3 in Rj 

18.2.30 



18.2.31 

"3 

<M 

1 

II 


18.2.32 

ffe)= 7 («.- 2 »')+ 2 i,' 


18.2.33 

<r(.Zi)=—ff(z 3 ~2w') exp [2,'(za— 

')] <r(z 2 ) = <r(z 2 ) 
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Reduction from *4 FPP to Fundamental Rectangle in 
Case A<0 

We need only be concerned with the case when 
z is in triangle A 2 (therefore 2a/— z is in triangle 
A,). 

18.2.34 g>(z) = g>( 2 w'-z) 

18.2.35 g >' (z) = •- g> ' (2a/ - z) 

18.2.36 f (z)=2 V ' - f (2o/ - z) 

18.2.37 ff(z)=a(2u'—z) exp [2ij'(s—«')] 


Reduction to Case where Real Half-Period is Unity 

(preserving period ratio) 

A>0 A<0 




(a>a=w+co / ) 

18.2.38 

{P'(z\(ti, w') = <i>~ 3 IP' 

' {z\ w, «')= <>h 3 (P'(Zo>A—) 
\ 1 w 2 

18.2.39 

(P(z\<j), <a')=<a~ 2 {P ^ 0 CO -1 | 1 , ^ 

\ |o> 2 a; 

18.2.40 

f(s|co, v')=co- 1 { ^2w -1 |l, — 

£(z\a,a f )=U3 l t (Ztat'l—r — J 
\ l w 2 «2/ 

18.2.41 

tr(2|co, o/) = a )<i ^2a> -1 [l, —^ 

0 -(z\oj, U)')—U) 2 o ( 2 W 2 1 —> — ) 

\ |«2 <*>2/ 

18.2.42 

gf 2 (w, a/)=ar 4 02 ^1, 

gf 2 (co, a> / )=a> 2 4 p 2 (—> ~) 

\a) 2 a> 2 / 

18.2.43 

&(<*,<*')—<*"%(■ 1, 

<a')=(i>2*g3 ( —r — ) 

\o) 2 a> 2 / 

18.2.44 

a/)— w~ 2 ei ^1, 

et(w, 0 )')=U) 2 2 6 i (—> —^ 

\«2 W2/ 


(•=1,2,3) 

(t=l,2,3) 

18.2.45 

A(a,, a/)=a> -12 A ^1, —^ 

A(w, a/)=a> 2 -12 A (—-> —^ 

\«2 &>2/ 


NOTE: New real half-period is 
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18.3. 

Special Values and Relations 



Values at Periods 

Cf)' , and f are infinite, a is zero at z= 2w lf i= 1,2,3 and at 2a)a(A<0). 


A>0 

A<0 



Half-Periods 

18.3.1 


9Ha,)=e,(.i= 1,2,3) 

18.3.2 


^5'( lil )=0(i=l,2,3) 

18.3.3 


i| t =fW{i=l,2,3) 

18.3.4 



18.3.5 

^=2^+6^* (i,j,k= 1,2,3; i^j,i^k,j^k) 

18.3.6 

= (- 

-«,)(«<-e.)=2e5+|^=3eJ-f- 

18.3.7 

e { real 

e 2 real and non-negative 

18.3.8 

ei> 0 >e 2 >e 3 

( 62=0 when 03 = 0 ) 


(equality when 0 3 =O) 

ei=— a+t/S, e 3 =?i 



where a> 0 , j 8>0 



(equality when 0 3 =O) 

18.3.9 

v >0 

i 7 a=f(w 2 )=ii '—17 

18.3.10 

y'/i =0 if 

t? 2 >0 

18.3.11 

|co'f/o>gl.91014 050 (approx.) 

%/i|0 if |w 2 j/w 2 ^3.81915 447 (approx.) 

18.3.12 

H x > 0 , # 3 >0 

H 2 >0 

18.3.13 

H 2 =i^—H\ 

7 r/ 4 <arg(tf 3 ) <?r /2 (equality if 0 3 =O); Hj=Sa 

18.3.14 

a( w )=e-»“ /2 /H} /2 

<r(« 2 ) = «’a a 2 /2 /Kfy ,a 

18.3.15 

<r («') = 

<r 

18.3.16 

o- 2 (co 2 )=tf 1 '*"*/ {—H 2 ) 

»*(»')=e'*7' (-H,) 

18.3.17 

arg[<r(w 2 )]==^ + 2 

arg[<r(«')]= ^ + 2 2 arg(e 2 +# 2 —«t) 



Quarter Periods 

18.3.18 

@> ((a/2)=ei-\-Hi^>ei 

^ (w 2 / 2 )=g 2 +flf 2 >e 3 

18.3.19 

Q> , ((o/ 2 ) = -2£f 1 V2£fi+36 1 

/7>'W2) = -2ff J V2fl > +3« J 

18.3.20 

f(W 2 ) = l[»+V2H,+3e,] 

r(W 2 ) = M>I.+V2H 1 +3e 1 ] 
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A>0 

A<0 


/ /rt \ g, “ /8 

gl2"2 /8 

18.3.21 

<r(o,/2)- 2l/4i? 3 /8(2Hi+3ei)1/8 

<r(W2)- 2 , /1H|/ , (2ff2+3ej)1/8 

18.3.22 

0 (« 72 )=e 3 -tf 3 <e 3 <0 

(o^/2) =e 2 —H 2 = (p (w 2 +oi 2 /2) <e 2 <0 

18.3.23 

(P'WI2) = -2H 3 i^2H 3 -Se 3 

^ '( 012 / 2 ) = — 2H 2 i^2H 2 —3^2=/? ^ (oi 2 1~ oj 2 /2) 

18.3.24 

{(a)'12) = — i^2H z — 3e 3 ] 

f(&i 2 /2) =^[t/ 2 — i^2H 2 —3 62 ]= —f(oi 2 +o^/2) +2 tj' 

18.3.25 

/ 2 )-2‘'*Hl/*(2H 3 -3«,) 1 ' 8 

^“ a / 2 )- 2 i'*flS'*(2H J -3« 2 ) , ' ! 



=<r(ai 2 +aii/2) exp [— t|'o> 2 ] 

18.3.26 

(oi 2 /2)=e 2 -H 2 

(oi'/2) — e 3 tf 3 

18.3.27 

' (o> 2 /2) = -2H 2 i(2H 2 -Se 2 )> 

f?) '(oi'/2) = -2iH 3 (2H 3 -Ze 3 )* 

18.3.28 

f ( 012 / 2 ) = i [ 172 —i(2H 2 — 3<? 2 )*3 

?(o>'/2)=$W-i(2H 3 -Ze 3 )i] 


gl2"2 /8 g ,x/4 

€ ,V/8 6 <r/4 

18.3.29 

<'(»2/2)- [4ffl ( 2ff! _ 3cj )] I/1 

/2)_ [4fll(2ff 3 -3« s )] 1/8 


One-Third Period Relations 


At 2=2ttj/3(i=l, 2, 3) or 2^/3,P" 2 =12#>,0' 2 ; 

equivalently: 

18.3.30 480 4 -24<7 2 #> 2 -480 3 #>-^=O 

A>0 A<0 

18.3.31 i-(2 M /3)^^+[ g>( 3“ /3) ] > r(2W3)= 2 | 2 +[ ^ >( ^ /3) J 

18.3.32 f (2 u7 3)=^-[^|^J i-(2^3)=^-[ ' g>(2 3 “^ J 

18.3.33 f(W3)=^+[ ffl( |“ a/3) ] 1 f (2 M '/3) (2 “ -^J 


18.3.34 

ff(2w/3) — ~f XP [2, “ /9] 
V^'(2 W /3) 

<r(2W3)-7, eXP [2,! " 2/91 
V£P'(2W3) 

18.3.35 

- ex P [2>;V/9] 

* “ _ [ ^?>' (2oi'/3)] 1/3 € 2h/s 

-m '/->•>_ - ex P [2->M/9] 

ff{2(a 2 /6) ~[(p t (2co ' /3) ] i / 3 c 2»< /1 

18.3.36 

. /on_ —exp [2»?20> 2 /9] 
<t(2oi 2 /3) [ ^/ (2ct , 2 /3) ] i/3, 2 , < /3 

JTr o.//o V _ -exp [2i7'oi'/9] 

( /3) -[,9>'(2<//3)] , 'V' , ' s 



Legendre’s Relation 

18.3.37 

t?oi' — rf , o)—‘iri/2 

1J 2 01 2 — 1} 2 (0 2 —ffl 


(also valid for A<0) 

Relations Among the //, 

18-3.38 £f!+fll+H|=3 ffj /4 

18.3.39 ^fll+fl|Hl+flgfl?=0 
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18.3.40 

mmn i==— a/16 

18.3.41 

16tf?-120 2 HS+A=O(i=l, 2, 3) 


18.4. Addition and Multiplication Formulas 


Addition Formulas 2 ( 181 ^ 22 ) 

18.4.1 

^ (2l) ^ 

18.4.2 ff> (*+*>- 0>(*)-0to 

18.4.3 

ffe+zj) f(s..)+f(22)+ 2 g>^)-g>( z ^ 

18.4.4 

<r(Zi+Z 2 )<r(zi—z 2 )~ —<r 2 (zi)<r 2 (z 2 )[{P (si) — ( 22 )] 


Duplication and Triplication Formulas 

pNote that^' 

'=6^V)-f<0'W=40 3 (z)-<fc5>(z)-03 and 5 >"'(«)= 125 >( 2 ) 5 >'(«)] 

18.4.5 

5>(2,)= 2^(.)+[g l W] 

18.4.6 

/ 71 ,/o.x ~±&>'\z)-H2g>{z)g>'\z)g>''{z)-g>"\z) 

18.4.7 

f(2 z )=2f(2) + 5>"(2)/2£P'(2) 

18.4.8 

' „(2*) —#>'(*V(») 

18.4.9 

4^' 3 (2) 

f ( )“ f ( ) 5>' ( 2 ) 5>'" ( 2 ) -5 > " ! C2 ) 

18.4.10 

»(8*)=- g>'\z)'\z)\g> (22) - #> ( 0 )] 


18.5. Series Expansions 


Laurent Series 

18.5.1 

^(0)=r 2 +gc/- 2 

18.5.2 where 

00 

cn 

II 

<s* 

0 

'Si 

II 

and 


18.5.3 

C *“(2it+l)Cfc-3) S CmC *- w ’ *~ 4 

18.5.4 

'(*)= -2 2 - 3 +g(2A:-2)c^- 3 

18.5.5 

f(2)=2" i -gc Jt s a -V(21:-l) 

18.5.6 

od _4m+6it+l 

• (4m+to+l)! 


2 Formulas for f and a are not true algebraic addition formulas. 
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where a 0 .o=l and 

18.5.8 <v*=3(ro+l)<W,,._i+y (»+lK.-a,»+i—| (2m+37i-l)(4m+6ri-l)a w _ lin , 


it being understood that <z m ,»=0 if either subscript is negative. 

(The radius of convergence of the above series for @> — z~ 2 , ff>'-\-2z~ z and f— z~ l is equal to the 
smallest of |2«|, |2w'| and |2»±2«'|; series for a converges for all z.) 


18.5.9 

18.5.10 

18.5.11 

18.5.12 

18.5.13 

18.5.14 

18.5.15 

18.5.16 

18.5.17 

18.5.18 


Values of Coefficients 3 c* in Terms of C 2 and c% 

C± = (%/3 
C5=3c 2 c 3 /11 
c 6 =[2c|+3ci]/39 
c 7 =2ctc 3 /33 

c 8 =5c 2 (lld+36cI)/7293 
c 9 =c 3 (29c!+11c!)/ 2717 
c 10 = (242 c 2 +1455c 2 c 3 )/240669 
=1 4c 2 c 3 (389c 2 +369c 3 ) /3187041 
Ci2= (1 14950c 2 +1080000c|c 3 +166617c 3 ) /891678645 
c 13 =10 c 2 c 3 (297c 2 +530c 3 )/1 1685817 


18.5.19 

18.5.20 

18.5.21 


18.5.22 


2c 2 (5 28770c®+716467 5c 2 c 3 +2989602c 3 ) 

!u (306735) (215441) 

4c 3 (62921815c 6 2 +179865450c 3 2 ci+14051367c 4 3 ) 
(179685) (38920531) 

c 2 (58957855c 2 +1086511320c|c|H-875341836c 3 ) 
(5909761)(5132565) 

c 2 c 3 (30171955d+126138075cfd+28151739c 4 ) 

(920205)(6678671) 


1541470 • 949003cS+30458088737 ■ 11554cj+122378650673 • 378dd+2348703 • 887777cg 
(1342211013)(4695105713) 

_ 2c 2 c 3 (3365544215c 2 +429852433 • 45cfcf+8527743477c$) 

Cl9 (91100295)(113537407) 


3 NOTES: 

1 . c 4 -cie were computed and checked independently 
by D. H. Lehmer; these were double-checked by 
substituting 32=20 c 2 , g 3 = 28 c 3 in values given in 
[18.10]. 

2 . Ci 7 Cjg were derived from values in [18.10] by 
the same substitution. These were checked (numer¬ 
ically) for particular values of g 2 , g 3 . 


3. ci» is given incorrectly in [18.12] (factor 13 is 
missing in denominator of third term of bracket); 
this value was computed independently. 

4. No factors of any of the above integers with more 
than ten digits are known to the author. Tliis is not 
necessarily true of smaller integers, which have, in 
many instances, been arranged for convenient use 
with a desk calculator. 



Value 4 of Coefficients a m . 


— 2-3-*5-59 












•107895773 












7 10 

-2*3- 5 23 

-2-3-*6-59 











•267.18049 

•107895773 











-2*3-6 

—2-3*6-23 

-2-3-*5-7 

8 10 

-2-3. 5 7 









•229-2683 

•257 

•181 1699 

•41-6047 










-18049 

•2803 

•4922497 









2-3*5 

-2*3*5-229 

— 2-3* 6 

—2*3* 5-7 

4 10 

-2-3. 5 7 








n *3103 

•2883 

•40570423 

•59-379 

•1321 











• 14201 

•1416536763 








2-3*5* 

2-3-5-9103 

-2-3*5-7 

* 8 

-2-3-5-691 

—2-3*6-ll'31 

—2-3**fi*7-23 

—2-3-5-7-19 






•31 


•13-37-41 

■83609 

•313-190387 

-263-4848963 

■1752686144977 






1 4 

* 2-3-23 

3 4 1 

2-3-5-31 

2-3-5-17 

-2*3*5-83 

-2-3*5-503 

-2-3-31 

—2-3-5-7-11-29 

—2-3-5-7-613 







• 109 

■3911 

•156217 

■315989669 

-83-1129-9551 

•17605225081 





2 ~ 2 

2-3-23 

2-3.5-53 

2-3-5-37 

-2-3*5-17 

4 T 

-2-3-61-151 

—2*3* 

-2-3-5-17-53 

-2-3-5-7*17 

> 7 I 

| 2-3-S-7 






•167 

•3037 

•653 

•2387260103 

-2957-41189 

•67-195651059 

■35866647631901 



1 3 

-23 

3*19 

2*3*311 

3*5-20807 

-2-3*11 

-3-17 

-2-3-7-13 

-3* 

-2-3.5-7*193 

3*7 







■2609 

•1578257 

-2742587 

-248882935409 

-13679-274973 

•89656603641079 


1 

-1 

i 

-3 

3-23 

3-107 

3-7-23-37 

3-313-503 

-3-7 

3-11-37 

-3-7-23-14387 

4 

-3-71 

-3-7-11-23* 

0 

l 

0 

1 


iA 

iU 

\u>pj\ 


•685973 

•257981 

•40763 

-176308760639 

-383-739-18539 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 


imm 


* Values of a... In ud factored form for 4rc»+6n+l<35 are given in [18.25], p. 7; of (a,. „)3~" In factored form in [18.15], Vol. 4, p. 89 for 4OT+6n+l<25. Additional values were computed and checked on 
desk calculators; primallty of large factors was established with the aid of SWAC (National Bureau of Standards Western Automatic Computer). 
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Reversed Series 6 for Large ( (P 1 

18.5.25 

2=i |^2«.+C2M S +CjM 7 u " 

+A (3«l+S<4)V’+ala S »' 5 +ff (12a?+7<4)«" 

+5| (<4+74)»'’+f (3al+10a|)w 21 

+^P (9«l+4ci)u* 

+^0 (33“l+180«t“t+10«»tt 26 
+^(11^+10^) vF 
+ ^9 (143<4+H55 a S a H-210a|)« M 
+ ¥§1 ( 143 “'+220 a ^+6«!)» 31 

+-$ (65 a t+728«|at+280a»« 33 
+iff (195«?+456a| a i+42aS)» st 
+ 2^7 ( 11 (| 5“S+ 1 6380aW+ ] 0920a|aS 
+168al)« 3, +?^ (85<4+280<4<4+56a»tt 31 ' 
+^j (ss^+e^Oai^+esooaiaH-sse^)^ 1 
+ l^3 ( 1615 “S+ 7140 ^+2520a|aH-24 a |)«« 
+ 0 (» ,t )]> 

18.5.26 where a 2 =g 2 /8 

18.5.27 a3 =g 3 js 

18.5.28 


Reversed Series for Large | (P , | 


18.5.29 

z—A l u+A 3 u b +A 7 u 1 +A g v?+ . . 

18.5.30 

where u=(ff> n,3 )' i e iT/3 

18.5.31 

Ax=2 1/3 

18.5.32 

1 

l 

18.5.33 

A — 4a 3 ^4i 

a 7 = 7 

18.5.34 

A g = 0 

18.5.35 

Au=8& 2 ci 3 Ai/11 

18.5.36 

^.a=i|p (a|+6a|) 

18.5.37 

A 15 =-96a|a 3 /175 

18.5.38 

Aij= _U^ (a|+l2al) 

18.5.39 

where fl& 2 —fif 2 /6, a 3 —g 3 j8 


Reversed Series for Large | f | 

18.5.40 

z=u+A h u b +A 1 u , -]-A g v! iJ r. . . 

18.5.41 

where w=f -1 

18.5.42 

At= — 8 2 (b 

18.5.43 

•o 

1 

II, 

18.5.44 

A g =blj7 

18.5.45 

4i=3WH 

18.5.46 

An= m (~ 8S ‘+ 7 ® 

18.5.47 

A 1s =-418Z5 3 /91 

18.5.48 

4,,= 9l63 ( 13495 ’ 3 - 4116 ® 

18.5.49 

^..=3^3 (1154315 3 —225685a) 

18.5.50 

where 8 2 —g 2 /12 

18.5.51 

53= <73/20 


6 In this and other series a choice of the value of the 
root has been made so that z will be in the Fundamental 
Rectangle (Figure 18.2), whenever the value of the given 
function is appropriate. 
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Other Series Involving (P 

Seriesnear z 0 [(P{za)—0] 

18.5.52 

3>=9>>[ 1 -3 c 1 u >-4 c 3 u >+ 1 -^ M 8 +ii^- 3 «“ 

+7ilM=5 £ |) M i ! _48|^ u ,.j +M 2 

+5ciM < +33c i c 3 M»+ 84c ’~ I0c ' 

. 5c 2 (55c|-2316c1)m 1 H ; 
i “ 143 J + ' " 

13.5.53 

where «=(s-s„), 5> 0 ' - '(s<,)=iVift 

18.5.54 

«= #>;[i>+a» ! +2aV+(2^+5a 3 ) r<+2 (3 
+l5giO>'J+lW)tf+2aX2g)' a '+7g l g>?+2W)i?‘ 

+(^^-+{gi+ 20*3} g^+i5a ! 0 s ^ ! +132a+ 

+ 15a(2s^V{^+6a 3 } 

+^V+t(1w+W 

+ {154a s +33pt} g)>4 + ?P 0 ^g3 @o +s72a ^ 

+J (3 {28a 3 +p|) (P?+Ug a f98a 3 +ffi} g>? 

+2002a 3 

+ 16016 afigzfp o ! +19448 a 9 ) e‘°]+ . . . 


18.5.55 where v= (P /(ff> „) 2 and a=$r 2 /4 
/Senes near o, 

18.5.56 


(£P -«0 = (3e?-5c 2 )w+ (10c 2 e 1 +21c 3 )« 3 +(7c 2 e? 
+21 c 3 e <+5cl)w 3 +(18c 3 e 2 +30c 2 e, 

+ 33c 2 c 3 )« 4 +^22cfe<+92c 2 c 3 e < +105^ 

-^) n 6 +^~ c2C 3 e 2 i+~- c£e<+84c§e < 


, 3405 45750 , , 25 A , , 

11 * ie,+ T43" C ^ + l3 C,, j“ + •••’ 


18.5.57 where u—(z—Ui) 2 

Other Series Involving {p' 

Series near Zq 

18.5.58 

({P'—{P 0 )=^ — 10c 2 n-56c 3 n 3 +30c^ 5 +264c 2 <f 3 u 7 

, (840cf—100c 3 ) 9 5452c§e 3 „ 

3 a —u 

, 70^(55^-2316c§) „"1 
^ 143 U J 

+ [P o£— 15 c 2 m 4 —28c 3 w 6 +30cin 8 +114c 2 c 3 w 10 

+7(12c2-5c2)w 12 -^^w u J+ ... 

18.5.59 where u= (z— z 0 ) 

18.5.60 

(z-z 0 )=A-bA*- S -^ ^4 4 +3(c 2 +6 2 )4 6 

+ 106^7> ^ 8 -3[36c 3 -3,0 o+4b*]A 7 
~~3{P o^-2“C 2 +216 2 ^1 8 +^ ^2856 2 c 2 

+100(^-279^ ' 2 6+1326 4 ^ 9 + ... 

18.5.61 where A= ({p ff> „)/(— 10c 2 ) 

18.5.62 and b=AgJg 2 
Series near co { 

18.5.63 

^>'=2(3e?-5c 2 )a+4(10c 2 e < +21c 3 )a 3 +6(7e 2 e? 

+21 c 3 e, +5c 2 ) a 6 +24 (6c 3 e? +1 Oc^e, 

+ llc 2 c 3 ) a 7 +lo(22c 3 e?+92c 2 c 3 e<+105^ 

-^f) a 9 +24 c 2 c 3 e?+^cfe, 

+42c§e,+^ c§c 3 ) a“+70 cfe? 

+18 ^ 3e <+HT c ^+i3 4 ) a 

+ ..., 

18.5.64 


where a=(s—w<). 
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Other Series Involving f 

Series near zo [0 ( 20 )=0] 


18.5.65 

r 


19C2C3W 12 

22 


u 2 1 c 2 u 6 c 3 u 8 cju 10 
2 i ~ 2 2 3 

, (5c 2 —12c 2 ) „. 14 , 61cfc 3 M 16 1 , r^u 3 
+ 26 U + 66 _TL 3 


. 7c 3 ^ 5 __ 

T O 7 


5cju 7 

7 


llc 2 c 3 tt 9 , (104—84c|) 


33 


, 1363c 2 2 c 8 la , c 2 (2316c 2 —55c|) ^ 
+ 429 U 429 




18.5.66 where u — {z— Zo ), 

18.5.67 fo=f(so) 

Series near a>< 

18.5.68 

/fc x (3c 2 —5c 2 ) , (10*e,+21*y 

(f—Ti) ——- 3 -^- 5 - 

(7c 2 c 2 +21c 3 c < +5c 2 )o! 7 

7 

(6c,^+10^e«+llg>c,)af 

3 

^22c^?+92c 2 c 3 c t +105ci-y c 3 ) a 11 

n 

2 /364 , . 110 3 . . 

—13 VTT — 3 ~ c * c j +42csc< 

+ Tr^‘ + Tf c ^ cS ) 

18.5.69 

where a=(z— w*) 


Reversed Series for Small |j| 


18.5.70 

__,72 « ,73 7 I 37a 0 

*-*+J++Y* + U* 

1 197273 n , 3842yg+861^ „ 

+ 55 + 6006 + * • * ’ 

18.5.71 where y s =g 2 /48 

18.5.72 73=W120 

For reversion of Maclaurin series, see 3.6.25 and 
[18.18]. 


18.6. Derivatives and Differential Equations 


Ordinary 

(c 2 =0 2 /2O, c 3 =g s /28) 

18.6.1 

f'( 2 ) = -0( 2 ) 

18.6.2 

a'(z)/a(z)=t(z) 

18.6.3 



g>'\z)=4g>\z)-Q*g>{z)- gz =4< < g>*-5c 2 g>-7c 2 ) 

18.6.4 0"(z)=60 2 (z)-*<7 2 =60 2 -1Oc 2 

18.6.5 g>'"(z) = i2g>g>' 

18.6.6 

g> (i) (z)=\ 2 (g>g>"+g>'g>') 

=5! [+ 3 -3 \ c a g > -+?] 

18.6.7 

rp w (z)=wupg>"'+23>'!P'’+3>’'&') 

=3-5!#>'[0 ! -cJ 

18.6.8 

[p™{z)=\2(g>g>^+zg>' g> ,n +8g>" g>" 

+ 0 '" 0 ') 

18.6.9 =7![0 4 -4c 2 0 2 -4c 3 0+54/7] 

18.6.10 0 ™ (z)= 4-7! 0 '[0 3 -2c 2 0 -c 3 ] 

18.6.11 

0 (8) (z)=9![0 6 -5c 2 0 3 -5c 3 0 2 

+(1Oc 2 0 + 11c 2 c 3 )/3] 

18.6.12 

0 (9) ( 2 )= 59 !^'[ g> 4 - 3 c 2 g> 2 - 2 c 3 g> + 24/31 

18.6.13 

0 (lo) (z) = ll![0 8 -6c 2 0 4 -6c 3 0 3 +740 2 

+ (342c 2 c 3 0 +84c|—10c 2 )/33] 

18.6.14 

0 (11) (s)==6-ll!0'[0 5 -4c 2 0 8 -3c 8 0 2 

+ (7740+57c 2 c 8 )/33] 

18.6.15 

0 <12 > (2) = 13![ 0 7 - 7c 2 g >• - 7c 3 0 4 +354 0 3 /3 
+210c 2 c 3 2 /l 1+ (844- 354) 0/13- 1363cW429] 

18.6.16 

0< 13 > (z) = 7 • 13! 0'[ 0 6 -5c 2 0 4 — 4c 3 ,0 3 

+54 0 2 +6Oc 2 c 3( 0 /11 + (124-54)/13] 

18.6.17 

0 (14) (s) = 15! [0 8 — 8c 2 0 6 — 8c 3 0 5 +524 0 4 /3 
+ 328c 2 c 3 0 3 /l 1 + (4444-3284) 0 2 /39 

-4884^3 0 /33+c 2 (554-23164)/429] 

18.6.18 

0 (1W (z)=8* 15 !0'[ 0 7 — 6c 2 0 6 — 5c 3 0 4 +2640 */3 
+ 123^, 0 2 /l 1 + (1114-824) 0 /39—614c$/33] 
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Partial Derivatives with Respect to Invariants 

18.6.19 

18.6.20 

A ^=0>' (“| Sf 3 f+^)-^ 3 ^ 2 +| G> +| 929z 

18.6.21 

H-i z (vgs Q> +\9i)—\ 92 (P ' 

18.6.22 

A d & = 2 f ( 9p3 ^ + 2 P2 ) 

ffcz fif 2 i? +| 9?)+\ 9* 0 >' 

18.6.23 A ^=| 02<r'' +| 03*+g fiW*' 

18.6.24 

A §T“i **"“£ *HI M3 " V+ i *»' 

here ' denotes 

Differential Equations 

18.6.25 

Equation Solution 

3/'*=»*(»-«)' Hl + B 3 >‘’ (|i 0. -^) 

18.6.26 

^-GMta^+ar)* y= a _ 35 ,' 2 ( S ;o, Ss )’ 

__4—3a 2 

^3 - 27 

18.6.27 

y ,4 =^P (y+o) 2 (y+6) 3 y=6(P*(z', 92, 0)—6, 

f7a=—§ (a—6) 


y"=z[aff> (z)+b]y (Lamp's equation)—see [18.8], 
2.26 

For other (more specialized) equations (of 
orders 1-3) involving £P{z ), see [18.8], nos. 
1.49, 2.28, 2.72-3, 2.439-^40, 3.9-12. 

For the use of (P (z) in solving differential equa¬ 
tions of the form y fm +A(z,y)=0, where A{z,y) is 
a polynomial in y of degree 2m, with coefficients 
which are analytic functions of z , see [18.7], 
p. 312ff. 

18.7. Integrals 

Indefinite 

18.7.1 fjf7>\z)iz=\(P’(z)+{^g,z 

18.7.2 §g>'<fi)iz=^ t a> 

(formulas for higher powers may be derived by 
integration of formulas for (J> (2k) ( z )) 

For f @> n (z)dz, n any positive integer, see 
[18.15] vol. 4, pp. 108-9. 

If G> '(a) *0 

18.7.3 

SH C dz 

9 ,{a) J 0 (*)-£> (a) 

=2z{(a)+]n <r(z — a) —In <r(z+a) 

For fdz/[ g>{z)-0> (a)]", ((P '( a) ^ 0 ) n any posi¬ 
tive integer, see [18.15], vol. 4, pp. 109-110. 

Definite 

A>0 A<0 

18.7.4 

__ f “ dt __ f " Jt_ 

“ - J, W) U2 'k W) 

18.7.5 

. . f*3 dt f* 2 dt 

18.7.6 


18.7.7 


where t is real and 
s(t)=4t s — g 2 t-g z 
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18.8 Conformal Mapping 

w=u+iv 


A>0 

w =g)(z) maps the Fundamental Rectangle 
onto the half-plane w<0; if lco'| = a)(^3=0), the 
isosceles triangle 0wo> 2 is mapped onto u> 0, ^<0. 

maps the Fundamental Rectangle 
onto the w-plane less quadrant III; if |o/l=w, the 
triangle 0coa> 2 is mapped onto fl>0, v>u. 


A<0 

w=&(z) maps the Fundamental Rectangle 
onto the half-plane v<0; if |co 2 | = w 2 (sf3=0), the 
isosceles triangle 0w 2 w' is mapped onto ^>0, 
y<0. 

w=(J) '(z) maps the Fundamental Rectangle 
onto most of the w-plane less quadrant III; if 
|&4|=« 2 , the triangle 0w 2 a/ is mapped onto v>0, 
v>u. 


(a =period ratio) 


w=t(z) maps the Fundamental Rectangle onto 
the half-plane m>0 . If a <1.9 (approx.), v<0; 
otherwise the image extends into quadrant I. 
For very large a, the image has a large area in 
quadrant I. 

w=<t(z) maps the Fundamental Rectangle onto 
quadrant I if a <1.9 (approx.), onto quadrants 
I and II if 1.9<a<3.8 (approx.). For large 

7T^(Z 

a, arg[<r(w 2 )] i consequently the image winds 
around the origin for large a. 

Other maps are described in [18.23] arts. 13.7 
(square on circle), 13.11 (ring on plane with 2 
slits in line) and in [18,24], p. 35 (double half 
equilateral triangle on half-plane). 


w=$(z) maps the Fundamental Rectangle onto 
the half-plane u>0. The image is mostly in 
quadrant IV for small a, entirely so for (approx.) 
1.3 <a <3.8. For very large a , the image has a 
large area in quadrant I. 

w=a(z) maps the Fundamental Rectangle onto 
quadrant I if a<3.8 (approx.), onto quadrants I 
and II if 3.8<a<7.6 (approx.). For large 

a, argj^<r^a) 2 +^J«^; consequently the image 
winds around the origin for large a. 

Other maps are described in [18.23] arts. 13.8 
(equilateral triangle on half-plane) and 13.9 
(isosceles triangle on half-plane). 


Obtaining > from Q) 


Fundamental Rectangle 

A > 0 

FUNDAMENTAL RECTANGLE 


Fundamental Rectangle 

A < 0 

FUNDAMENTAL RECTANGLE 




Figure 18.4 

In region A I n re gion A 

) ^0 if y<4 andz<.5; >0 elsewhere (1) If 1.05, use criterion for region A for 

A>0. 

(2) If 1 <a<1.05: &(&>') >0 if y>A and 
x<A, — ir/4<aig (#*')<3?r/4 if -4<y<.5 and 
.4<s<.5. ')> 0 elsewhere 
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In region B In region B 

The sign (indeed, perhaps one or more significant Use the criterion for region B for A>0. 
digits) of is obtainable from the first term, 

—2/z 3 , of the Laurent series for (p '. 


(Precisely similar criteria apply when the real half-periods 1) 




0 .5 1.0 * 
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18.9. Relations with Complete Elliptic Integrals K and K' and Their Parameter m 
and with Jacobi’s Elliptic Functions (see chapter 16) 

(Here K(m ) and K'(m)—K(l—m) are complete elliptic integrals of the 1st kind; see chapter 17.) 


18.9.1 


A>0 

(2—m)K 2 (m) 

3« 2 


A<0 


3i4 


K*(m) 


18.9.2 


_ {2m—\)K 2 {m) 
2 3o> 2 


2(1-2 m)IC(m) 
3c4 


18.9.3 


3o> 2 


-S3- ir(m) 


18.9.4 


4(m 2 — m+\)KXm) 

9l ~ 3w* 


_ 4(16ro ! -16m+l)ff‘(m) 

3(4 


id n c _ _4(m—2)(2 to— l)(m+l)X®(m) 
18 * 9 * 5 - 27 ?- 


03 = 


8(2m-l)(32m 2 -32m-l)K fl (m) 

27(4 


18.9.6 


A _16m 2 (m-l) 2 iT 2 (m) 
^ 12 


A _ -256(m-m 2 )g 12 (m) 


18.9.7 

18.9.8 

18.9.9 

18.9.10 

18.9.11 


, iK'(m)u) 
K(m) 


" 2 ~ K{m) 
o>2=K(m)IH\ 12 


(a—K (m) / (ex—e 3 ) 1 /2 
m= (e 3 -e 8 )/(ei-€ 3 ) 

[0<m<J, since gr 3 >0] 

^(2)=e 3 +(gi—e 3 )/sn 2 (2*|m) 

18.9.12 

^'(2)=-2(€ 1 -e 3 ) 3 / 2 -cn(s*|m)dn(2*|m)/sn 3 (2*tw) 0>'( 2 )= N)dn(g / jm ) 

where 


_1 3e 8 

2 4H 2 


^<->-..+aS3S 


where 


[1—cn(3 / |m)] 2 
z'=2zHl 13 

18.9.13 [SE(m)+(m-2)K(m)\ ti2=U^)=~^[GE(m)+(4m-5)K(m)] 


z*=(ei—e 3 )t2 


18.9.14 


, /\ Vw'—fari 

V = f(«)=-— 


1?2=f(<4) = 


3(02 
i7 2 (o 3 —yi 

(i>2 


[E'(m) is a complete elliptic integral of the 2d kind (see chapter 17).] 
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18.10. Relations with Theta Functions (chapter 16) 

The formal definitions of the four d functions are given by the series 16.27.1-16.27.4 which converge 
for all complex z and all q defined below. (Some authors use ttz, instead of z, as the independent variable.) 
These functions depend on z and on a parameter q , which is usually suppressed. Note that 

#(O)=«MO)0,(O)0 4 (O), where i><(0)=tf<(0, q). 



A>0 

A<0 

18.10.1 

T = Ci//w 

T 2 = <4/2(02 

18.10.2 

q=e irr =e~ vK ' IK 

q=iq 2 =ie irT i=ie~ T ^ "! l/2 "2 

18.10.3 



q is real and since 0 3 >O(|a/|>«), 0 < 2 <e -T 

2 is pure imaginary and since p 3 > 0(|coa| > 023 ), 
0<|3l <«-'' 2 

18.10.4 

(v=ttz(2<o) 

(v—tz/ 2wa) 

18.10.5 

g>U)- e< +^ 

6 j+ 4co 2 U + 1 (0)^(,)J 



j= 1,2,3 


18.10.6 

7T* 0 ) 

^ yz) 4 « 3 d,(O)0 3 (O)* 4 (O)*i 8 (f>) 

W 4«i t? 2 (0)t? 3 (0)^(0)t? 1 3 (u) 

18.10.7 

v 2 1 

«, + 2c*tf.(i0 

18.10.8 

, v 2(0 ( 1 JZ 2 \ &i(v) 

^ )= 7 ex py®i 

✓ . 2 o > 2 /i? 2 z 2 \ #i(p) 

18.10.9 

12 w 2 e 1 =w 3 [t>3(0) +^ 4 ( 0 )] 

12o>le,=7r 3 [t»i(0>—t»i(0)] 

18.10.10 

12 w 2 6 2 =7r 2 [^(0)-d 4 4 (0)3 

12uJ«j=iHI»S(0)+tf}(0)] 

18.10.11 

12 o>*e 3 = —7r 2 [t?|(0) +t>t(0)] 

12 uS«i-^[^(0)+t>j(0)] 

18.10.12 

(e 2 — e 3 )*= — i(e a — « 2 )*=^#£(0) 

(e 2 e 3 ) i =i(e 3 —e 2 )*~ 2 ^p^i( 0 ) 

18.10.13 

( ei -e3)i = _i(e 3 -ei)i=^I(0) 

0) 

18.10.14 

(€ 1 - 62 )*=—*(<*—«i)*=^i(o) 

(« 2 “■ «i)*= — 1 —e 2 )*= 2 ^^ 4 ( 0 ) 

18.10.15 

<fe=^( 0 i>>; (o) +tfs (o) +<w )| 

ffc=i(^)w° ) +* |(o) +<w )i 

18.10.16 

P3=4ei6 2 ^3 

gi3=4«iC 2 e3 

18.10.17 

A>=^W0) 


18.10.18 

v ^ i2«t>;(o) 

* a) 12«at?;(0) 

18.10.19 

( 0 

/_„/ f\ 12 <02—wi 
>Ij z fW = 

<02 
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Series 

18.10.20 

0 ,( 0 ) =0 

18.10.21 

tM0)=2 2 ‘[l+ 2 1 ' !! +2 ! ' 3 +2 3 ' 4 + . . . +j"<“+‘> + 

18.10.22 

■>3(0) = 1+2[«+s 4 + 2 *+ .. . +2» ! + . . •] 

18.10.23 

tf i (0) = l+2[-( ! + 2 '- 2 t + . . . +(-l)V+ ■ 


Attainable Accuracy 


A>0 A<0 

Note: d,(0)>0, j=2, 3,4 Note: MO)=Ae ir/8 , A>0; 

^M0)>0; M0) = M0) 

tfj(0): 2 terms give at least 5S 2 terms give at least 3S 

j—2, 3,4 3 terms give at least llS 3 terms give at least 5S 

4 terms give at least 21S 4 terms give at least 10S 

18.11 Expressing any Elliptic Function in Terms of (P and [P ' 
If j(z) is any elliptic function and (p (z) has same periods, write 


Since both brackets represent even elliptic functions, we ask how to express an even elliptic func¬ 
tion g(z) (of order 2k) in terms of Cp {z). Because of the evenness, an irreducible set of zeros can be 
denoted by a t (i— 1, 2, . . . , k) and the set of points congruent to —a t (i= 1, 2, . . . , k); correspond¬ 
ingly in connection with the poles we consider the points ±b i} i=l, 2, . . . , k. Then 


18.11.2 


g(z)=A rr| 




>■ 


where A is 


a constant. If any a t or b t is congruent to the origin, the corresponding factor is omitted from the 
product. Factors corresponding to multiple poles (zeros) are repeated according to the multiplicity. 


18.12. Case A=0(<C>0) 

Subcase I 

18.12.1 0 2 >O, 0 3 <O: (e 1 =e 2 =c, e z ~—2c) 

18.12.2 H 1 = tf 2 = 0 , H 3 =Sc 

18.12.3 

g>(z; 12c 2 ,—8c 3 )=c+3c{sinh [(3c)*2]}~ 2 

18.12.4 

r(s; 12c 2 ,-8c 3 ) = -c2+(3c)* coth [(3c)*2] 

18.12.5 

a(z; 12c 2 ,-8c 3 ) = (3c) -1 sinh [(3 c)h]e- c ‘ 2/S! 

18.12.6 «=co, o/= ( 12 c)~* 7 ri 

18.12.7 ,=$■(«) = _<*> 


18.12.9 

g=l, m— 1 

18.12.10 

o-(o>)=0 

18.12.11 

, , N 2co'c t2/24 
'(" )= » 

18.12.12 

T 

o 

18.12.13 

g>(«/2)=c 

18.12.14 

#>'(<o/2)=0 

18.12.15 


18.12.16 

<r(«/2)=0 

18.12.17 

S>W! 2)=-Se 

18.12.18 

^'(-7 2 )=i^ 


18.12.8 


l?' = f(«')= — CU>' 


18.12.19 


f(« 72 )=K—cw'+jt/w') 
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18.12.20 

, o>V s '»V3 

<K W /2)— 

T 

18.12.21 

l7> (w 2 / 2 )=c 

18.12.22 

#>'(co 2 /2)=0 

18.12.23 

r( W 2 / 2 )=-«-^ 

18.12.24 

<r(w 2 /2)=0 

Subcase II 


18.12.25 


02 >O, 0 3 >O: (ei=2c, e 2 =e 3 =—c) 

18.12.26 

Hi— 3c, H 2 =H 3 =0 

18.12.27 @( 

z; 12c 2 , 8 c®)=—c+3c{sin [(3c)*z]} 

18.12.28 


f(z; 12 c 2 , 8 c 3 )=c 3 +( 3 c) i cot [(3c)*z] 

18.12.29 


<r(z ; 12c 2 , 8 c 3 ) = (3c)"i sin [(3 c)*z]c m2/2 

18.12.30 

(i)— (12c) * 7 T, 

18.12.31 

7J = f( 0 ))=C 0 J 

18.12.32 

v'={(<*') =i<*> 

18.12.33 

o 

II 

s 

© 

II 

Ol 

18.12.34 

, \ 2 wc ,2/24 

<r(w) = 

IT 

18.12.35 

<r(w')= 0 

18.12.36 

<r(w 2 )=0 

18.12.37 

3> (co/2) = 5c 

18.12.38 


18.12.39 

f(i»/ 2 )=J(cai+jr/o)) 

18.12.40 

, , ON e’ t ' K uj2 

7T 

18.12.41 

(P (<*'/% ) = —c 

18.12.42 

"io 

T 

o 

18.12.43 

f(a>72) = +i°° 

18.12.44 

<r(a> , / 2)=0 

18.12.45 

^)(W 2 ) = -c 


18.12.46 

#>'(«2/2)=0 

18.12.47 

f(w 2 /2)=y+ioo 

18.12.48 

ff(« 2 /2) =0 

Subcase III 


18.12.49 0 2 = 

=0, y 3 =0(c!=c 2 =c 3 =0) 

18.12.50 

,#>(z;0, 0) = z -2 

18.12.51 

f(z;0, 0) = z- 1 

18.12.52 

<r(z; 0, 0) = fc 

18.12.53 

o>= —= 


18.13. Equianharmonic Case (g 2 =0, g 3 =l) 

If g 2 =0 and 0 3 >O, homogeneity relations allow 
us to reduce our considerations of Q> to@>{z\ 0, 1) 
((p', f and <r are handled similarly). Thus 
{P(z;0,g 3 )=gl /!1 {P W 8 ;0,1). The case g 2 =0, 
^3=1 is called the EQUIANHARMONIC case. 

| FPP; Reduction to Fundamental Triangle 
AissAOw 2 2 o is the Fundamental Triangle 
Let e denote e ir/3 throughout 18.13. 
o>2« 1.5299 54037 05719 28749 13194 17231® 



* This value was computed and checked by multiple 
precision on a desk calculator and is believed correct to 
30S. 
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Reduction for z 2 in A 2 : Zi=ez 2 is in A x . 

18.13.1 0(2 2 ) = *- 2 0(zi) 

18.13.2 (P'(zi) = -(P '(2 1 ) 

18.13.3 r(s 2 ) = € _1 F(2 1 ) 

18.13.4 a(z 2 ) = ea(z l ) 

Reduction for z 3 in A 3 : Zi=e~ 1 (2( t )'—z z ) is in Ai 

18.13.5 ^(z 3 )=e- 2 ^(zi) 

18.13.6 £>'(z 3 )=0'(z i) 

18.13.7 i-( 28 ) = -6- 1 f(3 l )+2»? / , i'=r(«0 

18.13.8 <j{z z ) — e<r{Zi) exp [(z 3 —w')(27?')] 

Values at Half-periods 


Special Values and Formulas 


18.13.9 


> 

11 

1 

ffl =V3(4-«);, 


ff 2 =V3(4->«), 

18.13.10 

m=sin ! 15°=^ 

4 

18.13.11 

t> 2 (0)=^' /8 

18.13.12 

t> 3 (0)=^<? <,r/24 

18.13.13 

i> 4 (0) =i4.e _<W24 

18.13.14 



g=te 


-*VS/2 


where ^4= «1.0086 67 

18.13.15 Ul= K^!l = ^m 



y> \ 

1 . 0 ' 

f 

a 

18.13.16 





W = Ml 

e , = 4-i/* e J 

0 

7J = €7t/2<0 2 V3 

«”V(to 2 ) 

18.13.17 





co 2 

e 2 = 4- 7 /* 

0 

173= 1 J +V = t/2w 2 V3 

e r/4V»(3I/3) 

3* 

18.13.18 




«'-«3 

g3 = 4-l/3 6 -3 

0 

V = e - 1 ir/2wjV3 

t<r (w 3 ) 

18.13.19 





0 }/ 

e 2 —4 _1/ * 

0 

172 ' = — irt/2w 2 = v'~V 

zc Sr/4V8(2 ,/ *) 

3* 


Values 7 along (0, w 2 ) 




fP f 

r 

O’ 

18.13.20 





*2« 2 /9 

18.13.21 

« 2 /3 

18.13.22 

cos 80° 

— V3[^cos 20°+^cos 40°] 



v'cos 20° — 'V / cos 40° 

1 /( 2 1 /J- 1 ) 

v'cos 20° — ^cos 40° 

-V3(2‘/»+l)/(2^'-l) 

172 , V3(2*/* + 2 + 2 ^) 

3 ' 6 

e r/ 8 #V 8 W2I/3-1 

31 /# "V 2 1/3 + 1 

4w 2 /9 

18.13.23 

« 2 /2 

18.13.24 

"v'cOs 40° 

- V3[ ^cos 20 ° + cos 80°] 



^cos 20° - V'COS 80° 

e 2 +tf 2 

■^cos 20 ° — v'cos 80° 

-W2+V3 

(ir/4w 2 V5) + (3 ,/4 V2+ V^/ 2 4/3 ) 

e T/i 6 VF( 2 ‘/ 11 ) 

3 1/4 V 2 +V 3 

2o> 2 /3 

1 

-V3 

|(i, 2 ) + 3~»/» 

e »/ 9 V 3 / 31/8 

18.13.25 





8w 2 /9 

"^cos 20 ° 

— V3[^coe 40° — cos 80°] 



^cos 40°+ v' cos 80° 

cos 40° + v' cos 80° 




7 Values at 2« 2 /9, 4w 2 /9 and 8w 2 /9 from [18.14]. 
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Values along (0, z 0 ) 



9 

9 ’ 

r 

O' 

18.13.26 

Zo/2 

— 2 1/3 «* 

3* 

[- +2 -„] e -w. 

gr/12 VJgtir/8 

3‘/* 

18.13.27 

3*o/4 

18.13.28 

zo 

1 

%1 o 

i(3» /4 )V2~V3 

i 

^ r * /§ 

e 3r/16 

31/4^2-V3 

e T/sVs. e »r/« 


Duplication Formulas 

18.13.29 

18.13.30 ffl'(2 g )= 2g>,(a [ ) ~ 1 °^ 3 3(2) ~ 1 

18.13.31 f(22)=2f(2)+^^ 

18.13.32 <j(Zz)=-g>'(z)a\z) 

Trisection Formulas (* real) 



where tan 4>={P'(x), 0<aj<2a) 2 and we must 
choose <j> in intervals 

/ 7r 7r\ / tt 3 ir\ /37t 5 ir\ 

(.“a’aHa ’ T>( 2" t) to get 
® (I) ® (|+x) & (! + x) re8pectively - 

Complex Multiplication 

18.13.35 ff>{tz) = t~ 2 g>(z) 

18.13.36 g>'(ez) = -g>'(z) 

18.13.37 t(<z) = 

18.13.38 <r(ez) = ta(z) 

In the above, e denotes (as it does throughout 
section 18.13), e irlz . The above equations are useful 
as follows, e.g.: 

If 2 is real, tz is on 0«' (Figure 18.11); if tz 
were purely imaginary, z would be on 02 0 (Figure 
18.11). 


Conformal Maps 
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Coefficients for Laurent Series for @>, (p' and f 

(c„=0 for m^3k) 


k 


EXACT c 3 * 


APPROXIMATE c s * 


1 1/28 

2 1/(13.28*) = 1/10192 

3 1/(13-19-28*) = 1/5422144 

4 3/(5- 13 s -19-28 4 ) = 234375/(7709611X10 8 ) 

5 4/(5-13*-19-31-28»)=78125/(16729 85587X10 8 ) 

6 (7'43)/(13*-19*-31-37-28*) 

7 (6-431)/(5-13».19*-31.37.43-28 7 ) 

8 (3-7-313)/(5*.13M9*-31-37-43-28*) 

9 (4-1201)/(5*-13 4 -19*.31.37-43-28 B ) 

10 (2*-3-4M823)/(5-13*.19*-31*-37-43-61-28“) 

11 (3.79.733)/(5.13*-19»-31*-37-43-61-67-28 11 ) 
3-1153-13963-29059 
5 3 -13 8 -19 4 .31*-37*.43-61-67.73-28 1 * 

2»-3*-7-l 1-2647111 _ 

5*-13 8 -19 4 -31*-37*-61-67-73-79-28 1 * 


3. 5714 28571 42857 

9. 8116 16954 47409 

1. 8442 88901 21693 

3.0400 36650 35758 

4. 6697 95161 83961 
6 . 8662 18676 79393 
9.7990 31742 57961 
1.3685 06574 79360 

1. 8800 72610 01329 

2. 5497 66946 68202 

3. 4222 48599 51463 

4. 5541 38864 99184 

6.0171 15776 98241 


. . . xio-» 

73312 40188X10-* 
55885 78983X10" 7 
61350 20301X10-“ 
00384 33643X10-“ 
36788 98X10-“ 
41839 66X10-“ 
13026 87X10-» 
79236 40X10-* 4 
63683X10-** 

05316X10-*° 

30391X10-** 

99591X10-** 


First 5 approximate values determined from exact values of c 3 t; subsequent values determined by using exact ratios 
c 3 t/c 3 t- 3 , using at least double precision arithmetic with a desk calculator. All approximate c's were checked with the 
use of the recursion relation: c 3 —c 2 7 are believed correct to at least 21S; c 3 o —c 3S are believed correct to 20S. 


Other Series Involving (P 

Reversed Series for Large | fP \ 

18.13.39 

s= ( (L -iw« f 1 + !A s A" + “ 

' |_ + 7 + 26 + 38 + 40 + 248 

. 231«* , 420u 7 , .. .."I 
+ -592-+W +0( “ ) i 

18.13.40 where u— lJ> ~ z (8 and z is in the Funda¬ 
mental Triangle (Figure 18.11) if has an appro¬ 
priate value. 

Series near * 0 

18.13.41 

® = i “[ 1 -y+iT|+“{-i+3+ 0 < u ") 

18.13.42 

u=-i #>[i+^ 3 +^-”+2 ff»+ 7 -^p ’+o(5>“)} 

18.13.43 where u=(z—z 0 ) 

Series near co 2 

18.13.44 

(#>-e 2 )=3e|it ** 

+l xl +^‘+W7 X,+0 ^] 

18.13.45 where u=(z —o^) 2 , x~e 2 u 


18.13.46 

u=e 2 1 | w b 

18.13.47 where w =(5 ) -« 2 )/3e a 

Other Series Involving 

Reversed Series for Large | (ft ' \ 

18.13.48 

z^v»(g> '■/•)->,<.« (9')-‘ 

+117 

z being in the Fundamental Triangle (Figure 18.11) 
if ' has an appropriate value. 

Series near z 0 

18.13.49 

UP'-i)=x a; 2 +|g 

18.13.50 where x=(z—z 0 f 

18.13.51 *=2a[l-ia-^+^+0(a 4 )]> 

18.13.52 where 4) 
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18.13.53 


Series near «2 

, 24 


g>'= 6ef(s-«i) [l+2ti+3^+^ 

+y» , +Y 

18.13.54 where 0 =^( 2 —« 2 ) 2 

18.13.55 

(s- M! )=( #>'/&?) [,- 2w+ ^-f 


w 3 


+330w‘-2268«)‘+?^^ ro^OCw'jJ, 


18.13.56 where w=£2>' 2 /9 

Other Series Involving f 

Reversed Series for Large |f) 


18.13.57 


-r'H+S-S+H' 


18.13.58 

18.13.59 


7=r 6 /2o 

Series near z 0 


,. . . .r W 2 . W 8 3li 14 1 . ru 6 I r\f m 

(f 2 + 56 5096J+L8 308_| + ^ tt 

18.13.60 where u=(z—Zo) 

Series near a >2 

18.13.61 

(f—172)= — W 2 ) + ^ » 2 + ^ « 3 +y ® 4 

+*i ^+5? * 7 +W)]> 


18.13.62 

18.13.63 


1 77 1 91 1 637 

v=e a (z—u > 2 ) 


( 2 _ W2 )=l£—£l-w+ 


12w 2 267-w? 3 , 139w 4 


18.13.64 


18.13.65 


35 

30192W 8 1634208 
275 + 3575 

W=(f-T? 2 ) 2 /« 2 

Series Involving 0 


^+0(W 7 )J» 


2-3 . 2 3 -3 3 13 . 2®*3 4> 23 

w**+^r z * 


, 2 7 -3®-5 2 -31 * , 2 8 -3 8 *5*9103 „ 
+ —25^ g + - 31! 2 


2 12 -3 9 *5-229-2683 


s 37 


37! 

2 14 -3 10 -5-23-257-18049 * 

43! 2 

2 l5 -3 12 -5-59-107895773 

49! 


2 49 +0(2®®) 


18.13.66 

, <r 7 , 41<r 13 13-337 cr 19 

2 a ^"2 3 -3-5-7^~2 7 -3 2 -5 2 -ll-13~^2 10 -3 4 -5 3 -ll-17*i9 

■ 31-lQlo- 2 ® an 

^2 l8 .3 s -5-ll 2 -17.23 + ^ ; 

Economized Polynomials (0<* < 1.53) 

18.13.67 x 2 g>{x)=J^a n x^-\-t{x) 

0 

| € (x)|<2X10~ 7 

Oo=(-1)9.99999 96 a 4 =- (-9)2.20892 47 

a x = (-2)3.57143 20 a 5 =(—10)1.74915 35 

a 2 = (-5)9.80689 93 a 6 =-(-12)4.46863 93 

a 3 = (-7)2.00835 02 

18.13.68 i?g>'(x)=T l a n x 6n +€(x) 

|€(z)|<4X10- 7 

a 0 =-2.00000 00 a 4 =-(-9)2.12719 66 

<*!=(—1)1.42857 22 a 5 =(-10)6.53654 $7 

a 2 = (-4)9.81018 03 a # =-(-11)1.70510 78 

o 8 =(-6)3.00511 93 

18.13.69 xf(z)=Sa»^ n +e(x) 

|e(x)i<3X10" 8 

flo=(-1)9.99999 98 a 4 =(-10)6.12486 14 

fll =-(-3)7.14285 86 a 5 =(-ll)4.66919 $5 
a 2 = — (—6)8.91165 65 a e = (-12)1.25014 65 
a 3 = — (—8)1.44381 84 
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18.14. Lemniscatic Case 

(02=1, 03 = 0) 

If 0 2 >O and 03=0, homogeneity relations allow 
us to reduce our consideration of to (J> (s; 1, 0) 
(&>', f and <7 are handled similarly). Thus ( z ; 
02, O)=0 2 *0W; 1, 0). The case 0 3 =1, 0 3 =O 
is called the LEMNISCATIC case. 


u> (= |cj 3 )= ICl> 



Figure 18.13 


JFPP; Reduction to Fundamental Triangle 
Ai = A0wo>2 is the Fundamental Triangle 
1.8540 74677 30137 192 8 
Reduction for z 2 in A 2 : z x —xz 2 is in Ai 

18.14.1 #>(2») = -0(2i) 

18.14.2 g>'{z2)=i&'(zi) 

18.14.3 r(^) = -tf(2i) 

18.14.4 <r(2*)=t?(«i) 

Special Values and Formulas 

18.14.5 

A—1, Hi=H 3 =2-i, H 2 =i/2, 

to= sin 2 45°=L q~e~ r 

18.14.6 t? 2 (0)=t> 4 (0)=(«V2/7r)*; t? 3 (0)=(2co/7r)* 

18.14.7 a)=if(sin 2 45°)=j -|^=-^ where 

25« 2.62205 75542 92119 81046 48395 89891 11941 
36827 54951 43162 is the Lemniscate constant 

[18.9] —T-— 

8 This value T vm «t6g*^ind**check id by double 
precision methods on a desk calculator ai.d is believed 
correct to 18S. 


Values at Half-periods 



G> 

0' 


ir 

18.14.8 

W = W1 

*-» 

0 

ij=t/4w 

e ,/8 (2 1/4 ) 

18.14.9 

«J*=Z0 

ej = 0 

0 


e' /4 (V2)e»' /4 

18.14.10 

w'*=w 3 

e.= -i 

0 

4o) 

te'/8(2i/<) 


V 

uvv 


Values along (0, u>) 



0 

0' 

f 

a 

18.14.11 





co/4 

^(Va+2 1/4 ) (1 + 2 I/4 ) 




18.14.12 

co/2 

18.14.13 

a/2 

— a 

A + eL_ 

8co 2V2 

e T/3J(21/W) 

2co/3 

18.14.14 

iVl + sec 30° 

“ ^273+3 

V3 

2v + jg>(2c»/3) 

3 V 3 

gx/18(31/8) 

(2+V3) l/1 * 

3«/4 

| ^(V^-2 i )(l + 2 l ) 




a=l+V2 
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Values along (0, z 0 ) 



9 


r 

- 

18.14.15 

2o/4 

18.14.16 

— ^(a + V2a) 

a(V^+V 2)e^‘ 


c t/M(21/52) 


a 1/4 ( Va+ V2) 1/4 

2o/2 

18.14.17 

-i/2 

e irH 

[ 4^vi + i] e_ *' /4 

e »/18(2J/S) e .»/4 

2«o/3 

Vsec 30° — 1 

e"'* V2V3-3 

2^ 2| r«^(22 0 /3)T/ 2 

gir/9gl>/4(31/8) 

V3 

3 + L 3 J 

‘V2V3-3 

18.14.18 

3z 0 /4 

—| (or — V2aj 

a(V5-V2)e‘>/‘ 


g9*-/64(21/«) 




«— 14" V2 


Duplication Formulas 

18.14.19 

=[@ 2 (z)+lY/{@(z)l 4^ 2 (2)~1J} 

18.14.20 

g)'(2z)=(p+m 2 -w+i)/[S2g)'\z)i 0=4 g>\z) 

18.14.21 f(2z)=2f(2)+ 6 -|p^ 

18.14.22 a(2 z)=-g>'(z)<T*(z) 

Bisection Formulas (0<£<C2w) 

18.14.23 



=[5»(*)+{0>(*)+i}‘] [5>*(*)±{5>(*)-l}‘] 

[Use + on 0<Ca;<a>, — on <a<xK 2w] 


18.14.24 

W (|)=5>'(*)T[2P(x)+i ]V5>(*)-i 

-2{? 3, Xx) (See [18.13].) 
[Use — on 0<Cx <«, + on co<a;<C2ttf] 

Complex Multiplication 

18.14.25 g>(iz)=-g>(z) 

18.14.26 0>'{iz)=ig>'{z) 

18.14.27 r(^)=-^(2) 

18.14.28 <r(i2)=i<r(2) 

The above equations could be used as follows, 
e.g.: If 2 were real, iz would be purely imaginary. 


Lemniscatic Case 

Map \ f(z)=u-\-iv 

&{z) 

Near zero: {P(z )=-^-fd 

^ (z)= ? + ^+' 2 ’ |s|<1 


Near 2 0 : ff>( 2 )= (s 4 *£ 4 


«3, 

S-2o|<V2 


^ (3)= _(£=^ + (£z^I“ +e( 


Conformal Maps 



80 
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Coefficients for Laurent Series for PP , PP' , and f 


(c,„ = 0 for m odd) 


k 

EXACT c 2 * 

APPROXIMATE c 2fc 

1 

1/20 

.05 




2 

: 1/(3-202) = 1/1200 

.8333 . 

. . XIO 

—3 


3 

2/(3-13-20 3 ) = 1/156000 

.641025 

641025 . . . 

xio-* 

4 

5/(3-1317-200 = 1/21216000 

.47134 

23831 

07088 

98944 X10- 7 

5 

2/(3 2 -13-17-20 5 ) = 1/ (31824X 10 s ) 

.31422 

82554 

04725 

99296X10-® 

6 

10/(3 3 -13 2 -17-20 6 ) = 1/(4964544 X 10 s ) 

.20142 

83688 

49183 

32882X10-H 

7 

4/(3-13 2 -l7-29-20 7 ) = 1/(7998432X 10 7 ) 

.12502 

45048 

02941 

37651X10- 12 

8 

2453/(3 4 -ll-13 2 -17 2 -29-20 8 ) =958203125/(1262002599 X 10 1# ) 

.75927 

19109 

76468 

59917X10-1* 

9 

2-5-7-61/(3 3 13 3 -17 2 -29-37-20 9 ) = 833984375/(18394643943 X10 17 ) 

.45338 

43533 

93461 

06092 XIO" 18 


k= 1, 2,. . . 






Other Series Involving fJ> , V k*- 
Reversed Series for Large | IP | „ * 

^oAl'/ 


/ 18.14.29 


’+0(w“)], 


pr, 3 m 5 231m 6 429m 7 195m 8 

\J0^ 8 400 + 464 + 128 

I 12155w 9 46189 m 10 

^fr 4736 ^ 10496 ^ {W ) } 

18.14.30 w— PP ~ 2 /8, and 3 is in the Fundamental 
Triangle (Figure 18.13) if Cp has an appropriate 
value. 

Series near s 0 

18.14.31 2 a>=- x+ *-% + £ +0W , 


x=(z—z 0 ) 2 /2 


18.14.33 x 


--[" + x+¥+t8 :+< H 


« ? -‘,>-+"+T+¥+l‘ + f + iS + «A 

18.14.35 ^=( 2 —w) 2 /2 


Other Series Involving PP' 

Reversed Series for Large | PP ' | 

18.14.38 

z=Au [l-|+|f-^+0w], «=(^>n/s)- v , flj 

18.14.39 ^4=2 1/3 , v=Au*/6, and z is in the 
Fundamental Triangle (Figure 18.13) if PP ' has 
an appropriate value. 


PP'=\ (z-z 0 ) |^-1+3m-^-+^+0(m*)J, 

8.14.41 w— (z —3 0 ) 4 /20 

8.14.42 

(2-2 0 ) = 2 P'[ 1+ f + ^+^- 3 +(>M} 


&'=*[ l +* ! +l*+ro*’+r^+^*' a+0 ^] 


1 10 1 15 1 200 

£=(2—0)) 


X =PP'-PP'*+ 








52y 5 1064^ 
15 + 195 


'+W)], 


y=(PP-e 1 ) 


Other Series Involving f 
Reversed Series for Large |f | 

01 ,.. v _,r 136V 3 , 1349v 4 , .,“1 

8.14.47 ,-f 'Ll-5+7-iooT+W+OWj. 

8.14.48 i>=r‘/12 
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Series near zq 

18.14.49 

18.14.50 v=(z-z 0 yi2Q 


18.14.51 




' 6 ' 


Series near o> 

‘20 ‘70 240 


825 


1 1 

-Jiif _£_l/i/tI 7 ) 

31200 9750^ v h 


Economized Polynomials (0 <.t <1.86) 

18.14.57 7?ff>(x)= y £2a n x! ln -\-e(x) 

o 

| e (a;)|<2X10- 7 

a 0 = (-1)9.99999 98 a 4 = (-8)4.81438 20 

€h= (-2)4.99999 62 a»=(-10)2.29729 21 

a 2 = (-4)8.33352 77 a 8 =(-12)4.94511 45 

a 3 = (-6)6.40412 86 


18.14.52 x=(z-a) 

18.14.53 

w 3 7w 5 13w 7 929w e 194W 11 942883w 13 
X ~ W 3 ' 30 63 + 4536 891 + 3891888 

+0(w ls ) 

18.14.54 w=- 2(r—i?) 

Series Involving <r 

18.14.55 

2 s 3V 3-232 13 3-1072 17 3 3 -7-23-372 21 
c Z 2-5! 2 2 -9! + 2 3 *13! + 2 4 -17! + 2 5 -21! 

. 3 2 -313-5032 25 3 4 -7-6859732 29 . m 
4 2®^25!-M- +0 ^ } 


18.14.56 


a 5 <r 9 17 • 113a- 13 

2 4 -3-5 _+ ~2 9 *3-7 ' 2 13 -3 4 -7 *"11*13 

122051c- 17 5*13o- 21 

+ 2 19 .3 5 -7 2 41-17 + 2 23 -3 2 4M9 


+0(<r 25 ) 


18.14.58 ^,0'(z)=San3 4n +e(x) 

o 

| € (x)|<4X10- 7 

a 0 = -2.00000 00 a 4 = (-7)6.58947 52 

a 1= =(—1)1.00000 02 a 5 = (-9)5.59262 49 

a 2 = (-3)4.99995 38 a 6 = (-11)5.54177 69 

a 3 = (-5)6.41145 59 

18.14.59 x{(x) — 

o 

|€(x)|<3X10- 8 

a 0 =(-1)9.99999 99 a 4 =-(-9)2.57492 62 

«!= — (—2)1.66666 74 a 6 =-(-11)5.67008 00 
a 2 =-(-4)l.19036 70 a 8 =(-13)9.70015 80 

a 3 =-(-7)5.86451 63 


18.15. Pseudo-Lemniscatic Case 

(g 2 = —1, g 3 =0) 

If #2^0 and # 3 =0, homogeneity relations allow 
us to reduce our consideration of (J> to (P (z; — 1, 
0). Thus 

18.15.1 g>(z; g 2 , 0) = |# 2 | 112 &(z\g 2 \''*;-l, 0) 

[{P', T and o- are handled similarly]. Because of 
its similarity to the lemniscatic case, we refer to 
the case g 2 = — 1, # 3=0 as the pseudo-lemniscatic 
case. It plays the same role (period ratio unity) 
for A<C0 as does the lemniscatic case for A>0. 

o) 2 =V2X (real half-period for lemniscatic case) 

=w (the Lemniscate Constant—see 18.14.7) 



Figure 18.15 
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Special Values and Relations 


18.15.2 A=-l, 02= —1, 03=0 

18.15.3 

Hi =—i/V2, H 2 =h, H 3 =i/ij2, q=ie ~ r/2 


18.15.4 

t? 2 (0) =R2 1/i e i * 18 , tf 3 (0 )=Re i * ls , tf 4 (0 )=Re~ i ' l \ 

18.15.5 where i?=Vco 2 V2/ir 


Values at Half-Periods 



& 

c t5 

r 

<r 

18.15.6 

W= 0)1 

i/2 

0 

K»?2 — V2) 

e -iT/4 e T/8(2U4) 

18.15.7 

«2 

0 

0 

V2 ~ 7t/2o>2 

e x/4 V2 

18.15.8 

o/ = W3 

-i/2 

0 

Uvt+W) 

€*•/ «e*/»(2‘/*) 

18.15.9 

0)2* 

0 

0 

m'=—iy 2 

iff ( 0 ) 2 ) 


Relations with Lemniscatic Values 

18.15.10 g>(z; -1, 0)=ig>(ze Mi ; 1, 0) 18.15.12 f(g;-1, 0)=e W4 f(2e*' 4 ; 1, 0) 

18.15.11 #>'(z; -1, 0)=e 8 ' V4 #>'(2e W4 ; 1 , 0) 18.15.13 <r (z; -1, 0)=e- MA a(ze Mi ; 1 , 0) 


Numerical Methods 


18.16. Use and Extension of the Tables 

Example 1. Lemniscatic Case 

(a) Given z=x+iy in the Fundamental Triangle, find @> (&>'more accurately than can be 
done with the maps. 

a —Use Maclaurin series throughout the Fundamental Triangle. Five terms give at least six 
significant figures, six terms at least ten. @>, {—Use Laurent’s series directly “near” 0, (if |sj<Cl, four 
terms give at least eight significant figures for [P, nine for f; five terms at least ten significant figures for 
{P , eleven for f)- Use Taylor’s series directly “near” z 0 . Elsewhere (unless approximately seven or 
eight significant figures are insufficient) use economized polynomials to obtain (J> (x), {P'(x ) and/or f(x) 
as appropriate. To get £P(iy), (P'{iy ) and/or £(iy), use Laurent’s series for “small” y, otherwise use 
economized polynomials to compute @>{y), (P'{y) and/or f(y), then use complex multiplication to 
obtain [J>(iy ), ff>'(iy) and/or t(iy). Finally, use appropriate addition formula to get [Piz ) and/or f(z). 

[P '—Use Laurent’s series directly “near” 0 (if \z\<i 1 , four terms give at least six significant figures, 
five terms at least eight significant figures). Elsewhere, either use economized polynomials and addition 
formula as for (J) and f, or get (p' 2 —4: @> and extract appropriate square root '> 0). 

(b) Given (p{(p', f, <r) corresponding to a point in the Fundamental Triangle, compute z more 
accurately than can be done with the maps. Only a few significant figures are obtainable from the use 
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series- 
For greater accuracy, use inverse interpolation procedures. 

Example 2 . Equianharmonic Case 

(a) Given z=x-{-iy in the Fundamental Triangle, find Cp ($>', f, <r) more accurately than can be 
done with the maps. 

a —Use Maclaurin series throughout the Fundamental Triangle. Four terms give at least eleven 
significant figures, five terms at least twenty one. 

(P &—Use Laurent’s series directly “near” 0 (if |^|<C 1, four terms give at least 10S for (p, llS for f; 
five terms at least 13S for (P, 14S for $*)• Elsewhere (unless approximately seven or eight significant 
figures are insufficient) use economized polynomials to obtain ff>(x ), P'(x) and/or f (x), as appropriate. 
To get (p ( iy ), ff>'(iy) and/or ${iy), use Laurent’s series. Then use appropriate addition formula to get 
(P(z) and/or f(z). 



664 


WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


Q )’—Use Laurent’s series directly “near” 0 (if |zj<l, four terms give at least 8S, five terms at least 
llS). Elsewhere, either proceed as for (P and f, or get < (^' 2 =4^ 3 — 1 and extract appropriate square 
root 

(b) Given (p{(P'^^) corresponding to a point in the Fundamental Triangle, compute z more 
accurately than can be done with the maps. Only a few significant figures are obtainable from the use 
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series. 
For greater accuracy, use inverse interpolation procedures. 

Example 3. Given period ratio a, find parameters m (of elliptic integrals and Jacobi’s functions 
of chapter 16) and q (of functions). 

m —In both the cases A>0 and A<0, the period ratio is equal to K'(m)/K(m) (see 18.9). Knowing 
K'/K, if KiK'/K^ 3 , use Table 17.3 to find m; if K'/K^>3, use the method of Example 6 in chapter 17. 
An alternative method is to use Table 18.3 to obtain the necessary entries, thence use 

m=(e 2 —e 3 )l(e 1 —e 3 ) in case A>0, 

m=%—3e 2 /4:H 2 in case A<0. 

q —In both the cases A>0 and A<0, the period ratio determines the exponent for q[q=e~* a if A>0, 
if A<0]. Hence enter Table 4.16 [e~* x , z=0(.01)l] and multiply the results as appropriate 
[e.g., 6 - 4 - 72 '=(e“ 5 r ) 4 (e- 72ir )]. 

Determination of Values at Half-Periods, Invariants and Related Quantities from Given Periods (Table 18.3) 


A>0 

Given a> and os', form u'/iu and enter Table 18.3. 
Multiply the results obtained by the appropriate 
power of w (see footnotes of Table 18.3) to obtain 
value desired. 

Example 4. 

Given w=10, w'=lH, find e i} g u and A. 

Here w'jio)— 1 . 1 , so that direct reading of Table 
18.3 gives 

e 1 (l) = 1.6843 041 

0 2 (1) = -.2166 258 (=- ei -e 3 ) 

€ 3 (1)==-1.4676 783 
0 2 (1) = 10.0757 7364 
0 3 (1) =2.1420 1000. 

Multiplying by appropriate powers of co =10 we 
obtain 

= .01684 3041 
e 2 = -.00216 6258 
€a =-.01467 6783 
02=1.0075 77364 x 10 ~ 3 
0 3 =2.142O 1000 x 1O - 0 

whence 

A=8.9902 3191 x 10 ~ 10 


A<0 

Given w 2 and u 2 , form u 2 jiui 2 and enter Table 
18.3. Multiply the results obtained by the appro¬ 
priate power of a > 2 (see footnotes of Table 18.3) 
to obtain value desired. 

Example 4. 

Given w 2 =10, io 2 '=lli, find e { , g i} and A. 

Here co 2 /ico2=l.l, so that direct reading of Table 
18.3 gives 

0 i(l) = —.2166 2576+3.0842 589i 
6 2 ( 1 ) = .4332 5152 = —2^) 
e 3 (l)=e 2 (l) 

0 2 (1) = —37.4874 912 
0 3 (1) = 16.5668 099. 

Multiplying by appropriate powers of « 2 =10 
we obtain 

0 ! =-.00216 62576+.03084 2589 i 

0 2 =.00433 25152 

03=0* 

0 2 =-3.7487 4912 x 10 ~ 3 
0 3 =1.6566 8099 xl0 - 6 

whence 

A=—6.0092 019 x 10 " 8 
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Example 5. (A^>0) 

Given w= 10 , co'=55i, find 77, if', <r(u>), <r(.o>') 
and <r(w 2 ). 

Forming u'/i(a—5.5 and entering Table 18.3 we 
obtain 77 =.82246704, <r(to) = .96045 40. Using 
Legendre’s relation we find 77'=770/— r£/2=2.9527 
723L Since interpolation for <r(o>') and <r(coH- c*?') 
is difficult, use is made of 18.3.15-18.3.17 together 
with 18.3.4 and 18.3.6. Values of g 2 , g 3 and e x can 
be read directly to eight significant figures and e 3 
to about five significant figures giving 02 = 8.1 L74 
243, 03 = 4.4508 759, ^ = 1.6449 341, and e 3 
= — .82247. Use of 18.3.6 yields Jf7 3 =.00174 69 
and H 2 =.00174 69i. Application of 18.3.15- 
18.3.17 yields <r(w')/'t=.0071177 and <r(to 2 ) 
= — .002016—.010551 Multiplying the results 
obtained by the appropriate powers of w we ob¬ 
tain 77 = .08224 6704, rj'=.29527 723i, <r(w)=9.6045 
40, cr(o/) = .071177i and a(w 2 ) = — .02016—.1055i. 

Determination of Periods froi 

A>0 

Given 0 2 >O and 0 3 >O such that A= 0 f— 270 § >0 
(if 0 3 =O, see lemniscatic case), compute 

? 2 = 0203 -2/3 - From Table 18.1, determine c og 3 1/0 
and w' 0 3 1/6 , thence w and w'. 

Example 6. 

Given 0 2 = 1 O, 0 3 = 2 , find co and With 0 2 = 
^ 03 - 2 / 3 = 6.2996 05249, from Table 18.1 a>g 3 1/6 = 
1.1267 806 and « / 0 3 1/# = 1.2324 295i whence «= 
1.003847 and «'=1.097970i. 


Example 7. 

Given 0 2 = 8 , 0 3 = 4 , find u and w'. With 
0 2 =0 2 0 3 -2/3 = 3.i748 02104, from Table 18.1 o> 0 3 1/9 = 
1.2718 310 and w' 0 3 1/# = 1.8702 425i 
whence w=1.009453 and u' = 1.484413z. 


Example 5. (A<0) 

Given <*j 2 =1000, w 2 ' = 1004'i, find 772 , r/ 2 ', <r( 6 > 2 ), 
<r(w 2 ') and cr(co')- 

With a> 2 /iw 2 = 1.004, four point interpolation in 
Table 18.3 gives 772 =1.5626 756, 773 =-1.5726 664i, 
<r(w 2 ) = 1.1805 028, <7(w 2 ) = 1.1901 52 i and <r(xo') 
= .475084+ .476717t. 

Multiplying the results obtained by the appro¬ 
priate powers of w 2 gives 772 =.00156 26756, 772 
= -.00157 26664i, <r(o> 2 ) = 1180.5028, <r(w 2 ) 

= 1190.152i and <r(co') =475.084+476.7171 


Given Invariants (Table 18.1.) 

A<0 

Given g 2 and 0 3 >O such that A=0|—27^<0 (if 
03 = 0 , |<*> 2 '| = c*a 2 ; see pseudo-lemniscatic case), com¬ 
pute 0 2 = 0 2 0 3 “ 2/3 . From Table 18.1, determine 
w 2 03 1/6 and co 2 '03 1/6 , thence a > 3 and «/• 

Example 6. 

Given 0 2 = — 10 , 0 3 = 2 , find cojj and w 2 . With 
02 = 0203 _2 ^= —10/1.5874 0105= —6.2996 053, from 
Table 18.1 co 2 0 3 l/6 = 1.5741 349 and ^ 0 3 1/6 = 1.7*24 
396i whence w 2 =1.40239 48 and o> 2 =1.52561 021 

Example 7. 

Given g 2 =7, g 3 —6, find « 2 and 
With 0 2 = 020 3 -272 =7/3.3019 2725=2.119974, from 
Table 18.1 c^s 176 =1.3423 442 and o> 2 ' 0 3 1 /6 = 3.1441 
14liwhence« 2 =.99579 976 and w 2 =2.33241 83 i. 


Computation of (P, £P', or f for Given 2 and Arbitrary g 2 , gr 3 

(or arbitrary periods from which g 2 and g 3 can be computed— 
in any case, periods must be known, at least approximately) 

First reduce the problem (if necessary) to computation for a point z in the Fundamental Rectangle 
by use of appropriate results from 18.2. 
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Method 1 (as accurate as desired) 

If both x and y are “small,” (point in double-cross hatched region) use Laurent’s series in 2 directly. 
If either x or y is “large,” use Laurent’s series on Ox, then on 0 y and finally use an addition formula. 
(For Cf) ' an alternative is to get , then compute the appropriate root of (p ,2 =4 (P z —g 2 G>—g%, see 18.8.) 

A>0 A<0 

Method 2 (for or £f>' only) Method 2 (for Q> or only) 

Compute e<(i= 1,2,3) (if only g 2 , g 3 are given Compute e 2 and H 2 (if only g 2 ,g 3 are given, use 
use Table 18.1 to get the periods, then get e t in Table 18.1 to get the periods, then get e { in 
Table 18.3; if periods are also given, use Table 18.3 Table 18.3; if periods are also given use Table 18.3 

directly). In any case, obtain m(=[e 2 —e 3 ][ directly). In any case, obtain m(=%—3e 2 /4H 2 ) 

[e x — e 3 ]), thence Jacobi’s functions sn(s*|m), thence Jacobi’s functions sn( 2 '|m), cn(s'jm), 

cn(s*|w), dn(g*|m), from 16.4 and 16.21 and dn (z'\m), from 16.4 and 16.21 and Cp or Cp' from 

g> or (P' from 18.9.11-18.9.12. 18.9.11-18.9.12. 

Method 3 (accuracy limited by Table 4.16 of Method 3 (accuracy limited as in the case A>0). 
e~ rx and by the method of getting periods). Obtain periods, their ratio a, thence g 2 =e _,r0/2 

Obtain periods, their ratio a, then q=e~ ira from from Table 4.16. Then proceed as in the case 

Table 4.16. Hence get #<(0), i=2,3,4 from A>0, using corresponding formulas, 

truncated series 18.10.21-.23. Compute appro¬ 
priate t? functions for z—x and for z~iy , whence 
get rp(x), gy{x) and/or £(x), £P(iy), <P'(iy) 
and/or £(iy), then use an addition formula (if 
either x or y is “small”, it is probably easier to 
use Laurent’s series). 

Example 8 . Given 2=.07+.li, g 2 =10, g 3 = 2, 
find (P . 

Using Laurent’s series directly with 
c 2 =.5 

c 3 =.07142 85714 
c 4 =.08333 33333 
c 5 =.00974 02597 

2 " 2 = -22.97193 820-63.06022 25i 
+c 2 2 2 =- .00255 000+ .00700 00 i 
+c 3 2 4 =- .00001 214- .00001 021 

+c 4 2 6 = + .00000 024- .00000 Oli 

g>(z) = - 22.97450 010-63.05323 28i. 

Example 9. Given 2=15+73i, g 2 =8, $( 3 =4, Example 9. Given 2=1.75+3.6i, g 2 =7, £ 3 = 6 , 
find (P . From Example 7, co= 1.009453, «'= find (p. From Example 7, w 2 =.99579 98, co^= 

1.484413i. From Table 18.3, ^ = 1.61803 37, 2.33241 83i. Using 18.2.18 with M= 1 , N=\ t 

€ 3 = —.99999 96, whence m=. 14589 79. From /7>(1.75+3.6i) = (p (-.24159 96-1.064836i) = 

18.2.18 with M= 7 and iV=24, /?>(.867658 + (p (.24159 96+1.0648 36i). With A< 0 from Table 

1.748176i) = #>(15+73i)._Since 2 lies in R 2 , by 18.3,e 1 =-.81674362 + .5012090i,e 2 =1.63348724, 

18.2.31 /7>(15 + 73i) = /7>(.867658+1.22065i). e 3 =-.81674 362-.50120 90i whence m=.01014 

From 16.4 with 2 *= 1 .40390+1.97505i, sn( 2 *|m) 3566, #*=1.58144 50, so that 2'=22#1=.76415 

=2.46550+1.965271. Using 18.9.11, ^>(15+73i) 29+3.367959i. From 16.4, cn( 2 '|m) =4.00543 66 

= -.57743+ .067797i. -12.32465 69i. Applying 18.9.11, jp ( 1 . 75 + 3 . 6 i) 

= -.960894-.3830681. 


Example 8. Given z=.l + .03i, g 2 = — 10, g 3 =2, 
find @>. 

Using Laurent’s series directly with 
c 2 = — .5 

c 3 =.07142 85714 
c 4 =.80333 33333 

2“ 2 =76.59287 938-50.50079 960i 
c 2 2 2 = - .00455 000- .00300 OOOi 

c 3 2 4 = _|_ .00000 334 + .00000 780i 

c 4 2 6 =-.00000 002+ .00000 Olli 

(p ( 2 ) =76.58833 270-50.50379 169i. 
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A>0 

Example 10. Given w=10, a/=20 i, find 
f(9 + 19i) by use of theta functions, 18.10 and 
addition formulas. 

For the period ratio a=(a / f<ai—2 with the aid of 
Table 4.16, g=e“ 2ir =.00186 74427. 

Using the truncated approximations 18.10.21- 
18.10.23 we compute the theta functions for 
argument zero. Using 16.27.1-16.27.4 we com¬ 
pute the theta functions for arguments v where 
z=x and z=iy. Then, with 18.10.5-18,10.7 
together with 18.10.9 and 18.10.18 we obtain 
r (9) = .09889 5484, f(19i) = -.00120 0155i, 

$>(9) = .01706 9647, #>'(9) = -.00125 8460, 

(p (19i) = —.00861 2615, r?>'(l9i) = -.00003 757i. 
Using the addition formula 18.4.3, we obtain 
f(9 + 19i) = .07439 49-.00046 8 Si. 


A<0 

Example 10. Given o> 2 =5, co 2 =7 i find 

(P'(3+2i) by use of theta functions, 18.10 and 
addition formulas. 

With the use of Table 4.16 and 18.10.2, z=ie~- 7 * 
= .11090 12784i. 

The theta functions are computed for argument 
zero using 18.10.21-18.10.23 and the theta 
functions for arguments Vi and v 2 corresponding 
to z=z l +z 2 using 16.27.1-16.27.4. Using 18.10.5- 
18.10.6 together with 18 10.10, we find (p ( 3 ) = 
.10576 946, (P (2i) = —.24497 773, ^>'(3) = 

-.07474140, (p'(2i) = — .25576007i. The addi¬ 
tion formula 18.4.1 yields <P(3-\-2i) = .01763 210 

— .07769 I87i, and 18.4.2 yields {p'(3-\-2i) — 

— .00069 182 -j-.04771 305i. 


Use of Table 18.2 in Computing [P , (p ', f for Special Period Ratios 

If the problem is reduced to computing , [p ', f in the Fundamental Rectangle for the case when the 
real half-period is unity and pure imaginary half-period is ia, for certain values of a Table 18.2 may be 
used. Consider,^ as an example. If \z\ is “small”, then use Laurent’s series directly for (p ( z ) [invar¬ 
iants for use in the series are given in Table 18.3]. 

If x is “large” and y “small” use Table 18.2 to obtain x 2 (p (x) and a ?{P'(x), thence (p (x) and (p'{x ); 
use Laurent’s series to obtain (P(iy ) and (P'(iy ); finally, use addition formula 18.4.1. 

For x “small” and y “large”, reverse the procedure. For both x and y “large,” use Table 18.2 to 
obtain ff>(x ), (P'(x ), ff> ( iy ) and {P'(iy ), thence use addition formula 18.4.1. 

Similar procedures apply to $)' or f. For $)', one can also first obtain , then compute (p n 
~^(P*—<h(P —03 and extract the appropriate square root (see 18.8 re choice of sign for £P f ). 


A>0 

Example 11. Compute (P(.8-\-i) when a=1.2. 
Using Table 18.2 or Laurent’s series 18.5.1-4 with 
02=9.15782 851 and 
03 =3.23761 717 from Table 18.3, 

£5 (. 8 ) = 1.92442 11, 

#>'(. 8 ) = -2.76522 05, 

$>$ = -1.40258 06 and 

#>'$ = —1.19575 58i. Using the addition for¬ 
mula 18.4.1 

g> (. 8 +i) = - .381433 -. 14936H. 

Example 12. Compute f(.02+3i) for «=4. 
Using Table 18.2 or Laurent’s series 18.5.1-5 with 
02=8.11742 426 
03=4.45087 587 

from Table 18.3, 

f(.02) =49.99999 89, 

& (.02)=2500.00016, 
g> '(. 02 ) = -249999.98376, 
f(3i) = .89635 173i, 

= — .82326 511, 

(P ' (3i) = — .00249 829i. 

Applying the addition formula 18.4.3, 
f (.02 +3i) = .016465+.89635i. 


A<0 

Example 11. Compute (p (.9 + .li) fora=1.05. 
Using Table 18.2 or Laurent’s series 18.5.1-4 with 
0 2 =-42.41653 54 and 
03 = 9.92766 62 from Table 18,3, 

$>(.9) = .34080 33, 

[P '(.9) = —2.164801, 

(P (.li) = —99.97876, 

{P'(.li) = — 2000.4255i. With the addition for¬ 
mula 18.4.1 

(P (.9 + .li) = .231859 —.215149i. 

Example 12. Compute ^>'(.4+.9i) for a=2. 
Using Table 18.2 or Laurent’s series 18.5,1-4, 
with 

02=4.54009 85, 

03=8.38537 94 

from Table 18.3, 

g> (.4)=6.29407 07, 

#>'(.4) = —30.99041, 

(P (.9i) = — 1.225548, 

#>,'(.9i) =—3.19127 03i. 

Using the addition formulas 18.4.1-2, 

$>'(.4+ .9i) = 1.10519 76-.56489 OOl. 
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Computation of <r for Given z and Arbitrary g 2 and g } 

(or periods from which g 2 and g 3 can be computed—in any case, periods must be known, at least 

approximately) 

First reduce the problem (if necessary) to computation for a point 2 in the Fundamental Rectangle 
(see 18.2). After final reduction let 0 denote the point obtained. 

A>0 A<0 

If<tz>«/2 or, W^° r J f , 

^ 2 >o> 2 / 4 , use duplication formula as in case 

Sz>u’/2, use duplication formula *>°- 0th6rwise ’ use Maclaurin series for «• 

directly. 

a{z) = -g>'{zl2W{zl*), 

obtaining < 7 ( 2 / 2 ) by use of Maclaurin series for a 
and (P'(z/2 ) by method explained above. Other¬ 
wise, simply use Maclaurin series for <7 directly. 


An alternate method is to use theta functions 18.10 first computing q and #<( 0 ), i=2, 3, 4. 


A>0 

Example 13. Compute <r(.4+1.3i) for < 72 = 8 , 
03 = 4 . From Example 7, «= 1.009453 and «' 
= 1.484413i. Since J r e>to'/2, the Maclaurin se¬ 
ries 18.5.6 is used to obtain < 7 ( 2 / 2 ) = <r(.2 + .65i) 
= .19543 86 + -04947 28 i, the Laurent series 18.5.4 
to obtain #>'(.2+.65i)=5.02253 80-3.56066 93 i. 
The duplication formula 18.4.8 gives <r(.4+1.3i) 
= .278080+1.272785*. 


A<0 

Example 13. Compute <r(.8+.4i) for g 2 = 7, 
03 = 6 . From Example 7, co 2 =.99579 976, o > 2 
=2.33241 83 i. Since ^ 2 >w 2 / 2 , the Maclaurin 
series 18.5.6 is used to obtain < 7 ( 2 / 2 ) = <7(.4+.2i) 
= .40038 019 + .19962 017 i, the Laurent series 
18.5.4 to obtain #>'(.4+.2i) = -3.70986 70 
+22.218544L The duplication formula 18.4.8 
gives <r(.8+.4i) = .81465 765+.38819 473i. 


Given (P', f) corresponding to a point in the Fundamental Rectangle, as well as g 2 and 0 3 or 

the equivalent, find 2 . 

Only a few significant figures are obtainable from the use of any of the given (truncated) reversed 
series, except in a small neighborhood of the center of the series. For greater accuracy, use inverse 
interpolation procedures. 

If the given function does not correspond to a value of 2 in the Fundamental Rectangle (see Con¬ 
formal Maps) the problem can always be reduced to this case by the use of appropriate reduction for¬ 
mulas in 18.2. This process is relatively simple forJP(z), more difficult for the other functions (e.g. if 
A>0 and ff>=a-\-ib, where 0, simply consider (J)=a—ib and find z x in R x [Figure 18.1]; then com¬ 
pute 2 2 =S 1 + 2 a/, the point in R 2 corresponding to the given ff>). 


A>0 

Example 14. Given (P = l-i, g 2 = 10 , 03 = 2 , 
find 2 . Using the first three terms of the reversed 
series 18.5.25 z x «.727+.423i. The Laurent series 
18.5.1 gives 

8> (zi) = G> (.727 + .423*)= .825 - .895* 

and 

3> ( 2 a) = Q> (.697 + .393*) = .938-1.038*. 

Inverse interpolation gives 
2 ™ = .707+ .380*. Repeated applications of the 
above procedure yield 2 =.706231 + .379893*. 


A<0 

Example 14. Given = 1 +*, 0 2 = — 10 , 03 = 2 , 
find 2 . From Example 6 , a> 2 = 1.40239 48 and 
0 ,' = 1.52561 02 *. Since 6 > 0 , 2 exists in R 2 and 2 
is computed with Using 18.5.25 with a 2 = — 
1.25, a 3 =.25, u=[({p)~ + /2 and the coefficients c n 
from Example 8 

2w=1.55377 3973+ .64359 42493* 
c 2 u*= .08044 9281-.19422 17466* 
c 3 u 7 = -.01961 9359 + .00812 66047* 

^=-.10115 7160-.04190 06673* 
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A>0 


Example 15. Given $*=10— 15i, ^2—8, g A = 4, 
find 2. Using the reversed series 18.5.40 with 

-.13333 333, 

A 7 = — .02857 14286, 

u= .03076 923076+ .04615 384615^ 

A.&u 5 = — .00000 001402+ .00000 006860i 

A 7 u 7 =-.00000 000004-.00000 000003i 

3 = .03076 921670+.04615 391472i. 


Methods of Computation of (P ({P'i f or a) for Given 
s and Given g 2 , g 3 (or the equivalent), with the Use 
of Automatic Digital Computing Machinery 

(a) Integration of Differential Equation 

(p and @> f may he generated for any z close 
enough to a “known point” z*({P(z*) mdQ>‘(z*) 
being given) by integrating (p n —§ (P 2 —g 2 l2. 
A program to do this on SWAC, via a modifica¬ 
tion of the Hammer-Hollingsworth method 
(MTAC, July 1955, pp. 92-96) due to Dr. P. 
Henrici, exists at Numerical Analysis Research, 
UCLA (code number 00600, written by W. L. 
Wilson, Jr.). The program has been tested 
numerically in the equianharmonic case, using 
integration steps of various sizes. For example, 
if one starts with 2*=w 2 , using an “integration 
step” Qi,k), where h and k are respectively the 
horizontal and vertical components of a step, 
with (h,k) having one of the six values (±2A 0 ,0), 
(+A 0 j±&o), Ao=w 2 /2000, &o= I« 2 1/2000, one can 
expect almost 8S in (p and 7S in (p' after 1000 
steps, unless z is too near a pole. 

(b) Use of Series 

The process of reducing the computation prob¬ 
lem to one in which z is in the Fundamental 
Rectangle can obviously be mechanized. Inside 
the Fundamental Rectangle the direct use of 
Laurent’s series is appropriate when the period 


A<0 

Stopping with the term in u 7 , 2i«.81 + t23i. 
Assuming Az= — .03 — .01i, using 18.5.1, (P (.81 + 
.23+= .91410 95 —.86824 37+ <?>(.78 + .22 i) = 
1.03191 60—.91795 22+ with inverse interpolation 
2< 1 > = . 7725 + .2404i Repeated application^ of 
inverse interpolation yield z=. 772247—.239258i. 

Example 15. Given <r=.4+.l+ g 2 — 7, <ft=6, 
find z. Using the reversed series 18.5.70 with 
72 =. 14583, 7s=.05 

<r=+.40000 000+.10000 OOOi 

^“=+.00011 783+.00032 696i 
5 

^=-.00000 208+.00001 432i 

•^—= — .00000 093+.00000 I26t 
14 

- =-.00000 013+.00000 006i 

55 

2=.40011 469+. 10034 260i 


ratio a is not too large. However, if a^V3(A>0) 
or at 2v3(A<0), the series will diverge at the 
far corner of the Fundamental Rectangle, so that 
use may be made of an appropriate duplication 
formula. Alternatively, one may compute the 
functions on 0a; and 0 y, then use an addition 
formula. Even so, the series will diverge at 
z=ia if a^2(A>0) and at z=iaj 2 if a^4(A<0). 

For great accuracy, multiple precision operations 
might be necessary. Double precision floating 
point mode has been used in a program, written 
for SWAC, to compute , (p ' and f. 

For computation of <r, use of the Maclaurin 
series throughout the Fundamental Rectangle is 
probably simplest (series converges for all z). 

Mention should be made of the possible u$e of 
the series defining the d functions. These series 
converge for all complex v , and the computation 
oi <p,{p', $* and a by I8.I0.5-18.10.8 could easily 
be mechanized. The series involved have the 
advantage of converging very fast, even in case 
A<0, where |g| ^e~* ,2 {<i^er v if A>0). 

Use oj Maps 

If the problem (of computing (P, £P', f or tr for 
given z) is reduced to the case where the real half¬ 
period is unity and imaginary half-period is one 
of those used in the maps in 18.8 inspection of the 
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appropriate figure will give the value of ff>(z) 
[f(g) or <r(s)] to 2—3S. If is wanted instead, 
get (P, use 18.6.3 to obtain J> ,2 and select sign ( s) 
of (p’ appropriately. (See Conformal Mapping 
(18.8) for choice of sign of square root of (p ' 2 ). 

Computation oj z 0 
Given g 2 , g 3 (or equivalent) 

Since ^^P(z 0 )=0, the Laurent’s series gives 

0 = 1 + c 2 u 2 + c 3 u 3 + c 4 u 4 + . . . 

where u—Zo . We may solve this equation [by 
Graeffe’s (root-squaring) process or otherwise] 
for its absolutely smallest root [having found an 


approximation to \zq\ by Graeffe’s process, we 
may use the fact that Zo=w+m/ 0 (A>0), Zo =o 2 
+'%o(A<0) to obtain an approximation to z 0 ]. 

It is noted that y Q /a> is a monotonic decreasing 
function of (period ratio) a^l for A>0 and 

[1 ^y 0 /w>- arccosh V3( «.7297)]. 

7T 

y 0 /<a 2 is a mono tonic increasing function of a for 
A<0 and 

2 

[0^t/ 0 /co 2 <- arccosh V3] 

7T 

Further data is available from Table 18.2 or from 
Conformal Maps defined by (p ( z ). 
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Table 18.1 

TABLE FOR OBTAINING PERIODS FOR INVARIANTS g 2 ANDg 3 

($2 ^283 f ) 


Non-Negative Discriminant 



3. 00 1. 28254 98 1. 52168 83 A-0 

3.05 1. 27944 73 1. 51892 22 

3.10 1.27637 43 1. 51685 48 

3.15 1. 27333 03 1. 51505 45 

3.20 1. 27031 49 1. 51342 84 

3. 25 1. 26732 80 1. 51193 18 

3. 30 1. 26436 90 1. 51053 84 

3.35 1.26143 77 1. 50923 08 

3. 40 1. 25B53 38 1. 50799 63 


82 *g\ "if/* 

3.4 1. 25853 38 1. 69503 33 

3. 5 1.25280 64 1. 64719 87 

3.6 1. 24718 42 1. 60789 93 

3. 7 1.24166 45 1. 57451 65 

3.8 1. 23624 47 1. 54548 31 

3. 9 1. 23092 23 1. 51978 54 

4. 0 1. 22569 47 1.49672 94 

4.1 1. 22055 95 1.47581 86 

4. 2 1.21551 44 1. 45668 57 

4. 3 1. 21055 69 1.43905 10 

4.4 1. 20568 50 1.42269 63 

4. 5 1. 20089 62 1. 40744 84 

4. 6 1. 19618 86 1. 39316 72 

4.7 1. 19156 00 1. 37973 79 

4. 8 1. 18700 83 1.36706 51 

4. 9 1,18253 18 1. 35506 88 

5. 0 1, 17812 83 1.34368 10 

5. 2 1. 16953 35 1.32250 70 

5.4 1. 16120 96 1. 30316 60 

5.6 1.15314 34 1.28537 08 

5. 8 1. 14532 23 1. 26889 69 

6. 0 1. 13773 46 1. 25356 57 

6. 2 1. 13036 91 1.23923 29 

6. 4 1. 12321 55 1.22577 98 

6. 6 1. 11626 38 1. 21310 78 

6. 8 1. 10950 49 1. 20113 41 

7.0 1. 10293 00 1.18978 83 

7. 2 1. 09653 11 1.17901 03 

7.4 1. 09030 03 1.16874 82 

7.6 1. 08423 04 1. 15895 67 

7. 8 1. 07831 46 1. 14959 65 

8.0 1. 07254 63 1.14063 29 

8. 2 1. 06691 95 1.13203 51 

8. 4 1. 06142 83 1.12377 59 

8.6 1. 05606 74 1.11583 09 

8. 8 1. 05083 15 1.10817 84 

9.0 1. 04571 58 1.10079 87 

9.2 1. 04071 56 1. 09367 40 

9.4 1.03582 65 1. 08678 83 

9.6 1.03104 44 1.08012 69 

9. 8 1. 02636 52 1. 07367 66 

10. 0 1. 02178 54 1. 06742 51 


#2“' °g\g\ I 1 <g 2 > 

0.10 1. 81701 99 1. 89818 6l 10 

0. 09 1. 82207 90 1.89119 06 11 

0.08 1. 82696 90 1. 88476 56 13 

0.07 1. 83165 87 1. 87888 68 14 

0. 06 1. 83611 17 1. 87354 40 17 

0.05 1. 84028 47 1.86873 53 20 

0.04 1. 84412 45 1. 86447 02 25 

0.03 1. 84756 35 1. 86077 37 33 

0. 02 1. 85050 78 1. 85769 72 50 

0.01 1. 85280 73 1. 85534 90 100 

0.00 1. 85407 47 1. 85407 47 * 



^1=0.20412 4145 


Non-Positive Discriminant 

g 2 ~' a ‘2gf\g2 1* "istfei*/* <&> 

-0.00 2. 62205 76 2. 62205 76 - « 

-0. 01 2. 62025 54 2. 62384 98 -100 

-0. 02 2. 61693 53 2. 62710 11 - 50 

-0. 03 2. 61258 87 2.63126 10 - 33 

-0.04 2. 60737 43 2. 63611 20 - 25 

-0. 05 2. 60137 48 2. 64151 34 - 20 

-0. 06 2. 59464 00 2.64735 75 - 17 

-0. 07 2. 58720 37 2. 65355 47 - 14 

-0.08 2.57909 05 2.66002 55 - 13 

-0. 09 2.57032 09 2.66669 74 - 11 

-0.10 2.56091 33 2.67350 25 - 10 

-0. 11 2. 55088 61 2. 68037 66 - 9 

-0. 12 2. 54025 86 2.68725 88 - 8 

-0. 13 2. 52905 23 2. 69409 09 - 8 

-0.14 2. 51729 09 2. 70081 77 - 7 

-0.15 2. 50500 11 2.70738 70 - 7 

-0.16 2. 49221 23 2.71375 03 - 6 

-0.17 2.47895 70 2. 71986 26 - 6 

-0.18 2. 46527 01 2.72568 31 - 6 

-0.19 2. 45118 90 2. 73117 52 - 5 

-0. 20 2.43675 29 2.73630 70 - 5 


g 2 ~ 1 W 2*l W 2 g\l' <8 2 > 

-0,20 1. 62955 49 1. 82987 88 - 5 

-0.25 1. 66926 74 1. 94863 05 - 4 

-0.30 1.68880 94 2. 04569 84 - 3 

-0. 35 1.69574 71 2. 12452 34 - 3 

-0. 40 1. 69529 14 2.18836 87 - 3 

-0.45 1.69080 53 2.24023 31 - 2 

-0. 50 1. 68433 20 2. 28267 03 - 2 

-0. 55 1. 67705 44 2.31773 31 - 2 

-0. 60 1. 66962 98 2.34701 74 - 2 

-0. 65 1. 66240 65 2.37174 42 - 2 

-0. 70 1. 65555 57 2.39284 34 - 1 

-0. 75 1. 64914 98 2.41102 56 - 1 

-0. 80 1. 64320 64 2.42683 68 - 1 

-0. 85 1. 63771 44 2.44070 05 - 1 

-0.90 1. 63264 84 2.45294 88 - 1 

-0. 95 1. 62797 70 2.46384 40 - 1 

-1. 00 1. 62366 67 2.47359 62 - 1 


g 2 “ 2 «f "afi^ln(3-£ 2 ) 

-1. 0 1. 62366 67 3. 03954 85 

-0. 8 1. 60646 93 3. 05518 40 

-0. 6 1. 58820 63 3. 06892 24 

-0. 4 1. 56918 06 3. 08070 50 

-0.2 1, 54967 81 3. 09053 50 

0. 0 1. 52995 40 3. 09846 47 

0.2 1.51022 67 3. 10458 18 

0.4 1.49067 44 3. 10899 55 

0.6 1.47143 75 3.11182 48 

0. 8 1.45262 13 3. 11318 95 

1. 0 1.43430 15 3.11320 22 

1. 2 1.41652 88 3. 11196 36 

1. 4 1. 39933 41 3.10955 78 

1. 6 1.38273 24 3.10604 84 

1. 8 1.36672 71 3. 10147 38 

2. 0 1. 35131 24 3.09584 00 

2. 2 1. 33647 63 3.08910 74 

2. 4 1.32220 24 3.08116 35 

2.6 1. 30847 11 3. 07175 37 

2. 8 1. 29526 10 3. 06025 10 

3. 0 1.28254 98 3. 04337 67 A=0 



^=0.40824 829 
6 
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Table 18.2 TABLE FOR OBTAINING ff>, S>' AND f ON 0* AND Oy 


(Positive Discriminant—Unit Real Half-Period) 

zW(z) 


2 = ar\<i 

1.00 


1.05 


1.1 


1.2 


1.4 


2.0 


4.0 

0. 00 

1.00000 

00 

1.00000 

00 

1. 00000 

00 

1.00000 

00 

1. 00000 

00 

1.00000 

00 

1.00000 00 

0.05 

1. 00000 

37 

1.00000 

34 

1.00000 

32 

1.00000 

29 

1.00000 

26 

1.00000 

25 

1. 00000 25 

0.10 

1. 00005 

91 

1.00005 

41 

1.00005 

05 

1.00004 

59 

1. 00004 

22 

1.00004 

08 

1.00004 07 

0.15 

1.00029 

91 

1.00027 

41 

1.00025 

59 

1.00023 

31 

1. 00021 

46 

1.00020 

75 

1. 00020 73 

0.20 

1. 00094 

57 

1.00086 

77 

1. 00081 

12 

1.00074 

02 

1.00068 

25 

1.00066 

02 

1. 00065 97 

0.25 

1.00230 

98 

1.00212 

32 

1.00198 

79 

1.00181 

79 

1.00167 

98 

1.00162 

64 

1. 00162 51 

0. 30 

1. 00479 

35 

1. 00441 

61 

1.00414 

21 

1.00379 

79 

1.00351 

80 

1.00340 

97 

1.00340 71 

0.35 

1. 00889 

27 

1.00821 

33 

1.00772 

00 

1.00709 

99 

1.00659 

56 

1.00640 

03 

1.00639 57 

0.40 

1. 01520 

23 

1.01408 

14 

1. 01326 

70 

1. 01224 

31 

1.01140 

98 

1.01108 

69 

1.01107 93 

0.45 

1. 02442 

50 

1. 02269 

65 

1.02144 

00 

1.01985 

94 

1. 01857 

24 

1.01807 

36 

1. 01806 19 

0.50 

1. 03738 

54 

1.03486 

08 

1.03302 

47 

1. 03071 

36 

1.02883 

08 

1. 02810 

10 

1. 02808 38 

0.55 

1. 05504 

92 

1.05152 

36 

1. 04895 

81 

1. 04572 

73 

1.04309 

40 

1.04207 

28 

1. 04204 87 

0.60 

1. 07855 

23 

1.07381 

21 

1. 07036 

11 

1.06601 

29 

1.06246 

70 

1.06109 

15 

1. 06105 91 

0.65 

1. 10923 

99 

1.10307 

22 

1.09857 

95 

1. 09291 

64 

1. 08829 

58 

1.08650 

29 

1.08646 07 

0. 70 

1. 14872 

15 

1.14092 

35 

1.13524 

09 

1.12807 

45 

1.12222 

46 

1.11995 

41 

1.11990 05 

0.75 

1.19894 

38 

1.18933 

40 

1.18232 

81 

1.17348 

94 

1.16627 

18 

1.16346 

98 

1.16340 37 

0. 80 

1.26229 

01 

1. 25071 

86 

1.24227 

98 

1.23162 

95 

1.22292 

96 

1.21955 

14 

1.21947 17 

0. 85 

1.34171 

37 

1.32807 

28 

1. 31812 

18 

1.30556 

03 

1. 29529 

60 

1.29130 

97 

1.29121 57 

0.90 

1.44091 

81 

1. 42515 

17 

1.41364 

80 

1.39912 

31 

1.38725 

23 

1.38264 

14 

1.38253 27 

0.95 

1. 56460 

22 

1.54671 

40 

1.53366 

04 

1.51717 

65 

1.50370 

31 

1.49846 

94 

1.49834 59 

1. 00 

1.71879 

62 

1.69885 

59 

1.68430 

41 

1.66592 

77 

1.65090 

68 

1.64507 

17 

1.64493 41 


f (-3)41 

[•(-3)41 

r (-3)4 -i 

r (-3)4 i 

r (-3)4 i 

r (-3)4 i 

r (-3)4] 


L 8 

J 

L 8 

J 

L 8 

J 

L 8 

J 

L 8 

J 

L 8 

J 

L 8 J 

~/ K'/V 1.00 


1.05 


1.1 


1.2 


1.4 


2.0 


4.0 

0.00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1.00000 

00 

1.00000 

00 

1. 00000 

00 

1.00000 00 

0. 05 

1.00000 

37 

1. 00000 

34 

1.00000 

31 

1.00000 

29 

1.00000 

26 

1.00000 

25 

1. 00000 25 

0.10 

1. 00005 

91 

1.00005 

40 

1. 00005 

03 

1.00004 

57 

1.00004 

19 

1.00004 

05 

1. 00004 04 

0.15 

1. 00029 

91 

1. 00027 

31 

1.00025 

42 

1.00023 

05 

1. 00021 

13 

1.00020 

39 

1.00020 37 

0. 20 

1. 00094 

57 

1.00086 

20 

1.00080 

14 

1.00072 

54 

1.00066 

38 

1.00063 

99 

1. 00063 94 

0.25 

1.00230 

98 

1. 00210 

14 

1.00195 

05 

1.00176 

15 

1. 00160 

81 

1.00154 

88 

1.00154 75 

0.30 

1. 00479 

35 

1.00435 

08 

1.00403 

04 

1. 00362 

91 

1.00330 

38 

1.00317 

81 

1.00317 52 

0.35 

1. 00889 

27 

1. 00804 

86 

1. 00743 

81 

1.00667 

40 

1.00605 

50 

1. 00581 

59 

1. 00581 03 

0.40 

1. 01520 

23 

1.01371 

37 

1. 01263 

81 

1.01129 

28 

1.01020 

38 

1. 00978 

33 

1.00977 34 

0.45 

1. 02442 

50 

1. 02194 

93 

1.02016 

25 

1.01792 

92 

1.01612 

33 

1.01542 

64 

1.01540 99 

0.50 

1.03738 

54 

1.03345 

04 

1. 03061 

34 

1.02707 

18 

1. 02421 

09 

1. 02310 

77 

1. 02308 17 

0.55 

1.05504 

92 

1.04901 

44 

1.04466 

92 

1.03925 

21 

1.03488 

20 

1.03319 

83 

1.03315 85 

0. 60 

1. 07855 

23 

1. 06955 

87 

1.06309 

37 

1. 05504 

64 

1. 04856 

45 

1.04606 

96 

1. 04601 09 

0.65 

1.10923 

99 

1. 09614 

60 

1. 08675 

16 

1.07507 

92 

1.06569 

47 

1. 06208 

70 

1.06200 18 

0. 70 

1.14872 

15 

1.13001 

89 

1.11663 

04 

1.10003 

09 

1.08671 

44 

1.08160 

18 

1.08148 16 

0. 75 

1.19894 

38 

1.17264 

63 

1.15387 

03 

1.13065 

03 

1.11207 

03 

1.10494 

84 

1.10478 09 

0. 80 

1. 26229 

01 

1.22578 

78 

1.19980 

68 

1.16777 

18 

1. 14221 

52 

1.13243 

76 

1.13220 79 

0. 85 

1.34171 

37 

1.29157 

86 

1.25602 

53 

1.21233 

97 

1.17761 

18 

1.16435 

46 

1.16404 34 

0. 90 

1. 44091 

81 

1.37264 

39 

1.32443 

52 

1.26544 

15 

1.21873 

89 

1.20095 

66 

1.20053 95 

0. 95 

1. 56460 

22 

1.47224 

79 

1.40736 

61 

1.32835 

02 

1.26610 

10 

1.24247 

14 

1.24191 74 

1.00 

1.71879 

62 

1.59449 

89 

1.50769 

66 

1.40258 

06 

1.32024 

17 

1.28909 

73 

1.28836 81 

1.05 



1.74462 

36 

1.62902 

39 








1.10 





1.77589 

10 









m 

m 

m 

m 

m 

m 

[ < - 6 4,e ] 

z ' 'A 

" 1.00 


1.05 


i.i 


1.2 


1.4 


2.0 


4.0 

1.0 

1. 71879 

62 

1.59449 

89 

1.50769 

66 

1.40258 

06 

1.32024 

17 

1.28909 

73 

1.288368 

1.2 







1.85616 

29 

1.61789 

95 

1.52970 

17 

1.527649 

1.4 









2.09401 

44 

1.86127 

05 

1.855916 

1.6 











2.28676 

23 

2.273495 

1.8 











2. 80921 

52 

2.777516 


2.0 3. 43759 29 

2.2 

2.4 

2.6 If the real half-period *1, see 18.2 Homogeneity Relations. Interpolation with 
2 * 8 respect to a will, in general, be difficult because of the non-uniform subintervals 
3. 0 involved. Aitken’s interpolation may be used in this case. As few as 3S may 
3*4 be obtained. For the computation of 9, (P' or f at z=.r+ii/, an addition formula 
3. 6 may be used (18.4 and Examples 11-12). 

4*. 0 


3.363868 
4.028426 
4.767658 
5.578809 
6.459856 

7.409386 
8.426442 
9.510400 
10.660867 
11.877621 
13.160574 
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TABLE FOR OBTAINING ff>. &>' AND t ON Ox AND Oy Table 18.2 
(Positive Discriminant—Unit Real Half-Period) 

--W'CO 


s 

=A 

a 1.00 



1.05 



1.1 



1.2 



1.4 



2.0 



4.0 


0 . 

00 

- 2.00000 

00 

- 2 . 

00000 

00 

- 2 . 

00000 

00 

- 2 . 

00000 

00 

- 2 . 

00000 

00 

- 2 . 

ooooo 

00 

- 2 . 

ooooo 

00 

0 . 

05 

- 1.99999 

26 

- 1 . 

99999 

32 

- 1 . 

99999 

37 

- 1 . 

99999 

43 

- 1 . 

99999 

47 

- 1 . 

99999 

49 

- 1 . 

99999 

49 

0 . 

10 

- 1.99988 

18 

- 1 . 

99989 

17 

- 1 . 

99989 

89 

- 1 . 

99990 

80 

- 1 . 

99991 

53 

- 1 . 

99991 

81 

- 1 . 

99991 

82 

o . 

15 

- 1.99940 

16 

- 1 . 

99945 

07 

- 1 . 

99948 

63 

- 1 . 

99953 

10 

- 1 . 

99956 

73 

- 1 . 

99958 

14 

- 1 . 

99958 

17 

0. 

20 

- 1 . 99810 

75 

- 1 . 

99825 

79 

- 1 . 

99836 

70 

- 1 . 

99850 

41 

- 1 . 

99861 

55 

- 1 . 

99865 

86 

-1. 

99865 

97 

0 . 

25 

- 1.99537 

33 

- 1 . 

99572 

57 

- 1 . 

99598 

17 

- 1 . 

99630 

33 

- 1 . 

99656 

50 

- 1 . 

99666 

63 

- 1 . 

99666 

88 

0 . 

30 

- 1 . 99038 

23 

- 1 . 

99107 

69 

- 1 . 

99158 

17 

- 1 . 

99221 

67 

- 1 . 

99273 

38 

- 1 . 

99293 

42 

- 1 . 

99293 

89 

0 . 

35 

- 1.98210 

95 

- 1 . 

98332 

00 

- 1 . 

98420 

07 

- 1 . 

98530 

95 

- 1 . 

98621 

31 

- 1 . 

98656 

35 

- 1 . 

98657 

17 

0 . 

40 

- 1 . 96928 

90 

- 1 . 

97121 

06 

- 1 . 

97260 

99 

- 1 . 

97437 

35 

- 1 . 

97581 

22 

- 1 . 

97637 

02 

- 1 . 

97638 

34 

0 . 

45 

- 1.95036 

13 

- 1 . 

95319 

16 

- 1 . 

95525 

47 

- 1 . 

95785 

77 

-1. 

95998 

33 

- 1 . 

96080 

82 

- 1 . 

96082 

78 

0 . 

50 

- 1.92339 

01 

- 1 . 

92730 

50 

- 1 . 

93016 

21 

- 1 . 

93377 

03 

- 1 . 

93671 

95 

- 1 . 

93786 

53 

- 1 . 

93789 

23 

0 . 

55 

- 1.88593 

83 

- 1 . 

89106 

43 

- 1 . 

89480 

97 

- 1 . 

89954 

33 

- 1 . 

90341 

73 

- 1 . 

90492 

32 

- 1 . 

90495 

86 

o . 

60 

- 1.83488 

99 

- 1 . 

84127 

27 

- 1 . 

84594 

09 

- 1 . 

85184 

82 

- 1 . 

85668 

71 

- 1 . 

85856 

93 

- 1 . 

85861 

37 

0 . 

,65 

- 1.76619 

53 

- 1 . 

77376 

97 

- 1 . 

77931 

45 

- 1 . 

78633 

89 

- 1 . 

79209 

80 

- 1 . 

79433 

95 

- 1 . 

79439 

25 

0 . 

70 

- 1 . 67451 

43 

- 1 . 

68307 

45 

- 1 . 

68934 

72 

- 1 . 

69729 

96 

- 1 . 

70382 

60 

- 1 . 

70636 

76 

- 1 . 

70642 

75 

0 . 

75 

- 1 . 55271 

74 

- 1 . 

56189 

13 

- 1 . 

5686 L 

96 

- 1 . 

57715 

61 

- 1 . 

58416 

75 

- 1 . 

58689 

93 

- 1 . 

58696 

39 

o . 

80 

- 1.39118 

65 

- 1 . 

40041 

70 

- 1 . 

40719 

15 

- 1 . 

41579 

29 

- 1 . 

42286 

23 

- 1 . 

42561 

79 

- 1 . 

42568 

30 

o . 

85 

- 1.17683 

20 

- 1 . 

18536 

53 

- 1 . 

19163 

25 

- 1 . 

19959 

24 

- 1 . 

20613 

88 

- 1 . 

20869 

13 

- 1 . 

20875 

17 

0 . 

90 

- 0 . 89169 

81 

- 0 . 

89858 

18 

- 0 . 

90364 

00 

- 0 . 

91006 

69 

- 0 . 

91535 

50 

- 0 . 

91741 

70 

- 0 . 

91746 

57 

0 . 

95 

- 0 . 51095 

87 

- 0 . 

51505 

33 

- 0 . 

51806 

28 

- 0 . 

52188 

70 

- 0 . 

52503 

45 

- 0 . 

52626 

26 

- 0 . 

52629 

14 

1 . 

00 

0.00000 

00 

0 . 

00000 

00 

0 . 

00000 

00 

0 . 

00000 

00 

0 . 

00000 

00 

0 . 

ooooo 

00 

0 . 

ooooo 

00 



m 




m 


m 




m 


ri )s 

: ] 

z , 

A =» 

1.00 



1.05 



i.i 



1.2 



1.4 



2.0 



4.0 


0 . 

00 

- 2.00000 

00 

- 2 . 

00000 

00 

- 2 . 

00000 

00 

- 2 . 

00000 

00 

- 2 . 

ooooo 

00 

- 2 . 

ooooo 

00 

- 2 . 

ooooo 

00 

0 . 

05 

- 1.99999 

26 

- 1 . 

99999 

32 

- 1 . 

99999 

37 

- 1 . 

99999 

43 

- 1 . 

99999 

48 

- 1 . 

99999 

49 

- 1 . 

99999 

49 

0 . 

,10 

- 1.99988 

18 

- 1 . 

99989 

21 

- 1 . 

99989 

95 

- 1 . 

99990 

89 

- 1 . 

99991 

65 

- 1 . 

99991 

94 

- 1 . 

99991 

95 

0 . 

15 

- 1.99940 

16 

- 1 . 

99945 

48 

-1. 

99949 

33 

- 1 . 

99954 

15 

- 1 . 

99958 

07 

- 1 . 

99959 

59 

- 1 . 

99959 

62 

0 . 

,20 

- 1.99810 

75 

- 1 . 

99828 

08 

- 1 . 

99840 

62 

- 1 . 

99856 

33 

- 1 . 

99869 

07 

- 1 . 

99873 

99 

- 1 . 

99874 

11 

0 . 

,25 

- 1 . 99537 

33 

- 1 . 

99581 

31 

- 1 . 

99613 

14 

- 1 . 

99652 

94 

- 1 . 

99685 

19 

- 1 . 

99697 
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Table 18.2 TABLE FOR OBTAINING ff>, G>' AND r ON 0* AND (ty 

(Positive Discriminant—Unit Real Half-Period) 
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1.00000 

000 

1 . 00000 

000 

1 . 00000 000 

1.00000 000 

0 . 05 
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TABLE FOR OBTAINING <?>, {?' AND f ON 0* AND Oy Table 18.2 
(Negative Discriminant—Unit Real Half-Period) 
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1.20012 24 

0.95 







0.96882 29 

1.24136 39 

1.00 







0.93312 29 

1.28763 91 


m 



m 

m 

m 

[(- 4 , 6 ] 


zji~y\a 

1.1 

1.2 

l ! 4 If the real half-period *1, see 18.2 Homogeneity Relations. Interpolation with 
1 * 5 respect to a will, in general, be difficult because of the non-uniform subintervals 
1.6 involved. Aitken’s interpolation may be used in this case. As few as 3S may 

g be obtained. For the computation of 3>, 3>' or r at z-=.r+iy, an addition formula 

1 .9 may be used ( 18.4 and Examples 11 - 12 ). 


4.0 

1.39585 80 
1 . 52559 80 
1 . 67719 97 

1 . 85056 87 
2.04521 26 

2 . 26025 62 
2.49441 96 
2.74594 50 

3 . 01245 16 
3.29069 52 

[-(-3)31 
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Table 18.2 TABLE FOR OBTAINING ff>, AND f ON 0* AND 0 y 

(Negative Discriminant—Unit Real Half-Period) 


r~A 

0 1.00 


1.05 


1.15 


zW 

1.3 

(=) 

1.5 


2.0 

4.0 

0 . 00 

- 2.00000 

00 

- 2 . 00000 

00 

- 2 . 00000 

00 

- 2 . 00000 

00 

- 2 . 00000 

00 

- 2 . 00000 00 

- 2.00000 00 

0 . 05 

- 2.00002 

95 

- 2 . 00002 

65 

- 2 . 00002 

04 

- 2 . 00001 

24 

- 2 . 00000 

50 

- 1.99999 71 

- 1.99999 49 

0.10 

- 2.00047 

25 

- 2 . 00042 

27 

- 2 . 00032 

37 

- 2.00019 

63 

- 2.00007 

74 

- 1.99995 34 

- 1.99991 83 

0.15 

- 2.00239 

01 

- 2 . 00212 

89 

- 2 . 00161 

92 

- 2 . 00097 

17 

- 2 . 00037 

44 

- 1.99975 65 

- 1.99958 21 

0.20 

- 2.00753 

43 

- 2 . 00667 

30 

- 2 . 00502 

56 

- 2 . 00297 

32 

- 2 . 00110 

66 

- 1.99919 66 

- 1.99866 07 

0.25 

- 2.01829 

41 

- 2 . 01608 

73 

- 2 . 01196 

38 

- 2 . 00694 

49 

- 2.00246 

05 

- 1.99793 23 

- 1.99667 11 

0 . 30 

- 2.03755 

78 

- 2 . 03274 

55 

- 2 . 02397 

99 

- 2 . 01358 

73 

- 2 . 00448 

84 

- 1.99544 16 

- 1.99294 36 

0.35 

- 2.06843 

88 

- 2 . 05907 

94 

- 2 . 04247 

95 

- 2 . 02334 

71 

- 2 . 00696 

68 

- 1.99095 74 

- 1.98657 99 

0.40 

- 2.11379 

74 

- 2 . 09713 

03 

- 2 . 06835 

37 

- 2 . 03614 

78 

- 2 . 00922 

15 

- 1.98338 63 

- 1 . 97639 65 

0.45 

- 2.17550 

18 

- 2.14789 

87 

- 2.10148 

48 

- 2.05106 

10 

- 2 . 00992 

37 

- 1.97120 64 

- 1.96084 72 

0.50 

- 2.25339 

16 

- 2.21047 

72 

- 2.14013 

46 

- 2 . 06592 

49 

- 2 . 00685 

64 

- 1.95234 05 

- 1.93791 93 

0 . 55 

- 2.34395 

53 

- 2 . 28098 

85 

- 2.18023 

97 

- 2 . 07692 

41 

- 1 . 99665 

49 

- 1.92399 70 

- 1.90499 42 

0 . 60 

- 2.43881 

27 

- 2 . 35140 

73 

- 2 . 21466 

43 

- 2 . 07815 

03 

- 1.97452 

31 

- 1.88246 83 

- 1.85865 81 

0.65 

- 2.52318 

49 

- 2 . 40840 

49 

- 2 . 23248 

50 

- 2 . 06116 

83 

- 1 . 93392 

01 

- 1 . 82286 83 

- 1.79444 54 

0 . 70 

- 2.57463 

40 

- 2.43241 

27 

- 2.21839 

89 

- 2 . 01460 

73 

- 1 . 86620 

81 

- 1.73878 53 

- 1.70648 76 

0 . 75 

- 2.56240 

86 

- 2.39712 

18 

- 2.15233 

79 

- 1.92378 

08 

- 1 . 76023 

25 

- 1.62181 13 

- 1.58702 84 

0 . 80 

- 2.44770 

16 

- 2.26959 

69 

- 2 . 00933 

39 

- 1 . 77031 

11 

- 1 . 60178 

75 

- 1.46089 21 

- 1.42574 81 

0 . 85 

- 2.18496 

84 

- 2 . 01105 

50 

- 1 . 75959 

77 

- 1 . 53168 

32 

- 1.37288 

13 

- 1.24141 08 

- 1.20881 20 

0.90 

- 1.72414 

78 

- 1 . 57813 

99 

- 1.36864 

82 

- 1.18057 

88 

- 1 . 05066 

42 

- 0.94387 76 

- 0.91751 44 

0.95 

- 1.01321 

01 

- 0 . 92423 

16 

- 0 . 79716 

03 

- 0 . 68374 

39 

- 0 . 60580 

78 

- 0.54202 52 

- 0.52632 04 

1.00 

0. 00000 

00 

0.00000 

00 

0.00000 

00 

0.00000 

00 

0. 00000 

00 

0. 00000 00 

0. 00000 00 


['If] 

m 

m 

rn 

m 

m 

[<n 


y\o 1.00 


1.05 


1.15 


1.3 


1.5 


2.0 

4.0 

0. 00 

- 2.00000 

00 

- 2 . 00000 

00 

- 2.00000 

00 

- 2 . 00000 

00 

- 2 . 00000 

00 

- 2.00000 00 

- 2 . 00000 00 

0.05 

- 2.00002 

95 

- 2 . 00002 

65 

- 2 . 00002 

05 

- 2.00001 

25 

- 2 . 00000 

50 

- 1.99999 72 

- 1.99999 49 

0.10 

- 2 . 00047 

25 

- 2.00042 

55 

- 2 . 00032 

97 

- 2 . 00020 

30 

- 2 . 00008 

28 

- 1.99995 58 

- 1.99991 9 C . 

0.15 

- 2.00239 

01 

- 2 . 00216 

12 

- 2.00168 

65 

- 2 . 00104 

87 

- 2 . 00043 

62 

- 1.99978 38 

- 1.99959 6 £ 

0.20 

- 2 . 00753 

43 

- 2 . 00685 

42 

- 2 . 00540 

32 

- 2 . 00340 

55 

- 2 . 00145 

41 

- 1.99935 00 

- 1.99874 22 

0.25 

- 2.01829 

41 

- 2.01677 

67 

- 2 . 01340 

12 

- 2 . 00859 

22 

- 2 . 00378 

54 

- 1.99851 75 

- 1.99698 24 

0.30 

- 2.03755 

78 

- 2 . 03479 

40 

- 2 . 02825 

59 

- 2.01849 

50 

- 2.00844 

10 

- 1.99718 99 

- 1.99387 40 

0.35 

- 2.06843 

88 

- 2 . 06420 

40 

- 2.05319 

59 

- 2 . 03567 

60 

- 2 . 01691 

87 

- 1 . 99536 97 

- 1 . 98892 95 

0.40 

- 2.11379 

74 

- 2.10841 

06 

- 2 . 09200 

85 

- 2 . 06346 

12 

- 2 . 03134 

51 

- 1 . 99323 08 

- 1.98164 41 

0.45 

- 2.17550 

18 

- 2.17036 

66 

- 2.14879 

02 

- 2.10597 

25 

- 2 . 05462 

43 

- 1.99120 21 

- 1 . 97152 19 

0.50 

- 2.25339 

16 

- 2.25173 

01 

- 2.22747 

67 

- 2.16805 

61 

- 2 . 09057 

56 

- 1.99006 63 

- 1.95810 18 

0 . 55 



- 2.35170 

68 

- 2.33108 

42 

- 2 . 25504 

79 

- 2.14403 

61 

- 1.99107 16 

- 1.94097 97 

0 . 60 





- 2.46061 

76 

- 2 . 37230 

39 

- 2 . 22089 

13 

- 1.99605 96 

- 1.91982 80 

0.65 







- 2 . 52442 

19 

- 2.32798 

29 

- 2 . 00760 83 

- 1 . 89440 95 

0.70 









- 2.47283 

02 

- 2.02919 12 

- 1 . 86458 73 

0.75 









- 2 . 66308 

69 

- 2 . 06534 90 

- 1.83032 90 

0 . 80 











- 2.12187 04 

- 1 . 79170 68 

0 . 85 











- 2.20596 83 

- 1.74889 39 

0 . 90 











- 2.32643 60 

- 1.70215 68 

0.95 











- 2.49375 12 

- 1 . 65184 57 

1 . 00 











- 2.72008 43 

- 1 . 59838 35 


m 

m 

m 


m 

m 

[ ( - 4 > 6 ] 


zii=y\a 4.0 


1.1 

- 1.48398 95 

1.2 

- 1.36337 47 

1.3 

- 1.24144 17 

1.4 

- 1.12345 13 

1.5 

- 1.01509 75 

1.6 

- 0.92286 21 

1.7 

- 0.85472 55 

1.8 

- 0 . 82134 27 

1.9 

- 0.83783 54 

2.0 

- 0.92645 86 


m 
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TABLE FOR OBTAINING 9>, 3>' AND f ON Ox AND Ov Tabic 18.2 
(Negative Discriminant—Unit Real Half-Period) 


z = s\a 

1.00 


1.05 


1.15 


1.3 


1.5 


2.0 


4.0 


0.00 

1. 00000 

00 

1.00000 

00 

1. 00000 

00 

1.ooooo 

00 

1.ooooo 

00 

1.ooooo 

00 

1. 00000 

00 

0.05 

1. 00000 

49 

1. 00000 

44 

1.00000 

34 

1.00000 

21 

1. ooooo 

08 

0. 99999 

95 

0. 99999 

92 

0.10 

1. 00007 

88 

1.00007 

06 

1.00005 

43 

1.00003 

31 

1.00001 

32 

0.99999 

24 

0.99998 

65 

0.15 

1.00039 

88 

1.00035 

70 

1.00027 

40 

1. 00016 

65 

1.00006 

60 

0. 99996 

10 

0. 99993 

12 

0.20 

1.00125 

98 

1.00112 

60 

1.00086 

16 

1.00052 

15 

1.00020 

48 

0. 99987 

51 

0.99978 

17 

0.25 

1. 00307 

33 

1. 00274 

09 

1.00208 

94 

1.00125 

79 

1.00048 

81 

0. 99968 

98 

0. 99946 

41 

0.30 

1. 00636 

38 

1.00566 

06 

1.00429 

54 

1.00256 

91 

1. 00098 

15 

0. 99934 

32 

0.99888 

13 

0.35 

1.01176 

23 

1. 01043 

07 

1.00787 

32 

1.00467 

27 

1.00175 

16 

0. 99875 

38 

0. 99791 

11 

0.40 

1. 01999 

45 

1.01767 

00 

1.01325 

74 

1.00779 

77 

1.00285 

61 

0.99781 

57 

0.99640 

37 

0.45 

1.03186 

18 

1. 02805 

07 

1. 02090 

50 

1.01217 

02 

1. 00433 

47 

0. 99639 

49 

0.99417 

86 

0.50 

1.04821 

35 

1.04227 

15 

1.03127 

19 

1.01799 

52 

1.00619 

68 

0.99432 

31 

0.99102 

12 

0. 55 

1.06990 

78 

1. 06102 

21 

1. 04478 

39 

1.02543 

63 

1.00840 

79 

0. 99139 

16 

0. 98667 

79 

0.60 

1. 09776 

14 

1.08493 

81 

1.06180 

26 

1.03459 

22 

1. 01087 

54 

0.98734 

37 

0. 98085 

06 

0. 65 

1.13248 

70 

1.11454 

88 

1. 08258 

64 

1. 04547 

13 

1.01343 

17 

0.98186 

55 

0. 97318 

91 

0. 70 

1. 17462 

06 

1.15021 

58 

1. 10724 

76 

1.05796 

45 

1. 01581 

69 

0.97457 

57 

0.96328 

27 

0.75 

1.22444 

09 

1.19206 

86 

1.13570 

79 

1.07181 

59 

1.01765 

94 

0.96501 

30 

0. 95064 

87 

0. 80 

1. 28188 

76 

1.23993 

78 

1. 16765 

25 

1.08659 

33 

1.01845 

50 

0.95262 

09 

0.93471 

88 

0.85 

1.34648 

26 

1.29329 

24 

1.20248 

62 

1.10165 

80 

1.01754 

41 

0.93672 

94 

0.91482 

13 

0. 90 

1. 41726 

20 

1.35118 

37 

1.23929 

22 

1.11613 

35 

1.01408 

58 

0. 91653 

15 

0. 89015 

86 

0. 95 

1.49272 

42 

1.41220 

03 

1. 27679 

52 

1.12887 

36 

1. 00702 

73 

0. 89105 

46 

0. 85977 

85 

1.00 

1. 57079 

62 

1.47443 

48 

1.31332 

66 

1.13842 

65 

0. 99506 

76 

0. 85912 

29 

0. 82253 

59 


m m m m m [ ( - 6 4)s ] m 


z/i=y 

\« 1.00 


1.05 


1.15 


1.3 


1.5 


2.0 


4.0 


0.00 

1. ooooo 

00 

1.ooooo 

00 

1.ooooo 

00 

1.00000 

00 

1.00000 

00 

1.ooooo 

00 

1.ooooo 

00 

0.05 

1. ooooo 

49 

1. ooooo 

44 

1.ooooo 

34 

1.ooooo 

21 

1.ooooo 

08 

0.99999 

95 

0. 99999 

92 

0.10 

1.00007 

88 

1. 00007 

08 

1.00005 

46 

1. 00003 

34 

1.00001 

35 

0.99999 

25 

0.99998 

65 

0.15 

1.00039 

88 

1. 00035 

86 

1.00027 

73 

1. 00017 

04 

1.00006 

91 

0. 99996 

24 

0.99993 

19 

0.20 

1.00125 

98 

1.00113 

51 

1.00088 

05 

1.00054 

31 

1.00022 

22 

0.99988 

28 

0.99978 

57 

0.25 

1. 00307 

33 

1.00277 

55 

1.00216 

14 

1.00134 

04 

1.00055 

43 

0. 99971 

90 

0. 99947 

96 

0.30 

1.00636 

38 

1.00576 

38 

1.00451 

03 

1. 00281 

53 

1.00117 

94 

0.99943 

06 

0. 99892 

78 

0.35 

1. 01176 

23 

1.01069 

02 

1. 00841 

42 

1.00529 

28 

1. 00225 

03 

0.99897 

41 

0. 99802 

83 

0.40 

1.01999 

45 

1.01824 

62 

1.01445 

97 

1.00917 

72 

1.00396 

67 

0.99830 

68 

0.99666 

50 

0.45 

1.03186 

18 

1.02921 

31 

1.02333 

32 

1.01496 

03 

1. 00658 

42 

0. 99739 

10 

0.99470 

88 

0. 50 

1. 04821 

35 

1. 04444 

39 

1.03581 

72 

1.02322 

84 

1.01042 

41 

0.99619 

89 

0. 99202 

03 

0.55 



1.06483 

58 

1.05277 

97 

1.03466 

71 

1.01588 

39 

0.99471 

80 

0.98845 

10 

0. 60 





1.07515 

67 

1.05006 

29 

1.02344 

73 

0. 99295 

77 

0.98384 

63 

0.65 







1.07029 

97 

1.03369 

45 

0.99095 

58 

0. 97804 

63 

0. 70 









1.04730 

93 

0.98878 

64 

0.97088 

86 

0.75 









1.06508 

51 

0. 98656 

79 

0. 96221 

00 

0. 80 











0. 98447 

25 

0. 95184 

75 

0.85 











0. 98273 

54 

0.93964 

06 

0.90 











0. 98166 

56 

0. 92543 

21 

0. 95 











0. 98165 

63 

0.90906 

94 

1.00 











0. 98319 

64 

0.89040 

57 


m 

['-6 4) 

1 




m 

['I' 3 ] 


z/i=y\a 


4.0 


1.1 

1.2 

1.3 

1.4 

1.5 


0.84561 98 
0.79003 67 
0.72274 36 
0. 64295 89 
0. 55003 38 


1.6 


1.8 

1.9 

2.0 


0. 44345 14 
0.32282 70 
0. 18790 92 
+0.03858 90 
-0.12508 40 


m 
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WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


INVARIANTS AND VALUES AT HALF-PERIODS 


(Non-Negative Discriminant—Unit Real Half-Period) 


a = »’/-. 

' .72 

.9:$ 


n = 0>( 1) 

e 3 -0(»') 

*- r ( l ) 


1 . 00 

11.81704 500 

0 . 00000 

000 

1.71879 64 

- 1.71879 64 

0.78539 816 

- 0 . 78539 82 

1 . 02 

11.37372 384 

0 . 55318 

992 

1 . 71005 96 

- 1 . 6613 B 15 

0 . 78979 718 

- 0.76520 32 

1.04 

10.98419 107 

1.03485 

699 

1.70235 77 

- 1 . 60783 69 

0.79367 192 

- 0.74537 75 

1 . 06 

10.64177 347 

1.45484 

521 

1.69556 79 

- 1.55787 59 

0.79708 535 

- 0.72588 58 

1.08 

10.34065 794 

1.82151 

890 

1.68958 18 

- 1.51123 63 

0.80009 279 

- 0.70669 61 

1.10 

10.07577 364 

2 . 14201 

000 

1.68430 41 

- 1.46767 83 

0.80274 283 

- 0.68777 92 

1.12 

9.84269 185 

2.42241 

937 

1.67965 08 

- 1.42698 19 

0.80507 817 

- 0.66910 88 

1.14 

9.63754 049 

2.66798 

153 

1.67554 80 

- 1 . 38894 48 

0.80713 637 

- 0.65066 09 

1.16 

9.45693 072 

2.88320 

000 

1.67193 04 

- 1.35338 12 

0 . 80895 045 

- 0.63241 38 

1.18 

9.29789 413 

3 . 07195 

918 

1 . 66874 05 

- 1.32011 96 

0 . 81054 949 

- 0.61434 79 

1.20 

9.15782 851 

3 . 23761 

717 

1.66592 77 

- 1.28900 20 

0 . 81195 906 

- 0.59644 54 

1.22 

9.03445 117 

3.38308 

317 

1.66344 74 

- 1.25988 23 

0.81320 168 

- 0.57869 03 

1.24 

8.92575 843 

3 . 51088 

223 

1.66126 03 

- 1.23262 55 

0,81429 717 

- 0.56106 78 

1.26 

8.82999 055 

3.62320 

977 

1.65933 17 

- 1.20710 65 

0.81526 299 

- 0.54356 50 

1.28 

8 . 74560 138 

3.72197 

756 

1.65763 09 

- 1.18320 95 

0.81611 453 

- 0.52616 97 

1.30 

8.67123 169 

3.80885 

265 

1.65613 11 

- 1.16082 70 

0.81686 533 

- 0.50887 14 

1.32 

8 . 60568 628 

3.88529 

056 

1 . 65480 86 

- 1.13985 91 

0.81752 732 

- 0.49166 03 

1 . 34 

8 . 54791 374 

3.95256 

351 

1.65364 22 

- 1 . 12021 33 

0.81811 103 

- 0.47452 75 

1 . 36 

8.49698 890 

4.01178 

462 

1.65261 37 

- 1.10180 31 

0.81862 572 

- 0.45746 53 

1.38 

8.45209 746 

4.06392 

870 

1.65170 67 

- 1.08454 85 

0 . 81907 958 

- 0.44046 65 

1.40 

8.41252 263 

4.10985 

014 

1.65090 68 

- 1.06837 47 

0.81947 977 

- 0.42352 46 

1.42 

8.37763 305 

4.15029 

819 

1.65020 13 

- 1.05321 20 

0 . 81983 269 

- 0.40663 39 

1.44 

8 . 34687 283 

4.18593 

045 

1 . 64957 92 

- 1 . 03899 58 

0 . 82014 389 

- 0.38978 91 

1.46 

8.31975 228 

4 . 21732 

438 

1 . 64903 06 

- 1.02566 55 

0.82041 831 

- 0.37298 56 

1.48 

8.29583 997 

4.24498 

728 

1.64854 68 

- 1.01316 45 

0 . 82066 031 

- 0.35621 91 

1.50 

8.27475 580 

4.26936 

502 

1 . 64812 02 

- 1.00144 04 

0.82087 370 

- 0.33948 58 

1.52 

8.25616 484 

4 . 29084 

965 

1.64774 39 

- 0 . 99044 37 

0.82106 191 

- 0.32278 22 

1 . 54 

8 . 23977 191 

4.30978 

602 

1.64741 20 

- 0 . 98012 84 

0 . 82122 787 

- 0.30610 54 

1.56 

8.22531 684 

4.32647 

752 

1.64711 94 

- 0.97045 19 

0 . 82137 423 

- 0 . 28945 25 

1.58 

8 . 21257 036 

4.34119 

120 

1 . 64686 13 

- 0 . 96137 37 

0.82150 329 

- 0.27282 11 

1.60 

8 . 20133 033 

4.35416 

210 

1.64663 38 

- 0 . 95285 64 

0.82161 711 

- 0.25620 90 

1.65 

8 . 17870 308 

4.38026 

291 

1 . 64617 54 

- 0 . 93379 17 

0.82184 628 

- 0.21475 00 

1.70 

8.16217 907 

4.39931 

441 

1.64584 08 

- 0.91752 88 

0 . 82201 364 

- 0.17337 32 

1 . 75 

8.15011 147 

4 . 41322 

294 

1.64559 63 

- 0.90365 18 

0.82213 589 

- 0.13205 85 

1.80 

8.14129 812 

4.42337 

818 

1 . 64541 78 

- 0 . 89180'82 

0.82222 516 

- 0 . 09079 10 

1 . 85 

8.13486 127 

4 . 43079 

368 

1 . 64528 73 

- 0 . 88169 76 

0 . 82229 038 

- 0.04955 91 

1.90 

8 . 13016 001 

4 . 43620 

896 

1 . 64519 21 

- 0.87306 52 

0,82233 800 

- 0.00835 41 

1.95 

8 . 12672 634 

4 . 44016 

375 

1 . 64512 25 

- 0 . 86569 37 

0 . 82237 281 

+ 0.03283 07 

2.00 

8.12421 844 

4 . 44305 

205 

1.64507 17 

- 0 . 85939 82 

0 . 82239 820 

0 . 07400 01 

2 . 05 

8.12238 671 

4 . 44516 

152 

1.64503 45 

- 0 . 85402 10 

0.82241 676 

0.11515 80 

2.10 

8.12104 883 

4 . 44670 

219 

1.64500 74 

- 0 . 84942 78 

0.62243 032 

0.15630 73 

2.15 

8 . 12007 164 

4.44782 

746 

1.64498 76 

- 0.84550 41 

0 . 82244 022 

0 . 19745 01 

2.20 

8 . 11935 791 

4.44864 

934 

1 . 64497 32 

- 0.84215 20 

0.82244 745 

0.23858 81 

2.25 

8.11883 660 

4.44924 

963 

1 . 64496 26 

- 0 . 83928 80 

0.82245 274 

0.27972 23 

2.30 

8 . 11845 583 

4.44968 

808 

1.64495 49 

- 0 . 83684 11 

0 . 82245 659 

0.32085 38 

2.4 

8.11797 459 

4.45024 

222 

1 . 64494 51 

- 0 . 83296 37 

0.82246 146 

0.40311 12 

2.5 

8.11771 785 

4.45053 

785 

1 . 64494 00 

- 0.83013 28 

0.82246 406 

0.48536 38 

2.6 

8.11758 087 

4.45069 

555 

1 . 64493 71 

- 0 . 82806 54 

0.82246 546 

0 . 56761 39 

2.7 

8.11750 782 

4 . 45077 

969 

1 . 64493 57 

- 0 . 82655 58 

0.82246 619 

0 . 64986 24 

2.8 

8.11746 884 

4 . 45082 

457 

1.64493 49 

- 0.82545 33 

0.82246 659 

0.73211 01 

2.9 

8.11744 804 

4.45084 

852 

1.64493 45 

- 0 . 82464 81 

0.82246 660 

0.81435 74 

3.0 

8.11743 694 

4.45086 

130 

1 . 64493 43 

- 0 . 82406 01 

0.82246 691 

0.89660 44 

3.1 

8.11743 103 

4.45086 

811 

1.64493 42 

- 0.82363 06 

0 . 82246 698 

0.97885 13 

3.2 

8.11742 787 

4.45087 

174 

1 , 64493 41 

- 0.82331 68 

0.82246 701 

1.06109 81 

3.3 

8.11742 619 

4 . 45087 

368 

1 . 64493 41 

- 0.82308 78 

0.82246 702 

1.14334 48 

3.4 

8.11742 529 

4 . 45087 

472 

1.64493 41 

- 0 , 82292 04 

0.82246 703 

1.22559 16 

3.5 

8.11742 481 

4.45087 

528 

1.64493 41 

- 0.82279 82 

0.82246 703 

1.30783 83 

3.6 

8.11742 455 

4.45087 

556 

1 . 64493 41 

- 0 . 82270 89 

0.82246 703 

1.39008 50 

3.7 

8.11742 441 

4.45087 

572 

1 . 64493 41 

- 0.82264 37 

0.82246 704 

1.47233 17 

3.8 

8.11742 434 

4.45087 

581 

1.64493 41 

- 0.82259 61 

0.82246 704 

1.55457 84 

3.9 

8 . 11742 430 

4 . 45087 

585 

1.64493 41 

- 0 . 82256 13 

0 . 82246 704 

1.63682 51 

4.0 

8 . 11742 426 

4 . 45087 

587 

1.64493 41 

- 0 . 82253 59 

0 . 82246 704 

1.71907 18 

00 

8.11742 426 

4.45087 

590 

1.64493 41 

- 0.82246 70 

0.82246 704 

OO 

A = 0 

m 

m 

[ ( -5 4)1 ] 

m 

m 

m 

Fore 

~1- 02 = w4 > Sty ~ 0) 

e,=u2/2, 

«:i = 

— 6)2/2, )?=7r4, 

,'/» = -r/4. 




For a=»: <7 2 =ir 4 /12, <7 3 =jt'>/216, =7t 2 /6, p., = -7t-V12, ij=t2/12, y/i=®. 


(“= 1.85407 4677 is the real half-period in the Lemniscatic case 18.14.) 

For 4<aO, to obtain i' use Legendre's relation n'=v»'-iri/2. 

To obtain the corresponding values of tabulated quantities when the real half-period u>*l, 
multiply g 2 by u -4, by w -g, e- by u -2 and , by „-i. 
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INVARIANT!? AND VALLES AT HALE-PERIODS Table 18.3 


(Non-Negative Discriminant—Unit Real Half-Period) 



'( 1 ) 

'(«')/* 

5 H « 2 ) 


1.00 

0 . 94989 88 

0.949899 

1.182951 

1 . 182951 

1 . 02 

0 . 95114 80 

0.967481 

1.170397 

1.218650 

1 . 04 

0.95224 92 

0.984884 

1 . 157316 

1 . 253864 

1 . 06 

0.95321 98 

1.002097 

1.143695 

1.288619 

1.08 

0 . 95407 54 

1.019107 

1.129522 

1.322935 

1.10 

0.95482 97 

1.035904 

1.114782 

1.356827 

1.12 

0.95549 47 

1.052476 

1.099457 

1.390301 

1.14 

0 . 95608 10 

1.068811 

1 . 083531 

1 . 423362 

1.16 

0.95659 79 

1.084899 

1.066989 

1 . 456007 

1.18 

0.95705 36 

1.100727 

1.049814 

1.488231 

1.20 

0.95745 55 

1.116285 

1.031991 

1.520022 

1.22 

0 . 95780 98 

1.131562 

1 . 013507 

1.551369 

1 . 24 

0 . 95812 22 

1.146546 

0.994349 

1.582254 

1.26 

0.95839 77 

1.161227 

0.974506 

1 . 612657 

1.28 

0.95864 07 

1.175594 

0 . 953970 

1.642557 

1.30 

0.95885 49 

1.189636 

0.932733 

1.671930 

1 . 32 

0 . 95904 38 

1.203344 

0.910790 

1.700750 

1.34 

0 . 95921 04 

1.216707 

0.888138 

1.728989 

1.36 

0.95935 73 

1.229716 

0.864776 

1.756618 

1.38 

0 . 95948 68 

1 . 242361 

0 . 840704 

1.783607 

1.40 

0.95960 10 

1.254633 

0.815927 

1.809925 

1.42 

0.95970 18 

1.266522 

0 . 790449 

1.835542 

1.44 

0.95979 06 

1.278021 

0 . 764278 

1.860425 

1 . 46 

0.95986 89 

1.289120 

0.737425 

1 . 884541 

1.48 

0 . 95993 80 

1.299811 

0 . 709900 

1 . 907860 

1.50 

0.95999 90 

1.310087 

0 . 681719 

1.930348 

1 . 52 

0.96005 27 

1.319941 

0.652896 

1 . 951974 

1 . 54 

0 . 96010 01 

1.329364 

0.623452 

1.972707 

1 . 56 

0.96014 19 

1.338351 

0.593404 

1 . 992515 

1.58 

0.96017 87 

1.346895 

0.562777 

2.011370 

1 . 60 

Q . 96021 13 

1.354990 

0.531593 

2.029242 

1.65 

0.96027 67 

1 . 373224 

0 . 451372 

2.069439 

1.70 

0.96032 45 

1.388539 

0.368286 

2.102914 

1.75 

0.96035 94 

1.400869 

0.282840 

2.129313 

1.80 

0.96038 49 

1.410170 

0 . 195588 

2.148344 

1.85 

0.96040 35 

1.416408 

0.107125 

2.159783 

1.90 

0 . 96041 71 

1.419573 

+ 0 . 018074 

2.163478 

1.95 

0.96042 70 

1.419665 

- 0.070918 

2.159353 

2 . 00 

0 . 96043 43 

1.416707 

- 0.159199 

2.147412 

2 . 05 

0.96043 96 

1.410733 

- 0.246114 

2.127732 

2.10 

0.96044 35 

1.401800 

- 0.331019 

2.100473 

2.15 

0.96044 63 

1.389977 

- 0 . 413290 

2 . 065864 

2.20 

0.96044 84 

1.375349 

- 0.492330 

2.024211 

2.25 

0 . 96044 99 

1.358018 

- 0 . 567579 

1.975882 

2.30 

0.96045 10 

1.338098 

- 0 . 638522 

1.921308 

2.4 

0 . 96045 24 

1.291016 

- 0.765682 

1.795415 

2.5 

0.96045 31 

1.235264 

- 0.870782 

1 . 650936 

2.6 

0.96045 35 

1.172151 

- 0.951807 

1.492779 

2.7 

0.96045 37 

1.103091 

- 1 . 007808 

1.326086 

2.8 

0.96045 38 

1.029557 

- 1.038896 

1.155967 

2.9 

0 . 96045 39 

0.953025 

- 1.046157 

0.987255 

3.0 

0.96045 40 

0.874937 

- 1.031530 

0 . 824296 

3.1 

0.96045 40 

0.796655 

- 0.997636 

0.670787 

3.2 

0 . 96045 40 

0.719428 

- 0.947586 

0 . 529666 

3.3 

0 . 96045 40 

0 . 644360 

- 0.884775 

0.403050 

3.4 

0.96045 40 

0 . 572395 

- 0.812687 

0.292246 

3.5 

0.96045 40 

0.504299 

- 0.734720 

0.197780 

3.6 

0.96045 40 

0.440663 

- 0.654024 

0.119493 

3.7 

0.96045 40 

0.381903 

- 0.573398 

0 . 056643 

3.8 

0.96045 40 

0.328268 

- 0.495196 

+ 0.008033 

3.9 

0.96045 40 

0.279851 

- 0 . 421291 

- 0.027857 

4 . 0 

0.96045 40 

0.236623 

- 0 . 353075 

- 0 . 052740 

f A 

0 . 96045 40 

0. 000000 

0. 000000 

0. 000000 

A = 0 

[< 1 )2 ] 

m 

m 

m 


w 2 = l + w'j e 2 =5 ) (1+“') = - (ei+e 3 ), 1 ?2=i"(l+<"') — 

For o=l: /(l) = e« 8 2 1/4 /s <r(«')=tV(l) J < r (« 2 )=V2 
For a= -: ^(1)=2^ /24 /’*> = 0, »(«i) =0- 

(«= 1.85407 4677 is the real half-period in the Lemniscatic case 18.14.) 

To obtain the corresponding values of tabulated quantities when the real half-period 
a* 1, multiply <r by *>. 
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WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 


INVARIANTS AND VALUES AT HALF-PERIODs 
(Non-Positive Discriminant—Unit Real Half-Period) 


(ke x = 9e 1= 

_ n ~ /l "2 


«="2 / 

02 


9:i 



1 ) 

H-i) 

, 2 = r ( l ) 

I2 /* — K“2)A 

1 . 00 

- 47.26818 

00 

0 . 00000 

00 

0 . 00000 

000 

3 . 43759 29 

1 . 57079 

63 

- 1.57079 63 

1 . 02 

- 45.35272 

19 

4 . 41906 

00 

- 0 . 04867 

810 

3.36827 69 

1.53091 

63 

- 1.58005 81 

1 . 04 

- 43 . 40071 

30 

8.23156 

58 

- 0 . 09452 

083 

3.29802 68 

1.49282 

30 

- 1.58905 67 

1 . 06 

- 41.42954 

84 

11.49257 

28 

- 0.13769 

202 

3.22711 39 

1.45647 

87 

- 1.59772 52 

1.08 

- 39.45420 

53 

14.25448 

26 

- 0.17834 

547 

3.15578 40 

1 . 42184 

01 

- 1.60600 53 

1.10 

- 37.48749 

12 

16.56680 

99 

- 0 . 21662 

576 

3 . 08425 89 

1.38885 

99 

- 1 . 61384 68 

1.12 

- 35.54027 

17 

18 . 47603 

08 

- 0 . 25266 

894 

3.01273 84 

1.35748 

74 

- 1.62120 68 

1.14 

- 33 . 62168 

02 

20 . 02550 

17 

- 0.28660 

315 

2.94140 17 

1 . 32766 

96 

- 1.62804 93 

1.16 

- 31.73930 

91 

21 . 25543 

82 

- 0.31854 

915 

2.87040 90 

1 . 29935 

18 

- 1.63434 46 

1.18 

- 29 . 89938 

64 

22.20294 

45 

- 0 . 34862 

086 

2.79990 29 

1.27247 

81 

- 1.64006 85 

1.20 

- 28 . 10693 

45 

22 . 90208 

34 

- 0 . 37692 

571 

2 . 73000 96 

1 . 24699 

24 

- 1.64520 18 

1.22 

- 26 . 36591 

62 

23.38397 

82 

- 0 . 40356 

512 

2.66084 07 

1.22283 

82 

- 1.64973 00 

1 . 24 

- 24.67936 

58 

23.67693 

85 

- 0.42863 

481 

2.59249 39 

1.19995 

95 

- 1.65364 28 

1.26 

- 23.04950 

83 

23 . 80660 

45 

- 0 . 45222 

513 

2.52505 44 

1.17830 

09 

- 1.65693 36 

1.28 

- 21.47786 

60 

23.79610 

09 

- 0 . 47442 

139 

2.45859 58 

1.15780 

77 

- 1.65959 88 

1.30 

- 19.96535 

52 

23 . 66620 

08 

- 0.49530 

414 

2.39318 14 

1.13842 

65 

- 1.66163 82 

1.32 

- 18.51237 

16 

23.43548 

95 

- 0.51494 

941 

2.32886 49 

1.12010 

52 

- 1.66305 38 

1 . 34 

- 17.11886 

71 

23.12052 

98 

- 0 . 53342 

897 

2.26569 11 

1.10279 

31 

- 1.66384 99 

1.36 

- 15.78441 

82 

22.73602 

29 

- 0 . 55081 

058 

2.20369 72 

1 . 08644 

09 

- 1.66403 31 

1.38 

- 14.50828 

67 

22 . 29496 

60 

- 0 . 56715 

817 

2.14291 32 

1 . 07100 

10 

- 1.66361 13 

1.40 

- 13.28947 

27 

21.80880 

22 

- 0 . 58253 

209 

2.08336 24 

1 . 05642 

75 

- 1.66259 42 

1 . 42 

- 12.12676 

19 

21 . 28756 

31 

- 0 . 59698 

926 

2 . 02506 27 

1 . 04267 

61 

- 1.66099 26 

1.44 

- 11 . 01876 

70 

20 . 74000 

36 

- 0 . 61058 

339 

1.96802 64 

1 . 02970 

43 

- 1.65881 85 

1.46 

- 9.96396 

40 

20.17372 

81 

- 0.62336 

513 

1.91226 13 

1.01747 

14 

- 1.65608 44 

1 . 48 

- 8.96072 

32 

19 . 59530 

70 

- 0 . 63538 

226 

1 . 85777 09 

1.00593 

83 

- 1.65280 40 

1 . 50 

- 8 . 00733 

71 

19.01038 

59 

- 0 . 64667 

980 

1.80455 50 

0 . 99506 

76 

- 1.64899 13 

1 . 52 

- 7.10204 

36 

18 . 42378 

52 

- 0.65730 

023 

1.75261 00 

0 . 98482 

36 

- 1 , 64466 08 

1.54 

- 6.24304 

63 

17 . 83959 

12 

- 0 . 66728 

357 

1.70192 94 

0 . 97517 

21 

- 1.63982 76 

1 . 56 

- 5.42853 

20 

17.26123 

98 

- 0 . 67666 

751 

1.65250 41 

0.96608 

09 

- 1.63450 65 

1 . 58 

- 4.65668 

53 

16.69159 

27 

- 0 . 68548 

761 

1.60432 26 

0 . 95751 

90 

- 1.62871 26 

1 . 60 

- 3.92570 

12 

16.13300 

57 

- 0 . 69377 

734 

1 . 55737 16 

0.94945 

69 

- 1.62246 17 

1.65 

- 2.26537 

64 

14 . 79653 

23 

- 0.71238 

375 

1.44527 36 

0 . 93130 

88 

- 1.60493 31 

1 . 70 

- 0.82241 

58 

13 . 56033 

77 

- 0 . 72831 

198 

1.34049 21 

0 . 91571 

53 

- 1.58487 67 

1 . 75 

+ 0.42844 

48 

12.43388 

94 

- 0 . 74194 

441 

1.24271 21 

0 . 90232 

74 

- 1 . 56251 97 

1 . 80 

1 . 51045 

44 

11.41927 

28 

- 0.75360 

961 

1.15159 40 

0 . 89084 

07 

- 1.53807 94 

1.85 

2.44471 

18 

10.51370 

92 

- 0.76358 

973 

1.06678 48 

0.88099 

10 

- 1.51175 93 

1.90 

3 . 25015 

81 

9.71138 

21 

- 0 . 77212 

691 

0.98792 73 

0 . 87254 

91 

- 1.48374 94 

1.95 

3.94365 

25 

9 . 00473 

54 

- 0 . 77942 

883 

0.91466 65 

0 . 86531 

67 

- 1.45422 51 

2.00 

4 . 54009 

85 

8.38537 

94 

- 0.78567 

351 

0.84665 46 

0.85912 

29 

- 1.42334 69 

2.05 

5 . 05259 

79 

7 . 84470 

38 

- 0 . 79101 

353 

0.78355 46 

0 . 85382 

00 

- 1.39126 17 

2.10 

5.49261 

57 

7.37428 

09 

- 0 . 79557 

957 

0.72504 25 

0 . 84928 

11 

- 1.35810 23 

2.15 

5.87014 

76 

6 . 96611 

56 

- 0 . 79948 

352 

0.67080 91 

0 . 84539 

69 

- 1.32398 93 

2.20 

6.19388 

05 

6.61278 

90 

- 0 . 80282 

119 

0.62056 06 

0.84207 

37 

- 1.28903 05 

2.25 

6.47134 

49 

6 . 30752 

86 

- 0 . 80567 

458 

0.57401 95 

0 . 83923 

09 

- 1.25332 31 

2 . 30 

6 . 70905 

42 

6 . 04422 

78 

- 0 . 80811 

383 

0 . 53092 40 

0 . 83679 

93 

- 1.21695 43 

2.4 

7 . 08692 

59 

5.62231 

14 

- 0 . 81198 

137 

0.45410 32 

0 . 83294 

16 

- 1.14253 28 

2 . 5 

7 . 36377 

30 

5 . 31058 

54 

- 0 . 81480 

718 

0.38831 56 

0 . 83012 

09 

- 1.06629 03 

2.6 

7 . 56643 

61 

5 . 08099 

59 

- 0 . 81687 

167 

0.33200 75 

0 . 82805 

92 

- 0.98863 87 

2.7 

7 . 71470 

39 

4.91228 

49 

- 0.81837 

985 

0.28383 23 

0 . 82655 

25 

- 0.90990 09 

2.8 

7 . 82312 

83 

4 . 78851 

39 

- 0 . 81948 

158 

0.24262 75 

0 . 82545 

16 

- 0.83032 82 

2.9 

7 . 90239 

07 

4.69782 

05 

- 0 . 82028 

636 

0.20739 21 

0 . 82464 

72 

- 0.75011 58 

3.0 

7 . 96032 

11 

4 . 63142 

26 

- 0 . 82087 

422 

0.17726 58 

0 . 82405 

96 

- 0.66941 39 

3.1 

8.00265 

32 

4 . 58284 

25 

- 0.82130 

361 

0.15151 09 

0 . 82363 

03 

- 0.58833 87 

3.2 

8 . 03358 

32 

4 . 54731 

53 

- 0 . 82161 

725 

0.12949 50 

0 . 82331 

67 

- 0.50697 92 

3.3 

8 . 05618 

01 

4.52134 

25 

- 0 . 82184 

634 

0.11067 62 

0 . 82308 

77 

- 0.42540 32 

3.4 

8 . 07268 

80 

4 . 50235 

93 

- 0 . 82201 

368 

0 . 09459 10 

0 . 82292 

04 

- 0.34366 33 

3.5 

8 . 08474 

69 

4.48848 

72 

- 0 . 82213 

590 

0.08084 29 

0 . 82279 

82 

- 0.26179 91 

3.6 

8 . 09355 

57 

4.47835 

14 

- 0 . 82222 

517 

0.06909 25 

0 . 82270 

89 

- 0.17984 06 

3.7 

8 . 09999 

01 

4 . 47094 

62 

- 0 . 82229 

038 

0.05904 97 

0 . 82264 

37 

- 0 . 09781 10 

3.8 

8.10469 

00 

4 . 46553 

65 

- 0 . 82233 

800 

0 . 05046 65 

0.82259 

61 

- 0 . 01572 75 

3.9 

8.10812 

30 

4.46158 

47 

- 0 . 82237 

279 

0.04313 08 

0 . 82256 

13 

+ 0 . 06639 64 

4 . 0 

8.11063 

05 

4 . 45869 

80 

- 0.82239 

820 

0 . 03686 13 

0 . 82253 

59 

+ 0.14855 08 


« 8.11742 43 4.45087 59 - 0.82246 703 0.00000 00 0.82246 70 «o 

4 -° [<n [ ( T] [ { 'F\ [ ( 1 (1 ] [ ( -e 4)3 ] [ ( 1 )S ] 

For a = l : sr 2 = -4<o4, .73=0, #<>, = 0, 9e x =<o2, , 2 =x/2 , - tt/2. 

For a= ®: ff 2 =7r4/12, 9 3 =**/216, (Re x = -T2/12,^e,=0, v 2 =ifi/12, *£/*—. 

(u= 1.85407 4677 is the real half-period in the Lemniscatic case 18.14.) 

For 4<o< », to obtain ^ use Legendre’s relation ^=*2*2- Tl '- 

To obtain the corresponding values of tabulated quantities when the real half-period "2*1, 
multiply i?2 by "A 4 . 03 by u 2^ 6 , e, by and >? by u^ 1 . 
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INVARIANTS AND VALUES AT HALF-PERIODS Table 18.3 


(Non-Positive Discriminant—Unit Real Half-Period) 


«="2 A 

,(1) 

v ( a 2 )/* 


M*') 

1. 00 

1.18295 13 

1. 182951 

0. 474949 

0. 474949 

1.02 

1.17091 79 

1.219157 

0. 475654 

0. 483826 

1.04 

1.15940 62 

1.255842 

0. 476433 

0. 492792 

1. 06 

1.14841 45 

1.292964 

0. 477275 

0. 501851 

1. 08 

1.13793 68 

1.330480 

0.478169 

0.511006 

1.10 

1. 12796 39 

1. 368342 

0. 479107 

0. 520259 

1.12 

1.11848 38 

1.406502 

0.480078 

0. 529611 

1.14 

1.10948 26 

1.444910 

0.481074 

0.539064 

1.16 

1.10094 49 

1. 483513 

0. 482085 

0. 548616 

1.18 

1.09285 44 

1. 522257 

0. 483104 

0. 558268 

1.20 

1.08519 40 

1. 561089 

0.484122 

0. 568019 

1.22 

1.07794 61 

1.599952 

0.485132 

0. 577866 

1.24 

1.07109 31 

1.638790 

0. 486126 

0. 587809 

1.26 

1.06461 72 

1.677548 

0. 487098 

0. 597843 

1.28 

1. 05850 11 

1.716167 

0. 488041 

0. 607968 

1.30 

1.05272 75 

1.754591 

0. 488949 

0.618179 

1.32 

1. 04727 97 

1.792765 

0. 489817 

0. 628474 

1. 34 

1. 04214 12 

1.830630 

0. 490639 

0. 638850 

1.36 

1. 03729 63 

1.868133 

0.491410 

0. 649302 

1.38 

1. 03272 96 

1. 905218 

0. 492126 

0. 659828 

1.40 

1. 02842 64 

1. 941832 

0. 492783 

0. 670422 

1. 42 

1. 02437 26 

1. 977922 

0. 493376 

0. 681082 

1. 44 

1. 02055 48 

2.013437 

0. 493902 

0. 691804 

1.46 

1. 01696 00 

2. 048327 

0. 494357 

0. 702582 

1. 48 

1. 01357 57 

2. 082544 

0. 494739 

0. 713414 

1.50 

1. 01039 05 

2. 116040 

0. 495045 

0. 724295 

1.52 

1.00739 28 

2.148771 

0. 495272 

0. 735221 

1. 54 

1. 00457 23 

2.180693 

0. 495418 

0. 746189 

1. 56 

1.00191 88 

2.211766 

0. 495480 

0. 757192 

1. 58 

0.99942 27 

2.241950 

0. 495458 

0. 763229 

1.60 

0. 99707 51 

2. 271208 

0. 495348 

0. 779295 

1. 65 

0. 99179 98 

2.340071 

0. 494687 

0. 807059 

1. 70 

0.98727 79 

2.402437 

0. 493456 

0. 834917 

1.75 

0.98340 36 

2.457895 

0. 491645 

0. 862812 

1.80 

0. 98008 56 

2.506120 

0. 489246 

0. 890687 

1.85 

0.97724 49 

2. 546866 

0. 486255 

0. 918490 

1.90 

0.97481 36 

2.579972 

0.482673 

0. 946170 

1.95 

0.97273 30 

2.605345 

0.478503 

0. 973680 

2. 00 

0.97095 31 

2.622973 

0. 473748 

1.000975 

2. 05 

0.96943 05 

2. 632902 

0. 468417 

1. 028011 

2.10 

0.96812 82 

2. 635245 

0.462516 

1. 054750 

2.15 

0.96701 46 

2. 630169 

0.456054 

1. 081151 

2.20 

0.96606 23 

2. 617892 

0. 449041 

1.107179 

2.25 

0.96524 80 

2.598678 

0.441488 

1.132799 

2.30 

0.96455 19 

2. 572828 

0. 433405 

1.157978 

2.4 

0.96344 79 

2. 502604 

0.415693 

1. 206881 

2.5 

0. 96264 13 

2.410244 

0. 395997 

1. 253647 

2.6 

0.96205 18 

2.299090 

0. 374417 

1. 298044 

2.7 

0. 96162 12 

2. 172666 

0. 351055 

1.339858 

2.8 

0.96130 65 

2. 034544 

0. 326022 

1.378884 

2.9 

0.96107 67 

1.888235 

0. 299435 

1.414929 

3.0 

0. 96090 89 

1,737097 

0. 271420 

1. 447812 

3.1 

0.96078 62 

1.584242 

0. 242114 

1. 477367 

3.2 

0. 96069 67 

1.432486 

0.211664 

1. 503441 

3.3 

0. 96063 12 

1.284291 

0. 180224 

1.525899 

3.4 

0.96058 34 

1.141740 

0.147962 

1. 544621 

3.5 

0. 96054 86 

1.006520 

0. 115052 

1.559512 

3.6 

0. 96052 31 

0. 879924 

0. 081678 

1. 570495 

3.7 

0. 96050 44 

0.762869 

0. 048028 

1. 577518 

3.8 

0.96049 08 

0.655914 

+0. 014297 

1.580552 

3.9 

0.96048 09 

0. 559298 

-0. 019318 

1.579595 

4.0 

0. 96047 37 

0.472982 

-0. 052618 

1. 574671 

00 

0. 96045 40 

0. 000000 

0. 000000 

0. 000000 

4 = 0 

m 

[ ( - 6 3)3 ] 

m 

m 

"2 , 
2 + 2’ 


' 2 =#' (l) = -2 (Re u >?'=r 

S + ?H (,2+,,2) - 



For a=l: <r(l)=e wii /a, *(«$)=/»( 1), .(«')=*■»«***/ 2^ u . 

For o—: ,(l)-2^ 2/24 /7r ) *(«$)-<), #(->0. 

(<*>=1.85407 4677 is the real half-period in the Lemniscatic case 18.14.) 

lo obtain the corresponding values of tabulated quantities when the real half-period 

«2*1, multiply <r by «>2. 
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19. Parabolic Cylinder Functions 

Mathematical Properties 


19.1. The Parabolic Cylinder Functions 
Introductory 

These are solutions of the differential equation 

19.1.1 ~ 2 -\-(ax 2J rbx-\-c)y =0 
with two real and distinct standard forms 

19.1.2 ~¥-(ix*+a)y=0 

19.1.3 §+Qx 2 -a)y=0 

The functions 

19.1.4 

y(a, x) y(a , - x) y(-a, ix) y(—a, ~ix) 

are all solutions either of 19.1.2 or of 19.1.3 if any 
one is such a solution. 

Replacement of a by —ia and x by xe iiT converts 

19.1.2 into 19.1.3. If y{a, x) is a solution of 19.1.2, 
then 19.1.3 has solutions: 

19.1.5 ' 

y{~ia,xe li *) y(—ia,—xe iiT ) 

y(ia,—xe~ it ’) y(ia,xe~ iiT ) 

Both variable x and the parameter a may take 
on general complex values in this section and in 
many subsequent sections. Practical applications 
appear to be confined to real solutions of real equa¬ 
tions; therefore attention is confined to such solu¬ 
tions, and, in general, formulas are given for the 
two equations 19.1.2 and 19.1.3 independently. 
The principal computational consequence of the 
remarks above is that reflection in the y-axis 
produces an independent solution in almost all 
cases (Hermite functions provide an exception), 
so that tables may be confined either to positive 
z or to a single solution of 19.1.2 or 19.1.3. 

The Equation z 2 -f aj y=Q 

19.2. Power Series in x 
Even and odd solutions of 19.1.2 are given by 


19.2.1 

x2 M($a+\> ix 2 ) 

=e" il2 ^l -j-(a+i) (a+i) (a+ f)^j+ • • ^ 

=e~^ 1 F 1 (ia-H;i;ix 2 ) 

19.2.2 

= e^ 2 M(-ia+i, i, - ix 2 ) 

=et' ! {l+(a-« f+(a-i)(a-« |+ . ..} 

19.2.3 

y 2 =xe-^MOa+ f, f, ix ! ) 

=«'l‘*{z+(a+|)|j+(«+f)(a+*) !!+•••} 

19.2.4 

f, —i* 1 ) 

=e‘' 2 {*+(a-f) ^+(a-*)(a-i) 

these series being convergent for all values of x 
(see chapter 13 for M(a , c, z )). 

Alternatively, 

19.2.5 

v> =1 +® |t+( o! + 5) i!+( aS +5 a ) | 

+(a‘+n«>+ 1 |)^+(< l '+2.W+ 2 i 1 a)^+ . . . 

19.2.6 

y 2 =i+a |+(« ! +|) H!+(° s +^ a ) T\ 
+(a‘+17^+^)|+( a ‘+35a 3 +551 a )^ j + . . . 

in which non-zero coefficients a n of x n /n\ are 
connected by 

19.2.7 a n+2 =a- a n +^n(n — l)a„-2 
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19.3. Standard Solutions 


19.4.4 


These have been chosen to have the asymptotic 
behavior exhibited in 19.8. The first is Whit¬ 
taker’s function [19.8, 19.9] in a more symmetrical 
notation. 


19.3.1 

U(a, x)=D- a -h(x)= : cosTr($+%a)-Y 1 

—sinx (i+ia)-F 2 


19.3.2 

V(a,x) = 


1 


T(h-a) 


{ sinxd + ia )-^ 


+ cosx ( L + ia )- F 2 } 


in which 


r(l — |a) cos 7r(i + iu) 

yV 2 ’ a-i 


y,=2 sinx(£+£a)-F, 

=f7(a, x)+U(a, 4-z) 


19.4.5 

T(l-ha) sinx(l + ^g) 

Vl 


\ 


2cosx(f-j ~\a)-Y 2 
=U(a, x)-U(a, r x) 


19.4.6 


■yj2TrU{—a, ±ix)~ 

T(i+a){e^ a -m(a, ±x)+e i '* a -»U(a 1 Y\x )} 

19.4.7 


iq q o y 1 r(l-|a) r~ secxd+^q-) 

19.3.3 Fj niaA _x V\ 

r- cscx(|+|a) 


V T 



2l«+l 

v i r(f — \a) 

2 Vi 

2 ia-i 

Vi 



19.3.5 

u ( a i °) ~ 2 Jo+l r V (l _j_ l a )“ 


C/,(a,0) 24“-lr(| + |a) 


19.3.6 


V(a, 0)= : 


2* a +*sinr(t-£a) 




F '( a , 0 )= 


2i“+l sin ir{\-\a) 

r (1—4«) 


In terms of the more familiar D n (x) of Whit¬ 
taker, 


19.3.7 U(a,x)=D- a - i (x) 


19.3.8 

V(a, x) =- T (i+a) {sin Tra-D_ a ^{x) +D. a - j(— x )} 

7T 

19.4. Wronskian and Other Relations 
19.4.1 W{U,V}=j2fit 


19.4.2 

rV(a, x) — r(£+a) {sin ira-U(a, x) -\-U{a, ~x )} 


19.4.3 

r (i+ a )?7(fl > a : )=’ rs ec*xo{y(a, —x) 

—sinxa-V(a, x)} 


■y/ZrU(a, ±x) = 

r(i-u){e- <T(ia+i) C/(-a, ±ix)+e i '* a +VU{-a, =Fb)} 


19.5. Integral Representations 

A full treatment is given in [19.11] section) 4. 
Representations are given here for U(a , z) orily; 
others may be derived by use of the relations given in 

19.4. 

19.5.1 £/(«,?) = r( j~ a) e"-i'V-*A j 

19.5.2 e-' ,s (s+ty-Ut 

where a and @ are the contours shown in Figures 
19.1 and 19.2. 

When is a positive integer these integrals 
become indeterminate; in this case 

19.5.3 U(a, z)=^ 




Figure 19.1 
-ir<arg »<r 


Figure 19.2 

—*-<arg ( 2 +t) >r 
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19*5.4 U(a y z) = -L-.e^ f e -»+i*V a -*ds 
y 2 m J * 

19.5.5 = e e* z e «+i** s - a -*ds 

V27T'i J‘3 

(a—$)*■! /* 

19.5.6 = r- ~ ei * e is+ ^8~ a ~Us 

V27r£ J'i 

where e, e 3 and u are shown in Figures 19.3 and 
19.4. 



Figure 19.3 Figure 19.4 

— i*<arg «<Jir On «a }x<arg *<}* 


U(«, 3 )= ^h^T J tf «***' (1+1)»—*(i—*) -*—*<« 

i9.5.8 


19.5.9 

U{a , z) 

= ' r 2 ( 1 t^ --J <ii) **«-»*•* a+*) —o*—wt 

19.5.10 

= ' r 2 ( ^ a) £ er’^+vY^-K^-vT-'M 

The contour ft is such that (f z 2 -\-v) goes from 
oo e ~ iw to °°e ir while v=}z 2 is not encircled; 
(±z 2 —has its principal value except pos¬ 
sibly in the immediate neighborhood of the 
branch-point when encirclement is being avoided. 
Likewise 171 is such that {\z 2 —v) goes from cog*” 
to <x>e~ iT while encirclement of v= — \z 2 is simi¬ 
larly avoided. The contours (ft) and Oh) ma y be 
obtained from ft and vi by use of the substitution 
x>—\zH. 

The expressions 19.5.7 and 19.5.8 become inde¬ 
terminate when a=f, $, . . .; for these values 

19.5.11 

Ufa, 2)= r(iTw 

Again 19.5.9 and 19.5.10 become indeterminate 
when a=£, for these values 

19.5.12 

?7(a ’ i! ) = r(iTI5j < " l!a J„" e "‘ 5, ”' 1(22+28) " , °' ys 


Barnes-Type Integrals 


19.5.13 U(a,z)=^z- 


• (V 2 z)»da 


where the contour separates the zeros of r(s) from those of r(a-f 2s). Similarly 


9.5.14 V(a, S )=^!^J_ + ;; 


r(s)r(^-a-2s) 


(V 22 ) 2> COS S7T ds 


(|arg 2 |<|ir) 


(|arg z\<\r) 


19.6. Recurrence Relations 

19.6.1 U' {a, x)+\xU (a, x) + (a -f- \)XJ(a +1, x )=0 

19.6.2 U' (a, x)—\xTJ (a, x) +?7(a-T , x)=0 

19.6.3 2U'(a,x)+U(a-l, *)+(«+W(a+1, x)=0 

19.6.4 xU{a, x)— U(a— 1, *) + (a+i)l7(«H-l, x)=0 
These are also satisfied by r(£— a)V(a, x). 

19.6.5 V \a ) x)—\xV{a,x)—{a—\)V{a— l,x)=0 

19.6.6 V'(a, x)+ \xV(a, x)—V(a-\-l,x)=0 


19.6.7 

2V'(a, x) — V{a+ 1, x)—(a— $)F(a— 1, x)=0 

19.6.8 

xF(a,x) —F(a+l,x)-Ka—-i)F(q—l,x)=0 
These are also satisfied by E/(a, x)/r($—a) 

19.6.9 y[ {a, x) + \xy x (a, x) = (a +i)y a (a ■+1, x) 

19.6.10 y[(a, x) — ^xy^a, x) = (a — i)2/a(a— 1, x) 
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19.6.11 y 2 (a,x) + %xy 2 (.a,x)=y l (a+l,x) 

19.6.12 y' 2 (a, x) — \xy 2 (a,x)=y 1 (a—l,x) 

Asymptotic Expansions 

19.7. Expressions in Terras of Airy Functions 

When a is large and negative, write, for 

0 < x < oo 

x=2 VH£ $=(4|a|)*r 

19.7.1 

r =-( W S 

Vl— s 2 ds=l arccos £— #t/T— £ 2 (t<l) 

19.7.2 

# 2 —? j V« 2 — 1 — % arccosh £ (|> 1 ) 

Then for z> 0 , a->— 00 

19.7.3 

{7(a, x)~2-l-t*r (i-io) (^j)*Ai(t) 

19.7.4 

r (*-«) V(a, x)~ 2 -‘-i«r (i-*a) 

Table 19.3 gives r as a function of £. 

See [19.5] for further developments. 

19.8. Expansions for x Large and a Moderate 


sense of Watson [19.6], although valid for a ^ider 
range of |argx|in Poincare’s sense; the second 
series is completely valid only jor x real and posi¬ 
tive. 

19.9. Expansions for a Large With x Moderate 

(i) a positive 

When a»a: 2 , with p=Va, then 

19.9.1 U(a, x)= $ a +^(i+% a ) ex P (-2w+®i)j 

19.9.2 Z7(a,-a;)=^- +ir ^ + ^ exp { P x+v 2 ) \ 
where 

19.9.3 Vi, v 2 


T liteY ite)\ te-jiteY 
2 p (2 P)^~W~ 


, 2(^) 4 (YfcjM , 
^ ( 2 P y ± (2 v y + ; 


(a —>- fj - 00 ) 


The upper sign gives the first function, and) the 
lower sign the second function. 


(ii) a negative 

When — a>>x 2 , with P —sJ-a } then 

19.9.4 

U(a,x)+iT (%—a)-V(a,x) 


where 


e Or Wr ( i - l a ) 

2 ^- s/tt 


e ipx exp {v T jriVi) 


When a:>>|a| 

19.8.1 

{7(o, /l- (a +t )( f +>) 

V. 2 a : 2 

, ( o + i )( g + f )( g + t )( a + i ) 


2-4a : 4 


19.8.2 

V(a, x)* { 1 + 


(*->+») 


(q-l)(q-f) 

2a: 2 

(q—i)(q—t)(q—l)(q—}•) 

2 -4a : 4 


+ ■ 


•} 


oo) 


These expansions form the basis for the choice of 
standard solutions in 19.3. The former is valid 
for complex x, with jarg a:|<^r, in the complete 


19.9.5 

{\xY 2(^x) 4 9 (k) 2 —W*) 6 

r ^(2p) 2+ (2p) 4 (2 p) 6 '■* : 

„ i fr+i (hxy , voxy-KW \ 

2 V + (2 Vf + (2 PY ’ r ‘ 

( fl — 

Further expansions of a similar type will be 
found in [19.11]. 

19.10. Darwin’s Expansions 

(i) a positive, x 2 +4a large. Write 
19.10.1 Z=Vz 2 +4 a 

6=±ad l (xl2-Jd)—\^ Xdx~\xX-\-a\n^~ 

=| V^ 2 +4a+a arcsinl| 
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(see Table 19.3 for #0, then 

(0—\ 1/4 

19.10.2 U(a, x)= , exp { —6+v(a, x )} 

Vr(Ha) 

/ Ofjr\ 1/4 

19.10.3 U(a , — x)=-t== exp { 0 +t;(a, —x)} 

Vr(i+«) 

where 

19.10.4 

v(a, x)~—i In X+S (-l)‘d 3 s /X 3 * 

*=i 

(<j>0, x 2 +4a~>+ ») 

and </ 3j is given by 19.10.13. 

(ii) a negative, x 2 +4a large and positive. Write 

19.10.5 X=Vz 2 -4|a| 

0 = 4 |a|d 2 (x/ 2 V|aI)=i f __ Xdx—\xX-\-a In 

j2V|ol Z V|®| 

=ixVx 2 —4|a|-fa arccosh 
(see Table 19.3 for d 2 ), then 

19.10.6 U(a, x) ex P {— B-\-v{a, x )) 

19.10.7 

V(M) >NT(|-a) eXP 
where again 

19.10.8 

*(<*, *)-i In X+S (- 1 )‘<W^ 3S 

4 = 1 

(a<0, x 2 +4a-*+ «) 

and d 3 , is given by 19.10.13. 

(iii) a large and negative and x moderate. Write 

19.10.9 F=V 4|o|-x 2 
0=4|a|d 4 (s/2Y[a|) 

f Ydx=\xY+\a\ arcsin -^L_ 
Jo 42V|tt| 


19.10.11 

V(a, x) = 

2 

—— 7 = ! == sin {i 7 r+| 7 r<i+d+» 4 } 

( 2 ir)VrO-a) 

where 

19.10.12 v, -tin Y-pt+pl,-... 

*>! • • ■ (j^+4o-»— to) 

In each case the coefficients d 3r are given by 

19.10.13 

d °~l(j8 +iaX ) 

d fl =i x 2 — 2 a 

j J/__L_ x 9 _ — ax 7 —— a 2 x 5 

9 a 3 \ 5760 320 320 

+~~ a 3 x 3 —19a 4 x^ 

1 SQ 

di 2 =-^ x 4 —186ax 2 +80a 2 

See [19.11] for <A 5 , . . d 2i , and [19.5] for an 
alternative form. 

19.11. Modulus and Phase 

When a is negative and |x|<2VVl, the func¬ 
tions U and V are oscillatory and it is sometimes 
convenient to write 

19.11.1 U(a, x)+iT$-a)V(a, x)=F(a, x)e ix(a - x1 

19.11.2 U'{a, x)-Kr($— a)V'(a, x)—— G(a, x)e i * (a>x) 
Then, when a<0 and |a|»x 2 , 

19.11.3 

F= V ^+^ - x=Oa+i)7r+2)x+i>i 

where v T , v t are given by 19.9.5 and p=^—a. 
Alternatively, with p—-yj\a\, and again — a»x 2 , 


(see Table 19.3 for d 4 =^7r—d 3 ), then 

19.10.10 


XJU X x- 2 .vr(i-a) 


e v r cos 


r(j-jg) r , x 2 fx 4 
2* 0+i V^ \ (4p) 2i "(4i?) 4 

, J^x«-144x 2 , \ 

+ (4p) 6 + 
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19.11.5 


19.11.6 


x~ (ia+iv+2>x{ 1 

( 4 p) B 


16 

(4 vY 



r ( l -| a ) 


2 l ’ a ~^r 


{- 


x 2 fa: 4 

(4j?) 2 (4p) 4 
£r 6 -176;r z \ 

(4i>) 6 


19.12.2 £7(a, x)=2~^-W- ia , _t(|x 2 ) 

19.12.3 


19.12.4 


19.11.7 


x{,~(ia—\)ir+j)x 


U- J*—i 

l (4p) 2 


f ^+16 
(4p) 4 

4 X 6 + 3|Q X 2 ^ 

( 4^) 6 •••; 


Again, when x 2 +4a is large and negative, with 
F=V4|a| — x 2 } then 


19.11.8 

e’r x=i*+iira+e+v t 


where 0, v T and v t are given by 19.10.9 and 
19.10.12. 

Another form is 


19.11.9 


2Vr(*—a) / 


,5a, 621 


P V2 “7 / i | ^ 1.^1 I 

(2t)»VF V 4F 4 ^F 6+ 32F 8_h • • 7 


(2 2 -f4a—>— a>) 


19.11.10 


r VFVrft-q) 

(27T)i 


/ 5 7a 835 

V 4F 4 F 6 32F 8 • • 


(x 2 +4a-^— oo) 

while ^ and X are connected by 


19.11.11 





47 214q 14483 

6F 4 ‘ 3F 6 + 40F 8 


+ ■•■) 


(z 2 -f4a-H>— oo 1 


Connections W'ith Other Functions 

19.12. Connection With Confluent Hypergeo¬ 
metric Functions (see chapter 13) 


19.12.1 


U(a, ±x) = 


Vir 2 * a x * 

r ( f + F &) 




+ r ( H - k ) 


M -\ a ,\{% X 2 ) 


U (a, z)= 2 -l-*‘ e -i* 2 t7(*a+i, §, fc») 

=2-i-i a xe-* x2 f7aa+f, i* 2 ) 

Expressions for F(a, x) may be obtained from 
these by use of 19.4.2. 

19.13. Connection With Hermite Polynomials 

and Functions 

When n is a non-negative integer 

19.13.1 

U{—n—\, x)=e-i x2 He n (x)=2-i n e-' x2 H n (xHt2) 

19.13.2 

V(n+1 x) = ^2hre* 2 Helix) =2 ~*e'*H*(xl^2) 

in which H n (x) and He n (x) are Hermite poly¬ 
nomials (see chapter 22) while 

19.13.3 Het(x)=e~ £; e>‘ ! = (-i)’He„Hx) 

19.13.4 H*{x)=e~* ^ n e’'=(-i)*H n (ix) 

This gives one elementary solution to 19.1.2 when¬ 
ever 2a is an odd integer, positive or negative. 

19.14. Connection With Probability Integrals 
and Dawson’s Integral (see chapter 7) 

If, as in [19.10] 


19.14.1 

Hh.,{x)=e-^ 

19.14.2 


Hh n (x) = 

|* a5 H^_ 1 (f)d<=(lM!)J <n (f-a:) ,l e-^ 2 ^ 

then 

(4>0) 

19.14.3 

U{n+%, x) — e iz2 Hh n (x) (n>;—1) 
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Correspondingly 

19.14.4 V(%,x)=-y/2/Tre lx2 
and 

19.14.5 

Here V{—\, x) is closely related to Dawson’s 
integral 

J* e l2 dt 

These relations give a second solution of 19.1.2 
whenever 2a is an odd integer, and a second solu¬ 
tion is unobtainable from U(a, x) by reflection in 
the y- axis. 

19.15. Explicit Formula in Terms of Bessel 
Functions When 2 a Is an Integer 

Write 

19.15.1 (2/t) sinriTr • K n 

19.15.2 /_„+/«=cos 7i7r • J n 

where the argument of all modified Bessel func¬ 
tions is \x 2 . Then 

19.15.3 *7(1, x)=%*-KW{-K\+Kti 

19.15.4 *7(2, x)=2 • fr-^xnZKi-SKi+K*) 

19.15.5 

*7(3, x)=2 • f • fr-hfoy’i-SKi+VKi-dKi+Ki) 

19.15.6 V(l, x)=h(\x)KA~A) 

19.15.7 V{2, x)=Hlx)H2Ji-3A+A) 

19.15.8 F(3, x) = h(hx)H5A-9A+5A-A l ) 

19.15.9 U{0,x)=ir-Khx)*K i 

19.15.10 *7(—1, x)=t-KW{K^Ki) 

19.15.11 

U(—2, x)=7r-i(hx)H2K i +3K i -K i ) 

19.15.12 
U{- 3, 

19.15.13 


19.15.14 T(-l, *) = (fc)i(^-h4) 

19.15.15 F(—2, x) = -l(^)K2 t y i +3J r i -j^) 

19.15.16 

F(-3, *) = f • !(^)i(5J r i +9^-5 e /.-j^) 

19.15.17 *7(-i x)=j2fr{\x)K h 

19.15.18 *7(— f, x) = ^(hx) 2 2K h 

19.15.19 U(-§,x) = ^(hx) z (5K i -K>) 

19.15.20 F(is) = (l*)(W-i) 

19.15.21 F(f, ar) = (k) 2 (2^+2/_ 4 ) 

19.15.22 V(*, x) = (^) 3 (5/ i +5/- i -/j-/_») 

The Equation a) V=0 

19.16. Power Series in x 

Even and odd solutions are given by 19.2.1 to 

19.2.4 with —ia written for a and xe iiT for x; 
the series involves complex quantities in which the 
imaginary part of the sum vanishes identically. 
Alternatively, 

19.16.1 

y,=l+a ^ 

+ (a<-lla 2 +V) |+(a s -25« ! +^) . . . 

19.16.2 

y 2 =x+a |y+(a ! —%) |i+(a s — 1 hpa) 

+ («‘-17a ! +¥) |[+(<* s -35a 3 -Hfrm) . . . 

in which non-zero coefficients a n of x n jn\ are 
connected by 

19.16.3 a n+2 =a-a n —\n{n— l)a„_ 2 

19.17. Standard Solutions (see [19.4]) 

19.17.1 W r (a,±x)= (c °^ a)> 

Zi-\JTT 

19.17.2 = 2 ' S,4 (VI ^VS*) 
where 

19.17.3 Gi=|r(HMI G.Hrtf+iwOI 
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At x=0, 


19.17.4 

19.17.5 


W ( a , 0 )=i 


r ( l +^ ia ) | 

r(H-Ha) 1 


J _I 

2 i 



W'(a, 0) = — 


im±iM 

2 i r(HW 


21 



Complex Solutions 

19.17.6 E(a } x)=k~ i W(a,x)+ik i W(a, —x ) 

19.17.7 E*(a,x)=k~ i W(a,x)—ik i W(a, —x) 
where 


19.17.8 fr=V l+e 2 - a —e-* l/Jb=Vl + e 2ira +e Ta 
In terms of C7(a, a;) of 19.3, 

19.17.9 E(a,x)=j2e iTa +* ir+ l i,l> i U(ia,xe~ ii,r ) 
with 

19.17.10 02=arg FQ-f-ia) 

where the branch is defined by <f > 2 =0 when a=0 
and by continuity elsewhere. 

Also 


19.20.1 

r =-( W 

* 3 =| Jj Vl—s 2 ds-=\ arccos $—ilV 1- 1 2 4<1) 

19.20.2 

r = + (| t ? 2 ) ? 

V^ 2 —l < ^ == i;^V^ 2 —1 —t arccosh £ (f >1) 

Then for x>0, a-»-|- 00 

19.20.3 

W(a, (^)‘ Bi(-d 

19.20.4 

JF(a, -*)~2 1 /Si : (4o)-*«l«(pL.yAi(-<jl 

Table 19.3 gives r as a function of £. , See 
[19.5] for further developments. 

19.21. Expansions for x Large and a Moderate 


19.17.11 

V2^7(w, { e^ a ~^U(-ia, xe***) 

+e -i.a+i **U{-ia,- X e**)} 

19.18. Wronskian and Other Relations' 

19.18.1 W{W(a,x), W(a,-x)}=\ 

19.18.2 W{E(a, x), E*(a, x )} = -2 i 

19.18.3 TjT+?^E(a, x) = e* a E*(a, x)+iE*(a,-x) 

19.18.4 E*(a, X )=e- i <* t +t* ) E(-a, ix) 

19.18.5 

Vr(HWe, x)=e-v*jY{\-ia)E{-a, ix) 

19.19. Integral Representations 

These are covered for 19.1.3 as well a 3 for 
19.1.2 in 19.5 (general complex argument). 

Asymptotic Expansions 

19.20. Expressions in Terms of Airy Functions 
When a is large and positive, write, for 0<x<<» 
z=2Va£ £=(4a) J r 


Whenx»|<z|, 

19.21.1 

E(fl, x) = -\ r 2/x exp [i(\x 2 —a In x+^+iir) x) 

19.21.2 

W(a, x) = ^j2k/x{s l (a, x) cos Qx 2 —a In x+i*-HJ&) 
—s 2 (a, x ) sin (\x 2 —a in x-bi^ W} 

19.21.3 

W(a,—x)=^2/kx{s 1 (a ) x ) sin (lx 2 —a In x-H^+W 
+s 2 (a, x) cos Qx 2 —a In x-f |7r+§</> 2 )} 

where 0 2 is defined by 19.17.10 and 

19.21.4 s(a, x)=«=Si(a, x)+is 2 (a, x) 

19.21.5 

, N , , V 2 Ui t'0 , Us _, 

s^a, x;~i-|- l!2x2 2!22x 4 3!2V" 1_ 4!2 4 x 8 ^'• • * 

19.21.6 

( \ Ui Vi , u * i v 8 

s 2 (a, 1!2x2 2!2 2 x 4 ‘ 3!2 3 x 6 "' 4!2 4 x 8 


with 


(x~>+®) 
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19.21.7 u r +iv r =T(r+$+ia)lr$+ia) 
or 

19.21.8 

19.22. Expansions for a Large With x Moderate 

(i) a positive 

When a»x 2 , with p=y[a, then 

19.22.1 W(a, x)=W{a, 0) exp (— P x-\-v{) 

19.22.2 W(a,—x)=W(a, 0) exp ( : px-\-v 2 ) 
where W(a, 0) is given by 19.17.4, and 

19.22.3 


Vi , V 2 ~ 


\ (l*) 3 (£x) 2 £x+f (frc) 6 

2 P i "(2^) 2:t (2 pY 


, 2 ( jx ) 4 

^ (2 PY * (2 PY ^ • 

( a —■»+ oo ) 

The upper sign gives the first function, and the 
lower sign the second function. 

(ii) a negative 

When — a»x 2 , with p=V— then 

19.22.4 

W(a, x) +iW(a, —x) 

=V2 W(a, 0) exp {v r +i{'px J r\ / K-\-v l )} 

where W (a, 0) is given by 19.17.4, and 

19.22.5 

(£s) 2 2(£x) 4 9(£x) 2 +^ (jx) 6 


V r 


( 2 vY ( 2 vY 


(2 P y 


L +.. 


. , yq^+iM 7 

' 2 p ( 2 p )* i ' ( 2 p )» 

(a—»— oo) 

Further expansions of a similar type will be found 
in [19.3]. 

19.23. Darwin’s Expansions 

(i) a positive, x 2 — 4a»0 

Write 


19.23.1 

X = JH r - 


-4 a 


0=4a# 2 (x/2Va)=£ f 
J2 Va 

X+X 


Xdx 


=\xX—a In 


2 Ja 


=-j-xVx 2 —4a—a arccosh 


2 Va 


(see Table 19.3 for d 2 ), then 

19.23.2 W(a , x) = *feIce’* cos (|ir+0+i>i) 

19.23.3 VF(a, — x) = ■^2(ke t f sin (jn-ffl+p*) 
where 

19.23.4 v 

d \5 


—t In 


Vi' 


_ ^3 ■ _ 

X 3 ^X 2 X 15_l 


and d 3r is given by 19.23.12. 

(ii) a positive, 4a—x 2 >>0 

Write 

19.23.5 

Y—^4a—x 2 6= 4at? 4 (x/2ya) 


(x 2 —4a—> oo) 


=£ I Fdx=£xF+a arcsin — 

Jo 2 v« 


(see Table 19.3 for d 4 =£7r—d 3 ), then 

19.23.6 TF(a, x)=exp {— 0-f y(a, x)} 

19.23.7 W(a, — x)=exp{0+p(a, — x)} 
where 

19.23.8 

v(a, x) --£ In Y +p|+|^+p|+ . . . 

(x 2 —4a- 

and d ZT is again given by 19.23.12. 

(iii) a negative, x 2 —4a>>0 

Write 

19.23.9 

X 


=Vz 2 +4|a| 0=4|a|j?i(x/2V|aj)=£ 


Xdx 


=£xX—a In 


x+X 

2V[a] 


=£xVz 2 +4|a| —a arcsinh — 
^ V | a | 

(see Table 19.3 for #i) then 

19.23.10 lF(a, x) = ^2ke Vr cos (£n-+dd-w 4 ) 

19.23.11 W{a, — x) = ^2/ke Vr sin (fir+04-tf<) 

where », and v t are again given by 19.23.4. In 
each case the coefficients d 3r are given by 
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*—Ksr*“) 


F 1 / X 2 fx 4 +8 J^x 6 +152x 2 \ 

VpV 1 ■ (^) 1+ (4p)* (4i>) 6 


c ? 8 = f ^ 2 4 - 2 a 

d »=? (bSo* , -So“ t+ ^'* ,+ S aV+19a ' x ) 

i cq 

<f 12 =^x 4 +186ax 2 4-80a 2 


See [19.11] for di 5 , . . d 24 , and [19.5] for an al¬ 

ternative form. 

19.24. Modulus and Phase 

When a is positive, the function W(a, x) is 
oscillatory when x<—2V® and when x> 2 4 a; 
when a is negative, the function is oscillatory for 
all x. In such cases it is sometimes convenient 
to write 


X^\ir-\-px 


v + (4 P y 


|x 4 +16 $x*+H 
(4 py (4p) 


^ x 2 \ 

o ) 8 *ty 


r /T /1 | +8 . |-x 6 +168x 2 

^ V 1+ (4^ 2 ” 


, . . / . fx 2 fx 4 —16 . 4 x 6 -^x 2 \ 

r » + jw ( l + (4p ), (4p) 4 + (4p) « >••) 

Again, when a<0, x 2 —4a»0, with X~^x 2 +f |a|, 
then 

19.24.12 F^M^e'r 

where 0, v T and v t are given by 19.23.4 and 19.2$.9. 
Another form also when a^> 0, x 2 —4a—is | 


k~*W{a, x)-{-ik i W(a,—x)—E(a, x)=Fe ix (x>0) 


k-i —~ =E’(a, x)=-Ge‘* 


Then, when x 2 >>|a|, 




10a 2 —-3 30a 3 —47a \ 

+ 4x 4 + 4x 6 + • • ■) 


„ , , i 4a 2 —3 . 4a 3 —19a . 

x~ix ! -aln x+»fc+|ir+-^-+— ^ 4- . 


^ lx /. a 6a 2 —5 

& ''Vn 


14a 3 -63a 
4x 6 


•VK'-iy- 


5a 621 1371a \ 

X^Z2X S+ 4X 10 ‘ ‘ 7 


"Vf ( 1+ c 


5 7a 835 1729a . 

4X 4+ X 6 32X 8 4AT 10 H 


while i/' and X are connected by 


. 1 . x /, 47 214a, 14483 , ! \ 

^ X- 2 7r +x 3 V 6Al 4 3AT 6 + 40AT 8 + ‘ ‘ \) 

19.25. Connections With Other Function^ 

Connection With Confluent Hypergeometric and Bessel 
F unctions 

19.25.1 

W(a,±x)=2-i^yj^H(-i,ia,ix’) 


/ i 2 i 11.11 4a 2 +5 . 4a 3 +29a . 
x 2 -a In hr+-|g-+ —^ - + . . . 

where <f> 2 is defined by 19.17.10. 

When a<0, ja|>>x 2 

19.24.7 F~-y/2W(a,Q)e*r 

where v r is given by 19.22.5 with p=-yj— a. Also 


where 

! 

19.25.2 

H(m, n, x) —e~ ix \Fi{m J rl—in; 2m+2; 2ix)| 

19.25.3 =e~ ix M(m+l—in, 2m+2, 2ix) \ 

19.25.4 

W(0, ± X )- 27 V ^{ J_i(ix 2 )± Ji^ 2 ) } ( X > p ) 
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19.25.5 

£ l+(0, ±x)=-2~>xJn:{J > (ix‘)±J-i(ix‘)} 

(*> 0 ) 

19.26. Zeros 

Zeros of solutions U(a,x), V(a,x) of 19.1.2 occur 
only for |z|<2V— a when a is negative. A single 
exceptional zero is possible, for any a, in the gen¬ 
eral solution; neither U(a,x) nor V{a, x) has such 
a zero for z>0. 

Approximations may be obtained by reverting 
the series for \f/ (or X for zeros of derivatives) in 
19.11, giving \f/ (or x) values that are multiples of 
r, odd multiples for U(a, x), even multiples for 
V(a, x). Writing 

a=(\r—\a— i)7r 

as an approximation to a zero of the function, or 
0= (h r ~2 j)?r 

as an approximation to a zero of the derivative, 
we obtain for the corresponding zero c or c', with 
—a—p 2 the expressions 

, a . 2a 3 -3a . 52a 5 -240a 3 +315a . 

19.26.1 c~-+-^+ -^- +... 

io% » .’~L 2 1+M . 52^+280^-285/3 , 

19.26.2 c ~ p + 48pS + 7mp , + • • • 

These expansions, however, are of little value 
in the neighborhood of the turning point x=2 V—a. 
Here first approximations may be obtained by 
use of the formulas of 19.7. If a n (negative) is a 
zero of Ai(£), the corresponding zero c of U(a, x) 
is obtained approximately by solving 

19.26.3 

# 3 ~i{arccos 

c= 2VR^ (a«0) 

This may be done by inverse use of Table 19.3. 
For a zero of V(a, x), a n must be replaced by b n , 
a zero of Bi(£). For further developments see 
[19.5]. 

Zeros of solutions W{a, x), W(a,—x) of 19.1.3 
occur for b|>2vo when a is positive; the general 
solution may, however, have a single zero between 
—2and -\-2ja. If a is negative, zeros are 
unrestricted in range. 

Approximations may be obtained by reverting 
the series for \p (or x) in 19.24. With —a=p 2 , 
ot—(^r— j3=(£r-}-£)7r, r>0 being an odd 


integer for W(a, x) or its derivative, or an even 
integer for W(a,—x) or its derivative, the zeros 
±c, ±c' have expansions 

lft OA , a 2a 3 —3a . 52ct 5 -240a 3 +315a . 
19 ' 26 - 4 -768^- +••• 

2^+30,52<S s +28O0 s -2850 , 

19.26.5 ««-— 4 ^r-+- 7 ^- +••• 

When x is large and a moderate, we may solve 
inversely the series 19.24.4 or 19.24,6 with 
ol—\ (rx— \tt—< f> 2 ), 0 =? (rx-|-|x— <f> 2 ), r odd or even 
as above; the presence of the logarithm makes it 
inconvenient to revert formally. 

The expansions 19.26.4 and 19.26.5 fail when x 
is in the neighborhood of 2^]a\. When a is 
positive, a zero c of W(a,—x) is obtained approxi¬ 
mately by solving 

19.26.6 

# 2 —i{?Vl 2 — 1 — arccosh £} 

c=2tJ1l£ ( a » 0 ) 

with the aid of Table 19.3. For a zero of W(a, x) 
we replace a n by b n . When a is negative we solve, 
again with the aid of Table 19.3, 

19.26.7 

<>i=i{{V{ J +l+arcsinh 

c= 2 VN{ (-«» 0 ) 

where n= 1 , 2, 3, . . . for an approximate zero 
of W(a, —x), and n=%, f, f, . . . for an approxi¬ 
mate zero of W(a f x). Further developments are 
given in [19.5]. 

Any of the approximations to zeros obtained 
above may readily be improved as follows: 

Let c be a zero of y, and c' a zero of y ', where y 
is a solution of 

19.26.8 y"—Iyxr= 0 

Here7=a±£x 2 , 1'=±\x, I"=±h; the method is 
general and the following formulae may be used 
whenever /'"=0. Then if 7 , y' are approxima¬ 
tions to the zeros c, c' and 

19.26.9 u=y(y)/y'(y) v=y'(y')/Py(y') 

with /=/( 7 ) or 7 = 7 ( 7 ') respectively, then 
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cu—\Iv? 

-(M"+U 2 )w s +H^^ fl + . . . 

19.26.11 

y'(c)^y'(y) {1—*/«*+* J'ti 8 

19.26.12 

+ . . . 

19.26.13 

y(c')~~y(y') (1—- ^Pv 2 —£/ 3 /V 

-($Pr*-ihi i i"+ KV+ ...} 

The process can be repeated, if necessary, using 
as many terms at any stage as seems convenient. 
Note the relations, holding at zeros, 

19.26.14 U' (a, c) = - V2 fr/V(a, c) 


19.27.1 J ±i (ix 2 )=j~ {W(0, -x)TW( 0, x )} 


19.27.2 J M (i* 2 )=^ {W(0,x)±W(0,-x)l 

Functions of other orders may be obtained by 
use of the recurrence relation 10.1.22, which here 
becomes 

19.27.3 ix 2 J v+1 (lx 2 )-2vJ v {\x 2 ) +iz 2 J„- 1 ( \x 2 ) 4=0 


19.27.4 /-i( ix 2 ) + I^x 2 ) V (0, x) 


f KiW) =/-,(*x 2 ) -/,(**’) =J= U(0,x); 
19.27.6 /-i(i* 2 )+lj(i* 2 ) = — *-±V(0,x) \ 


V'(a,c')=\2hrlU(a,c') 
W'(a,e) - 1/W(a, -c) 


W(a, c') = l/ -x) 


} i _ e =- 1 /w 7,( . 


19.27. Bessel Functions of Order ± ± f as 

Parabolic Cylinder Functions 

Most applications of these functions refer to 
cases where parabolic cylinder functions would be 
more appropriate. We have 


“#i( \x 2 )=I-tex*)-hA\x 2 ) 

As before, Bessel functions of other orders may be 
obtained by use of the recurrence relation 10.2.23, 
which here becomes 

19.27.8 \x 2 I v+x {\x 2 )+2vL(\x 2 )-\x 2 I v - l {\x 2 )=§ 

19.27.9 i« 2 ii: y+1 (lx 2 )-2^(ia: 2 )-ix 2 J K:,_ 1 (ia: 2 )j=0 


Numerical Methods 


19.28. Use and Extension of the Tables 

For U(a, x), V(a, x) and W(a, x), interpolation 
z-wise may be carried out to 5-figure accuracy 
almost everywhere by using 5-point or 6-point 
Lagrangian interpolation. For |a|<l, compa¬ 
rable accuracy a-wise may be obtained with 5- or 
6-point interpolation. 

For |a|> 1, U(a, x) and V(a, x ) may be obtained 
by use of recurrence relations from two values, 
possibly obtained by interpolation, with |a|;<l; 
such a procedure is not available for W(a,. ±x), 

I«I>1. 

In cases where straightforward use of the a-wise 
recurrence relation results in loss of accuracy by 
cancellation of leading digits, it may be worth 
while to remark that greater accuracy is usually 
attainable by use of the recurrence relation in the 


reverse direction, from arbitrary starting values 
(often 1 and 0) for two values of a somewhat 
beyond the last value desired. This is because the 
recurrence relation is a second order homogeneous 
linear difference equation, and has two inde¬ 
pendent solutions. Loss of accuracy by cancella¬ 
tion occurs when the solution desired is diminist ing 
as a varies, while the companion solution is in¬ 
creasing. By reversing the direction of progress 
in a, the roles of the two solutions are inter¬ 
changed, and the contribution of the desired solu¬ 
tion now increases, while the unwanted solution 
diminishes to the point of negligibility. By start¬ 
ing sufficiently beyond the last value of a for which 
the function is desired, we can ensure that the 
unwanted solution is negligible but, because the 
starting values were arbitrary, we have an fin- 
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known multiple of the solution desired. The com¬ 
putation is then carried back until a value of a 
with |a|<l is reached, when the precise multiple 
that we have of the desired solution may be deter¬ 
mined and hence removed throughout. Compare 
also 9.12, Example 1. 

Example 1. Evaluate U(a, 5) for a—5, 6, 7, 
. . using 19.6.4. 


(o+i) U(a+ 1, *) +*£/(«, x) - U(a- 1, *) =0 


a 

Forward 

Recurrence 

Backward 

Recurrence 

Final Values 

3 

(-6) 5. 2847* 

(12) 1.59035 

(-6) 5.2847** 

4 

(-7) 9.172* 

(11) 2. 76028 

(-7) 9. 1724 

5 

(-7) 1.5527 

(10) 4. 67131 

(-7) 1.55227 

6 

(-8) 2.5609 

(9) 7. 72041 

(-8) 2.5655 

7 

(-9) 4.1885 

(9) 1. 24785 

(-9) 4.1466 

8 

(-10) 6. 2220 

(8) 1. 97488 

(-10) 6.5625 

9 

(-10) + 1. 2676 

(7) 3. 06369 

(-10) 1.01806 

10 

Oll)-0. 1221 

(6) 4. 66352 

(-11) 1. 5497 

11 

(-11) +1. 2654 

(0) 697082 

(-12) 2.3164 

12 

(-12)-5. 6079 

102444 

(-13) 3.404 

13 

(-12)+ 3. 2555 

14789 

(-14) 4.91 

14 


2111 

(-15) 7.01 

15 


292 

(-16) 9.7 

16 


42 


17 


5 


18 


1+ 


19 


0+ 



♦From tables. +Starting values. 

♦♦This value was used to obtain the constant multiplier 

F^femm^^ 18 ^- 32298 for convertin e the P re ~ 
vious column into this one. 

The second column shows forward recurrence 
starting with values at a=3,4 from Table 19.1. 
Backward recurrence starts with values 0 and 1 
at a —19 and 18, containing a multiple kU(a, 5) 
and a subsequently negligible multiple of the other 
solution T(£— a) V(a, 5). Rounding errors con¬ 
vert kU(a,x) into k*U(a,x) without affecting the 
values in the last column. The value of 1/k* is 
identified from the known value of £7(3,5), and 
used to obtain the final column by multiplying 
throughout by 1/k*. The improvement in U( 5, 5) 
is evident by comparison with Table 19.1. 

Derivatives. These are not tabulated here. 
Since the functions U{a,x ), V(a, x) and W(a, x) 
satisfy differential equations, values of derivatives 
are often required. 

For all these functions the equation is second 
order with first derivative absent, so that second 
derivatives may be readily obtained from function 
values by use of the differential equation. 

First derivatives can be obtained for CJ(a,x ) and 
V(a, x) by applying the appropriate recurrence 


relations 19.6.1-2. If less accuracy is needed they 
can be found by use of mean central differences of 
U(a, x), V(a t x ) and also of W(a, x) with the formula 

hu'=h^~n8u~\n8 3 u-^^n8 s u— . . . 

using h=. 1; this usually gives a 3- or 4-figure 
value of du/dx. 

If greater accuracy is needed for dW(a, x)/dx it 
may be obtained by evaluating dW/dx 2 with the 
help of the differential equation satisfied by W 
and integrating this second derivative numerically. 
This requires one accurate value of dW/dx to 
start off the integration; we describe two methods 
for obtaining this, both making use of the differ¬ 
ence between two fairly widely separated values 
of W, for example, separated by 5 or 10 tabular 
intervals. 

(i) Write f T , for W{a, x 0 +rh) and its 

first two derivatives, then f' 0 may be found from 

. .}fo 

(ii) Consider a solution y of the differential 
equation for W{a, x), namely y"=(—\x 2 -\-a)y. 
If we are given values y and y' at a particular 
x=x 0 and write T n =H n y (n) /»!, T_ 1 = r_ 2 = 0, then 
we may compute T 2 , T 3 , T 4 , . . . in succession by 
use of the recurrence relation obtained from the 
differential equation, 

r " +2= (S+^+2) 1(_i 

These are computed, to a fixed number of decimals 
until they become negligible, thus giving 

y(aJo±H) = T 0 ± Ti + T2± T 3 -\- . . . 

This may be applied, with H=rh, h being the 
tabular interval, and r a small integer, say r=5, 
to the solutions y=y u y=y% having 

Vx (*o) = W(a, r 0 ) y’x (x Q ) = W*' (a, x 0 ) 

y 2 (x o)=0 y' 2 (x 0 ) = 1 

in which W*'{a, x 0 ) is an approximation to 
W'{a , Xo), not necessarily a good one; it may be 
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obtained from differences, for example. We thus 
obtain yi(x 0 ±H) and y 2 (xo±H). 

Now suppose 

W'(a, xo) = W*'(a, x 0 )+\ 
then, for all x 

W(a, x)=yx{x)+\y 2 (x) 
and in particular 

W(a, Xo±H)=y 1 (x 0 ±H)+\y 2 (x Q ±H) 

The values of W(a, x 0 ±H) may be read from the 
tables and two independent estimates of X ob¬ 
tained, whence 

W'{a, x 0 ) — x 0 ) +X 


to a suitable accuracy. 

Example 2. Evaluate W'(— 3, 1) using r=5. 
From Table 19.2 


W{- 3, .5) = —.05857 W(- 3, 1) =—.61113 


W(- 3, 1.5) = —.69502 


(i) Using the first method 


X 

W(- 3,x) 

\w"{- 3, x) 

6 

S 2 

,s 3 

0. 4 

+ 0. 07298 

-0. 22186 




0. 5 

-.05857 

+ . 17937 


+ 131 


0.6 

-. 18832 

. 58191 




0.7 

-. 31226 

. 97503 




0.8 

-. 42646 

1. 34761 

34081 



0. 9 

-. 52722 

1. 68842 

29775 


-1095 

1.0 

-. 61113 

1. 98617 

24374 


-1032 

1. 1 

-. 67522 

2. 22991 

17941 



1. 2 

-. 71706 

2. 40932 




1. 3 

-. 73488 

2. 51513 




1. 4 

-. 72761 

2. 53936 




1. 5 

69502 

2. 47601 


-9129 


1. 6 

-.63774 

2. 32137 





The fifth decimal in W"(— 3, x) is only a guard 
figure which is hardly needed. Only the defer¬ 
ences needed have been computed. 

Then 

tW'(—3,1) 

=^(-.69502+.05857)--^ (10.38874) 

-lijo{* (229664 )-2iO ( - 09260 >} 

~m {ii ( - 54149)_ nio (-° 2127 )} 

= — .0636450—.0103887—.0001918—.0002272 
= -.0744527 


Thus W'(— 3, 1) = —.74453. This might havjs an 
error up to about 1? units in the last figure but is, 
in fact, correct to 5 decimals. 

(ii) Using the second method, with 

y l (l) = W(—3, 1) = — .61113 to 5 decimals 
y[( 1) = —.745 to about 3 decimals 


the following values result, with H~. 5, 



yi 

Vi 

W(- 3, x) = y 1 +isy i 

T 0 

- .61113 

.0000 

At 2=1.5 

T i 

- .37250 

+ .5000 

x —.695223 + .43(23X 
= -.69502 

t 2 

+ .24827 2 

.0000 

X=.000203/.4323 

To 

+ 5680 9 

- 677 

= .000470 

t 4 

- 1407 4 

- 26 

So W'{- 3, 1) 

= —.745+X 
= -.744530 

t 5 

- 279 3 

+ 24 

At x=.5 

To 

+ 13 4 

+ 2 

— .058363—.4$71X 
= -.05857 

t 7 

+ 5 4 


X=.000207/.437jl 

T s 

+ 5 


= .000474 

V(1.5) 

i-.695223 

+ .4323 

So W'(- 3, 1) i 

2/(-5) 

-.058363 

-.4371 

= -."745 +X 
= — .744526 


Thus W'{— 3, 1) = —.74453 which is correct to 
5 decimals. 


Example 3. Evaluate the positive zero of 
U(- 3, x). 

We use 19.7.3 to obtain a first approximation, 
see 19.26.3. The appropriate zero of Ai(£) is sjt 

t= (4 |a|)*r = —2.338 

whence 

t— — (2.338) X (12)-*= - .4461 

Hence, from Table 19.3, £=.3990 and the approxi¬ 
mate zero is a=2V]aT£=1.382. 

We improve this by using 19.26.10, but take^ for 
convenience, s=1.4 as an approximation, so t[hat 
the value of U can be read directly from the tables. 
U' can be obtained as in the section following 

Example 1. 

We find 

U{- 3, 1.4) = .02627 U'(- 3, 1.4)=2.063i7 

Then 19.26.9 gives 


u=U/U '=.012730 
and 


/= —2,51 

l f —.7 I"k=.5 
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c=1.4—.012730+,000002 = 1.38727 y'(c) =2.0637(1 + .000203) =2.0641 

which is correct to 5 decimals, while 19.26.11 gives compared with the correct value 2.06416. 
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X 

0.0 

U (-5.0, x) 

( 0) 3.0522 i 

Ui 

( 0 

(-4.5,*) 

) 3.0000 

t7(— 4.0, ®) 

( 0) 1.5204 

U( 

-3.5, x) 

0.0000 

U( 

{ 0 

E-3.0,*) 

>-0.8721 

U (-2.5, x) 

{ 0)-1.0000 1 

U (-2.0, *) 
[-1)-6.0814 

U(- 

-1.5, x) 

0.0000 

0.1 

( o 

3.6547 

0 

> 2.9328 

E o 

> 1.1869 

(-1 

>-2.9825 

0 

>-1.0103 

-1 

-9.8753 

-1 

>-5.1516 

f-i 

>0.9975 

0.2 

0 

4.0753 

o' 

) 2.7341 

i-i 

) 8.0608 

(-1 

-5.8611 

0 

>-1.1183 

- 1 

-9.5045 

- 1 

>-4.1190 

- 1 

>1.9801 

0.3 

0 

> 4.2934 

o' 

2.4132 

-i 

) +3.9325 

-1 

>-8.5358 

0 

-1.1930 

-1 

-8.8975 

- 1 

>-3.0046 

-1 

>2.9333 

0.4 

( 0 

) 4.2988 

( o' 

> 1.9846 

[-1 

)-0.3518 

E o 

>-1.0915 

E o 

>-1.2322 

E-ij 

>-8.0706 

[-1 

>-1.8308 

[-1 

>3.8432 

0.5 

( 0 

) 4.0918 


1.4678 

e-i; 

) -4.6224 

f 0 

>-1.2917 

E o' 

>-1.2351 

E-i 

>-7.0456 

(-1 

>-0.6213 

(-1 

>4.6971 

0.6 

0 

> 3.6836 

(-1 

8.8615 

-i 

)-8.7118 

0 

-1.4477 

0 

>-1.2018 

-l 

>-5.8492 

-1 

+0.6004 

-1 

>5.4836 

0.7 

0 

) 3.0953 


+2.6550 

o; 

>-1.2462 

( 0 

>-1.5544 

o 

>-1.1336 

-T 

-4.5120 

-1 

> 1.8107 

-1 

>6.1929 

0.8 

0 

) 2.3566 

r 1 

-3.6676 

1 Oj 

>-1.5731 

E o 

>-1.6088 

0 

>-1.0329 

- 1 

-3.0677 

-1 

> 2.9871 

-1 

>6.8172 

0.9 

( o 

) 1.5042 

t-i! 

-9.8321 

E o; 

)-1.8397 

( 0 

>-1.6097 

[-1 

>-9.0285 

t-1 

>-1.5517 

-1 

> 4.1087 

(-1 

>7.3502 

1.0 

: o 

)+0.5799 

(°; 

-1.5576 

E o; 

>-2.0368 

C 0 

>-1.5576 

[-1 

>-7.4764 


0.0000 

[-1 

5.1567 

[-1 

17.7880 

1.1 

( 0 

)-0.3719 

i o 

-2.0661 

0 

>-2.1578 

0 

>-1.4550 

-i 

>-5.7190 

;-i 

1.5518 

-1 

6.1146 

-1 

>8.1287 

1.2 

0 

)-1.3 064 

° 

-2.4882 

o 

>-2.1992 

o 

>-1.3061 

-i 

>-3.8076 

E- 1 

3.0698 

- 1 

6.9691 

-1 

>8.3721 

1.3 

0 

)-2.1806 

0 

-2.8077 


>-2.1608 

( 0 

>-1.1162 

-l 

-1.7956 

-i 

4.5223 

-1 

7.7095 

-1 

>8.5203 

1.4 

! o 

)-2.9554 

1 o; 

-3.0131 

1 0. 

>-2.0454 

E-i 

>-8.9198 

!-i; 

>+0.2627 

E-i 

5.8812 

!-i 

8.3285 

(-1 

>8.5768 

1.5 

[ o; 

-3.5976 

: o; 

-3.0982 

( 0' 

>-1.8583 

r -i 

>-6.4101 

;-i; 

2.3147 

E- 1 

7.1223 

;-i 

8.8221 

[-1 

>8.5467 

1.6 


-4.0808 

°; 

-3.0617 

o' 

>-1.6076 

-i 

-3.7121 

-i 

4.3106 

- 1 

8.2258 

-i 

9.1890 

-1 

>8.4367 

1.7 

o ! 

-4.3868 

[ 0 

-2.9073 

[ o' 

>-1.3029 

-l 

>-0.9080 

-1 

6.2053 

- 1 

9.1766 

- 1 

9.4313 

-1 

>8.2541 

1.8 

o' 

-4.5059 

; o' 

-2.6435 

-1, 

>-9.5564 

E-i 

+1.9218 

-1 

7.9592 

-i 

9.9648 

-i 

9.5532 

-1 

>8.0074 

1.9 

o! 

-4.4368 

! o; 

-2.2824 

!-i: 

>-5.7791 

E-i 

> 4.7004 

1-lj 

9.5394 

1 o 

1.0585 

l-i 

9.5616 

E-l 

>7.7055 

2.0 

o; 

-4.1866 

: o; 

-1.8394 

[- 1 : 

>-1.8226 | 

I-i 

> 7.3576 

; o; 

1.0920 

E 0 

1.1036 

[- 1 

9.4652 

E-i 

>7.3576 

2.1 

0 

-3.7694 

: o 

-1.3321 

—1)+2.1890 1 

l-i! 

> 9.8317 

0 

1.2083 

i o 

1.1323 

i-i 

9.2742 

-l 

>6.9728 

2.2 

o 

-3.2057 

- 1 

-7.7961 

-1 

) 6.1381 

E o'E 

> 1.2071 

0 

1.3017 

! 0 

1.1451 

;-i 

9.0001 

-l 

16.5603 

2.3 

0 

-2.5208 

-i 

-2.0142 

-i 

> 9.9170 

0 

> 1.4035 

0 

1.3719 

0 

1.1431 

-i 

8.6549 

- 1 

>6.1288 

2.4 

o: 

-1.7434 

;-i! 

+3.8325 

; oj 

> 1.3432 

o 

) 1.5694 

; oj 

1.4191 

1 0 

1.1278 

|-i 

8.2510 

E-i 

>5.6863 

2.5 

o; 

-0.9039 


9.5635 

; o; 

) 1.6604 

( 0) 1.7031 | 

; o; 

1.4443 

E 0 

1.1005 

E-i 

7.8009 

[-1 

>5.2403 

2.6 

oj 

-0.0332 

[ 0 

1.5015 

0 

> 1.9373 

[ 0) 1.8039 | 

1 oj 

1.4487 

0 

1.0628 

-l 

7.3167 

\-i 

14.7975 

2.7 

o; 

+0.8387 

; o' 

2.0048 

° 

> 2.1696 

0) 

1.8721 ( 

; o; 

1.4341 

0 

1.0166 

-l 

6.8097 

-l 

14.3638 

2.8 

0 

1.6842 

: o 

2.4545 

0 

1 2.3548 

0 

1.9089 ( 

0 

1.4027 

- 1 

9.6347 

!-i 

6.2905 

- 1 

•3.9440 

2.9 

o; 

2.4789 

: o| 

2.8422 

! oj 

> 2.4921 

! oj 

1.9164 ( 

; oj 

1.3567 

i-i 

9.0514 

:-i 

5.7687 

!-ij 

>3.5424 

3.0 

o; 

3.2021 

; o; 

3.1620 

; o] 

1 2.5823 

; oj 

1.8972 ( 

; o; 

1.2985 

;-i 

8.4319 

■ -ij 

5.2527 

; -ij 

(3.1620 

3.1 

o; 

3.8377 

! oj 

3.4108 

oj 

1 2.6273 

0 

1.8543 ( 

! oj 

1.2306 

E-i 

7.7913 

-ij 

4.7497 

Li< 

12.8052 

3.2 

°; 

4.3739 

; o; 

3.5883 

°: 

> 2.6304 

0 

1.7910 ( 

; oj 

1.1553 

;-i 

7.1430 

-i; 

4.2658 

l- 1 ! 

12.4738 

3.3 

0 

4.8038 

o! 

3.6963 

° 

> 2.5957 

o 

1.7109 < 

° 

1.0749 

-i 

6.4987 

- 1 

3.8056 

- 1 

(2.1684 

3.4 

o; 

5.1246 

; 0) 3.7388 ( 

! oj 

1 2.5279 

; oj 

1.6175 ( 

j-ij 

9.9150 

;-i 

5.8688 

:-ij 

3.3729 

!-ij 

11.8896 

3.5 

°! 

5.3376 

°) 

3.7212 

; oi 

1 2.4320 

; oj 

1.5142 ( 

-ij 

9.0701 

;-i 

5.2617 

-ij 

2.9700 

E-i] 

11.6370 

3.6 

oj 

5.4473 

Oj 

3.6501 

0 

1 2.3134 

oj 

1.4043 ( 

-i 

8.2306 

-i 

4.6840 

- 1 

2.5987 

- 1 

11.4099 

3.7 

0] 

5.4614 

Oj 

3.5331 

0 

I 2.1771 

0 

1.2906 ( 

-i 

7.4107 

-i 

4.1408 

- 1 

2.2595 

-l 

•1.2073 

3.8 

0 

5.3895 

0 

3.3781 

0 

1 2.0282 

oj 

1.1760 

-l 

6.6219 

-i 

3.6358 

- 1 

1.9525 

-l 

(1.0280 

3.9 

oj 

5.2427 

oj 

3.1929 

; 0) 1.8714 ( 

! oj 

1.0626 i 

:-d 

5.8733 

-i 

3.1709 

-ij 

1.6768 

-2] 

>8.7028 

4.0 

0] 

5.0332 

0] 

2.9854 

0] 

1.7108 ( 

; -ij 

9.5241 ( 

;-d 

5.1716 

-i 

2.7473 

-ij 

1.4313 

-2] 

17.3263 

4.1 

0 

4.7733 

0 

2.7630 

Oj 

1.5502 ( 

-ij 

8.4694 { 

-ij 

4.5215 

-i 

2.3649 

-ij 

1.2144 

-2 

• 6.1328 

4.2 

oj 

4.4753 ( 

0 

2.5323 

0] 

1.3927 ( 

-3. 

7.4740 

-ij 

3.9256 

- 1 ! 

2.0226 

- 1 

1.0242 

-2 

(5.1052 

4.3 

0 

4.1508 ( 

0 

2.2992 

0 

1.2408 < 

-1 

6.5463 

’-i 

3.3849 

-l 

1.7190 

-2 

8.5874 

-2 

14.2261 

4.4 

oj 

3.8106 ( 

oj 

2.0689 

oj 

1.0967 ( 

;-ij 

5.6918 ( 

j-ij 

2.8991 

-ij 

1.4517 

-2) 

7.1578 

-2] 

1 3.4791 

V 5 . 

0) 

3.4641 ( 

0) 

1.8455 ( 

-11 

9.6165 ( 

-i) 

4.9134 ( 

■-ij 

2.4665 

-ij 

1.2185 ( 

-2) 

5.9314 

-2) 

12.8484 

4.6 

0 

3.1197 ( 

0) 

1.6324 

-l) 

8.3683 ( 

j-i 

4.2117 

! -i 

2.0848 

-l 

1.0164 ( 

-2 

4.8867 

-2 

12.3192 

4.7 

0 

2.7843 

o 

1.4322 

-1 

7.2277 < 

’-i 

3.5852 

‘-i 

1.7507 ( 

-2 

8.4272 

-2 

4.0029 

-2 

11.8780 

4.8 

0 

2.4632 

0 

1.2466 ( 

-1 

6.1969 < 

-ij 

3.0311 

'-ij 

1.4608 ( 

-2 

6.9451 

-2j 

3.2603 

-2 

11.5125 

4.9 

0) 

2.1608 { 

o) 

1.0766 ( 

-1) 

5.2750 { 

-i) 

2.5455 ( 

-ij 

1.2112 ( 

-2 

5.6894 ( 

-2) 

2.6403 

-2 

\ 1.2116 

5.0 ( 

0) 

■ 1.8800 ( 

-1) 

9.2276 ( 

-1) 

i 4.4586 ( 

-i) 

i 2.1235 ( 

-2) 

i 9.9802 ( 

>2> 4.6331 ( 

-2) 

i 2.1262 ( 

j-3)9.6523 


For interpolation, see 19.28. 
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* 

V( 

-5.0, x) 

F(-4.5, x) 

F (-4.0, x) 

F(-3.5, x) 

F (—3.0, x) 

F(-2.5, x) 

F(-2.0, x) 

n 

-1.5, x) 

0.0 ( 

-2) 

-5.8311 


0.0000 { 

- 1 

1.3071 f 

-1) 

i 2.6596 ( 

-1) 

2.6240 


0.0000 ( 

- 1 

-4.5748 ( 

- V < 


,9788 

0.1 ( 

-2 

-4.3898 ( 

-2) 

2.6397 ( 

-1 

1.5417 

-1 

2.6132 

-lj 

2.1296 ( 

-i; 

1-0.7946 

-1) 

-5.1829 

-1 

1 -7, 

9191 

0.2 ( 

-2 

-2.7299 

-2 

5.1612 

-1 

1.7149 

-1 

2.4757 

-1 

1.5714 

'-1 

1-1.5693 ( 

- 1 ! 

-5.6877 ( 

-lj 


,7409 

0.3 

-2 

-0.9344 

-2 

7.4519 

’-lj 

1.8199 

-1 

2.2520 

-2 

9.6646 

’-1, 

) —2.3051 ( 

-1 

-6.0796 

-I! 

> -7. 

,4476 

0.4 ( 

’-2] 

+0.9074 ( 

-2) 

9.4102 

’-1) 

1.8527 ! 

-lj 

1.9503 ( 

-2) 

+3.3275 ( 

!-i! 

1-2.9840 ( 

- 1 ! 

-6.3515 ( 

-lj 

>4 

0444 

0.5 ( 

-2) 

2.7045 

-i; 

1.0950 

-1) 

1.8125 ( 

-1) 

1.5812 

-2] 

-3.1080 

[- 1 } 

1-3.5896 ( 

- 1 : 

-6.4991 ( 

-1 

>4 

,5385 

0.6 

-2) 

4.3687 

'-1 

1.2007 

-1 

1.7011 i 

-1) 

1.1580 

-2 

-9.4527 


1-4.1079 ( 

- 1 

-6.5210 { 

-1 

>- 5 . 

,9387 

0.7 ! 

'-2 

5.8194 

’-1) 

1.2536 

-1 

1.5234 

-2 

6.9534 

-1 

-1.5523 

-ij 

1-4.5275 

-1 

-6.4186 

-1 

>- 5 . 

2553 

0.8 

'-2 

6.9875 

'-lj 

1.2518 

'-1 

1.2869 

-2 

+2.0926 

-1 

-2.1149 


>-4.8397 

- 1 

-6.1959 

-1 

1-41. 

4995 

0.9 ( 

-2) 

7.8188 

:-ij 

1.1958 

-lj 

1.0010 ( 

-2j 

-2.8383 

-lj 

-2.6176 

! -ij 

>-5.0388 ( 

- 1 ! 

-5.8594 ( 

-1 

1-3. 

,6835 

1.0 ( 

-2) 

8.2767 

-i; 

1.0887 

-2 

6.7728 I 

-2) 

-7.6762 

-I] 

-3.0472 

:-I' 

>-5.1225 ( 

- 1 ; 

-5.4177 ( 

-1 

>-2.8197 

1.1 ( 

-2) 

8.3429 

‘-2 

9.3549 

’-2 

+3.2819 ( 

-1 

-1.2266 

-I] 

-3.3933 

-1 

>-5.0912 ( 

-1 

-4.8813 ( 

-1 

1-1.9206 

1.2 { 

-2 

8.0189 

'"2 

7.4311 

-2 

-0.3303 (' 

-1 

-1.6465 

- 1 ] 

-3.6481 

-1 

>-4.9482 ( 

- 1 ! 

-4.2621 

-1 

>-0,9984 

1.3 { 

-2 

7.3241 

|-2 

5.2005 

'-2 

-3.9309 \ 

-1 

-2.0148 

-1 

-3.8069 

-1 

>-4.6995 1 

- 1 ; 

-3.5731 

-1 

>-0.0648 

1.4 ( 

-2) 

6.2954 

:- 2 | 

2.7584 

’-2 

-7.3916 ( 

-lj 

-2.3214 

- 1 ! 

-3.8677 

;-i; 

>-4.3533 | 

- 1 ! 

-2.8278 ( 

-1 

>+0.8696 

1.5 ( 

,-2] 

4.9836 

-2' 

+0.2057 

-1 

-1.0594 ( 

-1) 

-2.5583 

- 1 ; 

-3.8317 

;-i; 

>-3.9197 ( 

- 1 ; 

-2.0397 

-1 

1. 

,7953 

1.6 

-2 

3.4514 

'-2 

-2.3553 

:-i 

-1.3434 1 

-1) 

-2.7203 

-1 

-3.7025 

;-i 

>-3.4103 

- 1 

-1.2222 

-1 

2. 

,7043 

1.7 ( 

-2 

1.7690 

! -2 

-4.8261 

-i 

-1.5824 ( 

;-i] 

-2.8047 

-1 

-3.4861 


) -2.8375 

- 1 

-0.3880 

-1 

3. 

,5902 

1.8 

’"2 

+0.0110 

’ -2 

-7.1155 

’-i 

-1.7697 | 

-i 

-2.8113 

- 1 ! 

-3.1904 

- 1 

>-2.2142 

- 1 

+0.4512 

-1 

4. 

,4484 

1.9 

\-2\ 

-1.7477 

\-2\ 

-9.1435 

:~i 

-1.9008 ( 

-i; 

-2.7426 

- 1 ; 

-2.8250 

i-il 

>-1.5535 ( 

-ij 

1.2852 

-1 

5L 

,2761 

2.0 

-2| 

-3.4354 

;-i; 

-1.0844 

■ i 

-1.9731 ( 

-i] 

-2.6027 

- 1 ; 

-2.4003 ( 

- 1 ; 

>-0.8679 

- 1 ; 

2.1053 

-1 

&[ 

,0723 

2.1 

-2 

-4.9863 

-i; 

-1.2166 

'-i 

-1.9864 ( 

-i] 

-2.3979 

-1 

-1.9277 

-1 

>-0.1692 

-1 

2.9044 

-1 

6 

,8384 

2.2 

-2 

-6.3439 

;-i; 

-1.3076 

*-i 

-1.9423 ( 

-i; 

-2.1357 

-1 

-1.4184 

-1 

>+0.5320 

-1 

3.6777 

-1 

7 

.5775 

2.3 

'-2 

-7.4620 


-1.3558 

-i 

-1.8442 ( 

-i 

-1.8247 

-2 

-8.8371 

- 1 

1 1.2264 

-1 

4.4221 

-1 

8 

,2948 

2.4 

' -2, 

-8.3067 

'-i! 

-1.3610 

;-i 

-1.6967 ( 

-ij 

-1.4739 

- 2 ! 

-3.3411 ( 

-1 

> 1.9066 

t-i 

5.1367 

-1 

8 

,9975 

2.5 

;-2j 

-8.8568 

;-i; 

-1.3246 

;-i 

-1.5059 ( 

-i] 

-1.0927 

- 2 ; 

+2.2080 

;-i 

) 2.5667 

'-i 

5.8227 

-1 

9 

.6950 

2.6 

-2 

-9.1035 

-i 

-1.2495 

-i 

-1.2784 < 

-2' 

-6.9034 

-2 

7.7266 

- 1 

> 3.2030 

-1 

6.4834 

0 

1 

.0399 

2.7 

|-2] 

-9.0496 

-i; 

-1.1392 

-i 

-1.0214 ( 

-2 

-2.7540 

-1 

1.3145 

-1 

> 3.8134 

-1 

7.1242 

0 

1 

.1122 

2.8 

-2 

-8.7090 

-2 

-9.9858 

[-2 

-7.4214 ( 

-2! 

+1.4424 

-1 

1.8411 

- 1 

) 4.3982 

-1 

7.7525 

0 

1 

.1882 

2.9 

:-2] 

-8.1043 

1-2, 

-8.3257 

{-2 

-4.4770 ( 

-2] 

5.6176 

-i; 

2.3486 

[-1 

) 4.9594 

t-i 

8.3779 

0 

1 

.2697 

3.0 

:-2j 

-7.2651 

[-2 

-6.4659 

[-2 

-1.4470 ( 

-2] 

9.7155 


2.8352 

[- 1 

) 5.5010 

;-i 

9.0120 

0 

1, 

.3588 

3.1 

- 2 

-6.2264 

(-2 

-4.4605 

-2 

+1.6090 ( 

-1 

1.3693 

- 1 

3.3007 

-1 

> 6.0291 

!-i 

9.6689 

0 

1, 

,4582 

3.2 

-2 

-5.0260 

[-2 

) -2.3612 

-2 

4.6402 

-1 

1.7522 

- 1 

3.7466 

-1 

6.5514 

° 

> 1.0365 

0 

1 

,5708 

3.3 

-2 

-3.7030 

:-2 

-0.2157 

-2 

7.6054 

-1 

2,1187 

- 1 

4.1761 

-1 

7.0778 

0 

) 1.1119 

0 

! 1 

7001 

3.4 

1-2! 

-2.2954 

[-2 

)+1.9344 

[-1 

1.0474 

-l! 

2.4688 

!-i! 

4.5942 

[-1 

) 7.6202 

! 0 

> 1.1954 

0 

> il 

8502 

3.5 

;-2; 

) -0.8391 

(-2 

) 4.0539 

;-i 

1.3228 

-1' 

2.8040 

;-i; 

) 5.0074 

(-1 

) 8.1924 

; 0 

) 1.2896 

0 

) 2. 

0262 

3.6 

-2 

+0.6339 

-2 

> 6.1158 

-i 

1.5859 

-1 

3.1270 

- 1 

5.4239 

-1 

8.8110 

0 

) 1.3975 

0 

i 2. 

2339 

3.7 

t -2 

2.0962 

-2 

) 8.1014 

-i 

1.8370 

-1 

3.4421 

- 1 

5.8535 

-1 

9.4951 

0 

1.5228 

0 

) 2, 

4806 

3.8 

-2 

3.5259 

-1 

) 1.0000 

-i 

2.0775 

-l 1 

3.7545 

-1 

6.3080 

0 

1.0267 

0 

) 1.6699 

0 

) 2, 

7751 

3.9 

1 -2 

) 4.9072 

t-1 

) 1.1811 

i-i 

2.3101 

-I] 

4.0712 

t-i; 

) 6.8012 

1 0 

) 1.1153 

t 0 

) 1.8439 

t 0 

) 3. 

1285 

4.0 

f-2’ 

> 6.2301 

(-1 

) 1.3540 

;-i 

2.5382 

-1 

4.4004 

;-i 

) 7.3492 

( 0 

) 1.2186 

r 0 

) 2,0513 

[ 0 

) 3, 

5541 

4.1 

-2 1 

) 7.4913 

1-1 

) 1.5202 

-i 

2.7664 

-1 

4.7517 

-1 

) 7.9710 

0 

1.3401 

0 ' 

) 2.2999 

t 0 

) 4 ' 

0690 

4.2 

-2' 

8.6933 

:-i 

> 1.6819 

-i 

> 3.0002 

-I! 

> 5.1365 

;-i 

8.6890 

0 

1.4846 

0 

2.5993 

r 0 

4, 

6942 

4.3 

- 2 ! 

> 9.8444 

-i 

1.8422 

-i 

3.2465 

-I' 

5.5683 

-1 

9.5300 

0 

1.6575 

0 

2.9616 


5, 

4567 

4.4 

l-l! 

) 1.0959 

i-i 

) 2.0048 

I-i 

) 3.5131 

-l! 

> 6.0629 

! 0 ; 

) 1.0526 

( o; 

) 1.8657 

t 0 

) 3.4019 

! 0 ; 

j 6, 

3903 

4.5 i 

(-1 

) 1.2056 

(-1 

) 2.1743 

t-i 

) 3.8093 

-1 

) 6.6389 

( 0 

) 1.1717 

( 0 

) 2.1178 

( ° 

) 3.9393 

f 0 

) 7, 

5384 

4.6 

-1 

1.3161 

-i 

) 2.3561 

i-i 

) 4.1462 

-I! 

7.3192 

0 

) 1.3150 

i 0 

2.4244 

0 

4.5978 

0 

) 8, 

,9563 

4.7 i 

-1 

1.4305 

-i 

) 2.5567 

-i 

) 4.5368 

-! 

) 8.1309 

0 

) 1.4885 

0 

2.7989 

0 

) 5.4083 

1 

1' 

,0715 

4.8 

-1' 

1.5525 

C -1 

) 2.7834 

-i 

) 4.9967 

-1 

) 9.1078 

0 

) 1.6998 

0 

3.2584 

0 

) 6.4102 

1 

1' 

2908 

4.9 i 

(-1 

) 1.6863 

(-i 

) 3.0454 i 

(-1 

) 5.5449 

1 0 

) 1.0291 

[ 0 

) 1.9582 1 

( 0 

) 3.8246 

( 0 

) 7.6545 

t 1 

) 1. 

]5653 

5.0 i 

(-1) 1.8370 

(-1) 3.3533 i 

(-1) 6.2047 1 

[ 0) 1.1734 1 

( 0) 2.2757 < 

( 0) 4.5254 l 

( 0) 9.2067 1 

; 1 ) 1 . 

.9107 
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PARABOLIC CYLINDER FUNCTIONS 


x U(~1.0, x) U(- 0.9, x) 

0.0 (-1)5.8137 (-1)6.8058 

0.1 (-1)6.3918 (-1)7.2692 

0.2 (-1 6.9062 (-1 7.6673 

0.3 (-1)7.3523 (-1)7.9973 

0.4 (-1)7.7267 (-1)8.2572 

0.5 (-1)8.0270 (-1)8.4462 

0.6 -1)8.2522 (-1)8.5646 

0.7 -1)8.4023 -1)8.6136 

0.8 (-1)8.4788 (-1) 8.5958 

0.9 (-1)8.4842 (-1) 8.5144- 

1.0 (-1)8.4220 (-1)8.3737 

1.1 -1 8.2967 -l) 8.1787 

1.2 (-1 8.1136 -l) 7.9348 

1.3 (-1 7.8786 (-1)7.6480 

1.4 (-1) 7.5982 (-1) 7.3248 

1.5 (-1)7.2789 (-1)6.9716 

1.6 (-1)6.9279 (-1) 6.5948 

1.7 (-1)6.5519 (-1 6.2008 

1.8 (-1 6.1577 -1)5.7958 

1.9 (-l)5.7517 (-1)5.3855 

2.0 (-1)5.3401 (-1)4.9754 

2.1 -1 4.9285 -1 4.5701 

2.2 -l) 4.5219 -1)4.1741 

2.3 (-1)4.1247 (-1) 3.7910 

2.4 (-1)3.7407 (-1)3.4238 

2.5 (-1)3.3732 (-1)3.0751 

2.6 -1)3.0246 -1)2.7467 

2.7 (-1)2.6968 (-l) 2.4399 

2.8 (-1 2.3911 (-1 2.1556 

2.9 (-1)2.1084 (-1)1.8942 

3.0 (-1)1.8488 (-1)1.6555 

3.1 -1 1.6124 -1 1.4391 

3.2 (-l) 1.3985 (-l) 1.2443 

3.3 (-1 1.2064 -1 1.0701 

3.4 (-1) 1.0351 (-2)9.1545 

3.5 (-2)8.8335 (-2)7.7900 

3.6 -2)7.4981 -2 6.5939 

3.7 (-2)6.3306 (-2) 5.5521 

3.8 -2)5.3165 -2 4.6503 

3.9 (-2)4.4411 (-2)3.8747 

4.0 (-2)3.6903 (-2)3.2115 

4.1 (-2)3.0502 -2)2.6480 

4.2 -2)2.5079 (-2 2.1720 

4.3 (-2)2.0512 < -2) 1.7723 

4.4 (- 2 ) 1.6688 (-2)1.4386 

4.5 (-2)1.3507 (-2)1.1618 

4.6 (-2)1.0875 (-3)9.3333 

4.7 (-3)8.7099 (- 3 ) 7.4594 

4.8 -3)6.9398 -3 5.9310 

4.9 (-3)5.5007 (-3)4.6914 

5.0 (-3)4.3375 (-3)3.6919 


[/(-0.8,x) U(-0.7,z) 1 

1 -1)7.7241 (-1)8.5642 ( 

-1 8.0677 -1 8.7853 ( 

-l)8.3471 -l)8.9453 ( 

-l) 8.5606 (-1)9.0436 

-1)8.7077 (-1)9.0807 ( 

1 -1)8.7886 (-1)9.0580 ( 

-l) 8.8049 <-l) 8.9776 ( 

-l) 8.7586 (-1)8.8425 ( 

-1)8.6531 (-1)8.6563 ( 

-1)8.4923 (-1)8.4235 ( 

1 -1)8.2808 (-1)8.1488 ( 

-l) 8.0238 (-1)7.8374 ( 

-l) 7.7269 (-1)7.4949 

-1 7.3960 (-1 7.1269 ( 

-1)7.0371 (-l) 6.7392 ( 

(-1)6.6565 (-1)6.3372 ( 

(-1)6.2600 (-1)5.9266 ( 

(-1 5.8535 (-1 5.5123 ( 

(-1)5.4424 (-1)5.0993 ( 

(-1)5.0319 (-1)4.6918 ( 

(-1)4.6264 (-1)4.2938 ( 

-1 4.2301 (-1 3.9086 

-1)3.8466 -l)3.5391 

(-l) 3.4788 (-1)3.1876 ( 

(-1)3.1292 (-1)2.8559 ( 

(-1)2.7995 (-1)2.5453 ( 

(-1)2.4912 (-1)2.2566 ( 

(-1 2.2049 (-1)1.9903 ( 

(-1 1.9412 (-1 1.7462 ( 

(-ljl.7000 (-l)l.5241 ( 

1 -1)1.4809 (-1)1.3234 ( 

-1 1.2832 -1 1.1432 ( 

-l) 1.1061 (-2)9.8240 ( 

-2)9.4842 (-2) 8.3989 

-2)8.0899 (-2)7.1436 ( 

1 -2)6.8646 (-2)6.0447 ( 

-2)5.7946 (-2 5.0887 ( 

-2)4.8660 (-2)4.2619 

-2 4.0651 -2 3.5512 ( 

-2)3.3784 (-2)2.9439 ( 

1 -2)2.7932 (-2)2.4280 ( 

-2)2.2975 (-2)1.9923 ( 

-2)1.8800 (-2)1.6265 ( 

-2 1.5305 -2 1.3211 

-2)1.2396 (-2)1.0676 ( 

1 -3)9.9881 (-3)8.5831 ( 

-3)8.0067 (-3)6.8657 ( 

-3)6.3856 (-3)5.4641 ( 

-3)5.0667 -3 4.3266 

-3)3.9996 (-3)3.4085 ( 

(-3)3.1412 (-3)2.6716 ( 


J(-0.6,x) U(- 0.5, x) U{-0A,x) 

1)9.3233 ( 0)1.0000 ( 0)1.0594 

1 9.4211 (-1 9.9750 ( 0 1.0448 

1 9.4626 (-1)9.9005 ( 0) 1.0261 

l) 9.4483 (-1 9.7775 ( Oj 1.0035 

1)9.3796 (-1)9.6079 (-l) 9.7698 

1)9.2584 (-1)9.3941 (-1)9.4700 

l) 9.0874 (-1)9.1393 (-1)9.1382 

l) 8.8702 (-l) 8.8471 (-l) 8.7781 

1)8.6107 (-1)8.5214 (-l) 8.3937 

1)8.3133 (-1)8.1669 (-l) 7.9892 

1)7.9828 (-1)7.7880 (-1)7.5689 

l)7.6245 (-1)7.3897 -1 7.1372 

l)7.2435 (-1)6.9768 (-1)6.6986 

1)6.8451 (-1)6.5541 (-1 6.2573 

1)6.4345 (-1)6.1263 {-l) 5.8173 

1)6.0168 (-1)5.6978 (-1)5.3826 

1) 5.5968 (-1)5.2729 (-1)4.9566 

1 5.1791 (-1 4.8554 (-l) 4.5424 

1 4.7676 (-1)4.4486 (-1)4.1429 

1)4.3662 (-1)4.0555 (-1)3.7603 

1)3.9779 (-1)3.6788 (-1)3.3965 

1 3.6054 (-1)3.3204 (-1)3.0532 

l)3.2511 -l) 2.9820 (-1)2.7312 

l) 2.9165 (-1)2.6647 (-1)2.4313 

l)2.6029 (-1)2.3693 (-}S2.1538 

1)2.3112 (-1)2.0961 (-1)1.8987 

1)2.0418 (-1)1.8452 (-1)1.6657 

l)l.7945 -l) 1.6162 (-l)l.4541 

1 1.5691 (-1 1.4086 (-1 1.2632 

l) 1.3651 (-1)1.2215 (-1) 1.0920 

1)1.1816 (-1)1.0540 (-2)9.3934 

1) l.0175 (-2)9.0491 (-2)8.0408 

2) 8.7182 (-2)7.7305 (-2)6.8492 

2)7.4318 (-2)6.5710 (-2)5.8055 

2)6.3032 (-2)5.5576 (-2) 4.8967 

2)5.3190 (-2)4.6771 (-2)4.1098 

2)4.4657 (-2)3.9164 (-2)3.4324 

2) 3.73Q4 (-2)3.2631 (-2)2.8525 

2 3.1004 (-2 2.7052 -2 2.3589 

2)2.5638 (-2)2.2315 (-2)1.9411 

2)2.1094 (-2)1.8316 (-2)1.5895 

2)1.7268 (-2)1.4958 (-2)1.2951 

2 1.4064 -2 1.2155 (-2 1.0500 

2) 1.1397 (-3)9.8282 (-3)8.4709 

3) 9.1898 (-3)7.9071 (-3)6.8002 

3)7.3725 (-3)6.3297 (-3)5.4320 

3 5.8847 (-3 5.0418 -3 4.3177 

3 4.6736 (-3 3.9958 (-3)3.4150 

3)3.6931 -3 3.1511 -3 2.6876 

3)2.9036 (-3)2.4726 (-3)2.1047 

-3)2.2714 (-3)1.9305 (-3)1.6401 
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Table jl9.1 


x V( —1.0, x) y(-0.9,x) y(-0.8,x) 

0.0 (-1)-6.5600 (-1)-5.5730 (-1)-4.3852 

0.1 (-1)-5.8422 (-1)-4.7818 (-l)-3.5487 

0.2 (-1 -5.0662 (-1) -3.9477 (-1)-2.6839 

0.3 -1 -4.2400 (-1 -3.0785 (-lj-1.7980 

0.4 (-1)-3.3725 (-1) -2.1823 (-lj-0.8980 

0.5 (-l)-2.4725 (-1)-1,2674 (-l)+0.0088 

0.6 { —1) —1.5494 ( -1 )-0.3418 (-1) 0.9156 

0.7 (-1)-0.6122 (-1 )+0.5867 (-1 1.8159 

0.8 (-1 )+0.3305 (-1) 1.5106 (-1) 2.7040 

0.9 (-1) 1.2704 (-1) 2.4234 (-1) 3.57*9 

1.0 (-1) 2.2004 (-1) 3.3194 (-1) 4.4245 

1.1 (-1) 3.1139 -1 4.1939 (-1) 5.2498 

1.2 (-1) 4.0057 (-1) 5.0435 (-1) 6.0492 

1.3 (-1) 4.8721 (-1) 5.8660 (-1) 6.8220 

1.4 (-1) 5.7105 (-1) 6.6605 (-1) 7.5693 

1.5 (-1) 6.5198 (-1) 7.4279 (-1) 8.2931 

1.6 (-1) 7.3008 (-1) 8.1704 (-1 8.9974 

1.7 (-1) 8.0557 (-1) 8.8917 -1) 9.6875 

1.8 (-1) 8.7883 -1 9.5974 ( 0 1.0370 

1.9 (-1) 9.5044 ( 0) 1.0295 ( 0) 1.1054 


y(-o.7,x) y(-o.6,x) y(-o.5,x) y(-oj4,x) 

(-l)-3.0307 (-1)-1.5522 0.0000 (-1)1.$701 

(-1)-2.1784 ( -1)-0.7135 (-1)0.7972 (-1)2.3012 

(-l)-1.3109 (-lJ+0.1294 (-1)1.5905 (-1)3.0232 

'-1 -0.4343 (-1) 0.9716 (-1)2.3760 (-1 3.1334 

-l)+0.4451 (-1) 1.8082 (-l)3.1502 (-l) 4.4296 

-1) 1.3217 (-1) 2.6347 (-1)3.9099 (-1)5.1099 

-1 2.1900 -1) 3.4471 (-1 4.6526 (-1)5.1729 

(-1) 3.0449 (-1) 4.2420 (-1)5.3763 -l) 64 182 

-1) 3.8823 (-1 5.0167 (-1 6.0797 -1 7.0457 

(-1) 4.6988 (-1) 5.7694 (-1)6.7626 (-1)7.6563 

(-1) 5.4920 (-1) 6.4993 (-1)7.4254 (-1)8.2519 

(-1 6.2606 (-1) 7.2065 -1)8.0697 -1)8.8353 

(-1) 7.0044 (-1) 7.8924 (-1 8.6982 (-1)9.^101 

(-1) 7.7246 (-1) 8.5594 (-1)9.3147 (-1)94812 

(-1) 8.4234 (-1) 9.2113 (-1)9.9240 ( 0)1.0555 

(-1) 9.1046 (-1) 9.8533 ( 0)1.0532 ( 0)1.1138 

(-1) 9.7734 ( 0) 1.0492 ( 0 1.1148 0 1.1739 

0) 1.0437 ( 0 1.1134 0 1.1778 ( 0 1.2369 

( 0) 1.1102 ( 0) 1.1791 0 1.2436 0)1.3038 

( 0) 1.1780 ( 0) 1.2472 ( 0) 1.3132 0)1^762 


2.0 ( 0) 1.0211 ( 0) 1.0992 ( 0) 1.1749 ( 0) 1.2482 ( 0) 1.3191 ( 0)1.3881 ( 0)1.4554 

2.1 0) 1.0918 ( 0) 1.1701 ( 0 1.2468 0) 1.3222 ( 0 1.3964 ( 0)1.4699 0 1.5435 

2.2 ( 0) 1.1637 ( 0) 1.2434 ( 0) 1.3225 ( 0) 1.4015 ( 0) 1.4806 0)1.5607 ( 0)1.M24 

2.3 ( 0 1.2380 ( 0) 1.3205 ( 0) 1.4037 0) 1.4879 ( 0 1.5740 0 1.6625 ( 0 1.7546 

2.4 ( 0) 1.3163 ( 0) 1.4032 ( 0) 1.4922 ( 0) 1.5837 ( 0) 1.6787 ( 0)1.7781 ( 0)1.8830 


2.5 ( 0) 1.4005 ( 0) 1.4936 

2.6 ( 0) 1.4925 0) 1.5939 

2.7 ( 0) 1.5949 ( 0) 1.7068 

2.8 ( 0) 1.7104 0) 1.8355 

2.9 ( 0) 1.8424 ( 0) 1.9837 


0) 1.5902 ( 0) 1.6912 ( 0) 

0 1.7005 0 1.8134 ( 0) 

( 0 1.8259 ( 0) 1.9535 ( 0 

( 0) 1.9700 ( 0) 2.1157 ( 0 

( 0) 2.1371 ( 0) 2.3045 ( 0) 


1.7975 ( 0)1.9104 ( 0)2.0311 

1.9338 ( 0)2.0631 0 2.2029 

2.0911 ( 0)2.2404 0)2.4032 

2.2741 ( 0)2.4474 0)2.4378 

2.4881 ( 0)2.6902 ( 0)2.^136 


3.0 ( 0) 1.9948 ( 0) 2.1558 

3.1 ( 0) 2.1722 ( 0) 2.3571 

3.2 ( 0) 2.3801 0) 2.5940 

3.3 ( 0) 2.6253 0) 2.8740 

3.4 ( 0) 2.9159 ( 0) 3.2066 


( 0) 2.332:1 ( 0) 2.5258 ( 0) 

( 0) 2.5609 ( 0) 2.7864 0) 

( 0 2.8310 ( 0) 3.0945 ( 0) 

( 0 3.1511 0) 3.4604 ( 0) 

( 0) 3.5319 ( 0) 3.8966 ( 0) 


2.7396 ( 0)2.9763 ( 0)3^392 

3.0365 ( 0)3.3147 ( 0 3.4249 

3.3882 ( 0)3.7163 ( 0 4.0834 

3.8066 0 4.1947 ( 0) 4.6305 

4.3061 ( 0) 4.7667 ( 0) 5.^855 


3.5 ( 0) 3.2618 ( 0) 3.6032 

3.6 0) 3.6752 ( 0) 4.0781 

3.7 0) 4.1712 ( 0) 4.6487 

3.8 0 4.7686 0 5.3371 

3.9 ( 0) 5.4910 ( 0) 6.1706 


( 0) 3.9868 ( 0) 4.4183 ( 0) 

( 0) 4.5323 ( 0 5.0449 ( o) 

( O) 5.1887 ( O) 5.8001 ( 0 

0) 5.9818 0 6.7138 oj 

0 ) 6.9437 ( 0) 7.8238 ( o) 


4.9045 

0 

) 5.4531 

; 0 ; 

I6.()726 

5.6242 

0 

) 6.2797 

i 0 

17.0220 

6.4930 

* o' 

) 7.2790 

; 0 ; 

184716 

7.5458 

; 0 ; 

) 8.4920 

0 ) 

19.5693 

8.8266 

; 0 ! 

) 9.9703 

! i) 

11.|276 


4.0 ( 0) 6.3680 ( 0) 7.1841 ( 0) 8.1149 ( 0) 9.1775 ( 1) 1.0391 ( 1)1.1779 ( 1)1.3367 

4.1 ( 0 7.4368 ( 0) 8.4212 ( o) 9.5470 ( lj 1.0835 l) 1.2311 1 1.4002 ( l) 1.5942 

4.2 0) 8.7448 ( 0) 9.9377 ( 1 1.1305 ( l) 1.2875 ( l) 1.4676 ( l) 1.6747 ( 1) 1.9127 

4.3 ( l) 1.0352 ( l) 1.1805 ( l) 1.3474 1 1.5394 l) 1.7604 1 2.0149 1 2.3082 

4.4 ( l) 1.2337 ( l) 1.4113 ( l) 1.6160 ( l) 1.8520 ( lj 2.1243 ( l) 2.4386 ( lj 2.8017 


4.5 ( 1) 1.4797 ( 1) 1.6981 ( 1) 1.9502 ( 1) 2.2417 ( 1) 2.5787 ( 1)2.9687 

4.6 ( l) 1.7862 ( l) 2.0559 ( lj 2.3680 ( 1 2.7297 ( 1 3.1489 ( lj3.6350 

4.7 1 2.1698 1 2.5044 1 2.892:8 ( 1 3.3437 l) 3.8676 lj 4.4765 

4.8 ( l) 2.6520 1 3.0694 ( 1 3.5549 ( lj 4.1199 ( 1 4.7777 ( 1 5.5441 

4.9 ( l) 3.2611 ( lj 3.7844 ( lj 4.3944 ( l) 5.1058 ( l) 5.9359 ( lj 6.9051 


( 1)3.4202 
1 4.1991 
( 1)5.1846 
1 6.4372 
( 1 ) 8.9370 


5.0 ( 1) 4.0344 ( 1) 4.6937 ( 1) 5.4639 ( 1) 6.3641 ( 1) 7.4168 ( 1)8.6484 ( 2)1.{|090 
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Table 19.1 


x £/( —0.3,x) U(-0.2,x) t/(-0.1,x) U(0,x) U{ 0.1, x) 17(0.2, x) 17(0.3, x) 

0.0- ( 0)1.1105 ( 0)1.1535 ( 0)1.1887 ( 0)1.2163 ( 0)1.2366 ( 0)1.2500 ( 0)1.2570 

0.1 ( 0 1.0843 ( 0)1.1161 0)1.1406 0)1.1581 ( 0)1.1691 0)1.1740 ( 0)1.1732 

0.2 f 0)1.0548 ( 0)1.0764 0)1.0914 0)1.1000 ( 0 1.1029 0)1.1004 ( 0)1.0930 

0.3 ( 0)1.0223 ( 0 1.0347 ( 0)1.0412 ( 0 1.0421 ( 0)1.0379 ( o) 1.0291 ( 0)1.0161 

0.4 (-1)9.8697 (-1)9.9120 (-1)9.9016 (-1)9.8431 (-1)9.7411 (-1)9.6004 (-1)9.4255 

0.5 (-1)9.4906 (-1)9.4609 (-1)9.3856 (-1)9.2695 (-1)9.1173 (-1)8.9333 (-1)8.7218 

0.6 (-1)9.0890 -1 8.9968 (-lj 8.8661 (-1)8.7018 (-l) 8.5082 (-l) 8.2895 (-l) 8.0498 

0.7 (-1)8.6684 (-l) 8.5228 -lj 8.3458 (-lj 8.1419 (-lj 7.9153 (-l) 7.6699 (-lj 7,4093 

0.8 (-1)8.2324 ( -l)8.0421 (-l)7.8273 (-1)7.5920 (-1)7.3400 {-1)7.0750 (-l) 6.8000 

0.9 (-1) 7.7849 (-1)7.5583 (-lj 7.3135 (-l) 7.0542 (-l) 6.7838 (-l) 6.5055 (-l) 6.2220 

1.0 (-1)7.3298 (-1)7.0747 (-1)6.8072 (-1)6.5307 (-1)6.2482 (-1)5.9622 (-1)5.6753 

1.1 (-1)6.8710 (-1)6.5946 (-l) 6.3111 -lj6.0235 -l) 5.7343 (-l) 5.4457 (-l) 5.1597 

1.2 (-1)6.4124 (-1)6.1212 (-l) 5.8278 (-1) 5.5346 (-l)5.2436 (-l)4.9566 (-l)4.6753 

1.3 (-1)5.9576 (-1)5.6576 -lj5.3596 (-l) 5.0655 (-l) 4.7769 (-l) 4.4953 -lj 4.2217 

1.4 (-1)5.5101 (-1)5.2066 (-1)4.9087 (-l) 4.6178 (-lj 4.3352 (-lj 4.0619 (-l) 3.7986 

1.5 (-1)5.0730 (-1)4.7706 (-1)4.4769 (-1)4.1927 (-1)3.9191 (-1)3.6565 (-1)3.4055 

1.6 (-1 4.6492 (-l) 4.3519 <-1) 4.0657 (-1 3.7912 (-l) 3.5288 (-1) 3.2790 (-1 3.0417 

1.7 -lj 4.2412 (-1)3.9524 -l) 3.6765 (-l) 3.4139 (-l) 3.1647 (-l) 2.9290 (-lj 2.7065 

1.8 (-1 3.8510 (-1)3.5734 (-1)3.3102 (-1)3.0613 (-1) 2.8266 (-1) 2.6060 (-l) 2.3990 

1.9 (-1)3.4805 (-1)3.2162 (-1)2.9673 (-l) 2.7334 (-1)2.5142 (-l) 2.3093 (-l) 2.1181 

2.0 (-1)3.1309 (-1)2.8816 (-1)2.6482 (-1)2.4302 (-1)2.2270 (-1)2.0381 (-1)1.8627 

2.1 (-1)2.8032 (-1)2.5700 (-l) 2.3529 (-l) 2.1513 -lj 1.9643 (-lj 1.7913 (-lj 1.6315 

2.2 (-1)2.4980 (-1)2.2816 (-l) 2.0812 (-1)1.8960 (-1) 1.7252 (-lj 1.5678 (-lj 1.4232 

2.3 -l)2.2155 (-1)2.0162 (-l) 1.8326 -ljl.6637 -ljl.5086 < -1) 1.3665 -1 1.2363 

2.4 (-l) 1.9556 (-1)1.7734 (-l) 1.6064 (-1)1.4534 (-1) 1.3136 (-1)1.1859 (-1) 1.0695 

2.5 (-1)1.7179 (-1)1.5526 (-1)1.4017 (-1)1.2640 (-1)1.1387 (-1)1.0248 (-2)9.2134 

2.6 -1 1.5020 (-l) 1.3529 -1 1.2174 (-1 1.0944 (-2 9.8278 -2)8.8173 -2)7.9031 

2.7 -l) 1.3069 (- 1 ) 1.1734 -l) 1.0525 (-2 9.4322 -2)8.4445 -2)7.5534 -2 6.7502 

2.8 (-l) 1.1317 (-l)l.0129 -2)9.0579 (-2)8.0925 (-2)7.2235 (-2)6.4422 (-2)5.7406 

2.9 (-2)9.7528 (-2)8.7027 (-2)7.7589 (-2)6.9114 (-2)6.1513 (-2)5.4703 (-2)4.8608 

3.0 (-2)8.3643 (-2)7.4416 (-2)6.6151 (-2)5.8757 (-2)5.2146 (-2)4.6244 (-2)4.0978 

3.1 (-2 7.1389 (-2)6.3330 (-2)5.6137 (-2 4.9721 (-2 4.4006 (-2 3.8918 (-2 3.4393 

3.2 (-2) 6.0636 (-2 5.3640 -2 4.7415 -2 4.1881 -2 3.6967 (-2) 3.2606 (-2) 2.8739 

3.3 (-2)5.1253 (-2)4.5215 (-2)3.9860 (-2) 3.5114 (-2 3.0912 (-2)2.7194 (-2)2.3907 

3.4 (-2)4.3112 (-2)3.7932 (-2)3.3351 (-2)2.9303 (-2)2.5730 (-2)2.2577 (-2)1.9799 

3.5 (-2)3.6089 (-2)3.1669 (-2)2.7772 (-2)2.4340 (-2)2.1318 (-2)1.8659 (-2)1.6322 

3.6 -2)3.0063 (-2)2.6314 (-2) 2.3018 -2)2.0122 (-2 1.7580 (-2) 1.5351 (-2) 1.3396 

3.7 (-2)2.4921 (-2)2.1759 (-2)1.8986 (-2jl.6558 (-2) 1.4431 (-2U.2571 (-2> 1.0944 

3.8 (-2 2.0558 (-2) 1.7906 (-2) 1.5587 (-2) 1.3560 (-2) 1.1791 (-2) 1.0247 (-3)8.9001 

3.9 (-2)1.6876 (-2) 1.4664 (-2) 1.2735 (-2) 1.1053 (-3)9.5887 (-3)8.3139 (-3)7.2048 

4.0 (-2)1.3786 (-2)1.1951 (-2)1.0355 (-3)8.9669 (-3)7.7613 (-3)6.7143 (-3)5.8057 

4.1 (-2)1.1207 (-3)9.6928 (-3)8.3792 (-3)7.2400 (-3)6.2526 (-3)5.3973 (-3)4.6568 

4.2 (-3) 9.0656 (-3)7.8234 (-3)6.7481 (-3) 5.8179 (-3)5.0135 (-3)4.3184 (-3)3.7179 

4.3 (-3)7.2976 -3)6.2839 (-3)5.4085 (-3)4.6529 (-3)4.0011 (-3)3.4390 (-3)2.9546 

4.4 (-3)5.8457 (-3)5.0228 (-3)4.3139 (-3)3.7034 (-3) 3.1779 (-3)2.7259 (-3)2.3371 

4.5 (-3)4.6596 (-3)3.9954 (-3)3.4243 (-3)2.9336 (-3)2.5122 (-3)2.1504 (-3)1.8400 

4.6 (-3 3.6961 (-3)3.1626 (-3)2.7050 (-3)2.3127 (- 3 ) 1.9765 (-3) 1.6885 (-3) 1.4419 

4.7 (-3) 2.9173 (-3)2.4912 (-3)2.1265 (-3) 1.8145 (-3) 1.5477 (-3U.3195 (-3) 1.1246 

4.8 (-3)2.2914 (-3)1.9528 (-3)1.6637 (-3)1.4168 (-3)1.2061 (-3)1.0263 (-4)8.7305 

4.9 (-3)1.7909 (-3)1.5233 (-3)1.2952 (-3) 1.1009 (-4)9.3540 (-4)7.9449 (-4)6.7457 

5.0 (-3)1.3929 (-3)1.1825 (-3)1.0035 (-4)8.5136 (-4)7.2201 (-4)6.1210 (-4)5.1875 
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Table lil 


x y(-o.3,x) y(— 0 . 2 , x) y(-o.i,r) y(o,x) y(o.i,x) y(o.2,x) y(o.3,x) 

0.0 (-1)3.0993 (-1)4.5280 (-1)5.7994 (-1)6.8621 (-1)7.6731 (-1)8.2008 (-1)8.420 

0.1 (-1)3.7442 (-1)5.0724 (-1)6.2358 (-1)7.1901 (-1)7.9000 (-1)8.3406 (-1)8.5032 

0.2 (-1 4.3780 (-1)5.6069 -1)6.6661 (-1)7.5184 (-1)8.1349 -1 8.4971 (-1 8.5993 

0.3 (-1)4.9991 (-1)6.1307 -1)7.0905 (-1)7.8474 -1)8.3788 -1)8.6720 (-1)8.72 50 

0.4 (-1)5.6064 (-1)6.6436 (-0 7.5093 (-08.1782 (-08.6331 (-0 8.8660 (-08.8790 

0.5 (-1)6.1992 (-1)7.1460 (-1)7.9238 (-1)8.5124 (-1)8.8994 (-1)9.0813 (-1)9.060 

0.6 (-1)6.7773 (-1)7.6386 (-1)8.3353 (-1)8.8519 (-0 9.1803 -1 9.3205 (-1) 9.28D3 

0.7 (-1)7.3412 (-1)8.1229 (-1)8.7460 (-1 9.1994 (-1) 9.4787 (-1 9.5867 (-1 9.5336 

0.8 (-1)7.8922 (-1) 8.6009 (-l) 9.1588 (-1) 9.5583 -1)9.7982 (-1) 9.8840 (-1) 9.8273 

0.9 (-1)8.4321 (-1)9.0756 (-1)9.5771 (-1)9.9325 ( 0) 1.0143 ( 0)1.0217 ( ojl.006 

1.0 (-1)8.9640 (-1)9.5505 ( 0)1.0005 ( 0)1.0327 ( 0)1.0519 ( 0)1.0591 ( 0)1.050 

1.1 (-1)9.4914 ( 0)1.0030 ( 0)1.0449 ( 0)1.0747 ( 0 1.0932 ( 0)1.1013 ( 0 1.1005 

1.2 ( 0)1.0019 ( 0) 1.0521 ( 0) 1.0913 ( 0)1.1200 ( 0)1.1389 ( 0)1.1490 ( o) 1.1520 

1.3 ( 0) 1.0553 ( 0) 1.1028 ( 0) 1.1406 ( o) 1.1693 ( 0 1.1898 ( o) 1.2032 ( 0 1.2110 

1.4 ( 0) 1.1100 ( 0)1.1559 ( 0) 1.1936 ( 0) 1.2236 ( o) 1.2470 ( 0)1.2649 ( o) 1.2709 

1.5 ( 0)1.1668 ( 0)1.2125 ( 0)1.2513 ( 0)1.2839 ( 0)1.3115 ( 0)1.3353 ( 0)1.350 

1.6 ( 0) 1.2267 ( 0) 1.2734 ( 0)1.3147 ( 0) 1.3515 o) 1.3848 ( 0)1.4160 ( 0)1.4466 

1.7 ( 0) 1.2908 0) 1.3400 ( 0) 1.3853 ( 0) 1.4277 ( 0 1.4683 ( 0) 1.5085 ( 0) 1.5499 

1.8 ( 0) 1.3603 ( 0) 1.4136 ( 0) 1.4645 ( 0) 1.5142 ( 0) 1.5639 ( 0) 1.6150 o) 1.6692 

1.9 ( 0) 1.4368 ( 0) 1.4958 ( 0) 1.5542 ( 0) 1.6130 ( 0) 1.6738 ( 0) 1.7379 ( 0) 1.8070 

2.0 ( 0)1.5220 ( 0)1.5886 ( 0)1.6563 ( 0)1.7265 ( 0)1.8005 ( 0)1.8799 ( 0)1.960 

2.1 ( 0) 1.6178 ( 0) 1.6941 ( 0) 1.7734 ( oj 1.8572 ( 0)1.9470 ( o) 2.0446 ( 0)2.1517 

2.2 ( 0) 1.7267 ( 0) 1.8149 ( 0) 1.9083 ( 0) 2.0085 ( 0) 2.1171 0) 2.2360 ( 0) 2.3672 

2.3 ( 0) 1.8513 ( 0 1.9541 ( 0) 2.0645 ( Oj 2.1841 ( Oj 2.3149 ( 0 2.4589 ( o) 2.6185 

2.4 ( 0) 1.9950 ( 0)2.1153 ( 0) 2.2459 ( 0) 2.3887 ( 0) 2.5457 ( 0) 2.7195 ( 0) 2.9124 

2.5 ( 0)2.1614 ( 0)2.3028 ( 0)2.4576 ( 0)2.6278 ( 0)2.8159 ( 0)3.0247 ( 0)3.250 

2.6 ( 0)2.3551 ( 0)2.5218 ( 0)2.7053 ( 0) 2.9080 ( 0 ) 3.1330 0) 3.3834 ( oj 3.6627 

2.7 ( 0)2.5818 ( 0)2.7785 ( 0) 2.9961 ( 0 3.2376 ( 0)3.5064 0) 3.8063 ( 0) 4.1415 

2.8 ( 0 2.8478 ( 0) 3.0803 ( 0) 3.3387 ( 0) 3.6263 ( 0) 3.9474 ( 0) 4.3064 ( 0 4.7034 

2.9 ( O) 3.1612 ( 0)3.4366 ( 0)3.7435 ( 0)4.0864 ( 0 ) 4.4700 ( 0) 4.8998 ( 0 ) 5.380 

3.0 ( 0)3.5318 ( 0)3.8584 ( 0)4.2236 ( 0)4.6326 ( 0)5.0914 ( 0)5.6065 ( 0)6.180 

3.1 ( 0)3.9715 ( 0 4.3596 ( 0) 4.7948 ( 0) 5.2835 ( 0) 5.8328 ( 0 ) 6.4510 ( oj 7.1472 

3.2 ( 0)4.4950 0)4.9572 0)5.4768 ( 0) 6.0617 ( 0)6.7208 ( 0 7.4640 ( Oj 8.3029 

3.3 ( 0)5.1205 ( 0)5.6722 ( 0) 6.2941 ( 0) 6.9957 ( 0) 7.7882 ( 0) 8.6838 ( 0) 9.6969 

3.4 ( 0) 5.8704 ( 0) 6.5308 ( 0) 7.2770 ( 0 ) 8.1210 ( 0) 9.0763 ( 1)1.0158 ( l) 1.130 

3.5 ( 0)6.7730 ( 0)7.5658 ( 0)8.4638 ( 0)9.4818 ( 1)1.0637 ( 1)1.1948 ( 1)1.340 

3.6 ( 0)7.8635 ( 0) 8.8182 ( 0)9.9023 ( l)l.H34 ( l)l.2535 ( l) 1.4130 ( 1 1.5945 

3.7 ( 0) 9.1860 ( l)l.0340 ( l) 1.1653 ( l) 1.3149 ( 1 1.4854 ( l) 1.6799 ( l) 1.9019 

3.8 ( l)l.0797 ( l) 1.2196 ( l)l.3793 ( l) 1.5616 l) 1.7699 ( 1 2.0080 ( 1 2.2804 

3.9 ( lj 1.2766 ( l)l.4470 ( l) 1.6419 ( l) 1.8649 ( l) 2.1203 ( l)2.4130 ( l) 2.7486 

4.0 ( 1)1.5185 ( 1)1.7268 ( 1)1.9656 ( 1)2.2395 ( 1)2.5539 ( 1)2.9150 ( 1)3.330 

4.1 ( l) 1.8169 ( l)2.0725 l) 2.3663 ( l) 2.7041 ( l) 3.0927 ( l) 3.5401 ( l) 4.0554 

4.2 l) 2.1864 1 2.5016 1 2.8646 ( 1 3.2829 1 3.7653 ( 1 4.3219 1 4.960 

4.3 ( l) 2.6464 ( l) 3.0366 ( l) 3.4870 ( l)4.0073 ( l) 4.6086 ( l) 5.3040 ( 1) 6.1085 

4.4 ( l)3.2213 ( l) 3.7065 ( l) 4.2680 ( l) 4.9179 ( l) 5.6708 ( l) 6.5433 ( l) 7.5550 

4.5 ( 1)3.9432 ( 1)4.5494 ( 1)5.2524 ( 1)6.0680 ( 1)7.0147 ( 1)8.1143 ( 1)9.390 

4.6 ( l) 4.8541 ( l) 5.6148 ( l) 6.4990 ( lj 7.5270 ( lj 8.7230 ( 2) 1.0115 ( 2U.17B6 

4.7 ( l) 6.0085 ( l) 6.9677 ( 08.0849 ( 09.3866 ( 2 ) 1.0904 2 ) 1.2674 ( 2 ) 1.4740 

4.8 07.4787 l)8.6937 ( 2) 1.0112 ( 2) 1.1768 ( 2) 1.3703 ( 2)1.5964 ( 2)1.8608 

4.9 ( l)9.3598 2)1.0906 ( 2 ) 1.2715 ( 2) 1.4831 ( 2) 1.7309 ( 2)2.0211 ( 2)2.360 


5.0 ( 2)1.1778 ( 2)1.3756 ( 2)1.6073 ( 2)1.8791 ( 2)2.1979 ( 2)2.5720 ( 2)3.01*2 
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PARABOLIC CYLINDER FUNCTIONS 


Table 19.1 


* 17(0.4,*) £7(0.5,*) £7(0.6,*) £7(0.7,*) £7(0.8,*) £7(0.9,*) £7(1.0,*) 

0.0 ( 0)1.2579 ( 0)1.2533 ( 0)1.2436 ( 0)1.2292 ( 0)1.2106 ( 0)1.1883 ( 0)1.1627 

0.1 ( 0)1.1672 ( 0 1.1564 ( 0)1.1413 ( 0 1.1223 ( 0)1.1000 ( 0)1.0746 ( 0 1.0467 

0.2 ( 0)1.0811 ( 0 1.0652 ( 0)1.0458 ( 0 1.0233 (-1 9.9813 -1)9.7063 (-1)9.4122 

0.3 -1)9.9946 -1)9.7955 (-1)9.5680 -1)9.3162 (-1 9.0440 (-1)8.7549 (-1)8.4523 

0.4 (-1)9.2205 (-1)8.9898 (-1)8.7372 (-1)8.4665 (-1)8.1811 (-1)7.8843 (-1)7.5790 

0.5 (-1)8.4870 (-1)8.2327 (-1)7.9624 (-1)7.6795 (-1)7.3870 (-1)7.0879 (-1)6.7845 

0.6 (-1 7.7928 (-1)7.5219 (-1)7.2403 (-1 6.9511 -1)6.6567 (-1)6.3597 (-1)6.0622 

0.7 -1)7.1368 (-1 6.8555 (-1)6.5683 (-1)6.2776 (-1)5.9857 (-1)5.6945 (-1)5.4060 

0.8 (-1)6.5181 (-1 6.2318 -1)5.9437 (-1)5.6558 (-1)5.3699 (-1)5.0877 (-1)4.8105 

0.9 (-1)5.9358 (-1)5.6493 (-1)5.3643 (-1)5.0826 (-1)4.8057 (-1)4.5347 (-1)4.2709 

1.0 (-1)5.3894 (-1)5.1064 (-1)4.8280 (-1)4.5553 (-1)4.2896 (-1)4.0318 (-1)3.7826 

1.1 (-1)4.8780 -1)4.6019 (-1 4.3327 (-1 4.0713 (-1 3.8187 (-1 3.5753 (-1)3.3417 

1.2 (-1)4.4008 (-1)4.1343 (-1)3.8765 (-1)3.6282 (-1)3.3898 -1)3.1618 (-1 2.9443 

1.3 (-1)3.9571 (-1) 3.7022 (-1 3.4575 -1)3.2235 (-1)3.0003 (-1 2.7881 (-1)2.5870 

1.4 (-1)3.5459 (-1)3.3042 (-1)3.0739 (-1)2.8550 (-1)2.6475 (-1)2.4514 (-1)2.2665 

1.5 (-1)3.1663 (-1)2.9390 (-1)2.7238 (-1)2.5204 (-1)2.3288 (-1)2.1487 (-1)1.9797 

1.6 (-1)2.8171 -1)2.6050 -1)2.4053 -1)2.2177 (-1)2.0419 (-1)1.8774 (-1)1.7240 

1.7 (-1 2.4972 (-1 2.3007 (-1)2.1167 (-1)1.9447 (-1 1.7844 (-1)1.6351 -1)1.4965 

1.8 (-1)2.2054 (-1)2.0246 (-1)1.8561 (-1) 1.6994 (-1) 1.5540 (-1)1.4193 (-1)1.2948 

1.9 (-1)1.9402 (-1)1.7749 (-1)1.6216 (-1)1.4798 (-1)1.3487 (-1)1.2278 (-1)1.1165 

2.0 (-1)1.7003 (-1)1.5501 (-1)1.4115 (-1)1.2838 (-1)1.1664 (-1)1.0585 (-2)9.5952 

2.1 (-1)1.4842 (-1)1.3486 -1)1.2240 (-1)1.1097 (-1)1.0050 -2)9.0923 -2)8.2173 

2.2 (-1)1.2904 (-1)1.1687 (-1)1.0574 -2)9.5563 (-2)8.6280 (-2 7.7820 (-2 7.0122 

2.3 (-1 1.1174 (-1)1.0088 (-2 9.0985 (-2)8.1979 (-2)7.3793 -2)6.6361 (-2)5.9622 

2.4 (-2)9.6358 (-2)8.6728 (-2)7.7984 (-2)7.0055 (-2)6.2874 (-2)5.6377 (-2)5.0508 

2.5 (-2)8.2754 (-2)7.4258 (-2)6.6573 (-2)5.9630 (-2)5.3363 (-2)4.7714 (-2)4.2627 

2.6 -2)7.0773 -2)6.3320 (-2)5.6603 (-2)5.0555 (-2 4.5115 (-2)4.0227 (-2 3.5839 

2.7 (-2 6.0272 (-2)5.3770 (-2)4.7930 -2)4.2689 -2)3.7990 (-2)3.3782 -2)3.0017 

2.8 (-2)5.1111 (-2)4.5470 (-2)4.0418 (-2)3.5900 -2 3.1863 (-2)2.8258 (-2)2.5042 

2.9 (-2)4.3157 (-2)3.8288 (-2)3.3942 (-2)3.0068 (-2)2.6615 (-2)2.3543 (-2)2.0810 

3.0 (-2)3.6284 (-.2)3.2104 (-2)2.8384 (-2)2.5078 (-2)2.2142 (-2)1.9535 (-2)1.7224 

3.1 (-2 3.0372 (-2 2.6803 -2)2.3636 (-2)2.0830 (-2)1.8344 -2)1.6144 (-2)1.4199 

3.2 (-2)2.5313 (-2)2.2281 (-2)1.9598 (-2 1.7228 (-2)1.5134 (-2)1.3287 (-2)1.1658 

3.3 (-2)2.1004 (-2)1.8441 (-2)1.6181 (-2)1.4189 (-2) 1.2434 (-2)1.0890 (-3)9.5318 

3.4 (-2)1.7351 (-2)1.5196 (-2)1.3301 (-2)1.1636 (-2)1.0172 (-3)8.8881 (-3) 7.7615 

3.5 (-2)1.4270 (-2)1.2468 (-2)1.0887 (-3)9.5009 (-3)8.2868 (-3)7.2238 (-3)6.2937 

3.6 (-2)1.1683 (-2)1.0184 (-3 8.8715 (-3)7.7243 (-3 6.7217 (-3)5.8462 (-3)5.0820 

3.7 -3)9.5224 (-3)8.2810 (-3)7.1975 -3)6.2525 (-3)5.4288 -3)4.7111 (-3)4.0863 

3.8 -3)7.7263 -3 6.7038 (-3 5.8136 -3)5.0391 (-3)4.3655 (-3)3.7801 -3)3.2716 

3.9 (-3)6.2406 (-3)5.4026 (-3)4.6749 (-3)4.0432 (-3)3.4952 (-3)3.0200 (-3)2.6082 

4.0 (-3)5.0176 (-3)4.3344 (-3)3.7425 (-3)3.2298 (-3)2.7861 (-3)2.4023 (-3)2.0704 

4.1 -3)4.0160 (-3)3.4617 (-3)2.9826 (-3) 2.5686 (-3)2.2111 (-3 1.9025 (-3) 1.6363 

4.2 -3)3.1995 (-3)2.7521 (-3)2.3663 (-3)2.0336 (-3) 1.7470 (-3 1.5001 (-3) 1.2876 

4.3 (-3)2.5373 (-3)2.1781 (-3) 1.8689 -3) 1.6029 (-3) 1.3742 (-3 1.1776 (-3) 1.0088 

4.4 (-3)2.0029 (-3) 1.7158 (-3)l.4693 (-3> 1.2577 (-3) 1.0761 (-4)9.2036 (-4)7.8686 

4.5 (-3)1.5738 (-3)1.3455 (-3)1.1499 (-4)9.8235 (-4)8.3889 (-4)7.1610 (-4)6.1105 

4.6 (-3 1.2308 (-3)1.0503 (-4)8.9583 (-4)7.6382 (-4)6.5103 (-4)5*5468 (-4)4.7242 

4.7 (-4)9.5815 -4)8.1601 (-4)6.9470 (-4)5.9121 (-4)5.0295 -4 4:2772 (-4)3.6361 

4.8 (-4)7.4240 (-4)6.3107 (-4)5.3625 (-4)4.5551 (-4) 3.8680 -4)3.2833 (-4)2.7861 

4.9 (-4)5.7255 (-4)4.8579 (-4)4.1203 (-4)3.4935 (-4) 2.9611 (-4)2.5090 (-4)2.1252 

5.0 (-4)4.3948 (-4)3.7221 (-4)3.1512 (-4)2.6671 (-4)2.2566 (-4)1.9086 (-4)1.6138 
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Table 1^.1 


* V(0A,x) V(0.5,x) V(0.6,x) V(0.7,x) V(0.8,z) V(0.9,x) y(1.0,aj) 

0.0 (-1)8.3485 (-1)7.9788 (-1)7.3474 (-1)6.4988 (-1)5.4912 (-1)4.3932 (-1)3.2800 

0.1 (-1)8.3808 (-1)7.9988 (-1 7.3851 (-1 6.5836 (-1)5.6492 (-1)4.6453 -1)3.6401 

0.2 (-1)8.4468 (-1 8.0590 (-1)7.4675 (-1 6.7147 (-1)5.8526 (-1 4.9394 (-1)4.0368 

0.3 (-1)8.5475 (-1 8.1604 (-1)7.5954 (-1)6.8936 (-1)6.1035 (-1 5.2785 (-1)4.4742 

0.4 (-1)8.6844 (-1)8.3045 (-1)7.7707 (-1)7.1224 (-1)6.4046 (-1)5.6664 (-1)4.9575 

0.5 (-1)8.8595 (-1)8.4934 (-1)7.9958 (-1)7.4039 (-1)6.7596 (-1)6.1076 (-1)5.4924 

0.6 (-1)9.0757 (-1)8.7302 (-1)8.2739 (-1 7.7419 (-1 7.1730 (-1)6.6077 (-1)6.0858 

0.7 (-1)9.3364 (-1)9.0186 (-1)8.6092 (-1)8.1412 -1)7.6504 -1)7.1733 -1)6.7457 

0.8 (-1)9.6460 (-1)9.3633 (-1)9.0068 (-l) 8.6076 (-1)8.1984 (-1)7.8124 (-1)7.4814 

0.9 ( 0)1.0010 (-1)9.7698 (-1)9.4730 (-1)9.1481 (-1)8.8253 (-1)8.5344 (-l)8.30ko 

1.0 ( 0)1.0434 ( 0)1.0245 ( 0)1.0015 (-1)9.7713 (-1)9.5408 (-1)9.3507 (-1)9.22^7 

1.1 ( 0)1.0926 ( 0)1.0797 ( 0)1.0643 ( 0)1.0488 ( 0)1.0357 ( 0)1.0275 ( 0)1.0265 

1.2 ( 0)1.1495 ( 0)1.1436 ( 0)1.1367 ( 0)1.1309 0)1.1287 ( 0 1.1323 ( 0)1.1437 

1.3 ( 0)1.2151 ( 0)1.2174 ( 0)1.2200 ( 0)1.2251 0)1.2348 ( 0)1.2514 ( 0)1.2765 

1.4 ( 0)1.2908 ( 0)1.3024 ( 0)1.3158 ( 0)1.3330 ( 0)1.3561 ( 0)1.3870 ( 0) 1.4276 

1.5 ( 0)1.3779 ( 0)1.4003 ( 0)1.4260 ( 0)1.4569 ( 0)1.4949 ( 0)1.5420 ( 0)1.59^9 

1.6 ( 0)1.4784 ( 0)1.5132 ( 0)1.5528 ( 0)1.5992 ( 0)1.6542 ( 0)1.7196 ( 0)1.7973 

1.7 ( 0)1.5943 ( 0)1.6433 ( 0)1.6989 ( 0)1.7629 ( 0)1.8373 ( 0 1.9238 0 2.02^3 

1.8 ( 0)1.7281 ( 0)1.7936 ( 0 1.8675 ( 0)1.9518 ( o) 2.0484 ( 0)2.1592 ( 0)2.2862 

1.9 ( 0)1.8829 ( 0)1.9674 ( 0)2.0625 ( 0)2.1703 ( 0)2.2926 ( 0)2.4317 ( 0)2.58^6 

2.0 ( 0)2.0622 ( 0)2.1689 ( 0)2.2886 ( 0)2.4236 ( 0)2.5760 ( 0)2.7481 ( 0)2.94^4 

2.1 ( 0)2.2705 ( 0)2.4030 0) 2.5514 ( 0) 2.7182 0) 2.9058 ( 0) 3.1169 ( o) 3.3542 

2.2 0)2.5130 ( 0)2.6757 ( oj2.8578 0 3.0620 ( Oj3.2911 Oj3.5483 ( o)3.8368 

2.3 ( 0)2.7961 ( 0)2.9943 ( 0)3.2160 ( 0) 3.4644 ( 0) 3.7428 ( 0) 4.0548 ( 0) 4.4044 

2.4 ( 0)3.1275 f 0) 3.3676 ( 0)3.6363 ( 0) 3.9371 ( 0)4.2741 ( o) 4.6517 ( 0)5.0747 

2.5 ( 0)3.5166 ( 0)3.8065 ( 0)4.1310 ( 0)4.4944 ( 0)4.9015 ( 0)5.3578 ( 0)5.86^2 

2.6 ( 0 3.9749 ( oj 4.3241 ( 0) 4.7153 ( 0) 5.1536 ( 0) 5.6451 ( 0 6.1963 ( 0) 6.8146 

2.7 ( 0) 4.5165 ( 0)4.9368 0)5.4079 ( 0)5.9365 ( 0) 6.5297 ( 0) 7.1959 ( 0)7.9440 

2.8 ( 0 5.1589 ( 0)5.6644 ( oj 6.2320 ( 0) 6.8696 ( 0) 7.5862 ( 0) 8.3921 ( o)9.29B5 

2.9 ( 0)5.9235 ( 0)6.5320 ( 0)7.2162 ( 0) 7.9862 ( 0) 8.8529 ( 0) 9.8292 ( lj1.09^9 

3.0 ( 0)6.8368 ( 0)7.5701 ( 0)8.3962 ( 0)9.3274 ( 1)1.0378 ( 1)1.1563 ( l)1.29t)0 

3.1 ( 0)7.9320 ( 0)8.8172 ( 0)9.8164 ( l) 1.0945 ( l) 1.2220 ( l) 1.3662 ( 1) 1.5293 

3.2 0)9.2504 ( l)l.0321 ( l)l.l533 ( l)l.2903 ( l)l.4455 ( l)l.6214 ( 1 1.8237 

3.3 l) 1.0844 ( l)l.2142 ( lj 1.3615 ( 1)1.5284 ( l) 1.7178 ( l) 1.9329 ( 1 2.1773 

3.4 ( l)l.2777 ( l)l.4357 ( l) 1.6151 ( l)l.8190 ( 1)2.0509 ( l)2.3148 ( l)2.61^3 

3.5 ( 1)1.5132 ( 1)1.7060 ( 1)1.9253 ( 1)2.1752 ( 1)2.4601 ( 1)2.7849 ( 1)3.1565 

3.6 ( l) 1.8014 ( 1)2.0373 ( l) 2.3064 ( l) 2.6137 ( l) 2.9646 ( 1 3.3658 ( l) 3.8246 

3.7 ( l)2.1555 ( 1)2.4452 ( l) 2.7765 ( 1 3.1556 ( l)3.5896 ( l) 4.0868 ( l) 4.6566 

3.8 l)2.5923 ( 1)2.9495 ( 1)3.3588 ( l)3.8282 ( l) 4.3669 l) 4.9853 ( l) 5.6956 

3.9 ( l)3.1336 ( 1)3.5756 ( l) 4.0833 ( l) 4.6667 ( l) 5.3377 ( l) 6.1098 ( l) 6.99^6 

4.0 ( 1)3.8072 ( 1)4.3563 ( 1)4.9884 ( 1)5.7165 ( 1)6.5556 ( 1)7.5232 ( 1)8.63^5 

4.1 ( lj 4.6493 ( 1)5.3341 ( l) 6.1242 ( l) 7.0364 ( lj 8.0899 l) 9.3073 ( 2) 1.0715 

4.2 l) 5.7065 ( 1)6.5642 ( l) 7.555.9 l) 8.7031 2) 1.0031 ( 2) 1.1569 ( 2 1.3351 

4.3 ( 1 7.0397 ( l) 8.1183 ( l)9.3682 ( 2) 1.0817 ( 2 1.2498 ( 2) 1.4449 ( 2 1.6714 

4.4 ( l)8.7286 ( 2) 1.0091 ( 2) 1.1673 f 2) 1.3511 ( 2) 1.5647 ( 2) 1.8131 ( 2) 2.10^2 

4.5 ( 2)1.0878 ( 2)1.2605 ( 2)1.4616 ( 2)1.6957 ( 2)1.9684 ( 2)2.2861 ( 2)2.65^6 

4.6 2)1.3624 ( 2) 1.5826 ( 2) 1.8392 ( 2)2.1387 ( 2)2.4882 ( 2)2.8963 ( 2 3.3731 

4.7 ( 2)1.7151 2 1.9968 ( 2)2.3259 ( 2)2.7106 ( 2)3.1606 2)3.6870 ( 2) 4.3032 

4.8 ( 2)2.1701 ( 2)2.5321 ( 2)2.9559 ( 2)3.4524 ( 2 4.0341 ( 2)4.7161 ( 2) 5.5160 

4.9 ( 2)2.7596 ( 2)3.2270 ( 2)3.7752 ( 2)4.4187 ( 2)5.1742 ( 2)6.0616 ( 2) 7.10^3 

5.0 ( 2)3.5270 ( 2)4.1331 ( 2)4.8456 ( 2)5.6833 ( 2)6.6688 ( 2)7.8285 ( 2)9.19^8 
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PARABOLIC CYLINDER FUNCTIONS 


Table 19.1 


x [7(1.5, x) [7(2.0, x) [7(2.5, x) [7(3.0, x) 

0.0 ( 0)1.0000 (-1)8.1085 (-1)6.2666 (-1)4.6509 

0.1 (-1)8.8187 (-1)7.0232 (-1)5.3409 (-1)3.9060 

0.2 -1)7.7700 (-1)6.0787 (-1 4.5492 (-1)3.2786 

0.3 (-1)6.8389 (-1 5.2566 (-1 3.8719 (-1 2.7501 

0.4 (-1)6.0120 (-1)4.5410 (-1)3.2925 (-1)2.3050 

0.5 (-1)5.2778 (-1)3.9182 (-1)2.7969 (-1)1.9302 

0.6 -1)4.6262 (-1 3.3763 (-1)2.3731 (-1 1.6146 

0.7 -1)4.0482 (-1)2.9051 (-1)2.0109 (-1)1.3490 

0.8 (-1 3.5360 (-1)2.4957 (-1)1.7015 (-1)1.1256 

0.9 (-1)3.0825 (-1)2.1403 (-l) 1.4375 (-2)9.3785 

1.0 (-1)2.6816 (-1)1.8321 (-1)1.2124 (-2)7.8022 

1.1 (-1)2.3276 (-l) 1.5651 (-l) 1.0208 (-2)6.4802 

1.2 (-1)2.0157 (-1)1.3343 (-2)8.5773 (-2)5.3727 

1.3 (-l)l.7412 (-1)1.1350 (-2)7.1928 (-2)4.4461 

1.4 (-l)l.5003 (-2)9.6317 (-2)6.0190 (-2)3.6721 

1.5 (-1)1.2893 (-2)8.1541 (-2)5.0255 (-2)3.0265 

1.6 (-1 1.1049 (-2)6.8857 (-2 4.1862 -2 2.4890 

1.7 (-2)9.4412 (-2)5.7994 (-2 3.4786 (-2)2.0423 

l.B (-2)8.0438 (-2)4.8712 (-2)2.8833 (-2) 1.6718 

1.9 (-2)6.8324 (-2)4.0801 (-2)2.3837 (-2)1.3652 

2.0 (-2)5.7853 (-2)3.4076 (-2)1.9653 (-2)1.1120 

2.1 (-2)4.8830 (-2)2.8375 (-2)1.6159 (-3)9.0339 

2.2 (-2)4.1080 (-2)2.3556 -2) 1.3248 (-3)7.3193 

2.3 (-2)3.4444 -2 1.9495 -2) 1.0829 (-3)5.9138 

2.4 (-2)2.8782 (-2) 1.6082 (-3)8.8260 (-3)4.7646 

2.5 (-2)2.3966 (-2)1.3223 (-3)7.1710 (-3)3.8275 

2.6 (-2)1.9886 -2 1.0837 (-3)5.8081 (-3)3.0655 

2.7 (-2)1.6441 (-3 8.8509 (-3)4.6891 (-3)2.4478 

2.8 (-2)1.3544 (-3)7.2040 -3)3.7734 (-3)1.9484 

2.9 (-2)1.1116 (-3)5,8431 (-3)3.0264 (-3)l.5460 

3.0 (-3)9.0885 (-3)4.7224 (-3)2.4191 (-3)1.2228 

3.1 (-3)7.4028 (-3)3.8030 (-3)1.9270 (-4)9.6394 

3.2 (-3)6.0067 -3)3.0513 (- 3 ) 1.5296 (-4)7.5735 

3.3 (-3)4.8549 -3)2.4392 (-3)1.2099 (-4)5.9301 

3.4 (-3)3.9086 (-3) 1.9426 (-4)9.5361 (-4)4.6274 

3.5 (-3)3.1342 (-3)1.5412 (-4)7.4887 (-4)3.5982 

3.6 (-3)2.5032 (-3)1.2181 (-4 5.8592 (-4)2.7880 

3.7 (-3 1.9912 -4)9.5895 - 4 ) 4.5672 -4)2.1526 

3.8 (-3 1.5775 (-4)7.5202 (-4 3.5468 (-4) 1.6559 

3.9 (-3)1.2446 (-4)5.8741 (-4)2.7439 (-4) 1.2692 

4.0 (-4)9.7788 (-4)4.5702 (-4)2.1146 (-5)9.6913 

4.1 -4)7.6513 -4)3.5414 -4)1.6233 (-5)7.3727 

4.2 -4)5.9616 -4)2.7331 -4)1.2413 -5)5.5875 

4.3 (-4)4.6255 (-4)2.1007 (-5 9.4547 (-5 4.2185 

4.4 (-4)3.5736 (-4)1.6081 (-5)7.1727 (-5)3.1726 

4.5 (-4)2.7491 (-4)1.2259 (-5)5.4198 (-5)2.3767 

4.6 (-4 2.1058 (-5)9.3061 (-5)4.0787 (-5)l.7736 

4.7 (-4 1.6061 (-5)7.0352 (-5)3.0571 -5 1.3183 

4.8 -4)1.2197 -5)5.2961 (-5)2.2819 (-6)9.7593 

4.9 (-5)9.2216 (-5)3.9701 (-5)1.6964 (-6)7.1961 

5.0 (-5)6.9418 (-5)2.9634 (-5)1.2558 (-6)5.2847 


[7(3.5, x) [7(4.0, x) [7(4.5, x) [7(5.0, x) 

! -1)3.3333 (-1)2.3167 (-1)1.5666 (-1)1.0335 

-l) 2.7615 (-l) 1.8950 (-l) 1.2662 (-2)8.2588 

-1)2.2867 -l)l.5494 (-1)1.0230 (-2)6.5971 

-1 1.8924 (-1 1.2662 (-2 8.2604 (-2 5.2673 
-l) 1.5650 (-l)l.0340 (-2)6.6663 (-2)4.2032 

(-1)1.2931 (-2)8.4374 (-2)5.3758 (-2)3.3518 
(-l) 1.0674 (-2)6.8788 (-2)4.3316 (-2)2.6707 
(-2)8.8019 (-2)5.6025 (-2)3.4869 -2)2.1262 

-2 7.2491 -2)4.5579 (-2 2.8040 (-2) 1.6910 

(-2)5.9624 (-2)3.7035 (-2)2.2523 (-2)1.3434 

(-2)4.8971 (-2)3.0053 (-2)1.8068 (-2)1.0660 
(-2)4.0160 (-2)2.4351 -2)1.4475 (-3)8.4479 

(-2)3.2880 -2)1.9701 (-2)1.1579 (-3)6.6856 

(-2)2.6872 (-2)1.5913 (-3)9.2486 (-3)5.2831 

(-2)2.1922 (-2)1.2831 (-3)7.3749 (-3)4.1683 

(-2)1.7849 (-2)1.0327 (-3)5.8705 (-3)3.2833 

(-2)1.4503 (-3)8.2953 (-3 4.6645 (-3)2.5816 
(-2)1.1759 (-3)6.6500 (-3)3.6991 (-3)2.0262 

(-3)9.5127 (-3)5.3198 (-3)2.9276 (-3) 1.5873 
(-3)7.6780 (-3)4.2463 (-3)2.3122 (-3) 1.2409 

! -3) 6.1823 (-3)3.3818 (-3)1.8222 (-4)9.6810 
-3)4.9656 (-3)2.6869 (-3)1.4328 (-4)7.5364 

-3)3.9782 (-3)2.1296 (-3) 1.1240 (-4)5.8538 

-3 3.1787 (-3)1.6837 (-4)8.7960 (-4)4.5364 

-3)2.5331 (-3)1.3277 (-4)6.8665 (-4)3.5071 

! -3) 2.0129 (-3)1.0442 (-4)5.3467 (-4)2.7047 
-3)1.5951 (-4)8.1895 (-4)4.1523 (-4)2.0806 
-3)1.2603 (-4)6.4052 (-4)3.2161 (-4) 1.5964 

-4)9.9277 (-4)4.9954 (-4)2.4841 (-4)1.2216 

-4)7.7967 (-4)3.8845 (-4)1.9134 (-5)9.3228 

S -4) 6.1042 (-4)3.0117 (-4)1.4695 (-5)7.0950 
-4)4.7641 (-4)2.3279 (-4)1.1253 (-5)5.3843 
-4)3.7062 (-4 1.7938 (-5)8.5914 (-5)4.0742 

-4)2.8738 -4)1.3778 (-5)6.5394 (-5)3.0738 

-4)2.2210 (-4)1.0550 (-5)4.9621 (-5)2.3121 

! -4)1.7107 (-5)8.0514 (-5)3.7534 (-5)1.7338 

-4)1.3131 (-5)6.1244 (-5)2.8300 (-5)1.2961 
-4)1.0045 (-5)4.6430 (-5 2.1269 (-6)9.6590 

-5)7.6567 (-5)3.5080 (-5 1.5932 (-6)7.1749 

-5)5.8157 (-5)2.6413 (-5)1.1894 (-6)5.3123 

! -5) 4.4015 (-5)1.9818 (-6)8.8495 (-6)3.9203 
-5)3.3191 -5 1.4817 (-6)6.5617 (-6 2.8834 

-5)2.4937 (-5)1.1039 -6 4.8485 (-6 2.1136 

-5)1.8667 (-6)8.1946 -6 3.5701 (-6) 1.5440 

-5)1.3920 (-6)6.0609 (-6)2.6194 (-6) 1.1240 

(-5)1.0342 (-6)4.4663 (-6)1.9150 (-7)8.1539 

(-6)7.6538 (-6)3.2790 (-6)1.3949 (-7)5.8942 

(-6)5.6428 (-6)2.3983 (-6U.0124 (-7 4.2455 
(-6)4.1440 -6)1.7475 -7)7.3205 (-7)3.0469 

(-6)3.0315 (-6)1.2685 (-7)5.2737 (-7)2.1788 

(-6)2.2089 (-7)9.1724 (-7)3.7849 (-7)1.5523 



PARABOLIC CYLINDER 


x V(1.5,x) V(2.0,x) V(2.5,x) y(3.0, x) 

0.0 0.0000 (-1)3.4311 (-1) 7.9788 (-1)4.9200 

0.1 (-1) 0.7999 (-1)3.9591 (-l) 8.0788 (-1)5.8561 

0.2 (-1)1.6118 (-1)4.5665 (-1 8.3814 (-1)6.9684 

0.3 (-1)2.4481 -1)5.2660 (-1)8.8948 (-l) 8.2911 

0.4 (-1)3.3218 (-1)6.0721 (-1) 9.6332! (-1)9.8651 

0.5 (-1)4.2467 (-1)7.0024 ( 0)1.0617 ( 0)1.1740 

0.6 (-1)5.2381 -1 8.0774 ( 0 1.1873 0)1.3975 
0.7 -1 6.3130 (-1)9.3217 ( 0)1.3438 ( 0)1.6644 

0.8 (-1 7.4906 ( 0) 1.0764 ( 0) 1.5356 ( 0)1.9833 

0.9 (-1)8.7928 ( 0) 1.2440 ( o) 1.7683 ( o) 2.3652 

1.0 ( 0)1.0245 ( 0)1.4390 ( 0)2.0490 ( 0)2.8230 

1.1 0) 1.1877 ( 0)1.6665 ( 0)2.3862 ( o) 3.3729 

1.2 ( 0 1.3724 0)1.9325 ( 0 2.7905 ( 0 4.0346 

1.3 ( 0)1.5826 ( 0)2.2442 0) 3.2748 ( o) 4.8322 

1.4 ( 0)1.8234 ( 0)2.6104 ( 0)3.8551 ( 0)5.7959 

1.5 ( 0)2.1005 ( 0)3.0418 ( 0)4.5511 ( 0)6.9626 

1.6 0 2.4211 ( 0 ) 3.5514 0 ) 5.3869 ( o ) 8.3782 

1.7 0)2.7936 ( 0)4.1551 ( 0)6.3925 ( 1 1.0100 

1.8 0)3.2284 ( 0)4.8722 0)7.6047 ( l) 1.2199 

1.9 ( 0)3.7380 ( 0)5.7267 ( 0)9.0697 ( l)1.4765 

2.0 ( 0)4.3378 ( 0)6.7480 ( 1)1.084* ( 1)1.7910 

2.1 ( 0)5.0463 ( 0)7.9725 ( l) 1.3000 ( l)2.1774 

2.2 ( 0)5.8865 ( 0) 9.4452 ( l) 1.5626 ( l) 2.6535 

2.3 ( 0)6.8869 ( l) 1.1222 l) 1.8834 ( l) 3.2418 

2.4 ( 0) 8.0823 ( l)l.3374 ( 1)2.2765 ( 1)3.9709 

2.5 ( 0)9.5162 ( 1)1.5987 ( 1)2.7597 ( 1)4.8771 

2.6 ( l)l.l243 ( l) 1.9172 ( l)3.3555 ( 1 6.0069 

2.7 ( l)l.3329 ( 1)2.3068 ( 1)4.0926 ( l)7.4199 

2.8 ( l) 1.5860 1)2.7849 ( l) 5.007*- ( 1 9.1925 

2.9 ( 1)1.8943 ( 1)3.3738 ( 1)6.1466 ( 2 ) 1.1423 

3.0 ( 1)2.2710 ( 1)4.1018 ( 1)7.5701 ( 2)1.4240 

3.1 ( 1)2.7333 ( 1)5.0049 ( 1 9.3551 2) 1.7809 

3.2 ( 1)3.3028 ( l)6.1295 ( 2 1.1601 2)2.2345 

3.3 1)4.0070 ( 1)7.5350 ( 2)1.4437 ( 2)2.8131 

3.4 ( 1)4.8812 ( 1)9.2982 ( 2) 1.8032 ( 2)3.5537 

3.5 ( 1)5.9708 ( 2)1.1519 ( 2)2.2604 ( 2)4.5048 

3.6 ( l)7.3343 ( 2)l.4325 ( 2 2.8441 2)5.7308 

3.7 ( 1)9.0472 ( 2)1.7887 ( 2)3.592C 2)7.3166 

3.8 ( 2 1.1208 2 2.2424 ( 2M.554C 2)9.3755 

3.9 ( 2)1.3945 ( 2)2.8227 ( 2)5.796C ( 3 ) 1.2058 

4.0 ( 2)1.7425 ( 2)3.5678 ( 2)7.4057 ( 3)1.5567 

4.1 ( 2)2.1870 ( 2)4.5283 ( 2)9.5001 ( 3)2.0173 

4.2 ( 2 2.7569 ( 2 5.7716 ( 3 ) 1.2236 3)2.6243 

4.3 2)3.4909 ( 2 7.3873 ( 3)1.5823 ( 3)3.4272 

4.4 ( 2)4.4399 ( 2)9.4956 ( 3)2.0545 ( 3)4.4934 

4.5 ( 2)5.6724 ( 3)1.2258 ( 3)2.6786 ( 3)5.9146 

4.6 ( 2)7.2797 3 1.5893 3)3.5069 ( 3)7.8166 

4.7 ( 2)9.3849 ( 3 2.0695 ( 3)4.6106 ( 4 ) 1.0372 

4.8 ( 3)1.2154 ( 3)2.7065 ( 3)6.0871 ( 4) 1.3819 

4.9 ( 3)1.5812 ( 3)3.5553 ( 3)8.0706 ( 4) 1.8487 

5.0 ( 3)2.0666 ( 3)4.6909 ( 4)1.0746 ( 4)2.4833 


FUNCTIONS 711 

Table 19.1 


y ( 3 . 5 , 2 ;) y(4.o,2!) y(4.5,2!) y ( 5 . 0 , 2 ;) 

0.0000 ( 0)0.8578 ( 0)2.3937 ( 0)1.7220 

(-1)2.4076 ( 0)1.0483 ( 0)2.4477 ( o)2.1945 

(-1 4.8999 ( 0)l.2810 0)2.6124 ( o)2.6952 

(-1)7.5647 ( 0)1.5652 ( 0)2.8954 ( 0)3.3715 

( 0)1.0497 ( 0)1.9126 ( 0) 3.3098 ( o) 4.2178 

! 0)1.3802 ( 0)2.3376 ( 0)3.8751 ( 0)5.2778 

0)1.7600 ( 0)2.8579 ( 0) 4.6180 o) 6.60)60 

0)2.2033 ( 0)3.4955 ( 0)5.5736 ( 0) 8.27121 

0)2.7266 0)4.2777 ( 0)6.7880 ( 1 1.03i64 

0)3.3501 ( 0)5.2386 ( 0) 8.3200 ( l)1.2993 

( 0)4.0980 ( 0)6.4206 ( 1)1.0245 ( 1)1.6301 

( 0)5.0002 ( 0)7.8765 l) 1.2659 ( 1 2.0469 

( 0)6.0933 ( 0)9.6727 ( l) 1.5683 ( l)2.5728 

( 0)7.4224 ( l) 1.1892 l) 1.9473 ( l) 3.2373 

( 0)9.0439 ( l) 1.4640 ( 1)2.4227 ( l) 4.0782 

! 1)1.1028 ( 1)1.8048 ( 1)3.0195 ( 1)5.1442 

l) 1.3461 ( 1)2.2284 ( 1)3.7699 ( 1)6.4978 

l)1.6454 ( 1 2.7558 ( 1 4.7150 ( 1 8.2198 

1 2.0145 ( 1 3.4139 1 5.9076 2 )1.0415 

1)2.4708 ( 1)4.2370 ( 1)7.4155 ( 2)1.3218 

( 1)3.0364 ( 1)5.2689 ( 1)9.3262 ( 2)1.6806 

( 1)3.7393 ( 1)6.5656 ( 2)1.1753 ( 2)2.1408 

( 1 4.6150 1 8.1989 2 1.4841 2)2.73125 

( 1)5.7092 2)1.0262 ( 2 1.8781 ( 2)3.4948 

( 1)7.0801 ( 2)1.2873 ( 2)2.3822 ( 2)4.4794 

( 1)8.8025 ( 2)1.6189 ( 2)3.0285 ( 2)5.7544 

( 2)1.0973 ( 2)2.0411 ( 2)3.8596 ( 2) 7.40193 

( 2)1.3716 ( 2)2.5801 ( 2)4.9310 ( 2)9.5631 

( 2)1.7193 2)3.2701 ( 2 6.3162 3 1.2374 

( 2)2.1614 ( 2)4.1562 ( 2)8.1119 ( 3)l.6051 

( 2)2.7252 ( 2)5.2976 ( 3)1.0447 ( 3)2.08177 

( 2)3.4467 ( 2)6.7721 3 1.3491 3 2.72127 

2)4.3729 ( 2)8.6829 ( 3) 1.7474 ( 3)3.5606 

2 5.5657 3 1.1167 ( 3)2.2698 3 4.66(97 

( 2)7.1071 ( 3)1.4407 ( 3)2.9574 ( 3)6.14(22 

( 2)9.1055 ( 3)1.8646 ( 3)3.8650 ( 3) 8.10i29 

( 3)1.1705 ( 3)2.4212 ( 3)5.0672 ( 4) 1.0722 

( 3 1.5100 ( 3)3.1543 ( 3)6.6645 ( 4) 1.4232 

( 3 1.9547 ( 3)4.1233 ( 3)8.7939 ( 4 ) 1.89150 

( 3)2.5393 ( 3)5.4084 ( 4)1.1642 ( 4)2.530.3 

! 3)3.3108 ( 3)7.1188 ( 4)1.5465 ( 4)3.39124 

3)4.3324 ( 3)9.4032 ( 4)2.0613 ( 4)4.56(14 

3 5.6903 ( 4 1.2465 ( 4)2.7570 4 6.15138 

3)7.5019 ( 4)1.6584 ( 4)3.7005 ( 4)8.3306 

3)9.9277 ( 4)2.2145 ( 4)4.9845 ( 5) 1.1316 

! 4)1.3188 ( 4)2.9680 ( 4)6.7384 ( 5)1.5426 

4)1.7588 4)3.9929 4)9.1425 5)2.1103 

4 2.3547 ( 4 5.3922 ( 5)1.2450 ( 5)2.8973 

4)3.1649 ( 4)7.3096 ( 5) 1.7018 ( 5)3.9923 

4)4.2708 ( 4)9.9472 ( 5)2.3348 ( 5)5.5212 

( 4)5.7864 ( 5)1.3589 ( 5)3.2156 ( 5)7.6639 
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PARABOLIC CYLINDER FUNCTIONS 


Table 19.2 


X 

W(-5.0,z) 

W(- 4.0, S) 

W(-3.0,x) 

W(- 2.0,x) 

W(-5.0,-x) 

W( — 4.0,—x) 

W(-3.0,~*) 

W(~2.0,~x) 

0.0 

0.47348 

0.50102 

0.53933 

0.60027 

0.47348 

0.50102 

0.53933 

0.60027 

0.1 

0.35697 

0.39190 

0.43901 

0.51126 

0.56641 

0.59017 

0.62350 

0.67730 

0.2 

0.22267 

0.26715 

0.32555 

0.41203 

0.63113 

0.65576 

0.68900 

0.74078 

0.3 

+0.07727 

+0.13172 

0.20231 

0.30453 

0.66435 

0.69515 

0.73381 

0.78939 

0.4 

-0.07200 

-0.00899 

+0.07298 

0.19088 

0.66434 

0.70666 

0.75649 

0.82206 

0.5 

-0.21764 

-0.14933 

-0.05857 

+0.07334 

0.63099 

0.68972 

0.75622 

0.83798 

0.6 

-0.35231 

-0.28362 

-0.18832 

-0.04569 

0.56583 

0.64485 

0.73285 

0.83665 

0.7 

-0.46911 

-0.40634 

-0.31226 

-0.16377 

0.47199 

0.57370 

0.68690 

0.81785 

0.8 

-0.56198 

-0.51236 

-0.42646 

-0.27838 

0.35408 

0.47898 

0.61955 

0.78173 

0.9 

-0.62597 

-0.59713 

-0.52722 

-0.38697 

0.21799 

0.36441 

0.53268 

0.72875 

1.0 

-0.65752 

-0.65688 

-0.61113 

-0.48704 

+0.07061 

0.23458 

0.42880 

0.65975 

1.1 

-0.65470 

-0.68881 

-0.67522 

-0.57617 

-0.08044 

+0.09483 

0.31103 

0.57594 

1.2 

-0.61732 

-0.69121 

-0.71706 

-0.65204 

-0.22724 

-0.04897 

0.18303 

0.47890 

1.3 

-0.54700 

-0.66357 

-0.73488 

-0.71255 

-0.36189 

-0.19063 

+0.04890 

0.37059 

1.4 

-0.44716 

-0.60670 

-0.72761 

-0.75583 

-0.47700 

-0.32388 

-0.08688 

0.25333 

1.5 

-0.32290 

-0.52270 

-0.69502 

-0.78031 

-0.56602 

-0.44262 

-0.21962 

0.12978 

1.6 

-0.18077 

-0.41495 

-0.63774 

-0.78484 

-0.62369 

-0.54122 

-0.34454 

+0.00294 

1.7 

-0.02851 

-0.28803 

-0.55733 

-0.76869 

-0.64634 

-0.61480 

-0.45694 

-0.12397 

1.8 

+0.12535 

-0.14758 

-0.45625 

-0.73166 

-0.63218 

-0.65945 

-0.55237 

-0.24749 

1.9 

0.27194 

-0.00009 

-0.33785 

-0.67412 

-0.58147 

-0.67250 

-0.62680 

-0.36405 

2.0 

0.40253 

+0.14739 

-0.20633 

-0.59707 

-0.49661 

-0.65271 

-0.67684 

-0.47006 

2.1 

0.50907 

0.28751 

-0.06661 

-0.50217 

-0.38212 

-0.60042 

-0.69989 

-0.56198 

2.2 

0.58468 

0.41299 

+0.07581 

-0.39174 

-0.24445 

-0.51764 

-0.69432 

-0.63649 

2.3 

0.62416 

0.51702 

0.21503 

-0.26879 

-0.09171 

-0.40802 

-0.65962 

-0.69061 

2.4 

0.62438 

0.59364 

0.34495 

-0.13696 

+0.06678 

-0.27680 

-0.59652 

-0.72184 

2.5 

0.58460 

0.63810 

0.45960 

-0.00046 

0.22095 

-0.13062 

-0.50704 

-0.72830 

2.6 

0.50668 

0.64722 

0.55333 

+0.13603 

0.36067 

+0.02276 

-0.39454 

-0.70889 

2.7 

0.39507 

0.61968 

0.62119 

0.26749 

0.47637 

0.17482 

-0.26363 

-0.66340 

2.8 

0.25669 

0.55625 

0.65920 

0.38872 

0.55973 

0.31672 

-0.12008 

-0.59265 

2.9 

+0.10057 

0.45985 

0.66463 

0.49459 

0.60434 

0.43980 

+0.02936 

-0.49853 

3.0 

-0.06260 

0.33555 

0.63631 

0.58021 

0.60627 

0.53615 

0.17727 

-0.38404 

3.1 

-0.22123 

0.19042 

0.57472 

0.64123 

0.56451 

0.59915 

0.31588 

-0.25332 

3.2 

-0.36354 

+0.03320 

0.48225 

0.67411 

0.48124 

0.62397 

0.43747 

-0.11153 

3.3 

-0.47850 

-0.12614 

0.36312 

0.67637 

0.36184 

0.60808 

0.53481 

+0.03530 

3.4 

-0.55672 

-0.27701 

0.22333 

0.64681 

0.21471 

0.55155 

0.60167 

0.18042 

3.5 

-0.59128 

-0.40886 

+0.07050 

0.58576 

+0.05079 

0.45725 

0.63325 

0.31672 

3.6 

-0.57849 

-0.51196 

-0.08654 

0.49519 

-0.11714 

0.33088 

0.62663 

0.43701 

3.7 

-0.51836 

-0.57820 

-0.23816 

0.37883 

-0.27544 

0.18074 

0.58111 

0.53447 

3.8 

-0.41490 

-0.60177 

-0.37452 

0.24205 

-0.41066 

+0.01731 

0.49849 

0.60305 

3.9 

-0.27601 

-0.57982 

-0.48622 

+0.09180 

-0.51073 

-0.14737 

0.38313 

0.63793 

4.0 

-0.11306 

-0.51295 

-0.56500 

-0.06370 

-0.56615 

-0.30058 

0.24189 

0.63597 

4.1 

+0.05995 

-0.40534 

-0.60443 

-0.21535 

-0.57098 

-0.42985 

+0.08387 

0.59605 

4.2 

0.22741 

-0.26474 

-0.60059 

-0.35365 

-0.52367 

-0.52406 

-0.08010 

0.51937 

4.3 

0.37359 

-0.10210 

-0.55252 

-0.46937 

-0.42750 

-0.57448 

-0.23812 

0.40960 

4.4 

0.48406 

+0.06923 

-0.46263 

-0.55413 

-0.29056 

-0.57571 

-0.37804 

0.27290 

4.5 

0.54726 

0.23443 

-0.33674 

-0.60118 

-0.12531 

-0.52643 

-0.48847 

+0.11769 

4.6 

0.55583 

0.37847 

-0.18393 

-0.60601 

+0.05237 

-0.42982 

-0.55975 

-0.04573 

4.7 

0.50770 

0.48758 

-0.01604 

-0.56693 

0.22465 

-0.29363 

-0.58492 

-0.20576 

4.8 

0.40664 

0.55059 

+0.15314 

-0.48549 

0.37342 

-0.12977 

-0.56059 

-0.35036 

4.9 

0.26226 

0.56028 

0.30893 

-0.36666 

0.48233 

+0.04660 

-0.48753 

-0.46788 

5.0 

0.08936 

0.51440 

0.43707 

-0.21874 

0.53861 

0.21827 

-0.37095 

-0.54818 


ra 

m 

m 


m 

[,-3,6] 




Values of W(a,x) ( for integral values of a are from National Physical Laboratory, Tables of Weber parabolic cylinder func¬ 
tions. Computed by Scientific Computing Service Ltd. Mathematical Introduction by J. C. P. Miller. Her Majesty's 
Stationery Office, London, England, 1955 (with permission). 
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Table 19.jl 


X 

W( 2.0,2:) 

JF(3.0,a;) 

W{ 4.0, a:) 

JF(5.0,x) 

W( 2.0,-x) 

W(3.0,-x) 

JF(4.0,-x) 

JF(5.0 ,-x\ 

0.0 

-1 

6.0027 

-1 

5.3933 

-1 

5.0102 

-1 

4.7348 

-1 

6.0027 

-1 

5.3933 

-1 

5.0102 

-1 

4.734lk 

0.1 

-1 

5.2271 

-1 

4.5427 

-1 

4.1061 

-1 

3.7888 

-1 

6.8986 

-1 

6.4061 

-1 

6.1154 

-1 

5.9185 

0.2 

-1 

4.5561 

-1 

3.8285 

-1 

3.3667 

-1 

3.0330 

-1 

7.9324 

-1 

7.6114 

-1 

7.4658 

-1 

7.3991 

0.3 

-1 

3.9758 

-1 

3.2292 

-1 

2.7621 

-1 

2.4291 

-1 

9.1243 

-1 

9.0448 

-1 

9.1150 

-1 

9.2505 

0.4 

-1 

3.4744 

-1 

2.7262 

-1 

2.2677 

-1 

1.9466 

0 

1.0497 

0 

1.0748 

0 

1.1128 

0 

1.1564 

0.5 

-1 

3.0411 

-1 

2.3041 

-1 

1.8634 

-1 

1.5611 

0 

1.2075 

0 

1.2770 

0 

1.3583 

0 

1.4454 

0.6 

-1 

2.6668 

-1 

1.9499 


1.5327 

-1 

1.2530 

0 

1.3888 

0 

1.5168 

0 

1.6574 

0 

1.8059 

0.7 

-1 

2.3436 

-1 

1.6525 


1.2621 

-1 

1.0067 

0 

1.5967 

0 

1.8008 

0 

2.0215 

0 

2.2555 

0.8 

-1 

2.0644 

-1 

1.4028 

_1 

1.0407 

-2 

8.0964 

0 

1.8345 

0 

2.1368 

0 

2.4643 

0 

2.8155 

0.9 

-1 

1.8233 

-1 

1.1931 

-2 

8.5930 

-2 

6.5197 

0 

2.1061 

0 

2.5335 

0 

3.0019 

0 

3.512$ 

1.0 

-1 

1.6151 

-1 

1.0168 

-2 

7.1069 

-2 

5.2572 

0 

2.4156 

0 

3.0013 

0 

3.6538 

0 

4.378$ 

1.1 

-1 

1.4351 

-2 

8.6859 

_2 

5.8882 

-2 

4.2455 

0 

2.7674 

0 

3.5517 

0 

4.4431 

0 

5.4528 

1.2 

-1 

1.2795 

-2 

7.4385 

-2 

4.8880 

-2 

3.4340 

0 

3.1662 

0 

4.1980 

0 

5.3970 

0 

6.7844 

1.3 

-1 

1.1450 

-2 

6.3880 

-2 

4.0663 

_2 

2.7825 

0 

3.6169 

0 

4.9554 

0 

6.5479 

0 

8.4318 

1.4 

-1 

1.0286 

-2 

5.5025 

-2 

3.3906 

-2 

2.2590 

0 

4.1247 

0 

5.8406 

0 

7.9336 

1 

1.0466 

1.5 

-2 

9.2770 

-2 

4.7556 

-2 

2.8343 

-2 

1.8377 

0 

4.6948 

0 

6.8726 

0 

9.5984 

1 

1.2975 

1.6 

-2 

8.4018 

-2 

4.1248 

-2 

2.3757 

_2 

1.4984 

0 

5.3324 

0 

8.0723 

1 

1.1594 

1 

1.6060 

1.7 

-2 

7.6411 

-2 

3.5917 

-2 

1.9973 

-2 

1.2246 

0 

6.0424 

0 

9.4626 

1 

1.3979 

1 

1.9848 

1.8 

-2 

6.9782 

-2 

3.1406 

-2 

1.6845 

-2 

1.0035 

0 

6.8296 

1 

1.1069 

1 

1.6824 

1 

2.4487 

1.9 

-2 

6.3984 

-2 

2.7584 

-2 

1.4256 

-3 

8.2455 

0 

7.6980 

1 

1.2917 

1 

2.0206 

1 

3.015$ 

2.0 

-2 

5.8890 

-2 

2.4342 

-2 

1.2111 

-3 

6.7954 

0 

8.6507 

1 

1.5037 

1 

2.4216 

1 

3.706$ 

2.1 

-2 

5.4386 

-2 

2.1588 

-2 

1.0330 

-3 

5.6183 

0 

9.6899 

1 

1.7457 

1 

2.8952 

1 

4.5455 

2.2 

-2 

5.0372 

-2 

1.9245 

-3 

8.8491 

-3 

4.6610 

1 

1.0816 

1 

2.0209 

1 

3.4529 

1 

5.5623 

2.3 

-2 

4.6755 

-2 

1.7247 

-3 

7.6160 

-3 

3.8810 

1 

1.2027 

1 

2.3322 

1 

4.1069 

1 

6.790^ 

2.4 

-2 

4.3456 

-2 

1.5540 

-3 

6.5875 

-3 

3.2443 

1 

1.3319 

1 

2.6827 

1 

4.8711 

1 

8.2686 

2.5 

-2 

4.0402 

-2 

1.4075 

-3 

5.7281 

-3 

2.7236 

1 

1.4686 

1 

3.0749 

1 

5.7600 

2 

1.0042 

2.6 

-2 

3.7524 

-2 

1.2813 

-3 

5.0088 

-3 

2.2968 

1 

1.6117 

1 

3.5113 

1 

>6.7894 

2 

1.2161 

2.7 

-2 

3.4763 

-2 

1.1719 

“3 

) 4.4055 

-3 

>1.9464 

1 

1.7597 

1 

>3.9937 

1 ! 

>7.9756 

2: 

>1.4682 

2.8 

-2 

3.2064 

-2 

1.0764 

-3 

) 3.8984 

1-3 

11.6580 

1 

1.9108 

1 

>4.5230 

1 ] 

>9.3355 

2; 

>1.7672 

2.9 

[-2 

2.9379 

1-3! 

9.9205 

[-3! 

> 3.4711 

[-3] 

11.4202 

i 1 ! 

2.0626 

1 ! 

>5.0992 

! 2 ! 

>1.0886 

\ 2 ! 

) 2.1196 

3.0 

l" 2 

2.6664 

[- 3 ; 

9.1665 

f-3’ 

> 3.1099 

l- 3 i 

>1.2237 

( K 

2.2123 

1 ; 

>5.7210 

[ 2 

>1.2643 

[ 2' 

> 2.534Cj 

3.1 

-2 

2.3883 

-3 

8.4815 

-3 

> 2.8032 

-3 

>1.0610 

1 

2.3564 

1 

>6.3856 

2 1 

>1.4620 

2 

>3.0179 

3.2 

-2 

2.1007 

1-3 

7.8473 

-3 

) 2.5414 

' _4< 

>9.2596 

1 

2.4910 

1 

>7.0882 

2 

>1.6831 

2 

>3.5801 

3.3 

- 2 

1.8013 

r 3 

7.2477 

-3 

2.3163 

;- 4 | 

>8.1356 

1 

2,6116 

1 

>7.8218 

2 1 

>1.9284 

2 

>4.2298 

3.4 

[-2 

1.4891 

[-3! 

6.6685 

(- 3 ; 

> 2.1209 

1-4! 

>7.1975 

( 1 ! 

2.7132 

l! 

>8.5768 

( 2! 

>2.1983 

t 2! 

>4.9757 

3.5 

! -2 

1.1637 

-3j 

6.0967 

l- 3 ! 

) 1.9491 

[- 4 ; 

>6.4117 

f 1 ; 

2.7908 

1 ; 

>9.3410 

[ 2] 

>2.4925 

; 2 ; 

) 5.826$ 

3.6 

-3 

8.2597 

-3 

5.5212 

-3 

> 1.7956 

-4 

>5.7506 

1 

2.8386 

2 

>1.0099 

2 

>2.8101 

2 

>6.7902 

3.7 

-3 

4.7816 

-3 

4.9326 

- 3 ; 

) 1.6558 

l- 4 ! 

>5.1910 

( 1 

2.8513 

2 

>1.0833 

[ 2 

>3.1488 

2 

>7.8732 

3.8 

-3 

+1.2365 

- 3 J 

4.3233 

- 3 ; 

) 1.5256 

:-4i 

>4.7135 

1 

2.8234 

2 ! 

>1.1520 

( 2’ 

>3.5057 

2 ; 

) 9.0802 

3.9 

1-3 

-2.3273 

-3| 

3.6879 

(- 3 ] 

) 1.4014 

[- 4 ! 

>4.3017 

; i] 

2.7502 

i 2 : 

>1.2137 

1 2] 

>3.8760 

; 3 ! 

) 1.0413j 

4.0 

(-3 

-5.8480 

-3' 

3.0231 

[- 3 ; 

) 1.2800 

[- 4 ; 

>3.9416 

( r t 

2.6275 

; 2 ; 

>1.2657 

( 2 

>4.2539 

[ 3' 

) 1.187cl 

4.1 

-3 

-9.2508 

-3 

2.3283 

-3 

) 1.1586 

-4 

>3.6211 

1 

2.4523 

2 

>1.3050 

2' 

>4.6317 

3 

>1.3446 

4.2 

(-2 

-1.2449 

-3 

) 1.6058 

-3 

) 1.0349 

(-4 

) 3.3295 

1 

2.2234 

2 

>1.3286 

2 

>4.9999 

[ 3 

>1.5128 

4.3 

-2 

-1.5347 

-3 

0.8609 

-4 

) 9.0706 

(-4 

>3.0577 

1 

1.9410 

! 2 ! 

>1.3334 

2' 

>5.3475 

: 3 

>1.68991 

4.4 

(-2 

-1.7842 

-3 

)+0.1023 

[- 4 ; 

) 7.7357 

1-4! 

>2.7975 

( 1 ! 

1.6079 

i 2 ! 

>1.3167 

( 2] 

>5.6617 

! 3 ; 

>1.8733 

4.5 

f-2 

-1.9831 

-3 

)-0.6579 

-4 

) 6.3364 

I- 4 ! 

>2.5418 

( 1 

> 1.2294 

( 2 ; 

>1.2758 

C 2 ; 

>5.9283 

: 3 ; 

>2.0596 

4.6 

-2 

-2.1213 

-3 

>-1.4043 

-4 

4.8704 

-4 

>2.2847 

0 

> 8.1345 

2 

>1.2086 

2 

>6.1317 

3 ! 

>2.2445 

4.7 

-2 

)-2.1898 

-3 

-2.1182 

-4 

3.3422 

-4 

) 2.0210 

o' 

+3.7101 

2 

>1.1138 

( 2' 

>6.2561 

3 ’ 

>2.4229 

4.8 

(-2 

)-2.1815 

-3 

-2.7786 

-4 

) 1.7637 

- 4 ; 

>1.7468 

O' 

-0.8430 

> 1 

>9.9105 

( 2 ! 

>6.2853 

3' 

>2.5885 

4.9 

[-2 

) -2.0914 

-3 

)-3.3622 

-4 

J+0.1548 

(- 4 ! 

>1.4595 

( 0 

)-5.3626 

1 

>8.4104 

1 2] 

>6.2040 

[ 3, 

>2.7344 

5.0 I 

-2)-1.9179 

-3)-3.8449 

(-4)-1.4564 (-4)1.1577 

0)-9.6664 

1)6.6590 

2)5.9987 

3)2.8528 


For interpolation, see 19.28. 
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Table 19.2 


X 

1.0,3) 

W(~0.9,x) 

W(-0.S,x) 

W{- 0.7,z) 

W( —0.6, x) 

W(-0.5,z) 

0.0 

0.73148 

0.75416 

0.77982 

0.80879 

0.84130 

0.87718 

0.1 

0.65958 

0.68457 

0.71267 

0.74421 

0.77940 

0.81803 

0.2 

0.58108 

0.60881 

0.63980 

0.67441 

0.71281 

0.75477 

0.3 

0.49671 

0.52750 

0.56175 

0.59981 

0.64187 

0.68766 

0.4 

0.40726 

0.44133 

0.47908 

0.52089 

0.56693 

0.61696 

0.5 

0.31359 

0.35102 

0.39240 

0.43811 

0.48837 

0.54293 

0.6 

0.21659 

0.25734 

0.30233 

0.35200 

0.40658 

0.46584 

0.7 

0.11723 

0.16111 

0.20958 

0.26311 

0.32198 

0.38601 

0.8 

+0.01657 

+0.06324 

0.11490 

0.17206 

0.23506 

0.30379 

0.9 

-0.08429 

-0.03529 

+0.01912 

+0.07954 

0.14637 

0.21956 

1.0 

-0.18412 

-0.13342 

-0.07684 

-0.01369 

+0.05650 

0.13380 

1.1 

-0.28164 

-0.23002 

-0.17198 

-0.10679 

-0.03384 

+0.04704 

1.2 

-0.37549 

-0.32384 

-0.26523 

-0.19880 

-0.12386 

-0.04009 

1.3 

-0.46422 

-0.41357 

-0.35538 

-0.28870 

-0.21269 

-0.12687 

1.4 

-0.54635 

-0.49783 

-0.44119 

-0.37536 

-0.29933 

-0.21246 

1.5 

-0.62034 

-0.57517 

-0.52130 

-0.45753 

-0.38270 

-0.29594 

1.6 

-0.68464 

-0.64409 

-0.59431 

-0.53393 

-0.46162 

-0.37627 

1.7 

-0.73771 

-0.70310 

-0.65875 

-0.60317 

-0.53480 

-0.45231 

1.8 

-0.77808 

-0.75070 

-0.71317 

-0.66382 

-0.60091 

-0.52280 

1.9 

-0.80439 

-0.78547 

-0.75611 

-0.71446 

-0.65854 

-0.58645 

2.0 

-0.81541 

-0.80610 

-0.78618 

-0.75365 

-0.70628 

-0.64186 

2.1 

-0.81014 

-0.81144 

-0.80212 

-0.78003 

-0.74273 

-0.68765 

2.2 

-0.78787 

-0.80054 

-0.80282 

-0.79238 

-0.76654 

-0.72243 

2.3 

-0.74822 

-0.77279 

-0.78741 

-0.78960 

-0.77649 

-0.74486 

2.4 

-0.69124 

-0.72790 

-0.75531 

-0.77089 

-0.77153 

-0.75373 

2.5 

-0.61743 

-0.66601 

-0.70633 

-0.73570 

-0.75086 

-0.74799 

2.6 

-0.52785 

-0.58777 

-0.64071 

-0.68391 

-0.71398 

-0.72686 

2.7 

-0.42412 

-0.49436 

-0.55918 

-0.61582 

-0.66079 

-0.68984 

2.8 

-0.30847 

-0.38753 

-0.46303 

-0.53224 

-0.59164 

-0.63684 

2.9 

-0.18374 

-0.26968 

-0.35416 

-0.43455 

-0.50739 

-0.56821 

3.0 

-0.05335 

-0.14378 

-0.23506 

-0.32474 

-0.40948 

-0.48485 

3.1 

+0.07873 

-0.01339 

-0.10884 

-0.20540 

-0.29995 

-0.38820 

3.2 

0.20811 

+0.11741 

+0.02083 

-0.07973 

-0.18146 

-0.28034 

3.3 

0.33006 

0.24412 

0.14977 

+0.04850 

-0.05729 

-0.16395 

3.4 

0.43974 

0.36198 

0.27340 

0.17504 

+0.06875 

-0.04232 

3.5 

0.53233 

0.46613 

0.38695 

0.29527 

0.19236 

+0.08071 

3.6 

0.60334 

0.55184 

0.48557 

0.40440 

0.30891 

0.20083 

3.7 

0.64885 

0.61476 

0.56460 

0.49761 

0.41360 

0.31342 

3.8 

0.66575 

0.65118 

0.61986 

0.57035 

0.50168 

0.41373 

3.9 

0.65207 

0.65834 

0.64786 

0.61858 

0.56868 

0.49706 

4.0 

0.60721 

0.63466 

0.64616 

0.63904 

0.61072 

0.55906 

4.1 

0.53214 

0.58002 

0.61356 

0.62958 

0.62476 

0.59598 

4.2 

0.42952 

0.49593 

0.55042 

0.58939 

0.60892 

0.60496 

4.3 

0.30382 

0.38565 

0.45874 

0.51923 

0.56270 

0.58437 

4.4 

0.16115 

0.25422 

0.34234 

0.42158 

0.48725 

0.53398 

4.5 

+0.00918 

+0.10831 

0.20677 

0.30072 

0.38544 

0.45522 

4.6 

-0.14329 

-0.04397 

+0.05918 

0.16266 

0.26194 

0.35129 

4.7 

-0.28674 

-0.19348 

-0.09193 

+0.01497 

+0.12315 

0.22716 

4.8 

-0.41153 

-0.33057 

-0.23720 

-0.13360 

-0.02310 

+0.08947 

4.9 

-0.50861 

-0.44572 

-0.36694 

-0.27352 

-0.16782 

-0.05374 

5.0 

-0.57025 

-0.53023 

-0.47182 

-0.39516 

-0.30146 

-0.19341 


3)4-1 

r(-3)4-i 

[(-3)41 

f(-3)4-| 

("(-3)41 

r(-3)4] 


L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 


W(~0A,x) 

0.91553 

0.85912 

0.79925 

0.73610 

0.66984 

0.60064 

0.52866 

0.45409 

0.37715 

0.29811 

0.21727 

0.13503 

+0.05185 

-0.03172 

-0.11502 

-0.19728 

-0.27764 

-0.35510 

-0.42857 

-0.49684 

-0.55864 

-0.61261 

-0.65738 

-0.69156 

-0.71385 

-0.72301 

-0.71801 

-0.69802 

-0.66256 

-0.61149 

-0.54517 

-0.46444 

-0.37075 

-0.26614 

-0.15327 

-0.03541 

+0.08365 

0.19963 

0.30797 

0.40397 

0.48303 

0.54088 

0.57391 

0.57944 

0.55599 

0.50355 

0,42375 

0.31998 

0.19740 

+0.06277 

-0.07580 

m 
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Table 19.2 


X 

W(-1.0,-x) 

PF(-0.9,-x) 

W(-0.8,-x) 

W(- 0.7,-x) 

JT(-0.6,-x) 

—0.5,— x) 

3 

T 

o 

k- 

1 

0.0 

0.73148 

0.75416 

0.77982 

0.80879 

0.84130 

0.87718 

0.91553 

0.1 

0.79607 

0.81697 

0.84073 

0.86771 

0.89814 

0.93193 

0.96827 

0.2 

0.85267 

0.87241 

0.89490 

0.92053 

0.94958 

0.98201 

1.01711 

0.3 

0.90067 

0.91990 

0.94182 

0.96682 

0.99522 

1.02707 

1.06178 

0.4 

0.93946 

0.95892 

0.98099 

1.00612 

1.03467 

1.06677 

1.10197 

0.5 

0.96849 

0.98892 

1.01192 

1.03797 

1.06749 

1.10070 

1.13729 

0.6 

0.98722 

1.00940 

1.03413 

1.06191 

1.09323 

1.12843 

1.16736 

0.7 

0.99521 

1.01990 

1.04713 

1.07745 

1.11143 

1.14951 

1.19170 

0.8 

0.99202 

1.01997 

1.05048 

1.08414 

1.12160 

1.16343 

1.20981 

0.9 

0.97734 

1.00923 

1.04374 

1.08151 

1.12325 

1.16966 

1.22114 

1.0 

0.95092 

0.98738 

1.02655 

1.06912 

1.11589 

1.16769 

1.22511 

1.1 

0.91262 

0.95418 

0.99859 

1.04657 

1.09904 

1.15695 

1.22112 

1.2 

0.86244 

0.90952 

0.95962 

1.01355 

1.07228 

1.13693 

1.20855 

1.3 

0.80055 

0.85341 

0.90954 

0.96978 

1.03523 

1.10714 

1.18680 

1.4 

0.72729 

0.78603 

0.84835 

0.91515 

0.98760 

1.06714 

1.15529 

1.5 

0.64322 

0.70774 

0.77623 

0.84963 

0.92923 

1.01659 

1.11351 

1.6 

0.54911 

0.61912 

0.69355 

0.77341 

0.86006 

0.95525 

1.06102 

1.7 

0.44603 

0.52099 

0.60091 

0.68684 

0.78025 

0.88304 

0.99750 

1.8 

0.33528 

0.41443 

0.49914 

0.59053 

0.69014 

0.80004 

0.92281 

1.9 

0.21849 

0.30081 

0.38936 

0.48532 

0.59032 

0.70659 

0.83697 

2.0 

+0.09757 

0.18179 

0.27298 

0.37236 

0.48166 

0.60326 

0.74025 

2.1 

-0.02528 

+0.05934 

0.15171 

0.25309 

0.36531 

0.49090 

0.63319 

2.2 

-0.14758 

-0.06427 

+0.02758 

0.12930 

0.24278 

0.37070 

0.51665 

2.3 

-0.26660 

-0.18651 

-0.09709 

+0.00305 

+0.11588 

0.24419 

0.39182 

2.4 

-0.37941 

-0.30459 

-0.21967 

-0.12323 

-0.01322 

+0.11327 

0.26028 

2.5 

-0.48297 

-0.41552 

-0.33731 

-0.24685 

-0.14203 

-0.01983 

+0.12398 

2.6 

-0.57415 

-0.51623 

-0.44698 

-0.36487 

-0.26774 

-0.15248 

-0.01472 

2.7 

-0.64990 

-0.60356 

-0.54551 

-0.47416 

-0.38730 

-0.28178 

-0.15309 

2.8 

-0.70733 

-0.67449 

-0.62975 

-0.57149 

-0.49748 

-0.40451 

-0.28802 

2.9 

-0.74387 

-0.72615 

-0.69663 

-0.65363 

-0.59492 

-0.51729 

-0.41615 

3.0 

-0.75737 

-0.75605 

-0.74331 

-0.71748 

-0.67629 

-0.61660 

-0.53384 

3.1 

-0.74633 

-0.76219 

-0.76738 

-0.76019 

-0.73841 

-0.69897 

-0.63739 

3.2 

-0.70996 

-0.74323 

-0.76692 

-0.77937 

-0.77841 

-0.76108 

-0.72310 

3.3 

-0.64841 

-0.69863 

-0.74077 

-0.77320 

-0.79386 

-0.79994 

-0.78743 

3.4 

-0.56281 

-0.62881 

-0.68862 

-0.74065 

-0.78300 

-0.81309 

-0.82721 

3.5 

-0.45542 

-0.53525 

-0.61114 

-0.68160 

-0.74490 

-0.79874 

-0.83985 

3.6 

-0.32961 

-0.42059 

-0.51016 

-0.59701 

-0.67961 

-0.75603 

-0.82349 

3.7 

-0.18992 

-0.28860 

-0.38867 

-0.48899 

-0.58833 

-0.68515 

-0.77725 

3.8 

-0.04191 

-0.14423 

-0.25086 

-0.36092 

-0.47349 

-0.58750 

-0.70141 

3.9 

+0.10799 

+0.00657 

-0.10208 

-0.21739 

-0.33883 

-0.46582 

-0.59756 

4.0 

0.25266 

0.15702 

+0.05134 

-0.06416 

-0.18934 

-0.32421 

-0.46872 

4.1 

0.38471 

0.29976 

0.20225 

+0.09203 

-0.03124 

-0.16811 

-0.31938 

4.2 

0.49679 

0.42722 

0.34303 

0.24366 

+0.12831 

-0.00420 

-0.15545 

4.3 

0.58208 

0.53205 

0.46597 

0.38285 

0.28140 

+0.15987 

+0.01587 

4.4 

0.63477 

0.60759 

0.56372 

0.50171 

0.41981 

0.31572 

0.18634 

4.5 

0.65055 

0.64841 

0.62979 

0.59285 

0.53543 

0.45473 

0.34702 

4.6 

0.62708 

0.65075 

0.65910 

0.64997 

0.62083 

0.56851 

0.48877 

4.7 

0.56440 

0.61301 

0.64846 

0.66833 

0.66982 

0.64950 

0.60280 

4.8 

0.46513 

0.53614 

0.59705 

0.64531 

0.67800 

0.69154 

0.68125 

4.9 

0.33464 

0.42379 

0.50672 

0.58085 

0.64328 

0.69050 

0.71794 

5.0 

0.18091 

0.28240 

0.38215 

0.47771 

0.56635 

0.64481 

0.70889 


r(—3)5“i 

[■(-3)51 

f(-3)51 


[-(-3)51 

r(-3)6] 

r ( -8 ) 61 


L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 
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Table 19.2 


X 

W(-0.3,x) 

W( — 0.2,x) 

W(-0.1,x) 

IT(0,x) 

PF(0.1,z) 

W( 02,x) 

W (0.3, x) 

0.0 

0.95411 

0.98880 

1.01364 

1.02277 

1.01364 

0.98880 

0.95411 

0.1 

0.90030 

0.93725 

0.96381 

0.97388 

0.96480 

0.93920 

0.90311 

0.2 

0.84377 

0.88381 

0.91299 

0.92496 

0.91691 

0.89145 

0.85480 

0.3 

0.78461 

0.82851 

0.86116 

0.87595 

0.86984 

0.84540 

0.80896 

0.4 

0.72293 

0.77137 

0.80828 

0.82673 

0.82344 

0.80084 

0.76536 

0.5 

0.65878 

0.71237 

0.75426 

0.77719 

0.77753 

0.75757 

0.72375 

0.6 

0.59225 

0.65150 

0.69902 

0.72716 

0.73192 

0.71533 

0.68386 

0.7 

0.52341 

0.58875 

0.64245 

0.67647 

0.68637 

0.67388 

0.64540 

0.8 

0.45236 

0.52410 

0.58445 

0.62496 

0.64067 

0.63296 

0.60809 

0.9 

0.37924 

0.45756 

0.52493 

0.57244 

0.59459 

0.59228 

0.57163 

1.0 

0.30421 

0.38918 

0.46383 

0.51877 

0.54790 

0.55160 

0.53573 

1.1 

0.22751 

0.31906 

0.40111 

0.46381 

0.50038 

0.51063 

0.50010 

1.2 

0.14946 

0.24734 

0.33677 

0.40744 

0.45186 

0.46915 

0.46446 

1.3 

+0.07042 

0.17425 

0.27090 

0.34961 

0.40217 

0.42691 

0.42854 

1.4 

-0.00912 

0.10007 

0.20361 

0.29032 

0.35118 

0.38374 

0.39209 

1.5 

-0.08857 

+0.02522 

0.13514 

0.22960 

0.29883 

0.33945 

0.35491 

1.6 

-0.16725 

-0.04982 

+0.06577 

0.16760 

0.24510 

0.29393 

0.31679 

1.7 

-0.24435 

-0.12443 

-0.00407 

0.10454 

0.19006 

0.24713 

0.27761 

1.8 

-0.31894 

-0.19788 

-0.07387 

+0.04073 

0.13384 

0.19904 

0.23725 

1.9 

-0.38999 

-0.26933 

-0.14299 

-0.02340 

0.07667 

0.14975 

0.19569 

2.0 

-0.45633 

-0.33779 

-0.21066 

-0.08731 

+ 0.01891 

0.09941 

0.15296 

2.1 

-0.51674 

-0.40219 

-0.27600 

-0.15034 

-0.03902 

+0.04828 

0.10917 

2.2 

-0.56989 

-0.46135 

-0.33802 

-0.21170 

-0.09655 

-0.00327 

0.06450 

2.3 

-0.61444 

-0.51400 

-0.39560 

-0.27048 

-0.15300 

-0.05478 

+0.01926 

2.4 

-0.64903 

-0.55882 

-0.44755 

-0.32569 

-0.20756 

-0.10567 

-0.02617 

2.5 

-0.67233 

-0.59448 

-0.49261 

-0.37619 

-0.25934 

-0.15523 

-0.07129 

2.6 

-0.68311 

-0.61966 

-0.52947 

-0.42082 

-0.30731 

-0.20267 

-0.11551 

2.7 

-0.68033 

-0.63315 

-0.55686 

-0.45833 

-0.35040 

-0.24709 

-0.15811 

2.8 

-0.66313 

-0.63385 

-0.57356 

-0.48749 

-0.38745 

-0.28749 

-0.19829 

2.9 

-0.63097 

-0.62088 

-0.57846 

-0.50710 

-0.41729 

-0.32283 

-0.23518 

3.0 

-0.58369 

-0.59365 

-0.57063 

-0.51607 

-0.43878 

-0.35203 

-0.26783 

3.1 

-0.52157 

-0.55190 

-0.54943 

-0.51344 

-0.45085 

-0.37401 

-0.29526 

3.2 

-0.44541 

-0.49584 

-0.51451 

-0.49851 

-0.45256 

-0.38777 

-0.31648 

3.3 

-0.35655 

-0.42613 

-0.46594 

-0.47084 

-0.44315 

-0.39239 

-0.33055 

3.4 

-0.25697 

-0.34402 

-0.40427 

-0.43039 

-0.42215 

-0.38713 

-0.33663 

3.5 

-0.14924 

-0.25134 

-0.33055 

-0.37754 

-0.38941 

-0.37148 

-0.33401 

3.6 

-0.03654 

-0.15050 

-0.24643 

-0.31318 

-0.34517 

-0.34523 

-0.32218 

3.7 

+0.07742 

-0.04453 

-0.15413 

-0.23871 

-0.29013 

-0.30852 

-0.30091 

3.8 

0.18846 

+0.06302 

-0.05645 

-0.15612 

-0.22549 

-0.26190 

-0.27027 

3.9 

0.29213 

0.16814 

+0.04330 

-0.06794 

-0.15299 

-0.20639 

-0.23072 

4.0 

0.38382 

0.26651 

0.14132 

+0.02278 

-0.07486 

-0.14349 

-0.18313 

4.1 

0.45904 

0.35370 

0.23354 

0.11257 

+0.00615 

-0.07518 

-0.12880 

4.2 

0.51364 

0.42535 

0.31572 

0.19762 

0.08689 

-0.00389 

-0.06948 

4.3 

0.54413 

0.47744 

0.38368 

0.27395 

0.16386 

+0.06754 

-0.00733 

4.4 

0.54793 

0.50658 

0.43357 

0.33764 

0.23342 

0.13597 

+0.05511 

4.5 

0.52370 

0.51029 

0.46212 

0.38503 

0.29194 

0.19809 

0.11504 

4.6 

0.47151 

0.48726 

0.46690 

0.41300 

0.33601 

0.25059 

0.16948 

4.7 

0.39312 

0.43762 

0.44663 

0.41921 

0.36270 

0.29037 

0.21549 

4.8 

0.29197 

0.36308 

0.40138 

0.40237 

0.36981 

0.31476 

0.25027 

4.9 

0.17327 

0.26703 

0.33274 

0.36248 

0.35608 

0.32171 

0.27144 

5.0 

0.04376 

0.15455 

0.24393 

0.30095 

0.32145 

0.31009 

0.27719 


m 

[ ( -| )8 ] 

m 

[ ( t )3 ] 

[ ( -3 )3] 

m 

[ ( -5 3>2 ] 
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Table 19.2 


X 

W(-0.3,-x) 

W(- 0.2,-x) 


^(0,-x) 

W(0.1,-x) 

W( 0.2,-x) 

^(0.3,-*) 

0.0 

0.95411 

0.98880 

1.01364 

1.02277 

1.01364 

0.98880 

0.95411 

0.1 

1.00506 

1.03835 

1.06245 

1.07165 

1.06348 

1.04037 

1.00797 

0.2 

1.05296 

1.08581 

1.11016 

1.12050 

1.11435 

1.09399 

1.06483 

0.3 

1.09759 

1.13097 

1.15665 

1.16924 

1.16622 

1.14968 

1.12477 

0.4 

1.13868 

1.17362 

1.20172 

1.21771 

1.21899 

1.20741 

1.18782 

0.5 

1.17589 

1.21344 

1.24510 

1.26568 

1.27248 

1.26706 

1.25396 

0.6 

1.20884 

1.25007 

1.28645 

1.31285 

1.32644 

1.32845 

1.32307 

0.7 

1.23706 

1.28307 

1.32534 

1.35884 

1.38053 

1.39129 

1.39494 

0.8 

1.26006 

1.31193 

1.36129 

1.40315 

1.43429 

1.45520 

1.46928 

0.9 

1.27725 

1.33606 

1.39368 

1.44521 

1.48719 

1.51968 

1.54567 

1.0 

1.28802 

1.35480 

1.42185 

1.48433 

1.53855 

1.58412 

1.62356 

1.1 

1.29171 

1.36744 

1.44504 

i:51974 

1.58760 

1.64775 

1.70224 

1.2 

1.28761 

1.37321 

1.46241 

1.55054 

1.63341 

1.70967 

1.78087 

1.3 

1.27501 

1.37129 

1.47304 

1.57575 

1.67498 

1.76885 

1.85841 

1.4 

1.25320 

1.36083 

1.47598 

1.59429 

1.71113 

1.82408 

1.93366 

1.5 

1.22150 

1.34098 

1.47020 

1.60502 

1.74059 

1.87401 

2.00522 

1.6 

1.17926 

1.31091 

1.45469 

1.60672 

1.76201 

1.91713 

2.07150 

1.7 

1.12596 

1.26983 

1.42841 

1.59813 

1.77390 

1.95181 

2.13072 

1.8 

1.06115 

1.21705 

1.39039 

1.57800 

1.77474 

1.97628 

2.18093 

1.9 

0.98458 

1.15200 

1.33973 

1.54509 

1.76299 

1.98870 

2.22000 

2.0 

0.89620 

1.07426 

1.27565 

1.49825 

1.73709 

1.98714 

2.24569 

2.1 

0.79618 

0.98365 

1.19757 

1.43644 

1.69557 

1.96968 

2.25565 

2.2 

0.68503 

0.88026 

1.10510 

1.35882 

1.63706 

1.93446 

2.24752 

2.3 

0.56357 

0.76448 

0.99819 

1.26478 

1.56041 

1.87972 

2.21894 

2.4 

0.43300 

0.63710 

0.87711 

1.15405 

1.46471 

1.80390 

2.16770 

2.5 

0.29492 

0.49932 

0.74256 

1.02673 

1.34942 

1.70575 

2.09177 

2.6 

0.15140 

0.35277 

0.59571 

0.88342 

1.21444 

1.58440 

1.98946 

2.7 

+0.00489 

0.19959 

0.43825 

0.72523 

1.06021 

1.43949 

1.85956 

2.8 

-0.14168 

+0.04242 

0.27241 

0.55388 

0.88776 

1.27129 

1.70140 

2.9 

-0.28503 

-0.11563 

+0.10100 

0.37173 

0.69887 

1.08078 

1.51507 

3.0 

-0.42150 

-0.27098 

-0.07258 

+0.18182 

0.49606 

0.86979 

1.30151 

3.1 

-0.54722 

-0.41967 

-0.24442 

-0.01213 

0.28264 

0.64105 

1.06267 

3.2 

-0.65815 

-0.55742 

-0.41011 

-0.20574 

+0.06279 

0.39827 

0.80159 

3.3 

-0.75027 

-0.67978 

-0.56487 

-0.39404 

-0.15855 

+0.14618 

0.52249 

3.4 

-0.81974 

-0.78229 

-0.70368 

-0.57158 

-0.37567 

-0.10952 

+0.23083 

3.5 

-0.86311 

-0.86067 

-0.82147 

-0.73259 

-0.58228 

-0.36221 

-0.06670 

3.6 

-0.87754 

-0.91101 

-0.91331 

-0.87118 

-0.77162 

-0.60449 

-0.36232 

3.7 

-0.86098 

-0.93010 

-0.97470 

-0.98158 

-0.93674 

-0.82836 

-0.64721 

3.8 

-0.81248 

-0.91559 

-1.00185 

-1.05844 

-1.07077 

-1.02554 

-0.91187 

3.9 

-0.73233 

-0.86631 

-0.99193 

-1.09719 

-1.16728 

-1.18779 

-1.14634 

4.0 

-0.62227 

-0.78249 

-0.94343 

-1.09434 

-1.22069 

-1.30732 

-1.34070 

4.1 

-0.48559 

-0.66595 

-0.85640 

-1.04786 

-1.22662 

-1.37730 

-1.48554 

4.2 

-0.32717 

-0.52024 

-0.73270 

-0.95753 

-1.18240 

-1.39231 

-1.57256 

4.3 

-0.15346 

-0.35070 

-0.57611 

-0.82515 

-1.08743 

-1.34891 

-1.59514 

4.4 

+0.02771 

-0.16437 

-0.39249 

-0.65483 

-0.94350 

-1.24610 

-1.54901 

4.5 

0.20739 

+0.03014 

-0.18962 

-0.45301 

-0.75508 

-1.08573 

-1.43285 

4.6 

0.37594 

0.22299 

+0.02291 

-0.22843 

-0.52942 

-0.87285 

-1.24877 

4.7 

0.52351 

0.40359 

0.23414 

+0.00810 

-0.27649 

-0.61582 

-1.00271 

4.8 

0.64069 

0.56113 

0.43218 

0.24408 

-0.00874 

-0.32626 

-0.70462 

4.9 

0.71919 

0.68534 

0.60494 

0.46598 

+0.25940 

-0.01876 

-0.36835 

5.0 

0.75259 

0.76721 

0.74090 

0.65996 

0.51219 

+0.28970 

-0.01132 


m 

[ ( -5 3)B ] 

[(-3,5] 


m 


[ ( t )9 ] 
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Table 19.2 


X 

W(0A,-x) 

W(0.5,x) 

W(0.6,x) 

W(0.7,x) 

W(0.8,x) 

W(0.9,x) 

W(1.0,x) 

0.0 

0.91553 

0.87718 

0.84130 

0.80879 

0.77982 

0.75416 

0.73148 

0.1 

0.86271 

0.82232 

0.78433 

0.74973 

0.71874 

0.69116 

0.66667 

0.2 

0.81331 

0.77155 

0.73205 

0.69590 

0.66339 

0.63436 

0.60852 

0.3 

0.76709 

0.72456 

0.68408 

0.64687 

0.61328 

0.58321 

0.55639 

0.4 

0.72376 

0.68104 

0.64007 

0.60222 

0.56794 

0.53718 

0.50970 

0.5 

0.68304 

0.64064 

0.59964 

0.56155 

0.52692 

0.49578 

0.46791 

0.6 

0.64462 

0.60305 

0.56244 

0.52446 

0.48979 

0.45853 

0.43051 

0.7 

0.60820 

0.56793 

0.52810 

0.49058 

0.45614 

0.42499 

0.39703 

0.8 

0.57347 

0.53495 

0.49629 

0.45952 

0.42558 

0.39476 

0.36704 

0.9 

0.54011 

0.50380 

0.46666 

0.43095 

0.39774 

0.36745 

0.34013 

1.0 

0.50782 

0.47414 

0.43889 

0.40452 

0.37228 

0.34271 

0.31594 

1.1 

0.47630 

0.44567 

0.41266 

0.37992 

0.34888 

0.32020 

0.29412 

1.2 

0.44523 

0.41808 

0.38765 

0.35682 

0.32720 

0.29960 

0.27435 

1.3 

0.41435 

0.39108 

0.36358 

0.33494 

0.30697 

0.28063 

0.25634 

1.4 

0.38338 

0.36438 

0.34Q15 

0.31399 

0.28790 

0.26299 

0.23981 

1.5 

0.35206 

0.33771 

0.31709 

0.29370 

0.26973 

0.24643 

0.22451 

1.6 

0.32018 

0.31084 

0.29416 

0.27382 

0.25219 

0.23071 

0.21019 

1.7 

0.28752 

0.28354 

0.27111 

0.25410 

0.23506 

0.21559 

0.19662 

1.8 

0.25395 

0.25561 

0.24773 

0.23433 

0.21812 

0.20085 

0.18361 

1.9 

0.21934 

0.22689 

0.22384 

0.21430 

0.20115 

0.18629 

0.17094 

2.0 

0.18363 

0.19726 

0.19927 

0.19384 

0.18398 

0.17173 

0.15845 

2.1 

0.14682 

0.16665 

0.17390 

0.17280 

0.16644 

0.15700 

0.14595 

2.2 

0.10899 

0.13504 

0.14767 

0.15107 

0.14841 

0.14195 

0.13331 

2.3 

0.07029 

0.10248 

0.12054 

0.12857 

0.12976 

0.12647 

0.12038 

2.4 

+0.03094 

0.06908 

0.09255 

0.10528 

0.11045 

0.11045 

0.10707 

2.5 

-0.00872 

0.03504 

0.06378 

0.08121 

0.09043 

0.09385 

0.09330 

2.6 

-0.04827 

+0.00063 

0.03440 

0.05645 

0.06972 

0.07662 

0.07900 

2.7 

-0.08719 

-0.03378 

+0.00466 

0.03113 

0.04840 

0.05879 

0.06416 

2.8 

-0.12486 

-0.06773 

-0.02513 

+0.00547 

0.02659 

0.04042 

0.04879 

2.9 

-0.16058 

-0.10069 

-0.05457 

-0.02025 

+0.00447 

0.02163 

0.03296 

3.0 

-0.19356 

-0.13202 

-0.08319 

-0.04569 

-0.01769 

+0.00259 

0.01677 

3.1 

-0.22295 

-0.16105 

-0.11043 

-0.07041 

-0.03960 

-0.01649 

+0.00038 

3.2 

-0.24788 

-0.18700 

-0.13568 

-0.09392 

-0.06087 

-0.03531 

-0.01602 

3.3 

-0.26746 

-0.20910 

-0.15826 

-0.11569 

-0.08106 

-0.05355 

-0.03216 

3.4 

-0.28083 

-0.22656 

-0.17749 

-0.13511 

-0.09969 

-0.07080 

-0.04774 

3.5 

-0.28722 

-0.23861 

-0.19265 

-0.15158 

-0.11623 

-0.08664 

-0.06242 

3.6 

-0.28598 

-0.24455 

-0.20307 

-0.16446 

-0.13014 

-0.10061 

-0.07581 

3.7 

-0.27664 

-0.24381 

-0.20814 

-0.17317 

-0.14088 

-0.11222 

-0.08750 

3.8 

-0.25895 

-0.23596 

-0.20735 

-0.17718 

-0.14793 

-0.12101 

-0.09707 

3.9 

-0.23299 

-0.22079 

-0.20033 

-0.17604 

-0.15084 

-0.12652 

-0.10411 

4.0 

-0.19913 

-0.19835 

-0.18692 

-0.16946 

-0.14922 

-0.12836 

-0.10824 

4.1 

-0.15813 

-0.16901 

-0.16717 

-0.15730 

-0.14284 

-0.12624 

-0.10912 

4.2 

-0.11115 

-0.13343 

-0.14143 

-0.13965 

-0.13162 

-0.11996 

-0.10653 

4.3 

-0.05975 

-0.09266 

-0.11032 

-0.11684 

-0.11566 

-0.10948 

-0.10030 

4.4 

-0.00585 

-0.04811 

-0.07481 

-0.08947 

- 0.09531 

-0.09494 

-0.09046 

4.5 

+0.04828 

-0.00149 

-0.03614 

-0.05843 

-0.07112 

-0.07669 

-0.07716 

4.6 

0.10016 

+0.04518 

+0.00411 

-0.02485 

-0.04392 

-0.05525 

-0.06075 

4.7 

0.14714 

0.08968 

0.04416 

+0.00985 

-0.01477 

-0.03141 

-0.04174 

4.8 

0.18659 

0.12967 

0.08203 

0.04406 

+0.01506 

-0.00614 

-0.02086 

4.9 

0.21607 

0.16286 

0.11567 

0.07604 

0.04414 

+0.01943 

+0.00100 

5.0 

0.23350 

0.18712 

0.14307 

0.10399 

0.07092 

0.04399 

0.02281 


[-(-3)2-1 


[-(-4)81 

[■(-4)71 

r<-4)7-[ 

f(-4)81 

r(-4>8-i 


L 5 J 

L 5 J 

L 5 J 

L 4 J 

L 4 J 

L 4 J 

L 4 J 
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Table 19.2 


X 

W(0A,-x) 

W( 0.5,-x) 

JF(0.6, -x) 

W( 0.1,-x) 

tU(0.8,-:z) 

W{0$,-x) 

IT(1.0, —x) 

0.0 

0.91553 

0.87718 

0.84130 

0.80879 

0.77982 

0.75416 

0.73148 

0.1 

0.97201 

0.93642 

0.90331 

0.87352 

0.84714 

0.82396 

0.80361 

0.2 

1.03235 

1.00031 

0.97072 

0.94433 

0.92122 

0.90115 

0.88375 

0.3 

1.09671 

1.06911 

1.04386 

1.02166 

1.00258 

0.98636 

0.97265 

0.4 

1.16520 

1.14300 

1.12302 

1.10591 

1.09173 

1.08022 

1.07106 

0.5 

1.23789 

1.22215 

1.20846 

1.19746 

1.18917 

1.18338 

1.17975 

0.6 

1.31475 

1.30664 

1.30040 

1.29663 

1.29538 

1.29644 

1.29949 

0.7 

1.39567 

1.39648 

1.39896 

1.40371 

1.41079 

1.42000 

1.43106 

0.8 

1.48046 

1.49158 

1.50419 

1.51888 

1.53574 

1.55459 

1.57519 

0.9 

1.56879 

1.59174 

1.61602 

1.64225 

1.67051 

1.70068 

1.73254 

1.0 

1.6602 

1.6966 

1.7343 

1.7738 

1.8153 

1.8586 

1.9037 

1.1 

1.7541 

1.8057 

1.8586 

1.9133 

1.9700 

2.0286 

2.0891 

1.2 

1.8497 

1.9184 

1.9884 

2.0603 

2.1345 

2.2107 

2.2891 

1.3 

1.9460 

2.0337 

2.1230 

2.2144 

2.3083 

2.4048 

2.5037 

1.4 

2.0418 

2.1506 

2.2613 

2.3746 

2.4909 

2.6102 

2.7327 

1.5 

2.1358 

2.2677 

2.4020 

2.5397 

2.6811 

2.8264 

2.9756 

1.6 

2.2263 

2.3833 

2.5437 

2.7083 

2.8777 

3.0520 

3.2316 

1.7 

2.3115 

2.4956 

2.6843 

2.8785 

3.0788 

3.2856 

3.4991 

1.8 

2.3891 

2.6023 

2.8216 

3.0480 

3.2823 

3.5249 

3.7762 

1.9 

2.4570 

2.7009 

2.9529 

3.2141 

3.4854 

3.7674 

4.0605 

2.0 

2.5125 

2.7886 

3.0752 

3.3737 

3.6849 

4.0097 

4.3487 

2.1 

2.5529 

2.8623 

3.1853 

3.5231 

3.8770 

4.2479 

4.6368 

2.2 

2.5754 

2.9188 

3.2793 

3.6583 

4.0573 

4.4775 

4.9201 

2.3 

2.5770 

2.9546 

3.3532 

3.7748 

4.2209 

4.6931 

5.1930 

2.4 

2.5548 

2.9660 

3.4030 

3.8678 

4.3624 

4.8889 

5.4490 

2.5 

2.5061 

2.9496 

3.4241 

3.9321 

4.4760 

5.0582 

5.6811 

2.6 

2.4283 

2.9018 

3.4124 

3.9626 

4.5555 

5.1940 

5.8811 

2.7 

2.3192 

2.8196 

3.3634 

3.9538 

4.5944 

5.2887 

6.0405 

2.8 

2.1772 

2.7001 

3.2734 

3.9007 

4.5863 

5.3346 

6.1502 

2.9 

2.0013 

2.5413 

3.1389 

3.7984 

4.5251 

5.3240 

6.2008 

3.0 

1.7914 

2.3419 

2.9573 

3.6430 

4.4050 

5.2495 

6.1832 

3.1 

1.5484 

2.1015 

2.7270 

3.4312 

4.2211 

5.1041 

6.0883 

3.2 

1.2746 

1.8213 

2.4478 

3.1612 

3.9697 

4.8822 

5.9081 

3.3 

0.9733 

1.5038 

2.1206 

2.8324 

3.6486 

4.5794 

5.6359 

3.4 

0.6496 

1.1529 

1.7487 

2.4466 

3.2576 

4.1934 

5.2669 

3.5 

+0.3098 

0.7746 

1.3369 

2.0074 

2.7987 

3.7241 

4.7985 

3.6 

-0.0381 

+0.3767 

0.8923 

1.5210 

2.2767 

3.1746 

4.2315 

3.7 

-0.3848 

-0.0314 

+ 0.4244 

0.9962 

1.6994 

2.5511 

3.5700 

3.8 

-0.7198 

-0.4385 

-0.0553 

+0.4445 

1.0779 

1.8636 

2.8225 

3.9 

-1.0317 

-0.8319 

-0.5332 

-0.1199 

+0.4263 

1.1259 

2.0016 

4.0 

-1.3084 

-1.1977 

-0.9940 

-0.6804 

-0.2378 

+0.3558 

1.1251 

4.1 

-1.5382 

-1.5216 

-1.4209 

-1.2184 

-0.8941 

-0.4249 

+0.2152 

4.2 

-1.7095 

-1.7893 

-1.7966 

-1.7136 

-1.5199 

-1.1915 

-0.7013 

4.3 

-1.8124 

-1.9871 

-2.1039 

-2.1453 

-2.0907 

-1.9160 

-1.5936 

4.4 

-1.8391 

-2.1032 

-2.3268 

-2.4930 

-2.5817 

-2.5692 

-2.4280 

4.5 

-1.7844 

-2.1283 

-2.4513 

-2.7376 

-2.9685 

-3.1213 

-3.1692 

4.6 

-1.6469 

-2.0567 

-2.4668 

-2.8632 

-3.2291 

-3.5437 

-3.7818 

4.7 

-1.4292 

-1.8870 

-2.3670 

-2.8579 

-3.3452 

-3.8110 

-4.2326 

4.8 

-1.1387 

-1.6231 

-2.1513 

-2.7153 

-3.3040 

-3.9027 

-4.4924 

4.9 

-0.7876 

-1.2742 

-1.8252 

-2.4359 

-3.0995 

-3.8054 

-4.5392 

5.0 

-0.3927 

-0.8557 

-1.4010 

-2.0281 

-2.7346 

-3.5149 

-4.3599 


[(-m 

r ( -2)n 

[(-2)11 

r(-2)2i 

r(-2)2i 

[(-2)21 

[(-2)3-1 


L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 
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Table 19.3 AUXILIARY FUNCTIONS 


The functions Oj. «? 2 , «* 3 of 19.10 and 19.23 are needed in Darwin’s expansion and also 
the function r of 19.7 and 19.20. 





r 

t 

*1 

#2 

T 

0.0 

0.00000 

0.39270 

-0. 70270 

5.0 

6 . 9519 

5.5506 

4.1079 

0.1 

0. 05008 

0. 34278 

-0. 64181 

5.1 

7. 2093 

5.7981 

4.2291 

0.2 

0 . 10066 

0.29337 

-0. 57855 

5.2 

7. 4716 

6 . 0507 

4. 3511 

0.3 

0.15222 

0. 24498 

-0. 51304 

5.3 

7.7388 

6 . 3084 

4. 4738 

0.4 

0. 20521 

0.19817 

-0. 44540 

5.4 

8 . 0109 

6 . 5712 

4.5972 

0.5 

0 . 26006 

0.15355 

-0. 37574 

5.5 

8 . 2880 

6 . 8391 

4. 7213 

0.6 

0. 31713 

0.11182 

-0. 30415 

5.6 

8 . 5700 

7.1120 

4.8461 

0.7 

0. 37678 

0.07387 

-0. 23071 

5.7 

8 . 8569 

7. 3901 

4.9716 

0.8 

0. 43929 

0. 04088 

-0.15549 

5.8 

9.1487 

7.6732 

5.0977 

0.9 

0.50492 

0.01468 

-0.07857 

5.9 

9.4454 

7.9614 

5. 2246 

f 

* i 

#2 

r 

£ 

«>l 

#2 

T 

1.0 

0 . 57390 

0. 00000 

0. 00000 

6.0 

9.7471 

8 . 2546 

5. 3521 

1.1 

0. 64640 

0. 01513 

0.08015 

6.1 

10. 0537 

8 . 5530 

5. 4803 

1.2 

0. 72261 

0.04341 

0.16185 

6.2 

10.3652 

8 . 8564 

5. 6092 

1.3 

0. 80265 

0.08086 

0.24502 

6.3 

10. 6817 

9.1649 

5. 7387 

1.4 

0 . 88666 

0.12617 

0. 32964 

6.4 

11. 0031 

9. 4784 

5. 8688 

1.5 

0. 97473 

0.17866 

0.41566 

6.5 

11. 3295 

9.7970 

5. 9996 

1.6 

1.06696 

0. 23786 

0. 50304 

6.6 

11 . 6608 

10.1207 

6.1310 

1.7 

1. 16344 

0.30347 

0. 59175 

6.7 

11. 9970 

10.4494 

6 . 2631 

1.8 

1.26422 

0. 37527 - 

0.68175 

6.8 

12.3382 

10.7832 

6 . 3958 

1.9 

1.36937 

0. 45309 

0. 77300 

6.9 

12.6843 

11.1220 

6 . 5290 

2 . 0 

1.47894 

0. 53679 

0.86549 

7.0 

13.0354 

11. 4659 

6 . 6629 

2.1 

1. 59299 

0 . 62626 

0.95917 

7.1 

13.3914 

11.8148 

6 . 7974 

2.2 

1.71155 

0. 72142 

1. 05403 

7.2 

13.7524 

12.1688 

6.9325 

2.3 

1.83466 

0.82220 

1.15004 

7.3 

14.1183 

12. 5278 

7.0682 

2.4 

1.96236 

0.92853 

1.24716 

7.4 

14.4892 

12. 8919 

7.2045 

2.5 

2.09467 

1.04036 

1.34539 

7.5 

14.8651 

13.2610 

7. 3414 

2.6 

2.23163 

1.15764 

1.44470 

7.6 

15.2459 

13. 6352 

7. 4789 

2.7 

2. 37325 

1.28034 

1. 54506 

7.7 

15. 6316 

14. 0144 

7.6169 

2.8 

2.51956 

1.40843 

1.64646 

7.8 

16.0223 

14. 3987 

7.7555 

2.9 

2.67058 

1.54187 

1. 74888 

7.9 

16.4180 

14.7880 

7.8947 

3.0 

2.82632 

1. 68063 

1.85229 

8.0 

16. 8186 

15.1823 

8.0344 

3.1 

2.98681 

1.82470 

1.95669 

8.1 

17.2242 

15. 5817 

8.1747 

3.2 

3.15205 

1.97406 

2.06206 

8.2 

17.6348 

15. 9861 

8 . 3155 

3.3 

3.32207 

2.12867 

2.16837 

8.3 

18. 0503 

16. 3956 

8.4569 

3.4 

3.49688 

2. 28853 

2.27562 

8.4 

18. 4708 

16. 8101 

8 . 5989 

3.5 

3.67648 

2. 45363 

2.38378 

8.5 

18. 8962 

17.2296 

8 . 7413 

3.6 

3.86089 

2.62394 

2.49285 

8.6 

19.3266 

17. 6542 

8 . 8844 

3.7 

4. 05011 

2.79946 

2,60281 

8.7 

19.7620 

18.0838 

9.0279 

3.8 

4.24416 

2.98017 

2.71365 

8.8 

20.2024 

18. 5184 

9.1720 

3.9 

4. 44305 

3.16606 

2. 82536 

8.9 

20 . 6477 

18.9581 

9. 3166 

4.0 

4. 64678 

3.35712 

2,93791 

9.0 

21.0980 

19.4028 

9. 4617 

4.1 

4. 85537 

3. 55335 

3.05131 

9.1 

21.5532 

19.8525 

9.6074 

4.2 

5.06880 

3.75474 

3.16554 

9.2 

22.0135 

20. 3073 

9.7535 

4.3 

5. 28711 

3.96127 

3. 28058 

9.3 

22.4787 

20.7671 

9.9002 

4.4 

5. 51028 

4.17295 

3. 39643 

9.4 

22.9488 

21.2319 

10.0474 

4.5 

5.73833 

4. 38976 

3. 51308 

9.5 

23.4240 

21.7017 

10.1951 

4.6 

5. 97126 

4. 61169 

3.63051 

9.6 

23.9041 

22.1766 

10. 3433 

4.7 

6 . 20908 

4. 83875 

3. 74872 

9.7 

24.3892 

22.6565 

10. 4920 

4.8 

6 . 45178 

5. 07093 

3. 86770 

9.8 

24.8792 

23.1414 

10.6411 

4.9 

6 . 69938 

5. 30822 

3. 98743 

9.9 

25. 3742 

23. 6314 

10. 7908 

5.0 

6 . 95188 

m 

5. 55062 

m 

4.10792 

m 

10.0 

25.8742 

m 

24. 1264 

m 

10. 9410 

m 

When interpolating for d 2 and i? 3 for {near unity, it is 
use 2 „ 

tf2=| T 3/2or^ 3 =£(. 

better to interpolate for r 

- T )3/2. 

and then 
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20. Mathieu Functions 


Mathematical Properties 


20.1. Mathieu’s Equation 
Canonical Form of the Differential Equation 

20.1.1 ^+(a—2g cos 2t?)y=0 

Mathieu’s Modified Differential Equation 

20.1.2 “ — (a— 2q cosh 2w)/=0 ( v=iu,y=f) 


Relation Between Mathieu’s Equation and the Wave 
Equation for the Elliptic Cylinder 

The wave equation in Cartesian coordinates is 


20.1.3 


b 2 W b 2 W b 2 W 
bx 2 + by 2 + bz 2 


+k 2 W= 0 


A solution W is obtainable by separation of vari¬ 
ables in elliptical coordinates. Thus, let 

X— p cosh u cos v ; y=p sinh u sin v; z—z; 

p a positive constant; 20.1.3 becomes 


^)+*W=0 


20.1.4 

b 2 W _ 2 / b 2 W b 2 

* bz 2 ' p 2 (cosh 2u— cos 2v) \ bu 2 ' bv 2 

Assuming a solution of the form 

# 

W=<p(z)f(u)g(v) 

and substituting the above into 20.1.4 one obtains, 
after dividing through by W, 


;£+«- 


* p 2 (cosh 2u— cos 2v) \du 2 / ' dv 2 g 

Since z , u, v are independent variables, it follows 
that 


20.1.5 tJ+*-0 

where c is a constant. 

Again, from the fact that G=c and that u, v 
are independent variables, one sets 


20.1.6 

du 2 / 


(^~ C ) 2 l O 

- 2 — ~p 2 cosh 2 u 


„ d 2 g 1 (k 2 —c) 2 . 

a =-d?g + -2~ l> cos2v 


where a is a constant. The above are equivalent 
to 20.1.1 and 20.1.2. The constants c and a are 
often referred to as separation constants , due to the 
role they play in 20.1.5 and 20.1.6. 

For some physically important solutions, the 
function g must be periodic, of period ir or 2*. 
It can be shown that there exists a countably 
infinite set of characteristic values a r (q ) which yield 
even periodic solutions of 20.1.1; there is another 
countably infinite sequence of characteristic values 
b T (q ) which yield odd periodic solutions of 20.1.1. 

It is known that there exist pei odic solutions of 
period kir, where k is any positive integer. In 
what follows, however, the term characteristic 
value will be reserved for a value associated with 
solutions of period ir or 2 t only. These character¬ 
istic values are of basic importance to the general 
theory of the differential equation for arbitrary 
parameters a and q. 

An Algebraic Form of Mathieu’s Equation 

20.1.7 

(1-t 2 ) ^+(a+2g—4?t 2 )y=0 (cos v=t) 

Relation to Spheroidal Wave Equation 

20.1.8 (l-(*)^-2(6 + l)t||+(c-45* 2 )i,=0 * 

Thus, Mathieu’s equation is a special case of 
20.1.8, with b =—%, c=a-\-2q. 

20.2. Determination of Characteristic Values 

A solution of 20.1.1 with v replaced by z, having 
period tt or 2* is of the form 

20.2.1 y'. (A m cos mz+B m sin mz) 

m=» 0 

where B 0 can be taken as zero. If the above is 
substituted into 20.1.1 one obtains 


20.2.2 

2 [(a,-m 2 )A m -q(A m - 2 +A n+3 )] cos mz 

m --2 

+ S l(a-m 2 )B m -q(B n _ 2 +B n+ 2 )] sin ms=0 

TO --1 

A_ m , B_ n = 0 m>0 


722 


•See page n. 
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Equation 20.2.2 can be reduced to one of four 
simpler types, given in 20.2.3 and 20.2.4 below 

20.2.3 2/ 0 =S A 2m+P cos (2m+p)z, p=0 or 1 

m=0 

20.2.4 B 2 m+v sin (2m+p)z, p=0 or 1 

771=0 

If p=0, the solution is of period x; if p—1, the 
solution is of period 2x. 

Recurrence Relations Among the Coefficients 
Even solutions of period x: 

20.2.5 clAq — qA 2 =z {) 

20.2.6 (a-±)A 2 -q(2A 0 +Ai)=0 

20.2.7 (a-rn 2 )A m -q(A m ^+A m+2 )=0 (m> 3) 

Even solutions of period 2x: 

20.2.8 ' (a-l)A,- 2 (A 1 +^ 3 )=0, 

along with 20.2.7 for m> 3. 

Odd solutions of period x: 

20.2.9 ( a-4)B 2 -qB 4 =0 

* 20.2.10 (a-m 2 )B m ~q(B m _ 2 +B m+2 )=0 (m> 3) 

Odd solutions of period 2x: 

20.2.11 ( a -l)B 1 + q(B 1 -B 3 )= 0, 
along with 20.2.10 for m> 3. 

Let 

20.2.12 Ge m =AJA m - 2 , Go^BJB n ^ 

G m =Ge m or Go m when the same operations apply 
to both, and no ambiguity is likely to arise. 
Further let 

20.2.13 V m =(a—m 2 )lq. 

Equations 20.2.5-20.2.7 are equivalent to 

20.2.14 Ge 2 = F 0 ; Ge 4 = V 2 -~ 

(j^2 

20.2.15 G m =l/(V m —G m+2 ) (m> 3), 

for even solutions of period x. 

Similarly 

20.2.16 Vi~\~Ge z ', for even solutions of period 
2x, along with 20.2.15 

20.2.17 Fi + l = 6ro 3 , for odd solutions of period 
2x, along with 20.2.15 


20.2.18 V 2 =Go a , for odd solutions of period x, 
along with 20.2.15 

These three-term recurrence relations among the 
coefficients indicate that every G m can be developed 
into two types of continued fractions. Thus 
20.2.15 is equivalent to 

20.2.19 


G m = 


1 

V m -G m+2 


1 1 1 

"V m - F m+2 - V m+i ~ 


■ ■ . (mj>3) 


20.2.20 


G m+2 =V m —ljG m 

—Y __ \ _ 1 

V m-2 F m _ 4 — * ' * Fo+d+V’l 

where 



<Pi=d=0; <Po=2, if G m +2=A 2 JA 2t - 2 
<Pi=d= <p o =0, if G m + 2 =B 2 JB 2s _ 2 

<Pi= 1; <p 0 =d— 1, if G m+2 =A 2a +i/A 2l ^ 1 
<Pi=d—<f> 0 =l, if G m+2 —B 2l+ ilB 2a ^i 

The four choices of the parameters <pL d 
correspond to the four types of solutions 20.2.3- 
20.2.4. Hereafter, it will be convenient to sep¬ 
arate the characteristic values a into two major 
subsets: 

a=a T , associated with even periodic solutions 
a=b T , associated with odd periodic solutions 

If 20.2.19 is suitably combined with 20.2.13-20.15.18 
there result four types of continued fractions, the 
roots of which yield the required characteristic 
values 

20.2.21 — ... =0 Roots: <hr 

v 2 V i — v ft 

20.2.22 

Fi—1—y^z ■ • • =0 Roots: a| r+l 

20.2.23 V 2 -j^~ ~- jJ— ... =0 Roots: b 2r 

Vi— v 6 — V 8 — 

20.2.24 

... =0 Roots: b v , r+l 

v z~ v 5 v 7 

If g> is a root of 20.2.21-20.2.24, then the coi ’re¬ 
sponding solution exists and is an entire function 
of z , for general complex values of q. 

If q is real, then the Sturmian theory of second 
order linear differential equations yields ^he 


*See page n. 
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following: 

(a) For a fixed real g, characteristic values a r and 

b T are real and distinct, if q^ 0; a 0 <Cbi<Cai 
<b 2 <a 2 < • • g>0 and a T (q), b T (q) ap¬ 

proach r 2 as q approaches zero. 

(b) A solution of 20.1.1 associated with a T or b r 
has r zeros in the interval 0 < 2 <V, (g real). 

(c) The form of 20.2.21 and 20.2.23 shows that if 
a 2r is a root of 20.2.21 and q is different from 
zero, then a 2r cannot be a root of 20.2.23; 
similarly, no root of 20.2.22 can be a root of 
20.2.24 if q^0. It may be shown from other 
considerations that for a given point (a, q) 
there can be at most one periodic solution of 
period x or 2x if q^0. This no longer holds 
for solutions of period sx, s>3; for these all 
solutions are periodic, if one is. 


Of 

br 



Power Series for Characteristic Values 


20.2.25 

g 2 7g 4 29g fl 68687 g 8 

a ° q) 2 '128 2304 '18874368 ' 


a / _g 4 llg 5 49g° 

qj q 8^64 1536 36864 “*"589824 

hi (g) 

55 g 7 83 g 8 


9437184 35389440 


+ ... 


'2(g)-4 


5g 4 289g 6 


12 '13824 79626240 


+ 


2139 ^ 

458647142400 


;+ • • 


M 5g 2 763g 4 1002401 g 5 
a2W + 12 13824+ 79626240 


q 2 | ^ 

® 3 ^“g) ==9+ r6 - '64 + 2d480 + 16384 
&a(g) 


1669068401g« 

"458647142400 

5g 5 


+ • 


1961 g 6 609g 7 


23592960 ~104857600 


;+ • ■ 


>4(g) = 16+J:- 


a i(q)— 16+|^+, 






^«(g)=36-|-^:+ 


317g 4 

10049g 8 

864000 1 

2721600000 1 ’ • * 

433g 4 

5701 g 6 

864000 

2721600000 1 ‘ " 

llg 4 

2 s 

774144 

147456 


« 37g 6 

^891813888 

187 g 4 

5861633 g 6 


70 '43904000 92935987200000 




a e(g)—36-b«x+' 


187g 4 


6743617 g 6 


70^43904000^92935987200000 


;+ ■ • 


For r> 7, and |g| not too large, a T is approxi¬ 
mately equal to b r , and the following approxima¬ 
tion may be used 


20.2.26 


Zh 




2(r 2 -l) + 32(r 2 -l) 3 (r 2 -4) 

(9r 4 +58r 2 +29)g 6 , 

+ 64(r 2 -l) 5 (r 2 -4)(r 2 -9) H 


(5r 2 -f-7)g 4 
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The above expansion is not limited to integral 
values of r, and it is a very good approximation 
for r of the form n+% where n is an integer. In 
case of integral values of r—n, the series holds 
only up to terms not involving r 2 —n 2 in the 
denominator. Subsequent terms must be derived 
specially (as shown by Mathieu). Mulholland 
and Goldstein [20.38] have computed character¬ 
istic values for purely imaginary q and found that 
a 0 and a 2 have a common real value for ]g| in the 
neighborhood of 1.468; Bouwkamp [20.5] has 
computed this number as q Q =±i 1.46876852 to 8 
decimals. For values of —iq^>—iq 0 , a 0 and a 2 
are conjugate complex numbers. From equation 
20.2.25 it follows that the radius of convergence 
for the series defining a 0 is no greater than \q 0 \. 
It is shown in [20.36], section 2.25 that the radius 
of convergence for a 2n (q ), n >2 is greater than 3. 
Furthermore 


t 25 


se 2 (z, q) 

20.2.28 

ce r (z, q) 


12 T H 384 288 ’ 


J) =C0S t 4(r +1 ) J 

cos[(r-2)g-p( y /2) ]1 

4(r-l) j | 

f gos j(r+4)g~ p(ir/2)] , cos [(r-4) S -p( T /b)] 
l 32(r+l)(r+2) + 32(r-l)(r-2)j 

cos [r z—p(r/2) ] |~2(r 2 -f 1)~] \ 

32 L(r*-l)’J/ + " 

with p=0 for ce T (z, q), p= 1 for se r {z, q) t r>3. 


a T —b r — 0(g ,r /r r_1 ), r—> oo. 

Power Series in q for the Periodic Functions (for 
sufficiently small |q|) 

20.2.27 

-•■(w-tH-■••] 




ce x (z, q)=cos z—| cos 3 z 


, ,rcos5g 


COS 3 Z cos ; 
64 128 


0 


__ a f COS 7 z cos 5z cos 3z cos Z ~] , 

^ L 9216 1152 3072 + 5l2"J + • ■ • 


se x (z, 2 )=sin z—f sin 3 z 

O 


+< , [th ! + 


sin 3z sin z ~| 
64 128J 


_ a fsin 7g , sin 5 z sin 3 z sin z ~| 

T L 9216 + 1152 3072 "5l2J 

“*(*- * )=cos 2z -«( 5 ^4)+« i (it - 



X /\ 

/ x 


i 1 ce,\ / \ / 

\ \ / V ' 
A \ \/ / \ / 

\ \ V / \/ 


\ \ /\ / 

\XA 


1+ 

19 cos 2 g 


Figure 20.2. Even Periodic Mathieu Functions, Orders\0-5 
? = 1 . 
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, 63 , 1260 , 2943 , 486 

w* + w« + w 8 

527 15617 69001 41607 

v?~' uf ' w 7 ' w g 

20.2.31 i r+l -a r ~2 4r+5 V2A : 2 }r+i «~ 4 ^, g~>® 

(given in [20.36] without proof.) 

20.3. Floquet’s Theorem and Its Consequences 
Since the coefficients of Mathieu’s equation 

20.3.1 y" + (a—2q cos 2z)y=0 

are periodic functions of z, it follows from the 
known theory relating to such equations that 
there exists a solution of the form 

20.3.2 F y (z)=e^P(z), 

where v depends on a and q, and P(z ) is a periodic 
function, of the same period as that of the 
coefficients in 20.3.1, namely w. (Floquet’B 
theorem; see [20.16] or [20.22] for its more general 
form.) The constant v is called the characteristic 
exponent. Similarly 

20.3.3 F y (~z)=e~ i >*P(-z) 

satisfies 20.3.1 whenever 20.3.2 does. Both F y (z) 
and F„(—z) have the property 

20.3.4 

y{z+kT)—C*y(z), y=F y (z) or F y {—z), 

C=e*" for F v (z), C=e~ ur for F„(-z) 

Solutions having the property 20.3.4 will hereafter 
be termed Floquet solutions. Whenever F y {z) 
and F y (—z) are linearly independent, the general 
solution of 20.3.1 can be put into the form 

20.3.5 y=AF r (z)+BF y (-z) 

If AB 7 * 0 , the above solution will not be a Floquet 
solution. It will be seen later, from the method 
for determining v when a and q are given, that 
there is some ambiguity in the definition of v; 
namely, v can be replaced by v-\-2k, where k is an 
arbitrary integer. This is as it should be, since 
the addition of the factor exp (2 ikz) in 20.3.2 still 
leaves a periodic function of period x for the 
coefficient of exp ivz. 

It turns out that when a belongs to the set of 
characteristic values a T and b r of 20.2, then v is 
zero or an integer. It is convenient to associate 
p—r with a T {q), and v= —r with b r {q)\ see [20.36]. 
In the special case when v is an integer, F y (z) is 


proportional to F y (—z); the second, independent 
solution of 20.3.1 then has the form 

20.3.6 y 2 =zce T (z, 2)+X) d 2 * +P sin (2k+p)z, 

associated with ce r {%, q) 

20.3.7 y 2 =zse T (z, q)+^fik+P cos {2k+p)z, 

associated with se T (z, q) 

The coefficients d 2k+p and j 2k+p depend on the cor¬ 
responding coefficients A m and B m , respectively, 
of 20.2, as well as on a and q. See [20.30], secnion 
(7.50)-(7.51) and [20.58], section V, for details. 

If v is not an integer, then the Floquet solutions 
F y (z) and F y (—z) are linearly independent.! It 
is clear that 20.3.2 can be written in the form 

20.3.8 F y {z)=± c 2k e i{v+2kU . 

From 20.3.8 it follows that if v is a proper fraction 
Wi/m 2 , then every solution of 20.3.1 is periodic, 
and of period at most 2irm 2 . This agrees with 
results already noted in 20.2; i.e., both independent 
solutions are periodic, if one is, provided the period 
is different from x and 2x. 

Method of Generating the Characteristic Exponent 

Define two linearly independent solutions! of 
20.3.1, for fixed a, q by 

Vi( 0 )=i;vl( 0 )= 0 . 

20.3.9 

2/2(0) = 0 ; 2/2(0) = 1 . 

Then it can be shown that 

20.3.10 cos irv— 2/i(x)=0 

20.3.11 cos irv— 1 — 2y[ y 2 

Thus v may be obtained from a knowledge of 
i/j (t) or from a knowledge of both y[ and 2/2 * 

For numerical purposes 20.3.11 may be more 
desirable because of the shorter range of integra¬ 
tion, and hence the lesser accumulation of round¬ 
off errors. Either v, —v, or ±v-\-2k (k an arbi¬ 
trary integer) can be taken as the solution of 
20.3.11. Once v has been fixed, the coefficients 
of 20.3.8 can be determined, except for an arbitrary 
multiplier which is independent of z. 

The characteristic exponent can also be com¬ 
puted from a continued fraction, in a manher 
analogous to developments in 20.2, if a sufficiently 
close first approximation to v is available. For 
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systematic tabulation, this method is considerably 
faster than the method of numerical integration. 
Thus, when 20.3.8 is substituted into 20.3.1, 
there result the following recurrence relations: 

20.3.12 Viifi2n= <hn-2 + Can+a 
where 

20.3.13 V 2n =[a— (2n+v) 2 ]lq, — oo<7i<». 

When v is complex, the coefficients V 2n may also 
be complex. As in 20.2, it is possible to generate 
the ratios 

O m =c m /c m -2 and H- m —C- m - 2 jc^ m 
from the continued fractions 

20.3.14 

- l -, m>0 

' m Vm+2~~ • • • 

H ~ m== V. m . 2 - . . 7 W -°' 

From the form of 20.3.13 and the known properties 
of continued fractions it is assured that for 
sufficiently large values of |mj both |(? m | and 
converge. Once values of G m and H- m are 
available for some sufficiently large value of m, 
then the finite number of ratios G m - 2 , G m _ 4 , . . G 0 
can be computed in turn, if they exist. Similarly 
for H - m+2 , . . ., H 0 . It is easy to show that v is 
the correct characteristic exponent, appropriate 
for the point (a, q ), if and only if H 0 G 0 =1. An 
iteration technique can be used to improve the 
value of v, by the method suggested in [20.3]. 
One coefficient c } can be assigned arbitrarily; the 
rest are then completely determined. After all 
the Cj become available, a multiplier (depending 
on q but not on z) can be found to satisfy a 
prescribed normalization. 

If is well known that continued fractions can 
be converted to determinantal form. Equation 
20.3.14 can in fact be written as a determinant 
with an infinite number of rows—a special case of 
Hill's determinant. See [20.19], [20.36], [20.15], 
or [20.30] for details. Although the determinant 
has actually been used in computations where 
high-speed computers were available, the direct 
use of the continued fraction seems much less 
laborious. 

Special Cases (a, q Real) 

Corresponding to g=0, i/i=cos -faz, y 2 =sin ijaz; 
the Floquet solutions are exp (iaz) and exp(— iaz). 
As a, q vary continuously in the q—a plane, 
v describes curves; v is real when {q } a ), q>0 
lies in the region between a r (q ) and b T+i (q) and 


a 



Figure 20.6. Characteristic Exponent-First Two Stable 
Regions y=e i,x P(x) where P{x) is a periodic function of 
period t. 

Definition of v; 

In first stable region, 0 <v < 1, 

In second stable region, 1 <v<2. 

(Constructed from tabular values supplied by T. Tamlr, Brooklyn 
Polytechnic Institute) 



Figure 20.7. Characteristic Exponent in First Unstable 
Region . Differential equation: y"-\-(a—2q cos 2x)y=0. 
The Floquet solution y—e" x P(x), where P(x) is a periodic 
function of period r. In the first unstable region, v=in; 
n is given for a>— 5. (Constructed at NBS.) 
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Figure 20.10. Chart of the Characteristic Exponent. 
(From S. J. Zaroodny, An elementary review of the Mathieu-Hill equation 
of real variable based on numerical solutions. Ballistic Research Laboratory 
Memo. Rept. 878, Aberdeen Proving Ground, Md., 1955, with permission) 

- s — e i,T =constant; in unstable regions 

- v —constant; in stable regions 

- . - . - Lines of constant values of — q. 


Expansions for Small q ([20.36] chapter 2) 
If v, q are fixed: 

20.3.15 


a=v 2 +, 


(5^+7) g 4 


2 (p 2 —ir 32 (p 2 -1)V-4) 
(9/+58>/ 2 +29)g 6 


+; 


r 64(r 2 -l) 6 (p 2 -4)(p 2 -9) 
For the coefficients c 2} of 20.3.8 
20.3.16 * 


+ . . . (vs*1,2,3). 


c 2 /co=. 


-g 


(v 2 +4r+7)g 3 


T+ . . . 


4(r+l) 128 (i'+1) 3 (»'+2)(v—1)~ 

(p 5^1,2) 

C4 /c 0 =2 2 /32(p4-1)(>'+2)+ . . . 

c 24 /c 0 =(-i) 4 g 4 r(p+i)/2 2 *s!r(p+s+i)+ ... 

20.3.17 

[ (- pi(v+2)z p i(v-2)z ^ “1 

(v not an integer) 

For small values of a 

20.3.18 

fi aTr 2 , aV . \ 

cos «r=(l 2 I 24 P • • ■) 


all solutions of 20.1.1 for real z are therefore 
bounded (stable); v is complex in regions between 
b T and a r ; in these regions every solution becomes 
infinite at least once; hence these regions are 
termed “unstable regions”. The characteristic 
curves a r , b r separate the regions of stability. 
For negative q, the stable regions are between 
b 2r +i and b 2r+2 , & 2r and a 2r+1 ; the unstable regions are 
between CL 2 r+\ and b 2r +\, cl 2t and b 2r . 

In some problems solutions are required for real 
values of z only. In such cases a knowledge of 
the characteristic exponent v and the periodic 
function P(z) is sufficient for the evaluation of 
the required functions. For complex values of z, 
however, the series defining P(z ) converges slowly. 
Other solutions will be determined in the next 
section; they all have the remarkable property 
that they depend on the same coefficients c m 
developed in connection with Floquet’s theorem 
(except for an arbitrary normalization factor). 


20.4. Other Solutions of Mathieu’s Equation 

Following Erd61yi [20.14], [20.15], define 

20.4.1 <p k (z)=[e ir cos (z—5)/cos (2+6) ]***/*(/) 
where 

20.4.2 /=2[g cos ( z—b ) cos (2+6)]*, 

and J k (j) is the Bessel function of order k; b is a 
fixed, arbitrary complex number. By using the 
recurrence relations for Bessel functions the follow¬ 
ing may be verified: 

20.4.3 

2g(cos 2z)<p k J \ r q((p k _ 2 -{-<p k+ f)-\-¥<p k =(). 

It follows that a formal solution of 20.1.1 is given 

by 

20.4.4 y= X} c 2n( p 2 n+r 
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where the coefficients c 2n are those associated with 
Floquet's solution. In the above, v may be 
complex. Except for the special case when v is 
an integer, the following holds: 


y ? 2»+y-2 _ <P-2n+v _ —4n 2 

<P2n+» <P-2n+*+2 3 [COS (2— 6)] 2 




If v and n are integers, J_ 2n+V (f) = (—\) v J 2n - v (i). 
[<p2n+vl<P2n+v-2\ ~ — [cos (z—b)) 2 q/4n 2 
[<P-. 2n+v /<P- 2n+v+2 ]~-4n 2 /q [cos (z-b)) 2 
On the other hand 


@2n C — 2n _3 / \ 

-~~ — r {n—> 00) 

C 2n -2 C_2n+2 4 n 2 

It follows that 20.4.4 converges absolutely and 
uniformly in every closed region where 

|cos ( 2 — 6 )[>d x >l. 

There are two such disjoint regions: 

(I) S(z-b)>d 2 >0; (|cos ( 2 — 6 )j>dj>l) 

(II) J(z-b)< —d 2 <0) (|cos ( 2 - 6 )|>d!>l) 

If v is an integer 20.4.4 converges for all values of 
2 . Various representations are found by special¬ 
izing b. 


20.4.5 

If b—0, y=e iwvl2 X c 2n (— l) n J 2n+y (2-Jq cos 2 ) 

n=-a> 

(|cos 2 |> 1 , |arg 2 V 2 cos z\<ir) 

20.4.6 


If b=y= X c 2n J 2n+v ( 2 t Vs sin 2 ) 

(|sin g|>l, |arg 2 V 3 sin z\<tt) 

If y reduces to a multiple of the solution 

20.3.8. The fact that 20.3.8, 20.4.5, and 20.4.6 
are special cases of 20.4.4 explains why it is that 
these apparently dissimilar expansions involve 
the same set of coefficients c 2n . 

Since 20.4.4 results from the recurrence proper¬ 
ties of Bessel functions, J k (j) can be replaced by 
H[ }) (j), j=l, 2 , where H[ }) is the Hankel function, 
at least formally. Thus let 

rt=[e iT cos (z-b)/ cos (z+bW'Hpij) 
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where / satisfies 20.4.2. An examination of j the 
ratios fan+v/fcn+v-n shows that 

V~ X/ C 2ri)p2n + v 

will be a solution provided 

(cos ( 2 — 6 )|> 1 ; |cos ( 2 + 6 )|>l. 

The above two conditions are necessary even 
when v is an integer. Once b is fixed, the regions 
in which the solutions converge can be reapily 
established. 

Following [20.36] let 

20.4.7 

J p (x)=ZP(x); Y p (x)=Z?(x); 

ff«>(aO=Z“»(*); H?(x)=Z§(x) 

If 2 is replaced by —iz in 20.4.5 and 2(^.4.6 
solutions of 20.1.2 are obtained. Thus 

20.4.8 

y [ }) (z)=JC c 2n (-l) n Z&\r(2 Vs cosh 2 ) 

(jcosh z\ j>l) 

20.4.9 

y 2 j) (z) = n X c 2n Z$ +y { 2 Vs sinh 2 ) 

(|sinh 2 |> 1 , j= 1, 2, 4) 

The relation between y[ n (z) and yi }) (z) carj be 
determined from the asymptotic properties of the 
Bessel functions for large values of argument.! It 
can be shown that 


20.4.10 


2 il n (z)/yi l> (z)= [FMIF.(l)]e‘"'‘ (<»*> 0 ). 

When v is not an integer, the above solutions 
do not vanish identically. See 20.6 for integral 
values of v . 


Solutions Involving Products of Bessel Functions 

20.4.11 

^2sn = -°> 

0=1, 2, 3j, 4) 

satisfies 20.1.1, where ZIP (u ) is defined in 20.k.7, 
the coefficients c 2n belong to the Floquet solution, 
and s is an arbitrary integer, c 2 ,^ 0 . The solution 
converges over the entire complex 2 -plane if q¥ 0 . 
Written with 2 replaced by — iz, one obtains 
solutions of 20 . 1 . 2 . 
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20.4.12 

Ml(z, q)=± ± cl n {-\YZ\!\ v U^)J n - s yqe^) 

^2 s 71= — 00 

It can be verified from 20.4.8 and 20.4.12 that 

2o - 4 - 13 miAj= FM ’ (stz>o) 

provided c 2s ^0. If c 2s = 0, the coefficient of l/c 2s 
in 20.4.11 vanishes identically. For details see 
[20.43], [20.15], [20.36]. 

If s is chosen so that |c 2 ,| is the largest coefficient 
of the set |c 2 y|, then rapid convergence of 20.4.12 
is obtained, when 0tz^Q. Even then one must 
be on guard against the possible loss of significant 
figures in the process of summing the series, 
especially so when q is large, and \z\ small. (If 
j 5 ^ 1 , then the phase of the logarithmic terms 
occurring in 20.4.12 must be defined, to make the 
functions single-valued.) 

20.5. Properties of Orthogonality and 
Normalization 

If a(v-\-2p, q), a(v+2s, q) are simple roots of 
20.3.10 then 

20.5.1 J* F y+ 2 p(z)F, +2s (— z)dz— 0, if p^s. 

Define 

20.5.2 ce,(z, «)=i [F,(z)+F,{-z)\, 

se,(z, q)~—i ~ [F,(z)-F,(-z)\ 

ce,(z, q), se y (z, q) are thus even and odd functions 
of z, respectively, for all v (when not identically 
zero). 

If v is an integer, then ce v (z, q), se,(z, q) are 
either Floquet solutions or identically zero. 
The solutions ce T (z , q) are associated with a r ; 
se T (z , q) are associated with b r ; r an integer. 

Normalization for Integral Values of v and Real q 

20.5.3 £ T [ce T (z, q))Hz=f* [se T (z, q))Hz=ir 

For integral values of v the summation in 
20.3.8 reduces to the simpler forms 20.2.3-20.2.4; 
on account of 20.5.3, the coefficients A m and B m 
(for all orders r) have the property 


20.5.4 

2Al-\-A\-\- . . . —A\-\-A\-\- . . . 

=B\+Bl+ . . . =Bl+Bl+ • • . =1. 

20.5.5 

1 f 2 ' 1 f 2T 

Al“= I ce 2s (z,q)dz;A r n =- \ ce r (z, q) cos nzdz 
“ft J 0 ft Jo 

i r r 

B T n —~ se r (z,q) sin nzdz n^0 

ft Jo 

For integral values of v, the functions ce r (z, q) 
and se T (z, q) form a complete orthogonal set for 
the interval 0<z<2ir. Each of the four systems 
ce 2r (z), ce 2r+ i(z), se 2r (z), se 2r+1 (z ) is complete in the 
smaller interval 0 < z < and each of the systems 
ce r (z), se T (z ) is complete in 0<z<ir. 

If q is not real, there exist multiple roots of 
20.3.10; for such special values of a(q), the integrals 
in 20.5.3 vanish, and the normalization is therefore 
impossible. In applications, the particular nor¬ 
malization adopted is of little importance, except 
possibly for obtaining quantitative relations be¬ 
tween solutions of various types. For this reason 
the normalization of F„(z), for arbitrary complex 
values of a, q, will not be specified here. It is 
worth noting, however, that solutions 

ace T (z, q), fise T (z, q) 

defined so that 

ace r (0, g;) = l; &se r (z, g)J =1 

are always possible. This normalization has in 
fact been used in [20.59], and also in [20.58], 
where the most extensive tabular material is 
available. The tabulated entries in [20.58] sup¬ 
ply the conversion factors A— 1/a, 2?=l//3, along 
with the coefficients. Thus conversion from one 
normalization to another is rather easy. 

In a similar vein, no general normalization will 
be imposed on the functions defined in 20.4.8. 

20.6. Solutions of Mathieu’s Modified Equation 
20.1.2 for Integral v (Radial Solutions) 

Solutions of the first kind 

20.6.1 

Ce 2r + P (z, q)=ce 2 T+ P (iz,q) 

=S A lkXp (q) cosh (2k+p)z 

associated with a* 
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20.6.2 Se 2r+P (z, q) =—ise 2T+p (iz, q) =X) # 2 *+£( 2 ) sinh (2k+p)z, associated with b T 

4=0 

writing A 2 2 lX*(q)=A 2lc+p for brevity; similarly for B u+P ;p=0, 1, 

C«2r s „ 

20.6.3 Ce 2T (z, q) = 7 £) (- l)*A 2i J u (2jq cosh z) S A 2lc J 2k (2Jq sinh z) 

4=0 -^o 4=0 

Cg 2r+1 (o’ ff) ® 

20.6.4 C r e 2 r+i( 2 , 2 ) = yg^ 2 r+i S ( l)* +1 ^24+Tt/2*+i(2V2 cosh 2 ) 

coth 2 g (2i+l)A M+l J a+1 (2V? sinh 2 ) 

(|> 2 ) tanh z a 

20.6.5 Se 2r (2, 2 ) =-^-Z) (— 1) *2kB 2K J 2 *(2V 2 cosh 2 ) 

2-°2 4=1 

__ s# 2 r ( 0 ,^ 2 ) cofc j 1 z f',2kB'„JoJ2Jd sinh 2 ) 

S«2r+l(^2) 

20.6.6 ^+ 1 ( 2 , g)= - jqBzr+i tanh 2 X) (-l)*(2^+l) J B 2t+1 J 2A+1 (2V2 cosh z) 

=■^§4 g S» + .^ i+ ,(2V2 sinh 2 ) 

See [20.30] for still other forms. 

Solutions of the second kind, as well as solutions of the third and fourth kind (analogous to Ha[nkel 
functions) are obtainable from 20.4.12. 

20.6.7 Mctf(z, q)=± (-l)^Mlf( 2 )[J' it -,(« 1 )Z«|,(u 2 )+ 

4=0 

where e 0 =2, e,=l, for 5 = 1 , 2, . . .; s arbitrary, associated with a 2r 

20.6.8 Mc& +l (g, q)=± Zn, +1 (u 2 )+J* +1+1 (^)^ 4 WJM ?,i\ 

4=0 

associated with |a 2r+1 

20.6.9 Ms&iz, 2)=S (—1) i+f .Bait( 2 )[J*_ 4 (Wi)Z^|.(u 2 ) — J*+,('iti) Zj/1, (u 2 ) ]}B %, associated with b 2r 

20 . 6.10 2 )=S (—i) fc+r ^tKff)[^-X^)^. +1 (« 2 )—^ JfcH _, +1 (« 1 )^.(« 2 )]/^i/r 1 1 

associated with !& 2r+ i 

where 

^ 1 = V2 e *> ^ 2 == y[q&*i B^J+p, A£f+£ ?*(), p=0, 1. 

See 20.4.7 for definition of Z { J\x). 

Solutions 20.6.7-20.6.10 converge for all values of z, when 2 ?^ 0 . If j= 2, 3, 4 the logarithmic t|rms 
entering into the Bessel functions Y m (u 2 ) must be defined, to make the functions single-valued. This 
can be accomplished as follows: 

Define (as in [20.58]) 

20.6.11 In (V2«*)=l n (Vq)Az 
See [20.15] and [20.36], section 2.75 for derivation. 



734 MATHIEU FUNCTIONS 

Other Expressions for the Radial Functions (Valid Over More Limited Regions) 

20.6.12 Mel ?(s, 2 )=[ce 2r (0, 2 )]-‘ £ (-l)*+M?J(s)Z<?(2V2 cosh z) 

k—Q 

MctfUz, a)=[ee» + ,('0, 2 )]-‘ S (-l)* + '4iiEt!( 2 )Zg’ + ,(2V2 cosh a) 

k= 0 

20.6.13 2)=[^r(0, e)]- 1 tanh 2 (-l)*+ ; r 2kBU(q)Z$(2y[q cosh 2 ) 

/:=1 

2 )=W,+i(0, 2 )]-' tanh 2 £ (-l)‘+'(2k+l)mit\(i)Z&\^ cosh 2 ) 

k^ 0 

Valid for £%zf>0, (cosh 2 |>l; if j=l, valid for alls. They agree with 20.6.7-20.6.10 if the Bessel 
functions Y m (2q* cosh z) are made single-valued in a suitable way. For example, let 

Y m (u)~- (In u)J m (u)+<t>(u) 

T 

where <f>(u) is single-valued for all finite values of n. With u—2q cosh z, define 

20.6.14 In (2g* cosh s)=ln 2g*+2+ln |(l+e _2z ) ~ <arg |(l+r 2f )<j 

Z 2 

(If q is not positive, the phase of In 2g* must also be specified, although this specification will not 
affect continuity with respect to z. If Y m (u ) is defined from some other expression, the definition 
must be compatible with 20.6.14.) 


/iF (l) , , 

|/f-Mc 0 (z,q) 



Figure 20.11. Radial Mathieu Function of the First Kind. 
(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The 
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958, 
with permission) 



(From J. C. Wiltse and M. J. King, Derivatives, zeros, and other data per" 
taining to Mathieu functions, The Johns Hopkins Univ. Radiation Lab¬ 
oratory Tech. Rept. AF-57,1958, with permission) 


nr ( 2 > 

]] 2 Ms, (z,q) 



Figure 20.13. Radial Mathieu Function of the Second Kind. 

(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The 
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958, 
witli permission) 

fW 13) 

/"2 (z-q> 



Figure 20.14. Radial Mathieu Function of the Third Kind. 

(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The 
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958, 
with permission) 
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If j= 1 , Mc£\ p and Ms$+ P} p= 0,1 are solutions 
of the first kind, proportional to Ce 2r+P and Se 2T + p , 
respectively. 

Thus 

20.6.15 

ce 2r (^g)c 6 2 r( 0 , q) 

Co *(«, q)= - - Mc 2 ?{z, q) 

ce 2T +1 f |>2 )ce 2T+l (0, g) 

Ce 2r +i(z, q)= ^_jy+i ^qA\ r+i MciV+iiz, q) 

se 2r ( 0 , q)se 2r ( 2 ) 

Se 2r (z, g) =- ( „ 1 )r g ^ 7 W r >( 2 , e ) 

se 2 r+ 1 ( 0 , q)se 2r +i 2 ) 

<S^ 2 r+i( 3 > 2 )— j _ \) T -^qB\ r+l Ms 2 y+i(g, 2 ) 

The Mathieu-Hankel functions are 

20.6.16 

M™(z, q)=M™(z, q)+iM™(z, q) 

M™(z, q)=M™(z, q)-iM™(z, q) 
M ( / ) =Mc¥ ) or Ms [ }) . 

From 20.6.7-20.6.11 and the known properties 
of Bessel functions one obtains 

20.6.17 

Mfr+piz+inir, q) 

= (-l rnM^ +P (z, q)+2niM£ +p (z, 2 )] 
M 2 *+ p {z~\~ inw , 2 ) 

= (-l)«W? +P (z, 2 )- 2nM£ +P (z, 2 )] 
M^+P^ + WTT, 2 ) 

= (-l)*'[M£> + „(z,2)+2nM^ +P (3, 2 )] 
where M=Mc or Ms throughout any of the above 
equations. 

Other Properties of Characteristic Functions, q Real 
(Associated With a r and b r ) 

Consider 

20.6.18 

X x =Mc™{z, q)+Mc™(-z, q); 
X 2 =Ms ( ? ) (z, q)-Ms™(-z, 2 ) 

Since X t is an even solution it must be proportional 
to Mc^iz, 2 ); for 20 . 1.2 admits of only one even 
solution (aside from an arbitrary constant factor). 
Similarly, X 2 is proportional to Ms[ l) (z, q). The 
proportionality factors can be found by considering 
values of the functions at 2 = 0 . Define, therefore, 


20.6.19 

Mc™(-z, q) = -Mc™(z , q)-2j e , r Mc™{z, 0 

20.6.20 

Ms™(—z, q)=Ms™(z , 2 )—2/ 0 , r Ms™(z, a) 
where 

20.6.21 

/ e , f = -Me™ ( 0 , q)/Mc™ ( 0 , 2 ) 

See [20.58]. 

In particular the above equations can be us£d to 
extend solutions of 20.6.12-20.6.13 when ^ 2 < 0 . 
For although the latter converge for 
provided only [cosh zj>l, they do not represent 
the same functions as 20.6.9-20.6.10. 

20.7. Representations by Integrals and S(fme 
Integral Equations 

Let I 

20.7.1 G(u) =<|> K(u, t)V(t)dt 

C 

be defined for u in a domain U and let the contour 
C belong to the region T of the complex i-plane, 
with t =70 as the starting point of the contour 
and <= 7 i as its end-point. The kernel K{u, t ) 
and the function V{t ) satisfy 20.7.3 and the 
hypotheses in 20.7.2. 

20.7.2 K(u, t ) and its first two partial derivatives 
with respect to u and t are continuous for t ^>n C 

dV 

and u in U; V and - 7 r are continuous in t. 
at 

20.7.3 

W v ~ft K ] l=°-’W +( - a - 2 « cos 2t)V ±°- 

If K satisfies 

20.7.4 ^^-|-^^-j- 22 (oosh 2u— cos 2t)K=§ 

then G(u) is a solution of Mathieu’s modified 
equation 20 . 1 . 2 . 

If K(u , t) satisfies 

20.7.5 ^+^t+ 2 2 (cos 2 u-cos 2t)K=0 

then G(u) is a solution of Mathieu’s equation 
20.1.1, with u replacing v. 
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Kernels Ki(z, t) and Ki(s, t ) 

20.7.6 Kfz, t)=Zi i) (u)[M(z, (@z> 0) 

where 

20.7.7 'U=V2<z(cosh 2z+cos 2 1) 

20.7.8 M(z, i)=cosh (z-\-it )/cosh ( z—it) 

To make M ~h single-valued, define 

20.7.9 

cosh {z~\-iir)—e iT cosh z 
cosh (z— iT)=e~ ir cosh z 
M(z, 0) = 1 

[M(z, r)]-^=e-^M(z, 0) 

Let 

20.7.10 G(z,q)=- f W Kfu, t)F,(t)dt, (@z> 0) 

T Jo 

where F,(t) is defined in 20.3.8. It may be verified 
that KiFy satisfies 20.7.3, K satisfies 20.7.2 and 
20.7.4. Hence G is a solution of 20.1.2 (with z 
replacing u). It can be shown that K x may be re¬ 
placed by the more general function 

20.7.11 

K 2 {z y t)=Z ( l ) + 2 s(u)[M(z, t)]~ iv+ ', s any integer. 

See 20.4.7 for definition of Z ( i ) +2i (u). 

From the known expansions for Z l P +2 ,(u) when 
0tz is large and positive it may be verified that 

20.7.12 

My }) {Z, g) = 

(@z> 0,^(*+£)>0) 

where M y }) (z, q) is given by 20.4.12, s=0, 1, . . ., 
c 2j ^0, and F y (t) is the Floquet solution, 20.3.8. 

Kernel K^(z, t, a) 

20.7.13 K z (z,t,a)=e 2i ^ w 
where 

20.7.14 ? 0 =cosh z cos a cos J+sinh z sin a sin t 

20.7.15 G(z, 2 ,a)=i (j) e 2i P^F y (t)dt 


where F y (t) is the Floquet solution 20.3.8. The 
path C is chosen so that G(z, t, a) exists, and 
20.7.2, 20.7.3 are satisfied. Then it may be 
verified that K 3 (z, t, a), considered as a function 
of z and t, satisfies 20.7.4; also, considered as a 
function of a and t, K$ satisfies 20.7.5. Conse¬ 
quently G{z, q, a) = Y{z, q)y{a, q), where Y and y 
satisfy 20.1.2 and 20.1.1, respectively. 

Choice of Path C. Three paths will be defined: 

20.7.16 

Path C 3 : from — di+i<» to d 2 —i m , d h d 2 real 
—di<arg [Vff{cosh (z+i<z)±l}]0— d x 

—d 2 <arg [V^tcosh (z— ia) ± 1 }]<7r — d 2 

20.7.17 

Path C 4 : from d 2 —i « to d t 

(same d Xt d 2 as in 20.7.16) 

20.7.18 

«)=— (f) e»^F,(t)it j= 3,4 

7T J Cj 

where M{{z, q) is also given by 20.4.12. 

20.7.19 Path C a : from —to 2t— di+i® 

-iv- 

F,(a)Mi' ) (z,q)=^f-j> e 2, ^“F,(t)dt 

See [20.36], section 2.68. 

If v is an integer the paths can be simplified; 
for in that case F,(t) is periodic and the integrals 
exist when the path is taken from 0 to 2x. Still 
further simplifications are possible, if z is also real. 

The following are among the more important 
integral representations for the periodic functions 
ce T (z, q), se T (z , q) and for the associated radial 
solutions. 

Let r=2s-\-p, p= 0 or 1 

20.7.20 

ce r (z,q)=p r j* cos (2yfq cos zcos t— ce r (t, q)dt 
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20.7.21 

20.7.22 


20.7.23 

where 


ce r (z, g) = <r r J cosh (2Vg sin z sin t)[(l—p) J t~p cos z cos t)ce T {t, q)dt 

se T (z, q)= Pr j sin (2^[q cos z cos t+p 0 sin z sin t se T (t, q)dt 

r n 

se T (z, q) = <r r J sinh (2V2 sin 2 sin <)[(1“P) cos z cos t-\-p]se T (t, q)dt 

20.7.24 p T =^ce 2s q ^ /A£‘(q)] p=0p T =~^- ce^+i 2^ /V2^i ,+1 (s) if p— 1, for functions ce T (z, gi 

Pr = ~ se ** 2 ) IVqB^ a (q ); Pr=^ se 2 ,+i 2 ) /Bi a+1 (q), for functions se r (z, q) 

2 4 

<r r =- ce 2s (0, q)/A£(q) if p— 0; <r r =- ce 2g+1 (0, g)/Aj* +1 (g), if P= 1J associated with functions ce T (\z, q) 

4 2 _ 

<r r —~ se 2s (0,q )/V2-Sl s (2)> if p=0; o>=- «C 2 *+i( 0 , q)/^Bl a+1 (q), if p= 1; associated with se r (z, q) 


Let 

20.7.25 

20.7.26 


Integrals Involving Bessel Function Kernels 


u= V 22 (cosh 2s+cos 2 1), (,^cosh 2z^>l; if j= 1, valid also when 2 = 0 ) 


Mctfiz, 2) — ^ TiJffi 2 J 0 Z o J> («)c« 2 r(L q)dt;Mc^ +l (z, q) = ^ ^ 2 j* Zl (^) cos < 

Ms ( ^(2 g) — (~f) r+1 ^2 sinh 22 p Z 2 J) (u) sin 2f se 2f (£, g)<ft 

1 Jo n 2 


20.7.27 


Msft+iiz, q)—~ 


(—l) r 8Vg sinh 2 J*2 Zl fi (u) sin t se 2r +i(t, q)dt 


tBY +1 

In the above the j-convention of 20.4.7 applies and the functions Me, Ms are defined in 20|.5.1-* 
20.5.4. (These solutions are normalized so that they approach the corresponding Bessel-Hankel 
functions as @z^>«>.) 

Other Integrals for AfcJ 11 ^, q) and Ms l r v (z, q) 


20.7.28 

Mc[ 1) (z,q)= 

20.7.29 

Mc?\z,q)=T T §~ 2 


r=2s+p,p=0, 1; r r = 

20.7.30 

(*,{) = 

20.7.31 

7T 3^2) 

20.7.32 

^r ) (2» 2)=^ V2^ 

20.7.33 

2 )=“ — 


_ (— 1)*2 


^ J^ 2 cos ^2Vg cosh 2 cos t—p ^ ce r (t, q)dt 


2 (-1 y 


z sin t)se 2r +i(t, q)dt 


se% T 


(I-)' 
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Further with w=cosh z cos a cos sinh z sin a sin t 


20.7.34 


20.7.35 


ce r (a,q)McP(z, ^\^‘ w ce T {t, q)dt 

se r (a, q)Ms i T 1) (z, q)=- — e 2i ^ w se T (t, q)dt. 


The above can be differentiated with respect to a, and we obtain 


20.7.36 

20.7.37 


ce' r (a, q)Mc[ 1) (z, g)=-— — — -— f e 2i ^ w ~ ce T (t , q)dt 

7r Jo Oa 

*«',(«, 2 )Ms<‘>(z, 2) = ( ~ 1),+, ' (t) ~’’ + ‘^ fVvfo 

-7T Jo 


Integrals With Infinite Limits 

r=;2$+p 

In 20.7.38-20.7.41 below, z and q are positive. 

20.7.38 


20.7.39 


20.7.40 


20.7.41 


Me® (2, 2)=7,J o " sin ^2 V5 cosh z cosh t-\-p Mc ( r l) (t, q)dt 
y r =2ce is q^ /tAI s , if p=0 y r =2ce^ s+l <l) /V? vA\*+\ if p=l 

Ms?>(z,q)=y T j" sinh z sinh t j^cos ^2Vg cosh z cosh t—p Ms ( r v (t, q)dt 
7r =-4 se 2s g^) /VgirBl 4 , if p=0 y T =— 4se 2s+ i (|> g) /tjB? + 1 , if p==l 

Mc (2y (z, q)~y T J* cos ^2Vg cosh g cosh £—p Mc { r l) (t, q)dt 

y r =-2ce 2s ($r, q)lrrAl s , if p=0 Tr=2ceL+i(^, q)lrVqA\ ,+1 t if p=l 
Ms ( r 2) ( 2 , g)= 7 r J* sin ^2Vg cosh 2 cosh t+p 0 sinh 2 sinh t Ms^fy, q)dt 
y T =—4se 2s (%T, g)/Vg ttB 2 2s , if p=0 y T =4:Se 2s+l (%T, g)/»H l 2,+1 , if p=l 


Additional forms in [20.30], [20.36], [20.15]. 

20.8. Other Properties 

Relations Between Solutions for Parameters q and — q 

Replacing 2 by 2 in 20.1.1 one obtains 
20 . 8.1 y"A (a-{-2g cos 22 )p =0 
Hence if u(z) is a solution of 20.1.1 then u(\tt—z) 
satisfies 20 . 8 . 1 . It can be shown that 


20.8.2 

a(—v,q)=a{y, — q)=a(v , q), v not an integer 

c v 2m(—q)=p(— l) m c p 2m(q), v not an integer 

( c 2m defined in 20.3.8) and p depending on the 
normalization; 

F.(z, -i)=pe-‘"”F, (2+ |> j)=pe"*«^ (z-\> 4) 
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20.8.3 

« 2 r(—g)= 02 r(g); b 2T (—q)=b 2r (q), for integral v 
a 2r +1 ( — q) — b 2 T+\ (?), &2r+1 ( — ?) = <*2r+l (?) 

20.8.4 

Cg 2 r(2, — g) —(— l) r C«2r(4* — 2, ?) 

C€ 2 r+i(2, —?) = (—l) r Se 2 r+l(iir—3, ?) 
s«2r+i(3, — ?) = (—l) r ce 2r+ i(57r—?) 

se 2 r ( 3 , —q) = {~l) r ~ l se 2T {\v—z, g) 

For the coefficients associated with the above 
solutions for integral v\ 

20.8.5 

^;(-?)=(-D m - r ^;(?) 

For the corresponding modified equation 

20 . 8.6 y"— (a+ 2 g cosh 22 ) 3/=0 

20.8.7 

M«>( 2 , -q)=Mi n (z+i^, q y 

Mi n ( 2 , g) defined in 20.4.12. 
For integral values of v let 

20 . 8.8 

Ie 2r (z, ?)=g (—l) k+t A 2le [I k - t (ui)h+*(u 2 ) 

-\-Ik+»(Ui)I k - s (u 2 )}fA2sts 

*>2,(3, ?)=£ (-l) t+4 *2*[/*-,(«l)/* + ,(«2) 

—/*+,(«!) I k _ s (ui)]/B 2a 

*2r+l(3, ?)=Xj ( l)* + *-®2*+l[*-»(' M l)7*+ 4 -|-l('W2) 

" 1 “ 7*+*+1 (^ 1 ) Ik-s {U 2 ) ] /Big+i 

*>2, + i(z, ?)=2 j ( i) w, 4t+i[f»-»W/i+,n(tt!) 

*“0 

~•*+*+l( W l)-^ r *-,('M2)]M 2 *+I 

20.8.9 

Ke 2r (z, q)—^2 A 2 k[Ik~3(u\)Ki t+i (u2) 

+/*+,(«i)2iL*_ < (w 2 )]/^L2,«, 

* Ko 2 r ( 2 , ?)=S ^ 2 *[/*-,(Ul)Xfc + *(U 2 ) 

FCc 2 r + i( 2 , ?)=S *2*+l[7*-*(^l)-fiT*+#+l(li2) 

—7* + , + i (ui)Kjc-i (u 2 )]/B 2t+ i 


K 0 2r+ i(z, q )—S ^ 2 k+l[A-j(Wl)-^A:+*+l(W 2 ) 

Jt=0 

+I k+s+ i(u l )K k _ s (u 2 )]lA 2»+l 

where I m (x), K m {x) are the modified Bessel func¬ 
tions, u\, u 2 are defined below 20.6.10. Super¬ 
scripts are omitted, e s =2, if s=0, «, = 1 if sHO- 
Then for functions of first kind: 

20.8.10 

Mc$(z, — ?) = (—l) r /e 2r ( 2 , q) 

Msft(z, -q) = (-lYIo 2T (z,q) I 

Mc 2 ?+ 1 ( 2 , - q) = (-1 yile 2r +i(z, q) ! 
Ms$ +1 (z, —q) = (—l) T iIo 2 r+i(z,q) 

For the Mathieu-Hankel function of first fund: 

20.8.11 

Mcffiz, — ?) = (— ly+H-Ke^iz, q) \ 

7T 

M4V(z, q) 

Mcff +I (z, - 2 )=(-l)' +, ?Ke 2r+ ,(2, 2 ) 

Mtg> + ,(z, -q) = (-\)’" 2 -Kow{z } q) 

For M { t J) (z, —q), j= 2, 4, one may use the defini¬ 
tions 

M^ = -i(M^-M l T l) )]Mr=Mc r or Msj 

also 

M< 4 >( 2 , -q)=2M ( r 1) (z, -?)-M< 8) (z, -?j 
M=Mc or Ms; for real z, q, M ( r }) (z, —g) 
are in general complex if j=2, 4. 

Zeros of the Functions for Real Values of q. 

See [20.36], section 2.8 for further results. 

Zeros of ee r (a, q) and se r (a, q), Me' 1 '(a, q), Ms' 11 (a, q). 

In 0<z< ir } ce T (z, q) and se r (z, q) have rl real * 
zeros. 

There are complex zeros if ?>0. 

If ZQ=x 0 +iy 0 is any zero of ce r (z, ?), se T (z,\q) in 

—then &7r±2o, kir±Zo 

are also zeros, k an integer. 


•See page n. 
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In the strip —^Oo<|’ the imaginary zeros of 

ce r (z, q), se r (z , q ) are the real zeros of Ce T (z, q), 
Se T (z, q ), hence also the real zeros of Mc^iz, q) 
and Ms^iz, q), respectively. 

For small q, the large zeros of Ce T (z, q), Se r (z, q) 
approach the zeros of J r (2^q cosh z). 

Tabulation of Zeros 

Ince [20.56] tabulates the first “non-trivial” 
zero ^i.e. different from 0, 7r^ for ce r (z), se T {z), 

r— 2(1)5 and for se 6 (z ) to within °10 -4 , for 2=0(1) 
10(2)40. He also gives the “turning” points 
(zeros of the derivative) and also expansions for 
them for small q. Wiltse and King [20.61,2] tabulate 
the first two (non-trivial) zeros of Mc ( T 1} (z, q) and 
Ms ( r l) (z, q) and of their derivatives r= 0, 1, 2 for 
6 or 7 values of q between .25 and 10. The graphs 
reproduced here indicate their location. 

Between two real zeros of Mc^iz, q), Ms i j ) {z , q) 
there is a zero of Mc (2) (z, q), Ms (2) (z, q), respec¬ 
tively. No tabulation of such zeros exists yet. 

Available tables are described in the References. 

The most comprehensive tabulation of the char¬ 
acteristic values a T , b T (in a somewhat different 
notation) and of the coefficients proportional to 
A m and B m as defined in 20.5.4 and 20.5.5 can be 
found in [20.58], In addition, the table contains 
certain important “joining factors”, with the aid 
of which it is possible to obtain values of 
Mc ( r j) (z, q) and Ms[ }) {z, q). as well as their deriva¬ 
tives, at x=0. Values of the functions ce T {x, q) 
and se r {x, q) for orders up to five or six can be 
found in [20.56]. Tabulations of less extensive 
character, but important in some aspects, are out¬ 
lined in the other references cited. In this 
chapter only representative values of the various 
functions are given, along with several graphs. 

Special Values for Arguments 0 and ~ 

20.8.12 

Ce2r (!' 2 , )“( _ ' 1 ) r 0«. 2r(q)Al T (q)-^^ 

ce*r -M (l> ff)=(-l) r+1 ^ 2 r + l(?)^r +1 (g)^ff 

se ' 2r (|’ «) = (- 1 ) r 0Mr(sW(2)-2 -y/l 

se 2r +i 2)= (-1) r 0o.2r+i {q)B\ T+ \q) -y l~q 


Mr g e , T (q) 

A[M C *(2 lS r)U,= ^y„(j) 

as [“*>(*•*> ]-«=Vld(i) 

Ms?(z,q) = -g,.,(i) ijl 

The functions j 0 , T , g 0 .r,je,r, g e ,r are tabulated in 
[20.58] for q< 25. 

20.9. Asymptotic Representations 

The representations given below are applicable 
to the characteristic solutions , for real values of q, 
unless otherwise noted. The Floquet exponent v 
is defined below, as in [20.36] to be as follows: 

In solutions associated with a T : 

In solutions associated with b T \ v=—r. 

For the functions defined in 20.6.7-20.6.10: 


20.9.1 

Mc^iz, q) 

(—\) T Ms? ) (z, q) 

y, _ A. _ 

where Z?_i=Z}_ 2 =0; D 0 — 1, and the coefficients 
D m are obtainable from the following recurrence 
formula: 


20.9.2 

(m+l)ZVi+[(W^) “( TO +^) 8 ^V<Z * 

+2g—oj [162(1— a 2 )—Si Vg o-m]Z? m _ 1 

-f 4g(2m—3) (2w—1).(1—<r 2 )H m _2=0 

20.9.3 


Mc™(z, q) 

(z, 2) 

cosli 

»*2 I/4 (cosh 2—<r)* 


± 
m =0 


dm 

[4i Vg(cosh z—<x)] m 


«Li=<L a =0; d 0 =l, and 
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20.9.4 

(m-fl)d m+ i+^m-f^ 8iVq<r 

+2q— aj d m -\-(^m —^ [16g(l—<r 2 ) +8i om\d m -1 

+42(2m—3)(2m—1)(1—<r 2 )(i m _2=0. 

In the above 

—27r<Carg y[q cosh z<ir 

|cosh z— ff|>|ff±l|, 01 2>0, 

but <r is otherwise arbitrary. If <r 2 = 1, 20.9.2 and 

20.9.4 become three-term recurrence relations. 

Formulas 20.9.1 and 20.9.3 are valid for arbi¬ 
trary a, q, provided v is also known; they give 
multiples of 20.4.12, normalized so as to approach 
the corresponding Hankel functions (-Jqe*), 
Hl 2) (Vqe z ), as 2 —See [20.36], section 2.63. 
The formula is especially useful if |cosh s|is large 
and q is not too large; thus if <r= —1, the absolute 
ratio of two successive terms in the expansion is 
essentially 



If a, q, z, v are real, the real and imaginary 
components of Mc (2) (z, q) are Mc[ 1) (2, q) and 
MP 2) (z, q ), respectively; similarly for the com¬ 
ponents of Ms ( r\z, q). If the parameters are 
complex 

20.9.5 Mcl l) (z, q)=$ \Mcf\z, q)+Mc ( T 4) (z, q)] 

20.9.6 Mc< 2) (2, 3) = “| [Mc?'(z, q)-Mc ( * ) (z, q)] 

Replacing c by s in the above will yield corre¬ 
sponding relations among Ms^iz, q). 

Formulas in which the parameter a does not 
enter explicitly: 

Goldstein’s Expansions 

20.9.7 

Mc^iz, q)~iMsf +1 {z, q) 

« [F 0 (z)—iFi ( 2 ) }e i ^j^q' t (cosh 2 )* 

where 

20.9.8 

0=2 V<Z sinh 2 —^ (2r+l) arctan sinh 2 , 

0,2 >0, g»l, w=2r'H 


Po(*)~ 1+- 


8 V? cosh 2 2 

1 ru> 4 +86w 2 -j-105 w 4 +22w 2 V57~] 


1 r -(w s +14w a +33w) 

~‘16384g 3/2 L cosh 2 2 
(2w 5 +124w 3 -H122w) , 3w 5 +290w 3 +16274"] 


r,, N sinh 2 r^ 2 +3 , 1 / , , 0 , 4ty 3 -jf-44ty\ 

+i63^{ 5w,+34w2+9 1 


r 16384^ 1 1 

(w 6 -47w 4 +667w 2 +2835) 


(w 6 +505w 4 +12139w 2 +10395)"i T] 

12 cosh 4 2 j[f ' ‘ 

See [20.18] for details and an added term in 
q~ m ) a correction to the latter is noted in [20.58]. 

The expansions 20.9.7 are especially useful when 
q is large and 2 is bounded away from zero. The 
order of magnitude of Mc?(0 , q) cannot be qbtained 
from the expansion. The expansion can also be 
used, with some success, for z~ix, when q is large, 

if |cos x|»0; they fail at x=~ tt. Thus, ij q, x are 
real, one obtains i 


ce r (0,g)2 f -» 


{IFdPoW-PxC*)] ; 


+TF 2 [Po(x)fPi(x)]} 


20.9.12 

se r +i(x, q)~se' r+ 1(0, g)r r+1 {IFi[P 0 (x) — Pi(af)] 

-WJPo^ffPxC*)]} ' 

In the above, P 0 (x) and Pi(x) are obtainable 
from F 0 (z), F x (x) in 20.9.9-20.9.10 by (replacing 
cosh 2 with cos x and sinh 2 with sin jx. Thus 
P 0 (x)= F 0 (ix ); Pi(x) = — iFi (ix ): 


Wt = e 2^tol [cos (J x +l T )]!'+> /(cOSj X)’ +1 

w 1 =e~ 2 ' l; ’““ [sin )]” + 7 (COS x)’ +1 
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Tr+r 


-2 r ~i 


,/r.n- (2^+3) (7^+47^) 

-1024^ 


-■] 


See 20.9.23-20.9.24 for expressions relating to 
ce T ( 0, q) and se r '(0, q). When |cos x[>V4r+2/g l , 
20.9.11-20.9.12 are useful. The approximations 
become poorer as r increases. 

Expansions in Terms of Parabolic Cylinder Functions 
(Good for angles close to \r, for large values of 
q, especially when |cos x|<2V<j*.) Due to Sips 
[20.44-20.46]. 

20.9.15 ce T (x , q)~C r [Z 0 (a)+Z l (a)] 

20.9.16 

se r+ i(x, q)'^'S r [Z 0 (a)—Z l (a)] sin x, a=2g* cos x. 

Let D„=D t (<x)=(- l)*e‘« 3 ^ e-1" 2 . 

dor 


20.9.17 


Z.(a)~D ,+±, Q O,-.] 

)»-]+••■ 


, 315 /r\ 


20.9.18 


. 1 p,+. , (r 2 —25r—36) n 
+ 16g L 64 + 64 ° r+1 

.. .] 

20.9.19 

C r 


FUNCTIONS 

20.9.20 

X 


^(i)V/(r!)*[i+^ 

r 4 +2r 3 -f-263r 2 +262r+108 j x 

' onAQ„ ■ 


J 


20482 ‘163842** 

/ 1 =6r 6 +15r 4 4-1280r 3 +1905r 2 -j-1778r+572 


: 


r 4 +2r 3 -121r 2 -122r-84 . / 2 

+ 2048g + 163842** 

/ 2 =2r 6 +5r 4 -416r 3 -629r 2 -1162r-476 

It should be noted that 20.9.15 is also valid as an 
approximation for se T +i(x, q) } but 20.9.16 may give 
slightly better results. See [20.4.] » 

Explicit Expansions for Orders 0, 1, to Terms in q~ 3,i 
(q Large) 

20.9.21 For r=0: 

Z _i_ 1 ( * 

Z ° D ° 64V2 + 162 \ 8 +512/ 

■ 1 ( 99Z? 4 3D» D n \ 

_r 642 3/2 V 256 ^256 24576/^ ‘ ‘ ' 

7 

1 1672^162 \ 16 i "64/ 

. 1 / 61D 2 25D s 5D 10 \ 

i "642 3/2 V 32 ‘ 256 10240/ i " ' * * 

20.9.22 For r=l: 

Z 4 — ( ^ 5 _i_ ^ 8> \ 

Z ° 1 64Va" 162 \ 16 +512/ 


n 642 3 ' 


i_ ( 207D 5 | D 9 _ A s \ , 

2 s ' 2 V 256 "'64 24576/ -1 " ‘ “ 


_j.J_/ 

16V<Z I62V 16 “ r 64. 


+ 4) 

. 1 / 153A.35A Ax \ 1 

' 642 s ' 2 \ 32 256 2048/" 1 " ' ' ' 


Formulas Involving ce r (0, q) and se r (0, q) 


20.9.23 


ce 0 (Q,q) _1_, 9_, \ 

ce 0 (hr,q) 2 ^ 6 \ 1 + 16V2 + 2562~ , ~ ‘ ' 7 

ce 2 (0>2) _ 00 /o f.—2-yfi (1 1 1 29 \ 

ce 2 Gir, 2) ^ \ 16V2~^1282~^ *’ ’/ 


•See page n. 
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4V3«- 

ce x (\Tr,q) 

2^Q ^ 

i+ t4 + 

256 

ce 3 (0,q) _ 
ce 3 (|x, q) 


-2V? | 

'1-— +— + 

/ 16V? 128? ' 

20.9.24 





sc[( 0 , q) 

An />~ 

■aVf / 

1 

JJL+ 

*e x (§tt, q) 

q-\& € 

V 

16V? 

256?^ * 

se 3 ( 0 , g) 
se z {hir,q)~ 

-64 

6 -2V7 

(!-JL 
V 16V? 

_JZ_+ 

128?^ 

scUO,^) 
se' 2 {\ir, q) 

—Sqfit 

, —2 Vff 

(1 _!L. 

V 16 V? 

_JL + 

256? ' 


^(O.g) - 128 .Jo t -*( i-jL-Jg- + ^ 
««;(!«-, j) 3 V 16V2 7 

For higher orders, these ratios are increasingly 
more difficult to obtain. One method of estimat¬ 
ing values at the origin is to evaluate both 20j9»ll 
and 20.9.15 for some x where both expansion^ are 
satisfactory, and so to use 20.9.11 as a mearis to 
solve for ce T ( 0, q ); similarly for se'(0, q). 

Other asymptotic expansions, valid over vaijious 
regions of the complex 2-plane, for real values of 
a, q, have been given by Langer [20.25]. It is not 
always easy, however, to determine the linear 
combinations of Langer’s solutions which coincide 
with those defined here. 




20.10. Comparative Notations 



This Volume 

[20.58] 

NB8 

[20.50] 

Stratton-Morse, etc. 

[20.36] 

Melxner and Schafke 

[20.301 

McLachlan 

[20.15] 

Bateman Manuscript 

Comments 



6-a+2ff 

b 

X 

a 

A 



9 

t-4q 

C-2V9 

hit 

9 

9 



a. 

dWr“Or+2ff 

6r-0r+2g 

Or 

Or 

a r 



b. 

bo r -b,+2q 


5r 

br 

br 


Periodic Solutions, of 20.1.1s 











A' &<*>(«. cos x) * 

ce,(z. A*) * 

ce r (z, 9) 

' «,(z, 9) 


Odd . 



A'Sk^te, cosx) * 

W,(Z, A») * 

Mr{Z, q) 

«,(z,«) 


Coefficients in Periodic Solu¬ 
tions: 








Even. 

A' m (q) 

A'De r m (t) * 

A'Dl * 

A' m 

A'm 

/i; 


Odd. 

B' m (q) 

B T Bo^(t) * 

B'F' m * 

B' m 


B r m 


» Ji' v * v 18 the 8tandard 

* Solution of 20.1.1. 


(A')~> or (&)-* 

{A’)-* or 

> 

1 

> 

See Note 1. 

Floquet’s Solutions 20.3.8_ 

FAz) 



A*) 

4(z) 



Characteristic Exponent. 


M-fr 


p- 


M-fp 


Normalizations of Floquet’s 
Solutions. 

Unspecified 



~ (me.(z, k*)me-Az, A*)-l 




Solutions of Modified Equa¬ 
tion 20.1.2. 

Cer(z,q) 

q) 

Ag„ ,(«)J<,(c, cosh x) 

CeAz, g) 

Ckr(z.ff) 

Ce,(z, 9) 



SeAz.q) 

Bg„ r (t)Jo,(t,q) 

Bo,, ,\*)Jb,(e, cosh x) 

Se,(z, q) 

SeAz, 9) 

<SZr(Z, 9) 



Afc r a) (z, q) 

JeAt, z) 

■y/| J«r(c, cosh z) 

Mc< l> (z, h) 

•y /^ CeAz, q)lAo,.Aq 1 

^l CeAz, e)tAg„r(a) 



Af» r (1) (z, q) 

-y/| JOr(t, z) 

Jo Ac, cosh z) 

Aft r 0> (z, A) 

SeAz,q)IBg„Aq) 

•y/| SeAz,9)IBg„r(a) 



Afc< 2) (z, 8 ) 

^?NeA*,z) 

^^Ne,(c, cosh z) 

Afe r (2) (z, A) 

FevAz, q)IAg„ Aq) 

FevAz, 8)/Ao„ Aq) 



Mtf\z,q) 

■yjlNori*. z) 

^^Nor(e, cosh z) 

Af», (2) (z, A) 

-y ~ae»Az,9)IBg„Aq ) 

QeyAz,0)IBo„Aq) 


Joining Factors. 

(0, q) 

9: At) 

yS \ (<) 

VWMc, (,) (0, A) 

(-D’Pr-^/V 

Same as [20.30] 

See Note 2. 


vW^[Mz<‘>(z, «)].-, 

9: At) 

V2i X<°> 

V2^/^[Aft<» (z, A)]*-« 

(~l)'tr^\lB 




(0, q)IMc, w (0, q) 

/..»(■> 

2^ 

W liTi 

-Afc<» (0, A)/Afc r (,) (0, A) 

-FevAO.9) 

Ctr( 0, ff) 

Same as [20.30] 

See Note 3. 


r d Af. ( !>(z, 9) i 




1" Gey,(z, ?)1 

Same as [20.30] 



|_£ *&<»<*.« 

r(») 

2*i 

wKt 

Same as this volume 

L e &.(«)]„ 




Note: 1 . The conversion factors A r and B r are tabulated in {20.58] along with the coefficients. 

2. The multipliers p r and « r are defined in [20.30], Appendix 1, section 3, equations 3, 4, 5, 6. 

3. See [20.59], sections (5.3) and (5.5). In eq. (316) of (5.5), the first term should have a minus sign. 


‘See page n. 
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Table 20.1 CHARACTERISTIC VALUES, JOINING FACTORS, SOME CRITICAL VALUES 

EVEN SOLUTIONS 


r 

q 

a r 


ce r (0, q) 

ce r ($ir, q) 

(‘ 

±q)' r 9 e , M 

( 

4 q)%,M) 

0 

0 
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000 | 

[-1)7.07106 

781 ( 

-1) 7.07106 

78 ( 

-1)7.97884 

56 


00 



5 
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602 ( 

-2)4.48001 

817 

1.33484 

87 


1.97009 

00 ( 

- 3 

>1.86132 

97 


10 

- 13.93697 

996 < 

[-3)7.62651 

757 

1.46866 

05 


2.40237 

95 ( 

- 5 

15.54257 

96 


15 

- 22.51303 

776 1 

[-3)1.93250 

832 

1.55010 

82 


2.68433 

53 ( 

- 6 

>3.59660 

89 


20 

- 31.31339 

007 1 

-4)6.03743 

829 

1.60989 

09 


2.90011 

25 ( 

- 7 

>3.53093 

01 


25 

- 40.25677 

955 \ 

[-4)2.15863 

018 

1.65751 

03 


3.07743 

91 ( 

- 8 

>4.53098 

68 

2 

.0 
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11.27661 

53 ( 

1 

>8.14873 

31 


5 

7.44910 
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15 
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12.63509 

89 ( 

2 
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79 
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(-1)2.45888 
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26 
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17.22275 
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>6.89192 
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278 
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1 
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48 
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+ 1.15428 
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(-2)2.86489 

431 

-1.07529 

32 
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11.98201 
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4.29953 

32 
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- 3.52216 
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(-2)1.15128 

663 

-1.11627 

90 

[ 2; 

>2.69191 

26 


1.11858 

69 

10 

0 
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[12\ 

>1.51800 

43 1 

; 23[ 

>2.30433 

72 


5 

100.12636 

922 

1.02599 

503 

[-1)-9.75347 

49 

12 

>1.48332 

54 1 

23 

2.31909 

77 


10 

100.50677 

002 

1.05381 

599 

’-1)-9.51645 

32 

; 12 

>1.45530 

39 1 

( 23' 

2.36418 

54 


15 

101.14520 

345 

1.08410 

631 

-l)-9.28548 

06 

12 

>1.43299 

34 1 

23 

) 2.44213 

04 


20 

102.04891 

602 

1.11778 

863 

-1-9.05710 

78 

12 

>1.41537 

24 l 

( 23 

2.55760 

55 


25 

103.23020 

480 

1.15623 

992 

[-l)-8.82691 

92 

(12)1.40118 

52 1 
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) 2.71854 

15 


r 

q 

a T 


ce r ( 0, q) 


ce'(|ir, 

q) 

V 


( 4 ?) 7 «, r(q) 

1 

0 

1.00000 
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1.00000 

000 


- 1.00000 

00 


1.59576 

91 


2.54647 

91 


5 

+ 1.85818 

754 

(-1)2.56542 

879 


-3.46904 

21 


7.26039 

84 


1.02263 

46 


10 

- 2.39914 

240 

(-2)5.35987 

478 


-4.85043 

83 

; 1] 

11.35943 

49 

[- 2) 

19.72660 

12 


15 

- 8.10110 

513 

(-2) 1.50400 

665 


-5.76420 

64 

1) 

11.91348 

51 

- 2 

1.19739 

95 


20 

- 14.49130 

142 

(-3)5.05181 

376 


-6.49056 

58 

; 1 

12.42144 

01 

- 3 

1.84066 

20 


25 

- 21.31489 

969 

(-3)1.91105 

151 


-7.10674 

15 

: 1! 

1 2.89856 

94 

[- 4)3.33747 

55 

5 

0 

25.00000 

000 

1.00000 

000 


-5.00000 

00 

; 4; 

>4.90220 

27 

; e) 

i4.80631 

83 


5 

25.54997 

175 

1.12480 

725 


-5.39248 

61 

i 4 

>4.43075 

22 

8 

15.11270 

71 


10 

27.70376 

873 

1.25801 

994 


-5.32127 

65 

; 4; 

>4.19827 

66 

8 

16.83327 

77 


15 

31.95782 

125 

1.19343 

223 


-5.11914 

99 

4 

>5.25017 

04 

: 9) 

'1.18373 

72 


20 

36.64498 

973 

(-1)9.36575 

531 


-5.77867 

52 

4 

>8.96243 

97 

; 9 

H.85341 

57 


25 

40.05019 

099 

(-1)6.10694 

310 


-7.05988 

45 

! si 

>1.71582 

55 

1 9) 

12.09679 

12 

15 

0 

225.00000 

000 

1.00000 

000 

1) 

1.50000 

00 

[ 20[ 

>5.60156 

72 

( 40) 

12.09183 

70 


5 ■ 

225.05581 

248 

1.01129 

373 

1 

1.51636 

57 

20! 

>5.54349 

84 

( 40 

12.09575 

00 


10 

225.22335 

698 

1.02287 

828 

1 ] 

1.53198 

84 

[20[ 

>5.49405 

67 

( 40 

12.10754 

45 


15 

225.50295 

624 

1.03479 

365 

I] 

1.54687 

43 

[20 

>5.45287 

72 

( 40 

12.12738 

84 


20 

225.89515 

341 

1.04708 

434 

1] 

1.56102 

79 

20 

>5.41964 

26 

40 

12.15556 

69 


25 

226.40072 

004 

1.05980 

044 

1) 

1.57444 

72 

20 

) 5.39407 

68 

( 40 

12.19249 

18 


Compiled from National Bureau of Standards, Tables relating to Mathieu functions, Columbia Univ. 
Press, New York, N.Y., 1951 (with permission). 


o r +2g-(4r+2)- v /? 

q-\r 0 1 2 5 

0.16 -0.25532 994 -1.30027 212 -3.45639 483 -17.84809 551 

0.12 -0.25393 098 -1.28658 972 -3.39777 782 -16.92019 225 

0.08 -0.25257 851 -1.27371 191 -3.34441 938 -16.25305 645 

0.04 -0.25126 918 -1.26154 161 -3.29538 745 -15.70968 373 

0.00 -0.25000 000 -1.25000 000 -3.25000 000 -15.25000 000 

For g e r and r see 20.8.12. 

< q > = nearest integer to q. 

Compiled from G. Blanch and I. Rhodes, Table of characteristic values of Mathieu’s equation for large 
values of the parameter, Jour. Wash. Acad. Sci., 45, 6, 1955 (with permission). 


10 


15 

<q> 

-76.04295 

314 

- 80.93485 048 

39 

-76.84607 

855 

-141.64507 841 

69 

-63.58155 

264 

-162.30500 052 

156 

-58.63500 

546 

-132.08298 271 

625 

-55.25000 

000 

-120.25000 000 

00 
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CHARACTERISTIC VALUES, JOINING FACTORS, SOME CRITICAL VALUES Table 20.1 
ODD SOLUTIONS 


r q 

b r 

*;( 0, ?) 

se'J^ir, 

9) 

(4 q)*g 0 , M 

(M)%, M 

2 0 

4.00000 000 

2.00000 

00 

-2.00000 

00 

6.38307 

65 

[ 1)8.14873 31 

5 

+ 2.09946 045 

;-1)7.33166 

22 

-3.64051 

79 

( 1)1.24474 

88 

[ 1)2.24948 08 

10 

- 2.38215 824 

[ -1)2.48822 

84 

-4.86342 

21 

{ 1)1.86133 

36 

3.91049 85 

15 

- 8.09934 680 

-2)9.18197 

14 

-5.76557 

38 

( 1)2.42888 

57 

I- 1)7.18762 28 

20 

- 14.49106 325 

[ -2)3.70277 

78 

-6.49075 

22 

( 1) 2.95502 

89 

I- 1)1.47260 95 

25 

- 21.31486 062 

[-2)1.60562 

17 

-7.10677 

19 

( 1)3.44997 

83 

[- 2)3.33750 27 

10 0 

100.00000 000 1 

[ 1)1.00000 

00 

[ 1)-1.00000 

00 

(11)1.51800 

43 

[ 23)2.30433 72 

5 

100.12636 922 

9.73417 

32 

; 1)-1.02396 

46 

(11)1.56344 

50 

23)2.31909 77 

10 

100.50676 946 

9.44040 

54 

’ 1)-1.04539 

48 

(11)1.62453 

03 

23)2.36418 52 

15 

101.14517 229 

9.11575 

13 

, 1)-1.06429 

00 

(11)1.70421 

18 

[ 23)2.44211 78 

20 

102.04839 286 

8.75554 

51 

1-1.08057 

24 

(11)1.80695 

19 

[ 23)2.55740 30 

25 

103.22568 004 

8.35267 

84 

' 1)-1.09413 

54 

(11)1.93959 

86 

[ 23)2.71681 11 


r 

9 

K 



se'(0, q) 


se r (^x, 

<?) 

,(?) 

mf 0 ,r (9) 

1 

0 

+ 1.00000 

000 


1.00000 

00 


1.00000 

00 


1.59576 

91 


2.54647 

91 


5 

- 5.79008 

060 ( 

;-i; 

11.74675 

40 


1.33743 

39 


2.27041 

76 

- 2) 

3.74062 

82 


10 

- 13.93655 

248 ( 

-2 

14.40225 

66 


1.46875 

57 


2.63262 

99 

- 3) 

2.21737 

88 


15 

- 22.51300 

350 ( 

-2] 

11.39251 

35 


1.55011 

51 


2.88561 

87 

- 4) 

2.15798 

83 


20 

- 31.31338 

617 | 

-3! 

15.07788 

49 


1.60989 

16 


3.08411 

21 

- 4) 

2.82474 

71 


25 

- 40.25677 

898 | 

[-3)2.04435 

94 


1.65751 

04 


3.24945 

50 

- 6) 

4.53098 

74 

5 

0 

25.00000 

000 


5.00000 

00 


1.00000 

00 

: 3] 

>9.80440 

55 

8) 

4.80631 

83 


5 

25.51081 

605 


4.33957 

00 < 

-1 

> 9.06077 

93 

; 4 ; 

>1.14793 

21 

8) 

5.05257 

20 


10 

26.76642 

636 


3.40722 

68 < 

-1 

1 8.46038 

43 

4 

>1.52179 

77 

8) 

5.46799 

57 


15 

27.96788 

060 


2.41166 

65 | 

t-1] 

» 8.37949 

34 

1 4; 

>2.20680 

20 

8) 

5.27524 

17 


20 

28.46822 

133 


1.56889 

69 ( 

[-1 

1 8.63543 

12 

; 4' 

>3.27551 

12 

8) 

4.26215 

66 


25 

28.06276 

590 | 

[-1)9.64071 

62 | 

t-i! 

> 8.99268 

33 

; 4; 

>4.76476 

62 

8) 

2.94147 

89 

15 

0 

225.00000 

000 

; i 

>1.50000 

00 


-1.00000 

00 

[19)3.73437 

81 

40) 

2.09183 

70 


5 

225.05581 

248 

: i 

>1.48287 

89 | 

[-1; 

>-9.88960 

70 

19)3.78055 

49 

40) 

2.09575 

00 


10 

225.22335 

698 

; i 

>1.46498 

60 ( 

l-i 

1-9.78142 

35 

[19’ 

13.83604 

43 

40) 

2.10754 

45 


15 

225.50295 

624 

i 

>1.44630 

01 ( 

’-i 

>-9.67513 

70 

[19 

>3.90140 

52 

40 

2.12738 

84 


20 

225.89515 

341 

i 

>1.42679 

46 1 

-i 

1-9.57045 

25 

[19 

>3.97732 

29 

40) 

2.15556 

69 


25 

226.40072 

004 

[ 1)1.40643 

73 ( 

[-1 

>-9.46708 

70 

[19)4.06462 

83 

40) 

2.19249 

18 


b r +2q-(ir-2)fi 


q~i\r 

1 

2 

5 

10 

15 

<Q> 

0.16 

-0.25532 994 

-1.30027 164 

-11.53046 855 

-51.32546 875 

- 55.93485 112 

39 

0.12 

-0.25393 098 

-1.28658 971 

-11.12574 983 

-56.10964 961 

-108.31442 060 

69 

0.08 

-0.25257 851 

-1.27371 191 

-10.78895 146 

-51.15347 975 

-132.59692 424 

156 

0.04 

-0.25126 918 

-1.26154 161 

-10.50135 748 

-47.72149 533 

-114.76358 461 

625 

0.00 

-0.25000 000 

-1.25000 000 

-10.25000 000 

-45.25000 000 

-105.25000 000 

00 


For g 0 r and f 0>r see 20.8.12. 


<q> = nearest integer to q. 
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MATHIEU FUNCTIONS 


Table 20.2 


COEFFICIENTS A m AND B m 


7 = 5 


2 


10 w >\r 1 


5 15 


0 +0.54061 2446 
2 -0.62711 5414 

4 +0.14792 7090 
6 -0.01784 8061 

8 +0.00128 2863 
10 -0.00006 0723 

12 +0.00000 2028 
14 -0.00000 0050 

16 +0.00000 0001 
18 
20 
22 


+0.43873 7166 
+0.65364 0260 
-0.42657 8935 
+0.07588 5673 
-0.00674 1769 
+0.00036 4942 
-0.00001 3376 
+0.00000 0355 
-0.00000 0007 


+0.00000 1679 
+0.00003 3619 
+0.00064 2987 
+0.01078 4807 
+0.13767 5121 
+0.98395 5640 
-0.11280 6780 
+0.00589 2962 
-0.00018 9166 
+0.00000 4226 
-0.00000 0071 
+ 0.00000 0001 


1 

+0.76246 

3686 

+0.07768 

5798 

0.00000 

0000 

3 

-0.63159 

6319 

+0.30375 

1030 

+0.00000 0002 

5 

+0.13968 

4806 

+0.92772 

8396 

+0.00000 

0106 

7 

-0.01491 

5596 

-0.20170 

6148 

+0.00000 

4227 

9 

+0.00094 

4842 

+0.01827 

4579 

+0.00014 

8749 

11 

-0.00003 

9702 

-0.00095 

9038 

+0.00428 

1393 

13 

+0,00000 

1189 

+0.00003 

3457 

+0.08895 

2014 

15 

-0.00000 0027 

- 0.00000 

0839 

+0.99297 

4092 

17 

+0.00000 0001 

+0.00000 

0016 

-0.07786 

7946 

19 





+ 0.00286 6409 

21 





-0.00006 

6394 

23 





+0.00000 

1092 

25 





-0.00000 0014 


7 = 25 


m \ 

r 0 


2 


10 


s r 1 

5 


15 


0 

+0.42974 

1038 

+0.33086 

5777 

+0.00502 6361 

1 

+0.39125 2265 

+0.65659 

0398 

+0.00000 

4658 

2 

-0.69199 

9610 

-0.04661 

4551 

+0.02075 4891 

3 

-0.74048 2467 

+0.36900 

8820 

+0.00003 

7337 

4 

+0.36554 

4890 

-0.64770 

5862 

+0.07232 7761 

5 

+0.50665 3803 

-0.19827 

8625 

+0.00032 

0026 

6 

-0.13057 

5523 

+0.55239 

9372 

+0.23161 1726 

7 

-0.19814 2336 

-0.48837 

4067 

+0.00254 

0806 

8 

+0.03274 

5863 

-0.22557 

4897 

+ 0.55052 4391 

9 

+0.05064 0536 

+0.37311 

2810 

+0.01770 9603 

10 

-0.00598 

3606 

+0.05685 

2843 

+0.63227 5658 

11 

-0.00910 8920 

-0.12278 

1866 

+0.10045 

8755 

12 

+0.00082 

3792 

-0.00984 

6277 

-0.46882 9197 

13 

+0.00121 2864 

+ 0.02445 

3933 

+0.40582 

7402 

14 

-0.00008 

7961 

+0.00124 

8919 

+0.13228 7155 

15 

-0.00012 4121 

-0.00335 

1335 

+0.83133 

2650 

16 

+0.00000 

7466 

-0.00012 

1205 

-0.02206 0893 

17 

+0.00001 0053 

+0.00033 

9214 

-0.35924 

8831 

18 

-0.00000 

0514 

+0.00000 

9296 

+0.00252 2374 

19 

-0.00000 0660 

-0.00002 

6552 

+0.06821 

6074 

20 

+0.00000 

0029 

-0.00000 

0578 

-0.00021 3672 

21 

+0.00000 0036 

+ 0.00000 

1661 

-0.00802 

4550 

22 

-0.00000 

0001 

+0.00000 

0030 

+0.00001 4078 

23 

-0.00000 0002 

-0.00000 

0085 

+0.00066 

6432 

24 



-0.00000 

0001 

-0.00000 0746 

25 


+0.00000 

0004 

-0.00004 

1930 

26 





+0.00000 0032 

27 




+0.00000 

2090 

28 





-0.00000 0001 

29 




-0.00000 

0085 







31 




+0.00000 

0003 


7 = 5 


m\r 

2 

10 

m\r 

1 

5 

15 

2 

+0.93342 9442 

+0.00003 3444 

1 

+0.94001 9024 

+0.05038 2462 

0.00000 0000 

4 

-0.35480 3915 

+0.00064 2976 

3 

-0.33654 1963 

+0.29736 5513 

+0.00000 0002 

6 

+0.05296 3730 

+0.01078 4807 

5 

+0.05547 7529 

+0.93156 6997 

+0.00000 0106 

8 

-0.00429 5885 

+0.13767 5120 

7 

-0.00508 9553 

-0.20219 3638 

+0.00000 4227 

10 

+0.00021 9797 

+0.98395 5640 

9 

+0.00029 3879 

+0.01830 5721 

+0.00014 8749 

12 

-0.00000 7752 

-0.11280 6780 

11 

-0.00001 1602 

-0.00096 0277 

+0.00428 1392 

14 

+ U 00000 0200 

+0.00589 2962 

13 

+0.00000 0332 

+0.00003 3493 

+0.08895 2014 

16 

-0.00000 0004 

-0.00018 9166 

15 

-0.00000 0007 

-0.00000 0842 

+0.99297 4092 

18 


+0.00000 4227 

17 


+0.00000 0017 

-0.07786 7946 

20 


-0.00000 0070 

19 



+0.00286 6409 

22 


+0.00000 0001 

21 



-0.00006 6394 




23 



+0.00000 1093 




25 



-0.00000 0013 




9 = 

25 



nt\r 

2 

10 

m\r 

1 

5 

15 

2 

+0.65743 9912 

+0.01800 3596 

1 

+0.81398 3846 

+0.30117 4196 

+0.00000 3717 

4 

-0.66571 9990 

+0.07145 6762 

3 

-0.52931 0219 

+0.62719 8468 

+0.00003 7227 

6 

+0.33621 0033 

+0.23131 0990 

5 

+0.22890 0813 

+0.17707 1306 

+0.00032 0013 

8 

-0.10507 3258 

+0.55054 4783 

7 

-0.06818 2972 

-0.60550 5349 

+0.00254 0804 

10 

+0.02236 2380 

+0.63250 8750 

9 

+0.01453 0886 

+0.33003 2984 

+0.01770 9603 

12 

-0.00344 2304 

-0.46893 3949 

11 

-0.00229 5765 

-0.09333 5984 

+0.10045 8755 

14 

+0.00040 0182 

+0.13230 9765 

13 

+0.00027 7422 

+0.01694 2545 

+0.40582 7403 

16 

-0.00003 6315 

-0.02206 3990 

15 

-0.00002 6336 

-0.00217 7430 

+0.83133 2650 

18 

+0.00000 2640 

+0.00252 2676 

17 

+0.00000 2009 

+ 0.00021 0135 

-0.35924 8830 

20 

-0.00000 0157 

-0.00021 3694 

19 

-0.00000 0126 

-0.00001 5851 

+0.06821 6074 

22 

+0.00000 0008 

+0.00001 4079 

21 

+0.00000 0007 

+0.00000 0962 

-0.00802 4551 

24 


-0.00000 0746 

23 


-0.00000 0048 

+0.00066 6432 

26 


+0.00000 0033 

25 


+0.00000 0002 

-0.00004 1930 




27 



+0.00000 2090 

For 

and see 20.2.3-20.2.11 

29 



-0.00000 0086 




31 



+0.00000 0003 


Compiled from National Bureau of Standards, Tables relating to Mathieu functions, Columbia Univ. 
Press, New York, N.Y., 1951 (with permission). 
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21. Spheroidal Wave Functions 

Mathematical Properties 
21.1. Definition of Elliptical Coordinates 
21 . 1.1 


, r i + h > - T szh 

t= 1T’ '—W 

r x and r 2 are the distances to the foci of a family 
of confocal ellipses and hyperbolas; 2/ is the dis¬ 
tance between foci. 

21.1.2 a =/£, &=/ V $ 2 - i > 

a—semi-major axis; 6=semi-min or axis; ec¬ 
centricity. 

Equation of Family of Confocal Ellipses 

(!<{<“) 


21.1.3 


Equation of Family of Confocal Hyperbolas 


21.1.4 

ij 2 l — i f J 


Relations Between Cartesian and Elliptical Coordinates 


21.1.5 1KW) 

21.2. Definition of Prolate Spheroidal 
Coordinates 

If the system of confocal ellipses and hyberbolas 
referred to in 21.1.3 and 21.1.4 revolves around 
the major axis, then 




.2 1_„2 J 


r i—ir 

y—r cos <j>) z=r sin O<0<2x 
where £, i? and 4> are prolate spheroidal coordinates. 

Relations Between Cartesian and Prolate Spheroidal 
Coordinates 

21.2.2 

z=/£i?; 2/=/V(^ 2 -l)(l-V) COS <t>; 


z—j V(£ 2 1) (1 1 ? 2 ) sin <f> 

21.3. Definition of Oblate Spheroidal 
Coordinates 

If the system of confocal ellipses and hyperbolas 
referred to in 21.1.3 and 21.1.4 revolves around 
the minor axis, then 


21.3.1 


y 2 


r=f 


r > 2 W 
z=t cos < f >; x=r sin < f >; O<0<2x 
where £, r\ and 4> are oblate spheroidal coordinates. 


Relations Between Cartesian and Oblate Spheroidal 
Coordinates 

21.3.2 


x=ftri sin <f>; y=j V(i 2 — 1 )( 1 —>? 2 ); cos 9 

21.4. Laplacian in Spheroidal Coordinates 

21.4.1 

_J_ra /hjH a\ ^{Wh 1V1 (hA AVI 

w*L^\ ae/ r dA a, b v r ^>\k d+jj 

HUKMKW 

Metric Coefficients for Prolate Spheroidal Coordinates 

21.4.2 

Metric Coefficients for Oblate Spheroidal Coordinates 

21.4.3 

21.5. Wave Equation in Prolate and Oblate 

Spheroidal Coordinates 

Wave Equation in Prolate Spheroidal Coordinates 

VW =| [«■-!> |]+|[ ( i-v) g 


, € 2 -n 2 

h (* 2 - D ( i-VW 


+ c 2 (£ 2 - i ? 2 )$=0 


(c=\fk) 
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SPHEROIDAL WAVE FUNCTIONS 


Wave Equation in Oblate Spheroidal Coordinates 

**+*■•-§ l> + D [>-’’> S 

t2 _|_ 2 52 $ 

+ ({ >+l)Q-,W+ C ^+^= 0 

(rsft) 

21.5.2 may be obtained from 21.5.1 by the 
transformations 

c^Tic. 

21.6. Differential Equations for Radial and 
Angular Prolate Spheroidal Wave Functions 

If in 21.5.1 we put 

*=R mn (c,t)S mn (c, y) m<j> 

then the ‘‘radial solution” R mn (c, £) and the 
“angular solution" S mn (c, y) satisfy the differential 
equations 

21.6.1 

![«p-d !*.(.,*)] 

-(x„,-c ! { ! +-^ r ) R„(c, 0=0 

21.6.2 

+(^,,-oV-— 5 ) S„»(c, ,)=0 

where the separation constants (or eigenvalues) 
\ mn are to be determined so that R mn (c, £) and 
Smn(c, y) are finite at £=±1 and ij=±l 
respectively. 

(21.6.1 and 21.6.2 are identical. Radial and 
angular prolate spheroidal functions satisfy the 
same differential equation over different ranges of 
the variable.) 

Differential Equations for Radial and Angular Oblate 
Spheroidal Functions 

21.6.3 

-(jU.-cV-rep) RUc, 0=0 

21.6.4 

&»(«,*)] 

+^X m *+cV“ i~i) S mn (c, 17) =0 
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(21.6.3 may be obtained from 21.6.1 by the 
transformations £-»± i(, c-±Tic; 21.6.4 may be 
obtained from 21.6.2 by the transformation c~*Tic.) 

21.7. Prolate Angular Functions 

21.7.1 

S&(c,v) =±\dr{c)PZ +f {y) 

=Prolate angular function of the first kind 


21.7.2 

s ™{ c , v )=^ jr { c ) Qr „ j +r (,) 

=Prolate angular function of the second kind 

(Pniv) and Q%(y) are associated Legendre 
functions of the first and second kinds respectively. 
However, for —1<3<1, P^{z)=(l—z 2 ) m/2 d m P n (z)/ 
dz m (see 8.6.6). The summation is extended over 
even values or odd values of r.) 

Recurrence Relations Between the Coefficients 

21.7.3 

a * dk + 2 -{'( Pk —2=0 

_(2m+H-2)(2m-ffc+l)c 2 
“* (2m+2£+3)(2m+2£+5) 

&=(?»+£) ( m + fc + l ) 

2{m J rk){m+k-{-l) — 2m 2 —1 2 
(2m-\-2k —1) (2m+2fc-|-3) 

k(k—l)c 2 

yk (2m+2£-3)(2m-f2jfc-l) 

Transcendental Equation for X mn 


21.7.4 

U (X m „) =U i (\ mn ) +?7 2 (Xm«)=0 




wo -—— 


T 7-2- X wn - 7?-4— x mn - 


7r+2 X WB 7r-M X wn 


Rm= k(k—l)(2m+k)(2m+k—l)c 4 
^ _ (2m+2jfc-l) 2 (2m+2£+l)(2m+2fc-3) 


7 ?=(m+A:)(m+fc+l) 




4m 2 —1 


(2m+2fc-1) (2m+2fc+3), 
(The choice of r in 21.7.4 is arbitrary.) 


(*> 2 ) 


;] (k>0) 
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SPHEROIDAL WAVE FUNCTIONS 


Power Series Expansion for X Ra 

21.7.5 

^mn = 2j ^2/t^ 2 * 

A-0 

, ifi (2m-l)(2m+l) -] 

2-1 L (2n-l)(2n+3) J 

, _—(n—m-\-l)(n—m+2)(n+m+l)(n+m+2) (n—m—l)(n—m)(n+m,—l)(n+m) 

U ~ 2(271+1) (2w-f 3) 3 (2 ti+ 5) + 2(2n-3)(2w-l) 3 (2«+l) 

i u 2 _ n V{n— to+1)(w-to+2)(to+to+1)(H-to+ 2) (w-m—l)(n—m)(n+m—l)(w+m) ~1 
6 1 (2w-l)(2w+l)(2n+3) 6 (2w+5)(27i+7) (2n-5)(2n-3)(2n-l) 6 (2w+l)(2n+3)J 

J,=2(4ro*-l)M+i S+i C+| Z> 

. ( 71 —to— l)(7i— to)(7i+to—1)(t&+to) (ra—TO+l)(n— to+2)(7i+to+1)(7i+to+2) 

(2n-5) 2 (2n-3)(2n-l) 7 (2n+l)(2n+3) 2 (2n-l) 2 (2n+l)(2n+3) 7 (2n+5)(2n+7) 2 

(w—m—3) (n— m—2) (n— m—1) ( 71 —m) (n+ m—3) (n+ to— 2) (n+m—1) (n+ m) 

(271—7) (271—5) 2 (2n—3) 8 (2n—1) 4 (2 ti+1) 

(7i— to+1) (ti—to+ 2) (7i— to+ 3) (n— to+ 4) (w+ to+ 1) (n+ to+ 2) (7i+ to+ 3) (n+m+4) 
(27i+l)(2w+3) 4 (2w+5) 3 (2n+7) 2 (27i+9) 

„ (71— TO + l) 2 (7l— TO+2) 2 (ft+TO + l) 2 (7&+TO+2) 2 (71— TO — l) 2 (ft— TO) 2 (7l+TO— 1) 2 («+TO) 2 

° (2n+l) 2 (27i+3) 7 (2n+5) 2 (2ra—3) 2 (2 t&— l) 7 (2n+l) 2 

„ _ (W — TO — 1) (71 — TO) (7i — TO +1) (n — TO+2) (71 + TO — 1) (7i + TO ) (77, + TO +1) (71 + TO+2) 

(27i-3)(2n-l) 4 (2w+l) 2 (27i+3) 4 (2n+5) 

Asymptotic Expansion for \ mn 

21.7.6 

*»n(«)=C2+»* 2 —| (2 J +S)—4 (s s +ll-32m 1 ) 

— loSe* [«(«‘+262 s +21)-384m s ( 2 J +l)] 

[l+ ( 3 3«‘+1594 S 3 +5621 2 ) 

+ [+ (63 2 »+4940 2 ‘+43327 ! *+22470) 

~ (115 5 '+1310^+735)++* ( 5 2 +l)] 

[loh ( 527 4 7 + 6152 9«‘+1043961 5 ! 

+224I599g)- 32 (57391275505 s 

+2989515)+^ (355 3 s +15O5 S )-^]+0(<r'>) 
q=2(n— m)+l 


Refinement of Approximate Values of X*, 

If X£i is an approximation to X WB obtained either 
from 21.7.5 or 21.7.6 then 


X„n=X«>+5X WB 

_ £MX“>)+?7 2 (X»>) 

^+ a 2 

A -1 , & ■ fflfr-i ■ AW-*?-* . 

_ (iV? +2 ) 2 (N? +2 N? +i N? +t y 

2 ^+2 ^ / 3 ? + 2 i 9? + 4 + w +2 w + 4P? + * 


(2TO+r)(2TO+r— l)c 2 d r , ^ 
Vf (2w+2r— 1) (2 to+ 2r+1) d r . 2 K ~ } 

a m_ r(r—l)(2TO+r)(2m+r-l)c 4 
Pr (2TO+2r-l) 2 (2TO+2r+l)(2TO+2r-3) 
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Evaluation of Coefficients 


21.7.15 


Step 1. Calculate iV™’s from 


21.7.8 

N?+2 ^11 2V” ( r —2) 

N™=y™ \nn] N™—y™ \nn 

7 ”=(m+r)(m+r+l) 

, I M _ 4m?—1 _1 } 

+ 2 C L (2m+2r-l)(2m+2r+3)J K ~ } 

Step 2 . Calculate ratios and -r^— from 

«2r ®2p+l 

HD© (t) 

21.7.10 -^-=( 7 ) (tV (t 5 ^) 

&2p+l \®3/ \®5/ \®2p+l/ 

and the formula for iV? in 21.7.7. 

The coefficients (L™ are determined to within 
the arbitrary factor d 0 for r even and d x for r odd. 
The choice of these factors depends on the normal¬ 
ization scheme adopted. 


fw (-ir /2 (r+2m)! j.. (- 1 ) » (n+m)1 


(n—m) even 


21.7.16 


00 (~1) 2 ( y +2 m - hl )! 




(— 1 ) 2 (n+m+ 1 )! 

2 „_ m ^ 71— m— 1 ^ j ^ n+m+ 1 ^ { 


(n—m) odd 


(The normalization scheme 21.7.13 and 21.7.14 is 
also used in [ 21 . 10 ].) 


Asymptotic Expansions for S mn (c, tj) 

21.7.17 

S mn (c, v) =(1— v 2 y U mn (c, 77 ) (c-»«>) 

U mn (x)= S h\D l+r {x) l=n—m 


Normalization of Angular Functions 
Meixner-Schafke Scheme 


where the D r (x)’a are the parabohc cylinder func¬ 
tions (see chapter 19). 


21.7.11 


£ 


[S mn (c, V )fdrj= 


2 (n+m)l 
2 n+l (n—m)l 


Stratton-Morse-Chu-Little-Corbat 6 Scheme 


21.7.12 


(r+ 2 m)! , (n+m)\ 

r=o, 1 r! {n-m)\ 


e -^=2 

and the H r (x) are the Hermite polynomials (see 
chapter 22 ). (For tables of h l ±T /h l 0 see [21.4].) 


(This normalization has the effect that S mn (c, 77 )- 
P%(ri) as 17 —> 1 .) 

Flammer Scheme [21.4] 

21.7.13 

S mn (c, 0) =P% (0)- (~1) 2 (fr+m)! 


^(tXt)* 


21.7.14 

suc,o)=pr(o)= ( ~ x) 


(n—m) even 
~(n-f- ?n+l)! 


2 » ( TO ~^ _1 )! ( ”+^ + 1 j! 

{n—m) odd 

The above lead to the following conditions for 


dr 


Expansion of <S M ,(c, t?) in Powers of 17 

21.7.18 

S ' PT(cW 

r ~0, 1 

(r+l)(r+ 2 )^? 2 (c) — [r(r+ 2 m+l)+m(m+l) 

—Kn (c) ]p? n (c) - c 2 i ?^ 2 (c) = 0 

(The derivation of the transcendental equation 
for \mn is similar to the derivation of 21.7.4 from 
21.7.3.) 

Expansion of S mn (c, rj) in Powers of (1— 17 2 ) 

21.7.19 

-S»»(c, 7 ?)=(l-i 7 2 ) w/ 2 gc?* n (l-t? 2 )* (n-m) even 


737-972 O—64- 


L9 
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S mn (c,ri) = i)(l-r, 2 ) m/2 '!> 2 c 2 *tt-V 2 ) k (n—m) odd 

k =0 


mn _ 1 ^(2 m +2 r )! 

* 2 * 2 m h\(m+k)\ (2 r)\ 


p (“- r )*^ m + r +|^ dSV * 


(n—m) even 


_ 1 y-\ (2m-\-2r-\-\)\ . . ( m+r+^S d mn 

2“M(m+i)!^{ (2r+l)! ( r >‘\ m + r +2) k d *'+' 


(n—m) odd 


(a)*=a(a+l)(a+2) . . . (a+*+l) 

(The d ™'s are the coefficients in 21.7.1.) 

Prolate Angular Functions—-Second Kind 

Expansion 21.7.2 ultimately leads to 


®M)= S' dTQl + r(n) 

r—— 2 m, - 2 m+l 

+ S ; d?\ n rP?-m-l(v) 

r=2m+2, 2m+l 

(The coefficients d™ are the same as in 21.7.1; 
the coefficients d™ n r are tabulated in [21.4].) 

21.8. Oblate Angular Functions 

Power Series Expansion for Eigenvalues 


21.8.1 X».=S(-1 )%kC n 

k=0 


where the l k s are the same as in 21.7.5. 

Asymptotic Expansion for Eigenvalues [21.4] 

21.8.2 

X W n=-c 2 +2c(2v+m+l)-2K>'+m+l) 

— (m+l)+A mn 

v=^ (n—m) for (n—m) even; 

v ~\ (n—m—\) for (n—m) odd 


$**= _2-9 g [33g 4 +114g 2 437 -2m 2 (23tf 2 425) 

4" 13m 4 ] 

F? n = -2- 10 [63? 6 4340? 4 42392 2 +14 

-10m 2 (105 4 4235 2 43)4w 4 (39 9 2 -18)-2m 9 ] 
ffi n =v(p+m)a k 1J \-(v-{-l)(v+m+\)ai l 
q—n -\-1 for (n—m) even; q=n for (n—m) odd 
(For the definition of af T see 21.8.3.) 

Asymptotic Expansion for Oblate Angular Functions 

21.8.3 

s mn (-ic, 7 jM1 -7 jT /2 S 2c(l- v )] 

+ (_l)n- We -c(l + ,)jr( 7 ) [2c (i +r?)]} 

where the Ll m) (x) are Laguerre polynomials (see 
chapter 22) and 


Amn co 

-Ho Jt=r 

(Expressions of a* ±r are given in [21.4].) 


21.9. 

Radial Spheroidal Wave Functions 

21.9.1 


Rmn(fi,0 

-{x^iwr 


•S' * r+m '" (2m t r)! <trzxue& 

r=0, 1 T\ 

Z*'(z) = 

1 

+ 

1*^5 

= 

^£r n+i (z) ( P = 2 ) 

(J n +\(z) and Y n+i (z) are Bessel functions, order 
n-\-\, of the first and second kind respectively 
(see chapter 10).) 

21.9.2 

i?i 3 >(c, $)=R i J ) n (c, £) +iR%l(c, Z) 

21.9.3 


Asymptotic Behavior of Rml(c, £) and Rml(c, £) 

21.9.4 

RmiOt, {)-* 4 COS [Cf-i(»+l)ir] 

ct->« c i 

21.9.5 

Rmn(c,Z) -* y sin [«$—4(»+l)**] 

Cj-^co 


W n =-2~ 3 q(q 2 +l-m 2 ) 

0T= — 2 -6 [5g 4 410^41 ~2m 2 (3 2 2 41) 4m 4 ] 


‘See page n. 
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21.10.1 

4^(c) = 

21.10.2 


21.10. Joining Factors for Prolate Spheroidal Wave Functions 


SiJi(c,€)=«Si(c)BSi(c,€) 

(2m+l)(n-l-fw)! XJ' d? n (2m+r)!/r! 

(n—m) even 


(2m+3)(n+m-fl)! 2' d? n (2m-l-r)!/r! 

._r=l_ 

2 "^rWc" +, m! (*=*pi)! (*±»±I) ! 

(n—m) odd 


«(c,f)=^(c)^ 2 Hc,?) 


2 »-« 


(2m)! ( ?L 2^)l(^ 2! )!«.(«) 

(2m—l)m!(n+m)!c OT_1 


(2m+r)l 
^ r! 


d? B (c) 


(n—m) even 


2-(2m)!(^^)!(^±i > )!^V 


/* 


i(c) 


(2m—3)(2m—l)m!(n+m+l)!c w ~ 2 


(2m+r)! 

* rt 


d? B (c) 


(The expression for joining factors appropriate to 
the oblate case may be obtained from the above 
formulas by the transformation c-*—ic.) 


(n—m) odd 



21.11. Notation 

Notation for Prolate Spheroidal Wave Functions 



Ang. 

coord. 

Rad. coord. 

Inde¬ 

pendent 

variable 

Ang. wave 
function | 

Rad. wave 
function 

Eigenvalue 

Normalization of angular 
functions 

Remarks 

Stratton, Morse, 
Chu, Little and 
Corbatd 

V 


h 

S„i(h, v ) 

je m i(h, |) 
ne m i(h, f) 
he m i(h, f) 

AmlQl) 

S mi (h, l) = Pr(l) 

Z = Flammer’s n 
A ml =\ mn 

Flammer and this 
chapter 

V 

£ 

c 

S mn (c, 7,) 

RHl(c, f) 

Xm„(c) 

1 

'SmnCc, 0) = Pr (0) (n — m) even 
S m ,(c, 0) = P?' (0) (n- m) odd 


Chu and Stratton 

V 

£ 

c 

SSKc, 9 ) 

m(c, £) 

A ni | 

S%(c, 0) = Pz+i(0) (l even) 
S“r(c, 0)=Pz'+i(0) (l odd) 

i= Flammer's n—m 
A m i~ — X m , n - m 

Meixner and 
Schafke 

V 

£ 

7 

PS?{v, y 2 ) 

StHi, 7 2 ) 

X~<7 2 ) 

J* [FSniv, yWv 

1 _ 2 (n+m)! 

2 n+l (n —to)! 

^(7 2 ) = Xmn (C)-C* 

Morse and Fesh- 
bach 

17 = cos 

^ f=cosh m 

1 

h 

S m i(h, ,) 

je ml (h, f) 
ne m i(h, f) 
he m i(h, f) 


=l(i-^)-" y 2 PrWi,-i 

Z = Flammer’s n 
A mi =X mn 

Page 

£ 

V 

! 

1 

UUQ 

vim(v ) 

Plm(ri) 

aim 

[(l-?)-"/*t/| m (£)] = l 

1=1 

Z = Flammer’s n 

aim=Xm» — c 2 


Notation for Oblate Spheroidal Wave Functions 


Stratton, Morse, 
Chu, Little and 
Corbatd 

V 

£ 

0 

Smldg, v) 

je m i(ig, -if) 

A mt 

s«i(w, i)=Prd) 

Z=Flammer's n 
A mi =X mn 

Flammer and this 
chapter 

V 

£ 

c 

S mn ( — ic, 9 ) 

R ( » n (-ic, if) 

Xmn(-ic) 

-Smn(-ic,0)=PT(0) 

(n — m) even 
^(-ic, 0) = PT'(0) 

(n — m) odd 


Chu and Stratton 

V 

£ 

c 

s$(-ic, ,) 

iSSK-fc, if) 

B m i 

^’(-ic, 0 )=ft + ,( 0 ) (/ even) 

fl2T(-ic, 0)=P£.,(0) ((odd) 

Z=Flammer’s n—m 

Blm— — X m , n-m 

Meixner and 
Schafke 

V 

£ 

7 j 

psZiv, — y 3 ) 

5 - 0 ) (_if, t y) 

x:(-7 2 ) 

£ [Kfo, — y 2 )] 2 drj 

2 (»+«)! 
2 n+l (n —to)! 

X"( — 7 2 ) = X mn ( — ic) + c 2 

Morse and Fesh- 
bach 

ij=eos t? 

f=sinh ^ 

9 

S mt {ig, v) 

je m i(ig, — i£) 
ne m i(ig, —if) 
he m i{ig, -if) 

A m j 

[(1 — *? 2 ) ~ m ^ 2 S m i(ig, ,)Ui 

= I(1~9 , )“-/*P?(9)U 

Z=Flammer’s n 
A m j=X m „ 

Leltner and 

Spence 

V 

£ 

e 

Ui M 

(t) 

*> im(f) 

aim 

[( 1 -9*)-- /, ^l-W ] ^ I “l 

Z=Flammer's n 

aj m =Xmn + C 2 


The notation in this chapter closely follows the notation in [21.4]. 
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Table 21.1 EIGENVALUES-—PROLATE AND OBLATE 

PROLATE 

^mn(c) + * 

Xo*(c) 


c 2 \n 

0 

1 

2 

3 

4 

Q 

0.000000 

2.000000 

6.000000 

12.000000 

20.000000 

l 

0.319000 

2.593084 

6.533471 

12.514462 

20.508274 

2 

0.611314 

3.172127 

7.004258 

13.035830 

21.020137 

3 

0.879933 

3.736869 

7.649317 

13.564354 

21.535636 

4 

1.127734 

4.287128 

8.225713 

14.100203 

22.054829 

5 

1.357356 

4.822809 

8.810735 

14.643458 

22.577779 

6 

1.571155 

5.343903 

9.401958 

15.194110 

23.104553 

7 

1.771183 

5.850492 

9.997251 

15.752059 

23.635223 

8 

1.959206 

6.342739 

10.594773 

16.317122 

24.169860 

9 

2.136732 

6.820888 

11.192938 

16.889030 

24.708534 

10 

2.305040 

7.285254 

11.790394 

17.467444 

25.251312 

11 

2.465217 

7.736212 

12.385986 

18.051962 

25.798254 

12 

2.618185 

8.174189 

12.978730 

18.642128 

26.349411 

13 

2.764731 

8.599648 

13.567791 

19.237446 

26.904827 

14 

2.905523 

9.013085 

14.152458 

19.837389 

27.464530 

15 

3.041137 

9.415010 

14.732130 

20.441413 

28.028539 

16 

3.172067 

9,805943 

15.306299 

21.048960 

28.596854 


r(-3)3i 

r(-3 )2 l 

r(-3)2-i 

f*(—4)91 

r(-4)5] 


L 6 J 

L 5 J 

L 6 J 

r'Wc)] 

L 5 J 

L 5 J 

c~ l \n 

0 

1 

2 

3 

4 

0.25 

0.793016 

2.451485 

3.826574 

5.26224 

7.14921 

0.24 

0.802442 

2.477117 

3.858771 

5.25133 

7.05054 

0.23 

0.811763 

2.503218 

3.895890 

5.25040 

6.96237 

0.22 

0.820971 

2,529593 

3.937869 

5.26046 

6.88638 

0.21 

0.830059 

2.556036 

3.984499 

5.28251 

6.82460 

0.20 

0.839025 

2.582340 

4.035382 

5.31747 

6.77941 

0.19 

0.847869 

2.608310 

4.089903 

5.36610 

6.75360 

0.18 

0.856592 

2.633778 

4.147207 

5.42883 

6.75030 

0.17 

0.865200 

2.658616 

4.206229 

5.50551 

6.77286 

0.16 

0.873698 

2.682743 

4.265772 

5.59516 

6.82451 

0.15 

0.882095 

2.706127 

4.324653 

5.69566 

6.90779 

0.14 

0.890399 

2.728784 

4.381878 

5.80359 

7.02356 

0.13 

0.898617 

2.750762 

4.436798 

5.91452 

7.16962 

0.12 

0.906758 

2.772133 

4.489168 

6.02383 

7.33916 

0.11 

0.914827 

2.792971 

4.539096 

6.12806 

7.52035 

0.10 

0.922830 

2.813346 

4.586895 

6.22577 

7.69932 

0.09 

0.930772 

2.833316 

4.632927 

6.31730 

7.86638 

0.08 

0.938657 

2.852927 

4.677506 

6.40385 

8.01951 

0.07 

0.946487 

2.872213 

4.720863 

6.48655 

8.16148 

0.06 

0.954267 

2.891203 

4.763160 

6.56618 

8.29538 

0.05 

0.961998 

2.909920 

4.804519 

6.64326 

8.42315 

0.04 

0.969683 

2.928382 

4.845033 

6.71812 

8.54594 

0.03 

0.977324 

2.946608 

4.884779 

6.79104 

8.66452 

0.02 

0.984923 

2.964611 

4.923820 

6.86221 

8.77945 

0.01 

0.992481 

2.982404 

4.962212 

6.93182 

8.89116 

0.00 

1.000000 

3.000000 

5.000000 

7.00000 

9.00000 


r ( -5 )2 i 

[■(-5)9-1 

r(-4)6-i 

r(-3)21 

[■(-3)41 


L 4 J 

L 5 J 

L 6 J 

L 6 J 

L 9 J 


•See page n. 
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EIGEN V ALUE S —PROLATE AND OBLATE 

Table 21.1 




OBLATE 






X m „( —ic) — m(m +1) 

* 





Xon(-i'c) 



c 2 \n 

0 

1 

2 

3 

4 

0 

0.000000 

2.000000 

6.000000 

12.000000 

20.000000 

1 

-0.348602 

1.393206 

5.486800 

11.492120 

19.495276 

2 

-0.729391 

0.773097 

4.996484 

10.990438 

18.994079 

3 

-1.144328 

+0.140119 

4.531027 

10.494512 

18.496395 

4 

-1.594493 

-0.505243 

4.091509 

10.003863 

18.002228 

5 

-2.079934 

-1.162477 

3.677958 

9.517982 

17.511597 

6 

-2.599668 

-1.831050 

3.289357 

9.036338 

17.024540 

7 

-3.151841 

-2.510421 

2.923796 

8.558395 

16.541110 

8 

-3.733981 

-3.200049 

2.578730 

8.083615 

16.061382 

9 

-4.343292 

-3.899400 

2.251269 

7.611465 

15.585448 

10 

-4.976895 

-4.607952 

1.938419 

7.141427 

15.113424 

11 

-5.632021 

-5.325200 

1.637277 

6.673001 

14.645441 

12 

-6.306116 

-6.050659 

1.345136 

6.205705 

14.181652 

13 

-6.996903 

-6.783867 

1.059541 

5.739084 

13.722230 

14 

-7.702385 

-7.524384 

0.778305 

5.272706 

13.267364 

15 

-8.420841 

-8.271795 

0.499495 

4.806165 

12.817261 

16 

-9.150793 

-9.025710 

0.221407 

4.339082 

12.372144 



[-(-3)21 

["( — 3)31 

[■(-4)81 

["(—4)61 


L 7 J 

L 5 J 

L 7 J 

L 5 J 

L 5 J 




C- 2 [X 0 n(-w)] 



c-‘\n 

0 

1 

2 

3 

4 

0.25 

-0.571924 

-0.564106 

+0.013837 

0.271192 

0.77325 

0.24 

-0.585248 

-0.579552 

-0.009136 

0.213225 

0.67822 

0.23 

-0.599067 

-0.595037 

-0.031481 

0,157464 

0.58772 

0.22 

-0.613349 

-0.610591 

-0.053477 

0.103825 

0.50191 

0.21 

-0.628058 

-0.626242 

-0.075480 

0.052196 

0.42099 

0.20 

-0.643161 

-0.642016 

-0.097943 

+0.002437 

0.34521 

0.19 

-0.658625 

-0.657938 

-0.121428 

-0.045635 

0.27490 

0.18 

-0.674418 

-0.674031 

-0.146603 

-0.092251 

0.21043 

0.17 

-0.690515 

-0.690310 

-0.174201 

-0.137692 

0.15215 

0.16 

-0.706891 

-0.706792 

-0.204894 

-0.182301 

0.10020 

0.15 

-0.723530 

-0.723486 

-0.239109 

-0.226469 

0.05428 

0.14 

-0.740416 

-0.740399 

-0.276886 

-0.270627 

+0.01332 

0.13 

-0.757541 

-0.757535 

-0.317881 

-0.315206 

-0.02476 

0.12 

-0.774896 

-0.774894 

-0.361548 

-0.360594 

-0.06337 

0.11 

-0.792476 

-0.792476 

-0.407352 

-0.407081 

-0.10723 

0.10 

-0.810279 

-0.810279 

-0.454896 

-0.454839 

-0.16065 

0.09 

-0.828301 

-0.828301 

-0.503937 

-0.503928 

-0.22419 

0.08 

-0.846539 

-0.846539 

-0.554337 

-0.554337 

-0.29513 

0.07 

-0.864992 

-0.664992 

-0.606021 

-0.606021 

-0.37117 

0.06 

-0.883657 

-0.883657 

-0.658931 

-0.658931 

-0.45125 

0.05 

-0.902532 

-0.902532 

-0.713025 

-0.713025 

-0.53495 

0.04 

-0.921616 

-0.921616 

-0.768262 

-0.768262 

-0.62200 

0.03 

-0.940906 

-0.940906 

-0.824608 

-0.824608 

-0.71218 

0.02 

-0.960402 

-0.960402 

-0.882031 

-0.882031 

-0.80533 

0.01 

-0.980100 

-0.980100 

-0.940503 

-0.940503 

-0.90131 

0.00 

- 1.000000 

- 1.000000 

- 1.000000 

- 1.000000 

- 1.00000 


[■(-5)61 

[■(-5)31 

f(-4)4l 

[■(-4)31 



L 4 J 

L 4 J 

L 7 J 

L 6 J 

L 8 J 


•See page n. 
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Table 21.1 EIGENVALUES—PROLATE AND OBLATE 





PROLATE 






X*«(c)-m(m+l) 

* 





X,,(c)—2 

* 


c2\n 

1 

2 

3 

4 

5 

0 

0.000000 

4.000000 

10.000000 

18.000000 

28.000000 

1 

0.195548 

4.424699 

10.467915 

18.481696 

28.488065 

2 

0.382655 

4.841718 

10.937881 

18.965685 

28.977891 

3 

0.561975 

5.251162 

11.409266 

19.451871 

29.469456 

4 

0.734111 

5.653149 

11.881493 

19.940143 

29.962738 

5 

0.899615 

6.047807 

12.354034 

20.430382 

30.457716 

6 

1.058995 

6.435272 

12.826413 

20.922458 

30.954363 

7 

1.212711 

6.815691 

13.298196 

21.416235 

31.452653 

8 

1.361183 

7.189213 

13.768997 

21.911569 

31.952557 

9 

1.504795 

7.555998 

14.238466 

22.408312 

32.454044 

10 

1.643895 

7.916206 

14.706292 

22.906311 

32.957080 

11 

1.778798 

8.270004 

15.172199 

23.405410 

33.461629 

12 

1.909792 

8.617558 

15.635940 

23.905451 

33.967652 

13 

2.037141 

8.959038 

16.097297 

24.406277 

34.475109 

14 

2.161081 

9.294612 

16.556078 

24.907729 

34.983956 

15 

2.281832 

9.624450 

17.012115 

25.409649 

35.494147 

16 

2.399593 

9.948719 

17.465260 

25.911881 

36.005634 


[ ( -5 3>1 ] 

[<-."■] 

[ ( -4 )4 ] 

[<-4 4 > 3 ] 

m 




<r>[X ln (c) —2] 

* 


c~ l \n 

1 

2 

3 

4 

5 

0.25 

0.599898 

2.487179 

4.366315 

6.47797 

9.00140 

0.24 

0.613295 

2.491544 

4.338520 

6.38296 

8.80891 

0.23 

0.627023 

2.497852 

4.315609 

6.29522 

8,62445 

0.22 

0.641073 

2.506130 

4.297923 

6,21556 

8.44916 

0.21 

0.655431 

2.516383 

4.285792 

6.14494 

8.28436 

0.20 

0.670084 

2.528591 

4.279522 

6.08438 

8.13163 

0.19 

0.685014 

2.542705 

4.279366 

6.03498 

7.99282 

0.18 

0.700204 

2.558644 

4.285495 

5.99788 

7.87010 

0.17 

0.715632 

2.576296 

4.297965 

5.97420 

7.76598 

0.16 

0.731281 

2.595516 

4.316672 

5.96496 

7.68328 

0.15 

0.747129 

2.616135 

4.341320 

5.97090 

7.62508 

0.14 

0.763159 

2.637968 

4.371397 

5.99230 

7.59446 

0.13 

0.779353 

2.660829 

4.406191 

6.02874 

7.59407 

0.12 

0.795696 

2.684536 

4.444844 

6.07889 

7.62539 

0.11 

0.812174 

2.708934 

4.486445 

6.14051 

7.68773 

0.10 

0.828776 

2.733891 

4.530151 

6.21063 

7.77728 

0.09 

0.845493 

2.759305 

4.575277 

6.28624 

7.88714 

0.08 

0.862316 

2.785099 

4.621329 

6.36482 

8.00897 

0.07 

0.879237 

2.811212 

4.667984 

6.44473 

8.13579 

0.06 

0.896251 

2.837600 

4.715031 

6.52505 

8.26355 

0.05 

0.913352 

2.864224 

4.762333 

6.60532 

8.39048 

0.04 

0.930535 

2.891056 

4.809790 

6.68528 

8.51592 

0.03 

0.947796 

2.918069 

4.857332 

6.76480 

8.63963 

0.02 

0.965129 

2.945243 

4.904906 

6.84378 

8.76153 

0.01 

0.982531 

2.972558 

4.952472 

6.92219 

8.88164 

0.00 

1.000000 

3.000000 

5.000000 

7.00000 

9.00000 


[■(-5)4-1 

[(-4)2*1 

[(-4)81 

[(-3)21 

[(-3)41 


L 4 J 

L 5 J 

L 6 J 

L 6 J 

L 7 J 


'See page n. 
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EIGENVALUES—PROLATE AND OBLATE Table 21.1 
OBLATE 


X m „ ( — t c) — rn(m+l) 





Xi»(—• ic) —2 

* 


c 2 \n 

1 

2 

3 

4 

5 

0 

0.000000 

4.000000 

10.000000 

18.000000 

28.000000 

1 

-0.204695 

3.567527 

9.534818 

17.520683 

27.513713 

2 

-0.419293 

3.127202 

9.073104 

17.043817 

27.029223 

3 

-0.644596 

2.678958 

8.615640 

16.569461 

26.546548 

4 

-0.881446 

2.222747 

8.163245 

16.097655 

26.065706 

5 

-1.130712 

1.758534 

7.716768 

15.628426 

25.586715 

6 

-1.393280 

1.286300 

7.277072 

15.161786 

25.109592 

7 

-1.670028 

0.806045 

6.845015 

14.697727 

24.634357 

8 

-1.961809 

+0.317782 

6.421425 

14.236229 

24.161031 

9 

-2.269420 

-0.178458 

6.007074 

13.777252 

23.689634 

10 

-2.593577 

-0.682630 

5.602649 

13.320743 

23.220190 

11 

-2.934882 

-1.194673 

5.208724 

12.866634 

22.752726 

12 

-3.293803 

-1.714511 

4.825732 

12.414640 

22.287271 

13 

-3.670646 

-2.242055 

4.453947 

11.965266 

21.823856 

14 

-4.065548 

-2.777205 

4.093464 

11.517803 

21.362516 

15 

-4.478470 

-3.319848 

3.744202 

11.072331 

20.903290 

16 

-4.909200 

-3.869861 

3.405903 

10.628718 

20.446222 


[(-3)2*1 

[■(-3)11 

[(-m 


r(-4)31 


L 5 J 

L 5 J 

L 5 J 

c" 2 [Xi»(—»c) — 2] 

L 5 J 

L 4 J 


c~ 1 \tc 

1 

2 

3 

4 

5 

0.25 

-0.306825 

-0.241866 

0.21286 

0.66429 

1.2778 

0.24 

-0.318148 

-0.266693 

0.17062 

0.57759 

1.1420 

0.23 

-0.330984 

-0.291340 

0.13125 

0.49460 

1.0120 

0.22 

-0.345469 

-0.315894 

0.09476 

0.41533 

0.8879 

0.21 

-0.361702 

-0.340450 

0.06107 

0.33974 

0.7697 

0.20 

-0.379735 

-0.365113 

0.03001 

0.26779 

0.6575 

0.19 

-0.399564 

-0.389998 

+0.00127 

0.19942 

0.5515 

0.18 

-0.421125 

-0.415222 

-0.02563 

0.13449 

0.4520 

0.17 

-0.444308 

-0.440907 

-0.05142 

0.07282 

0.3591 

0.16 

-0.468974 

-0.467166 

-0.07710 

+0.01411 

0.2735 

0.15 

-0.494976 

-0.494104 

-0.10406 

-0.04205 

0.1958 

0.14 

-0.522180 

-0.521805 

-0.13412 

-0.09625 

0.1271 

0.13 

-0.550474 

-0.550335 

-0.16924 

-0.14929 

0.0680 

0.12 

-0.579775 

-0.579732 

-0.21076 

-0.20210 

+0.0183 

0.11 

-0.610027 

-0.610016 

-0.25868 

-0.25572 

-0.0250 

0.10 

-0.641193 

-0.641191 

-0.31185 

-0.31111 

-0.0685 

0.09 

-0.673251 

-0.673251 

-0.36901 

-0.36888 

-0.1219 

0.08 

-0.706186 

-0.706186 

-0.42934 

-0.42932 

-0.1907 

0.07 

-0.739985 

-0.739985 

-0.49242 

-0.49242 

-0.2714 

0.06 

-0.774638 

-0.774638 

-0.55807 

-0.55807 

-0.3598 

0.05 

-0.810135 

-0.810135 

-0.62616 

-0.62616 

-0.4542 

0.04 

-0.846468 

-0.846468 

-0.69657 

-0.69657 

-0.5540 

0.03 

-0.883628 

-0.883628 

-0.76923 

-0.76923 

-0.6588 

0.02 

-0.921608 

-0.921608 

-0.84406 

-0.84406 

-0.7682 

0.01 

-0.960401 

-0.960401 

-0.92100 

-0.92100 

-0.8820 

0.00 

- 1.000000 

- 1.000000 

- 1.00000 

- 1.00000 

- 1.0000 


f(-4)21 

["( — 4)1*1 

[-(-4)8*1 

["(-4)51 

R-3)21 


L 5 J 

L 5 J 

L 6 J 

L 5 J 

L 7 J 


‘See page n. 
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Table 21.1 EIGENVALUES—PROLATE AND OBLATE 


PROLATE 

X n „(c)-m(m+l) 





Xzn(c) —6 

* 


c 2 \n 

2 

3 

4 

5 

6 

0 

0.000000 

6.000000 

14.000000 

24.000000 

36.000000 

1 

0.140948 

6.331101 

14.402353 

24.436145 

36.454889 

2 

0.278219 

6.657791 

14.804100 

24.872744 

36.910449 

3 

0.412006 

6.980147 

15.205077 

25.309731 

37.366657 

4 

0.542495 

7.298250 

15.605133 

25.747043 

37.823486 

5 

0.669857 

7.612179 

16.004126 

26.184612 

38.280913 

6 

0.794252 

7.922016 

16.401931 

26.622373 

38.738910 

7 

0.915832 

8.227840 

16.798429 

27.060261 

39.197451 

8 

1.034738 

8.529734 

17.193516 

27.498208 

39.656510 

9 

1.151100 

8.827778 

17.587093 

27.936151 

40.116059 

10 

1.265042 

9.122052 

17.979073 

28.374023 

40.576070 

11 

1.376681 

9.412636 

18.369377 

28.811761 

41,036514 

12 

1.486122 

9.699610 

18.757932 

29.249302 

41.497364 

13 

1.593469 

9.983052 

19.144675 

29.686584 

41.958589 

14 

1.698816 

10.263039 

19.529549 

30.123544 

42.420160 

15 

1.802252 

10.539650 

19.912501 

30.560125 

42.882048 

16 

1.903860 

10.812958 

20.293486 

30.996267 

43.344222 


r(-4)5l 

f(-4)6-1 

[■(-4)2-1 

f(-5)61 

f(-5)81 


L 4 J 

L 4 J 

L 4 J 

L 4 J 

L 4 J 




c-H^nW-e] 

* 


c- x \» 

2 

3 

4 

5 

6 

0.25 

0.475965 

2.703239 

5.073371 

7.74906 

10.8360 

0.24 

0.489447 

2.683149 

4.994116 

7.58138 

10.5536 

0.23 

0.503526 

2.665356 

4.919290 

7.41971 

10.2781 

0.22 

0.518220 

2.650003 

4.849313 

7.26479 

10.0103 

0.21 

0.533551 

2.637236 

4.784640 

7.11743 

9.7512 

0.20 

0.549534 

2.627196 

4.725757 

6.97858 

9.5023 

0.19 

0.566185 

2.620017 

4.673177 

6.84931 

9.2649 

0.18 

0.583513 

2.615819 

4.627427 

6.73081 

9.0409 

0.17 

0.601526 

2.614701 

4.589031 

6.62442 

8.8323 

0.16 

0.620224 

2.616735 

4.558480 

6.53155 

8.6417 

0.15 

0.639604 

2.621954 

4.536196 

6.45371 

8.4718 

0.14 

0.659659 

2.630349 

4.522485 

6.39236 

8.3260 

0.13 

0.680376 

2.641862 

4.517479 

6.34878 

8.2078 

0.12 

0.701737 

2.656384 

4.521086 

6.32389 

8.1208 

0.11 

0.723722 

2.673764 

4.532956 

6.31794 

8.0678 

0.10 

0.746308 

2.693817 

4.552484 

6.33030 

8.0507 

0.09 

0.769471 

2.716339 

4.578871 

6.35935 

8.0688 

0.08 

0.793186 

2.741120 

4.611219 

6.40263 

8.1184 

0.07 

0.817429 

2.767960 

4.648642 

6.45738 

8.1932 

0.06 

0.842175 

2.796673 

4.690346 

6.52096 

8.2864 

0.05 

0.867402 

2.827089 

4.735658 

6.59127 

8.3919 

0.04 

0.893087 

2.859059 

4.784022 

6.66670 

8.5057 

0.03 

0.919209 

2.892449 

4.834980 

6.74607 

8.6249 

0.02 

0.945747 

2.927138 

4.888160 

6.82849 

8.7477 

0.01 

0.972684 

2.963019 

4.943252 

6.91330 

8.8730 

0.00 

1.000000 

3.000000 

5.000000 

7.00000 

9.0000 


m 

[ ( -5 4)4 ] 

m 

[ ( -e 3>2 ] 

[ ( n 


♦See page n. 
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EIGENVALUES—PROLATE AND OBLATE Table 21.1 
OBLATE 


^mn(-ic) — Wl(m+ 1) 





W-i'c)-6 

* 


c 2 \n 

2 

3 

4 

5 

6 

0 

0.000000 

6.000000 

14.000000 

24.000000 

36.000000 

1 

-0.144837 

5.664409 

13.597220 

23.564371 

35.545806 

2 

-0.293786 

5.324253 

13.194206 

23.129322 

35.092330 

3 

-0.447086 

4.979458 

12.791168 

22.694912 

34.639597 

4 

-0.604989 

4.629951 

12.388328 

22.261201 

34.187627 

5 

-0.767764 

4.275662 

11.985928 

21.828245 

33.736444 

6 

-0.935698 

3.916525 

11,584224 

21.396098 

33.286069 

7 

-1.109090 

3.552475 

11.183489 

20.964812 

32.836522 

8 

-1.288259 

3.183450 

10.784014 

20.534436 

32.387826 

9 

-1.473539 

2.809393 

10.386106 

20.105013 

31.940000 

10 

-1.665278 

4 2.430250 

9.990084 

19.676587 

31.493066 

11 

-1.863838 

2.045970 

9.596286 

19.249195 

31.047043 

12 

-2.069595 

1.656508 

9.205059 

18.822869 

30.601952 

13 

-2.282933 

1.261822 

8.816762 

18.397640 

30.157814 

14 

-2.504245 

0.861875 

8.431761 

17.973532 

29.714648 

15 

-2.733927 

0.456635 

8.050424 

17.550565 

29.272476 

16 

-2.972375 

0.046076 

7.673121 

17.128753 

28.831317 


["(-3)11 

f(-4)71 

r( — 4)5i 

f(-4)n 

r ( -4 }i i 


L 4 J 

L 4 J 

L 4 J 

L 4 J 

L 4 J 




c-*[X 3 »(-ic)-6] 

* 


c- J \n 

2 

3 

4 

5 

6 

0.25 

-C.185773 

+0.002879 

0.47957 

1.07054 

1.8019 

0.24 

-0.190754 

-0.030028 

0.41280 

0.95365 

1.6261 

0.23 

-0.196680 

-0.062228 

0.34933 

0.84167 

1.4577 

0.22 

-0.203790 

-0.093813 

0.28933 

0.73461 

1.2965 

0.21 

-0.212386 

-0.124893 

0.23297 

0.63251 

1.1428 

0.20 

-0.222841 

-0.155607 

0.18049 

0.53537 

0.9964 

0.19 

-0.235596 

-0.186120 

0.13215 

0.44322 

0.8574 

0.18 

-0.251126 

-0.216631 

0.08816 

0.35607 

0.7260 

0.17 

-0.269873 

-0.247375 

0.04864 

0.27389 

0.6022 

0.16 

-0.292149 

-0.278624 

+0.01342 

0.19662 

0.4863 

0.15 

-0.318047 

-0.310677 

-0.01813 

0.12409 

0.3785 

0.14 

-0.347414 

-0.343847 

-0.04727 

+0.05600 

0.2795 

0.13 

-0.379928 

-0.378432 

-0.07609 

-0.00822 

0.1901 

0.12 

-0.415213 

-0.414688 

-0.10778 

-0.06954 

0.1120 

0.11 

-0.452947 

-0.452800 

-0.14643 

-0.12937 

+0.0470 

0.10 

-0.492902 

-0.492871 

-0.19508 

-0.18959 

-0.0051 

0.09 

-0.534942 

-0.534937 

-0.25333 

-0.25217 

-0.0517 

0.08 

-0.578991 

-0.578991 

-0.31876 

-0.31861 

-0.1076 

0.07 

-0.625006 

-0.625006 

-0.38955 

-0.38955 

-0.1844 

0.06 

-0.672956 

-0.672956 

-0.46494 

-0.46494 

-0.2768 

0.05 

-0.722813 

-0.722813 

-0.54456 

-0.54456 

-0.3791 

0.04 

-0.774556 

-0.774556 

-0.62821 

-0.62821 

-0.4895 

0.03 

-0.828164 

-0.828164 

-0.71571 

-0.71571 

-0.6073 

0.02 

-0.883618 

-0.883618 

-0.80691 

-0.80691 

-0.7319 

0.01 

-0.940902 

-0.940902 

-0.90171 

-0.90171 

-0.8629 

0.00 

-1.000000 

-1.000000 

-1.00000 

-1.00000 

-1.0000 


["(-4)51 

*["(-4)21 

n-mi 

[-(-4)61 

r(-3)3l 


L 6 J 

L 5 J 

L 8 J 

L 6 J 

L 8 J 


'See page n. 
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Table 21.2 ANGULAR FUNCTIONS—PROLATE AND OBLATE 

PROLATE 


Smn{ c > COS &) 


m 

n 

c\e 

0° 

10° 

20° 

CO 

0 

40° 

50° 

60° 

70° 

80° 

90° 

0 

0 

1 

0.8481 

0.8525 

0.8651 

0.8847 

0.9091 

0.9354 

0.9606 

0.9815 

0.9952 

1.000 



2 

0.5315 

0.5431 

0.5772 

0.6320 

0.7032 

0.7842 

0.8654 

0.9355 

0.9831 

1.000 



3 

0.2675 

0.2815 

0.3242 

0.3967 

0.4980 

0.6226 

0.7571 

0.8805 

0.9682 

1.000 



4 

0.1194 

0.1312 

0.1689 

0.2379 

0.3442 

0.4885 

0.6589 

0.8271 

0.9530 

1.000 



5 

0.0502 

0.0585 

0.0861 

0.1419 

0.2380 

0.3839 

0.5742 

0.7776 

0.9383 

1.000 

0 

1 

1 

0.9046 

0.8936 

0.8602 

0.8035 

0.7225 

0.6169 

0.4878 

0.3381 

0.1731 

0 



2 

0.6681 

0.6665 

0.6598 

0.6429 

0.6081 

0,5472 

0.4540 

0.3270 

0.1717 

0 



3 

0.4034 

0.4099 

0.4273 

0.4489 

0.4630 

0.4543 

0.4068 

0.3110 

0.1695 

0 



4 

0.2042 

0.2138 

0.2415 

0.2833 

0.3294 

0,3618 

0.3566 

0.2929 

0.1669 

0 



5 

0.0916 

0.1001 

0.1262 

0.1703 

0.2279 

0.2840 

0.3104 

0.2752 

0.1643 

0 

0 

2 

1 

1.022 

0.9795 

0.8553 

0.6621 

0.4198 

0.1556 

-0.0988 

-0.3105 

-0.4509 

-0.5000 



2 

1.064 

1.030 

0.9271 

0.7579 

0.5296 

0.2602 

-0.0192 

-0.2668 

-0.4385 

-0.5000 



3 

1.041 

1.023 

0.9640 

0.8497 

0.6660 

0.4104 

+0.1061 

-0.1938 

-0.4171 

-0.5000 



4 

0.8730 

0.8768 

0.8787 

0.8513 

0.7549 

0.5553 

0.2512 

-0.0998 

-0.3879 

-0.5000 



5 

0.6018 

0.6233 

0.6792 

0.7407 

0.7537 

0.6494 

0.3844 

+0.0008 

-0.3542 

-0.5000 

0 

3 

1 

0.9892 

0.9042 

0.6692 

0.3400 

-0.0045 

-0.2816 

-0.4259 

-0.4085 

-0.2467 

0 



2 

0.9590 

0.8864 

0.6816 

0.3840 

+0.0560 

-0.2261 

-0.3907 

-0.3949 

-0.2447 

0 



3 

0.9090 

0.8546 

0.6957 

0.4485 

0.1501 

-0.1364 

-0.3319 

-0.3714 

-0.2412 

0 



4 

0.8197 

0.7877 

0.6868 

0.5087 

0.2591 

-0.0215 

-0.2514 

-0.3376 

-0.2361 

0 



5 

0.6650 

0.6560 

0.6183 

0.5245 

0.3482 

+0.0971 

-0.1575 

-0.2952 

-0.2293 

0 

1 

1 

1 

0 

0.1578 

0.3134 

0.4643 

0.6067 

0.7355 

0.8450 

0.9290 

0.9819 

1.000 



2 

0 

0.1194 

0.2437 

0.3757 

0.5149 

0.6562 

0.7892 

0.9000 

0.9740 

1.000 



3 

0 

0.0776 

0.1654 

0.2724 

0.4030 

0.5546 

0.7144 

0.8597 

0.9627 

1.000 



4 

0 

0.0449 

0.1018 

0.1832 

0.2994 

0.4537 

0.6353 

0.8150 

0.9497 

1.000 



5 

0 

0.0239 

0.0588 

0.1179 

0.2162 

0.3650 

0.5602 

0.7698 

0.9361 

1.000 

1 

2 

1 

0 

0.4788 

0.9054 

1.232 

1.417 

1.435 

1.276 

0.9562 

0.5119 

0 



2 

0 

0.3896 

0.7509 

1.052 

1.253 

1.316 

1.212 

0.9335 

0.5088 

0 



3 

0 

0.2780 

0.5538 

0.8148 

1.030 

1.149 

1.118 

0.8992 

0.5039 

0 



4 

0 

0.1762 

0.3683 

0.5813 

0.7968 

0.9643 

1.008 

0.8575 

0.4979 

0 



5 

0 

0.1011 

0.2254 

0.3896 

0.5906 

0.7879 

0.8957 

0.8127 

0.4911 

0 

1 

3 

1 

0 

0.9928 

1.745 

2.075 

1.903 

1.280 

0.3775 

-0.5521 

-1.244 

-1.500 



2 

0 

0.9559 

1.710 

2.092 

1.998 

1.432 

0.5298 

-0.4541 

-1.214 

-1.500 



3 

0 

0.8745 

1.611 

2.063 

2.097 

1.640 

0.7606 

-0.2972 

-1.174 

-1.500 



4 

0 

0.7393 

1.418 

1.934 

2.128 

1.841 

1.032 

-0.0951 

-1.097 

-1.500 



5 

0 

0.5662 

1.146 

1.691 

2.047 

1.975 

1.299 

+0.1319 

-1.017 

-1.500 

2 

2 

1 

0 

0.0844 

0.3295 

0.7111 

1.189 

1.710 

2.211 

2.627 

2.903 

3.000 



2 

0 

0.0690 

0.2744 

0.6092 

1.054 

1.572 

2.101 

2.566 

2.886 

3.000 



3 

0 

0.0500 

0.2051 

0.4773 

0.8738 

1.380 

1.944 

2.475 

2.859 

3.000 



4 

0 

0.0328 

0.1405 

0.3487 

0.6876 

1.171 

1.764 

2.367 

2.827 

3.000 



5 

0 

0.0198 

0.0898 

0.2414 

0.5212 

0.9701 

1.580 

2.251 

2.791 

3.000 

2 

3 

1 

0 

0.4222 

1.570 

3.116 

4.596 

5.530 

5.548 

4.501 

2.522 

0 



2 

0 

0.3597 

1.358 

2.755 

4.175 

5.170 

5.327 

4.417 

2.510 

0 



3 

0 

0.2765 

1.070 

2.255 

3.576 

4.641 

4.994 

4.286 

2.491 

0 



4 

0 

0.1934 

0.7758 

1.723 

2.909 

4.025 

4.588 

4.122 

2.466 

0 



5 

0 

0.1244 

0.5226 

1.243 

2.269 

3.395 

4.150 

3.936 

2.437 

0 


From C. Flammer, Spheroidal wave functions. Stanford Univ. Press, Stanford, Calif., 1957 (with 
permission). 
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ANGULAR FUNCTIONS—PROLATE AND OBLATE Table 21.2 

OBLATE 

Smn(—ic, v) 


m 

n 

c\n 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

0 

0 

1 

1.000 

1.002 

1.007 

1.016 

1.028 

1.044 

1.064 

1.088 

1.115 

1.147 

1.183 



2 

1.000 

1.008 

1.032 

1.073 

1.132 

1.210 

1.310 

1.434 

1.585 

1.767 

1.986 



3 

1.000 

1.022 

1.089 

1.205 

1.377 

1.617 

1.940 

2.366 

2.923 

3.648 

4.589 



4 

1.000 

1.047 

1.191 

1.449 

1.854 

2.452 

3.319 

4.557 

6.323 

8.837 

12.42 



5 

1.000 

1.083 

1.341 

1.835 

2.648 

3.952 

6.000 

9.211 

14.23 

22.11 

34.48 

0 

1 

1 

0 

0.1001 

0.2009 

0.3027 

0.4065 

0.5128 

0.6222 

0.7353 

0.8530 

0.9760 

1.105 



2 

0 

0.1004 

0.2034 

0.3114 

0.4274 

0.5542 

0.6952 

0.8539 

1.035 

1.243 

1.484 



3 

0 

0.1011 

0.2079 

0.3273 

0.4664 

0.6338 

0.8398 

1.098 

1.425 

1.842 

2.378 



4 

0 

0.1016 

0.2150 

0.3526 

0.5298 

0.7681 

1.096 

1.552 

2.195 

3.105 

4.396 



5 

0 

0.1032 

0.2252 

0.3884 

0.6252 

0.9804 

1.525 

2.369 

3.684 

5.741 

8.970 

0 

2 

1 

-0.5000 

-0.4863 

-0. 4450 

-0.3757 

-0.2779 

-0.1507 

+0.0070 

0.1965 

0.4197 

0.6784 

0.9749 



2 

-0.5000 

-0.4897 

-0.4585 

-0.4052 

-0.3277 

-0.2231 

-0.0872 

+0.0849 

0.2999 

0.5660 

0.8930 



3 

-0.5000 

-0.4943 

-0. 4766 

-0.4448 

-0.3952 

-0.3223 

-0.2183 

-0.0721 

+0.1311 

0.3845 

0.7958 



4 

-0.5000 

-0.4994 

-0. 4966 

-0.4891 

-0.4716 

-0.4356 

-0.3681 

-0.2485 

-0.0458 

0.2868 

0.8201 



5 

-0.5000 

-0.5061 

-0.5234 

-0.5495 

-0.5780 

-0.5977 

-0.5869 

-0.5067 

-0.2880 

0.1892 

1.132 

0 

3 

1 

0 

-0.1477 

-0.2810 

-0.3855 

-0.4466 

-0.4491 

-0.3768 

-0.2130 

+0.0600 

0.4613 

1.011 



2 

0 

-0.1480 

-0.2839 

-0.3947 

-0.4668 

-0.4839 

-0.4275 

-0.2757 

-0.0015 

0.4274 

1.051 



3 

0 

-0.1486 

-0.2885 

-0.4097 

-0.4998 

-0.5421 

-0.5140 

-0.3841 

-0.1091 

0.3711 

1.138 



4 

0 

-0.1495 

-0.2949 

-0.4306 

-0.5415 

-0.6270 

-0.6432 

-0.5540 

-0.2765 

0.2912 

1.327 



5 

0 

-0.1504 

-0.3033 

-0.4589 

-0.6123 

-0.7489 

-0.8356 

-0.8080 

-0.5447 

0.1715 

1.723 

1 

1 

1 

1.000 

0.9961 

0.9838 

0.9628 

0.9316 

0.8884 

0.8299 

0.7506 

0.6402 

0.4731 

0 



2 

1.000 

0.9994 

0.9973 

0.9923 

0.9827 

0.9652 

0.9340 

0.8802 

0.7864 

0.6118 

0 



3 

1.000 

1.006 

1.025 

1.055 

1.093 

1.135 

1.172 

1.188 

1.149 

0.9724 

0 



4 

1.000 

1.020 

1.079 

1.178 

1.319 

1.498 

1.708 

1.920 

2.067 

1.950 

0 



5 

1.000 

1.041 

1.174 

1.406 

1.776 

2.242 

2.878 

3.642 

4.400 

4.651 

0 

1 

2 

1 

0 

0.2987 

0.5897 

0.8643 

1.113 

1.322 

1.478 

1.554 

1.508 

1.247 

0 



2 

0 

0.2985 

0.5950 

0.8815 

1.153 

1.398 

1.600 

1.730 

1.734 

1.487 

0 



3 

0 

0.3005 

0.6043 

0.9140 

1.228 

1.541 

1.837 

2.082 

2.200 

2.000 

0 



4 

0 

0.3022 

0.6213 

0.9640 

1.349 

1.780 

2.250 

2.723 

3.092 

3.033 

0 



5 

0 

0. 2990 

0.6400 

1.040 

1.537 

2.165 

2.947 

3.868 

4.786 

5.138 

0 

1 

3 

1 

-1.500 

-1.421 

-1.189 

-0.8136 

-0.3165 

0.2710 

0.9015 

1.501 

1.946 

1.988 

0 



2 

-1.500 

-1.431 

-1.228 

-0.8941 

-0.4427 

+0.1060 

0.7174 

1.329 

1.826 

1.951 

0 



3 

-1.500 

-1.447 

-1.289 

-1.024 

-0.6502 

-0.1738 

+0.3916 

1.006 

1.572 

1.834 . 

0 



4 

-1.500 

-1.467 

-1.364 

-1.184 

-0.9148 

-0.5415 

-0.0538 

0.5403 

1.177 

1.619 

0 



5 

-1.500 

-1.486 

-1.442 

-1.353 

-1.198 

-0.9435 

-0.5506 

0.0161 

0.7471 

1.439 

0 

2 

2 

I 

3.000 

2.972 

2.889 

2.748 

2.549 

2.291 

1.970 

1.585 

1.131 

0.6041 

0 



2 

3.000 

2.979 

2.915 

2.805 

2.644 

2.425 

2.138 

1.770 

1.305 

0.7234 

0 



3 

3.000 

2.992 

2.965 

2.915 

2.830 

2.693 

2.481 

2.161 

1.687 

0.9944 

0 



4 

3.000 

3.013 

3.052 

3.111 

3.170 

3.200 

3.157 

2.966 

2.512 

1.615 

0 



5 

3.000 

3.052 

3.211 

3.469 

3.813 

4.202 

4.564 

4.746 

4.460 

3.188 

0 

2 

3- 

1 

0 

1.486 

2.886 

4.115 

5.086 

5.704 

5.877 

5.503 

4.477 

2.683 

0 



2 

0 

1.488 

2.906 

4.180 

5.226 

5.954 

6.251 

5.982 

4.990 

3.077 

0 



3 

0 

1.494 

2.943 

4.295 

5.482 

6.413 

6.951 

6.904 

6.008 

3.879 

0 



4 

0 

1.498 

2.996 

4.475 

5.891 

7.166 

8.132 

8.515 

7.857 

5.408 

0 



5 

0 

1.509 

3.073 

4.738 

6.515 

8.347 

10.07 

11.28 

11.21 

8.354 

0 
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Table 21.3 PROLATE RADIAL FUNCTIONS—FIRST AND SECOND KINDS 

«) *£(* o 

*B n c\i 1.005 1.020 1.044 1.077 1.005 1.020 1.044 1.077 


0 0 1 (-1)9.468 (-1)9.419 (-1)9,339 (-1)9.228 

2 (-1)8.257 (-1 8.077 (-1)7.789 (-1 7.392 

3 (-1)7.026 (-1)6.662 (-l) 6.091 (-l) 5.330 

4 (-1)6.054 -1)5.471 (-l) 4.585 (-l) 3.463 

5 (-1)5.313 (-1)4.488 (-l) 3.287 (-l) 1.869 

0 1 1 (-1)3.153 (-1)3.190 (-1)3.249 (-1)3.328 

2 (-1)5.289 (-1)5.298 (-l) 5.308 (-l) 5.311 

3 (-1)6.064 (-1)5.960 (-l) 5.786 (-l) 5.529 

4 (-1)5.892 (-1)5.612 (-l) 5.162 (-l) 4.542 

5 (-1)5.381 (-1)4.888 (-1)4.125 (-1)3.137 

0 2 1 (-2)4.470 (-2)4.655 (-2)4.954 (-2)5.373 

2 (-l) 1.696 (-l)l.749 (-l)l.833 (-l)l.947 

3 (-1)3.295 (-1)3.346 (-1 3.421 (-l) 3.509 

4 (-1)4.507 (-1)4.477 (-1 4.413 (-D4.293 

5 (-1)4.952 (-1)4.763 (-1)4.444 (-l)3.976 

0 3 1 (-3)3.912 (-3)4.249 (-3)4.814 (-3)5.638 

2 (-2)3.085 (-2)3.317 (-2)3.700 (-2 4.249 

3 (-2)9.956 (-1 1.054 (-1 1.147 (-1 1.275 

4 (-1)2.107 (-1)2.183 (-1)2.298 (-1 2.443 

5 (-1)3.298 (-1)3.329 (-1)3.360 (-l) 3.362 

1 1 1 (-2)3.270 (-2)6.544 (-2)9.716 (-1)1.287 

2 (-2)6.187 (-l)l.227 (-1 1.793 (-l) 2.323 

3 -2 8.596 (-l) 1.677 (-1 2.386 -l)2.973 

4 (-l)l.053 (-1)2.007 (-1)2.744 (-1)3.221 

5 (-l)l.2ll (-1)2.235 (-1)2.894 (-1)3.118 

1 2 1 (-3)6.503 (-2)1.322 (-2)2.012 (-2)2.754 

2 (-2)2.378 (-2)4.802 (-2)7.227 (-2)9.738 

3 (-2)4.658 (-2)9.296 (-l)l.372 -l) 1.798 

4 (-2)6.975 (-l) 1.367 (-l) 1.960 (-1)2.460 

5 (-2)9.035 (-l)l.739 (-1)2.376 (-1)2.803 

1 3 1 (-4)7.586 (-3)1.577 (-3)2.483 (-3)3.556 

2 (-3)5.725 (-2)1,183 (-2)1.845 (-2)2.607 

3 (-2)1.737 (-2 3.553 (-2)5.453 (-2)7.529 

4 -2)3.516 (-2)7.089 (-l) 1.063 -l)1.418 

5 (-2)5.604 (-1)1.108 (-l) 1.608 (-l) 2.048 


( 0 -2.838 ( 0 -2.096 ( 0)-1.666 ( 0 -1.356 

( 0 -1.244 (-l)-8.020 (-l)-5.341 -l)-3.333 

(-l)-7.104 (-l)-3.422 (-l)-1.281 (-2) 3.51 
(-l)-4.508 (-l)-1.287 -2) 6.61 (-l) 1.952 

(-l)-3.052 (-2)-1.02 (-l) 1.537 (-l) 2.291 

( 0)-6.912 ( 0)-4.801 ( 0)-3.669 ( 0)-2.920 

0)-2.189 0)-1.540 0)-1.177 -l)-9.216 

( 0)-1.133 -l)-7.365 (-l)-4.987 (-l)-3.207 

(-1)-6.741 (-l)-3.528 (-l)-1.534 -3)-4.9 

(-l)-4.293 (-l)-1.390 (-2) 3.87 (-1) 1.594 

( 1)-3.593 ( 1)-2.185 ( 1)-1.484 ( 1)-1.056 

( 0)-5.241 ( 0)-3.358 0 )-2.403 ( 0)-1.807 

( 0)-2.031 ( 0)-1.364 ( 0)-1.007 (-l)-7.694 

( 0)-1.095 (-l)-7.053 (-l)-4.783 (-1 -3.115 

(-1)-7.388 (-1)-4.417 (-l)-2.630 (-l)-1.340 

(-2)-3.288 ( 2)-1.659 ( 2)-1.082 ( 1)-6.916 
-l) -2.194 1 -1.223 0 -7.705 0 )-5.123 

( 0-5.020 ( 0-2.966 ( 0)-1.985 ( 0 )-1.408 

( 0)-2.043 ( 0)-1.293 (-l)-9.141 (-1-6.749 

( 0)-1.149 (- 1 )-7.422 (-1)-5.182 (-l)-3.612 

( 1)-1.506 ( 0)-7.294 ( 0)-4.734 ( 0)-3.432 

( 0-4.079 ( 0-2.077 ( 0-1.417 0-1.071 

( 0)-2.019 ( 0)-1.075 (-l)-7.453 (-l)-5.480 

0)-1.273 -l)-6.911 (-l)-4.585 (-1 -2.924 

(-l)-9.101 (-l)-4.885 (-1)-2.874 (-l)-1.248 

( 1)-7.295 ( 1)-3.269 ( 1)-1.939 ( 1)-1.275 

( l)-1.014 ( 0)-4.717 ( 0)-2.932 ( 0)-2.038 

( 0)-3.552 ( 0)-1.751 ( 0)-1.156 (-l)-8.473 

( 0)-1.842 (- 1 )-9.597 (-l)-6.533 (-l)-4.718 

( 0)-1.778 (-l)-6.362 (-l)-4.170 (-l)-2.651 

( 2)-6.014 ( 2)-2.491 ( 2)-1.354 ( 1)-8.127 

( l)-4.027 ( l)-1.707 ( 0)-9.553 ( 0 )-5.934 

( 0)-9.025 ( 0)-3.994 ( 0)-2.354 ( 0 )-1.552 

( 0)-3.449 ( 0)-1.629 ( 0) -1.032 (-l)-7.288 

( 0)-1.692 (-l)-8.600 (-l)-5.214 (-l)-3.006 


2 


1 (-4)6.612 (-3)2.659 

2 (-3)2.566 (-2)1.025 

3 (-3 5.520 (-2)2.181 

4 (-3)9.302 (-2)3.616 

5 (-2)1,372 (-2)5.223 


(-3)5.898 (-2)1.044 
(-2)2.249 (-2 3.920 
-2)4.698 -2 7.974 

(-2 7.587 (-1 1.239 
(-l) 1.058 (-l)l.639 


2)-3.750 1)-9.112 

l)-4.852 l)-1.203 

1-1.515 0-3.889 

0-6.821 0)-1.843 

0)-3.755 0)-1.081 


1)-3.973 ( 1)-2.156 
0)-5.417 ( 0)-3.077 
0)-1.852 ( 0)-1.126 
(-1-9.431 (-l)-6.132 
(-1)-5.907 (-l)-3.910 


2 


1 (-5)9.415 (-4)3.845 (-4)8.736 (-3)1.596 

2 (-4 7.128 (-3)2.896 (-3)6.525 (-2 1.178 

3 (-3)2.208 (-3)8.889 (-2)1.974 (-2)3.492 

4 -3)4.683 -2)1.862 -2)4.048 (-2)6.946 

5 (-3)8.060 (-2)3.150 (-2)6.657 (-l) 1.096 


( 3)-2.609 ( 2)-6.096 2)-2.517 2)-1.279 

( 2)-1.728 ( l)-4.095 l)-1.727 0)-9.031 

( 1-3.745 ( 0-9.098 0)-3.994 0 )-2.208 

( l)-1.334 0)-3.370 0)-1.573 -l)-9.397 

( 0)-6.274 ( 0)-1.671 (-l)-8.409 (-l)-5.379 


From C. Flammer, Spheroidal wave functions. Stanford Univ. Press, Stanford, Calif., 1957 (with permission). 



SPHEROIDAL WAVE FUNCTIONS 


769 


OBLATE RADIAL FUNCTIONS—FIRST AND SECOND KINDS Table 21.4 

J?2£(-tc, if) R \® (-ic, if) 


c\f 


0 


0.75 


0 

0.75 

0.2 

:-i: 

>9. 9557 

;-i; 

>9.9183 

; o 

>-7.7864 

: 0)-4. 5290 

0.5 

-i 

19.7265 

-1 

> 9. 4976 

' 0 

>-2. 9707 

( 01-1.5906 

0.8 

|-i] 

) 9, 3168 

I- 1 

) 8. 7520 

[ 0 

>-l. 7002 

-l)-7. 5527 

1.0 

-1 

) 8. 9565 

-1 

>8.1032 

' 0 

>-l. 2524 

-1-4.4277 

1.5 

-1 

) 7. 8320 

-1 

> 6.1209 

[-1 

>-6.2189 

-21+1. 2204 

2. 0 

-1 

> 6. 5571 

-1 

> 3. 9526 

-1 

>-3. 0356 

-1) 2. 2634 

2.5 

-i 

>5.3430 

t-i! 

> 1. 9680 1 

[-1 

>-1.3758 

-1) 3. 0225 


0 1 0.2 


0.8 

1.0 

1.5 

2 . 0 

2.5 


0 (-2)4. 9808 

0 (-1 1.2202 

0 (-1)1. 8802 

0 (-1)2. 2696 

0 (-1)3.0132 

0 (-1)3.3765 

0 (-1)3.3530 


I I)-7. 5120 
l)-l. 2120 
0) -4. 8077 
0)-3.1202 
0) -1.4537 
-1)-8.7035 
-1)-6.0006 


1 1)-2.3239 
0)-4. 0338 
o)-l. 7744 
0-1.2314 
-1)-6.3156 
-1-3.4641 
-1)-1. 5694 


0 2 


1 1 


0.2 

0.5 

0.8 

1.0 

1.5 


2.5 


0.2 

0.5 

0.8 

1.0 

1.5 

2.0 

2.5 


-4 

8. 8992 

-3 

5.5964 

-2 

1.4489 

-2 

2. 2868 

-2 

5.3150 

-2 

9. 7914 

[-1 

1.5649 


> 6. 6454 

-1 

>1.6336 

-1 

>2. 5333 

’-1 

>3. 0762 

-1 

>4.1708 

-1 

>4.8229 

[-l! 

>5. 0170 


i -3) 2.3840 
-2)1.4744 
-2)3. 6993 
-2 5.6728 
-1) 1.1932 
-1)1.9147 
-1)2. 5730 


(-2)8.2880 
-1)2.0133 
-1)3. 0524 
-1)3.6283 
(-1 4.5492 
-1)4. 6553 
(-1)4. 0221 


1 3)-2.2106 
2)-l.4205 
1)-3.5130 
11-1. 8068 
0)-5. 5629 
0)-2.5149 
0) -1. 4263 

1 1) -5. 9560 

lj-1. 0060 

0) -4. 2765 
0)-2.9165 
0)-1.4980 
-1)-9.1106 
-1)-5.7028 


2 

-3. 

4260 

1 

-2. 

2700 

0 

-5. 

9376 

0 

-3. 

2496 

0 

-1. 

2084 

-1 

-6. 

5653 

-1 

-3. 

9702 

1 ; 

) -2. 

1507 

0 

>-3. 

8583 

0 

-1. 

7483 

0 

>-l. 

2196 

-1 

)-5. 

8081 

-1, 

- 2. 

3210 

-3, 

1+3. 

168 


0.2 

0 

-3 

2.4923 

0.5 

0 

-2 

1.5314 

0.8 

0 

-2 

3.7974 

1.0 

0 

-2 

5. 7617 

1.5 

0 

-1 

> 1.1699 

2.0 

0 

-1 

> 1. 7976 

2.5 

0 

-1 

>2.3200 


3)-1.8781 ( 2)-3. 2287 

2)-1.2123 ( l)-2.1474 

1) -3. 0070 ( 0)-5. 6543 

1 -1.5622 ( 0)-3.1109 

0)-4. 8667 ( 0)-1. 1709 

0)-2.1999 (-l)-6. 4134 
0)-1.2282 (-1)-3. 9677 


1 


0.2 (-5)1.5236 (-5)7.2462 

0. 5 (-4)2.3850 (-3)1.1206 

0.8 (-4)9.7909 (-3)4.4965 

1.0 (-3)1.9166 (-3)8.6200 

1.5 (-3)6.5244 (-2)2.7259 

2.0 (-2)1.5669 (-2)5.8920 

2.5 (-2)3.1147 (-1)1.0193 


4)-9. 6745 ( 3)-8.1316 

3)-2.4841 ( 2)-2.1259 

2)-3.8151 ( 1)-3. 3786 

2)-1.5721 ( 1) -1.4390 

1 -3.1742 ( 0 -3.2838 

1)-1. 0386 ( 0)-1.2924 

0)-4. 4705 (-1)-6. 9734 


0.2 ( 

'-3; 

>2. 6602 ( 

:-3; 

>4.1496 

0.5 

-2 

>1.6413 ( 

-2 

>2.5393 

0.8 

-2 

>4.1024 ( 

-2 

>6. 2453 

1 . 0 

;-2 

> 6. 2694 ( 

-2 

>9.4031 

1.5 

-1 

>1.3055 1 

;-i 

>1.8562 

2.0 

-1 

>2.0801 ( 

-1 

12. 7317 

2.5 

-1 

>2.8190 ( 

-1 

)3.3111 


3)-1.1093 ( 2)-2. 6888 

1) -7. 2682 ( 1)-1.8121 

1 -1.8724 ( 01-4.9121 

01-9. 9297 ( 01-2. 7508 

0)-3. 4267 ( 0) -1.0939 

01-1.7581 (-11-6.0206 

0)-1.0954 (-l)-3. 3594 


PROLATE JOINING FACTORS—FIRST KIND k£>(c) Table 21.5 




(l) 

K (i) 

(i) 

c 


*00 

*01 

*02 

1 


> 8. 943 

'-1)9.422 

[1)4. 637 

2 

-i 

> 6. 391 

0)1.586 

l)l.268 

3 

!-i| 

> 3. 742 

' 0)1.829 

0)6. 352 

4 

-1 

>1.909 

0)1.795 

0) 3. 867 

5 

-? 

>8. 97 

' 0)l. 665 

[0)2.401 



,0) 

„(D 


JX) 

(i) 


*11 

*12 


*13 

*22 

0 

2. 770 

1)4. 319 

2 

7.919 

1)4.234 

0 

1.095 

0)9.527 

2 

1.002 

0 8. 838 

-1 

>5. 011 

0 3.417 

1 

12.982 

0 2.935 

-1 

>2.294 

0)l. 413 

1 

>1.222 

0)l. 118 

-l; 

>1. 023 

!-l)6. 067 

[0! 

>5.725 

,-1)4.455 


From C. Flammer, Spheroidal wave functions. Stanford Univ. Press, Stanford, Calif., 
1957 (with permission). 
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22. Orthogonal Polynomials 

Mathematical Properties 


22.1. Definition of Orthogonal Polynomials 

A system of polynomials/„(*), degree \jn{x)]=n, 
is called orthogonal on the interval a<x<b, 
with respect to the weight function w(x), if 


where g{x) is a polynomial in x independent of n. 
The system (t> consists again of orthogonal 
polynomials. 


22.1.1 


£ W(x)f n (x)f v 


,{x)dx —0 


( n^m;n , m=0,1,2,...) 


The weight function w{x)[w(x) >0] determines 
the system f n (x) up to a constant factor in each 
polynomial. The specification of these factors is 
referred to as standardization. For suitably 
standardized orthogonal polynomials we set 


22.1.2 


s: 


w(x)fl(x)dx=h ni f n (x)=k n x n -\-k' n x n ~ 1 + . . . 


(w=0,l,2,. ...) 


These polynomials satisfy a number of relation¬ 
ships of the same general form. The most 
important ones are: 

Differential Equation 

22.1.3 g2{x)f;+ gi {x)f n +aj n =0 

where g 2 (x), gjx) are independent of n and <z„ a 
constant depending only on n. 


Recurrence Relation 

22.1.4 / n+1 = {a n +xb n )j n -cj n - x 

where 


22.1.5 




a 'MbrF) <*=' 


kn+lkn — lhn 

KK-i 


Rodrigues’ Formula 


(1.5,-.5) 



22.1.6 


f - 1 d " 
Jn e„w(x) dx n 


{w(x)[^(a:)] n } 


Figube 22.1 . Jacobi Polynomials P}?‘ p) (x ), 
a=1.5, j8= —.5, n=l(l)5. 
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22.2. Orthogonality Relations 



/.<*) 

Name of Polynomial 

a 

b 

w(x) 

Standardization 

K 

Remarks 

22 . 2.1 

P ( °- 0) (x) 

Jacobi 

-1 

1 

(1—x)“(l+x)* 

/*.»(!)=("+«) 

2*+P+i r(n+a+l)r(n + 0 +l) 

«> 1> 0> — 1 

2» + a+/3+l n!r(n + a+jj-|-l) 

22 . 2.2 

Gn(p, q, x) 

Jacobi 

0 

1 

1 

(1 — x) p ~ 9 x 9 ~ l 

k n = 1 

n!r(n + g)r(n+p)r(n+p — 9 + 1 ) 

(2n + p) r*(2» + p) 

V-q>- 1, q>0 

22 . 2.3 

c { :Hx) 

Ultraspherical 

(Gegenbauer) 

- 1 

1 

(1 -**)»-* 

C“(l) 

=(" +2 r‘) 

x2‘-*T(n+2a) 

1 n!(»+«)[r(a)]* 

«>-l 







(«*0) 









n 

2ir n 

— r a = U 

n* 








C' 0> (1) = 1 



22 . 2.4 

Tn(x) 

Chebyshev of the 
first kind 

-1 

1 

(1-**)-» 

7\,(l) = l 

ji "*> 

[w n = 0 


22 . 2.5 

U n {x) 

Chebyshev of the 
second kind 

-1 

1 

(1 —x*)4 

U n(l) ~ n+l 

■K 

2 

00 

22 . 2.6 

Cn(x) 

Chebyshev of the 
first kind 

-2 

2 

0-iV 

Cni 2 ) =2 

(4t n 5*0 

I8x n—0 


22 . 2.7 

Sn(x) 

Chebyshev of the 
second kind 

-2 

2 

('-?)* 

S„(2)=n+l 

- 


22 . 2.8 

T*{x) 

Shifted Chebyshev 
of the first kind 

0 

1 

(x-z*)-* 


f n *° 









jr »=0 


22.2.9 

U* n {x) 

Shifted Chebyshev 
of the second 
kind 

0 

1 

(x-x*)l 

t/t(l)=«+l 

x * 

8 


22 . 2.10 

Pn(x) 

Legendre 

(Spherical) 

-i 

1 

> 

P»(D = 1 

2 

2n+1 


22 . 2.11 

Ptix) 

Shifted Legendre 

0 

1 

1 


1 

2n+1 



'See page n. 
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22.2. Orthogonality Relations—Continued 


22 .2.12 

L'zHx) 

Generalized 

Lapuerre 

0 

0° 

e~*x* 

k ^~ 1 >" 
kn ~ n! 

r(«+»+i) 

»! 

22 . 2.13 

L n {x) 

Ijaguerre 

0 


e~* 

k 

*" n! 

1 

22 . 2.14 

Unix) 

Hermite 

-- 

.• 

j 

«**(-!)• 

V*-2 n n! 






_xf 



22 . 2.15 

Hejx) 

Hermite 

-« 

CD 

e * 

«. = (-!)• 

V2jrn? 


22.3. Explicit Expressions 

fn(x)=d n y' l c m g m jx) 
m«* 0 



/»(*) 

N 

d n 


g«(x) 

kn 

Remarks 

22 . 3.1 

P« $ '(x) 

n 

2^ 

/n+«\ /n + 0\ 

\ m / \n — m ) 

(z-l)»—(x+1)- 

1 /2« + « + 0\ 

2- V n ) 

«>-l, / 3 > — 1 

22 . 3.2 



r(«+«+i) 

/n\ r(a + /8 + n + w£-)-l) 

(x— 1)" 

1 /2n + a + / 9 \ 

«>-l, /»>-! 


n!r(a + ( 9 +n+l) 

V»/ , 2-r(a + m+l) 

2" V » / 

22 . 3.3 

<?•(?>, g, x) 

n 

r(g+n) 

T(p + 2n) 

( n -( n r(p + 2n-m) 

V U W r(g+«-m) 

X"-" 

1 

P~ 7 > — 1 » ?>0 

22 . 3.4 

C^(x) 

m 

rW 

, n _ r(« + n—m) 

m!(n-2m)! 

(2x) 

2- r(a + n) 
n'. r(a) 


22 . 3.5 

C‘«(x) 

m 

1 

l 

/ n _ (n—m-l)! 

^ w!(n—2»t)! 

(2*)-»- 

— n^O 

n 

n^O, Ci 0) (l) = l 

22 . 3.6 

T n (x) 

m 

n 

2 

/ n _ (n-m— 1)! 

V ; m!(»-2m)! 

(2x) B_lm 

2»-i 


22 . 3.7 

U n {x) 

[i] 

1 

/ n _ (»-*»)! 
v ' m!(n—2m)l 

*(2*)-«* 

2" 


22 . 3.8 

PnU) 

0] 

1 

2" 

<-"■(:.) c n ~ 2m ) 

X «-*W 

(2«)f 

2"(»!)* 


22 . 3.9 

Lj» (t) 





(-D" 

a>-l 



\n — m) m! 


n! 

22 . 3.10 

Unix) 

Cl] 

n! 

( l) m!(n-2m)! 

(2x)" -2m 

2 n 

see 22.11 

22 . 3.11 

He n ix) 

[i] 

n! 

( l) m 1 

k 1 m\2 m (n — 2ni )! 

i'* 1 " 

1 



<1 

Or 
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Figure 22 . 2 . Jacobi Polynomials P^ a ' $) ( x), 
a=l(.2)2, /S= —.5, n=5. 



Figure 22.3 . Jacobi Polynomials & ( x ), 

a=1.5, 0=-.8(.2)O,n=5. 


Explicit Expressions Involving Trigonometric Functions 
n 

/«(cos a m cos (n—2m)0 

tn-0 



/•(cos 9) 

a m 

1 

Remarks 

22.3.12 

C£ } (cos 6) 

r(a+m)r(a+n— m) 
m!(n—m)![r(a)] 3 

a^O 

22.3.13 

P n (cos $) 

J_ /2m\ /2n—2m\ 

4" \ m / \ n—m ) 



22.3.14 Ci 0) (cos 0) cos nO 

22.3.15 T„(cos 0)=cos n$ 

22.3.16 [ 7, (c „ sS )= 8 i^±lI 9 


c'^w 



Figure 22.4. Gegenbauer (Ultraspherical) Polyno¬ 
mials Ci a) (x), a=.5, «=2(1)5. 
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22.4. Special Values 



/„(*) 

fn(-x) 

/n(l) 

/»(0) 

/o(x) 

fl(x) 

22.4.1 

P<“«(z) 

(-1 )»P<**>(z) 

("»“) * 


1 

|fa-/3+(a + 0+2)s] 

22.4.2 

«•><*) 

a 0 

(-l)»C<»>(x) 

rt-) 


0, n = 2m+ 1 

r(«+»/2) n 

V ’ r(a)(n/2)! n ~ 2m 

1 

2 ax 


C^ 0> ( 35 ) 




2m*0 



22.4.3 

(~l)"C“>(x) 

I- n ^° 


m 

l 

2x 






[o, n=2m+l 



22.4.4 

r.(*) 

(-DT.Or) 

i 


| (-1)", n = 2m 
[0, n=2m+l 

1 

X 

22.4.5 

U n (x) 

(-l)«£/„(*) 

n+1 

1 

[ (— 1)", n = 2m 

0, n=2m +1 

1 

2x 

22.4.6 

Pn(x) 

(-l)»P n (x) 

1 



I 

X 






[o, n=2m +1 



22.4.7 




CT) 

i 

-X+a+1 

22.4.8 

Unto 

(-1) «#„(*) 


j 

ml 

1 

2x 





1 

.0, n=2m+l 







22.5. Interrelations 

Interrelations Between Orthogonal Polynomials of the 
Same Family 


Jacobi Polynomials 


22.5.1 


p(«.fi)( x )— r(2n+tt+ff+l) / x+l \ 

22.5.2 

G,(p, i'*)= Y(£+p) -(2,-1) 

(see [22.21]). 

22.5.3 


F.(p, q, x)=(-l)"n! 
(see (22.13]). 


Ultraspherical Polynomials 

22.5.4 CT (x) = lim - C <*> (a:) 

cr-K) « 


Chebyshev Polynomials 

22.5.5 r,(*)=jc,( 2 x)=r; (i±?) 

22.5.6 T n (x)=Un(.x)—xU n - l (x) 


♦See page n. 
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T n (x)=xU n -i(x)-U n - 2 (x) 
T n (x)=UU n (x)-U n - 2 (x)] 

22.5.9 U n (x)=S n (2x)=U* 

22.5.10 CT.. 1 (*)- r ^ ? [xr il (*)-r il+1 (*)] 

22.5.11 C n (x)= 2 T n 0=2 T* 

22.5.12 . C n (x)=S n (x)-S n - 2 (x) 

22.5.13 8f B (x)=C7 B (|)=t/*(^) 

22.5.14 T* n (x)=T n (2x-l)=h C n (4x-2) 
(see [22.22]). 

22.5.15 U*(x)=S n (4x—2)=U n (2x—l) 
(see [22.22]). 

Generalized Laguerre Polynomials 

22.5.16 L<?'(x)=L n (x) 

22.5.17 [£.+.(*)] 

Hermite Polynomials 


22.5.23 p<-l.-l)( z)=; I(^)r.(x) 

22.5.24 Pi ool (x)=P„(x) 

Ultraspherical Polynomials 

22.5.25 

p(«i — F (q-|-n)w!2 2 * p (0I -i. -j> /o-sin 
Can {X) ~ r(a)(2n)l " ( ' 

22.5.26 

C 2n+ iW- r(a)(2n+1)! K£X i) 

22.5.27 

nict) / \ _ r(«4-^)r(2ot+n) p(a-i.a - 1 ) ( x \ 
c - w_ r(2a)r(a+n+i) n w 

22.5.28 

e> w=|r.(*)=2 -»<*) 

Chebyshev Polynomials 

22.5.29 r I . +1 (*) = j^ 5 xP<-*-‘>(2x»-l) 

22.5.30 C/ ! .W= F ^- ) Pi'--' , (2P-l) 

22.5.31 P.(*) = f ^^P<-*'-‘>(x) 

22.5.32 ^.W=|gfn‘'>(x) 


(.«*<>) 


(<*** 0) 


(a 5*0) 


22.5.18 H«.(x)=2-*«ff. (^ 
(see [22.20]). 

22.5.19 i?„(x)=2"'>ffe.(x v 5) 
(see [22.13], [22.20]). 


Interrelations Between Orthogonal Polynomials of 
Different Families 


Jacobi Polynomials 


22.5.20 


pc-i.-h/ x x_ r(2a)r(«-|-n+») CW( ) 

n W r(2a+n)r(a+i) c " w 


22.5.21 

^ * ) (x) = 


(h)n 




f*+l 


22.5.22 ?£*■-»(*)=*- 


(«+l)n 

Jik. 

<«+*). 




tfW‘ 4 1 ) 

W¥) 


T„<x) 
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Legendre Polynomials 

P.(*) (?) 

P.(z)=C?'’>(x) 
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22.5.33 7’»(z)=|C®(z) 

22.5.34 U„(z)=C"’(x) 


22.5.35 

22.5.36 

22.5.37 

~ [Pn(*)]=l-3 . .. (2m-l)0S!i»(i) (m<7») 

Generalized Laguerre Polynomials 

22.5.38 

22.5.39 

Hermite Polynomials 

22.5.40 H 2m (x) = (—l) n 2 2m m\L^ 1,2) (x 2 ) 

22.5.41 H 2m+1 {x)=(-l) m 2^+'m\xL" m (x 2 ) 


Orthogonal Polynomials as Hypergeometric Functions (see chapter 15 ) 

f n (x)=dF(a, b; c; g(x)) 

For each of the listed polynomials there are numerous other representations in terms of hyper¬ 
geometric functions. 



/»(*) 

d 

a 

b 

c 

g(x) 

22.5.42 


m 

— n 

ft + «+|8+ 1 

«+l 

1 — X 

2 

22.5.43 

p { :- a) {x) 

C n+ mm' 

-n 

— n — ct 

— 2ft — a —/3 

2 

1—i 

22.5.44 

P< n «-0(x) 

mm 

— ft 

-n-0 

a + 1 

x—1 

3+1 

22.5.45 

pyHx) 

mm 

—n 

— ft — a 

/3+1 

3+1 

3 — 1 

22.5.46 

&:Hz) 

r(«+ 2 a) 

n!r(2a) 

— n 

ft + 2a 

a + i 

1—X 

2 

22.5.47 

Tn(x) 

1 

— ft 

ft 

. 1 

1—X 

2 

22.5.48 

U H (X) 

n+1 

—ft 

ft+2 * 

1 

l—X 

2 

22.5.49 

Pn(x) 

i 

— n 

ft+1 

1 

1—X 

2 

22.5.50 

Pn(x) 

Om 

—n 

— » 

-2 ft 

2 

1—3 

22.5.51 

Pnix) 

a©- 

n 

2 

1 —n 
~2~ 

1-ft 

1_ 

X® 

22.5.52 

Pznix) 


—n 

ft + 1 

1 

X 2 

22.5.53 

P 2 n+l(.x) 


— ft 

»+! 

1 

X 2 


•See page ir. 
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Orthogonal Polynomials as Confluent Hypergeometric 
Functions (see chapter 13) 

22.5.54 L“>(*)=(”^“)A/(-m, a +l, *) 

Orthogonal Polynomials as Parabolic Cylinder 
Functions (see chapter 19) 

22.5.55 II n ( x ) =2*7 n, | 

22.5.56 = 

22.5.57 

* H 2m+1 (x) = (-l) m rn, |, x 2 ^ 


22.5.58 

H n (x)=2»' 2 e* 2 ' 2 D n y2x)=2*' 2 e x2 ' 2 U >/2x) 

22.5.59 He n (x) = e x2/ *D n (x)=e**U x ) 


Orthogonal Polynomials as Legendre Functions 

(see chapter 8) 

22.5.60 

cir ) (x)= 


r(«+j)r(2 «+n) fi 
n!r( 2 a) L4 


(x 2 -l) 


r 


(«^ 0 ) 


P n (x) 



Ln(x) 



Figure 22.9. Laguerre Polynomials L n (x), 
n= 2(1)5. 


H n tx) 



n=2(l)5. 


*See page n. 
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22.6. Differential Equations 

92 (x) y" 4- g i Or) y' + go (x) y - 0 



y 

g*(x) 

!7i(z) 

9o(x) 

22.6.1 


1 — X* 

0 — a — (a + 0 + 2)x 

ra(r? + a + /? + 1) 

22.6.2 


1 —X* 

a~0+(« + 0-2 )x 

(n + l)(n + a + 0) 

22.6.3 

o+l 0+1 

a -*) 2 a+*> 2 

I 

0 

1 1 — a 2 1 1-0* 

4 (1 — x) 2 *"4 (1 + x) 2 

2rt(n + a + 0 + 1) + (a + i ) (0 + 1) 
+ 2(1 -x’) 

22.6.4 

( . x\ a+ l/ xV+1 (o s) 

1 sin — 1 ( c° s 2 ) (cos x) 

1 

0 

1 — 4a 2 ( 1 — 40 2 

16 sin 2 ^ 10 cos 2 ^ 





+(-+= ± f t1 )* 

22.6.5 

c { :\x) 

1 —x* 

-(2a+l)* 

n{n 2a) 

22.6.6 

(1 -*»)“~*C«(*) 

1-x 2 

(2« — 3)x 

(n+l)(n + 2a-l) 

22.6.7 

(l-i^c^tx) 



(n + a) 2 2 + 4a-4a»+x 2 



1-x 2 ' 4(1-x 2 ) 2 

22.6.8 

(sin x)°C ( " ) (cos x) 

1 

0 

<" + ->*+=:£r 

22.6.9 

T n (r) 

1-x 2 

—x 

n 2 

22.6.10 

T n (cos x) 

1 

o 

n 2 

22.6.11 

—!— T H (x);U n -i(x) * 

1 




Vl-x* 


-3x 


22.6.12 

Unix) 

1 — X* 

— 3x 

n(n + 2) 

22.6.13 

Pn(x) 

1-x 2 

— 2x 

n(n+l) 

22.6.14 

VT=*p.<*> 


Q 

»(»+l) 1 



1-x 2 1 (1-x 2 ) 2 

22.6.15 

l { ;\x) 

X 

a+l-x 

n 

22.6.16 

e-*x° /2 U a) (x) * 

X 

x+1 

, a . , a 2 

n+ 2 +1 “4i 

22.6.17 

g-x/ixin+U/i^W (X) 

] 

Q 

2n + a+l 1 — a 2 1 



2x + 4x 2 4 

22.6.18 

(x 2 ) 

1 

0 

4n + 2a + 2 — x 2 + 

4x 2 

22.6.19 

#,(*) 

1 

-2* 

2 n 

22.6.20 

*» 

c *Hn(x) 

1 

° 

2n + 1 — x 2 

22.6.21 

HCn{x) 

1 

—x 

n 


"See page 11. 
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22.7. Recurrence Relations 

Recurrence Relations With Respect to the Degree n 

Oln/n+lW = (a2n+a 3 n x)f n (x)-a 4 n f n - 1 (x) 



/» 

Clin 

a 2 n 

«3n 

a in 

22.7.1 

p<<M»( x ) 

2(n+\)(n+a + l3+\) 
(2n+a+0) 

(27i + a + ^ + l)(a i — fi 2 ) 

(27i+a + /S)3 

2(n+a)(n+l3) 

(2n+a + /3 + 2) 

22.7.2 

(?„(p, g, x) 

(2n + p-2) 4 (2n + p-l) 

-[2n(n + p) + g(p-l)] 

(27i+p-2) 3 

(2n+p —2) 4 
(2n + p-l) 

n(n+q— 1 )(n+p— 1) 
(n+p-g)(2n+p+l) 

22.7,3 

i C<“>(x) 

n+l 

0 

2 (71 + a) 

71+ 2a— 1 

22.7.4 

T n (x) 

1 

0 

2 

1 

22.7.5 

Unix) 

1 

0 

2 

1 

22.7.6 

S n (x) 

1 

0 

1 

1 

22.7.7 

Cn(x) 

1 

0 

1 

1 

22.7.8 

TI(X) 

1 

-2 

4 

1 

22.7.9 

u:(x) 

1 

-2 

4 

1 

22.7.10 

Pnix) 

71 + 1 

0 

271+1 

n 

22.7.11 

K(X) 

n+1 

— 2n— 1 

4ti + 2 

n 

22.7.12 

L<«>(x) 

71+ 1 

2ti+ a +1 

-1 

«+a 

22.7.13 

Unix) 

1 

0 

2 

2 n 

22.7.14 

He n (x) 

1 

0 

1 

n 


Miscellaneous Recurrence Relations 


Jacobi Polynomials 

22.7.15 

(n+f+f+i) (l-x)P!? + '->'(x) 

= (n+a+l)P n <°»(x)-(n+l)P';tf(x) 

22.7.16 

(»+|+f+i) a+x)n"’ #+i> (*) 

= (r>+0+ 1)P<*'«> (x) + (»+(x) 


22.7.17 

(l-x)P<“ +l '«>(x)+(l+x)P<“.»+ 1, (x)=2P<”''"(*) 


22.7.18 

{2n+a+^)P[ a -^\x) = (n+a+p)Pi a ^(x) 

•~(n+fi)P£f>(z) 

22.7.19 

(2ft+a+0)P<“' 0- l) (z) = (ft-+ a4- j8)P<“-*> (x) 

22.7.20 P^*-”(^-Pi— 1 ^ (x)=P<“jf> (x) 


Ultraspherical Polynomials 

22.7.21 

2a(l-x 2 )0^4 1) (x) = (2a+n-l)^“_ ) 1 (x)-nx(7r(x) 

99 7 99 

= (»+2a)xC'“>(x) 

-(n+l)0»,(x) 

22.7.23 (»+ «)CSW> (x) = (a-1 )[C’S,(x) - C*5,(x)] 

Chebyshev Polynomials 

22.7.24 

2T m (x)T n (x) = T n+m (x) + T n _ a (x) ( n>m) 

22.7.25 

2(x 2 -l)t/ w _ 1 (x)C7„_ 1 (x)=P n+w (x)-P n ^(x) 

( n>m) 

22.7.26 

2P m (x)C/»- 1 (x)=C/„ + „ l - 1 (x)+C/ B - m - 1 (x) (n>m) 

22.7.27 

27’»(x)Cf m _ 1 (x)=?7, + „_ 1 (x)-f7,_„_ 1 (x) (»>m) 

22.7.28 27’„(x)17.- l (x)=t/ s „-,(x) 


*See page n. 
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Generalized Laguerre Polynomials 


22.7.29 


22.7.31 

L«'''(x)=\[(n+ a +l)L«Hx)-(n+Wm ] 

22.7.32 


22.7.30 L { r x) (: x)=Li a) (as) -Z£?i (x) 


X4r 1) (*)= 7 ^ [(n+l)Lg¥i(as)- 


(n+l—x)L^ ) (x)] 


22.8. Differential Relations 


9*(x)~fn(x)=g l (x)fn(x) + g 0 (x)fn~,(.x) 



u 

9* i 

01 

00 

22.8.1 

/*•■»(*) 

(2n+«+0)(l-*») 

w[a — 0 — (2 n + a + /3)x] 

2(n+ «)(»+£) 

22.8.2 

C< a >(x) 

1-x* 

— nx 

n + 2a-l 

22.8.3 

T n (x) 

1-x* 

— nx 

n 

22.8.4 

U n (x) 

1-x* 

— nx 

n+1 

22.8.5 

Pn(x) 

l-x* 

— nx 

n 

22.8.6 

L‘ a Hx) 

X 1 

n 

-(»+«) 

22.8.7 

Unix) 

1 

0 

2 n 

22.8.8 

He n (x) 

1 1 

0 . 

n 


22.9. Generating Functions 


Q{X,Z) = 2 <tnf n (x) Z" i2=Vl — 2XZ+Z 2 

n-o 



/.(*> 

a ” 

0(*.«) 

Remarks 

22.9.1 

P<*'»(x) 

2~“-A 


/e-»U-z+fl)~«(i+ z+fl)-* 

1*10 

22.9.2 

C?(x) 

2*"«r(a+H-n)r(2a) 
r(« + i)r(2a + n) 



|z|<l,«^0 

22.9.3 

C«(*) 

1 


«-*■ 

Jz|<C 1» erJ^O 

22.9.4 

C*M 

1 


-In fl* 

MO 

22.9.5 

C«(x) 

r(2a) 


/z \ i_ “ 

«* “■ * f £ sin 0 ) (z sin 0) 


r(a+l)r(2a+n) 



22.9.6 

T n (x) 

2 


(W 

1 <x< 1 

MO 

22.9.7 

Tn(x) 

V2/2n\ 

4* \ « / 


fl-‘(l-xz+fl)«/* 

-l< <1 

1*10 

22.9.8 

T n (x) 

1 

n 

1 

“ 1 

l-*ln«* 

Oo= A 
-1<X<1 

MO 

22.9.9 

Tn(X) 

j 


1—xz 





A l 

1*10 

22.9.10 

U^X) 

1 


R-* 

- 100 

MO 

22.9.11 

Unix) 

V2 /2n+2\ 

4»-n \n+l/ 


1 (l-xz+fl)-*' 2 

-KxO 

l*l<i 


'See page n. 
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22.9. Generating Functions—Continued 

g{x,z)=^2anfn(x)z n #=Vl-2xz+z* 

K-0 



fn(x) 

On 

/A *<*■ *> 

Remarks 

22.9.12 

Pn(x) 

I 1 

R~\ 

—1<*<1 



J_ 

n! 

\ ^ 

I*I<1 

22.9.13 

Pn(x) 

e* e<,, V 0 (« sin 9) 

x=cos 9 

22.9.14 

S.(x) 

i 

(1 -xz+z*)-‘ 

— 2<x<2 

1*10 

wo 

22Vl5 

L?(x) 

1 

(1-.)— exp (^) 

22.9.16 

l£Hx) 

1 

(xz)-l°e'J„[2(xz)''*] 


r(fi+«+i) 


22.9.17 

H n (x) 

n! 

«**•-•* 


22.9.18 

H tn (x) 

(-D* 

(2n)! 

e z cos (2xVz) * 


22.9.19 

H an+i (x) 

(—1)" 

z -1/2 e* sin (2a; Vz) * 


(2»+l)! 



22.10. Integral Representations 

Contour Integral Representations 

f n {x)=~Q f [fli(z, x)] n gi(z, x)dz where C is a closed contour taken around z=o in the positive sense 
l*i Jc 


1 

/•(*) 

go(x) 

ffiM 

1 

ffj(«,x) 

o 

Remarks 

22.10.1 

P‘«-*>(x) 

1 

z*-l 

(l-z)«(l + z)* 


±1 outside C 

(l-x)‘(l+x)' 

2(z-x) 

z—x 


22.10.2 

C«(x) 

1 

1/* 

(1 —2x?-4-z , )~ a z~ 1 

0 

Both zeros of 

1—2xz+ z* outside C, 
a>0 

22.10.3 

r*(x) 

1/2 

1/* 

l-z« 

0 

Both zeros of 

z(l-2xz+z») 

1 — 2xz + z* outside C 

22.10.4 

U n (x) 

1 

Vz 

1 


Both zeros of 

1 —2xz+z* outside C 

z(l —2xz4-2*) 


22.10.5 

Pn(.X) 

1 

Vz 

i(l-2**+**)-!'* 

0 

Both zeros of 

1 — 2xz + z* outside C 

22.10.6 

Pn(x) 

1 

2" 

z»-1 

z—x 

1 

z—I 

X 


22.10.7 

LP(z) 

e x x~ a 

z 

z—x 

z° 

- r* 

z—x 

X 

Zero outside C 

22.10.8 

L‘°>(x) 

1 

*+; 

e "( 1+ l)" 1/I 

0 

z=—x outside C 

22.10.9 

Unix) 

»! 

1/2 

Z 

0 



Miscellaneous Integral Representations 

22.10.10 cos *]"(sin *)*■-<** 

22.10.11 (7;->(cos»)=?^^±M(sin«)*' ! " f* r — <H 

’ w![r(a)] J v ' Jo (cos 0-cos Q) x ~ a ^ 


(«> 0 ) 

(a>0) 


♦See pa*e n. 
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22.10.12 

22.10.13 


P„(cos 0)=- f (cos 0-H sin 0 cos 4>) n d4> 
* Jo 




cos <£)* 


22.10.14 £< a) (x)=^p J* J a (2^[ii)dt 

22.10.15 

H n (x) = e x * ^ J" «-‘ 2 r cos (2 x<-|tt) 


22.11. Rodrigues’ Formula 




The polynomials given in the following table are the only orthogonal polynomials which satisfy 
this formula. 



/«(*) 

a„ 

P(x) 

six) 

22.11.1 

P<«./»)(*) 

(_l)„ 2 »n! 

(l-x)<«(H-x)<* 

1-x* 

22.11.2 

C^ a) (x) 

' } r(«+i)r(n+2«) 

(1-x*)-* 

1-x* 

22.11.3 

r.(») 

(-.,.2- * 
yr 

(1-X*)"* 

1-x* 

22.11.4 

Unix) 

(—1)"2" +| - r i n -±il 

(1-x*)* 

1-x* 

(n+l)V5r 



22.11.5 

Pnix) 

(— l)"2"n! 

1 

1-x* 

22.11.6 

L^{x) 

n! 

C'*X» 

X 

22.11.7 

H n ix) 

(-1)" 


] 

22.11.8 

He n {x) 

(-D" 


1 


22.12. Sum Formulas 

Christoffel-Darboux Formula 

22.12.1 

£ jr/-w.w-A 

m-0 /I'm K n+l">n x V 

Miscellaneous Sum Formulas (Only a Limited Selection 
Is Given Here.) 

22 .12.2 £ 7U*) = i[l+f/*,(z)] 

m-0 

22.12.3 S 3fV-+.(*) = hU„-,(x) 

m-0 

22.12.4 

22.12.5 §V M (.)-5=^4 

22.12.6 X) L% ) (x)L£ n (y)=L { n * + i i+ ' ) (x+y) 

m-0 

22.12.7 s 

m-0 \ •"> / 

22 . 12.8 


22.13. Integrals Involving Orthogonal Poly¬ 
nomials 

22.13.1 

2 n J^ (l—y) a (l+yyPn p) (y)dy 

=P ( n-t +1} (0) — (1—x) a+1 (1+a:/ + l P%Lt hfi+1) (x) 


22.13.2 


tt(2a+ft) 

2 a t 

[ o '(l -y t )‘-^(y)dy 


= Ci-t (0) — (1 — x 2 ) " (z) 

22.13.3 

f , 

J-i (y-x)Vl~ 2 / 2 

22.13.4 

-f ‘ Vl^Un-tWdy _ . 

J_, (2/-rr) 

22.13.5 

J‘(l-x)-P. W rfx=^ . 

22.13.6 



n H (x+y)~ ±- 2 ± (fyH k (j2x)H n - k (^y) 


22.13.7 




P 2 „ +1 (cos0) cos 0c/0= 


T /27iV2n+2\ 

4 2 » +1 \ri/U+l/ 


‘See page n. 
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r , (-l)»r (»-~) T ( 5 + 5 ) 

22.13.9 

r (_1) * r ( n +H) r ( 1+ l) 

f *P M+l (x)dx -- / x , • 7 - 1 xx 

J “ 2r(»+2+ 5 ) r ( r5 ) 

(X>-2) 

22.13.10 

f* P*(f)<ft 1 

J-. (»+})vr+i ir " w+r * +,(I)1 

22.13.11 

/. 7 ^ = (»+J)Vi-* !2 ’* (x)_7 ’” +,(:i:)1 

22.13.12 J" c-'L'*>(*)d(=e-*[£<“>(*)-£i- > .(*)] 

22.13.13 

rCa+is+n+i)^ 1 ( x-ty-H°u a) (t)dt 


= r (a+n+ 1 ) r (| 8 ) s«+ 0 Z<“+*> (*) 

(^a>-l, ^>0) 


22.13.14 


L m (t)L n (x-t)dt 

=J o L m+n (t)dt^L m+n (x)—L m+n+l (x) 

22.13.15 J* e-' 2 H n (t)dt=H n -M-e- x *H n - x {x) 

22.13.16 J' ff B (0^=2^TI) [«-+*<*>— 

1.13.17 J“ e -‘*H 2m (tx)dt=^ (x 2 -l) m 


22 

22.13.18 


J e~ t2 tH 2m+l (tx)dt=^ ^ 7l ^ 1 x(x*-\) m 

1.13.19 J e- l2 t*H n (xt)dt=jrn\P n (x ) 

1.13.20 

J q e" l2 [H„(t)] 2 cos (xt)dt=^2*- l n\e-&L n (^ 


22 , 
22.13.20 


22.14.1 




22.14. Inequalities 


if g=max (a, ($)> — 1/2 
(«>-l,/3>-l) 


a:' maximum point nearest to 


<*+0+1 


22.14.2 


l^ a) (*)l< 


rn <*>•> 


je'=0 if n—2m; a;'=maximum point nearest zero 
if 7i=2m+l 


22.14.3 

|(7r(cos0)|<2 1 


(0<a<l, O<0 <jt) 


(sin 0)°T(a) 

22.14.4 |7 7 »(x)|<l (-1<*<1) 

22.14.5 |^j^|<7i 2 (-1<*<1) 

22.14.6 |Z7„(z)|<n+l (-1<3<1) 

22.14.7 |P „(*)|<1 (- 1 <z< 1 ) 

22.14.8 |~^|<i»(»+l) (-1<*<1) 

22.14.9 \P n (x)\<ll ri JL= (— 1 < z < 1 ) 

V 7m 4 Vl -i 2 

22.14.10 

n(*)-P»-,(*)F. + ,(*)<5^±^ (-1<*<1) 


"371(71+1) 


22.14.11 


(—1 <x< 1) 

22.14.12 |£n(s)|<e* /2 (*>0) 

22.14.13 |£<“>(x)|< ^rtr+1 1 / e * /2 (a “ 0, X “ 0) 

22.14.14 

I(*)|<[ 2 - ^fr^+i ) } ] eI/2 <“K«<o,*>o) 
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22.14.15 |ff„(*)|<e**'*2*^! [ 2 -^ ( 2 “)] 

22.14.16 |g w ,(a ! )|<»^^ + 1 2 ) ) 1 ! (*>0) 

22.14.17 | H n (x) | <e x2/2 &2” /2 1.086435 

22.15. Limit Relations 

22.15.1 

lim ( cos -VI 

L^“ V n/J 


22 - 15 - 2 

22 - 15 - 3 

22 - 15 - 4 

22.15.5 (l~)=Lp(x) 

*■>« \ i p / 

22.15.6 

For asymptotic expansions, see [22.5] and 
[22.17]. 


22.16. Zeros 

For tables of the zeros and associated weight factors necessary for the Gaussian-type quadrature 
formulas see chapter 25. All the zeros of the orthogonal polynomials are real, simple and located 
in the interior of the interval of orthogonality. 

Explicit and Asymptotic Formulas and Inequalities 

Notations: 

x^mth zero oi j n (x){x[ n) <Cxi n) <i . . . <xl n) ) 

6^ ] = arccos xi n _ ) m+1 (O<0 l {B) <^">< . . . <6 { n n) <ir) 


j a , m , with positive zero of the Bessel function J a (x) 
0<jc.l<ja.2< • • • 


/»(*) 


Relation 


22.16.1 

22.16.2 

22.16.3 

22.16.4 

22.16.5 


P ( “’«(cos 8) 
C«(*) 

C 1 ? (cos 8) 
T n (x) 

Unix) 


lim n<"> =j a , m (a> — 1, /3> — 1) 

*-^3? [>-*+• G)] 


(m+or-l)ii 




n+a " n+a 
2m-1 


(0<a<l) 


^> = 008 


22.16.6 P n (cos 6) 


22.16.7 P n (x) 


22.16.8 L l ?(x) 


2m— 1 . . 2m 

■7:—:—r X <-017 —— x 

2n+l - -2ra+l 

_/,) 4m—1 . 1 . 4m—1 . 

= te+2 '+8S COt 4S+2 ’ r+0(n > 

_4g> 


_• tin)— - 1 J_ J _ 

2n+l + & B, ’ <m 4 a + 2L 12(2n+l) ! , 






xL"><g (2fc m + V4A£ + *-a*) 


* 4fc„ V 


! + • 


2(a*-l)+jJ. 
48^ 


?)+0(n-«) 


k r =r -)-■ 


H-l 


For error estimates see [22.6]. 
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22.17. Orthogonal Polynomials of a Discrete 
Variable 

In this section some polynomials /„ (z) are listed 
which are orthogonal with respect to the scalar 
product 

22.17.1 (/„,/„) = 2 W*(*i)fn 

The Xi are the integers in the interval a<x t <b 
and w*(xt ) is a positive function such that 


POLYNOMIALS 

^Jw*(Xi) is finite. The constant factor which is 

i 

still free in each polynomial when only the orthogo¬ 
nality condition is given is defined here by the 
explicit representation (which corresponds to the 
Rodrigues’ formula) 

22.17.2 /.W= ( r^- ) A "lw*(x)g(x, n)} 

where g(x, ri)=g(x)g{x~ 1) . . . g{x—n+ 1) and 
g(x) is a polynomial in x independent of n. 


Name 

a 

b 

w*(x ) 

r. 

n ) 

Remarks 

Chebyshev 

0 

N— 1 

1 

1/nr 

on 


Krawtchouk 

0 

N 


(— l) B n! 

q n x\ 

(x—n)\ 

v, ?>0; 

P + ?= 1 

Charlier 

0 

CO 

e~°a z 

x! 

(—l) n Vo"n! 

x\ 

(x—n)\ 

a>0 

Meixner 

0 

CO 

c*r(ft+x) 

r(b)x! 

c n 

x! 

(x — n)! 

6>0, 0<c<l 

Hahn 

o 


T(b)T(c+x)T(d+x) 

n! 

x!r(6+x) 




x!r(fe+x)r(c)r(d) 

(x—n)!r(fe+x —n) 



For a more complete list of the properties of these polynomials see [22.5] and [22.17]. 


Numerical Methods 

22.18. Use and Extension of the Tables 


Evaluation of an orthogonal polynomial for which the coefficients are given numerically. 

Example 1. Evaluate L 6 (1.5) and its first and second derivative using Table 22.10 and the 
Horner scheme. 


1 

-36 

450 

-2400 

5400 

-4320 

720 

*=1.6 

1. 5 

-51. 75 

597. 375 

-2703. 9375 

4044. 09375 

-413. 859375 

1 

-34. 5 

398. 25 

-1802. 625 

2696. 0625 

-275. 90625 

306. 140625 

1.5 

1. 5 

-49. 5 

523. 125 

-1919. 25 

1165. 21875 

306. 140625 

720 

= . 42519 53 

1 

— 33. 0 

348. 75 

-1279. 500 

776. 8125 

889. 3125 


1.5 

1. 5 

-47. 25 

452. 250 

-1240. 875 


T - 889.3125 

720 

= 1.23515 625 

1 

-31. 5 

301. 50 

-827. 250 

-464. 0625 


T » „ [-464. 0625] 

~ 2 720 

= -l. 28906 25 
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Evaluation oj an orthogonal polynomial using the explicit representation when the coefficients are not 
given numerically. 

If an isolated value of the orthogonal polynomial j n (x) is to be computed, use the proper explicit 
expression rewritten in the form 

j n (x)=d n (x)a 0 (x) 

and generate a 0 (x) recursively, where 

— (m=n,n- 1 , . . ., 2, l,a n (z) = l). 

Cm 


The d n (x), b m , c m ,j(x) for the polynomials of this chapter are listed in the following table: 


fn(x) 

d n (x) 

b m 

c m 

fix) 

p(«,« 

("i“) 

(n — m+ l)(a+/3 + n + w) 

2m(a + m) 

l-x 

Cl’n 


2(»-m+l)(«+» + m-l) 

m(2m— 1) 

■- 

U 2»+l 

(_1)» 2x 

nl 

2(n — m+l)(a + n-fm) 

m(2m+l) 

X* 

T 2n 

(_D« 

2(n—m+l)(n+m—1) 

m(2m— 1) 

X* 

Tin+l 

(-l)»(2n+l)x 

2(n—m+l)(n+m) 

m(2m+l) 

X* 

u in 

(-D" 

2(n— m+l)(n+m) 

77i (2m— 1) 

X 2 

u 2n+i 

(-l)»2(n+l)x 

2(n—m+l)(n+m-f 1) 

m(277i+1) 

X 2 

Pin 

(-1)" /2 n\ 

4" \ n / 

(n-m+l)(2n4-2m-l) 

m(277i —1) 

X 2 

P 2n+l 

<-+>>* 

(n-m+l)(2n+2m+l) 

m(2m+l) 

X 2 

L( n 

or) 

n—m+1 

m(a+m) 

X 

H 2 n 


2(n-m+l) 

m(2m— 1) 

X 2 

H 2n +t 

(-.)" (2n ; l) ^ 

2 (n—m+ 1) 

m(2m+1) 

X 2 


Example 2. Compute pa/ 2 , a/ 2 ) ( 2 ). Here rf,=^ 8 g 5 )=3.33847,/(2) = -l. 


m 

8 

7 

6 

5 

4 

3 

2 

1 

0 

Clm 

1 

1. 132353 

1.366667 

1. 841026 

3. 008392 

6. 849651 

26. 44156 

223. 1091 

6545. 533 

b„ 

18 

34 

48 

60 

70 

78 

84 

88 

90 

Cm 

136 

105 

78 

55 

36 

21 

10 

3 

0 


P«'W)(2)=rf 8 a„(2)=(3.33847)(6545.533)=21852.07 

Evaluation oj orthogonal polynomials by means oj their recurrence relations 
Example3. ComputeC r( n i) (2.5)for n=2,3,4,5,6. 

From Table 22.2 C$>= 1, CJ 4) =1.25 and from 22.7 the recurrence relation is 


C'i , i,(2.5)=[5(»+i)C<‘>(2.5) —(»-i)C®,(2.5)]— • 


n 

2 

3 

4 

5 

6 

c£H 2.5) 

3. 65625 

13. 08594 

50. 87648 

207. 0649 

867. 7516 


Check: Compute <7 fl (l) ( 2.5) by the method of Example 2. 
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Change of Interval of Orthogonality 

In some applications it is more convenient to use polynomials orthogonal on the interval [0, 1]. 
One can obtain the new polynomials from the ones given in this chapter by the substitution x=2x— 1 . 
The coefficients of the new polynomial can be computed from the old by the following recursive scheme, 
provided the standardization is not changed. If 

/«(a0=2 a m x m , /£(z)=/»(2z-l)=X) <* m 

m=0 m=0 

then the a* are given recursively by the a m through the relations 
a# , —2a£f“ 1) m=n— 1 , n—2 , . . j; j= 0 , 1 , 2, . . n 

ak l) =a m /2, m=0, 1 , 2, . . n 

ai i) —2 i a n ,j=0, 1 , 2, . . n and aj, m) =a£; m= 0, 1 , 2, . . n. 


Example 4. Given jT 5 (x)=5x— 20x 3 -f-16x 5 , find T%{x). 


m 

j \ 

5 

4 

3 

2 

* 

0 

-> 

8=06 11 

0 

-io=ar i) 

0 

2.5=o[ _1> 

0 

0 

16 

-16 

-4 

4 

1 

— 1 = a*o 

1 

32 

-64 

56 

-48 

50=a[ 


2 

64 

-192 

304 

— 400=a; 



3 

128 

-512 

1120 = aj 




4 

256 

—1280=al 





5 

512=aJ 







Hence, T*(x ) = 512x 5 - 1280x 4 +1120x 3 -400x 2 + 50x-1. 


22.19. Least Square Approximations 

Problem: Given a function/(x) (analytically or 
in form of a table) in a domain D (which may be 
a continuous interval or a set of discrete points). 2 
Approximate J(x) by a polynomial F n (x) of given 
degree n such that a weighted sum of the squares 
of the errors in D is least. 

Solution: Let w(x) >0 be the weight function 
chosen according to the relative importance of 
the errors in different parts of D. Let j m {x) be 
orthogonal polynomials in D relative to w(x), i.e. 
(/*»,/»)=0 for m 9 ^n, where 

J d w{x)j(x)g{x)dx 

. , v if D is a continuous interval 

* 

2 w{x m )j(x m )g{x m ) 

m-1 

. if D is a set of N discrete points x m . 

Then 

K{x) = J^a m j m {x) 

771-0 

where 

* _ 

*/(*) has to be square integrable, see e.g. [22.17]. 


D a Continuous Interval 

Example 5. Find a least square polynomial of 
degree 5 fory(x)=^^7 in the interval 2<x<5, 
using the weight function 

w(x) = — = 

V(x— 2) (5—x) 

which stresses the importance of the errors at the 
ends of the interval. 

2x _7 

Reduction to interval [—1,1], t =—-— 

From 22.2 , j m (t) = T m (t) and 

a "=bLjhth™ dt M 

2 r i dtt 
a ° 3ir J_, VTIiy! (+3 


•See page ii. 
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Evaluating the integrals numerically we get 
^~.235703-.080880T! (^^)+.013876r 2 .002380T 3 

+ .000408^ ^^^)-.000070r fi 


D a Set of Discrete Points 


If x m =m(m= 0, 1, 2, . . N) and w(x) = 1, use the Chebyshev polynomials in the discrete 
range 22.17. It is convenient to introduce here a slightly different standardization such that 

f (x)=±\ (-!)»(n\(n+™\ xKN-m)\ 


(/n,/n)=- 


(W+n+l)I(iY-n)l 


(2jt+l)(iV!) 2 

, 2x 


Recurrence relation: J Q (x) = l,f 1 (x) — l—— 

(n+1) ( N—n)j n+l (x) — (2n+l) (N— 2 x)j n (x)-n(N+n-\-\)j n . t (x) 

Example 6. Approximate in the least square sense the function f(x) given in the following table 
by a third degree polynomial. 


x f(x) 

_ *-10 
*-2“ 

/o(x) 

m 

Mx) 

h(x) 

10 .3162 

0 

1 

i 

l 

1 

12 .2887 

1 

1 

1/2 

-1/2 

-2 

14 .2673 

2 

1 

0 

-1 

0 

16 . 2500 

3 

1 

-1/2 

-1/2 

2 

18 .2357 

4 

1 

-1 


-1 


if, /s)=ZJ/n(x)/(25+10) 

a-SLM 

n ~ifn,f,) 


1.3579 .09985 .01525 

. 271580 . 039940 .0043571 


/(k)~. 27158-K03994(3.5—.25z) + .0043571 (23.5—3.5z-f. 125 k 2 )+ .00031 (266—59.8333z 

+4.375k 2 -.10417k 3 ) 

fix) ~ .59447- .0436582+ .0019009k 2 - .000032292k 3 


22.20. Economization of Series 

n 

Problem: Given j{x) = X) in the interval 

m-=0 

— 1 <k < 1 and 7?>0. Find f(x)='Zh b n x m with N 

m =0 

as small as possible, such that \J(x)—j(x)\<iR. 

Solution: Express f(x) in terms of Chebyshev 
polynomials using Table 22.3, 

M=± b n T m (x) 

m»0 


Then, since |7 7 w (x)| <1(—1 <k<1) 

J(*)=£ b.T m (x) 

m=0 

within the desired accuracy if 

£ iu-cb 

m~N +1 

j(x) is evaluated most conveniently by using the 
recurrence relation (see 22.7). 
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Example 7. Economize f(x) = l-\-x/2+x i /3 
+z 3 /4+a: 4 /5+«c 5 /6 witli R=. 05. 

From Table 22.3 

m =jL [149T„(*) +32TM +37’,(a:) ] 

+i[76r,(i)+lir s (*) + %)] 


SO 

/(*)=^g [149r 0 (*)+32%)]+^ [767’,(*)+11 T,(x)\ 
since l/(z)-/(*)l<jj+^:<-05 
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Coefficients for the Jacobi Polynomials P£ a ' fi) (x)=a~ 1 X) c m (x— l) m Table 22.1 

m—0 



o» 

(x-l)° 

(x-l)i 

(*-!)> 

(x-l)» 

(x-1) 4 

(x-l)« 

(x-1)® 

P<a. fi 

1 

1 







pia.fi 

2 

2(*+l) 

*+0+2 






P<«. fi 

8 

4(a+l), 

4(a+ / 8+3)(a+2) 

(«+0+3) t 





pla.fi 

48 

8(a+l), 

12(a + j8+4)(ar+2)a 

6(a + /3+4)j(a+3) 

(a+0+4), 




P(a, fi 

384 

16(a+l) 4 

32(«+0+5)(«+2), 

24(«+0+5) l (a+3) 2 

8(a+0+5) a (a+4) 

(a+/3+5) 4 



pia. fi 

3840 

32(ar+l)j 

80(a+/3+6)(a+2) 4 

80(a+/3+6) 2 (a+3), 

40(a+j8+6)j(a+4)i 

10(a + /3+6) 4 (a + 5) 

(a+0+6) 5 


Pla. fi 

46080 

64(a+l), 

192(«+/3+7)(«+2), 

24O(a+0+7) 2 (a+3) 4 

160(a+jS+7) a (a+4) a 

6O(a+0+7) 4 (a+5) 2 

12(a+/5+7)»(a+6) 

(a + /J+7)» 


(m) n =m(m+l)(m+2) . . . (m+n—1) 

f ‘ U1 ( l)= ^iin t(8) s (x— 1 )‘+1°(8)4(6)(x— 1 ) 4 + 4 °(8)i(5)j(aj— 1 )*+8°( 8 )j( 4 ) s (x— 1 ) a +8°( 8 )(3) 4 (x— 1 ) + 3 2 ( 2 ) 6 ] 


Pi‘- l) (x) = g~ [95040(x— l)«+475200(x- l)®+864000(x- l)*+691200(x- l)*+230400(x-1) +23040] 
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Table 22.2 


Coefficients for the Ultraspherical Polynomials C ( P (x) and for x n in terms of CP(x) 


n fl 

C ( ?(*)=a» 1 S c m x m and x n =b~ 1 d m CP(x) (a^O) 

TO"0 m-0 


- 


x° 

X 1 

X 1 

X 3 

X 4 

X® 

X® 



bn 

1 

2a 

2(a), 

4(a), 

4(a), 

8(a), 

8(a), 


cp 

a n 

1 

1 1 


a 


3a(a+3) 


15a(a+4)(a+5) 

C, ( 

cp 

1 


2a 1 


3(«+l) 


15(«+l)(a+4) 


ci 

CP 

1 

— a 


2(a), 1 


6(a+2) 


45(a+2)(a+5) 

ci 

CP 

3' 


— 6(a), 


4(a), 3 


30(a+3) 


_c[ 

CP 

6 

3(a), 


-12(a), 


4(a), 6 


90(a+4) 

ci 

CP 

15 


15(a), 


-20(a), 


CO 

0 


_ci 

cp 

90 

-15(a), 


90(a), 


-60(a), 


8(a), 90 

ci 



x° 

x l 

x* 

X* 

X 4 

X® 

X® 



(a)»=a(a+l)(a+2) . . . (a + »—1) 

C?>(*)=| [4(2)^»-6(2) 2 x] x*=^ [3(3)C?>(*) + 3Ci’>(x)l 

* = ^ [9Wx)+3C " >(x)1 


C?>(x)=i [96x*—36x] 
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Table 22.3 


Coefficients for the Chebyshev Polynomials T n {x) and for x n in terms of T m (x) 


T n (x) = S C m x m X”=b7'f; d n,T m (x) 

m =0 771=0 



z® 

X 1 

X 1 

z* 

X* 

z* 

z® 

z 7 

z« 

z 9 

z 19 

z 11 

z 12 


bn 

1 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

1024 

2048 


To 

1 1 


1 


3 


10 


35 


126 


462 

To 

Ti 


1 1 


3 


10 


35 


126 


462 


Ti 

T 3 

-1 


2 1 


4 


15 


56 


210 


792 

T 2 

To 


-3 


4 1 


5 


21 


84 


330 


To 

T t 

1 


-8 


8 1 


6 


28 


120 


495 

Ti 

To 


5 


-20 


16 1 


7 


36 


165 


To 

To 

-1 


18 


-48 


32 1 


8 


45 


220 

To 

I 

Ti 


-7 


56 


-112 


64 1 


9 


55 


Tt 

To 

1 


-32 


160 

1 

-256 


128 1 


10 


66 

To 

To 


9 


-120 


432 


-576 


256 1 


11 


To 

T i0 

-1 


50 


-400 


1120 


-1280 


512 1 


12 

Tio 

Tn 


-11 


220 


-1232 


2816 


-2816 


1024 1 


Tn 

T» 

1 


-72 


840 


-3584 


6912 


-6144 


2048 1 

T n 


z® 

X 1 

z* 

z* 

z 4 

z® 

z« 

z 7 

z® 

z 9 

z 10 

z 11 

z 12 



7e(z) = 32x® —48z 4 +18z 2 — 1 x#= ^ [10ro+157 7 2 +6T 4 + T t ] 


Chebyshev Polynomials T n (x ) Table 22.4 


n\x 

0.2 

0.4 

0.6 

0.8 

1.0 

0 

+ 1.00000 00000 

+ 1.00000 00000 

+ 1.00000 00000 

+ 1.00000 00000 

1 

1 

+0.20000 00000 

+0.40000 00000 

+ 0.60000 00000 

+0.80000 00000 

1 

2 

-0.92000 00000 

-0.68000 00000 

-0.28000 00000 

+0.28000 00000 

1 

3 

-0.56800 00000 

-0.94400 00000 

-0.93600 00000 

-0.35200 00000 

1 

4 

+0.69280 00000 

-0.07520 00000 

-0.84320 00000 

-0.84320 00000 

1 

5 

+ 0.84512 00000 

+0.88384 00000 

-0.07584 00000 

-0.99712 00000 

1 

6 

-0.35475 20000 

+0.78227 20000 

+0.75219 20000 

-0.75219 20000 

1 

7 

-0.98702 08000 

-0.25802 24000 

+0.97847 04000 

-0.20638 72000 

1 

8 

-0.04005 63200 

-0.98868 99200 

+0.42197 24800 

+0.42197 24800 

1 

9 

+0.97099 82720 

-0.53292 95360 

-0.47210 34240 

+0.88154 31680 

1 

10 

+0.42845 56288 

+0.56234 62912 

-0.98849 65888 

+ 0.98849 65888 

1 

11 

-0.79961 60205 

+0.98280 65690 

-0.71409 24826 

+0.70005 13741 

1 

12 

-0.74830 20370 

+0.22389 89640 

+0.13158 56097 

+0.13158 56097 

1 
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Table 22.5 

Coefficients for.the Chebyshev Polynomials U n (x) and for x n in terms of U m (x) 


U n (x) = X) Cm*" X”=b7 l J2 d m U m (z) 

m=0 m=0 



x° 

X 1 

X* 

X s 

X 4 

X s 

X® 

X 7 

X® 

X 9 

Z 10 

x“ 

X 1 * 


bn 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

1024 

2048 

4096 


U 0 

1 1 


1 


2 


5 


14 


42 


132 

U 0 

Ur 


2 1 


2 


5 


14 


42 


132 


Ur 

u 2 

-1 


4 1 


3 


9 


28 


90 


297 

u 2 

U 3 


-4 


8 1 


4 


14 


48 


165 


Uz 

u* 

1 


-12 


16 1 


5 


20 


75 


275 

Ur 

Ut 


6 


-32 


32 1 


6 


27 


110 


U 6 

Ut 

-1 


24 


-80 


64 1 


7 


35 


154 

u t 

u, 


-8 


80 


-192 


128 1 


8 


44 


Ur 

Uz 

1 


-40 


240 


-448 


256 1 


9 


54 

Us 

u 9 


10 


-160 


672 


-1024 


512 1 


10 


u 9 

Uu 

-1 


60 


-560 


1792 


-2304 


1024 1 


11 

U w 

Un 


-12 


280 


-1792 


4608 


-5120 


2048 1 


Urr 

U\2 

1 


-84 


1120 


-5376 


11520 


-11264 


4096 1 

Urz 


*0 

X 1 

X* 

X* 

X 4 

X 4 

X® 

X 7 

X 8 

X 9 

X 10 

x» 

x» 



U % (x) = 64x« - 80*+24** -1 x«=p[ 5 tfo+ 9 t/ 2 + 5 £/ 4 + Ut] 


Table 22.6 


Chebyshev Polynomials U n (x) 



n\x 

0.2 

0.4 

0.6 

0.8 

1.0 

0 

+ 1.00000 00000 

+ 1.00000 00000 

+ 1.00000 00000 

+ 1.00000 00000 

1 

1 

+0.40000 00000 

+0.80000 00000 

+ 1.20000 00000 

+ 1.60000 00000 

2 

2 

-0.84000 00000 

-0.36000 00000 

+0.44000 00000 

+1.56000 00000 

3 

3 

-0.73600 00000 

-1.08800 00000 

-0.67200 00000 

+0.89600 00000 

4 

4 

+0.54560 00000 

-0.51040 00000 

-1.24640 00000 

-0.12640 00000 

5 

5 

+ 0.95424 00000 

+0.67968 00000 

-0.82368 00000 

-1.09824 00000 

6 

6 

-0.16390 40000 

+ 1.05414 40000 

+0.25798 40000 

-1.63078 40000 

7 

7 

-1.01980 16000 

+0.16363 52000 

+ 1.13326 08000 

-1.51101 44000 

8 

8 

-0.24401 66400 

-0.92323 58400 

+ 1.10192 89600 

-0.78683 90400 

9 

9 

+0.92219 49440 

-0.90222 38720 

+0.18905 39520 

+0.25207 19360 

10 

10 

+0.61289 46176 

+0.20145 67424 

-0.87506 42176 

+ 1.19015 41376 

11 

11 

-0.67703 70970 

+ 1.06338 92659 

-1.23913 10131 

+ 1.65217 46842 

12 

12 

-0.88370 94564 

+0.64925 46703 

-0.61189 29981 

+ 1.45332 53571 

13 
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Table 22.7 


Coefficients for the Chebyshev Polynomials C n {x) and for x n in terms of C m (x) 

Cn(x) = it, c m x” X n — b7 l S d m c m (x) 

m=0 77»=0 



Coefficients for the Chebyshev Polynomials S n (x) and for x n in terms of S m (x) 


S„(x) = XJ C»X m X" = 2D d mSm(x) 

m ~0 m=o 



x° 

X 1 

X* 

X 9 

* 4 

X* 

X* 

X 7 

X 8 

X B 

x xo 

X 11 

X 1 * 


So 

1 1 


1 


2 


5 


14 


42 


132 

So 

s, 


1 1 


2 


5 


14 


42 


132 


Si 

s 2 

-1 


1 1 


3 


9 


28 


90 


297 

s 3 

s 3 


-2 


1 1 


4 


14 


48 


165 


S3 

s 4 

1 


-3 


1 1 


5 


20 


75 


275 

S< 

Ss 


3 


-4 


1 1 


6 


27 


110 


Si 

Si 

-1 


6 


-5 


1 1 


7 


35 


154 

Si 

St 

i 

-4 


10 


-6 

i 


1 1 


8 


44 


S7 

S 8 

1 j 


-10 


15 


-7 


1 1 


9 


54 

Ss 

S 9 

S\o 

-1 ; 

5 

15 

-20 

-35 

21 

28 

-8 

-9 

1 1 

1 1 

10 

11 

s# 

S10 

Sll 


-6 


35 


-56 


36 


-10 


1 1 


Sn 

Sn 

1 


-21 


70 


-84 


45 


-11 


1 , 1 

S12 


x° 

X 1 

X* 

* 

X 4 

X® 

X® 

X 7 

X 8 

X 9 

X 10 

X 11 

x»* 



S,(x)=x*-5x*+6x*-l x»=5S 0 +9S 2 +5S 4 +S s 


"See page 











Table 22.9 


Coefficients for the Legendre Polynomials P n (x) and for x n in terms of P m (x) 


CO 

00 


Pn(x)=a,n l T! c m x m x*=bn l d m P m (x) 

vi—0 m =0 




x° 

x 1 

X 2 

X 3 

x 4 

X s 

X 6 

X 7 

X* 

X 9 

xio 

X 11 

X 12 



On bn 

1 

1 

3 

5 

35 

63 

231 

429 

6435 

12155 

46189 

88179 

676039 

bn 

Po 

1 

1 1 


1 


7 


33 


715 


4199 


52003 

Po 

Pi 

1 


1 1 


3 


27 


143 


3315 


20349 


Pi 

Pa 

2 

-1 


3 2 


20 


110 


2600 


16150 


208012 

P 2 

Pi 

2 


-3 


5 2 


28 


182 


4760 


31654 


Pa 

Pi 

8 

3 


-30 


35 8 


72 


2160 


15504 


220248 

Pi 

Pi 

8 


15 


-70 


63 8 


88 


2992 


23408 


Pi 

Pe 

16 

-5 


105 


-315 


231 16 


832 


7904 


133952 

Pi 

Pt 

16 


-35 


315 


-693 


429 16 


960 


10080 


Pi 

Ps 

128 

35 


-1260 


6930 


-12012 


6435 128 


2176 


50048 

Pa 

Po 

128 


315 


-4620 


18018 

[ 

-25740 


12155 128 


2432 


Po 

Pio 

256 

-63 


3465 


-30030 


90090 


-109395 


46189 256 


10752 

Pio 

Pn 

256 


-693 


15015 


-90090 


218790 


-230945 


88179 256 


Pn 

Pi 2 

1024 

231 


-18018 

l 

225225 


-1021020 


2078505 


-1939938 


676039 1024 

Pu 



x« 

X 1 

X 2 

X* 

X 4 

X 5 

X® 

X 7 

X 8 

X 9 

X 10 

x“ 

X 12 



^Sl^-ai^+lOSx 2 -^ [33P 0 +110P 2 +72P 4 +16P 6 ] 

Id 


For values of P„(x), see chapter 8. 
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Coefficients for the Laguerre Polynomials L n (x) and for x n in terms of L m (x) 


Table 22.10 


n n 

L n (x) =ap X c ”* xm *" = X d mL m (x) 

0 m-0 



On 

3fi 

X» 

x » 

X* 

z* 

x» 

X* 

x? 

x« 

x> 

X 10 

x» 

x» 


u 

l 

1 1 

1 

2 

6 

24 

120 

720 

5040 

40320 

362880 

3628800 

30016800 

470001600 

Lx 

u 

l 

1 

-1 -1 

-4 


-06 

-600 

-4320 

-35280 

-322560 

-3265020 

-36288000 

-430084800 

-5748010200 

Li 

u 

2 

2 

-4 

1 2 

18 

144 

1200 

10800 

105840 

1128060 

13063680 

163206000 

2105424000 

31614105600 

Lx 

Lx 

6 

6 

-18 

0 

-1 -6 

-06 

-1200 

-14400 

-176400 

-2257020 

-30481020 

-435456000 

-6586272000 

-105380352000 

Lx 

Lx 

24 

24 

-06 

72 

-16 

1 24 

600 

10800 

176400 

2822400 

45722880 

762048000 

13172544000 

237105702000 

Lx 

Lx 

120 

120 

-600 

600 

-200 

25 

-1 -120 

-4320 

-105840 

-2257020 

-45722880 

-014457600 

-18441561600 

-370360267200 

Lx 

Lx 

720 

?20 

-4320 

6400 

-2400 

450 

-36 

1 720 

35280 

1128060 

30481020 

762048000 

18441561600 

442507478400 

L t 

Lx 

6040 

5040 

-35280 

52920 

-20400 

7350 

-882 

40 

-1 -5040 

-322560 

-13063680 

-435456000 

-13172544000 

-370360267200 

U 

Lx 

40320 

40320 

-322560 

564480 

-376320 

117600 

-18816 

1568 

-64 

1 40320 

3260520 

163206000 

6586272000 

237105702000 

Lx 

Lx 

362880 

362880 

-3265020 

6531840 

-5080320 

1005120 

-381024 

42336 

-2602 

81 

-1 -362880 

-36288000 

-2105424000 

-105380352000 

Lx 

Lit 

3628800 

3628800 

-36288000 

81648000 

-72576000 

31752000 

-7620480 

1058400 

-86400 

4050 

-100 

1 3628800 

430084800 

31614105600 

i.o 

in 

30016800 

30016800 

-430084800 

1007712000 

-1007712000 

MWtfAftOO 

-153670680 

25613280 

-2613600 

163350 

-6050 

121 

-1 -30016800 

-5748010200 

ill 


Lu 

470001600 

470001600 

-5748010200 

15807052800 

-17563302000 

0870408000 

-3161410560 

614718720 

-75271680 

5880600 

-200400 

8712 

-144 

1 470001600 

ill 


a* 

x» 

zi 

x> 

X> 

X* 

x« 

X* 

x» 

z» 

x» 

X»* 

x» 

x» 



U{x) = ~ [x« - 36x*+450ar* - 2400®*+5400x 3 - 4320x+720] *•=720L 0 - 43201a + 10800L,- 14400L, + 10800L 4 - 4320L 5 +720 U 
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Table 22.11 


ORTHOGONAL POLYNOMIALS 


Laguerre Polynomials L n (x) 


n\x 

0.5 

1.0 

3.0 

5.0 

10.0 


0 

+ 1.00000 00000 

+1.00000. 00000 

+ 1.00000 00000 

+ 1.00000 00000 

+ 1.00000 

00000 

1 

+ 0.50000 00000 

0.00000 00000 

-2.00000 00000 

-4.00000 00000 

-9.00000 

00000 

2 

+ 0.12500 00000 

-0.50000 00000 

-0.50000 00000 

+ 3.50000 00000 

+ 31.00000 

00000 

3 

-0.14583 33333 

-0.66666 66667 

+ 1.00000 00000 

+ 2.66666 66667 

-45.66666 66667 

4 

-0.33072 91667 

-0.62500 00000 

+ 1.37500 00000 

-1.29166 66667 

+ 11.00000 00000 

5 

-0.44557 29167 

-0.46666 66667 

+ 0.85000 00000 

-3.16666 66667 

+ 34.33333 

33333 

6 

-0.50414 49653 

-0.25694 44444 

-0.01250 00000 

-2.09027 77778 

-3.44444 

44444 

7 

-0.51833 92237 

-0.04047 61905 

-0.74642 85714 

+ 0.32539 68254 

-30.90476 

19048 

8 

-0.49836 29984 

+ 0.15399 30556 

-1.10870 53571 

+ 2.23573 90873 

-16.30158 

73016 

9 

-0.45291 95204 

+ 0.30974 42681 

-1.06116 07143 

+ 2.69174 38272 

+ 14.79188 

71252 

10 

-0.38937 44141 

+ 0.41894 59325 

-0.70002 23214 

+ 1.75627 61795 

+ 27.98412 

69841 

11 

-0.31390 72988 

+ 0.48013 41791 

-0.18079 95130 

+ 0.10754 36909 

+14.53695 

68703 

12 

-0.23164 96389 

+ 0.49621 22235 

+ 0.34035 46063 

-1.44860 42948 

-9.90374 

64593 



Coefficients for the Hermite Polynomials H n (x) and for x n in terms of H m (x) 


Table 22.12 


Unix) = £ Cm x» *- = frr 1 s ^^(x) 

m=o 771=0 



x° 

X 1 

X 2 

X 3 


X* 

x® 

X 1 

X® 

X® 

jlo 

X” 

x« 


bn 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

1024 

2048 

4096 

bn 

Ho 

1 1 


2 


12 


120 


1680 


* 30240 


665280 

Ho 

Hi 


2 1 


6 


60 


840 


15120 


332640 


Hi 

H 2 

-2 


4 1 


12 


180 


3360 


75600 


1995840 

Ho 

Hi 


-12 


8 1 


20 


420 


10080 


277200 


H 3 

Ht 

12 


-48 


16 1 


30 


840 


25200 


831600 

Hi 

Ho 


120 


-160 


32 1 


42 


1512 


55440 


Hi 

Ho 

-120 


720 


-480 


64 1 


56 


2520 


110880 

Ho 

Hi | 


-1680 


3360 


-1344 


128 1 


72 


3960 


Hi 

Ho 

1680 


-13440 


13440 

1 

-3584 


256 1 


90 


5940 

Ho 

Ho 


30240 


1 -80640 


48384 


1 -9216 


512 1 


110 


Ho 

Hi o 

-30240 


302400 


-403200 


161280 


-23040 


1024 1 


132 

Hio 



-665280 


2217600 


-1774080 


506880 


-56320 


2048 1 


Hu 


665280 


-7983360 


13305600 


-7096320 


1520640 


-135168 


4096 1 

Hn 


x« 

X 1 

X* 

X® 

X* 

X s 

X® 

x 1 

X 8 

x» 

x io 

x» 

x» 



H t (x) = 64x®-480x®+720x*- 120 x«=^ [120tf 0 + 180ff a +30tf«+ //»] 

o4 
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Table 22.13 


ORTHOGONAL POLYNOMIALS 


Hermite Polynomials H n (x) 


n\x 

0.5 

1.0 

3.0 

5.0 

10.0 

0 

+ 1.00000 

+ 1.00000 

+ 1.00000 00 

1.00000 00000 

1.00000 00000 

1 

+ 1.00000 

+2.00000 

+ 6.00000 00 

(1)1.00000 00000 

(1)2.00000 00000 

2 

- 1.00000 

+2.00000 

(1)+3.40000 00 

(1)9.80000 00000 

(2)3.98000 00000 

3 

-5.00000 

-4.00000 

(2)+ 1.80000 00 

(2)9.40000 00000 

(3)7.88000 00000 

4 

+ 1.00000 

(1)-2.00000 

(2)+8.76000 00 

(3)8.81200 00000 

(5)1.55212 00000 

5 

(1)+4.10000 

(0)-8.00000 

(3)+3.81600 00 

(4)8.06000 00000 

(6)3.04120 00000 

6 

(1)+ 3.10000 

(2)+ 1.84000 

(4)+ 1.41360 00 

(5)7.17880 00000 

(7)5.92718 80000 

7 

(2)-4.61000 

(2)+4.64000 

(4)+3.90240 00 

(6)6.21160 00000 

(9)1.14894 32000 

8 

(2)-8.95000 

(3)-1.64800 

(4)+3.62400 00 

(7)5.20656 80000 

(10)2.21490 57680 

9 

(3)+6.48100 

(4)-1.07200 

(5)-4.06944 00 

(8)4.21271 20000 

(11)4.24598 06240 

10 

(4)+2.25910 

(3)+8.22400 

(6)-3.09398 40 

(9)3.27552 97600 

(12)8.09327 82098 

11 

(5)-1.07029 

(5)+ 2.30848 

(7)-1.04250 24 

(10)2.43298 73600 

(14)1.53373 60295 

12 

(5)-6.04031 

(5) +2.80768 

(6)+5.51750 40 

(11)1.71237 08128 

(15)2.88941 99383 
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23. Bernoulli and Euler Polynomials—Riemann Zeta 

Function 


Mathematical Properties 


23.1. Bernoulli and Euler Polynomials and the Euler-Maclaurin Formula 


23 - L1 


23.1.2 B n =B n ( 0) 


23.1.3 Bo=l, B x — — Bo — B t - 


Generating Functions 

2e xt 


\t\<2* 


'■‘+1 


=X) K(x) 


Bernoulli and Euler Numbers 

n= 0,1,. .. 


E n =2 n E n (^j= integer 
#o=l, E 2 =— 1, E 4 =5 


|<|<ir 


n= 0,1,. . . 


2 2 6 30 

(For occurrence of B n and E n in series expansions of circular functions, see chapter 4.) 


Sums of Powers 


23.1.4 S t»= g, + l(lB + 1) B%+ ' 
»+l 


m, 7i=l, 2, . 


t ( _ 1) ..-.p = E»(™+i>+(- i r E »< 0 ) 

*=i * 


m, 7i=l, 2, . . . 


Derivatives and Differences 


23.1.5 

B’ n (x)=nB n ~ l (x) 

71=1, 2, . . . 

E' n (x)=nE n -i(x) 

71=1, 2 ; 

23.1.6 

B n (x+1) — B n (x)=nx n ~ 1 

71=0, 1, . .. 

, E n (x+1)+E n (x)=2x n 

71=0, 1, 



Expansions 


23.1.7 





B.(x+A)=gQ)s.(x)/ l -‘ 

71=0, 1, . . . 

E.{x+K)=g(£)E l {x)h'-‘ 

71=0, 1, 




E »w=§(DiHr‘ 

71=0, 1. 



Symmetry 


23.1.8 

B n (l-x)=(-l)*B n (x) 

71=0, 1, . . . 

E n (l-x) = (-l)*£.(x) 

71=0, 1. 

23.1.9 

(— 1 ) n B n (—x)= B n (x) +nx n ~ 1 

71=0,1,... 

(-l)’ +l E„(-x)=E n (x)-2x" 

71=0, 1 


23.1.10 


Multiplication Theorem 


71=0, 1, . . . 
171 = 1, 2, . . . 


E,(mx)=m" jQ (-1 )*£. (x+^) »=0,1,... 

m=l, 3,... 

71—0, 1, . . . 
t»=2, 4, . . . 


804 



BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION 
Integrals 


805 


r E n w= En ^ x) 

Ja n +1 


3 . 1.11 r , f n+i(a) 

Ja ^ l 1 Ja 

3.1.12 £ B„(t)B„(l)dt=(-\y-' B m+> J' E n (t)E m (t)dt 


m,n— 1, 2, . 




m, 7i=0, 1, . . . 


(The polynomials are orthogonal for m+n odd.) 


23.1.13 |B,„|>|B 2 „(x)| »=1,2, .... l>z>0 I 4-"|E 2 „|>(-l)"£ 2> (*)>0 re =l,2,..., J>x>0 


( f 3 FT .) x - 1 )“ + 1 ^.« W >0 

71=1,2,..., ^>X>0 

23.1.15 

2(2n)l / —1_'W/ i)n+ig v^ 2(2n)! 

(27t) 2b \1—2 1_2 ”,r ' ' 2n ' > (27T) 2n 


— ^. 1)! O+^r^X-D*^-(*)>° 


71=1,2,..., 5>a;>0 


4” +1 (2n)! ^ 4 B+1 (2n)! / 1 \ 

^p2n+I L J LL ‘2n^ > 7J .2» +1 _|_3~ 1-2^ 


Fourier Expansions 


__ 2 ^~\ cos (2 ttIcx §7m) 

(27r) n fbi & n 


ti> 1, l>z>0 

7i=l, l>a:>0 


V f~\ — A n! ^ sin ((2^4-1)772 —^7T7l) 

nW T n+i ik (2/t+i) B + i 


71>0,1>X>0 
71 =0, l>z>0 


7 ? ^l) n 2(2^-l)! ^ sin 2kirx 

2B_lC (2 t)*»-i § **-» 


n>l, l>x>0 

ti=1,1>x>0 


tj, , ^_(— l) n 4(27i—1)! ^ cos (2Ar+l)7rz 
x *» 2^ ( 2 jfc+l)»» 

71=1,2,..., l>x>0 


z? ‘2(271)! ^ cos 2Jctx 

2n{) (2tt) 2 " S **■ 


77 » /^_(-l) n 4(27i)! ^ sin (2^+1 )to 
2nW tt 2b + 1 (2jfc+l) 2w+1 


71 = 1,2,..., 1>Z>0 


w>0,l>z>0 
rc=0, l>x>0 


23.1.19 B 2n+1 =0 

23.1.20 5 n (0) = (-l)*£„(l) 

= 5 n 


Special Values 

71=1,2, ... I £' 2n+ j=0 


71=0, 1, . . . 


E n (0) = ~E n (l) 

= -2(7i+l)- 1 (2 B+1 -l)5 n+1 71=1,2, . . . 


23.1.21 B n (\)=-(\-2 l ~*)B n 71=0,1,... I E n ($=2~ n E n 


71 = 0 , 1 , . . . 
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23.1.22 £ n Q) = (-l)*5 n (!) 

= -2-^l-2 1 -")£n-n4-*E’ n .. 1 

n=l,2, . . . 

23.1.23 B !n (i)=ft.(f) 

=-2-'(l-3*- ! ”)A, n=0,1,... 

23.1.24 &.(i)=B*,(t) 

=2 ll (l-2 1 - ! “)(l-3 1 - 2 ")B !n 

n=0.1,. .. 


=—(2n)~’(l—3 1_2 ")(2 2 "—l)Bj„ 


»=1,2, . . . 


Symbolic Operations 

23.1.25 p{B(x) +1) -p(B(x)) =p' (x) p(E(x) +1) +p(E(z)) =2 p(x) 

23.1.26 B n (x+h)^(B(x) + h) n n= 0, 1, . . . E n (*+A) ==(£(*)+A)" w=0, 1, . . . 

Here p(x) denotes a polynomial in x and after expanding we set {B{x)} n —B n (x) and {E(x)} n —E n {x). 


Relations Between the Polynomials 

23.1.27 

E.-,(*)=f{ft(^)-ft(l)} 

=?{B.(x)-2»B,(!)} n=l,2, 

23.1.28 

w=2,3, . . . 

23.1.29 

B.(*H2-* ± (*) B n .*E t (2x) n=0,l,. .. 

Euler-Maclaurin Formulas 

Let F(x) have its first 2 n derivatives continuous 
on an interval (a, b). Divide the interval into 
m equal parts and let h—(b—a)lm. Then for 
some 0, 1>0>O, depending on F {2n) (x) on (a, b), 
we have 

23.1.30 

fj F(a+kh)=jJ’ F(t)dt+^{F(b)+F( a )} 

+7^1 ft* S F""(a+kh+6h) 
(2n)i k^o 


Equivalent to this is 

23.1.31 

j £ + "F(t)dt=~ {F(x+h)+F(.x)} 

-2 ^ B a {B*-"(*+k)-B«- , '(x)} 

B in F™(x+eh) b—h>x>a 

Let ll n (x)=B n (x—[x]). The Euler Summation 
Formula is 

23.1.32 

PC F(a+kh+uh )=i j” F(t)dt 

^ B.(») {F«->(b)-F«-‘'(a)) 

f' < S F^Ca+kk+th) 

P’ Jo L/c= 0 J 


p<2n, l>o>>0 
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23.2. Riemann Zeta Function and Other Sums 
of Reciprocal Powers 


23.2.1 Z(s)=*Jlk-' 

1 

23.2.2 

=n (i-p-*)" 1 

V 

#«>1 

(product 

over all primes p). 


23.2.3 

1 , 1 ( ^ B 2K /s+2fc-! 

s —1 1 2 k V 2fr-l 

2 ) 


fs+2n\ f” B 2n+l (x-[x]) 

* ,+2 " +i ax 


S5*l, 71=1, 2, . . ., 

<%s>—2n 

23.2.4 

“ 2iri Jc e*—l 


23.2.5 

S—I n—0 7l! 


where 




(In k) n (In m) n+l \ 


k 71+1 

/ 

^$>0 

23.2.6 

=2 , ir* -1 sin ($ir$)r(l—s)f(l- 

-«) 

23.2.7 

-rws* 


23.2.8 

i r * ,_l J 

”(i-2-)r (s)J 0 e*+i ax 


23.2.9 

=y',k~*+(s— p-w -*—s J* 



71=1, 2, . 

. ., ^s>0 

23.2.10 

exp (In 2Tr-l-$y)s / 

2 («~i)r(i«+i) A ;V 

s\ i 


product over all zeros p of f(s) with ^p>0. 

The contour C in the fourth formula starts at 
infinity on the positive real axis, circles the origin 
once in the positive direction excluding the points 
±2nir for n— 1, 2, and returns to the 

starting point. Therefore f(s) is regular for all 
values of s except for a simple pole at s=l with 
residue 1. 

23.2.11 

23.2.12 


23.2.1? 

r'(o) — t 

In 2ir 


23.2.14 

r(-27i)=o 

71=1, 

2, . . . 

23.2.15 


71= 

1,2,.. 

23.2.16 


71= 

1,2,.. 

23.2.17 




f (271+1) 

(_l)a+l(2 7r ) 2 "+ 1 
2(2»+l)! . 

£ #2* + l(z) COt 

(wx)dx 



n~ 

1,2,.. 


Sums of Reciprocal Powers 
The sums referred to are 

23.2.18 fOi)-£}Jr- ti=2,3,... 

23.2.19 

i»(»Hg »=1,2,... 

23.2.20 

^)=g(2^+l)-'*=(l-2-»)r(n) 71=2,3,... 

23.2.21 

0(n)=g (-1)‘(2H1)-" n= 1,2,... 

These sums can be calculated from the Bernoulli 
and Euler polynomials by means of the last two 
formulas for special values of the zeta function 
(note that ij(l)=ln 2), and 

(irl2 \ 2w+1 

23.2.22 0(271+1)=- ^^ - \E 2n \ »=0, 1, . . . 

23.2.23 

0(2 n) J o E *n -1 ( x ) sec (irx)dx 

71 = 1,2,... 

0(2) is known as Catalan’s constant. Some 
other special values are 

23.2.24 t(2) = L+t+i+ . . . =£ 

23.2.25 f(4)=l+i+i+ . . . -g 


■See page n. 


Special Values 

f(l) = 00 
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23.2.26 ,(2) = l-i+i-...=^ 

23.2.27 ,(4) = l-i+i- . .. =^‘ 

23.2.28 A(2) = l+i+i+ . . . =~ 


23.2.29 A(4)=l+i+I+...=| 

23.2.30 8(i)=i_l+i_ ... =| 

23.2.31 ^(3) = l-i+I-...=^ 
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COEFFICIENTS b k OF THE BERNOULLI POLYNOMIALS B n (x)=jtbkx k Table 23.1 














n\k 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 10 

11 12 13 14 15 

0 

1 

2 

- 4 

_L 

6 

1 

- 1 

1 








S m(o) 

3 

0 

T 

-4 

1 








4 

-sir 

0 

1 

-2 

1 







5 

0 

- 4 

0 

5 

"T 

-1 

1 






6 

1 

4f 

0 

- + 

0 

4 

- 3 

1 





7 

0 

+ 

0 

7 

~ T 

0 

i 

_ X 

2 

1 




8 

~ 30- 

0 

J- 

t 3 

0 

_ _Z_ 

3 

0 

XL 

3 

- 4 

1 



9 

0 


0 

2 

0 

_ XL 

5 

0 

6 

_ _J_ 
2 

1 


10 

-66 

0 


0 

5 

0 

-7 

0 

11 

2 

- 5 1 


11 

0 

•f 

0 

-4 

0 

11 

0 

- 11 

0 

11 _ XI 

6 2 

1 

12 

-i» 

0 

5 

0 

-4 

0 

22 

0 

-4 

0 11 

-6 1 

13 

0 

- m 
210 

0 

-65. 

3 

0 

-4! 

0 

286 

0 

_ ILL 0 

6 

13 _ 1| 1 

14 

X 

6 

0 


0 


0 

-44 

0 

4* 

° _ 

0 91-7 1 

6 

15 

0 

X 

2 

0 _ 

. 62L 

6 

0 

455. 

2 

0 

_ 4|i 

0 

715 0 

6 

-11 0 1| -11 1 



COEFFICIENTS 

e k OF THE EULER POLYNOMIALS E n (*)- 

& eiX “ 


n\k 

0 

l 

2 

3 

4 

5 

6 

7 

8 

9 10 

11 12 13 14 15 

1 

1 

_ -X 

2 

i 










2 

0 

-l 

1 









3 

_L 

4 

0 

- + 

l 








4 

0 

l 

0 

- 2 

1 







5 

_ X 

2 

0 

1 

0 

_ X 

2 

1 






6 

0 

-3 

0 

5 

0 

-3 

1 





7 

XL 

0 

_ -21 

2 

0 

.31 

4 

0 

_ JL 

2 

1 




8 

0 

17 

0 

- 28 

0 

14 

0 

- 4 

1 



9 

-4 

0 

4 1 

0 

-63 

0 

21 

0 

_ ± 

2 

1 


10 

0 

-155 

0 

255 

0 

-126 

0 

30 

0 

-5 1 


11 

691 

0 

- 

0 

2805 

0 

- 231 

0 

165 

4 

0 _ 11 

2 

1 

12 

0 

2073 

0 

-3410 

0 

1683 

9 

- 396 

0 

55 0 

- 6 1 

13 

_ 54|1 

0 

26949 

0 

22165 

2 

0 

7293 

0 

_ A2§Z 

0 141 

2 

0_11 1 

2 

14 

Q 

- 38227 

0 

62881 

0 

-31031 

0 

7293 

0 

-1001 0 

91 0-7 1 

15 

929569 

16 

0 _ 

. 573405 

0 

943215 

0 

155155 

0 

109395 

8 

0 _ 3003 

0 J55 0_ 15. 1 

4 2 



810 


BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION 
Table 23.2 BERNOULLI AND EULER NUMBERS 


B n =NID 


N D B n 


0 



1 

1 

0) 1. 0000 

00000 

1 



-1 

2 

- 1)-5.0000 

00000 0 

2 



1 

t 

- 1) 1. 6666 

66667 1 

4 



-1 

30 

- 2)-3.3333 

33333 o. 

6 



1 

42 

- 2) 2.3809 

5238L - 

8 



-1 

30 

- 2)-3.3333 

33333 '< 

10 



5 

66 / 
2730 / 

- 2) 7.5757 

57576 f 

12 



-691 

- 1)-2.5311 

35531 O 

14 



7 

6 

0 1.1666 

66667 T 

16 



-3617 

510 - 

0)-7. 0921 

56863 * 

18 



43867 

798 

1) 5.4971 

17794 

20 



-1 74611 

330 

2)-5.2912 

42424 

22 



8 54513 

138 

3) 6.1921 

23188 \ 

24 



-2363 64091 

2730 

4 -8.6580 

25311 

26 



85 53103 

6 

6 1.4255 

17167 

28 



-2 37494 61029 

870 

: 7)-2. 7298 

23107 

30 



861 58412 76005 

14322 

8) 6.0158 

08739 

32 



-770 93210 41217 

510 

10)-1.5116 

31577 , 

34 



257 76878 58367 

6 

11) 4.2961 

46431 

36 

— 

■26315 

27155 30534 77373 

19 19190 

13)-1. 3711 

65521 ■ 

38 


2 

92999 39138 41559 

6 

14) 4.8833 

23190 M 

40 

-2 

61082 

71849 64491 22051 

13530 

( 16)-1.9296 

57934 ft 

42 

15 

20097 

64391 80708 02691 

1806 

17) 8.4169 

30476 <i 

44 

-278 

33269 

57930 10242 35023 

690 

19)-4.0338 

07185 c 

46 

5964 

51111 

59391 21632 77961 

282 

21) 2.1150 

74864 f? 

48 

-560 94033 

68997 

81768 62491 27547 

46410 

[ 23)-1.2086 

62652 & 

50 

49 50572 

05241 

07964 82124 77525 

66 

f 24) 7.5008 

66746 

52 

-80116 57181 

35489 

95734 79249 91853 

1590 

26)-5. 0387 

78101 

54 

29 14996 36348 

84862 

42141 81238 12691 

798 

28) 3. 6528 

77648 

56 

-2479 39292 93132 

26753 

68541 57396 63229 

870 

30 -2.8498 

76930 

58 

84483 61334 88800 

41862 

04677 59940 36021 

354 

( 32) 2. 3865 

42750 

60 

-121 52331 40483 75557 20403 

04994 

07982 02460 41491 

567 86730 I 

[ 34)-2.1399 

94926 


n 

0 

2 

4 

6 

8 


10 

12 

14 

16 

18 

20 

22 

24 

26 

28 

30 

32 

34 

36 

38 

40 

42 

44 

46 

48 

50 

52 

54 

56 

58 


E n 


1 

-1 
5® 
-61 l 
1385t 


ill 


Z7 02765 
- 1993 60981 ? 
1 93915 12145 L 
-240 48796175441 1 


37037 11882 37525 V 
- 69 34887 43931 37901 £\ 
15514 153416 35570 86905 o 
-40 87072 50929 31238 92361 l 
12522 59641 40362 98654 68285 £. 


-44/15438 93249 02310 45536 82821 “> 
17751 93915 79539 28943 66647 89665‘ ‘ 
-80 72329|92358 87898 06216 82474 53281 
41222 06033(95177 02122 34707 96712 59045- 
- 234 89580 52704131082 52017 82857 61989 47741 7 


-1036 
7 94757 
-6667 53751 
60 96278 64556 


[8511 50718 11498 00178 77156 78140 58266 84425 f 

6227 33519 61211 93979 57304 74518 59763 10201 4 

•4225 97592 70360 80405 10088 07061 95192 73805*4 

,6855 44977 43502 84747 73748 19752 41076 84661V 

15421 58691 68574 28768 43153 97653 90444 35185 <• 


-60532 85248 18862 18963 14383 78511 16490 88103 49822 51468 15121 1 
650 61624 86684 60884 77158 70634 08082 29834 83644 23676 53855 76565 - 

-7 54665 99390 08739 09806 14325 65889 73674 42122 40024 71169 98586 45581 

9420 32189 64202 41204 20228 62376 90583 22720 93888 52599 64600 93949 05945 

-126 22019 25180 62187 19903 40923 72874 89255 48234 10611 91825 59406 99649 20041 


60 181089 11496 57923 04965 45807 74165 21586 88733 48734 92363 14106 00809 54542 31325 


From H. T. Davis, Tables of the higher mathematical functions, vol. II. Principia Press, Bloomington, 
Ind., 1935 (with permission). 
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SUMS OF RECIPROCAL POWERS Table 23.3 



n 


r (»)-=: 

k 

= 1 


V M= £ (■ 

-l)*-i k 

n 

t He l- 2 

1.64493 

00 

40668 

48226 

43647 

0.69314 
*■0 0.82246 
XL J 0. 90154 

71805 

70334 

59945 

24113 

30942 * 

21824 - % t 

c- 

- 

3 

1.20205 

69031 

59594 

28540 

26773 

69695 

71405 ill 

91758 c 

- 4 

1.08232 

32337 

11138 

19152 

0. 94703 

28294 

97245 

5 

1.03692 

77551 

43369 

92633 

0.97211 

97704 

46909 

30594 J * 

- 6 

1. 01734 

30619 

84449 

13971 

0.98555 

10912 

97435 

10410 

tVv . 

7 

1. 00834 

92773 

81922 

82684 

0. 99259 

38199 

22830 

28267 

8 

1. 00407 

73561 

97944 

33938 

0. 99623 

30018 

52647 

89923 

J 

9 

1.00200 

83928 

26082 

21442 

0. 99809 

42975 

41605 

33077 


10 

1.00099 

45751 

27818 

08534 

0. 99903 

95075 

98271 

56564 


11 

1.00049 

41886 

04119 

46456 

0.99951 

71434 

98060 

75414 


12 

1.00024 

60865 

53308 

04830 

0.99975 

76851 

43858 

19085 


13 

1.00012 

27133 

47578 

48915 

0. 99987 

85427 

63265 

11549 


14 

1.00006 

12481 

35058 

70483 

0.99993 

91703 

45979 

71817 


15 

1. 00003 

05882 

36307 

02049 

0.99996 

95512 

13099 

23808 


16 

1.00001 

52822 

59408 

65187 

0.99998 

47642 

14906 

10644 


17 

1.00000 

76371 

97637 

89976 

0.99999 

23782 

92041 

01198 


18 

1. 00000 

38172 

93264 

99984 

0.99999 

61878 

69610 

11348 


19 

1. 00000 

19082 

12716 

55394 

0.99999 

80935 

08171 

67511 


20 

1. 00000 

09539 

62033 

87280 

0.99999 

90466 

11581 

52212 


21 

1.00000 

04769 

32986 

78781 

0. 99999 

95232 

58215 

54282 


22 

1. 00000 

02384 

50502 

72773 

0.99999 

97616 

13230 

82255 


23 

1.00000 

01192 

19925 

96531 

0.99999 

98808 

01318 

43950 


24 

1. 00000 

00596 

08189 

05126 

0.99999 

99403 

98892 

39463 


25 

1.00000 

00298 

03503 

51465 

0. 99999 

99701 

98856 

96283 


26 

1.00000 

00149 

01554 

82837 

0. 99999 

99850 

99231 

99657 


27 

1.00000 

00074 50711 

78984 

0. 99999 

99925 

49550 

48496 


28 

1.00000 

00037 25334 

02479 

0.99999 

99962 

74753 

40011 


29 

1.00000 

00018 

62659 

72351 

0. 99999 

99981 

37369 

41811 


30 

1. 00000 

00009 

31327 

43242 

0.99999 

99990 

68682 

28145 


31 

1. 00000 

00004 

65662 

90650 

0. 99999 

99995 

34340 

33145 


32 

1.00000 

00002 

32831 

18337 

0. 99999 

99997 

67169 

89595 


33 

1.00000 

00001 

16415 

50173 

0.99999 

99998 

83584 

85805 


34 

1.00000 

00000 

58207 

72088 

0.99999 

99999 

41792 

39905 


35 

1.00000 

00000 

29103 

85044 

0.99999 

99999 

70896 

18953 


36 

1.00000 

00000 

14551 

92189 

0.99999 

99999 

85448 

09143 


37 

1. 00000 

00000 

07275 

95984 

0. 99999 

99999 

92724 

04461 


38 

1.00000 

00000 

03637 

97955 

0. 99999 

99999 

96362 

02193 


39 

1. 00000 

00000 

01818 

98965 

0.99999 

99999 

98181 

01084 


40 

1.00000 

00000 

00909 

49478 

0. 99999 

99999 

99090 

50538 


41 

1. 00000 

00000 

00454 

74738 

0.99999 

99999 

99545 

25268 


42 

1.00000 

00000 

00227 

37368 

0. 99999 

99999 

99772 

62633 


For n >42, f(n+l) = |[1+ f(n)] *(w+l)=|[l+v(n)] 

From H. T. Davis, Tables of the higher mathematical functions, vol. II. 
Principia Press, Bloomington, Ind., 1935 (with permission). 
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Table 23.3 SUMS OF RECIPROCAL POWERS 

n 

IT*/? t- 2 

^ 5 


7 

1.00047 

15486 

52376 

55476 

0.99955 

45078 

90539 

909 

8 

1. 00015 

51790 

25296 

11930 VA 

0.99984 

99902 

46829 

657 

9 

1. 00005 

13451 

83843 

77259 

0.99994 

96841 

87220 

090 

10 

1.00001 

70413 

63044 

82549 

0. 99998 

31640 

26196 

877 

11 

1. 00000 

56660 

51090 

10935 

0.99999 

43749 

73823 

699 

12 

1. 00000 

18858 

48583 

11958 

0. 99999 

81223 

50587 

882 

13 

1. 00000 

06280 

55421 

80232 

0.99999 

93735 

83771 

841 

14 

1. 00000 

02092 

40519 

21150 

0. 99999 

97910 

87248 

735 

15 

1. 00000 

00697 

24703 

12929 

0. 99999 

99303 

40842 

624 

16 

1. 00000 

00232 

37157 

37916 

0.99999 

99767 

75950 

903 

17 

1. 00000 

00077 

44839 

45587 

0. 99999 

99922 

57782 

104 

18 

1. 00000 

00025 

81437 

55666 

0. 99999 

99974 

19086 

745 

19 

1. 00000 

00008 

60444 

11452 

0. 99999 

99991 

39660 

745 

20 

1. 00000 

00002 

86807 

69746 

0.99999 

99997 

13213 

274 

21 

1. 00000 

00000 

95601 

16531 

0.99999 

99999 

04403 

029 

22 

1. 00000 

00000 

31866 

77514 

0. 99999 

99999 

68134 

064 

23 

1. 00000 

00000 

10622 

20241 

0. 99999 

99999 

89377 

965 

24 

1. 00000 

00000 

03540 

72294 

0.99999 

99999 

96459 

311 

25 

1. 00000 

00000 

01180 

23874 

0.99999 

99999 

98819 

768 

26 

1. 00000 

00000 

00393 

41247 

0.99999 

99999 

99606 

589 

27 

1. 00000 

00000 

00131 

13740 

0. 99999 

99999 

99868 

863 

28 

1. 00000 

00000 

00043 

71245 

0. 99999 

99999 

99956 

288 

29 

1. 00000 

00000 

00014 

57081 

0.99999 

99999 

99985 

429 

30 

1. 00000 

00000 

00004 

85694 

0.99999 

99999 

99995 

143 

31 

1. 00000 

00000 

00001 

61898 

0.99999 

99999 

99998 

381 

32 

1.00000 

00000 

00000 

53966 

0. 99999 

99999 

99999 

460 

33 

1. 00000 

00000 

00000 

17989 

0.99999 

99999 

99999 

820 

34 

1. 00000 

00000 

00000 

05996 

0.99999 

99999 

99999 

940 

35 

1. 00000 

00000 

00000 

01999 

0.99999 

99999 

99999 

980 

36 

1. 00000 

00000 

00000 

00666 

0. 99999 

99999 

99999 

993 

37 

1. 00000 

00000 

00000 

00222 

0. 99999 

99999 

99999 

998 

38 

1.00000 

00000 

00000 

00074 

0. 99999 

99999 

99999 

999 

39 

1. 00000 

00000 

00000 

00025 





40 

1. 00000 

00000 

00000 

00008 





41 

1. 00000 

00000 

00000 

00003 





42 

1. 00000 

00000 

00000 

00001 






X(»)=* S(2A:+1)- m 

fe=o \ 

00 ,, 

1. 23370 05501 36169 82735 
1. 05179 97902 64644 99972^ 


/3(n)=S(-D fc (2fc+l)“” 

fc_0 V l i 

0. 78539 81633 97448 310 — ( f ' , 
-0.91596 55941 77219 015 -6? <r 5 / . 
0. 96894 61462 59369 380 —*7 'V- <L 


1.01467 80316 04192 05455 ^^ 0.98894 45517 41105 336 

i rmyico onio -i '-/-Ci J n qq/lu 7Qoon 77noo n^A 


1.00452 37627 95139 61613 
1.00144 70766 40942 12191 


0.99615 78280 77088 064 
0.99868 52222 18438 135 
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SUMS OF POSITIVE POWERS 

2*" 

*:=i 

Table 23.4 

m\n 

1 

2 

3 

4 

5 

6 

1 

1 

1 

1 

1 

1 

1 

2 

3 

5 

9 

17 

33 

65 

3 

6 

14 

36 

98 

276 

794 

4 

10 

30 

100 

354 

1300 

4890 

5 

15 

55 

225 

979 

4425 

20515 

6 

21 

91 

441 

2275 

12201 

67171 

7 

28 

140 

784 

4676 

29008 

1 84820 

8 

36 

204 

1296 

8772 

61776 

4 46964 

9 

45 

285 

2025 

15333 

1 20825 

9 78405 

10 

55 

385 

3025 

25333 

2 20825 

19 78405 

11 

66 

506 

4356 

39974 

3 81876 

37 49966 

12 

78 

650 

6084 

60710 

6 30708 

67 35950 

13 

91 

819 

8281 

89271 

10 02001 

115 62759 

14 

105 

1015 

11025 

1 27687 

15 39825 

190 92295 

15 

120 

1240 

14400 

1 78312 

22 99200 

304 82920 

16 

136 

1496 

18496 

2 43848 

33 47776 

472 60136 

17 

153 

1785 

23409 

3 27369 

47 67633 

713 97705 

18 

171 

2109 

29241 

4 32345 

66 57201 

1054 09929 

19 

190 

2470 

36100 

5 62666 

91 33300 

1524 55810 

20 

210 

2870 

44100 

7 22666 

123 33300 

2164 55810 

21 

231 

3311 

53361 

9 17147 

164 17401 

3022 21931 

22 

253 

3795 

64009 

11 51403 

215 71033 

4156 01835 

23 

276 

4324 

76176 

14 31244 

280 07376 

5636 37724 

24 

300 

4900 

90000 

17 63020 

359 70000 

7547 40700 

25 

325 

5525 

1 05625 

21 53645 

457 35625 

9988 81325 

26 

351 

6201 

1 23201 

26 10621 

576 17001 

13077 97101 

27 

378 

6930 

1 42884 

31 42062 

719 65908 

16952 17590 

28 

406 

7714 

1 64836 

37 56718 

891 76276 

21771 07894 

29 

435 

8555 

1 89225 

44 63999 

1096 87425 

27719 31215 

30 

465 

9455 

2 16225 

52 73999 

1339 87425 

35009 31215 

31 

496 

10416 

2 46016 

61 97520 

1626 16576 

43884 34896 

32 

528 

11440 

2 78784 

72 46096 

1961 71008 

54621 76720 

33 

561 

12529 

3 14721 

84 32017 

2353 06401 

67536 44689 

34 

595 

13685 

3 54025 

97 68353 

2807 41825 

82984 49105 

35 

630 

14910 

3 96900 

112 68978 

3332 63700 

1 01367 14730 

36 

666 

16206 

4 43556 

129 48594 

3937 29876 

1 23134 97066 

37 

703 

17575 

4 94209 

148 22755 

4630 73833 

1 48792 23475 

38 

741 

19019 

5 49081 

169 07891 

5423 09001 

1 78901 59859 

39 

780 

20540 

6 08400 

192 21332 

6325 33200 

2 14089 03620 

40 

820 

22140 

6 72400 

217 81332 

7349 33200 

2 55049 03620 

41 

861 

23821 

7 41321 

246 07093 

8507 89401 

3 02550 07861 

42 

903 

25585 

8 15409 

277 18789 

9814 80633 

3 57440 39605 

43 

946 

27434 

8 94916 

311 37590 

11284 89076 

4 20654 02654 

44 

990 

29370 

9 80100 

348 85686 

12934 05300 

4 93217 16510 

45 

1035 

31395 

10 71225 

389 86311 

14779 33425 

5 76254 82135 

46 

1081 

33511 

11 68561 

434 63767 

16838 96401 

6 70997 79031 

47 

1128 

35720 

12 72384 

483 43448 

19132 41408 

7 78789 94360 

48 

1176 

38024 

13 82976 

536 51864 

21680 45376 

9 01095 84824 

49 

1225 

40425 

15 00625 

594 16665 

24505 20625 

10 39508 72025 

50 

1275 

42925 

16 25625 

656 66665 

27630 20625 

11 95758 72025 


From H. T. Davis, Tables of the higher mathematical functions, vol. II. Principia Press, Bloomington, 
Ind., 1935 (with permission). 
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Table 23.4 SUMS OF POSITIVE POWERS £ 

*=i 


m\n 

1 

2 

3 

4 


5 



6 


51 

1326 

45526 

17 58276 

724 31866 


31080 

45876 

13 

71721 

59826 

52 

1378 

48230 

18 98884 

797 43482 


34882 

49908 

15 

69427 

69490 

53 

1431 

51039 

20 47761 

876 33963 


39064 

45401 

17 

91071 

30619 

54 

1485 

53955 

22 05225 

961 37019 


43656 

10425 

20 

39020 

41915 

55 

1540 

56980 

23 71600 

1052 87644 


48688 

94800 

23 

15826 

82540 

56 

1596 

60116 

25 47216 

1151 22140 


54196 

26576 

26 

24236 

61996 

57 

1653 

63365 

27 32409 

1256 78141 


60213 

18633 

29 

67201 

09245 

58 

1711 

66729 

29 27521 

1369 94637 


66776 

75401 

33 

47888 

01789 

59 

1770 

70210 

31 32900 

1491 11998 


73925 

99700 

37 

69693 

35430 

60 

1830 

73810 

33 48900 

1620 71998 


81701 

99700 

42 

36253 

35430 

61 

1891 

77531 

35 75881 

1759 17839 


90147 

96001 

47 

51457 

09791 

62 

1953 

81375 

38 14209 

1906 94175 


99309 

28833 

53 

19459 

45375 

63 

2016 

85344 

40 64256 

2064 47136 

1 

09233 

65376 

59 

44694 

47584 

64 

2080 

89440 

43 26400 

2232 24352 

1 

19971 

07200 

66 

31889 

24320 

65 

2145 

93665 

46 01025 

2410 74977 

1 

31573 

97825 

73 

86078 

14945 

66 

2211 

98021 

48 88521 

2600 49713 

1 

44097 

30401 

82 

12617 

64961 

67 

2278 

1 02510 

51 89284 

2802 00834 

1 

57598 

55508 

91 

17201 

47130 

68 

2346 

1 07134 

55 03716 

3015 82210 

1 

72137 

89076 

101 

05876 

29754 

69 

2415 

1 11895 

58 32225 

3242 49331 

1 

87778 

20425 

111 

85057 

92835 

70 

2485 

1 16795 

61 75225 

3482 59331 

2 

04585 

20425 

123 

61547 

92835 

71 

2556 

1 21836 

65 33136 

3736 71012 

2 

22627 

49776 

136 

42550 

76756 

72 

2628 

1 27020 

69 06384 

4005 44868 

2 

41976 

67408 

150 

35691 

46260 

73 

2701 

1 32349 

72 95401 

4289 43109 

2 

62707 

39001 

165 

49033 

72549 

74 

2775 

1 37825 

77 00625 

4589 29685 

2 

84897 

45625 

181 

91098 

62725 

75 

2850 

1 43450 

81 22500 

4905 70310 

3 

08627 

92500 

199 

70883 

78350 

76 

2926 

1 49226 

85 61476 

5239 32486 

3 

33983 

17876 

218 

97883 

06926 

77 

3003 

1 55155 

90 18009 

5590 85527 

3 

61051 

02033 

239 

82106 

87015 

78 

3081 

1 61239 

94 92561 

5961 00583 

3 

89922 

76401 

262 

34102 

87719 

79 

3160 

1 67480 

99 85600 

6350 50664 

4 

20693 

32800 

286 

64977 

43240 

80 

3240 

1 73880 

104 97600 

6760 10664 

4 

53461 

32800 

312 

86417 

43240 

81 

3321 

1 80441 

110 29041 

7190 57385 

4 

88329 

17201 

341 

10712 

79721 

82 

3403 

1 87165 

115 80409 

7642 69561 

5 

25403 

15633 

371 

50779 

51145 

83 

3486 

1 94054 

121 52196 

8117 27882 

5 

64793 

56276 

404 

20183 

24514 

84 

3570 

2 OHIO 

127 44900 

8615 15018 

6 

06614 

75700 

439 

33163 

56130 

85 

3655 

2 08335 

133 59025 

9137 15643 

6 

50985 

28825 

477 

04658 

71755 

86 

3741 

2 15731 

139 95081 

9684 16459 

6 

98027 

99001 

517 

50331 

06891 

87 

3828 

2 23300 

146 53584 

10257 06220 

7 

47870 

08208 

560 

86593 

07900 

88 

3916 

2 31044 

153 35056 

10856 75756 

8 

00643 

27376 

607 

30633 

94684 

89 

4005 

2 38965 

160 40025 

11484 17997 

8 

56483 

86825 

657 

00446 

85645 

90 

4095 

2 47065 

167 69025 

12140 27997 

9 

15532 

86825 

710 

14856 

85645 

91 

4186 

2 55346 

175 22596 

12826 02958 

9 

77936 

08276 

766 

93549 

37686 

92 

4278 

2 63810 

183 01284 

13542 42254 

10 

43844 

23508 

827 

57099 

39030 

93 

4371 

2 72459 

191 05641 

14290 47455 

11 

13413 

07201 

892 

27001 

22479 

94 

4465 

2 81295 

199 36225 

15071 22351 

11 

86803 

47425 

961 

25699 

03535 

95 

4560 

2 90320 

207 93600 

15885 72976 

12 

64181 

56800 

1034 

76617 

94160 

96 

4656 

2 99536 

216 78336 

16735 07632 

13 

45718 

83776 

1113 

04195 

83856 

97 

4753 

3 08945 

225 91009 

17620 36913 

14 

31592 

24033 

1196 

33915 

88785 

98 

4851 

3 18549 

235 32201 

18542 73729 

15 

21984 

32001 

1284 

92339 

69649 

99 

4950 

3 28350 

245 02500 

19503 33330 

16 

17083 

32500 

1379 

07141 

19050 

100 

5050 

3 38350 

255 02500 

20503 33330 

17 

17083 

32500 

1479 

07141 

19050 
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SUMS OF POSITIVE POWERS g fc* Table 23.4 


m\n 



7 



8 




9 

1 



1 



1 




1 

2 



129 



257 




513 

3 



2316 



6818 




20196 

4 



18700 



72354 



2 

82340 

5 



96825 


4 

62979 



22 

35465 

6 


3 

76761 


21 

42595 



123 

13161 

7 


12 

00304 


79 

07396 



526 

66768 

8 


32 

97456 


246 

84612 



1868 

84496 

9 


80 

80425 


677 

31333 



5743 

04985 

10 


180 

80425 


1677 

31333 



15743 

04985 

11 


375 

67596 


3820 

90214 



39322 

52676 

12 


733 

99404 


8120 

71910 



90920 

33028 

13 


1361 

47921 


16278 

02631 


1 

96965 

32401 

14 


2415 

61425 


31035 

91687 


4 

03575 

79185 

15 


4124 

20800 


56664 

82312 


7 

88009 

38560 

16 


6808 

56256 


99614 

49608 


14 

75204 

15296 

17 


10911 

94929 

1 

69372 

07049 


26 

61082 

91793 

18 


17034 

14961 

2 

79571 

67625 


46 

44675 

82161 

19 


25972 

86700 

4 

49407 

30666 


78 

71552 

79940 

20 


38772 

86700 

7 

05407 

30666 


129 

91552 

79940 

21 


56783 

75241 

10 

83635 

90027 


209 

34353 

26521 

22 


81727 

33129 

16 

32394 

63563 


330 

07045 

44313 

23 

1 

15775 

58576 

24 

15504 

48844 


510 

18572 

05776 

24 

1 

61640 

30000 

35 

16257 

63020 


774 

36647 

46000 

25 

2 

22675 

45625 

50 

42136 

53645 


1155 

83620 

11625 

26 

3 

02993 

55801 

71 

30407 

18221 


1698 

78656 

90601 

27 

4 

07597 

09004 

99 

54702 

54702 


2461 

34631 

75588 

28 

5 

42526 

37516 

137 32722 

53038 


3519 

19191 

28996 

29 

7 

15025 

13825 

187 

35186 

65999 


4969 

90651 

04865 

30 

9 

33725 

13825 

252 

96186 

65999 


6938 

20651 

04865 

31 

12 

08851 

27936 

338 

25097 

03440 


9582 

16872 

65536 

32 

15 

52448 

66304 

448 

20213 

31216 


13100 

60593 

54368 

33 

19 

78633 

09281 

588 

84299 

49457 


17741 

75437 

56321 

34 

25 

03866 

59425 

767 

42238 

54353 


23813 

45365 

22785 

35 

31 

47259 

56300 

992 

60992 

44978 


31695 

01751 

94660 

36 

39 

30901 

20396 

1274 

72091 

52434 


41851 

01318 

63076 

37 

48 

80219 

97529 

1625 

96886 

06355 


54847 

18716 

58153 

38 

60 

24375 

80121 

2060 

74807 

44851 


71368 

79729 

21001 

39 

73 

96685 

86800 

2595 

94900 

05332 


92241 

63340 

79760 

40 

90 

35085 

86800 

3251 

30900 

05332 

1 

18456 

03340 

79760 

41 

109 

82628 

60681 

4049 

80152 

34453 

1 

51194 

22684 

73721 

42 

132 

88021 

93929 

5018 

06672 

30869 

1 

91861 

36523 

23193 

43 

160 

06208 

05036 

6186 

88675 

08470 

2 

42120 

62642 

60036 

44 

191 

98986 

14700 

7591 

70911 

33686 

3 

03932 

81037 

69540 

45 

229 

35680 

67825 

9273 22165 

24311 

3 

79600 

87463 

47665 

46 

272 

93857 

25041 

11277 

98287 

56247 

4 

71819 

89090 

16721 

47 

323 

60088 

45504 

13659 

11154 

18008 

5 

83732 

93821 

19488 

48 

382 

30771 

87776 

16477 

03958 

47064 

7 

18993 

48427 

14176 

49 

450 

13002 

60625 

19800 

33264 

16665 

8 

81834 

84406 

24625 

50 

528 

25502 

60625 

23706 

58264 

16665 

10 

77147 

34406 

24625 
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Table 23.4 SUMS OF POSITIVE POWERS 


m\n 



7 




8 




9 


51 


617 

99609 

38476 


28283 

37709 

87066 

13 

10563 

86137 

15076 

52 


720 

80326 

41004 


33629 

34995 

18522 

15 

88554 

44973 

50788 

53 


838 

27437 

80841 


39855 

31899 

29883 

19 

18530 

80891 

52921 

54 


972 

16689 

90825 


47085 

51512 

69019 

23 

08961 

40014 

66265 

55 


1124 41042 

25200 


55458 

90891 

59644 

27 

69498 

05854 

50640 

56 


1297 

11990 

74736 


65130 

64007 

33660 

33 

11115 

00335 

95536 

57 


1492 

60965 

67929 


76273 

55578 

45661 

39 

46261 

19889 

79593 

58 


1713 

40807 

35481 


89079 

86395 

63677 

46 

89027 

07286 

24521 

59 


1962 

27322 

20300 

1 

03762 

90771 

67998 

55 

55326 

65472 

79460 

60 


2242 

20922 

20300 

1 

20559 

06771 

67998 

65 

63096 

25472 

79460 

61 


2556 

48350 

56321 

1 

39729 

79901 

65279 

77 

32510 

86401 

13601 

62 


2908 

64496 

62529 

1 

61563 

80957 

50175 

90 

86219 

51863 

77153 

63 


3302 

54303 

01696 

1 

86379 

38760 

17696 

106 

49600 

93432 

30976 

64 


3742 

34768 12800 

2 

14526 

88527 

28352 

124 

51040 

78527 

12960 

65 


4232 

57047 

03425 

2 

46391 

36656 

18977 

145 

22232 

06906 

03585 

66 


4778 

08654 

04481 

2 

82395 

42718 

88673 

168 

98500 07044 

03521 

67 


5384 15770 

09804 

3 

23002 

19494 

45314 

196 

19153 51006 

98468 

68 


6056 45658 

28236 

3 

68718 

51890 

98690 

227 

27863 

53971 

28036 

69 


6801 

09190 

80825 

4 

20098 

35635 

27331 

262 

73072 

32327 

04265 

70 


7624 

63490 

80825 

4 

77746 

36635 

27331 

303 

08433 

02327 

04265 

71 


8534 

14692 

39216 

5 

42321 

71947 

73092 

348 

93283 

09511 

53296 

72 


9537 

20822 

43504 

6 

14542 

13310 

81828 

400 

93152 

87653 

82288 

73 


10641 

94807 

62601 

6 

95188 

14229 

75909 

459 

80311 

54736 

50201 

74 


11857 

07610 

35625 

7 

85107 

61631 

79685 

526 

34352 

62487 

29625 

75 


13191 

91497 

07500 

8 

85220 

53135 

70310 

601 

42821 

25280 

26500 

76 


14656 

43442 

79276 

9 

96524 

01010 

25286 

686 

01885 

63746 

04676 

77 


16261 

28675 

46129 

11 

20097 

63925 

72967 

781 

17055 

08237 

76113 

78 


18017 

84364 

01041 

12 

57109 

07632 

56103 

888 

03947 

17370 

60721 

79 


19938 23453 

87200 

14 

08819 

95731 

62664 

1007 

89106 

77196 

79040 

80 


22035 

38653 

87200 

15 

76592 

11731 

62664 

1142 

10879 

57196 

79040 

81 


24323 

06578 

42161 

17 

61894 

13620 

14505 

1292 

20343 

10166 

78161 

82 


26815 92048 

98929 

19 

66308 

22206 

69481 

1459 

82298 

14263 

86193 

83 


29529 

52558 

88556 

21 

91537 

44528 

08522 

1646 

76323 

66939 

26596 

84 


32480 

42905 

44300 

24 

39413 

33638 

91018 

1854 

97898 

52248 

56260 

85 


35686 

19993 

72425 

27 

11903 

86142 

81643 

2086 

59593 

15080 

59385 

86 


39165 

47815 

94121 

30 

11121 

78853 

47499 

2343 

92334 88197 

23001 

87 


42938 

02610 

81904 

33 

39333 

46007 

84620 

2629 

46750 

30627 

52528 

88 


47024 

78207 

18896 

36 

98967 

98488 

39916 

2945 

94588 

48916 

18576 

89 


51447 

91556 

14425 

40 

92626 

86545 

41997 

3296 

30228 85991 

03785 

90 


56230 

88456 

14425 

45 

23094 

07545 

41997 

3683 

72277 

75991 

03785 

91 


61398 

49475 

50156 

49 

93346 

60306 

93518 

4111 

65257 

77288 

92196 

92 


66976 

96076 

73804 

55 

06565 

47620 

69134 

4583 

81394 

10154 

48868 

93 


72993 

96947 

34561 

60 

66147 

28587 

19535 

5104 

22502 

40039 

36161 

94 


79478 74541 

53825 

66 

75716 

22441 

30351 

5677 

21982 

62325 

52865 

95 


86462 

11837 

63200 

73 

39136 

65570 

20976 

6307 

46923 

59571 

62240 

96 


93976 

59315 

74016 

80 

60526 

23468 

59312 

7000 

00323 

17816 

42496 

97 

1 

02056 

42160 

52129 

88 

44269 

59412 

36273 

7760 

23429 

04362 

07713 

98 

1 

10737 

67693 

76801 

96 

95032 

61670 

54129 

8593 

98205 

25663 

57601 

99 

1 

20058 

33041 

67500 

106 

17777 

31113 

33330 

9507 

49930 

00499 

98500 

100 

1 

30058 

33041 

67500 

116 

17777 

31113 

33330 

10507 

49930 

00499 

98500 
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SUMS OF POSITIVE POWERS £ h* Table 23.4 

fc=i 


m\n , 




10 

m\n 



10 


1 




1 

51 


613 

38941 

75112 

62626 

2 




1025 

52 


757 

94452 

34603 

19650 

3 




60074 

53 


932 

83199 

38258 

32699 

4 



11 

08650 

54 


1143 

66451 

30907 

53275 

5 



108 

74275 

55 


1396 

95967 

52098 

93900 

6 



713 

40451 

56 


1700 

26516 

43060 

08076 

7 



3538 

15700 

57 


2062 

29849 

57628 

99325 

8 



14275 

57524 

58 


2493 

10270 

26623 

05149 

9 



49143 

41925 

59 


3004 

21945 

59629 

46550 

10 


1 

49143 

41925 

60 


3608 

88121 

59629 

46550 

11 


4 

08517 

66526 

61 


4322 

22412 

76258 

29151 

12 


10 

27691 

30750 

62 


5161 

52349 

34941 

69375 

13 


24 

06276 

22599 

63 


6146 

45378 

53759 

60224 

14 


52 

98822 

77575 

64 


7299 

37528 

99828 

07200 

15 


110 

65326 

68200 

65 


8645 

64962 

44456 

97825 

16 


220 

60442 

95976 

66 


10213 

98650 

53564 

93601 

17 


422 

20381 

96425 

67 


12036 

82430 

99082 

55050 

18 


779 

25054 

23049 

68 


14150 

74713 

00654 

65674 

19 


1392 

35716 

80850 

69 


16596 

94119 

07202 

25475 

20 


2416 

35716 

80850 

70 


19421 

69368 

07202 

25475 

21 


4084 

34526 

59051 

71 


22676 

93723 

17301 

06676 

22 


6740 

33754 

50475 

72 


26420 

84347 

43545 

94100 

23 


10882 

98866 

64124 

73 


30718 

46930 

40581 

51749 

24 


17223 

32676 

29500 

74 


35642 

45970 

14140 

29125 

25 


26760 

06992 

70125 

75 


41273 

81117 

23612 

94750 

26 


40876 

77949 

23501 

76 


47702 

70010 

47012 

36126 

27 


61465 

89270 

18150 

77 


55029 

38057 

72874 

36775 

28 


91085 

56937 

13574 

78 


63365 

15640 

85236 

36199 

29 

1 

33156 

29270 

13775 

79 


72833 

43249 

11504 

83400 

30 

1 

92205 

29270 

13775 

80 


83570 

85073 

11504 

83400 

31 

2 

74168 

12139 

94576 

81 


95728 

51619 

02074 

12201 

32 

3 

86758 

11208 

37200 

82 

1 

09473 

31932 

38034 

70825 

33 

5 

39916 

01061 

01649 

83 

1 

24989 

36051 

10093 

24274 

34 

7 

46353 

78601 

61425 

84 

1 

42479 

48338 

76074 

16050 

35 

10 

22208 

52136 

77050 

85 

1 

62166 

92382 

16796 

81675 

36 

13 

87824 

36537 

40026 

86 

1 

84297 

08171 

04827 

52651 

37 

18 

68682 

80261 

57875 

87 

2 

09139 

42312 

96263 

21500 

38 

24 

96503 

98741 

46099 

88 

2 

36989 

52073 

05665 

33724 

39 

33 

10544 

59593 

37700 

89 

2 

68171 

24066 

05327 

17325 

40 

43 

59120 

59593 

37700 

90 

3 

03039 

08467 

05327 

17325 

41 

57 

01386 

52694 

90101 

91 

3 

41980 

69648 

23434 

62726 

42 

74 

09406 

33911 

67925 

92 

3 

85419 

54190 

47066 

76550 

43 

95 

70554 

57044 

52174 

93 

4 

33817 

77262 

26359 

94799 

44 

122 

90290 

66428 

70350 

94 

4 

87679 

28403 

21259 

64975 

45 

156 

95353 

55588 

85975 

95 

5 

47552 

97795 

59638 

55600 

46 

199 

37428 

30416 

62551 

96 

6 

14036 

24155 

51139 

60176 

47 

251 

97341 

52774 

92600 

97 

6 

87778 

65424 

46067 

86225 

48 

316 

89847 

73860 

37624 

98 

7 

69485 

93493 

33614 

75249 

49 

396 

69074 

36836 

49625 

99 

8 

59924 

14243 

42419 

24250 

50 

494 

34699 

36836 

49625 

100 

9 

59924 

14243 

42419 

24250 
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Table 23.5 

n\x 2 

1 ( 0)2.0000 00000 

2 j 0 2.0000 00000 

3 0 1. 3333 33333 

4 - 1 6. 6666 66667 

5 (- 1)2.6666 66667 

6 (- 2)8.8888 88889 

7 (- 2)2. 5396 82540 

8 (- 3)6.3492 06349 

9 (- 3)1.4109 34744 

10 (- 4)2. 8218 69489 

11 (- 5)5. 1306 71797 

12 (- 6)8. 5511 19662 

13 (- 6)1. 3155 56871 

14 (- 7 1. 8793 66959 

15 (- 8)2. 5058 22612 

16 (- 9)3.1322 78265 

17 (-10)3. 6850 33252 

18 (-11)4. 0944 81392 

19 (-12 4.3099 80412 

20 (-13)4- 3099 80412 

21 (-14)4.1047 43250 

22 (-15)3. 7315 84772 

23 (-16 3.2448 56324 

24 (-17)2.7040 46937 

25 (-18)2.1632 37549 

26 (-19)1. 6640 28884 

27 (-20)1.2326 13988 

28 -22)8. 8043 85630 

29 (-23)6. 0719 90090 

30 (-24)4.0479 93393 

31 (-25)2.6116 08641 

32 (-26)1.6322 55400 

33 -28 9. 8924 56972 

34 (-29 5.8190 92337 

35 (-30)3. 3251 95621 

36 (-31)1. 8473 30901 

37 -33 9.9855 72435 

38 -34)5.2555 64440 

39 -35)2. 6951 61251 

40 (-36)1. 3475 80626 

41 (-38)6. 5735 64027 

42 -39 3. 1302 68584 

43 -40 1.4559 38876 

44 -42 6. 6179 03984 

45 (-43)2.9412 90659 

46 (-44)1.2788 22026 

47 (-46)5.4417 95855 

48 -47)2.2674 14939 

49 -49)9.2547 54855 

50 (-50)3.7019 01942 

For x = l, see Table 6.3. 


x n fn\ 


3 

( 0)3. 0000 00000 

( 0 4.5000 00000 

0 4.5000 00000 
( 0 3. 3750 00000 

( 0)2. 0250 00000 

( 0)1. 0125 00000 

(- 1 4.3392 85714 
(- 1 1.6272 32143 
(- 2)5. 4241 07143 
(- 2)1. 6272 32143 

(- 3)4.4379 05844 
(- 3)1. 1094 76461 
(- 4 2. 5603 30295 
(- 5 5.4864 22060 
(- 5)1. 0972 84412 

(- 6)2. 0574 08273 

- 7)3. 6307 20481 

- 8 6.0512 00802 

- 9 9. 5545 27581 
(- 9)1.4331 79137 

(-10)2. 0473 98767 
(-11)2. 7919 07410 
-12 3. 6416 18361 
(-13)4.5520 22951 
(-14)5.4624 27542 

(-15)6. 3028 01010 
(-16 7.0031 12233 
-17 7.5033 34535 
-18 7. 7620 70209 
(-19)7. 7620 70209 

(-20)7. 5116 80847 
-21 7.0422 00794 
(-22 6.4020 00722 
(-23)5. 6488 24167 
(-24)4.8418 49286 

(-25)4.0348 74405 
(-26 3. 2715 19788 
(-27)2.5827 78780 
(-28)1.9867 52907 
(-29)1. 4900 64681 

(-30)1. 0902 91230 
-32 7. 7877 94498 
(-33 5.4333 44998 
-34 3. 7045 53408 
(-35)2.4697 02272 

S -36) 1. 6106 75395 
-37)1. 0280 90678 
-39 6.4255 66735 
-40 3. 9340 20450 
-4l)2. 3604 12270 


4 

( 0)4.0000 00000 

( 0)8. 0000 00000 
( l)1.0666 66667 
( lj 1. 0666 66667 
( 0)8. 5333 33333 

( 0)5. 6888 88889 

0)3.2507 93651 
( 0)l. 6253 96825 

(- 1 7.2239 85891 
(- l)2. 8895 94356 

(- 1)1. 0507 61584 
(- 2)3.5025 38614 
(- 2)l. 0777 04189 
(- 3 3. 0791 54825 
(- 4)8.2110 79534 

! - 4)2. 0527 69883 
- 5)4.8300 46785 
- 5)1. 0733 43730 
- 6 2.2596 71010 
- 7)4. 5193 42021 

(- 8)8. 6082 70516 
- 8)1. 5651 40094 
- 9 2. 7219 82772 
(-10)4.5366 37953 
(-11)7.2586 20725 

(-11)1.1167 10881 
(-12 1.6543 86490 
-13)2.3634 09271 
(-14)3.2598 74857 
(-15)4. 3464 99809 

! -16)5. 6083 86851 
-17)7. 0104 83563 
-18)8.4975 55835 
-19 9.9971 24511 
-19)1.1425 28516 

(-20)1. 2694 76128 
(-21 1. 3724 06625 
-22)1.4446 38553 
(-23)1.4816 80567 
(-24)1.4816 80567 

(-25)1.4455 42017 
-26)1.3767 06683 
(-27)1.2806 57379 
-28)1. 1642 33981 
-29) 1. 0348 74650 

(-31)8.9989 09998 
(-32)7. 6586 46807 
(-33)6. 3822 05673 
-34 5.2099 63814 
(-35)4. 1679 71052 


5 

( 0)5. 0000 00000 

( l) 1. 2500 00000 
1 2.0833 33333 
( 1 2. 6041 66667 

( 1)2. 6041 66667 

( 1)2.1701 38889 

( l)l.5500 99206 

( 0)9. 6881 20040 

0)5. 3822 88911 
( 0)2. 6911 44455 

( 0)1.2232 47480 

- l)5. 0968 64499 
(- l)l. 9603 32500 

- 2)7. 0011 87499 
(- 2)2. 3337 29166 

! - 3)7.2929 03644 
- 3 2.1449 71660 
- 4 5. 9582 54611 
- 4 1.5679 61740 
- 5)3.9199 04350 

(- 6)9. 3331 05594 
- 6 2. 1211 60362 
(- 7 4. 6112 18179 
- 8 9.6067 04540 
(- 8) 1.9213 40908 

(- 9)3. 6948 86361 
(-10)6. 8423 82151 
(-10) 1.2218 53955 
(-11 2.1066 44751 
(-12)3.5110 74585 

! -13)5. 6630 23524 
-14)8. 8484 74256 
-14)1. 3406 77918 
-15 1.9715 85173 
-16)2. 8165 50247 

(-17)3. 9118 75343 
(-18 5.2863 18031 
-19 6.9556 81620 
(-20 8.9175 40538 
(-20)1. 1146 92567 

! -21) 1. 3593 81180 
-22)1. 6183 10928 
-23)1. 8817 56893 
-24)2.1383 60106 
-25)2. 3759 55673 

(-26)2.5825 60514 
(-27)2.7474 04802 
-28)2. 8618 80003 
(-29 2.9202 85717 
(-30)2.9202 85717 
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Z B /w! Table 23.5 


n\x 6 7 

1 ( 0)6. 0000 00000 ( 0)7. 0000 00000 

2 ( 1) 1.8000 00000 ( 1)2.4500 00000 

3 ( 1)3.6000 00000 ( 1)5. 7166 66667 

4 ( 1 5. 4000 00000 ( 2)1. 0004 16667 

5 ( 1)6. 4800 00000 ( 2)1. 4005 83333 

6 ( 1)6. 4800 00000 ( 2)1. 6340 13889 

7 ( 1 5.5542 85714 ( 2)1. 6340 13889 

8 ( 1) 4. 16-57 14286 2 1. 4297 62153 

9 1)2.7771 42857 2)1. 1120 37230 

10 ( l) 1. 6662 85714 ( l) 7.7842 60610 

11 ( 0)9. 0888 31169 ( 1)4. 9536 20388 

12 ( 0 4. 5444 15584 ( 1 2. 8896 11893 

13 0)2. 0974 22577 ( l) 1. 5559 44865 

14 - 1 8.9889 53903 0)7. 7797 24327 

15 (- 1)3.5955 81561 ( 0)3. 6305 38019 

16 (- 1)1. 3483 43085 ( 0) 1. 5883 60383 

17 (- 2)4. 7588 57949 - 1 6. 5403 07461 

18 (- 2)1. 5862 85983 (- l) 2. 5434 52902 

19 - 3)5. 0093 24157 (- 2 9. 3706 15953 

20 f- 3) 1. 5027 97247 (- 2)3. 2797 15584 

21 (- 4)4. 2937 06420 (- 2)1.0932 38528 

22 (- 4 1. 1710 10842 (- 3 3. 4784 86225 

23 (- 5)3. 0548 10892 (- 3 1. 0586 69721 

24 (- 6) 7. 6370 27229 (- 4)3. 0877 86685 

25 (- 6)1. 8328 86535 (- 5)8. 6458 02719 

26 (- 7)4.2297 38158 (- 5)2. 3277 16117 

27 (- 8 9. 3994 18128 (- 6 6. 0348 19562 

28 - 8)2. 0141 61027 - 6) 1. 5087 04890 

29 - 9)4. 1672 29712 (- 7)3. 6417 01460 

30 (-10) 8. 3344 59424 (- 8)8.4973 03406 

31 (-10)1.6131 21179 (- 8)1. 9187 45930 

32 (-11 3. 0246 02210 - 9 4.1972 56723 

33 (-12)5.4992 76746 (-10 8. 9032 71836 

34 (-13)9. 7046 06022 (-10 1.8330 26554 

35 (-13)1. 6636 46746 (-11) 3. 6660 53109 

36 (-14)2. 7727 44578 (-12) 7. 1284 36600 

37 (-15 4. 4963 42559 (-12) 1. 3486 23141 

38 (-16) 7. 0994 88251 -13)2. 4843 05785 

39 (-16)1. 0922 28962 (-14 4. 4590 10384 

40 (-17)1. 6383 43442 (-15)7. 8032 68172 

41 (-18)2. 3975 75769 (-15)1. 3322 65298 

42 (-19 3. 4251 08242 (-16)2.2204 42163 

43 (-20)4. 7792 20803 (-17)3. 6146 73288 

44 (-21 6. 5171 19277 (-18 5. 7506 16595 

45 (-22)8. 6894 92369 (-19)8. 9454 03592 

46 (-22)1. 1334 12048 (-19)1. 3612 57068 

47 -23 1.4469 08998 -20 2.0274 04144 

48 (-24 1. 8086 36247 (-21 2. 9566 31044 

49 (-25)2. 2146 56629 (-22)4.2237 58634 

50 (-26)2. 6575 87955 (-23)5. 9132 62088 


8 9 

( 0)8. 0000 00000 ( 0)9.0000 00000 

( 1)3.2000 00000 ( 1)4. 0500 00000 

( 1)8. 5333 33333 ( 2)1.2150 00000 

2 1.7066 66667 ( 2)2. 7337 50000 

( 2)2. 7306 66667 ( 2)4. 9207 50000 

1 2)3. 6408 88889 ( 2)7. 3811 25000 

2 4. 1610 15873 2)9. 4900 17857 

2)4. 1610 15873 ( -3)1. 0676 27009 

2)3. 6986 80776 3 ) 1. 0676 27009 

2)2. 9589 44621 ( 2)9. 6086 43080 

( 2)2. 1519 59724 ( 2)7. 8616 17066 

( 2 1. 4346 39816 ( 2 5. 8962 12799 

( 1 8.8285 52715 2)4. 0819 93476 

( 1 5. 0448 87266 2)2. 6241 38663 

( 1)2.6906 06542 ( 2) 1. 5744 83198 

! 1)1. 3453 03271 ( 1)8. 8564 67989 

0 6.3308 38922 ( 1 4.6887 18347 

0)2. 8137 06187 ( 1) 2. 3443 59174 

0 1.1847 18395 ( 1 1.1104 85924 

- 1)4. 7388 73579 ( 0)4.9971 86659 

1 - 1)1. 8052 85173 ( 0)2. 1416 51425 

- 2)6.5646 73356 - l) 8. 7613 01286 

- 2 2.2833 64645 (- 1 3. 4283 35286 

- 3)7.6112 15485 - l)l. 2856 25732 

- 3)2.4355 88955 (- 2)4. 6282 52636 

I - 4)7.4941 19862 (- 2)1.6020 87451 

- 4 2. 2204 79959 (- 3 5. 3402 91503 

- 5)6. 3442 28455 (- 3)1. 7165 22269 

- 5 1.7501 31987 (- 4)5. 3271 38076 

- 6)4. 6670 18633 (- 4 ) 1. 5981 41423 

I - 6)1.2043 91905 (- 5)4. 6397 65421 

- 7 3. 0109 79763 (- 5) 1. 3049 34025 

- 8)7.2993 44881 (- 6)3. 5589 10976 

- 8 1.7174 92913 (- 7)9.4206 46701 

- 9)3. 9256 98087 (- 7)2.4224 52009 

1 -10)8. 7237 73527 (- 8)6. 0561 30022 

-10 1.8862 21303 {- 8 1. 4731 12708 

-11 3. 9709 92217 (- 9)3. 4889 51151 

-12 8. 1456 25061 -10 8. 0514 25733 

-12)1. 6291 25012 (-10) 1. 8115 70790 

! —13) 3. 1787 80512 (-11)3. 9766 18807 

-14)6. 0548 20022 -12)8. 5213 26015 
-14)1. 1264 78144 -12 1. 7835 33352 
-15)2. 0481 42079 (-13 3. 6481 36402 

-16)3. 6411 41474 (-14)7. 2962 72802 

(-17)6. 3324 19956 (-14)1.4275 31635 

(-17 1. 0778 58716 (-15 2. 7335 71217 

(-18 1. 7964 31193 (-16 5. 1254 46032 

-19)2.9329 48887 -17)9.4140 84548 

(-20)4.6927 18219 ( -17) 1. 6945 35219 
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24. Combinatorial Analysis 


Mathematical Properties 


In each sub-section of this chapter we use 
a fixed format which emphasizes the use and 
methods of extending the accompanying tables. 
The format follows this form: 

I. Definitions 

A. Combinatorial 

B. Generating functions 

C. Closed form 

II. Relations 

A. Recurrences 

B. Checks in computing 

C. Basic use in numerical analysis 

III. Asymptotic and Special Values 

In general the notations used are standard. 
This includes the difference operator A defined on 
functions of x by Aj(x)=f(x+l)—j(x), A n+ [f(x) 
— A{A n j{x)), the Kronecker delta S t; , the Riemann 
zeta function f(s) and the greatest common 
divisorsvmbol (m, n). The range of the summands 
for a summation sign without limits is explained 
to the right of the formula. 

The notations which are not standard are those 
for the multinomials which are arbitrary short¬ 
hand for use in this chapter, and those for the 
Stirling numbers which have never been stand¬ 
ardized. A short table of various notations for 
these numbers follows: 


Notations for the Stirling Numbers 


Reference 

First Kind 

Second Kind 

This chapter 

Sl n) 


[24.2] Fort 

S'”' 

* 

[24.7] Jordan 

,S'" 

* 

[24.10] Moser and Wyman 

s: 

<Jn 

[24.9] Milne-Thoinson ^ 

m — 1/ 


[24.15] Riordan 

s(n, m) 

»S(n, m) 

[24.1] Carlitzl n „_ m „ , 

[24.3] Gould f <-1) Sl< * 

— 1, n — m) 

Siim, n — m) 


Miksa S(n —m + 1, n) m S„ 

(Unpublished 
tables) 

[24.17] Gupta u(n, m) 

We feel that a capital S is natural for Stirling 
numbers of the first kind; it is infrequently used 
for other notation in this context. But once it 
is used we have difficulty finding a suitable 
symbol for Stirling numbers of the second kind. 
The numbers are sufficiently important to warrant 
822 


a special and easily recognizable symbol, and 
yet that symbol must be easy to write. We have 
settled on a script capital without any certainty 
that we have settled this question permanently. 

We feel that the subscript-superscript notation 
emphasizes the generating functions (which are 
phwers of mutually inverse functions) from which 
most of the important relations flow. 

24.1. Basic Numbers 


24.1.1 Binomial Coefficients 

I. Definitions 

A. is the number of \yays of choosing m 

objects from a collection of n distinct objects 
without regard to order. 

B. Generating functions 


C. Closed form 

_«■_=( n ) 

\m/ m\{n — m)\ \n—m/ 


n(n — 1) . . . (a— m + 1) 
m\ 


1 , . . . 
l*i<i 


n> m 


II. Relations 

A. Recurrences 



n> m> 1 

K;Mr> ■ + (v: 

) n> m 

B. Checks 


£,(»)(»-«H?) 

r+s>n 

s ( - ,r CK;') 

r> a-fl 

( n ) J n *)( n ')...(modp) 

\m / \mo/\Wi/ 

]) a prime 


*S<><> page ii. 
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where 


n=^2n k p k , m=S m k p k pym k ,n k >0 

k =0 *=0 


C. Numerical analysis 

i"/W=S (—i)-’(")/(*+'») 

771 = 0 \Wl/ 

=§G) A ” + ‘^- r) 


III. Special Values 



/2n\ 2»(2n-l)(2n-3) ... 3-1 
\ n / n! 


24.1.2 Multinomial Coefficients 
I. Definitions 




A. ( n;n u .n 2 , . . n m ) is the number of ways of putting n—n x -\-n 2 -\- . . . +n m different objects 
into m different boxes with n k in the k- th box, k= 1 , 2, . . m. 

(n; aj, a 2 , . . a n )* is the number of permutations of n=a x + 2a 2 + . . . +na„ symbols composed 
of a k cycles of length k for k= 1 , 2, . . n. 

(n; a t , a 2 , . . a„)' is the number of ways of partitioning a set of n=a x -\~2a 2 -\- . . . +na„ dif¬ 

ferent objects into a k subsets containing k objects for k= 1 , 2, . . n. 


B. Generating functions 

(z,+z 2 + . . . +z TO ) n —2 (n; n u n 2 , . . . . . z> 

(Sx**) X) ^T 2 ( n ’®l7 a 2) • • *, aO*®! 1 *?*. • • 

\A = 1 n; / n = m Tli 

=*»! -y2(n; a,,a 2 , . . o ll ) / *? , *f« . . . x“» 

C. Closed forms 

(n;n x ,n 2 , . . n, m )=n!/n!!?i 2 ! . . . n m ! 

(n;a!,a 2 , . . a B )*=n!/l a ia 1 !2 a 2a 2 ! . . . n a »a n \ 

(n;a lt 02 , . . a B )'=n!/(l!)“>a,!(2!) a 2o 2 ! . . . (n!) a "a„! 


summed over ni+nj4- ■ • • +n m =n 


summed over a 1 +2a 2 + . . . +na n =n 
and ai+o 2 + ... -\-a n =m 


fti+w 2 + . ■ m—n 
a l J r2a 2 -\- . . .-\-na n =n 
ai+2a 2 4- . . . -\-na n =n 


A. Recurrence 


II. Relations 


(n+m/nH-l.na+l, . . .,«*+l)==g (n-fm-1; n,+l, . . .,n*_,+1, »*,n* + i+l f . . . ,^+1) 
B. Checks 

all ?ii 2* l] 

summed overn,-!-n 2 4- • . . 


* Z(n;ni,ih, .. .,n m ) 

[ml 

2 (n;a x ,a 2 , . . a n )*=(-\) n - m S™ 

2 (n;a lf av ,. • «.)'= 

C. Numerical analysis (Fa& di Bruno’s formula) 


summed over <Zj+ 202 + • ■ . -\-na n ~n andaid-a 24 ' . . . -\-a n =n 


^nJ(9(x))=^ f m) (g(x))Z(n;a 1 ,a 2} . . a n )' {g'(.x)} a '{g''(x) }*>. . . {g™(x)} a 


summed over a x -\-2a 2 -\- . . . -\-na n =n and CLi-^-a^-^r . . . +a„=TO. 


♦See page II. 
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P x 1 0 

P 2 Pi 2 

Pz Pz Pi 


0 


=2(-l)»-*«(*> a u (h ,. . ., a n )*P^Pp . . . P> 


0 


Pn Pn-l P n—2 


n —1 

Pi 


summed over «i+2a 2 + . . . +na«=n; e.g. if P k —SJ ml xf for k=l, 2, n then the determinant and 
sum equal nlSxiX 2 . . . x n , the latter sum denoting the 7rth elementary symmetric function of x h x 2 , . . ., x r . 


24.1.3 Stirling Numbers of the First Kind 

I. Definitions 

A. (—is the number of permutations 
of n symbols which have exactly m cycles. 

B. Generating functions 

x(x—1) . . . (x—n.+l) = 2j S^x™ 

171=0 

{In (l+x)}-=m! ± Si«~ |*|<1 

C. Closed form (see closed form for £>n m) ) 

; \n-m+khn-m-k) * n ~ m+k 

II. Relations 

A. Recurrences 

n>m> 1 

(r)^" n>n>r 

B. Checks 

S^* w) =0 n> 1 

m-1 

ZJ (—l) n_w >S'i w> =n! 

■m=0 

S s<v, , v-"=s<« 

A' = m 

C. Numerical analysis 
if convergent. 


III. Asymptotics and Special Values 

I &n m) | ~ (»— 1 )! (7 ■+ln n) m ~ l ((m — 1 )! 

for m=o(ln n) 

li m 

™ m 2n 2V. 

l im 

S< 0) =5 0a 

Nn ) = (—l)" _1 (w—1)! 

«- a —© 

^=1 

24.1.4 Stirling Numbers of the Second Kind 
I. Definitions 

A. £>n m) is the number of ways of partitioning a 
set of n elements into m non-empty subsets. 

B. Generating functions 

x n =y A , £> a m> x(x— 1) • ■ - (x—m+1) 


(g 1 —l) ro =m! Zj ££ 


>*! 

7i! 


«(1—a;) -1 (l—2x) _1 . . . (1 —mx) -1 =X) *5s w) s"' 

|x|<m -1 

C. Closed form 
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II. Relations 

A. Recurrences 

g‘">+ gi"- 1 ’ n>m>l 

g‘*= S r (t) **-* »>»>'• 

B. Checks 

2 (-l) n ~ m m! ^ m) = l 

m-0 


ssi - 0 ^ m) = 5 mn 

fc-m fc-m 

C. Numerical analysis 

® <g(m) 

A m /(a?)—w! X) ~ ‘ t f n) (a) if convergent 

n=m W! 

III. Asymptotics and Special Values 
lim m~ n 3^ m) = m! -1 


CC(ff 

<Pn- 


^ for n=o(m i ) 


B. Generating function 

m co ( co 3 n>+n _ 

2p(»)^n(i-i*)-‘=.J 2 (-D"* 2 

n=0 ii = 1 v. « = — ® 


C. Closed form 


P(n)= ^2 ^ kAM Tn 


where 


Y 

I*I<1 

sinh {iylV m ~a} 

V n_ 23 


11111 
n-»» 

SSn'=Sln 

£<•>= JS?>=1 

24.2. Partitions 
24.2.1 Unrestricted Partitions 

I. Definitions 

A. p(n) is the number of decompositions of n 
into integer summands without regard to order. 
E.g., 5=l+4=2+3 = l + l+3 = l+2+2=l + l-|- 
1 “4“ 2 =1 —J— 1 —|-1 — 1 —{— 1 so that p (5) — 7. 


A k (n)= S 

0<ft<fe 


*■*>=!£(©) 


((x))=x— [a:] — ? if x is not an integer 
=0 if x is an integer 


II. Relations 


A. Recurrence 




P( 0)=1 


=-2 <*\{k)p{n—k) 

B. Check 

. , . ^ , 1N *3 k 2 ±k / 3 k 2 ±k\ . . 

P(w)+ X) (-1) —o —2U»-5—)=ffi(») 

i< 3 -*^<n 2 V 2 / 

III. Asymptotics 

1 irV2/3V» 

24.2.2 Partitions Into Distinct Parts 

I. Definitions 

A. q(n) is the number of decompositions of n 
into distinct integer summands without regard to 
order. E.g., 5 =l+ 4 = 2+3 so that q( 5)=3. 

B. Generating function 


22(»)*"=* n (l+z*)=n (1- 

n=0 n=l n=l 

C. Closed form 




MO 


t (arWIV*+s) 

where Jo(z) is the Bessel function of order 0 and 
ri. 2 *_i(w) was defined in part I.C. of the previous 
subsection. 
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II. Relations 

A. Recurrences 

(-1)* ? (n- 3 -^)=(-l)’ Un=Sr‘±r 
-^- n g(0)=1 

=0 otherwise 

9(n) g{t't- 2<r i (§)]•«(«-*) 

B. Check 

S (-l)* S (n-(3i J ±it))=l if»= r2 = I 

0<3t«±fc<n z 

=0 otherwise. 

III. Asymptotics 


<l{n)~ 


1 




4-3 l/4 -n 3/4 

24.3. Number Theoretic Functions 
24.3.1 The Mobius Function 

I. Definitions 

A. n(n)=l ifn=l 

= (—!)* if n is the product of k distinct 
primes 

=0 if n is divisible by a square >1. 

B. Generating functions 


S ji(»)n" ,s =l/f(«) 

n«=l 

M(n)ac" 


0t$>\ 

1*10 


1—x n 

II. Relations 

A. Recurrence 

n(mn)=n(m)n(n) if (m,n)= 1 
=0 if (ra, 7t)>l 

B. Check 

^jD n(d)=8 „i 

C. Numerical analysis 
a(n)=y~' l f(d) for all n if and only if 

fin) — n(d)g(n/d) for all n 

g(ri)=U f(d) for all n if and only if 

d,n f(n) =U g(n/d )'* ( ® for all n 

d\n 

g(x)=hj(x/n) for all x>0 if and only if 

n«l 

. /~(x)=2D ju (ri)g(x/n) for all x>0 


g(x)~^2J(nx) for all x>0 if and only if 

/(*)=2D n(n)g(nx) for all x>0 


and if 2D 2D |/(m?iz)|=2D oo(w)|/(nz)| converges. 

m=*l n=l »=1 

The cyclotomic polynomial of order n is 

d\n 

III. Asymptotics 

±^=0 

£=1 n 

2 —lnn=-l 


2 m(^)=0(x6- c V^) 


24.3.2 The Euler Totient Function 
I. Definitions 

A. <p(n) is the number of integers not exceeding 
and relatively prime to n. 

B. Generating functions 


2D *(*)»' 


- r(s) 




l 

C. Closed form 

p) 

over distinct primes p dividing n. 

II. Relations 


A. Recurrence 


B. Checks 


^(nm) =<p(m)<p(n) 
2D v?(d)=n 


(m, n)=l 




v(n)=1 

a* (B) = l(modn) 

III. Asymptotics 


(a, n) = l 
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24.3.3 Divisor Functions 

I. Definitions 

A. <r k (n) is the sum of the &-th powers of the 
divisors of n. Often <r 0 (n) is denoted by d(n), and 
a x (n) by <r(n). 

B. Generating functions 

S <r*(n)n _, =f(®)f(«— @$>k +1 

»=i 

W<1 

n=l n=l L~ x 

C. Closed form 

, l)i 

<**= n V -T . 7l=pl‘P2 2 • • • 

d|n j=l 1 

II. Relations 

A. Recurrences 

c le (mn) = <T] t (m)a k (n) (m, n) = \ 
v*(np) = <r k (n)c k (p) —p k a k (njp) p prime 

III. Asymptotics 

-2j <r 0 (wi)=ln w+2y—l+0(n _ i) 

w tn=l 

(Y=Euler’s constant) 





24.3.4 Primitive Roots 


I. Definitions 

The integers not exceeding and relatively prime 
to a fixed integer n form a group; the group is 
cyclic if and only if n=2, 4 or n is of the form p k or 
2 p k where p is an odd prime. Then g is a primitive 
root of n if it generates that group; i.e., if g, g 2 , . . 
gvw are distinct modulo n. There are p(«p(n)) 
primitive roots of n. 

II. Relations 

A. Recurrences. If g is a primitive root of a 
prime p and g v ~ l ^ 1 (mod p 2 ) then g is a primitive 
root of p k for all k. If 0 p-1 =5l(mod p 2 ) then g-\-p 
is a primitive root of p k for all k. 

If g is a primitive root of p k then either g or 
g J rp k , whichever is odd, is a primitive root of 2 p k . 

B. Checks. If g is a primitive root of n then g k 
is a primitive root of n if and only if ( k , <p(n)) = l, 
and each primitive root of n is of this form. 
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Table 24.1 


COMBINATORIAL ANALYSIS 
BINOMIAL COEFFICIENTS 


n\m o 

1 1 


1 

4 ^ 


H 


6 


8 

ia 


© 


6 

7 

8 

1 

1 

1 

6 

0 

8 

© 

1 

f 

56 

15- 

6 

21* 

56.- 

1 

7 

28 


1 

8 

1 

9 

1 

9 

36 

(M) 



84 


36 

9 

10 

1 

10 

45 

lW 


ES 

210 — 


120 

45 

11 

1 

11 

55 

165 

3|0 




330 

165 

12 

1 

12 

66 

220 


792 



792- 

495 

13 

1 

13 

m' 

286 

7T5 

1287 



1716 

1287 

14 

1 

14 . 

w 

364 

1001 

2002 

3003 



3003*-" 

15 

1 

15 

105 

455 

1365 


5005 


*6435 

6435 

16 

1 

16 

120 

560 

1820 

4368 

8008 


11440 

[12870] 

17 

1 

17 

136 

680 

2380 

6188 



19448 

Z?3TQ 

18 

1 

18 

153 

816 

3060 

8568 


31824 

43758 

19 

1 

19 

171 


3876 

11628 

27132 


50388 

75582 

20 

1 

20 

190 

1140 

4845 

15504 

38760 


77520 

1 25970 

21 

1 

21 

210 

1330 

5985 

20349 

54264 

du2Bor 

i~70544^ 

£ 2 03490 

22 

1 

22 

231 

1540 

7315 

26334 

74613 

J 3 19770 

23 

1 

23 

253 

- 1771 

8855 

33649 

1 00947 

2 

45157 

4 90314 

24 

1 

24 

276 

2024 

10626 

42504 

1 34596 

3 

46104 

7 35471 

25 

1 

25 

300 ' 

2300 

12650 

53130 

1 77100 

4 

80700 

10 81575 

26 

1 

26 

325 

2600 

1495D 

65780 

2 30230 

6 

57800 

15 62275 

27 

1 

27 

351 

2925 

17550 

80730 

2 96010 

8 

88030 

22 20075 

28 

1 

28 

378 

3276 

20475 

98280 

3 76740 

11 

84040 

31 08105 

29 

1 

29 

406 

3654 

23751 

1 18755 

4 75020 

15 

60780 

42 92145 

30 

1 

30 

435 

4060 

27405 

1 42506 

5 93775 

20 

35800 

58 52925 

31 

1 

31 

465 

4495 

31465 

1 69911 

7 36281 

26 

29575 

78 88725 

32 

1 

32 

496 

4960 

35960 

2 01376 

9 06192 

33 

65856 

105 18300 

33 

1 

33 

528 

5456 

40920 

2 37336 

11 07568 

42 

72048 

138 84156 

34 

1 

34 

561 

5984 

46376 

2 78256 

13 44904 

53 

79616 

181 56204 

35 

1 

35 

595 

6545 

52360 

3 24632 

16 23160 

67 

24520 

235 35820 

36 

1 

36 

630 

7140 

58905 

3 76992 

19 47792 

83 

47680 

302 60340 

37 

1 

37 

666 

7770 

66045 

4 35897 

23 24784 

102 

95472 

386 08020 

38 

1 

38 

703 

8436 

73815 

5 01942 

27 60681 

126 

20256 

489 03492 

39 

1 

39 

741 

9139 

82251 

5 75757 

32 62623 

153 

80937 

615 23748 

40 

1 

40 

780 

9880 

91390 

6 58008 

38 38380 

186 

43560 

769 04685 

41 

1 

41 

820 

10660 

101270 

7 49398 

44 96388 

224 

81940 

955 48245 

42 

1 

42 

861 

11480 

111930 

8 50668 

52 45786 

269 

78328 

1180 30185 

43 

1 

43 

903 

12341 

123410 

9 62598 

60 96454 

322 

24114 

1450 08513 

44 

1 

44 

946 

13244 

135751 

10 86008 

70 59052 

383 

20568 

1772 32627 

45 

1 

45 

990 

14190 

148995 

12 21759 

81 45060 

453 

79620 

2155 53195 

46 

1 

46 

1035 

15180 

163185 

13 70754 

93 66819 

535 

24680 

2609 32815 

47 

1 

47 

1081 

16215 

178365 

15 33939 

107 37573 

628 

91499 

3144 57495 

48 

1 

48 

1128 

17296 

194580 

17 12304 

122 71512 

736 

29072 

3773 48994 

49 

1 

49 

1176 

18424 

211876 

19 06884 

139 83816 

859 

00584 

4509 78066 

50 

1 

50 

1225 

19600 

230300 

21 18760 

158 90700 

998 

84400 

5368 78650 


From Royal Society Mathematical Tables, vol. 3, Table of binomial coefficients. Cambridge Univ. 
Press, Cambridge, England, 1954 (with permission). 
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BINOMIAL COEFFICIENTS 


Table 24.1 


n\m 9 


10 


11 


12 


13 


!> 


9 


1 

10 


10 

11 


55 

12 


220 

13 


715 

14 


2002 

15 


5005 

16 


11440* 

17 


24310 

18 


48620 

19 


92378 

20 

1 

61960 

21 

2 

93930 

22 

4 

97420 

23 

8 

17190 

24 

13 

07504 

25 

20 

42975 

26 

31 

24550 

27 

46 

86825 

28 

69 

06900 

29 

100 

15005 

30 

143 

07150 

31 

201 

60075 

32 

280 

48800 

33 

385 

67100 

34 

524 

51256 

35 

706 

07460 

36 

941 

43280 

37 

1244 

03620 

38 

1630 

11640 

39 

2119 

15132 

40 

2734 

38880 

41 

3503 

43565 

42 

4458 

91810 

43 

5639 

21995 

44 

7089 

30508 

45 

8861 

63135 

46 

11017 

16330 

47 

13626 

49145 

48 

16771 

06640 

49 

20544 

55634 

50 

25054 

33700 


i 

n 
66 
286 
1001 
• 3003 

. 8008 
19448 
43758*- 
92378 
1 84756 

3 52716 
6 46646 
11 44066 
19 61256 
32 68760 

53 11735 
84 36285 
131 23110 
200 30010 
300 45015 

443 52165 
645 12240 
925 61040 
1311 28140 
1835 79396 

2541 86856 
3483 30136 
4727 33756 
6357 45396 
8476 60528 

11210 99408 
14714 42973 
19173 34783 
24812 56778 
31901 87286 

40763 50421 
51780 66751 
65407 15896 
82178 22536 
1 02722 78170 


1 

12 

78 

364 

1365 

4368 
12376 
31824 
75582 
1 67960 

3 52716 
7 05432 
13 52078 
24 96144 
44 57400 

77 26160 
130 37895 
214 74180 
345 97290 
546 27300 

846 72315 
1290 24480 
1935 36720 
2860 97760 
4172 25900 

6008 05296 
8549 92152 
12033 22288 
16760 56044 
23118 01440 

31594 61968 
42805 61376 
57520 04349 
76693 39132 
1 01505 95910 

1 33407 83196 

1 74171 33617 

2 25952 00368 

2 91359 16264 

3 73537 38800 


13 

91 

455 

1820 

6188 

18564 

50388 

1 25970 

2 93930 
6 46646 

13 52078 
27 04156 
52 00300 

96 57700 
173 83860 
304 21755 
518 95935 
864 93225 

1411 20525 
2257 92840 
3548 17320 
5483 54040 
8344 51800 

12516 77700 
18524 82996 
27074 75148 
39107 97436 
55868 53480 

78986 54920 
1 10581 16888 

1 53386 78264 

2 10906 82613 

2 87600 21745 

3 89106 17655 

5 22514 00851 

6 96685 34468 
9 22637 34836 

12 13996 51100 


1 

14 

105 

560 

2380 

8568 

27132 

77520 

2 03490 
4 97420 
11 44066 
24 96144 
52 00300 

104 00600 
200'58300 
374 42160 
678 63915 
1197 59850 

2062 53075 
3473 73600 
5731 66440 
9279 83760 
14763 37800 

23107 89600 
35624 67300 
54149 50296 
81224 25444 
1 20332 22880 

1 76200 76360 

2 55187 31280 

3 65768 48168 
5 19155 26432 
7 30062 09045 

10 17662 30790 
14 06768 48445 
19 29282 49296 
26 25967 83764 
35 48605 18600 



830 


COMBINATORIAL ANALYSIS 


Table 24.1 


BINOMIAL COEFFICIENTS (”) 


n\m 


14 


15 

16 



17 


18 



19 

14 

15 


1 

15 


1 










16 


120 


16 

1 









17 


680 


136 

17 



1 






18 


3060 


816 

153 



18 


1 




19 


11628 


3876 

969 



171 


19 



1 

20 


38760 


15504 

4845 



1140 


190 



20 

21 

1 

16280 


54264 

20349 



5985 


1330 



210 

22 

3 

19770 

1 

70544 

74613 



26334 


7315 



1540 

23 

8 

17190 

4 

90314 

2 45157 


1 

00947 


33649 



8855 

24 

19 

61256 

13 

07504 

7 35471 


3 

46104 


1 34596 



42504 

25 

44 

57400 

32 

68760 

20 42975 


10 

815-75 


4 80700 


1 

77100 

26 

96 

57700 •— 

77 

26160 

53 11735 


31 

24550 


15 62275 


6 

57800 

27 

200 

58300 

173 

83860 

130 37895 


84 

36285 


46 86825 


22 

20075 

28 

401 

16600 

374 

42160^. 

304 21755 


214 

74180 


131 23110 


69 

06900 

29 

775 

58760 

775 

58760 

678 63915 


518 95935 


345 97290 


200 

30010 

30 

1454 

22675 

1551 

17520 

1454 22675 — 


1197 

59*850 


864 93225 


546 

27300 

31 

2651 

82525 

3005 

40195 

3005 40195 


2651 

82525 


2062 53075 


1411 

20525 

32 

4714 

35600 

5657 

22720 

6010 80390 


5657 

22720—* 


4714 33600 


3473 

73600 

33 

8188 

09200 

10371 

58320 

11668 03110 


11668 03110 


10371 59320 


8188 

09200 

34 

13919 

75640 

18559 

67520 

22039 61430 


23336 

06220 


22039 61430- 


18559 

67520 

35 

23199 

59400 

32479 

43160 

40599 28950 


45375 

67650 


45375 67650 


40599 

28950 

36 

37962 

97200 

55679 

02560 

73078 72110 


85974 

96600 


90751 35300 


85974 

96600— 

37 

61070 

86800 

93641 

99760 

1 28757 74670 

1 

59053 

68710 

1 

76726 31900 

1 

76726 

31900 

38 

96695 

54100 

1 54712 

86560 

2 22399 74430 

2 

87811 

43380 

3 

35780 00610 

3 

53452 

63800 

39 

1 50845 

04396 

1 51408 

40660 

3 77112 60990 

5 

10211 

17810 

6 23591 43990 

6 

89232 

64410 

40 

2 32069 

29840 

4 02253 

45056 

6 28521 01650 

8 

87323 

78800 

11 

33802 61800 

13 

12824 

08400 

41 

3 52401 

52720 

6 34322 

74896 

10 30774 46706 

15 

15844 

80450 

20 

21126 40600 

24 

46626 

70200 

42 

5 28602 

29080 

9 86724 

27616 

16 65097 21602 

25 

46619 

27156 

35 

36971 21050 

44 

67753 

10800 

43 

7 83789 

60360 

15 15326 

56696 

26 51821 49218 

42 

11716 

48758 

60 83590 48206 

80 

04724 

31850 

44 

11 49558 

08528 

22 99116 

17056 

41 67148 05914 

68 63537 97976 

102 

95306 96964 

140 

88314 

80056 

45 

16 68713 

34960 

34 48674 

25584 

64 66264 22970 

110 

30686 03890 

171 

58844 94940 

243 

83621 

77020 

46 

23 98775 

44005 

51 17387 

60544 

99 14938 48554 

174 

96950 

26860 

281 

89530 98830 

415 

42466 

71960 

47 

34 16437 

74795 

75 16163 

04549 

150 32326 09098 

274 

11888 

75414 

456 86481 25690 

697 31997 

70790 

48 

48 23206 

23240 

109 32600 

79344 

225 48489 13647 

424 

44214 

84512 

730 

98370 01104 

1154 

18478 

96480 

49 

67 52488 

72536 

157 55807 

02584 

334 81089 92991 

649 

92703 

98159 

1155 

42584 85616 

1885 

16848 

97584 

50 

93 78456 

56300 

225 08295 

75120 

492 36896 95575 

984 

73793 

91150 

1805 

35288 83775 

3040 

59433 

83200 


n\m 


20 



ft 



22 


23 


24 



25 

20 


1 






V 


/U 






21 


21 



1 











22 


231 



22 



1 








23 


1771 



253 



23 


1 






24 


10626 



2024 



276 


24 


1 




25 


53130 



12650 



2300 


300 


25 



1 

26 

2 

30230 



65780 



14950 


2600 


325 



26 

27 

8 

88030 


2 

96010 



80730 


17550 


2925 



351 

28 

31 

08105 


11 

84040 


3 

76740 


98280 


20475 



3276 

29 

100 

15005 


42 

92145 


15 

60780 


4 75020 


1 18755 



23751 

30 

300 

45015 


143 

07150 


58 

52925 


20 35800 


5 93775 


1 

42506 

31 

846 

72315 


443 

52165 


201 

60075 


78 88725 


26 29575 


7 

36281 

32 

2257 

92840 


1290 

24480 


645 

12240 


280 48800 


105 18300 


33 

65856 

33 

5731 

66440 


3548 

17320 


1935 36720 


925 61040 


385 67100 


138 

84156 

34 

13919 

75640 


9279 

83760 


5483 

54040 


2860 97760 


1311 28140 


524 

51256 

35 

32479 

43160 


23199 

59400 


14763 37800 


8344 51800 


4172 25900 


1835 

79396 

36 

73078 

72110 


55679 

02560 


37962 

97200 


23107 89600 


12516 77700 


6008 

05296 

37 

1 59053 

68710 

1 

28757 

74670 


93641 

99760 


61070 86800 


35624 67300 


18524 

82996 

38 

3 35780 

00610- 

2 

87811 

43380 

2 

22399 

74430 

1 

54712 86560 


96695 54100 


54149 

50296 

39 

6 89232 

64410 

6 

23591 

43990 

5 

10211 

17810 

3 

77112 60990 

2 

51408 40660 

1 

50845 

04396 

40 

13 78465 

28820 

13 

12824 

08400 - 

11 

33802 

61800 

8 

87323 78800 

6 

28521 01650 

4 

02253 

45056 

41 

26 91289 

37220 

26 

91289 

37220 

24 

46626 

70200 

20 

21126 40600 

15 

15844 80450 

10 

30774 

46706 

42 

51 37916 

07420 

53 

82578 

74440 

51 

37916 

07420 — 

44 

67753 10800 

35 

36971 21050 

25 

46619 

27156 

43 

96 05669 

18220 

105 

20494 

81860 

105 

20494 

81860 

96 

05669 18220 

80 

04724 31850 

60 83590 

48206 

44 

176 10393 

50070 

201 

26164 

00080 

210 

40989 

63720 

201 

26164 00080— 

176 

10393 50070 

140 

88314 

80056 

45 

316 98708 

30126 

377 36557 

50150 

411 

67153 

63800 

411 

67153 63800 

377 

36557 50150 

316 

98708 

30126 

46 

560 82330 

07146 

694 

35265 

80276 

789 

03711 

13950 

823 

34307 27600 

789 

03711 13950- 

694 

35265 

80276 

47 

976 24796 

79106 

1255 

17595 

87422 

1483 

38976 

94226 

1612 

38018 41550 

1612 

38018 41550 

1483 

38976 

94226 

48 

1673 56794 

49896 

2231 

42392 

66528 

2738 

56572 81648 

3095 

76995 35776 

3224 

76036 83100 

3095 

76995 

35776> 

49 

2827 75273 

46376 

3904 

99187 

16424 

4969 

98965 

48176 

5834 

33568 17424 

6320 53032 18876 

6320 

53032 

18876 

'50 

4712 92122 

43960 

6732 

74460 

62800 

8874 

98152 

64600 

10804 

32533 66600 

12154 

86600 36300 

12641 

06064 

37752 
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Table 24.2 


Multinomials and Partitions 


7r=l“i, 2“2, . . n a n, n=ai+2a 2 + . . . -\-na ni m=a 1 +o 2 + . . . +a„ 


n h ih, . . 7i TO )=n!/(l!) a i(2!) a 2 . . . (nl) a * 


n 

1 

2 


3 


4 


5 


6 


7 


M 2 =(n] a u a?, . . a n )*=n!/l a iai! 2 0 2 a 2 ! . . . n°*a n ! 

M 3 =(n;a 1 ,a 2 , . . a„)'=n!/(l!) a ia 1 !(2!) a 2a 2 ! . . . (n\) a naj 


m 

7T 

Mi 

U 2 

m 3 

1 

1 

1 

1 

1 

1 

2 

1 

1 

1 

2 

l 2 

2 

1 

1 

1 

3 

1 

2 

1 

2 

1, 2 

3 

3 

3 

3 

l 3 

6 

1 

1 

1 

4 

1 

6 

1 

2 

1,3 

4 

8 

4 


2 2 

6 

3 

3 

3 

l 2 , 2 

12 

6 

6 

4 

l 4 

24 

1 

1 

1 

5 

1 

24 

1 

2 

1,4 

5 

30 

5 


2,3 

10 

20 

10 

3 

l 2 , 3 

20 

20 

10 


1, 2 2 

30 

15 

15 

4 

l 3 , 2 
l 6 

60 

10 

10 

5 

120 

1 

1 

1 

6 

1, 

120 

1 

2 

1, 5 

6 

144 

6 


2,4 

3 2 

15 

90 

15 


20 

40 

10 

3 

l 2 , 4 

30 

90 

15 


1, 2,3 

60 

120 

60 


2 3 

90 

15 

15 

4 

l 3 , 3 

120 

40 

20 


l 2 , 2 2 

180 

45 

45 

5 

l 4 , 2 

360 

15 

15 

6 

l 6 

720 

1 

1 

1 

7 

1 

720 

1 

2 

1, 6 

7 

840 

7 


2, 5 

21 

504 

21 


3,4 

35 

420 

35 

3 

l 2 , 5 

42 

504 

21 


1,2,4 

105 

630 

105 


1, 3 2 

140 

280 

70 


2 2 , 3 

210 

210 

105 

4 

l 3 , 4 

210 

210 

35 


l 2 , 2, 3 

420 

420 

210 


1, 2 3 

630 

105 

105 

5 

l 4 , 3 

840 

70 

35 


l 3 , 2 2 

1260 

105 

105 

6 

l 6 , 2 

2520 

21 

21 

7 

l 7 

5040 

1 

1 


m 

7r 

Mi 

m 2 

m 3 

1 

8 

1 

5040 

1 

2 

1, 7 

8 

5760 

8 


2, 6 

28 

3360 

28 


3, 5 

56 

2688 

56 


4 2 

70 

1260 

35 

3 

l 2 , 6 

56 

3360 

28 


1, 2, 5 

168 

4032 

168 


1, 3, 4 

280 

3360 

280 


2 2 , 4 

420 

1260 

210 


2, 3 2 

560 

1120 

280 

4 

l 3 , 5 

336 

1344 

56 


l 2 , 2, 4 

840 

2520 

420 


l 2 , 3 2 

1120 

1120 

280 


1, 2 2 , 3 

2 4 

1680 

1680 

840 


2520 

105 

105 

5 

l 4 , 4 

1680 

420 

70 


l 3 , 2, 3 

3360 

1120 

560 


l 2 , 2 3 

5040 

420 

420 

6 

I s , 3 
l 4 , 2 2 

6720 

112 

56 


10080 

210 

210 

7 

l 6 , 2 

20160 

28 

28 

8 

l 8 

40320 

1 

1 

1 

9 

1 

40320 

1 

2 

1, 8 

9 

45360 

9 


2, 7 

36 

25920 

36 


3,6 

84 

20160 

84 


4, 5 
l 2 , 7 

126 

18144 

126 

3 

72 

25920 

36 


1, 2, 6 

252 

30240 

252 


1, 3, 5 

504 

24192 

504 


1, 4 2 

630 

11340 

315 


2 2 , 5 

756 

9072 

378 


2,3,4 

3 3 

1260 

15120 

1260 


1680 

2240 

280 

4 

l 3 , 6 

504 

10080 

84 


l 2 , 2, 5 

1512 

18144 

756 


l 2 , 3, 4 

2520 

15120 

1260 


1, 2 2 , 4 

3780 

11340 

1890 


1, 2, 3 2 

5040 

10080 

2520 


2 3 , 3 

7560 

2520 

1260 

5 

l 4 , 5 

3024 

3024 

126 


l 3 , 2, 4 
l 3 , 3 2 

7560 

7560 

1260 


10080 

3360 

840 


l 2 , 2 2 , 3 

1, 2 4 

15120 

7560 

3780 


22680 

945 

945 

6 

l 5 , 4 

15120 

756 

126 


l 4 , 2, 3 

30240 

2520 

1260 


l 3 , 2 3 

45360 

1260 

1260 

7 

l 6 , 3 

60480 

168 

84 


l 6 , 2 2 

90720 

378 

378 

8 

l 7 , 2 

181440 

36 

36 

9 

l 9 

362880 

1 

1 
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Table 24.2 Multinomials and Partitions 


TO 

7T 

Mi 

m 2 

m 3 

n to 

7T 

Mi 

m 2 

m 3 

1 

10 

1 

362880 

1 

10 

2 3 , 4 

18900 

18900 

3150 

2 

1, 9 

10 

403200 

10 


2 2 , 3 2 

25200 

25200 

6300 


2, 8 

45 

226800 

45 

5 

l 4 , 6 

5040 

25200 

210 


3, 7 

120 

172800 

120 


l 3 , 2, 5 

15120 

60480 

2520 


4, 6 

210 

151200 

210 


l 3 , 3, 4 

25200 

50400 

4200 


5 2 

252 

72576 

126 


l 2 , 2 2 , 4 

*37800 

*56700 

9450 

3 

l 2 , 8 

90 

226800 

45 


l 2 , 2, 3 2 

50400 

50400 

12600 


1, 2, 7 

360 

259200 

360 


1, 2 3 , 3 

75600 

25200 

12600 


1, 3, 6 

840 

201600 

840 


2 s 

113400 

945 

945 


1, 4, 5 

1260 

181440 

1260 

6 

l 5 , 5 

30240 

6048 

252 


2 2 , 6 

1260 

75600 

630 


l 4 , 2, 4 

75600 

18900 

3150 


2, 3, 5 

2520 

*120960 

2520 


l 4 , 3 2 

100800 

8400 

2100 


2, 4 2 

3150 

56700 

1575 


l 3 , 2 2 , 3 

151200 

25200 

12600 


3 2 , 4 

4200 

50400 

2100 


l 2 , 2 4 

226800 

4725 

4725 

4 

l 3 , 7 

720 

86400 

120 

7 

l 6 , 4 

151200 

1260 

210 


l 2 , 2, 6 

2520 

151200 

1260 


l 5 , 2, 3 

302400 

5040 

2520 


l 2 , 3, 5 

5040 

120960 

2520 


l 4 , 2 3 

453600 

3150 

3150 


l 2 , 4 2 

6300 

56700 

1575 

8 

l 7 , 3 

604800 

240 

120 


1, 2 2 , 5 

7560 

90720 

3780 


l 6 , 2 2 

907200 

630 

630 


1,2, 3,4 

12600 

151200 

12600 

9 

l 8 , 2 

1814400 

45 

45 


1, 3 3 

16800 

22400 

2800 

10 

lio 

3628800 

1 

1 
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STIRLING NUMBERS OF THE FIRST KIND S Table 24.3 

n 


n\m 





i 

i / V ■ 


2 



} !■ ■ 


3 

1 

2 





i 

-l 


\ 

1 






3 





2 


' J 

-3 


V • 



1 

4 





—6 


11 






5 





24 



-50 

: / 

'b 



35 

6 





-120 



274 





-225 

7 





720 



-1764 


*■') c - 



1624 

8 





-5040 



13068 


cr~- 


- 

13132 

9 





40320 


-1 

09584 




1 

18124 

10 




-3 

62880 


10 

26576 




-11 

72700 

11 




36 

28800 


-106 

28640 




127 

53576 

12 




-399 

16800 


1205 

43840 




-1509 

17976 

13 




4790 

01600 


- 14864 

42880 




19315 

59552 

14 



— 

62270 

20800 


1 98027 

59040 



-2 

65967 

17056 

15 



8 

71782 

91200 


-28 34656 

47360 



39 

21567 

97824 

16 



-130 

76743 

68000 


433 91630 

01600 



-616 

58176 

14720 

17 



2092 

27898 

88000 


-7073 42823 

93600 



10299 

22448 

37120 

18 


_ 

35568 

74280 

96000 

1 

22340 55905 

79200 


-1 

82160 

24446 

24640 

19 


6 

40237 

37057 

28000 

-22 

37698 80585 

21600 


34 

01224 

95938 

22720 

20 


-121 

64510 

04088 

32000 

431 

56514 68176 

38400 


-668 

60973 

03411 

53280 

21 


2432 

90200 

81766 

40000 

-8752 

94803 67616 

00000 


13803 

75975 

36407 

04000 

22 

- 

51090 

94217 

17094 

40000 

1 86244 

81078 01702 

40000 

-2 

98631 

90286 

32163 

84000 

23 

11 

24000 

72777 

76076 

80000 

-41 48476 

77933 54547 

20000 

67 

56146 67377 

09306 

88000 

24 

-258 

52016 

73888 

49766 

40000 

965 38966 

65249 30662 

40000 -1595 

39850 

27606 

68605 

44000 

25 

6204 

48401 

CO 

yt 

73323 

94393 

60000 

-23427 87216 

39871 85664 

00000 39254 

95373 

27809 

77192 

96000 


"C 


-1 

Oj -pfcn'&T&ti 







wv- V 



f\ 

i {f y)< M 













r 

j- pi ! 








"V 

m 

4 


4 


1 


5 


-10 - 


6 


85 / 4 

-735, j ! 

/- > . 

7 



8 


6769 


9 


- 67284 


10 


7 23680 

c 

11 


-84 09500 


12 


1052 58076 


13 

— 

14140 14888 


14 

2 

03137 53096 


15 

-31 

09892 60400 


16 

505 

69957 03824 


17 

-8707 

77488 75904 


18 

1 58331 

39757 27488 

— 

19 

-30 32125 

40077 19424 

17 

20 

610 11607 

57404 91776 

-371 

21 

- 12870 93124 

51509 88800 

8037 

22 

2 84093 31590 

18114 68800 -1 

81664 

23 

-65 48684 85270 

30686 97600 42 

80722 

24 

1573 75898 28594 

15107 32800 -1050 

05310 

25 

-39365 61409 13866 

31181 31200 26775 

03356 

From unpublished tables of Francis L. Miksa, with 


5 6 


1 




-15 




1 



175 




-21 



-1960 




322 



22449 




-4536 


-2 

69325 




63273 


34 

16930 



-9 02055 


-459 

95730 



133 

39535 


6572 

06836 



-2060 

70150 

_ 

99577 

03756 



33361 

18786 

15 

97216 

05680 


-5 

66633 

66760 

-270 

68133 

45600 


100 

96721 

07080 

4836 60092 

33424 


-1886 

15670 

58880 

90929 

99058 

44112 


36901 

26492 

34384 

95071 

22809 

21504 

-7 

55152 

75920 

63024 

38478 

73452 28000 

161 

42973 

65301 

18960 

81182 

26450 

51776 

-3599 

97951 

79476 

07200 

97952 

06970 

76096 

83637 

38169 

95448 

02976 

86535 

71471 

42912 

-20 21687 

37691 

06827 41568 

75591 

74529 

84576 

507 79532 

53430 

28501 

98976 

42796 

03823 

62624 

-13237 14091 

57918 

58577 

60000 


permission. 



834 


COMBINATORIAL ANALYSIS 


Table 21,3 


Stirling numbers of the first kind sj" 1 ) 


n\m 

7 



1 



8 





9 

8 



-28 



1 






9 



546 



-36 





1 

10 



-9450 



870 





-45 

11 


1 

57773 



- 18150 





1320 

12 


-26 

37558 



3 57423 




— 

32670 

13 


449 

90231 



-69 26634 




7 

49463 

14 


-7909 

43153 



1350 36473 




-166 

69653 

15 

1 

44093 

22928 



- 26814 53775 




3684 

11615 

16 

-27 

28032 

10680 



5 46311 29553 



_ 

82076 

28000 

17 

537 

45234 

77960 



-114 69012 83528 



18 

59531 

77553 

18 

- 11022 

84661 

84200 



2487 18452 97936 



—430 

81053 

01929 

19 

2 35312 

50405 49984 


— 

55792 16815 47048 



10241 

77407 

32658 

20 

-52 26090 

33625 

12720 


12 

95363 69899 43896 


-2 

50385 

87554 

67550 

21 

1206 64780 

37803 

73360 


-311 

33364 31613 90640 


63 

03081 

20992 

94896 

22 

- 28939 58339 

73354 

47760 


7744 

65431 01695 76800 


-1634 

98069 

72465 

83456 

23 

7 20308 21644 

09246 

53696 

-1 

99321 

97822 10661 37360 


43714 

22964 

95944 

12832 

24 

-185 88776 35505 

19497 

76576 

53 

04713 

71552 54458 12976 

-12 

04749 

26016 

17376 

32496 

25 

4969 10165 05554 

96448 

36800 

-1459 01905 

52766 26492 88000 

342 

18695 

95940 

71489 

92880 


n\m 


10 



11 



12 

10 


1 







11 


-55 



1 




12 


1925 



—66 



1 

13 


- 55770 



2717 



-78 

14 


14 74473 


— 

91091 



3731 

15 


-373 12275 


27 

49747 


-1 

43325 

16 


9280 95740 


-785 

58480 


48 

99622 

17 

-2 

30571 59840 


21850 

31420 


-1569 

52432 

18 

57 

79248 94833 

-6 

02026 

93980 


48532 

22764 

19 

-1471 

07534 08923 

166 

15733 

86473 

-14 

75607 

03732 

20 

38192 

20555 02195 

-4628 

06477 

51910 

446 

52267 

57381 

21 

-10 14229 

98655 11450 

1 30753 

50105 

40395 

- 13558 

51828 

99530 

22 

276 01910 

92750 35346 

-37 60053 

50868 

59745 

4 15482 

38514 

30525 

23 

-7707 40110 

12973 61068 

1103 23088 

11859 

49736 

-129 00665 

98183 

31295 

24 

2 20984 45497 

94337 17396 

- 33081 71136 

85742 

04996 

4070 38405 

70075 

69521 

25 

-65 08376 17966 

81468 50000 

10 14945 52782 

52146 

37300 

-1 30770 92873 

67558 

73500 


n\m 




13 


14 

15 


16 

13 




1 






14 




-91 


1 




15 




5005 


-105 

1 



16 



-2 

18400 


6580 

-120 


1 

17 



83 

94022 

-3 

23680 

8500 


-136 

18 



-2996 

50806 

138 

96582 

-4 68180 


10812 

19 


1 

02469 

37272 

-5497 

89282 

223 23822 

—6 

62796 

20 


-34 

22525 

11900 

2 06929 

33630 

-9739 41900 

349 

16946 

21 


1131 

02769 

95381 

-75 61111 

84500 

4 01717 71630 

- 16722 

80820 

22 


37310 

09998 

02531 

2718 86118 

69881 

-159 97183 88730 

7 52896 

68850 

23 

12 

36304 

58470 

86207 

- 97125 04609 

39913 

6238 24164 21941 

-325 60911 

03430 

24 

-413 

35671 

43013 

14056 

34 70180 64487 

04206 

-2 40604 60386 44556 

13727 25118 

00831 

25 

13990 

94520 

02391 

06865 

-1246 20006 90702 

15000 

92 44691 13761 73550 

-5 70058 63218 

64500 


n\ 

m 


17 


18 

19 

20 

21 

22 

23 24 

17 



1 








18 



-153 


1 






19 



13566 


-171 

1 





20 


-9 

20550 


16815 

-190 

1 




21 


533 

27946 


-12 56850 

20615 

-210 

1 



22 

_ 

27921 

67686 


797 21796 

-16 89765 

25025 

-231 

1 


23 

13 

67173 

57942 

_ 

45460 47198 

1168 96626 

-22 40315 

30107 

-253 

1 

24 

-640 

05903 

36096 

24 

12764 43496 

- 72346 69596 

1684 23871 

-29 32776 

35926 

-276 1 

25 

29088 

66798 

67135 

-1219 

12249 80000 

41 49085 13800 

-1 12768 42500 

2388 10495 

-37 95000 

42550 -300 
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Tal,U‘ 21.5 Nl MBER OF PARTITIONS AND PARTITIONS INTO DISTINCT PARTS 


« /'(") '/(«) " /'(") 

0 1 50 2 04226 

1 1 1 51 2 39943 

2 2 1 52 2 81589 

3 3 2 53 3 29931 

4 5 2 54 3 86155 

5 7 3 55 4 51276 

6 11 4 56 5 26823 

7 15 5 57 6 14154 

8 22 6 58 7 15220 

9 30 8 59 8 31820 

10 42 10 60 9 66467 

11 56 12 61 11 21505 

12 77 15 62 13 00156 

13 101 18 63 15 05499 

14 135 22 64 17 41630 

15 176 27 65 20 12558 

16 231 32 66 23 23520 

17 297 38 67 26 79689 

18 385 46 68 30 87735 

19 490 54 69 35 54345 

20 627 64 70 40 87968 

21 792 76 71 46 97205 

22 1002 89 72 53 92783 

23 1255 104 73 61 85689 

24 1575 122 74 70 89500 

25 1958 142 75 81 18264 

26 2436 165 76 92 89091 

27 3010 192 77 106 19863 

28 3718 222 78 121 32164 

29 4565 256 79 138 48650 

30 5604 296 80 157 96476 

31 6842 340 81 180 04327 

32 8349 390 82 205 06255 

33 10143 448 83 233 38469 

34 12310 512 84 265 43660 

35 14883 585 85 301 67357 

36 17977 668 86 342 62962 

37 21637 760 87 388 87673 

38 26015 864 88 441 08109 

39 31185 982 89 499 95925 

40 37338 1113 90 566 34173 

41 44583 1260 91 641 12359 

42 53174 1426 92 725 33807 

43 63261 1610 93 820 10177 

44 75175 1816 94 926 69720 

45 89134 2048 95 1046 51419 

46 105558 2304 96 1181 14304 

47 124754 2590 97 1332 30930 

48 147273 2910 98 1501 98136 

49 173525 3264 99 1692 29875 


'/(*) « /<») V(«) 

3658 100 1905 69292 4 44793 

4097 101 2144 81126 4 83330 

4582 102 2412 65379 5 25016 

5120 103 2712 48950 5 70078 

5718 104 3048 01365 6 18784 

6378 105 3423 25709 6 71418 

7108 106 3842 76336 7 28260 

7917 107 4311 49389 7 89640 

8808 108 4835 02844 8 55906 

9792 109 5419 46240 9 27406 

10880 110 6071 63746 10 04544 

12076 111 6799 03203 10 87744 

13394 112 7610 02156 11 77438 

14848 113 8513 76628 12 74118 

16444 114 9520 50665 13 78304 

18200 115 10641 44451 14 90528 

20132 116 11889 08248 16 11388 

22250 117 13277 10076 17 41521 

24576 118 14820 74143 18 81578 

27130 119 16536 68665 20 32290 

29927 120 18443 49560 21 94432 

32992 121 20561 48051 23 68800 

36352 122 22913 20912 25 56284 

40026 123 25523 38241 27 57826 

44046 124 28419 40500" 29 74400 

48446 125 31631 27352 32 07086 

53250 126 35192 22692 34 57027 

58499 127 39138 64295 37 25410 

64234 128 43510 78600 40 13544 

70488 129 48352 71870 43 22816 

77312 130 53713 15400 46 54670 

84756 131 59645 39504 50 10688 

92864 132 66208 30889 53 92550 

101698 133 73466 29512 58 02008 

111322 134 81490 40695 62 40974 

121792 135 90358 36076 67 11480 

133184 136 1 00155 81680 72 15644 

145578 137 1 10976 45016 77 55776 

159046 138 1 22923 41831 83 34326 

173682 139 1 36109 49895 89 53856 

189586 140 1 50658 78135 96 17150 

206848 141 1 66706 89208 103 27156 

225585 142 1 84402 93320 110 86968 

245920 143 2 03909 82757 118 99934 

267968 144 2 25406 54445 127 69602 

291874 145 2 49088 58009 136 99699 

317788 146 2 75170 52599 146 94244 

345856 147 3 03886 71978 157 57502 

376256 148 3 35494 19497 168 93952 

409174 149 3 70273 55200 181 08418 


" K") '/('') 

150 4 08532 35313 194 06016 

151 4 50606 24582 207 92120 

152 4 96862 88421 222 72512 

153 5 47703 36324 238 53318 

154 6 03566 73280 255 40982 

155 6 64931 82097 273 42421 

156 7 32322 43759 292 64960 

157 8 06309 64769 313 16314 

158 8 87517 78802 335 04746 

159 9 76627 28555 358 39008 

160 10 74381 59466 383 28320 

161 11 81590 68427 409 82540 

162 12 99139 04637 438 12110 

163 14 27989 95930 468 28032 

164 15 69194 75295 500 42056 

165 17 23898 00255 534 66624 

166 18 93348 22579 571 14844 

167 20 78904 20102 610 00704 

168 22 82047 32751 651 39008 

169 25 04389 25115 695 45358 

170 27 47686 17130 742 36384 

171 30 13848 02048 792 29676 

172 33 04954 99613 845 43782 

173 36 23268 59895 901 98446 

174 39 71250 74750 962 14550 

175 43 51576 97830 1026 14114 

176 47 67158 57290 1094 20549 

177 52 21158 31195 1166 58616 

178 57 17016 05655 1243 54422 

179 62 58467 53120 1325 35702 

180 68 49573 90936 1412 31780 

181 74 94744 11781 1504 73568 

182 81 98769 08323 1602 93888 

183 89 66848 17527 1707 27424 

184 98 04628 80430 1818 10744 

185 107 18237 74337 1935 82642 

186 117 14326 92373 2060 84096 

187 128 00110 42268 2193 58315 

188 139 83417 45571 2334 51098 

189 152 72735 99625 2484 10816 

190 166 77274 04093 2642 88462 

191 182 07011 00652 2811 38048 

192 198 72768 56363 2990 16608 

193 216 86271 05469 3179 84256 

194 236 60227 41845 3381 04630 

195 258 08402 12973 3594 44904 

196 281 45709 87591 3820 75868 

197 306 88298 78530 4060 72422 

198 334 53659 83698 4315 13602 

199 364 60724 32125 4584 82688 


50 204226 3658 100 1905 69292 444793 150 4 08532 35313 194 06016 200 397 29990 29388 4870 67746 

Values of />{><) from H. Gupta, A table of partitions, Proc. London Math. Soc. 39, 142-149, 1935 and II. 42, 546-549, 1937 
(with permission). 
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NUMBER OF PARTITIONS AND PARTITIONS INTO DISTINCT PARTS 


n 


P(«) 


g(«) 

n 



p(n) 



200 

397 

29990 

29388 

4870 

67746 

250 


23079 

35543 

64681 


201 

432 

83636 

58647 

5173 

61670 

251 


24929 

14511 

68559 


202 

471 

45668 

86083 

5494 

62336 

252 


26923 

27012 

52579 


203 

513 

42052 

87973 

5834 

73184 

253 


29072 

69579 

16112 

1 

204 

559 

00883 

17495 

6195 

03296 

254 


31389 

19913 

06665 

1 

205 

608 

52538 

59260 

6576 

67584 

255 


33885 

42642 

48680 

1 

206 

662 

29877 

08040 

6980 

87424 

256 


36574 

95668 

70782 

1 

2.07 

720 

68417 

06490 

7408 

90786 

257 


39472 

36766 

55357 

1 

208 

784 

06562 

26137 

7862 

12446 

258 


42593 

30844 

09356 

1 

209 

852 

85813 

02375 

8341 

94700 

259 


45954 

57504 

48675 

1 

210 

927 

51025 

75355 

8849 

87529 

260 


49574 

19347 

60846 

1 

211 

1008 

50658 

85767 

9387 

48852 

261 


53471 

50629 

08609 

1 

212 

1096 

37072 

05259 

9956 

45336 

262 


57667 

26749 

47168 

1 

213 

1191 

66812 

36278 

10558 

52590 

263 


62183 

74165 

09615 

1 

214 

1295 

00959 

25895 

11195 

55488 

264 


67044 

81230 

60170 

1 

215 

1407 

05456 

99287 

11869 

49056 

265 


72276 

09536 

90372 

1 

216 

1528 

51512 

48481 

12582 

38720 

266 


77905 

06295 

62167 

2 

217 

1660 

15981 

07914 

13336 

40710 

267 


83961 

17303 

66814 

2 

218 

1802 

81825 

16671 

14133 

83026 

268 


90476 

01083 

16360 

2 

219 

1957 

38561 

61145 

14977 

05768 

269 


97483 

43699 

44625 

2 

220 

2124 

82790 

09367 

15868 

61606 

270 

1 

05019 

74899 

31117 

2 

221 

2306 

18711 

73849 

16811 

16852 

271 

1 

13123 

85039 

38606 

2 

222 

2502 

58737 

60111 

17807 

51883 

272 

1 

21837 

43498 

44333 

2 

223 

2715 

24089 

25615 

18860 

61684 

273 

1 

31205 

18008 

16215 

2 

224 

2945 

45499 

41750 

19973 

57056 

274 

1 

41274 

95651 

73450 

3 

225 

3194 

63906 

96157 

21149 

65120 

275 

1 

52098 

04928 

51175 

3 

226 

3464 

31263 

22519 

22392 

29960 

276 

1 

63729 

39693 

37171 

3 

227 

3756 

11335 

82570 

23705 

13986 

277 

1 

76227 

84330 

57269 

3 

228 

4071 

80636 

27362 

25091 

98528 

278 

1 

89656 

41035 

91584 

3 

229 

4413 

29348 

84255 

26556 

84608 

279 

2 

04082 

58525 

75075 

3 

230 

4782 

62397 

45920 

28103 

94454 

280 

2 

19578 

63116 

82516 

4 

231 

5182 

00518 

38712 

29737 

72212 

281 

2 

36221 

91453 

37711 

4 

232 

5613 

81486 

70947 

31462 

84870 

282 

2 

54095 

25900 

45698 

4 

233 

6080 

61354 

38329 

33284 

23936 

283 

2 

73287 

31835 

47535 

4 

234 

6585 

15859 

70275 

35207 

06304 

284 

2 

93892 

97939 

29555 

5 

235 

7130 

41855 

14919 

37236 

75326 

285 

3 

16013 

78671 

48997 

5 

236 

7719 

58926 

63512 

39379 

02688 

286 

3 

39758 

40119 

86773 

5 

237 

8356 

11039 

25871 

41639 

89458 

287 

3 

65243 

08360 

71053 

5 

238 

9043 

68396 

68817 

44025 

67324 

288 

3 

92592 

21614 

89422 

6 

239 

9786 

29337 

03585 

46543 

00706 

289 

4 

21938 

85285 

87095 

6 

240 

10588 

22467 

22733 

49198 

87992 

290 

4 

53425 

31269 

00886 

6 

241 

11454 

08845 

53038 

52000 

62976 

291 

4 

87203 

80564 

72084 

7 

242 

12388 

84430 

77259 

54955 

97248 

292 

5 

23437 

10697 

53672 

7 

243 

13397 

82593 

44888 

58073 

01632 

293 

5 

62299 

26919 

50605 

8 

244 

14486 

76924 

96445 

61360 

27874 

294 

6 

03976 

38820 

95515 

8 

245 

15661 

84125 

27946 

64826 

71322 

295 

6 

48667 

41270 

79088 

8 

246 

16929 

67223 

91554 

68481 

72604 

296 

6 

96585 

01441 

95831 

9 

247 

18297 

38898 

54026 

72335 

19619 

297 

7 

47956 

50785 

10584 

9 

248 

19772 

65166 

81672 

76397 

50522 

298 

8 

03024 

83849 

43040 

10 

249 

21363 

69198 

20625 

80679 

55712 

299 

8 

62049 

62754 

65025 

10 

250 

23079 

35543 

64681 

85192 

80128 

300 

9 

25308 

29367 

23602 

11 


Table 24.5 


<l(") 

85192 80128 
89949 26602 
94961 58208 
00243 00890 
05807 47264 

11669 59338 
17844 71548 
24348 95064 
31199 20928 
38413 23582 

46009 65705 
54008 01856 
62428 82560 
71293 59744 
80624 90974 

90446 44146 
00783 03620 
11660 75136 
23106 91192 
35150 17984 

47820 61070 
61149 71540 
75170 53882 
89917 72486 
05427 58738 

21738 19904 
38889 46600 
56923 20960 
75883 26642 
95815 57440 

16768 26624 
38791 78240 
61938 97032 
86265 19094 
11828 44672 

38689 49522 
66911 97084 
96562 52987 
27710 98024 
60430 42088 

94797 40554 
30892 09120 
68798 39744 
08604 19136 
50401 45750 

94286 47940 
40360 04868 
88727 65938 
39499 71456 
92791 76298 

48724 72064 
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Table 24.5 NUMBER OF PARTITIONS AND PARTITIONS INTO DISTINCT PARTS 


n 


p(n) 



«/(«) 

n 


vip) 



</(») 


300 

9 

25308 

29367 23602 

11 

48724 

72064 

350 

279 36332 84837 

02152 

126 

91829 24648 

301 

9 

93097 

23924 

03501 

12 

07425 

10607 

351 

298 

33006 

30627 

58076 

132 

93477 19190 

302 

10 

65733 

12325 

48839 

12 

69025 

30816 

352 

318 

55597 37883 

29084 

139 

22769 

71520 

303 

11 

43554 

20778 22104 

13 

33663 

83848 

353 

340 12281 

00485 

77428 

145 

80938 18816 

304 

12 

26921 

80192 

29465 

14 

01485 

59930 

354 

363 

11751 

20481 

10005 

152 

69267 

15868 

305 

13 

16221 

78950 

57704 

14 

72642 

18618 

355 

387 63253 

29190 

29223 

159 

89096 

56578 

306 

14 

11866 26652 

80005 

15 

47292 

17536 

356 

413 

76618 

09333 

42362 

167 

41824 

09148 

307 

15 

14295 

27388 

57194 

16 

25601 

42890 

357 

441 

62298 

19293 

58437 

175 

28907 55072 

308 

16 

23978 65358 

29663 

17 

07743 

43642 

358 

471 

31406 42683 

98780 

183 

51867 38752 

309 

17 

41418 

01331 

47295 

17 93899 64242 

359 

502 

95756 65060 

00020 

192 

12289 32216 

310 

18 

67148 

82996 

00364 

18 

84259 

79304 

360 

536 

67907 

03106 

91121 

201 

11827 04478 

311 

20 

01742 

67625 

76945 

19 79022 32212 

361 

572 

61205 

88980 

37559 

210 52205 

02772 

312 

21 

45809 

60373 

52891 

20 

78394 

72390 

362 

610 

89840 

37518 

84101 

220 

35221 

50410 

313 

23 

00000 

66554 

87337 

21 

82593 

94656 

363 

651 

68887 

99972 

06959 

230 

62751 

50210 

314 

24 

65010 

61508 30490 

22 

91846 

82870 

364 

695 14371 

34589 

46040 

241 

36750 

01278 

315 

26 41580 76335 66326 

24 

06390 

52286 

365 

741 

43315 

98840 

81684 

252 

59255 33946 

316 

28 30502 

03409 

96003 

25 

26472 

94208 

366 

790 

73811 

96494 

11319 

264 32392 

51488 

317 

30 

32618 19898 42964 

26 

52353 

25352 

367 

843 

25078 

85625 

28427 

276 

58376 

86784 

318 

32 

48829 

33514 

66654 

27 

84302 

35904 

368 

899 17534 

83960 

88349 

289 

39517 

78822 

319 

34 

80095 

48694 

40830 

29 

22603 

40224 

369 

958 

72869 

79123 

38045 

302 

78222 

57408 

320 

37 27440 

57767 48077 

30 

67552 

32574 

370 

1022 

14122 

83673 

45362 

316 

77000 

44480 

321 

39 91956 55269 

99991 

32 

19458 41664 

371 

1089 

65764 44243 

99782 

331 

38466 

77248 

322 

42 

74807 

80359 

54696 

33 

78644 

88192 

372 

1161 

53783 

48499 

62850 

346 

65347 

41118 

323 

45 

77235 

85435 

78028 

35 45449 47722 

373 

1238 05779 41191 

25085 

362 

60483 

21048 

324 

49 

00564 36352 37875 

37 20225 12608 

374 

1319 51059 

97274 

73500 

379 26834 76992 

325 

52 

46204 

42288 

28641 

39 

03340 

57172 

375 

1406 

20744 

65614 

84054 

396 

67487 30794 

326 

56 

15660 

21128 74289 

40 95181 

08690 

376 

1498 47874 

35905 

81081 

414 

85655 

73659 

327 

60 

10534 

98396 66544 

42 

96149 

17632 

377 

1596 

67527 44907 

56791 

433 

84690 

00206 

328 

64 32537 46091 

14550 

45 

06665 

31450 

378 

1701 

16942 

79758 

13525 

453 

68080 55808 

329 

68 

83488 

59460 

73850 

47 

27168 

74732 

379 

1812 

35649 

97394 

72950 

474 

39464 

06976 

330 

73 

65328 

78618 

50339 

49 

58118 

28759 

380 

1930 

65607 

23504 

65812 

496 

02629 

40968 

331 

78 

80125 

53026 

66615 

51 

99993 

15040 

381 

2056 

51347 

53366 

33805 

518 61523 

80864 

332 

84 30081 

56362 

25119 

54 

53293 

85792 

382 

2190 

40133 

24237 

65131 

542 

20259 

26436 

333 

90 17543 

49805 

49623 

57 

18543 

13990 

383 

2332 

82119 

85438 

92336 

566 

83119 

27092 

334 

96 45011 

01922 

02760 

59 

96286 

87918 

384 

2484 30529 42654 

18180 

592 

54565 

72864 

335 

103 

15146 

63217 35325 

62 

87095 

13216 

385 

2645 

41834 

06887 

63701 

619 39246 

14094 

336 

110 30786 

04252 

92772 

65 

91563 

14788 

386 

2816 

75950 

32179 

42792 

647 

42001 

16480 

337 

117 

94949 

15461 

13972 

69 

10312 

43770 

387 

2998 

96444 

77364 

52194 

676 

67872 

37064 

338 

126 10851 

78337 

96355 

72 43991 

92576 

388 

3192 

70751 84335 

32826 

707 22110 32064 

339 

134 

81918 

06233 

01520 

75 93279 

10200 

389 

3398 

70404 

13581 

60275 

739 

10183 

03854 

340 

144 

11793 

65278 73832 

79 

58881 

23110 

390 

3617 

71276 38676 

04423 

772 37784 71936 

341 

154 

04359 

73795 

76030 

83 

41536 64940 

391 

3850 53843 

46674 

29186 

807 

10844 

79444 

342 

164 63747 91657 61044 

87 42016 

06890 

392 

4098 03453 56265 

94791 

843 

35537 42947 

343 

175 

94355 

98104 

22753 

91 

61123 

94270 

393 

4361 

10617 

07622 

84114 

881 

18291 

29614 

344 

188 

00864 

70522 

92980 

95 

99699 

92704 

394 

4640 

71312 

46996 

23515 

920 65799 

74150 

345 

200 

88255 

62876 

83159 

100 

58620 

35461 

395 

4937 

87309 

67881 

91655 

961 

85031 

43424 

346 

214 

61829 

97432 

86299 

105 38799 

77632 

396 

5253 

66512 

44169 

75163 

1004 

83241 

32444 

347 

229 

27228 68712 

17150 

110 41192 

60918 

397 

5589 

23320 25954 

04488 

1049 

67982 

04736 

348 

244 

90453 

74553 

82406 

115 

66794 

79970 

398 

5945 

79011 

47078 

74597 

1096 47115 

85280 

349 

261 

57890 

73511 

44125 

121 

16645 

56454 

399 

6324 

62148 

25042 

94325 

1145 

28826 

89344 

350 

279 36332 

84837 02152 

126 

91829 

24648 

400 

6727 

09005 

17410 

41926 

1196 

21634 

00706 
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400 


6727 

K 

09005 

«) 

17410 

41926 

1196 

?(») 

21634 

00706 

n 

450 

1 

34508 

p(n) 

18800 15729 

23840 

9893 

?('0 

14440 

61528 

401 


7154 

64022 

26539 

42321 

1249 

34404 

08000 

451 

1 

42573 

13615 

53474 

04229 

10307 

93957 

13070 

402 


7608 

80284 

33398 

79269 

1304 

76365 

81998 

452 

1 

51112 

26207 

19173 

13678 

10739 

65687 

10144 

403 


8091 

20027 

64844 

65581 

1362 

57124 

07808 

453 

1 

60152 

90524 

45537 

15585 

11188 

96810 

43072 

404 


8603 

55175 

93486 

55060 

1422 

86674 

81438 

454 

1 

69723 

95104 

64580 

40965 

11656 

57102 

54336 

405 


9147 

67906 

88591 

17602 

1485 

75420 

52794 

455 

1 

79855 

91645 

39582 

67598 

12143 

19032 

12544 

406 


9725 

51251 

37420 

21729 

1551 

34186 

29884 

456 

1 

90581 

04044 

26519 

31034 

12649 

57862 

22432 

407 


10339 

09726 

71239 

47241 

1619 

74236 

54282 

457 

2 

01933 

37928 

51146 

88629 

13176 

51755 

08648 

408 


10990 

60006 

37759 

26994 

1691 

07292 

29128 

458 

2 

13948 

90703 

27330 

69132 

13724 

81881 

00782 

409 


11682 

31627 

71923 

17780 

1765 

45549 

15430 

459 

2 

26665 

62143 

58313 

45565 

14295 

32530 

93376 

410 


12416 

67740 

31511 

90382 

1843 

01696 

07104 

460 

2 

40123 

65561 

39251 

92081 

14888 

91233 

20640 

411 


13196 

25896 

69254 

35702 

1923 

88934 

65516 

461 

2 

54365 

39575 

85741 

99975 

15506 

48874 

75476 

412 


14023 

78888 

35188 

47344 

2008 

20999 

30208 

462 

2 

69435 

60521 

29549 

94471 

16148 

99826 

46592 

413 


14902 

15629 

03099 

48968 

2096 

12178 

16576 

463 

2 

85381 

55524 

19619 

86287 

16817 

42073 

15550 

414 


15834 

42088 

44881 

87770 

2187 

77334 

80960 

. -464 

3 

02253 

16287 

25766 

36605 

17512 

77348 

45952 

415 


16823 

82278 

71392 

35544 

2283 

31930 

70488 

465 

3 

20103 

13615 

29932 

90544 

18236 

11274 

38194 

416 


17873 

79296 

96898 

76004 

2382 

92048 

69148 

466 

3 

38987 

12724 

95254 

32549 

18988 

53505 

94524 

417 


18987 

96426 

73316 

64557 

2486 

74417 

20078 

467 

3 

58963 

89376 

81628 

76613 

19771 

17881 

29024 

418 


20170 

18301 

88059 

33659 

2594 96435 

42056 

468 

3 

80095 

46876 

31205 

98477 

20585 

22576 

95744 

419 


21424 

52136 

02556 

36320 

>707 

76199 

52640 

469 

4 

02447 

33986 

17114 

75160 

21431 

90268 

83034 

420 


22755 

29021 

65800 

25259 

2825 

32529 

77152 

470 

4 

26088 

63801 

56524 

13417 

22312 

48299 

10884 

421 


24167 

05302 

14413 

63961 

2947 

84998 

62528 

471 

4 

51092 

33635 

50960 

99864 

23228 

28849 

04960 

422 


25664 

64021 

38377 

14846 

3075 

53960 

09352 

472 

4 

77535 

45970 

81641 

15593 

24180 

69117 

98586 

423 


27253 

16454 

62304 

21739 

3208 

60580 

00384 

473 

5 

05499 

30531 

42046 

29558 

25171 

11509 

01902 

424 


28938 

03725 

70847 

98150 

3347 

26867 

45954 

474 

5 

35069 

67535 

16072 

62125 

26201 

03821 

12696 

425 


30724 

98514 

70950 

51099 

3491 

75707 

60097 

475 

5 

66337 

12186 

58055 

99675 

27271 

99448 

23232 

426 


32620 

06861 

74102 

32189 

3642 

30895 

45254 

476 

5 

99397 

20478 

23018 

52926 

28385 

57585 

65430 

427 


34629 

70071 

39035 

75934 

3799 

17171 

07136 

477 

6 

34350 

76365 

37870 

28583 

29543 

43443 

69603 

428 


36760 

66724 

18315 

27309 

3962 

60256 

14146 

478 

6 

71304 

20389 

67318 

07232 

30747 

28468 

94368 

429 


39020 

14800 

02372 

59665 

4132 

86891 

79000 

479 

7 

10369 

79823 

66282 

38005 

31998 

90573 

73738 

430 


41415 

73920 

71023 

58378 

4310 

24877 

85006 

480 

7 

51666 

00419 

49931 

25591 

33300 

14373 

57056 

431 


43955 

47717 

05181 

16534 

4495 

03113 

72460 

481 

7 

95317 

79841 

47582 

32180 

34652 

91433 

03468 

432 


46647 

86328 

42292 

67991 

4687 

51640 

62334 

482 

8 

41457 

02874 

28236 

49455 

36059 

20520 

80640 

433 


49501 

89040 

94051 

50715 

4888 

01685 

40672 

483 

8 

90222 

78495 

19280 

88294 

37521 

07873 

43946 

434 


52527 

07072 

91082 

40605 

5096 

85706 

20480 

484 

9 

41761 

78911 

49976 

98055 

39040 

67468 

62530 

435 


55733 

46514 

46362 

86656 

5314 

37439 

57460 

485 

9 

96228 

80660 

85734 

11012 

40620 

21308 

45496 

436 


59131 

71430 

91696 

18645 

5540 

91949 

44512 

486 

10 

53787 

07886 

24553 

46513 

42261 

99712 

45764 

437 


62733 

07137 

60430 

79215 

5776 

85678 

02880 

487 

11 

14608 

77893 

64264 

84248 

43968 

41621 

12802 

438 


66549 

43656 

69662 

97367 

6022 

56498 

45546 

488 

11 

78875 

49115 

57358 

02646 

45741 

94910 

51264 

439 


70593 

39364 

65621 

35510 

6278 

43769 

39520 

489 

12 

46778 

71600 

12729 

19665 

47585 

16717 

64998 

440 


74878 

24841 

94708 

86233 

6544 

88391 

85792 

490 

13 

18520 

40161 

22702 

33223 

49500 

73777 

62304 

441 


79418 

06934 

64434 

02240 

6822 

32867 

92200 

491 

13 

94313 

50322 

44478 

16939 

51491 

42772 

84172 

442 


84227 

73040 

77294 

99781 

7111 

21361 

67457 

492 

14 

74382 

57204 

03639 

53132 

53560 

10694 

36938 

443 


89322 

95632 

13536 

45667 

7411 

99762 

56080 

493 

15 

58964 

37499 

49778 

06173 

55709 

75216 

10170 

444 


94720 

37025 

78934 

71820 

7725 

15750 

89318 

494 

16 

48308 

54706 

61724 

38760 

57943 

45082 

47040 

445 

1 

00437 

54417 

17528 

47604 

8051 

18865 

81728 

495 

17 

42678 

27774 

77609 

81187 

60264 

40509 

50309 

446 

1 

06493 

05190 

52391 

18581 

8390 

60575 

94564 

496 

18 

42351 

03350 

31598 

91466 

62675 

93600 

10788 

447 

1 

12906 

52519 

91961 

03354 

8743 

94352 

40798 

497 

19 

47619 

31798 

76580 

64007 

65181 

48774 

31176 

448 

1 

19698 

71278 

27202 

05954 

9111 

75744 

62854 

498 

20 

58791 

47204 

28849 

01563 

67784 

63214 

30326 

449 

1 

26891 

54269 

09814 

18000 

9494 

62459 

05984 

499 

21 

76192 

51543 

92874 

61625 

70489 

07325 

21792 

450 

1 

34508 

18800 

15729 

23840 

9893 

14440 

61528 

500 

23 

00165 

03257 

43239 

95027 

73298 

65212 

45024 
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Table 21.6 ARITHMETIC FUNCTIONS 


n 

<") 

<*<> 

w i 

n 


WO 

a, 

n 

< n ) 

*0 


n 

K«) 

*0 

a] 

n 

H«) 

ff o 

<n 

1 

1 

1 

1 

51 

32 

4 

72 

101 

100 

2 

102 

151 

150 

2 

152 

201 

132 

4 

272 

2 

1 

2 

3 

52 

24 

6 

98 

102 

32 

8 

216 

152 

72 

8 

300 

202 

100 

4 

306 

3 

2 

2 

4 

53 

52 

2 

54 

103 

102 

2 

104 

153 

96 

6 

234 

203 

168 

4 

240 

4 

2 

3 

7 

54 

18 

8 

120 

104 

48 

8 

210 

154 

60 

8 

288 

204 

64 

12 

504 

5 

4 

2 

6 

55 

40 

4 

72 

105 

48 

8 

192 

155 

120 

4 

192 

205 

160 

4 

252 

6 

2 

4 

12 

56 

24 

8 

120 

106 

52 

4 

162 

156 

48 

12 

392 

206 

102 

4 

312 

7 

6 

2 

8 

57 

36 

4 

80 

107 

106 

2 

108 

157 

156 

2 

158 

207 

132 

6 

312 

8 

4 

4 

15 

58 

28 

4 

90 

108 

36 

12 

280 

158 

78 

4 

240 

208 

96 

10 

434 

9 

6 

3 

13 

59 

58 

2 

60 

109 

108 

2 

110 

159 

104 

4 

216 

209 

180 

4 

240 

10 

4 

4 

18 

60 

16 

12 

168 

110 

40 

8 

216 

160 

64 

12 

378 

210 

48 

16 

576 

11 

10 

2 

12 

61 

60 

2 

62 

111 

72 

4 

152 

161 

132 

4 

192 

211 

210 

2 

212 

12 

4 

6 

28 

62 

30 

4 

96 

112 

48 

10 

248 

162 

54 

10 

363 

212 

104 

6 

378 

13 

12 

2 

14 

63 

36 

6 

104 

113 

112 

2 

114 

163 

162 

2 

164 

213 

140 

4 

288 

14 

6 

4 

24 

64 

32 

7 

127 

114 

36 

8 

240 

164 

80 

6 

294 

214 

106 

4 

324 

15 

8 

4 

24 

65 

48 

4 

84 

115 

88 

4 

144 

165 

80 

8 

288 

215 

168 

4 

264 

16 

8 

5 

31 

66 

20 

8 

144 

116 

56 

6 

210 

166 

82 

4 

252 

216 

72 

16 

600 

17 

16 

2 

18 

67 

66 

2 

68 

117 

72 

6 

182 

167 

166 

2 

168 

217 

180 

4 

256 

18 

6 

6 

39 

68 

32 

6 

126 

118 

58 

4 

180 

168 

48 

16 

480 

218 

108 

4 

330 

19 

18 

2 

20 

69 

44 

4 

96 

119 

96 

4 

144 

169 

156 

3 

183 

219 

144 

4 

296 

20 

8 

6 

42 

70 

24 

8 

144 

120 

32 

16 

360 

170 

64 

8 

324 

220 

80 

12 

504 

21 

12 

4 

32 

71 

70 

2 

72 

121 

110 

3 

133 

171 

108 

6 

260 

221 

192 

4 

252 

^ 22 

10 

4 

36 

72 

24 

12 

195 

122 

60 

4 

186 

172 

84 

6 

308 

222 

72 

8 

456 

^ 23 

22 

2 

24 

73 

72 

2 

74 

123 

80 

4 

168 

173 

172 

2 

174 

223 

222 

2 

224 

v 24 

8 

8 

60 

74 

36 

4 

114 

124 

60 

6 

224 

174 

56 

8 
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4 

864 

550 

200 

12 

1116 

600 

160 

24 

1860 

650 

240 

12 

1302 

700 

240 

18 

1736 

750 

200 

16 

1872 
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ARITHMETIC FUNCTIONS Table 24.6 


n 

< n ) 

^0 


n 

«K») 



n 

*(») 

*0 

a \ 

n 

*(") 

*0 

<r\ 

n 

«>(n) 

*0 

* l 

751 

750 

2 

752 

801 

528 

6 

1170 

851 

792 

4 

912 

901 

832 

4 

972 

951 

632 

4 

1272 

752 

368 

10 

1488 

802 

400 

4 

1206 

852 

280 

12 

2016 

902 

400 

8 

1512 

952 

384 

16 

2160 

753 

500 

4 

1008 

803 

720 

4 

888 

853 

852 

2 

854 

903 

504 

8 

1408 

953 

952 

2 

954 

754 

336 

8 

1260 

804 

264 

12 

1904 

854 

360 

8 

1488 

904 

448 

8 

1710 

954 

312 

12 

2106 

755 

600 

4 

912 

805 

528 

8 

1152 

855 

432 

12 

1560 

905 

720 

4 

1092 

955 

760 

4 

1152 

756 

216 

24 

2240 

806 

360 

8 

1344 

856 

424 

8 

1620 

906 

300 

8 

1824 

956 

476 

6 

1680 

757 

756 

2 

758 

807 

536 

4 

1080 

857 

856 

2 

858 

907 

906 

2 

908 

957 

560 

8 

1440 

758 

378 

4 

1140 

808 

400 

8 

1530 

858 

240 

16 

2016 

908 

452 

6 

1596 

958 

478 

4 

1440 

759 

440 

8 

1152 

809 

808 

2 

810 

859 

858 

2 

860 

909 

600 

6 

1326 

959 

816 

4 

1104 

760 

288 

16 

1800 

810 

216 

20 

2178 

860 

336 

12 

1848 

910 

288 

16 

2016 

960 

256 

28 

3048 

761 

760 

2 

762 

811 

810 

2 

812 

861 

480 

8 

1344 

911 

910 

2 

912 

961 

930 

3 

993 

762 

252 

8 

1536 

812 

336 

12 

1680 

862 

430 

4 

1296 

912 

288 

20 

2480 

962 

432 

8 

1596 

763 

648 

4 

880 

813 

540 

4 

1088 

863 

862 

2 

864 

913 

820 

4 

1008 

963 

636 

6 

1404 

764 

380 

6 

1344 

814 

360 

8 

1368 

864 

288 

24 

2520 

914 

456 

4 

1374 

964 

480 

6 

1694 

765 

384 

12 

1404 

815 

648 

4 

984 

865 

688 

4 

1044 

915 

480 

8 

1488 

965 

768 

4 

1164 

766 

382 

4 

1152 

816 

256 

20 

2232 

866 

432 

4 

1302 

916 

456 

6 

1610 

966 

264 

16 

2304 

767 

696 

4 

840 

817 

756 

4 

880 

867 

544 

6 

1228 

917 

780 

4 

1056 

967 

966 

2 

968 

768 

256 

18 

2044 

818 

408 

4 

1230 

868 

360 

12 

1792 

918 

288 

16 

2160 

968 

440 

12 

1995 

769 

768 

2 

770 

819 

432 

12 

1456 

869 

780 

4 

960 

919 

918 

2 

920 

969 

576 

8 

1440 

770 

240 

16 

1728 

820 

320 

12 

1764 

870 

224 

16 

2160 

920 

352 

16 

2160 

970 

384 

8 

1764 

771 

512 

4 

1032 

821 

820 

2 

822 

871 

792 

4 

952 

921 

612 

4 

1232 

971 

970 

2 

972 

772 

384 

6 

1358 

822 

272 

8 

1656 

872 

432 

8 

1650 

922 

460 

4 

1386 

972 

324 

18 

2548 

773 

772 

2 

774 

823 

822 

2 

824 

873 

576 

6 

1274 

923 

840 

4 

1008 

973 

828 

4 

1120 

774 

252 

12 

1716 

824 

408 

8 

1560 

874 

396 

8 

1440 

924 

240 

24 

2688 

974 

486 

4 

1464 

775 

600 

6 

992 

825 

400 

12 

1488 

875 

600 

8 

1248 

925 

720 

6 

1178 

975 

480 

12 

1736 

776 

384 

8 

1470 

826 

348 

8 

1440 

876 

288 

12 

2072 

926 

462 

4 

1392 

976 

480 

10 

1922 

777 

432 

8 

1216 

827 

826 

2 

828 

877 

876 

2 

878 

927 

612 

6 

1352 

977 

976 

2 

978 

778 

388 

4 

1170 

828 

264 

18 

2184 

878 

438 

4 

1320 

928 

448 

12 

1890 

978 

324 

8 

1968 

779 

720 

4 

840 

829 

828 

2 

830 

879 

584 

4 

1176 

929 

928 

2 

930 

979 

880 

4 

1080 

780 

192 

24 

2352 

830 

328 

8 

1512 

880 

320 

20 

2232 

930 

240 

16 

2304 

980 

336 

18 

2394 

781 

700 

4 

864 

831 

552 

4 

1112 

881 

880 

2 

882 

931 

756 

6 

1140 

981 

648 

6 

1430 

782 

352 

8 

1296 

832 

384 

14 

1778 

882 

252 

18 

2223 

932 

464 

6 

1638 

982 

490 

4 

1476 

783 

504 

8 

1200 

833 

672 

6 

1026 

883 

882 

2 

884 

933 

620 

4 

1248 

983 

982 

2 

984 

784 

336 

15 

1767 

834 

276 

8 

1680 

884 

384 

12 

1764 

934 

466 

4 

1404 

984 

320 

16 

2520 

785 

624 

4 

948 

835 

664 

4 

1008 

885 

464 

8 

1440 

935 

640 

8 

1296 

985 

784 

4 

1188 

786 

260 

8 

1584 

836 

360 

12 

1680 

886 

442 

4 

1332 

936 

288 

24 

2730 

986 

448 

8 

1620 

787 

786 

2 

788 

837 

540 

8 

1280 

887 

886 

2 

888 

937 

936 

2 

938 

987 

552 

8 

1536 

788 

392 

6 

1386 

838 

418 

4 

1260 

888 

288 

16 

2280 

938 

396 

8 

1632 

988 

432 

12 

1960 

789 

524 

4 

1056 

839 

838 

2 

840 

889 

756 

4 

1024 

939 

624 

4 

1256 

989 

924 

4 

1056 

790 

312 

8 

1440 

840 

192 

32 

2880 

890 

352 

8 

1620 

940 

368 

12 

2016 

990 

240 

24 

2808 

791 

672 

4 

912 

841 

812 

3 

871 

891 

540 

10 

1452 

941 

940 

2 

942 

991 

990 

2 

992 

792 

240 

24 

2340 

842 

420 

4 

1266 

892 

444 

6 

1568 

942 

312 

8 

1896 

992 

480 

12 

2016 

793 

720 

4 

868 

843 

560 

4 

1128 

893 

828 

4 

960 

943 

880 

4 

1008 

993 

660 

4 

1328 

794 

396 

4 

1194 

844 

420 

6 

1484 

894 

296 

8 

1800 

944 

464 

10 

1860 

994 

420 

8 

1728 

795 

416 

8 

1296 

845 

624 

6 

1098 

895 

712 

4 

1080 

945 

432 

16 

1920 

995 

792 

4 

1200 

796 

396 

6 

1400 

846 

276 

12 

1872 

896 

384 

16 

2040 

946 

420 

8 

1584 

996 

328 

12 

2352 

797 

796 

2 

798 

847 

660 

6 

1064 

897 

528 

8 

1344 

947 

946 

2 

948 

997 

996 

2 

998 

798 

216 

16 

1920 

848 

416 

10 

1674 

898 

448 

4 

1350 

948 

312 

12 

2240 

998 

498 

4 

1500 

799 

736 

4 

864 

849 

564 

4 

1136 

899 

840 

4 

960 

949 

864 

4 

1036 

999 

648 

8 

1520 

800 

320 

18 

1953 

850 

320 

12 

1674 

900 

240 

27 

2^21 

950 

360 

12 

1860 

1000 

400 

16 

2340 



From G. K av&n, Factor tables. Macmillan and Co., Ltd., London, England, 1937 (with permission). 

•See page n. 


1 — 

N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

N 

0 

_ 

I 

2 

3 

2* 

5 

2-3 

7 

2* 

32 

0 

1 

25 

11 

22-3 

13 

2-7 

3-5 

2 4 

17 

2-32 

19 

1 

2 

2*-5 

3-7 

2-11 

23 

2*-3 

52 

2-13 

3* 

2*-7 

29 

2 

3 

2-3-5 

31 

2* 

3-11 

2-17 

5-7 

22-3* 

37 

2-19 

3-13 

3 

4 

2*5 

41 

2-3-7 

43 

22-11 

32.5 

2-23 

47 

2 4 -3 

7* 

4 

5 

2-5* 

3-17 

22-13 

53 

2-3* 

5-11 

2*-7 

3-19 

2-29 

59 

5 

6 

22-3-5 

61 

2-31 

32.7 

2* 

5-13 

2 3-11 

67 

2*-17 

3-23 

6 

7 

2-5-7 

71 

2*32 

73 

2-37 

3-5* 

22-19 

7-11 

2 - 3 - 13 . 

79 

7 

8 

2 4 -5 

3* 

2-41 

83 

22-3-7 

5-17 

2-43 

3-29 

2*-11 

89 

8 

9 

2-3 2 -5 

7-13 

22-23 

3-31 

2-47 

5-19 

2*-3 

97 

2-7* 

32-11 

9 

10 

2*52 

101 

2-3-17 

103 

2»-13 

3-5-7 

2-53 

107 

22-3* 

109 

10 

11 

2-5-11 

3-37 

2 4 -7 

113 

2-3-19 

5-23 

22-29 

32.13 

2-59 

7-17 

11 

12 

2*3-5 

112 

2-61 

3-41 

22-31 

5* 

2 - 32-7 

127 

2 7 

3-43 

12 

13 

2-5-13 

131 

22-3-11 

7-19 

2-67 

3*-5 

2*-17 

137 

2-3-23 

139 

13 

14 

22-5-7 

3-47 

2-71 

11-13 

2 4 -3* 

5-29 

2-73 

3-7* 

2*-37 

149 

14 

15 

2-3-52 

151 

2*-19 

32-17 

2-7-11 

5-31 

22-3-13 

157 

2-79 

3-53 

15 

16 

2 5 -5 

7-23 

2-3* 

163 

22-41 

3-5-11 

2-83 

167 

2*3-7 

13* 

16 

17 

2-5*17 

32-19 

22-43 

173 

2-3-29 

52.7 

2 4 11 

3-59 

2-89 

179 

17 

18 

22-32-5 

181 

2-7-13 

3-61 

2*-23 

5-37 

2-3-31 

11-17 

22-47 

3*-7 

18 

19 

2-5-19 

191 

2«-3 

193 

2-97 

3-5-13 

22-7* 

197 

232 .II 

199 

19 

20 

2*-5 2 

3-67 

2-101 

7-29 

22-3-17 

5-41 

2-103 

32.23 

2 4 -13 

11-19 

20 

21 

23-5-7 

211 

22-53 

3-71 

2-107 

5-43 

2*-3* 

7 31 

2-109 

3-73 

21 

22 

22-5-11 

13-17 

2-3-37 

223 

2*-7 

32.52 

2-113 

227 

22-3-19 

229 

22 

23 

2-5-23 

3-7-11 

2*-29 

233 

2-32-13 

5-47 

22-59 

3-79 

2-7-17 

239 

23 

24 

2*3-5 

241 

2-1P 

3* 

22-61 

5-7* 

2-3-41 

13-19 

2*31 

3-83 

24 

25 

2-5* 

251 

22-32-7 

11-23 

2-127 

3-5-17 

2* 

257 

2-3-43 

7-37 

25 

26 

22-5-13 

32-29 

2-131 

263 

2*-3-ll 

5-53 

2-7-19 

3-89 

22-67 

269 

26 

27 

2-3*-5 

271 

2*-17 

3-7-13 

2-137 

5*-11 

22-3-23 

277 

2-139 

32-31 

27 

28 

2*-5-7 

281 

2-3-47 

283 

22-71 

3-5-19 

2-11-13 

7-41 

2*-3 2 

17* 

28 

29 

2-5-29 

3-97 

22-73 

293 

2-3-7* 

5-59 

2*-37 

3*-11 

2-149 

13-23 

29 

30 

22 . 3.52 

7-43 

2-151 

3-101 

2 4 -19 

5-61 

2-32-17 

307 

22-7-11 

3-103 

30 

31 

2-5-31 

311 

2*3-13 

313 

2-157 

32-5-7 

2*-79 

317 

2-3-53 

11-29 

31 

32 

2 6 -5 

3-107 

2-7-23 

* 1719 

2 2 -3 4 

5*13 

2-163 

3-109 

2*-41 

7-47 

32 

33 

2-3-5-11 

331 

22-83 

32.37 

2-167 

5-67 

2 4 -3-7 

337 

2-132 

3-113 

33 

34 

22-5-17 

11-31 

2-32-19 

7* 

2*43 

3-5-23 

2-173 

347 

22-3-29 

349 

34 

35 

2-52-7 

3*-13 

2*-11 

353 

2-3-59 

5-71 

22-89 

3-7-17 

2 179 

359 

35 

36 

2*-3 2 -5 

192 

2-181 

3-11* 

22-7-13 

5-73 

2-3-61 

367 

2 4 -23 

32-41 

36 

37 

2-5-37 

7-53 

22-3-31 

373 

2-11-17 

3-5* 

2*-47 

13-29 

2-3*-7 

379 

37 

38 

22-5-19 

3-127 

2-191 

383 

2 7 -3 

5-7-11 

2-193 

32.43 

2*-97 

389 

38 

39 

2*3-5-13 

17-23 

2*-7* 

3-131 

2-197 

5-79 

22 . 32 .ll 

397 

2-199 

3-7-19 

39 

40 

2*-52 

401 

2-3-67 

13-31 

2*101 

3 4 -5 

2-7-29 

11-37 

2*-3-17 

409 

40 

41 

2-5-41 

3-137 

22-103 

7-59 

2-32-23 

5-83 

2*-13 

3-139 

2-11-19 

419 

41 

42 

22-3-5-7 

421 

2-211 

32.47 

2*53 

52-17 

2-3-71 

7-61 

22-107 

3-11-13 

42 

43 

2-5-43 

431 

2 4 -3* 

433 

2-7-31 

3-5-29 

22-109 

19-23 

2-3-73 

439 

43 

44 

2*5-11 

32.72 

2-13-17 

443 

22-3-37 

5-89 

2-223 

3-149 

2«-7 

449 

44 

45 

2-3*-52 

11-41 

22-113 

3-151 

2-227 

5-7-13 

2*-3-19 

457 

2-229 

3*-17 

45 

46 

22-5-23 

461 

2-3-7-11 

463 

2 4 -29 

3-5-31 

2-233 

467 

22-32-13 

7-67 

46 

47 

2-5-47 

3-157 

2*-59 

11-43 

2-3-79 

5*-19 

22-7-17 

32.53 

2-239 

479 

47 

48 

2*3-5 

13-37 

2-241 

3-7-23 

22-11* 

5-97 

2-3* 

487 

2*61 

3-163 

48 

49 

2-5-72 

491 

22-3-41 

17-29 

2-13-19 

3*5-11 

2 4 -31 

7-71 

2-3-83 

499 

49 
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Table 24.7 Factorizations 

000 499 



50 

2*-5* 

3-167 

2-251 

503 

2*-3*-7 

5-101 

2-11-23 

3-13* 

2*127 

509 

50 g 

51 0 

51 

2-35.17 

7-73 

2® 

3*19 

2-257 

5-103 

22-3-43 

11-47 

2-7-37 

3-173 

52 

2*5-13 

521 

2-32-29 

523 

22-131 

3-52-7 

2-263 

17-31 

2*-3-ll 

23* 

52 

53 

2-5-53 

32.59 

22-7-19 

13-41 

2-3-89 

5-107 

2*-67 

3 179 

2-269 

7*11 

53 

54 

2 2 -3*-5 

541 

2-271 

3-181 

25-17 

5-109 

2-3-7-13 

547 

22-137 

3*-61 

54 

55 

2-5 2 -l 1 

19-29 

2*-3-23 

7-79 

2-277 

3-5-37 

2*139 

557 

2.32.31 

13-43 

55 

56 

2*57 

3-11-17 

2-281 

563 

22-3-47 

5 113 

2-283 

3*-7 

2 *•'/1 

569 

56 

57 

2-3-5-19 

571 

22-11-13 

3-191 

2-7-41 

52-23 

2 6 -3* 

577 

2-17* 

3-193 

57 

58 

22-5-29 

7-83 

2-3-97 

11-53 

2*-73 

32-5-13 

2-293 

587 

22 . 3.72 

19-31 

58 

59 

2-5-59 

3-197 

2*37 

593 

2-3*. 11 

5-7-17 

2*-149 

3-199 

2-13-23 

599 

59 

60 

2*-3-5* 

601 

2-7-43 

3*-67 

22-151 

5-11* 

2-3-101 

607 

2 s -19 

3-7-29 

60 

61 

2-5-61 

13-47 

22-32-17 

613 

2-307 

3-5-41 

2*-7-ll 

617 

2-3-103 

619 

61 

62 

22-5-31 

3*-23 

2-311 

7-89 

2*-3-l3 

5* 

2-313 

3-11-19 

22-157 

17-37 

62 

63 

2-32.5.7 

631 

2*-79 

3-211 

2-317 

5-127 

2*3-53 

7*-13 

2-11-29 

3*-71 

63 

64 

22-5 

641 

2-3-107 

643 

2*7-23 

3-5-43 

2-17-19 

647 

2*-3* 

11-59 

64 

65 

2-52-13 

3-7-31 

22-163 

653 

2-3-109 

5-131 

2*-41 

3*-73 

2-7-47 

659 

65 

66 

22-3-5-11 

661 

2-331 

3-13-17 

2*83 

5-7-19 

2-32-37 

23-29 

2*167 

3-223 

66 

67 

2-5-67 

11-61 

2 5 -3-7 

673 

2-337 

3*-5* 

2*-13* 

677 

2-3-113 

7-97 

67 

68 

2*-5-17 

3-227 

2-11-31 

683 

22.32.19 

5-137 

2-7* 

3-229 

2*-43 

13-53 

68 

69 

2-3-5-23 

691 

22-173 

327 .ll 

2-347 

5-139 

2*-3-29 

17-41 

2-349 

3-233 

69 

70 

22 . 52.7 

701 

2-3*-13 

19-37 

2®-11 

3-5-47 

2-353 

7-101 

22-3-59 

709 

70 

71 

2-5-71 

32.79 

2*-89 

23-31 

2-3-7-17 

5-11-13 

2*-179 

3-239 

2-359 

719 

71 3 

72 

2*325 

7-103 

2-19 2 

3-241 

2*181 

5 2 -29 

2-3-11 2 

727 

2*-7-13 

3® 

72 § 

73 

2-5 73 

17 43 

22-3-61 

733 

2-367 

3-5-7* 

2*23 

11-67 

2-32-41 

739 

73 £ 

74 

22-5-37 

3-13-19 

2-7-53 

743 

2*-3-31 

5-149 

2-373 

3*-83 

22-11-17 

7-107 

74 § 

75 

2-3-5* 

751 

2*-47 

3-251 

2-13-29 

5-151 

22 . 32-7 

757 

2-379 

3-11-23 

75 E 

76 

22-5-19 

761 

2-3-127 

7-109 

2*-191 

32-5-17 

2-383 

13-59 

2 8 -3 

769 

76 £ 

77 

2-5-7-11 

3-257 

22-193 

773 

2-32-43 

5*-31 

2*-97 

3 7-37 

2-389 

19-41 

77 p 

78 

2 2 -3-5-13 

11-71 

2-17-23 

3*-29 

2*-7* 

5-157 

2-3-131 

787 

2*-197 

3-263 

78 * 

79 

2-5-79 

7-113 

2*32-11 

13-61 

2-397 

3-5-53 

2*-199 

797 

2-3-7-19 

17-47 

79 

80 

2 s -52 

32-89 

2-401 

11-73 

22-3-67 

5-7-23 

2-13-31 

3-269 

2*-101 

809 

80 

81 

2-3*-5 

811 

22-7-29 

3-271 

2-11-37 

5-163 

2*-3-17 

19-43 

2-409 

32-7-13 

81 

82 

22-5-41 

821 

2-3-137 

823 

2*103 

3-5*11 

2-7-59 

827 

22-32-23 

829 

82 

83 

2-5-83 

3-277 

2 6 -13 

72-17 

2-3-139 

5-167 

22-11-19 

32.31 

2-419 

839 

83 

84 

2*-3-5-7 

292 

2-421 

3-281 

22-211 

5-13* 

2-3 2 -47 

7-11* 

2*-53 

3-283 

84 

85 

2-52-17 

23-37 

22-3-71 

853 

2-7-61 

32-5-19 

2*-107 

857 

2-311-13 

859 

85 

86 

22-5-43 

3-7-41 

2-431 

863 

2 5 -3* 

5-173 

2-433 

3-17* 

22-7-31 

11-79 

86 

87 

2-3-5-29 

13-67 

2*109 

32.97 

2-19-23 

5*-7 

22-3-73 

877 

2-439 

3-293 

87 

88 

2*5-11 

881 

2-32-7* 

883 

22-13-17 

3-5-59 

2-443 

887 

2*-3-37 

7-127 

88 

89 

2-5-89 

3*-11 

22-223 

19-47 

2-3-149 

5-179 

2 7 -7 

3-13-23 

2-449 

29-31 

89 

90 

22 . 32.52 

17-53 

2-11-41 

3-7-43 

2*113 

5-181 

2-3-151 

907 

2*-227 

32-101 

90 

91 

2-5-7-13 

911 

2*-3-19 

11-83 

2-457 

3-5-61 

2*-229 

7-131 

2-3*-l7 

919 

91 

92 

2*-5-23 

3-307 

2-461 

13-71 

2*-3-7-ll 

52.37 

2-463 

3*103 

2*29 

929 

92 

93 

2-3-5-31 

72-19 

22-233 

3-311 

2-467 

5-11-17 

2*-3*-13 

937 

2-7-67 

3-313 

93 

94 

22-5-47 

941 

2-3-157 

23-41 

2*-59 

3*5-7 

2-11-43 

947 

2*3-79 

13-73 

94 

1-4 

95 

2-52-19 

3-317 

2*-7-17 

953 

2 32.53 

5-191 

2*-239 

3-11-29 

2-479 

7-137 

95 l 

96 

2®-3-5 

3P 

2-13-37 

32-107 

22-241 

5-193 

2-3-7-23 

967 

2*. 11* 

3-17-19 

90 f 

97 

2-5-97 

971 

22.32 

7-139 

2-487 

3-52-13 

2*-61 

977 

2-3-163 

11-89 

97 * 

98g£ 

98 

22-5-72 

32-109 

2-491 

983 

23-3-41 

5-197 

2-17-29 

3.7.47 

22-13-19 

23-43 

99 

2-32-5-11 

991 

25-31 

3-331 

2-7-71 

5-199 

22-3-83 

997 

2-499 

3*-3 7 

99 § u 


COMBINATORIAL ANALYSIS 


N 

0 

1 

2 

3 

4 

100 

2 3 -5 3 

7-11-13 

2-3-167 

17-59 

2*251 

101 

2-5-101 

3-337 

2*-11-23 

1013 

2-3-13* 

102 

2 2 -3-5-17 

1021 

2-7-73 

3-11-31 

2 io 

103 

2-5-103 

1031 

2 3 -3-43 

1033 

2-11-47 

104 

2 4 -5-13 

3-347 

2-521 

7-149 

2*-3*-29 

105 

2-3-5 2 -7 

1051 

2 2 -263 

3 4 -13 

2-17-31 

106 

2 2 -5-53 

1061 

2-3 2 -59 

1063 

2 3 -7-19 

107 

2-5-107 

3 2 -7-17 

2 4 -67 

29-37 

2-3-179 

108 

2 3 -3*-5 

23-47 

2-541 

3-19* 

2*-271 

109 

2-5-109 

1091 

2*-3-7-13 

1093 

2-547 

110 

2 2 -5 2 -ll 

3-367 

2-19-29 

1103 

2 4 -3-23 

111 

23-5-37 

11-101 

2 3 -139 

3-7-53 

2-557 

112 

2«-5-7 

19-59 

2-3-11-17 

1123 

2*-281 

113 

2-5-113 

3-13-29 

2 2 -283 

11-103 

2-3 4 -7 

114 

2 2 -3-5-19 

7-163 

2-571 

3*-127 

2 3 -ll-13 

115 

2-5 2 -23 

1151 

2 7 -3 2 

1153 

2-577 

116 

2 3 -5-29 

3 3 -43 

2-7-83 

1163 

2*-3-97 

117 

2-3 2 -5-13 

1171 

2*293 

3-17-23 

2-587 

118 

2 2 -5-59 

1181 

2-3-197 

7-13* 

2«-37 

119 

2-5-7-17 

3-397 

2 3 -149 

1193 

2-3-199 

120 

2 4 -3-5 2 

1201 

2-601 

3-401 

2*-7-43 

121 

2-5-11 2 

7-173 

2 2 -3-101 

1213 

2-607 

122 

2 2 -5-61 

3-11-37 

2-13-47 

1223 

2 3 -3*-l7 

123 

2-3-5-41 

1231 

2 4 -7-ll 

3*137 

2-617 

124 

2 3 -5-31 

17-73 

2-3 3 -23 

11-113 

2 2 -311 

125 

2«5 4 

3M39 

2 2 -313 

7-179 

2-3-11-19 

126 

2*-3 2 -5-7 

13-97 

2-631 

3-421 

2 4 -79 

127 

2-5-127 

31-41 

2 3 -3-53 

19-67 

2-7*-13 

128 

2®-5 

3-7-61 

2-641 

1283 

2*-3-107 

129 

2-3-5-43 

1291 

2 2 -17-19 

3-431 

2-647 

130 

2 2 -5 2 -13 

1301 

2-3-7-31 

1303 

2»-163 

131 

2-5-131 

3-19-23 

2 5 *41 

13-101 

2-3 2 -73 

132 

2 3 -3-5-ll 

1321 

2-661 

3 3 - 7* 

2*331 

133 

2-5-7-19 

ll 3 

2 2 -3 2 -37 

31-43 

2-23-29 

134 

2 2 -5-67 

3 2 -149 

2-11-61 

17-79 

2®-3-7 

135 

2-3 3 -5* 

7-193 

2 3 -13 2 

3-11-41 

2-677 

136 

2 4 -5-l7 

1361 

2-3-227 

29-47 

2*11-31 

137 

2-5 137 

3-457 

2 2 -7 3 

1373 

2-3 229 

138 

2 2 -3-5-23 

1381 

2-691 

3-461 

2 3 -173 

139 

2-5-139 

13-107 

2 4 -3-29 

7-199 

2-17-41 

140 

2 3 -5 2 -7 

3-467 

2-701 

23-61 

2 2 -3 s -13 

141 

2-3-5-47 

17-83 

2*353 

3 2 -157 

2-7-101 

142 

2 2 -5-71 

7 2 -29 

2-3*-79 

1423 

2 4 -89 

143 

2-5-11-13 

3 3 -53 

2 3 -179 

1433 

2-3-239 

144 

2 5 -3 2 -5 

11-131 

2-7-103 

3-13-37 

2 2 -19* 

145 

2-5 2 -29 

1451 

2*-3-ll* 

1453 

2-727 

146 

2 2 -5-73 

3-487 

2-17-43 

7-11-19 

2 3 -3-61 

147 

23.5.7* 

1471 

2«-23 

3-491 

2-11-67 

148 

2 3 -5-37 

1481 

2-3-13-19 

1483 

2 2 -7-53 

149 

2-5-149 

3-7-71 

2*-373 

1493 

2-3*-83 


7 


9 


§ ? 

N o tT 


3-5-67 

2-503 

19-53 

5-7-29 

2 3 -127 

3*113 

5*-41 

2-3 3 -19 

13-79 

3*-5-23 

2*-7-37 

17-61 

5-11-19 

2-523 

3-349 

5-211 

25-3-11 

7-151 

3-5-71 

2-13-41 

11-97 

5*-43 

2*269 

3-359 

5-7-31 

2-3-181 

1087 

3-5-73 

2 3 -137 

1097 

5-13-17 

2-7-79 

3 3 -41 

5-223 

2*-3*-31 

1117 

3 2 -5 3 

2-563 

7*23 

5-227 

2 4 -71 

3-379 

5-229 

2-3-191 

31-37 

3-5-7-11 

22-17* 

13-89 

5-233 

2-11-53 

3-389 

5*47 

2 3 -3-7* 

11-107 

3-5-79 

2-593 

1187 

5-239 

2*13-23 

3*-7-19 

5-241 

2-3*-67 

17-71 

3 5 -5 

2«-19 

1217 

52.72 

2-613 

3-409 

5-13-19 

2 2 -3-103 

1237 

3-5-83 

2-7-89 

29-43 

5-251 

2 3 -157 

3-419 

5-11-23 

2-3-211 

7-181 

3-5*-17 

2*11-29 

1277 

5-257 

2-643 

3 2 -ll-13 

5-7-37 

2 4 -3 4 

1297 

3*-5-29 

2-653 

1307 

5-263 

2*-7-47 

3-439 

5*-53 

2-3-13-17 

1327 

3-5-89 

2 3 -167 

7-191 

5-269 

2-673 

3-449 

5-271 

2 2 -3-113 

23-59 

3-5-7-13 

2-683 

1367 

5 3 -ll 

2®43 

3 4 -l7 

5-277 

2-3*-7-ll 

19-73 

3 2 -5-31 

2*349 

11-127 

5-281 

2-19-37 

3-7-67 

5-283 

2 3 -3-59 

13-109 

3-5*19 

2-23-31 

1427 

5-7-41 

2*-359 

3-479 

5-17* 

2-3-241 

1447 

3-5-97 

2 4 -7-13 

31-47 

5-293 

2-733 

3*163 

5*-59 

2*-3*-41 

7-211 

3 3 -5-ll 

2-743 

1487 

5-13-23 

2*11-17 

3-499 


2 4 - 3 2 -7 1009 100 ^ 

2-509 1019 101 

2 2 - 257 3-7 3 102 

2-3-173 1039 103 

2 3 - 131 1049 104 

2-23 2 3-353 105 

2 2 -3-89 1069 106 

2-7*11 13-83 107 

2®-17 3*11* 108 

2-3*-61 7-157 109 

2 2 - 277 1109 110 

2-13-43 3-373 111 

2 3 - 3-47 1129 112 

2-569 17-67 113 

2 2 -7-41 3-383 114 

2-3-193 19-61 115 

2 4 - 73 7-167 116 

2-19-31 3 2 -131 117 

2 2 - 3 3 -ll 29-41 118 

2-599 11-109 119 gl 

2 3 - 151 3-13-31 120 « 

2-3-7-29 23-53 121 O 

2 2 -307 1229 122 3. 

2-619 3-7-59 123 g 

2 5 - 3-13 1249 124 

2-17-37 1259 125 § 

2 2 - 3 1 7 3 3 -47 1 26 » 

2-3 2 -71 1279 127 

2 3 - 7-23 1289 128 

2-11-59 3-433 129 

2 2 -3-109 7-11-17 130 

2-659 1319 131 

2 4 - 83 3-443 132 

2-3-223 13-103 133 

2 2 - 337 19-71 134 

2-7-97 3 2 -151 135 

2 3 - 3 2 -19 37 2 136 

2-13-53 7-197 137 

2*-347 3-463 138 

2-3-233 1399 139 

2 7 -ll 1409 140 

2-709 3-11-43 141 

2 2 - 3-7-17 1429 142 

2-719 1439 143 

2 3 - 181 3 2 -7-23 144 

2-3® 1459 145 

2 2 -367 13-113 146 

2-739 3-17-29 147 

2 4 - 3-31 1489 148 £ 

2-7-107 1499 149 g 
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150 

22-3-5» 

19-79 

2-751 

32-167 

2«-47 

5-7-43 

2-3-251 

11-137 

22-13-29 

3-503 

150 

151 

2-5151 

1511 

2*-3 3 -7 

17-89 

2-757 

3-5101 

22-379 

37-41 

2-3-11-23 

72-31 

151 

152 

2 4 -5-19 

32-l3> 

2-761 

1523 

22-3-127 

5*-61 

2-7-109 

3-509 

23-191 

11-139 

152 

153 

2-3*-5-17 

1531 

22-383 

3-7-73 

2-13-59 

5-307 

2*-3 

29-53 

2-769 

3 4 -19 

153 

154 

22-5-7-11 

23-67 

2-3-257 

1543 

2 3 -193 

3-5-103 

2-773 

7-13-17 

22.32.43 

1549 

154 

155 

2-52-31 

3,11-47 

2 4 -97 

1553 

2-3-7-37 

5-311 

22-389 

3*-173 

2-19-41 

1559 

155 

156 

23-3-5-13 

7-223 

2-11-71 

3-521 

22.17-23 

5-313 

2-3 3 -29 

1567 

25.7* 

3-523 

156 

157 

2-5-157 

1571 

22-3-131 

112-13 

2-787 

3*-52.7 

2 3 -197 

19-83 

2-3-263 

1579 

157 

158 

22-5-79 

3-17-31 

2-7-113 

1583 

2 4 -3*-ll 

5-317 

2-13-61 

3-23* 

22-397 

7-227 

158 

159 

2-3.5-53 

37-43 

2*-199 

3 3 -59 

2-797 

5-11-29 

22.3.7.19 

1597 

2-17-47 

3-13-41 

159 

160 

2*-5* 

1601 

2-32-89 

7-229 

22-401 

3-5-107 

2-11-73 

1607 

23-3-67 

1609 

160 

161 

2-5-7-23 

32-179 

22-13-31 

1613 

2-3-269 

5-17-19 

2 4 -l01 

3-72-11 

2-809 

1619 

161 

162 

2*-3 4 -5 

1621 

2-811 

3-541 

28-7-29 

5M3 

2-3-271 

1627 

22-11-37 

33-181 

162 

163 

2-5-163 

7-233 

2S-3-17 

23-71 

2-19-43 

3-5-109 

22-409 

1637 

2-3*7-13 

11-149 

163 

164 

23-5-41 

3-547 

2-821 

31-53 

22.3137 

5-7-47 

2-823 

33-6 1 

2 4 -103 

17-97 

164 

165 

2-3-52-11 

13-127 

22-7-59 

3-19-29 

2-827 

5-331 

2 3 -3*-23 

1657 

2-829 

3-7-79 

165 

166 

22-5-83 

11-151 

2-3-277 

1663 

2 7 -13 

32-5-37 

2-72-17 

1667 

22.3139 

1669 

166 

167 

2-5-167 

3-557 

22-11-19 

7-239 

2-3 3 -31 

52-67 

22-419 

3-13-43 

2-839 

23-73 

167 

168 

2 4 -3-5-7 

412 

2-292 

32-11-17 

22-421 

5-337 

2-3-281 

7-241 

23-211 

3-563 

168 

169 

2-5-132 

19-89 

22.32.47 

1693 

2-7-112 

3-5-113 

2 5 -53 

1697 

2-3-283 

1699 

169 

170 

22-52-17 

3 5 -7 

2-23-37 

13-131 

23-3-71 

5-11-31 

2-853 

3-569 

22-7-61 

1709 

170 

171 

2-32-5-19 

29-59 

2 4 -107 

3-571 

2-857 

5-7 s 

2*-3-11-13 

17-101 

2-859 

3*191 

171 

172 

23-5-43 

1721 

2-3-7-41 

1723 

22-431 

3-52-23 

2-863 

11-157 

2«-3 3 

7-13-19 

172 

173 

2-5-173 

3-577 

22-433 

1733 

2-3-17* 

5-347 

23-7-31 

32-193 

2-11.79 

37-47 

173 

174 

22-3-5-29 

1741 

2-13-67 

3-7-83 

2 4 -109 

5-349 

2-32-97 

1747 

22-19-23 

3-11-53 

174 

175 

2-53-7 

17-103 

2 8 -3-73 

1753 

2-877 

3 3 -5-13 

22-439 

7-251 

23-293 

1759 

175 

176 

23-5-11 

3-587 

2-881 

41-43 

22.3272 

5-353 

2-883 

3-19-31 

23-13-17 

29-61 

176 

177 

2-3-5-59 

7-11-23 

22-443 

32-197 

2-887 

5 2 -7l 

2 4 -3-37 

1777 

2-7-127 

3-593 

177 

178 

22-5-89 

13-137 

2-3 4 -ll 

1783 

2 3 -223 

3-5-7-17 

2-19-47 

1787 

22-3-149 

1789 

178 

179 

2-5-179 

32-199 

2«-7 

11-163 

2-313-23 

5-359 

22.449 

3-599 

2-29-31 

7-257 

179 

180 

23.32.52 

1801 

2-17-53 

3-601 

22-11-41 

5-192 

2-3-7-43 

13-139 

2 4 -113 

33-67 

180 

181 

2-5-181 

1811 

22-3-151 

72.37 

2-907 

3-5-112 

23.227 

23-79 

2-3*-101 

17-107 

181 

182 

22-5-7-13 

3-607 

2-911 

1823 

25-3-19 

5*-73 

2-11-83 

32-7-29 

22-457 

31-59 

182 

183 

2-3-5-61 

1831 

2 3 -229 

3-13-47 

2-7-131 

5-367 

22.33.17 

11-167 

2-919 

3-613 

183 

184 

2 4 -5-23 

7-263 

2-3-307 

19-97 

22-461 

32-5-41 

2-13-71 

1847 

2 3 -3-7-ll 

43* 

184 

185 

2-52-37 

3-617 

22-463 

17-109 

2-32-103 

5-7-53 

28-29 

3-619 

2929 

11-13* 

185 

186 

22-3-5-31 

1861 

2-72-19 

3 4 -23 

2»-233 

5-373 

2-3-311 

1867 

2*467 

3-7-89 

186 

187 

2-5-11-17 

1871 

2 4 -3 2 -13 

1873 

2-937 

3-5 4 

22-7-67 

1877 

2-3-313 

1879 

187 

188 

23-5-47 

32-11-19 

2-941 

7-269 

22-3-157 

5-13-29 

2-23-41 

3-17-37 

25-59 

1889 

188 

189 

2.33.5-7 

31-61 

22-11-43 

3-631 

2-947 

5-379 

23-3-79 

7-271 

2-13-73 

32-211 

189 

190 

22-52-19 

1901 

2-3-317 

11-173 

2 4 -7-l7 

3-5-127 

2-953 

1907 

223253 

23-83 

190 

191 

2-5-191 

3-72-13 

2 3 -239 

1913 

2-3-11-29 

5-383 

22-479 

33-71 

2-7-137 

19-101 

191 

192 

2 7 -3-5 

17-113 

2-31 3 

3-641 

22-13-37 

52.7.11 

2-32-107 

41-47 

23-241 

3-643 

192 

193 

2-5-193 

1931 

22.3-7-23 

1933 

2-967 

32.5 43 

2 4 -11* 

13-149 

2-3-17-19 

7-277 

193 

194 

22-5-97 

3-647 

2-971 

29-67 

2 3 -3 5 

5-389 

2-7-139 

3-11-59 

2**487 

1949 

194 

195 

2-3-52-13 

1951 

2 6 -61 

3*7-31 

2-977 

5-17-23 

22-3-163 

19103 

2-11-89 

3-653 

195 

196 

2*-5-72 

37-53 

2-3 2 -109 

13-151 

22-491 

3-5-131 

2-983 

7-281 

2 4 -3-41 

11-179 

196 

197 

2-5-197 

32.73 

22-17-29 

1973 

2-3-7-47 

5*-79 

23-13-19 

3-659 

2-23-43 

1979 

197 

198 

22.32-5-11 

7-283 

2-991 

3-661 

2®-31 

5-397 

2-3-331 

1987 

22-7-71 

32-13-17 

198 

199 

2-5-199 

11-181 

2*-3-83 

1993 

2-997 

3*5-7-19 

22-499 

1997 

2-33-37 

1999 

199 


s 

er 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

N 0 

200 

2 4 -5* 

3-23-29 

2-7-11 13 

2003 

22-3-167 

5-401 

2-17-59 

32-223 

2 3 -251 

7 2 -41 

200 

201 

2-3-5-67 

2011 

22-503 

3-11-61 

2-19-53 

5 13-31 

25-32-7 

2017 

2-1009 

3-673 

201 * 

202 

2 2 -5-101 

43-47 

2-3337 

7-172 

2 3 -ll-23 

3 4 -5 2 

2-1013 

2027 

22-3-132 

2029 

202 

203 

2-5-7-29 

3-677 

2 4 -127 

19-107 

2-32-113 

5-11-37 

22-509 

3-7-97 

2-1019 

2039 

203 

204 

23-3-5-17 

13-157 

2-1021 

32-227 

22-7-73 

5-409 

2-3-11-31 

23-89 

2 11 

3-683 

204 

205 

2-52 41 

7-293 

22-33-19 

2053 

2-13-79 

3-5-137 

23-257 

1P-17 

2-3-73 

29-71 

205 

206 

2 2 -5103 

32-229 

2-1031 

2063 

2 4 -3 43 

5-7-59 

2-1033 

3-13-53 

22-11-47 

2069 

206 

207 

2-32-5-23 

19-109 

2 3 -7.37 

3-691 

2-17-61 

5 2 -83 

22-3-173 

31-67 

2-1039 

33-7-11 

207 

208 

2 5 -5-13 

2081 

2-3-347 

2083 

2 2 -521 

3 5-139 

2-7-149 

2087 

23-32-29 

2089 

208 

209 

2-5-1119 

3-17-41 

22-523 

7-13-23 

2-3-349 

5-419 

2 4 -131 

32-233 

2-1049 

2099 

209 

210 

22-3-52.7 

11-191 

2-1051 

3-701 

2 3 -263 

5-421 

2-3 4 -13 

72-43 

22-17-31 

3-19-37 

210 

211 

2-5-211 

2111 

2 6 -3-ll 

2113 

2-7-151 

32-5-47 

2 2 -23 2 

29-73 

2-3-353 

13-163 

211 

212 

2 3 -5-53 

3-7-101 

2-1061 

11-193 

22 . 32.59 

53-17 

2-1063 

3-709 

2 4 -7-19 

2129 

212 

213 

2-3-5-71 

2131 

22-13-41 

3 3 -79 

2-11-97 

5-7-61 

23-3-89 

2137 

2-1069 

3 23-31 

213 

214 

22-5-107 

2141 

2-32-7-17 

2143 

2 3 -67 

3 5 11-13 

2-29-37 

19-113 

22-3-179 

7-307 

214 

215 

2-52.43 

32-239 

2 3 -269 

2153 

2-3-359 

5-431 

22 . 72 .ll 

3-719 

2-13-83 

17-127 

215 

216 

2 4 -3 3 -5 

2161 

2-23-47 

3-7-103 

22-541 

5-433 

2-3-19 2 

11-197 

23-271 

32-241 

216 

217 

2-5-7-31 

13-167 

22-3-181 

41-53 

2-1087 

3-52-29 

2 7 -17 

7-311 

2-32-112 

2179 

217 

218 

22-5-109 

3-727 

2-1091 

37-59 

23-3-7.13 

5-19-23 

2-1093 

3 7 

22-547 

11-199 

218 

219 

2-3.5-73 

7-313 

2 4 -137 

3-17-43 

2-1097 

5-439 

22-32-61 

133 

2-7-157 

3-733 

219 > 

220 

23-52-11 

31-71 

2-3-367 

2203 

22-19-29 

32.5-72 

2-1103 

2207 

2 5 -3-23 

472 

220 

221 

2-5 13-17 

3-11-67 

22-7-79 

2213 

2-33-41 

5-443 

23-277 

3-739 

2-1109 

7 317 

221 

222 

22-3.5-37 

2221 

2-11-101 

32-13-19 

2 4 -139 

52-89 

2-3 7-53 

17-131 

22-557 

3-743 

222 

223 

2-5-223 

23-97 

23-32-31 

7-11-29 

2-1117 

3-5-149 

22-13-43 

2237 

23-373 

2239 

223 

224 

2 8 -5-7 

3 3 -83 

2-19-59 

2243 

2 2 -3-ll-17 

5-449 

2-1123 

3-7-107 

23-281 

13 173 

224 

225 

2 - 32-53 

2251 

22-563 

3751 

2-72-23 

5-11-41 

2 4 -3-47 

37-61 

2-1129 

32-251 

225 

226 

22-5-113 

7-17-19 

2-3-13-29 

31-73 

2 3 -283 

3-5-151 

2-11-103 

2267 

2 2 -3 4 -7 

2269 

226 ! 

227 

2-5-227 

3-757 

2®-71 

2273 

2-3-379 

52-7-13 

22-569 

32-11-23 

2-17-67 

43-53 

227 

228 

2 3 -3-5-19 

2281 

2-7-163 

3 761 

22-571 

5-457 

2-32-127 

2287 

2 4 -11-13 

3-7-109 

228 

229 

2-5-229 

29-79 

22-3-191 

2293 

2-31-37 

33.5.17 

23-7-41 

2297 

2-3-383 

112-19 

229 

230 

22-52-23 

3-13-59 

2-1151 

72.47 

2 8 -3 2 

5-461 

2-1153 

3-769 

22-577 

2309 

230 

231 

2-3 5-7-11 

2311 

23-17 2 

32-257 

2-13-89 

5-463 

22-3-193 

7-331 

2-19-61 

3-773 

231 

232 

2 4 -5-29 

11-211 

2-33-43 

23-101 

22-7-83 

352.31 

2-1163 

13-179 

23-3-97 

17-137 

232 

233 

2 5-233 

32.7-37 

22-11-53 

2333 

2-3-389 

5-467 

2 5 -73 

3-19-41 

2-7-167 

2339 

233 

234 

22-32-5-13 

2341 

2-1171 

3-11-71 

2 3 -293 

5-7-67 

2-3-17-23 

2347 

22-587 

3 4 -29 

234 

235 

2-52-47 

2351 

2 4 3 72 

13-181 

2-11-107 

3-5-157 

22-19-31 

2357 

2-32-131 

7-337 

235 

236 

23-5-59 

3-787 

2-1181 

17-139 

2 2 -3-197 

5-11-43 

2-7-132 

32-263 

2«-37 

23-103 

236 

237 

2-3-5-79 

2371 

22-593 

3-7-113 

2-1187 

53-19 

23-33-11 

2377 

2-29-41 

3-13-61 

237 

238 

22-5-7-17 

2381 

2-3-397 

2383 

2 4 -149 

32-5-53 

2-1193 

7-11-31 

22-3-199 

2389 

238 

239 

2-5-239 

3-797 

23-13-23 

2393 

2-32-7-19 

5-479 

22-599 

3-17-47 

2-11-109 

2399 

239 

240 

2 5 -3-52 

7 4 

2-1201 

33-89 

22-601 

5-13-37 

2-3-401 

29-83 

23-7-43 

3-11-73 

240 

241 

2-5-241 

2411 

22-32-67 

19-127 

2-17-71 

3-5-7-23 

2 4 -151 

2417 

2 3 13-31 

41-59 

241 

242 

22 .5-ll 2 

32-269 

2-7 173 

2423 

23-3-101 

52.97 

2-1213 

3-809 

22-607 

7-347 

242 

243 

2-3 5 -5 

11-13-17 

2 7 -19 

3-811 

2-1217 

5-487 

22-3-7-29 

2437 

2-23-53 

32-271 

243 

244 

23-5-61 

2441 

2-3-11 37 

7-349 

22-13-47 

3-5-163 

2 1223 

2447 

2 4 -3 2 -17 

31-79 

244 

245 

2 - 52-72 

3-19-43 

22-613 

11-223 

2-3-409 

5-491 

23-307 

33-7-13 

2-1229 

2459 

245 

246 

22-3-5-41 

23-107 

2-1231 

3-821 

25-7-11 

5-17-29 

2-32-137 

2467 

22-617 

3-823 

246 

247 

2-5-13-19 

7-353 

2 3 -3-103 

2473 

2-1237 

32 . 52 -II 

22-619 

2477 

2-3-7-59 

37-67 

247 

248 

2 4 -5-31 

3-827 

2-17-73 

13-191 

22-33-23 

5-7-71 

2-11-113 

3-829 

23-311 

19-131 

248 £ 

249 

2-3-5-83 

47-53 

22-7-89 

32-277 

2-29-43 

5-499 

2«3-13 

11-227 

2-1249 

3-72-17 

249 g 
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250 

2 2 -5* 

41-61 

2-32-139 

2503 

2*313 

3-5-167 

2-7-179 

23-109 

22-3-11-19 

13-193 

250 g 

251 

2 5-251 

3*-31 

2 4 -157 

7-359 

2-3-419 

5-503 

22-17-37 

3-839 

2-1259 

11-229 

251 | 

252 

2*-3 2 -5-7 

2521 

2-13-97 

3-29 1 

22-631 

52-101 

2-3-421 

7-192 

2*-79 

32-281 

252 0 

253 

2-5-11-23 

2531 

22-3-211 

17-149 

2-7-181 

3-5-132 

2*317 

43-59 

2-3*-47 

2539 

253 

254 

22-5-127 

3-7-112 

2-31-41 

2543 

2 4 -3-53 

5-509 

2-19-67 

3 2 -283 

22-72-13 

2549 

254 

255 

2-3-52-17 

2551 

2 s -11-29 

3-23-37 

2-1277 

5-7-73 

22.32.71 

2557 

2-1279 

3-853 

255 

256 

2»-5 

13-197 

2-3-7-61 

11-233 

22-641 

32-5-19 

2-1283 

17-151 

22-3-107 

7-367 

256 

257 

2-5-257 

3-857 

22-643 

31-83 

2-32-11-13 

52-103 

2*-7-23 

3-859 

2-1289 

2579 

257 

258 

22-3-5-43 

29-89 

2-1291 

32-7-41 

2*. 17-19 

5-11-47 

2-3-431 

13-199 

22-647 

3-863 

258 

259 

2-5-7-37 

2591 

2 5 -3* 

2593 

2-1297 

3-5-173 

22-11-59 

72.53 

2-3-433 

23-113 

259 

260 

2*-52-13 

32.172 

2-1301 

19-137 

2 2 -3-7-31 

5-521 

2-1303 

3-11-79 

2*163 

2609 

260 

261 

2-32-5-29 

7-373 

22-653 

3-13-67 

2-1307 

5-523 

2*-3-109 

2617 

2-7-11-17 

3*-97 

261 

262 

22-5-131 

2621 

2-3-19-23 

43-61 

28-41 

3-5*-7 

2-13-101 

37-71 

22 . 32.73 

11-239 

262 

263 

2-5-263 

3-877 

2®-7-47 

2633 

2-3-439 

5-17-31 

22-659 

32-293 

21319 

7-13-29 

263 

264 

2*-3-5-ll 

19-139 

2-1321 

3-881 

22-661 

5-232 

2-3*-7 2 

2647 

2*331 

3-883 

264 

265 

2-52-53 

11-241 

22-3-13-17 

7-379 

2-1327 

32.5 59 

2 s -83 

2657 

2-3-443 

2659 

265 

266 

22-5-7-19 

3-887 

2-11* 

2663 

2*-32-37 

5-13-41 

2-31-43 

3-7-127 

22-23-29 

17-157 

266 

267 

2-3-5-89 

2671 

2 4 -167 

3 s -11 

2-7-191 

5 2 -107 

22-3-223 

2677 

2-13-103 

3-19-47 

267 

268 

2»-5-67 

7-383 

2-32-149 

2683 

22-11-61 

3-5-179 

2-17-79 

2687 

2 7 -3-7 

2689 

268 

269 

2-5-269 

32-13-23 

22-673 

2693 

2-3-449 

5-72-11 

2*-337 

3-29-31 

2-19-71 

2699 

269 

270 

22 . 32.52 

37-73 

2-7-193 

3-17-53 

2 4 -132 

5-541 

2-3-11-41 

2707 

22-677 

32-7-43 

270 

271 

2-5-271 

2711 

2®-3-113 

2713 

2-23-59 

3-5-181 

22-7-97 

11-13-19 

2-32-151 

2719 

271 3 

272 

22-5-17 

3-907 

2-1361 

7-389 

22-3-227 

52-109 

2-29-47 

3*-101 

2*11-31 

2729 

272 g 

273 

2 - 3 . 5 . 7-13 

2731 

22-683 

3-911 

2-1367 

5-547 

2*-3 2 -19 

7-17-23 

2-372 

3-11-83 

273 £ 

274 

22-5-137 

2741 

2-3-457 

13-211 

2*. 7® 

32-5-61 

2-1373 

41-67 

22-3-229 

2749 

274 §. 

275 

2-5M1 

3-7-131 

2®-43 

2753 

2-3 4 -17 

5-19-29 

22-13-53 

3-919 

2-7-197 

31-89 

N 

275 £ 

276 

2*-3-5-23 

11-251 

2-1381 

32-307 

22-691 

5-7-79 

2-3-461 

2767 

2*-173 

3-13-71 

276 S’ 

277 

2-5-277 

17-163 

22 . 32 . 7 il 

47-59 

2-19-73 

3-52-37 

2*-347 

2777 

2-3-463 

7-397 

277 § 

278 

22-5-139 

3 3 -103 

213-107 

112-23 

25-3-29 

5-557 

2-7-199 

3-929 

22-17-41 

2789 

278 ® 

279 

2-3 2 -5-31 

2791 

2®-349 

3-72-19 

2-11-127 

5-13-43 

22-3-233 

2797 

2-1399 

32-311 

279 

280 

2 4 -5 2 -7 

2801 

2-3-467 

2803 

22-701 

3-5-11-17 

2-23-61 

7-401 

2*-3*-13 

532 

280 

281 

2-5-281 

3-937 

22-19-37 

29-97 

2-3-7-67 

5-563 

2 8 -l 1 

32-313 

2-1409 

2819 

281 

282 

2*-3-5-47 

7-13-31 

2-17-83 

3-941 

2*353 

52-113 

2-32-157 

11-257 

22-7-101 

3-23-41 

282 

283 

2-5-283 

19-149 

2 4 -3-59 

2833 

2-13-109 

3*-5-7 

22-709 

2837 

2-3-11-43 

17-167 

283 

284 

22-5 71 

3-947 

2-72-29 

2843 

22.32.79 

5-569 

2-1423 

3-13-73 

2 5 -89 

7-11-37 

284 

285 

2-3-5 2 -19 

2851 

22-23-31 

32-317 

2-1427 

5-571 

22-3-7-17 

2857 

2-1429 

3-953 

285 

286 

22-5-11-13 

2861 

2-32-53 

7-409 

2 4 -179 

3-5-191 

2-1433 

47-61 

22-3-239 

19-151 

286 

287 

2-5-7-41 

32-11-29 

22-359 

132-17 

2-3-479 

5*-23 

22-719 

3-7-137 

2-1439 

2879 

287 

288 

2 8 -3 2 -5 

43-67 

2-11-131 

3-3P 

22-7-103 

5-577 

2-3-13-37 

2887 

2»-192 

3*-107 

288 

289 

2-5-17 2 

72.59 

22-3-241 

11-263 

2-1447 

3-5-193 

2*181 

2897 

2-32-7-23 

13-223 

289 

290 

22-52-29 

3-967 

2-1451 

2903 

2®-3-112 

5-7-83 

2-1453 

32-17-19 

22-727 

2909 

290 

291 

2.35-97 

41-71 

25-7-13 

3-971 

2-31-47 

5-11-53 

2 2 -3« 

2917 

2-1459 

3-7-139 

291 

292 

22-5-73 

23-127 

2-3-487 

37-79 

22-17-43 

32-52.13 

2-7-11-19 

2927 

2*3-61 

29-101 

292 

293 

2-5-293 

3-977 

22-733 

7-419 

2-32-163 

5-587 

2*-367 

3-11-89 

2-13-113 

2939 

293 

294 

22-3-5-72 

17-173 

2-1471 

3*-109 

2 7 -23 

5-19-31 

2-3-491 

7-421 

22-11-67 

3-983 

294 

295 

2-52-59 

13-227 

2*-3 2 -41 

2953 

2-7-211 

3-5-197 

22-739 

2957 

2-3-17-29 

11-269 

295 g. 

296 

2*-5-37 

32-7-47 

2-1481 

2963 

2 2 -3-13-19 

5-593 

2-1483 

3-23-43 

2*-7-53 

2969 

296 f 

297 

2-32-5-11 

2971 

22-743 

3-991 

2-1487 

52-7-17 

2 5 -3-31 

13-229 

2-1489 

32-331 

297 tow 

298 

22-5-149 

11-271 

2-3-7-71 

19-157 

2*373 

3-5-199 

2-1493 

29-103 

22-32-83 

7 2 -61 

298 

299 

2-5-13-23 

3-997 

2 4 -ll-l7 

41-73 

2-3-499 

5-599 

22-7-107 

3*-37 

2-1499 

2999 

299 S 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

N 

300 

2 3 -3-5 3 

3001 

2-19-79 

3-7-1M3 

2 2 -751 

5-601 

2-32-167 

31-97 

26-47 

3-17-59 

300 

301 

2.5-7-43 

3011 

2 2 -3-251 

23-131 

2-11-137 

32-5-67 

2 3 -13-29 

7-431 

2-3-503 

3019 

301 

302 

2 2 -5-151 

3-19-53 

2-1511 

3023 

2 4 -3 3 -7 

5 2 -ll 2 

2-17-89 

3-1009 

22-757 

13-233 

302 

303 

2-3-5-101 

7-433 

2*-379 

3 2 -337 

2-37-41 

5-607 

22-3-11-23 

3037 

2-72-31 

3-1013 

303 

304 

2*5-19 

3041 

2-3 2 -13 2 

17-179 

22-761 

3-5-7-29 

2-1523 

11-277 

2 3 -3-127 

3049 

304 

305 

2-5 2 -61 

3 3 -113 

2 2 -7-109 

43-71 

2-3-509 

5-13-47 

2 4 -191 

3-1019 

2-11-139 

7-19-23 

305 

306 

2 2 -3 2 -5-17 

3061 

2-1531 

3-1021 

2*-383 

5-613 

2-3-7-73 

3067 

22-13-59 

32-11-31 

306 

307 

2-5-307 

37-83 

210.3 

7-439 

2-29-53 

3-52-41 

22-769 

17-181 

2-3 4 -19 

3079 

307 

308 

2*-5-7-ll 

3-13-79 

2-23-67 

3083 

2 2 .3-257 

5-617 

2-1543 

32.73 

2 4 -193 

3089 

308 

309 

2-3-5-103 

11-281 

2 2 -773 

3-1031 

2-713-17 

5-619 

2 3 -3 2 -43 

19-163 

2-1549 

3-1033 

309 

310 

2 2 -5 2 -31 

7-443 

2-3-11-47 

29-107 

2*-97 

3 3 -5-23 

2-1553 

13-239 

22-3-7-37 

3109 

310 

311 

2-5-311 

3-17-61 

2 3 -389 

11-283 

2-3 2 -173 

5-7-89 

22-19-41 

3-1039 

2-1559 

3119 

311 

312 

2 4 -3-5-13 

3121 

2-7-223 

3 2 -347 

2 2 -ll-71 

5* 

2-3-521 

53-59 

2 3 -17-23 

3-7-149 

312 

313 

2-5-313 

31-101 

2 2 -3 3 -29 

13-241 

2-1567 

3-511-19 

2B-7 2 

3137 

2-3-523 

43-73 

313 

314 

2 2 -5-157 

3 2 -349 

2-1571 

7-449 

2 3 -3-131 

5-17-37 

2-112-13 

3-1049 

22-787 

47-67 

314 

315 

2-3 2 -5 2 -7 

23-137 

2 4 -197 

3-1051 

2-19-83 

5-631 

22-3-263 

7-11-41 

2-1579 

3*-13 

315 

316 

2 3 -5-79 

29-109 

2-3-17-31 

3163 

22-7-113 

3-5-211 

2-1583 

3167 

2*-3 2 -ll 

3169 

316 

317 

2-5-317 

3-7-151 

2 2 -13-61 

19-167 

2-3-23 2 

5 2 -127 

2 3 -397 

32.353 

2-7-227 

11-17 2 

317 

318 

2 2 -3-5-53 

3181 

2-37-43 

3-1061 

2 4 -199 

5-72-13 

2-3 3 -59 

3187 

22-797 

3-1063 

318 

319 

2-5-11-29 

3191 

2»-3-7-19 

31-103 

2-1597 

32-5-71 

22-17-47 

23-139 

2-3-13-41 

7-457 

319 

320 

2 7 -5 2 

3-11-97 

2-1601 

3203 

2 2 -3 2 -89 

5-641 

2-7-229 

3-1069 

2 3 -401 

3209 

320 

321 

2-3-5-107 

13 2 -19 

22-11-73 

3 3 -7-17 

2-1607 

5-643 

2 4 -3-67 

3217 

2-1609 

3-29-37 

321 

322 

2 2 -5-7-23 

3221 

2-3 2 -179 

11-293 

2 3 -13-31 

3-52-43 

2-1613 

7-461 

22-3-269 

3229 

322 

323 

2-5-17-19 

3 2 -359 

2*101 

53-61 

2-3-7 2 -ll 

5-647 

22-809 

3-13-83 

2-1619 

41-79 

323 

324 

2 3 -3 4 -5 

7-463 

2-1621 

3-23-47 

2 2 -811 

5-11-59 

2-3-541 

17-191 

2 4 -7-29 

32-192 

324 

325 

2-5 3 -13 

3251 

2 2 -3-271 

3253 

2-1627 

3-5-7-31 

2 3 -ll-37 

3257 

2-32-181 

3259 

325 

326 

2 2 -5-163 

3-1087 

2-7-233 

13-251 

2 6 -3-17 

5-653 

2-23-71 

3 3 -lP 

22-19-43 

7-467 

326 

327 

23-5-109 

3271 

2 3 -409 

3-1091 

2-1637 

5 2 -131 

22-32-7-13 

29-113 

2-11-149 

3-1093 

327 

328 

2 4 -5-41 

17-193 

2-3-547 

7 2 -67 

22-821 

32-5-73 

2-31-53 

19-173 

2*-3-137 

11-13-23 

328 

329 

2-5-7-47 

3-1097 

2 2 -823 

37-89 

2-3 3 -61 

5-659 

2*103 

3-7-157 

2-17-97 

3299 

329 

330 

2 2 -3-5 2 -ll 

3301 

2-13-127 

3 2 -367 

2 3 -7-59 

5-661 

2-3-19-29 

3307 

22-827 

3-1103 

330 

331 

2-5-331 

7-11-43 

2 4 -3 2 -23 

3313 

2-1657 

3-5-13-17 

22-829 

31-107 

2-3 779 

3319 

331 

332 

2 3 -5-83 

3 4 -41 

2-11-151 

3323 

2 2 -3-2 77 

52-7-19 

2-1663 

3-1109 

2»-13 

3329 

332 

333 

2-3 2 -5-37 

3331 

2 2 -7 2 -l7 

3-11-101 

2-1667 

5-23-29 

2 8 -3-139 

47-71 

2-1669 

32-7-53 

333 

334 

2 2 -5-167 

13-257 

2-3-557 

3343 

2 4 -l 1-19 

3-5-223 

2-7-239 

3347 

2 2 -3 3 -31 

17-197 

334 

335 

2-5 2 *67 

3-1117 

2 3 -419 

7-479 

2-3-13-43 

5-11-61 

2 2 -839 

32 373 

2-23-73 

3359 

335 

336 

2*-3-5-7 

3361 

2-41 2 

3-19-59 

2 2 -292 

5-673 

2-32-11-17 

7-13-37 

2 3 -421 

3-1123 

336 

337 

2-5-337 

3371 

2 2 -3-281 

3373 

2-7-241 

3 3 -5 3 

2 4 -211 

11-307 

2-3-563 

31-109 

337 

338 

2 2 -5-13 2 

3-7 2 -23 

2-19-89 

17-199 

23-32-47 

5-677 

2-1693 

3-1129 

22-7-11 2 

3389 

338 

339 

2-3-5-113 

3391 

2«-53 

3 2 -13-29 

2-1697 

5-7-97 

22-3-283 

43-79 

2-1699 

3-11-103 

339 

340 

2»-5 2 -17 

19-179 

2-3*-7 

41-83 

22-23-37 

3-5-227 

2-13-131 

3407 

2 4 -3-71 

7-487 

340 

341 

2-5-11-31 

3 2 -379 

2 2 -853 

3413 

2-3-569 

5-683 

2 3 -7-61 

3-17-67 

2-1709 

13-263 

341 

342 

2 2 -3 2 -5-19 

11-311 

2-29-59 

3-7-163 

2*107 

52-137 

2-3-571 

23-149 

22-857 

3*127 

342 

343 

2-5-7 3 

47-73 

2 3 -3-ll-13 

3433 

2-17-101 

3-5-229 

22-859 

7-491 

2-32-191 

19-181 

343 

344 

2 4 -5-43 

3-31-37 

2-1721 

11-313 

22-3-7-41 

5-13-53 

2-1723 

32-383 

2 3 -431 

3449 

344 

345 

2-3-5 2 -23 

7-17-29 

2 2 -863 

3-1151 

2-11-157 

5-691 

2 7 -3 3 

3457 

2-7-13-19 

3-1153 

345 

346 

22-5-173 

3461 

2-3-577 

3463 

2 3 -433 

32-5-7-11 

2-1733 

3467 

22-3-17* 

3469 

346 

347 

2-5-347 

3-13-89 

2 4 -7-31 

23-151 

2-32-193 

52-139 

22-11-79 

3-19-61 

2-37-47 

72.71 

347 

348 

2 3 -3-5-29 

59* 

2-1741 

3 4 -43 

22-13-67 

5-17-41 

2-3-7-83 

11-317 

2*-109 

3-1163 

348 

349 

2-5-349 

3491 

2 2 -3 2 -97 

7-499 

2-1747 

3-5-233 

2 3 -19-23 

13-269 

2-3-11-53 

3499 

349 





f 


00 


g 


COMBINATORIAL ANALYSIS 



350 

2 2 -5*-7 

3 2 -389 

2-17-103 

31-113 

2 4 -3-73 

5-701 

2-1753 

3-7-167 

22-877 

1P-29 

350 

co 

351 

2-33.5-13 

3511 

2«-439 

3-1171 

2-7-251 

5-19-37 

22-3-293 

3517 

2-1759 

32-17-23 

351 

I 

352 

2®-5-ll 

7-503 

2-3-587 

13-271 

22-881 

3-52-47 

2-41-43 

3527 

28.3 2 -72 

3529 

352 

353 

25-353 

3-11-107 

2 2 -883 

3533 

2-3-19-31 

5-7101 

2M3-17 

33-131 

2-29-61 

3539 

353 


354 

22-3-5-59 

3541 

2-7-11-23 

3-1181 

28-443 

5-709 

2-32-197 

3547 

22-887 

3-7-132 

354 


355 

2-5 2 -71 

53-67 

28-3-37 

11-17-19 

2-1777 

32-5-79 

22-7-127 

3557 

2-3-593 

3559 

355 


356 

2*-5-89 

3-1187 

2-13-137 

7-509 

22-3 4 -ll 

5-23-31 

2-1783 

3-29-41 

2 4 -223 

43-83 

356 


357 

2-3-5-7-17 

3571 

2 2 -19-47 

3 2 -397 

2-1787 

52-11-13 

28-3-149 

72-73 

2-1789 

3-1193 

357 


358 

2 2 -5-l79 

3581 

2-3 2 -199 

3583 

2 B -7 

3-5-239 

2-11-163 

17-211 

2 2 -3-13-23 

37-97 

358 


359 

2-5-359 

38-7-19 

2*-449 

3593 

2-3-599 

5-719 

2 2 -29-31 

3-11-109 

2-7-257 

59-61 

359 


360 

2*-3 2 -5» 

13-277 

2-1801 

3-1201 

22-17-53 

5-7-103 

2-3-601 

3607 

28-11-41 

32-401 

360 


361 

2-5-19 2 

23-157 

2 2 -3-7-43 

3613 

2-13-139 

3-5-241 

2 5 -113 

3617 

2-33-67 

7-11-47 

361 


362 

22-5-181 

3-17-71 

2-1811 

3623 

28-3-151 

5 3 -29 

2-72-37 

32-13-31 

22-907 

19-191 

362 


363 

2-3-5-11 2 

3631 

2 4 -227 

3-7-173 

2-23-79 

5-727 

22 . 32 -IOI 

3637 

2-17-107 

3-1213 

363 


364 

2*-5-7-13 

11-331 

2-3-607 

3643 

22-911 

3 8 -5 

2-1823 

7-521 

2®-3-19 

41-89 

364 


365 

2-5*-73 

3-1217 

2 2 -ll-83 

13-281 

2-32-7-29 

5-17-43 

28-457 

3-23-53 

2-31-59 

3659 

365 


366 

2 2 -3-5-61 

7-523 

2-1831 

3 2 -)l-37 

2 4 -229 

5-733 

2-3-13-47 

19-193 

22-7-131 

3-1223 

366 


367 

2-5-367 

3671 

2*-3*-17 

3673 

2-11-167 

3-5 2 -7 2 

22-919 

3677 

2-3-613 

13-283 

367 


368 

28-5-23 

3 2 -409 

2-7-263 

29-127 

22-3-307 

5-11-67 

2-19-97 

31229 

23-461 

7-17-31 

368 


369 

2-3 2 5-41 

3691 

2 2 -13-71 

3-1231 

2-1847 

5-739 

2 4 -3-7-ll 

3697 

2-432 

38-137 

369 


370 

2 2 -5 2 -37 

3701 

2-3-617 

7-232 

28-463 

3-5-13-19 

2-17-109 

11-337 

22.32.103 

3709 

370 


371 

2-5-7-53 

3-1237 

2 7 -29 

47-79 

2-3-619 

5-743 

22-929 

32-7-59 

2 -III 32 

3719 

371 

*3 

372 

2*-3-5-31 

61 2 

2-1861 

3-17-73 

22-72-19 

5 2 -149 

2-3 4 -23 

3727 

2 4 -233 

3-11-113 

372 

0 

373 

2-5-373 

7-13-41 

2 2 -3-311 

3733 

2-1867 

32-5-83 

23-467 

37-101 

2-3-7-89 

3739 

373 

$ 

374 

22-5 11-17 

3-29-43 

2-1871 

19-197 

28-32-13 

5-7-107 

2-1873 

3-1249 

22-937 

23-163 

374 

| 

375 

2-3-5 4 

IP-31 

2»-7-67 

38-139 

2-1877 

5-751 

22-3-313 

13-17 2 

2-1879 

3-7-179 

375 

» 

376 

2 4 -5-47 

3761 

2-3 2 -ll-19 

53-71 

22-941 

3-5-251 

2-7-269 

3767 

23-3-157 

3769 

376 

5* 

377 

2-5-13-29 

3 2 -419 

22-23-41 

78-11 

2-3-17-37 

52-151 

2»-59 

3-1259 

2-1889 

3779 

377 

§ 

378 

2 2 -3 3 -5-7 

19-199 

2-31-61 

3-13-97 

28-11-43 

5-757 

2-3-631 

7-541 

22-947 

32-421 

378 


379 

2-5-379 

17-223 

2 4 -3-79 

3793 

2-7-271 

3-5-11-23 

22-13-73 

3797 

2 - 32-211 

29-131 

379 


380 

2 J -5 2 -19 

3-7-181 

2-1901 

3803 

22-3-317 

5-761 

2-11-173 

3 4 -47 

25-7-17 

13-293 

380 


381 

2-3-5-127 

37-103 

22-953 

3-31-41 

2-1907 

5-7-109 

23-32-53 

11-347 

2-23-83 

3-19-67 

381 


382 

22-5-191 

3821 

2.3-7 2 -13 

3823 

2 4 -239 

3 2 -5 2 -17 

2-1913 

43-89 

22-3-11-29 

7-547 

382 


383 

2-5-383 

3-1277 

2»-479 

3833 

2-3»-71 

5-13-59 

22-7-137 

3-1279 

2-19-101 

11-349 

383 


384 

28-3-5 

23-167 

2-17-113 

3 2 -7-61 

22-31 2 

5-769 

2-3-641 

3847 

28-13-37 

3-1283 

384 


385 

2-5 2 -7-ll 

3851 

2 2 -3 2 -107 

3853 

2-41-47 

3-5-257 

2 4 -241 

7-19-29 

2-3-643 

17-227 

385 


386 

2 2 -5-193 

38-11-13 

2-1931 

3863 

2*-3-7-23 

5-773 

2-1933 

3-1289 

22-967 

53-73 

386 


387 

2-32-5-43 

7 2 -79 

28-112 

3-1291 

213-149 

5 3 -31 

22-3-17-19 

3877 

2-7-277 

32-431 

387 


388 

28-5-97 

3881 

2-3-647 

11-353 

2 2 -971 

3-5-7-37 

2-29-67 

132-23 

2 4 -3 a 

3889 

388 


389 

2-5-389 

3-1297 

22-7-139 

17-229 

2-3-11-59 

5-19-41 

28-487 

32.433 

2-1949 

7-557 

389 


390 

2 2 -3-5 2 -13 

47-83 

2-1951 

3-1301 

2»-61 

5-11-71 

232.731 

3907 

22-977 

3-1303 

390 


391 

2-5-17-23 

3911 

28-3-163 

7-13-43 

2-19-103 

3*-5-29 

22-11-89 

3917 

2-3-653 

3919 

391 


392 

2 4 -5-7 2 

3-1307 

2-37-53 

3923 

22-3 2 -109 

5 2 -157 

2-13-151 

3-7-11-17 

23-491 

3929 

392 


393 

2-3-5-131 

3931 

22-983 

32-19-23 

2-7-281 

5-787 

25-3-41 

31-127 

2-11-179 

3-13-101 

393 


394 

2*-5-197 

7-563 

2-3*-73 

3943 

28-17-29 

3-5-263 

2-1973 

3947 

22-3-7-47 

11-359 

394 

H 

395 

2-52-79 

3 2 -439 

2 4 -13-19 

59-67 

2-3-659 

5-7-113 

22-23-43 

3-1319 

2-1979 

37-107 

395 

» 

396 

2 a -3 2 -5-ll 

17-233 

2-7-283 

3-1321 

2 2 -991 

5-13-61 

2-3-661 

3967 

2 7 -31 

3 4 -7 2 

396 


397 

2-5-397 

11-19* 

22-3-331 

29-137 

2-1987 

3-52-53 

28-7-71 

41-97 

2-32-13-17 

23-173 

397 


398 

2 2 -5-199 

3-1327 

2-11-181 

7-569 

2 4 -3-83 

5-797 

2-1993 

32-443 

22-997 

3989 

398 5 £ 

399 

2-3-5-7-19 

13-307 

2«-499 

3-11* 

2-1997 

5-17-47 

22-3®-37 

7-571 

2-1999 

3-31-43 

399! 

CD 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Table 

4000 

r 

400 

2 5 -5 3 

4001 

2-3-23-29 

4003 

22-7-11-13 

32-5-89 

2-2003 

4007 

2 3 -3-167 

19-211 

NS 

400 

401 

2-5-401 

3-7-191 

22-17-59 

4013 

2-32-223 

5-11-73 

2 4 -251 

3-13-103 

2-72-41 

4019 

401 

402 

22-3-5-67 

4021 

2-2011 

3 3 -149 

2 3 -503 

5 2 -7-23 

2-3-11-61 

4027 

22-19-53 

3-17-79 

402 

403 

2-5-13-31 

29-139 

28-32-7 

37-109 

2-2017 

3-5-269 

22-1009 

11-367 

2-3-673 

7-577 

403 

404 

2 3 -5-101 

32-449 

2-43-47 

13-311 

22-3-337 

5-809 

2-7-17 2 

3-19-71 

2 4 -ll-23 

4049 

404 

405 

2-3 4 -5 2 

4051 

2 2 -1013 

3-7-193 

2-2027 

5-811 

2 3 -3-13 2 

4057 

2-2029 

32-11-41 

405 

406 

2 2 -5-7-29 

31-131 

2-3-677 

17-239 

2 5 -127 

3-5-271 

2-19-107 

72-83 

22-32-113 

13-313 

406 

407 

2-5-11-37 

3-23-59 

2 3 -509 

4073 

2-3-7-97 

52-163 

22-1019 

3 3 -15l 

2-2039 

4079 

407 

408 

2 4 -3-5-17 

7-11-53 

2-13-157 

3-1361 

22-1021 

5-19-43 

2-32-227 

61-67 

2 3 -7-73 

3-29-47 

408 

409 

2-5-409 

4091 

22-3-11-31 

4093 

2-23-89 

32-5-7-13 

212 

17-241 

2-3-683 

4099 

409 

410 

2 2 -5 2 -41 

3-1367 

2-7-293 

11-373 

2 3 -3 3 -19 

5-821 

2-2053 

3-372 

22-13-79 

7-587 

410 

411 

2-3-5-137 

4111 

2 4 -257 

32.457 

2-112-17 

5-823 

2 2 -3-7 3 

23-179 

2-29-71 

3-1373 

411 

412 

2 3 -5-103 

13-317 

2-32-229 

7-19-31 

2 2 -1031 

3-5 3 -ll 

2-2063 

4127 

28-3-43 

4129 

412 

413 

2-5-7-59 

3 5 -17 

22-1033 

4133 

2-3-13-53 

5-827 

2 3 -ll-47 

3-7-197 

2-2069 

4139 

413 

414 

22-32-5-23 

41-101 

2-19-109 

3-1381 

2 4 -7-37 

5-829 

2-3-691 

11-13-29 

22-17-61 

3 2 -461 

414 

415 

2-52-83 

7-593 

2 3 -3-173 

4153 

2-31-67 

3-5-277 

22-1039 

4157 

2-3 3 -7-ll 

4159 

415 

416 

2«-5-13 

3-19-73 

2-2081 

23-181 

22-3-347 

5-72-17 

2-2083 

32-463 

2 3 -521 

11-379 

416 

417 

2-3-5-139 

43-97 

22-7-149 

3-13-107 

2-2087 

52-167 

2 4 -3 2 -29 

4177 

2-2089 

3-7-199 

417 

418 

22.511-19 

37-113 

2-3-17-41 

47-89 

2 3 -523 

3 3 -5-31 

2-7-13-23 

53-79 

22-3-349 

59-71 

418 

419 

2-5-419 

3-11-127 

2 5 -131 

7-599 

2-3 2 -2 33 

5-839 

2 2 -1049 

3-1399 

2-2099 

13-17-19 

419 *1 

420 

2 3 -3-5 2 -7 

4201 

2-11-191 

32-467 

22-1051 

5-292 

2-3=701 

7-601 

2 4 -263 

3-23-61 

420 a 

421 

2-5-421 

4211 

2 2 -3 4 -13 

11-383 

2-7 2 -43 

3-5-281 

2 3 -17-31 

4217 

2-3-19-37 

4219 

421 0 

422 

22-5-211 

32-7-67 

2-2111 

41-103 

22-3-11 

52-132 

2-2113 

3-1409 

22-7-151 

4229 

422 2. 

423 

2-32-5-47 

4231 

2 3 -23 2 

3-17-83 

2-29-73 

5-7-11 2 

22-3-353 

19-223 

2-13-163 

3 3 -157 

423 g 

424 

2 4 -5-53 

4241 

2-3-7-101 

4243 

22-1061 

3-5-283 

2-11-193 

31-137 

2 3 -3 2 -59 

7-607 

424 % 

425 

2-5 3 -17 

3-13-109 

22-1063 

4253 

2-3-709 

5-23-37 

2 5 -7-19 

32-11-43 

2-2129 

4259 

425 § 

426 

22-3-5-71 

4261 

2-2131 

3-72-29 

2 3 -13-41 

5-853 

2-3 3 -79 

17-251 

22-11-97 

3-1423 

426 * 

427 

25-7-61 

4271 

2 4 -3-89 

4273 

2-2137 

32 - 52-19 

22-1069 

7-13-47 

2-3-23-31 

11-389 

427 

428 

2 3 -5-107 

3-1427 

2-2141 

4283 

22-32-7-17 

5-857 

2-2143 

3-1429 

2»-67 

4289 

428 

429 

2-3-5-11-13 

7-613 

22-29-37 

3 4 -53 

2-19-113 

5-859 

2 3 -3-179 

4297 

2-7-307 

3-1433 

429 

430 

22-52-43 

11-17-23 

2-3 2 -239 

13-331 

2 4 -269 

3-5-7-41 

2-2153 

59-73 

2 2 .3-359 

31-139 

430 

431 

2-5-431 

32-479 

23 . 72 -H 

19-227 

2-3-719 

5-863 

22-13-83 

3-1439 

2-17-127 

7-617 

431 

432 

2«-3 3 -5 

29-149 

2-2161 

3-11-131 

22-23-47 

52-173 

2-3-7-103 

4327 

22-541 

3 2 -13-37 

432 

433 

2-5-433 

61-71 

2 2 -3-192 

7-619 

2-11-197 

3-5-17 2 

2 4 -271 

4337 

2-32-241 

4339 

433 

434 

22-5-7-31 

3-1447 

2-13-167 

43-101 

2 3 -3-181 

5-11-79 

2-41-53 

3 3 -7-23 

22-1087 

4349 

434 

435 

2-3-52.29 

19-229 

2»-17 

3-1451 

2-7-311 

5-13-67 

22 . 32 .il 2 

4357 

2-2179 

3-1453 

435 

436 

2 3 -5-109 

7 2 -89 

2-3-727 

4363 

22-1091 

32-5-97 

2-37-59 

11-397 

2 4 -3-7-13 

17-257 

436 

437 

2-5-19-23 

3-31-47 

2 2 -1093 

4373 

2-3 7 

5 4 -7 

2 3 -547 

3-1459 

2-11-199 

29-151 

437 

438 

22-3-5-73 

13-337 

2-7-313 

32-487 

28-137 

5-877 

2317-43 

41-107 

22-1097 

3-7-11-19 

438 

439 

2-5-439 

4391 

2 3 -3 2 -61 

23-191 

2-13 3 

3-5-293 

22-7-157 

4397 

2-3-733 

53-83 

439 

440 

2 4 -5 2 -ll 

3 3 -163 

2-31-71 

7-17-37 

22-3-367 

5-881 

2-2203 

3-13-113 

2 3 -19-29 

4409 

440 

441 

2 - 32 . 5-72 

11-401 

22-1103 

3-1471 

2-2207 

5-883 

28-3-23 

7-631 

2-472 

32-491 

441 

442 

22-5-13-17 

4421 

2-311-67 

4423 

2 3 -7-79 

3-5 2 -59 

2-2213 

19-233 

22-3 3 -41 

43-103 

442 

443 

2-5-443 

3-7-211 

2 4 -277 

11-13-31 

2-3-739 

5-887 

22-1109 

32-17-29 

2-7-317 

23-193 

443 

444 

2 3 -3-5-37 

4441 

2-2221 

3-1481 

22-11-101 

5-7-127 

2-3 2 -13-19 

4447 

28-139 

3-1483 

444 

445 

2-52-89 

4451 

22-3-7-53 

61-73 

2-17-131 

3 4 -5-ll 

2 3 -557 

4457 

2-3-743 

7 3 -13 

445 

446 

22-5-223 

3-1487 

2-23-97 

4463 

2 4 -3 2 -31 

5-19-47 

2-7-11-29 

3-1489 

22-1117 

41-109 

446 

447 

2-3-5-149 

17-263 

2 3 -13-43 

3 2 -7.71 

2-2237 

5 2 -179 

22-3-373 

ll 2 -37 

2-2239 

3-1493 

447 

448 

22-5-7 

4481 

2-3 3 -83 

4483 

2 2 -19-59 

3-5-13-23 

2-2243 

7-641 

2 3 -3-ll-17 

67 2 

448 1 

449 

2-5-449 

32.499 

22-1123 

4493 

2-3-7-107 

5-29-31 

2 4 -281 

3-1499 

2-13-173 

11-409 

449 ® 
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450 

2 2 -3 2 -5 3 

7-643 

2-2251 

3-19-79 

2 3 -563 

5-17-53 

2-3-751 

4507 

22-72-23 

3 3 -167 

450 & 

451 

251141 

13 347 

25-3-47 

4513 

2-37-61 

3-5-7-43 

22.1129 

4517 

2-32-251 

4519 

451 g 

452 

2 3 -5-ll3 

3-11-137 

2-717-19 

4523 

22-3-13-29 

52 .181 

2-31-73 

32-503 

2 4 -283 

7-647 

452 ° 

453 

2-3-5-151 

23-197 

22-11-103 

3-1511 

2-2267 

5-907 

2 s -3 4 -7 

13-349 

2-2269 

3-17-89 

453 

454 

2 2 -5 227 

19-239 

2-3-757 

7-11-59 

2«-71 

32.5-101 

2-2273 

4547 

22-3-379 

4549 

454 

455 

2-5 2 -7-13 

3-37-41 

2 3 -569 

29-157 

2-32-11.23 

5-911 

22-17-67 

3-72-31 

2-43-53 

47-97 

455 

456 

2*3-5-19 

4561 

2-2281 

3 3 -13 2 

22-7-163 

5-11-83 

2-3-761 

4567 

2 3 -571 

3-1523 

456 

457 

2-5-457 

7-653 

22-32-127 

17-269 

2-2287 

3-52-61 

2M1-13 

23-199 

2-3-7-109 

19-241 

457 

458 

2 2 -5-229 

3 2 -509 

2-29-79 

4583 

2 3 -3-191 

5-7-131 

2-2293 

3-11-139 

22-31-37 

13-353 

458 

459 

2-3 3 -5-17 

4591 

2 4 -7-41 

3-1531 

2-2297 

5-919 

22-3-3 83 

4597 

2-112-19 

32.7.73 

459 

460 

2 3 -5 2 -23 

43-107 

2-3-13-59 

4603 

22-1151 

3-5-307 

2-72-47 

17-271 

2®-32 

11-419 

460 

461 

2-5-461 

3-29-53 

22-1153 

7-659 

2-3-769 

5-13-71 

2 3 -577 

35-19 

2-2309 

31-149 

461 

462 

2 2 -3-5-7-ll 

4621 

2-2311 

3-23-67 

2 4 -172 

5 3 -37 

2-32-257 

7-661 

22-13-89 

31543 

462 

463 

2-5-463 

11-421 

2 3 -3-l93 

41-113 

2-7-331 

32-5-103 

22-19-61 

4637 

2-3-773 

4639 

463 

464 

2 5 -5-29 

3-7-1317 

2-11-211 

4643 

2 2 -3 3 -43 

5-929 

2-23-101 

3-1549 

2 3 -7-83 

4649 

464 

465 

2-3-5 2 -31 

4651 

22-1163 

32-11-47 

2-13-179 

5-72-19 

2 4 -3-97 

4657 

2-17-137 

3-1553 

465 

466 

2 2 -5-233 

59-79 

2.32.7.37 

4663 

2 3 -ll-53 

3-5-311 

2-2333 

13-359 

22-3-389 

7-23-29 

466 

467 

2-5-467 

3 3 *173 

2«-73 

4673 

2-319-41 

52 - 11 -17 

22-7-167 

3-1559 

2-2339 

4679 

467 

468 

2 3 -3 2 -5-13 

31-151 

2-2341 

3-7-223 

22-1171 

5-937 

2-3-11-71 

43-109 

2 4 -293 

32-521 

468 

469 

2-5-7-67 

4691 

22-3-17-23 

13-19 2 

2-2347 

3-5-313 

2 3 -587 

7-11-61 

2-3 4 -29 

37-127 

469 

470 

2 2 -5 2 -47 

3-1567 

2-2351 

4703 

2 5 -3-7 2 

5-941 

2-13-181 

3 2 -523 

22-11-107 

17-277 

470 ^ 

471 

2-3-5-157 

7-673 

2M9-31 

3-1571 

2-2357 

5-23-41 

22-32-131 

53-89 

2-7-337 

3-112-13 

471 3 

472 

2 4 -5-59 

4721 

2-3-787 

4723 

22-1181 

3 3 -5 s -7 

2-17-139 

29-163 

2 3 -3-197 

4729 

472 § 

473 

2-5-11-43 

3-19-83 

2 2 -7-132 

4733 

2-32-263 

5-947 

2 7 -37 

3-1579 

2-23-103 

7-677 

473 g- 

474 

2 2 -3-5-79 

11-431 

2-2371 

32-17-31 

2»-593 

5-13-73 

2-3-7-113 

47-101 

22-1187 

3-1583 

474 2. 

475 

2-5 3 -19 

4751 

2 4 -3 3 -ll 

72-97 

2-2377 

3-5-317 

22-29-41 

67-71 

2-3-1361 

4759 

475 I 

476 

2 3 -5-7-17 

32-232 

2-2381 

11-433 

22-3-397 

5-953 

2-2383 

3-7-227 

2 S -149 

19-251 

476 g* 

477 

2-3 2 -5-53 

13-367 

22-1193 

3-37-43 

2-7-11-31 

52-191 

2 3 -3-199 

17-281 

2-2389 

3 4 -59 

477 3 

478 

22-5-239 

7-683 

2-3-797 

4783 

2 4 13-23 

3-511-29 

2-2393 

4787 

2 2 -3 2 -7-19 

4789 

478 ® 

479 

2-5-479 

3-1597 

2 3 -599 

4793 

2-3-17-47 

5-7-137 

22-11-109 

3 2 -13-41 

2-2399 

4799 

479 

480 

2«-3-5 2 

4801 

2-7 4 

3-1601 

22-1201 

5-31 2 

2-3 3 -89 

11-19-23 

2 3 -601 

3-7-229 

480 

481 

2-5-13-37 

17-283 

22-3-401 

4813 

2-29-83 

3 2 -5-107 

2 4 -7-43 

4817 

2-3-11-73 

61-79 

481 

482 

2 2 -5-241 

3-1607 

2-2411 

7-13-53 

2 3 -3 2 -67 

52-193 

2-19-127 

3-1609 

22-17-71 

11-439 

482 

483 

2-3-5*7-23 

4831 

2 s -151 

3 3 -179 

2-2417 

5-967 

2 2 -3-l3*31 

7-691 

2-41-59 

3-1613 

483 

484 

2 3 -5-ll 2 

47-103 

2-32-269 

29-167 

22-7-173 

3-5-17-19 

2-2423 

37-131 

2 4 -3-101 

13-373 

484 

485 

2-5 2 -97 

32 . 72 .ll 

22-1213 

23-211 

2-3-809 

5-971 

2 3 -607 

3-1619 

2-7-347 

43-113 

485 

486 

2 2 -3 5 -5 

4861 

2-11-13-17 

3-1621 

2 3 -19 

5-7-139 

2-3-811 

31-157 

2 2 -1217 

32-541 

486 

487 

2-5-487 

4871 

2 3 -3-7-29 

11-443 

2-2437 

3-5 3 -13 

22-23-53 

4877 

2-3 2 -271 

7-17-41 

487 

488 

2 4 -5-61 

3-1627 

2-2441 

19-257 

22-3-11-37 

5-977 

2-7-349 

3 3 181 

23-13-47 

4889 

488 

489 

2-3-5-163 

67-73 

22-1223 

3-7-233 

2-2447 

5-11-89 

25-32-17 

59-83 

2-31-79 

3-23-71 

489 

490 

2 2 -5 2 -7 2 

132-29 

2-3-19-43 

4903 

2 3 -613 

3 2 -5-109 

2-11-223 

7-701 

22-3-409 

4909 

490 

491 

2-5-491 

3-1637 

2 4 -307 

17 s 

2-3 3 -7-13 

5-983 

22-1229 

3-11-149 

2-2459 

4919 

491 

492 

2 3 -3-5-41 

7-19-37 

2-23-107 

3 2 -547 

22-1231 

52-197 

2-3-821 

13-379 

2«-7-ll 

3-31-53 

492 

493 

2-5-17-29 

4931 

22.32.137 

4933 

2-2467 

3.5.7.47 

2 3 -617 

4937 

2-3-823 

11-449 

493 

494 

2 2 -5*13-19 

3 4 -61 

2-7-353 

4943 

2 4 -3-l03 

5-23-43 

2-2473 

3-17-97 

22-1237 

72-101 

494 

H 

495 

2-3 2 -52-ll 

4951 

2 8 -619 

3-13-127 

2-2477 

5-991 

22-3-7-59 

4957 

2-37-67 

32-19-29 

495 g. 

496 

2 5 -5-31 

1P-41 

2-3-827 

7-709 

22-17-73 

3-5-331 

2-13-191 

4967 

2 3 -3 3 -23 

4969 

496 J- 

497 

2-5-7-71 

3-1657 

22-11-113 

4973 

2-3-829 

52-199 

2 4 -311 

3 2 -7-79 

2-19-131 

13-383 

497 ^ ® 

498 

22-3-5-83 

17-293 

2-47-53 

3-11-151 

2 3 -7-89 

5-997 

2-32-277 

4987 

22-29-43 

3-1663 

498 E £ 

499 

2-5-499 

7-23-31 

2 7 -3-13 

4993 

2-11-227 

3 3 -5-37 

22-1249 

19-263 

2 - 372.17 

4999 

499 gla 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

— §S? 

N 0 5“ 

ST 

500 

2®-5 4 

3-1667 

2-41-61 

5003 

22-32-139 

5-7-11-13 

2-2503 

3-1669 

2 4 -313 

5009 

500 ^ 

501 

2-3-5-167 

5011 

22-7-179 

32-557 

2-23-109 

5-17-59 

23-311-19 

29-173 

2-13-193 

3-7-239 

501 -4 

502 

22-5-251 

5021 

2-3 4 -31 

5023 

25-157 

3-52-67 

2-7-359 

11-457 

22-3-419 

47-107 

502 

503 

2-5-503 

32-13-43 

22-17-37 

7-719 

2-3-839 

5-19-53 

22-1259 

3-23-73 

2-11-229 

5039 

503 

504 

2 4 -3 2 -5-7 

712 

2-2521 

3-412 

22-13-97 

5-1009 

2-3-292 

72-103 

23-631 

33-11-17 

504 

505 

2-52-101 

5051 

22-3-421 

31-163 

2-7-19 2 

3-5-337 

2«-79 

13-389 

2-32-281 

5059 

505 

506 

22-5-11-23 

3-7-241 

2-2531 

61-83 

23-3-211 

5-1013 

2-17-149 

32-563 

22-7-181 

37-137 

506 

507 

2-3-5-13 2 

11-461 

2 4 -317 

3-19-89 

2-43-59 

52-7-29 

22.33.47 

5077 

2-2539 

3-1693 

507 

508 

22-5-127 

5081 

2-3-7-11 2 

13-17-23 

22-31-41 

32-5-113 

2-2543 

5087 

25-3-53 

7-727 

508 

509 

2-5-509 

3-1697 

22-19-67 

11-463 

2-32-283 

5-1019 

23-72-13 

3-1699 

2-2549 

5099 

509 

510 

22-3-52-17 

5101 

2-2551 

3«-7 

2 4 -ll-29 

5-1021 

2-3-23-37 

5107 

22-1277 

3-13-131 

510 

511 

2-5-7-73 

19-269 

23-32-71 

5113 

2-2557 

3-5-11-31 

22-1279 

7-17-43 

2-3-853 

5119 

511 

512 

2 i°-5 

32-569 

2-13-197 

47-109 

22-3-7-61 

53-41 

2-11-233 

3-1709 

23-641 

23-223 

512 

513 

2-32-5-19 

7-733 

22-1283 

3-29-59 

2-17-151 

5-13-79 

2 4 -3-107 

11-467 

2-7-367 

32-571 

513 

514 

22-5-257 

53-97 

2-3-857 

37-139 

23-643 

3-5-73 

2-31-83 

5147 

22-32-11-13 

19-271 

514 

515 

2-52-103 

3-17-101 

2 5 -7-23 

5153 

2-3-859 

5-1031 

22-1289 

3 3 -191 

2-2579 

7-11-67 

515 

516 

23-3-5-43 

13-397 

2-29-89 

3-1721 

22.1291 

5-1033 

2-32-7-41 

5167 

2 4 -17-19 

3-1723 

516 

517 

2-5-11-47 

5171 

22-3-431 

7-739 

2-13-199 

32.52.23 

2 3 -647 

31-167 

2-3-863 

5179 

517 

518 

22-5-7-37 

3-11-157 

2-2591 

71-73 

2B-3 4 

5-17-61 

2-2593 

3-7-13-19 

22-1297 

5189 

518 _ 

519 

2-3-5-173 

29-179 

23-11-59 

32-577 

2.72.53 

5-1039 

22-3-433 

5197 

2-23-113 

3-1733 

519 

520 

2 4 -5*-l3 

7-743 

2-32-172 

112-43 

22-1301 

3-5-347 

2-19-137 

41-127 

23-3-7-31 

5209 

520 5. 

521 

2-5-521 

33-193 

22-1303 

13-401 

2-3-11-79 

5-7-149 

2 s -163 

3-37-47 

2-2609 

17-307 

521 © 

522 

22-32-5-29 

23-227 

2-7-373 

3-1741 

23-653 

52-11-19 

2-3-13-67 

5227 

22-1307 

32-7-83 

622 §• 

523 

2-5-523 

5231 

2 4 -3-109 

5233 

2-2617 

3-5-349 

22-7-11-17 

5237 

2-33.97 

132-31 

523 » 

524 

22-5-131 

3-1747 

2-2621 

72-107 

22-3-19-23 

5-1049 

2-43-61 

32-11-53 

2 7 -41 

29-181 

524 ff. 

525 

2-3-53-7 

59-89 

22-13-101 

3-17-103 

2-37-71 

5-1051 

23-32-73 

7-751 

2-11-239 

3-1753 

525 § 

526 

22-5-263 

5261 

2-3-877 

19-277 

2 4 -7-47 

3 4 -5-13 

2-2633 

23-229 

22-3-439 

11-479 

526 50 

527 

2-5-17-31 

3-7-251 

23-659 

5273 

2-32-293 

52-211 

22-1319 

3-1759 

2-7-13-29 

5279 

527 

528 

2«-3-5-ll 

5281 

2-19-139 

32-587 

22-1321 

5-7-151 

2-3-881 

17-311 

23-661 

3-41-43 

528 

529 

2-5-23 2 

11-13-37 

22 . 33.72 

67-79 

2-2647 

3-5-353 

2 4 -331 

5297 

2-3-883 

7-757 

529 

530 

22-52-53 

32-19-31 

2-11-241 

5303 

23-3-13-17 

5-1061 

2-7-379 

3-29-61 

22-1327 

5309 

530 

531 

2-32-5-59 

47-113 

2«-83 

3-7-11-23 

2-2657 

5-1063 

22-3-443 

13-409 

2-2659 

33-197 

531 

532 

22-5-7-19 

17313 

2-3-887 

5323 

2 2 . IP 

3-52-71 

2-2663 

7-761 

2 4 -3 2 -37 

732 

532 

533 

2-5-13-41 

3-1777 

22-31-43 

5333 

2-3-7-127 

5-11-97 

23-23-29 

32-593 

2-17-157 

19-281 

533 

534 

22-3-5-89 

72-109 

2-2671 

3-13-137 

25-167 

5-1069 

235 -II 

5347 

22-7-191 

3-1783 

534 

535 

2-52-107 

5351 

22-3-223 

53-101 

2-2677 

32-5-7-17 

22-13-103 

11-487 

2-3-19-47 

23-233 

535 

536 

2 4 -5-67 

3-1787 

2-7-383 

31-173 

22-32-149 

5-29-37 

2-2683 

3-1789 

23-11-61 

7-13-59 

536 

537 

2-3-5-179 

41-131 

22-17-79 

33-199 

2-2687 

53 43 

2®-3-7 

19-283 

2-2689 

3-11-163 

537 

538 

22-5-269 

5381 

2-32.13-23 

7-769 

23-673 

3-5-359 

2-2693 

5387 

22-3-449 

17-317 

538 

539 

2-5-72-11 

32.599 

2 4 -337 

5393 

2-3-29-31 

5-13-83 

22-19-71 

3-7-257 

2-2699 

5399 

539 

540 

23.3 3 -52 

11-491 

2-37-73 

3-1801 

22-7-193 

5-23-47 

2-317-53 

5407 

25 -132 

32-601 

540 

541 

2-5-541 

7-773 

2 2 -3-ll-41 

5413 

2-2707 

3-5-19 2 

23-677 

5417 

2-32-7-43 

5419 

541 

542 

22-5-271 

3-13-139 

2-2711 

11-17-29 

2 4 -3-113 

52.7.31 

2-2713 

3 4 -67 

22-23-59 

61-89 

542 

543 

2-3-5-181 

5431 

23-7-97 

3-1811 

2-11-13-19 

5-1087 

22-32-151 

5437 

2-2719 

3-72-37 

543 

544 

2*-5-17 

5441 

2-3-907 

5443 

22-1361 

32-5-112 

2-7-389 

13-419 

23-3-227 

5449 

544 

545 

2-52-109 

3-23-79 

22-29-47 

7-19-41 

2-33-101 

5-1091 

2 4 -ll-31 

3-17-107 

2-2729 

53-103 

545 

546 

22-3-5-7-13 

43-127 

2-2731 

32-607 

23-683 

5-1093 

2-3-911 

7-11-71 

22-1367 

3-1823 

546 

547 

2-5-547 

5471 

2S-32-19 

13-421 

2717-23 

3 52.73 

22.372 

5477 

2-3-11-83 

5479 

547 * 

548 

23-5-137 

3 3 -7-29 

2-2741 

5483 

22-3-457 

5-1097 

2-13-211 

3-31-59 

2 4 -7 3 

11-499 

548 S 

549 

2-32-5-61 

172-19 

22-1373 

3-1831 

2-41-67 

5-7-157 

23-3-229 

23-239 

2-2749 

32-13-47 

549 g 
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550 

2 2 -5Ml 

5501 

2-3-7-131 

5503 

2 7 -43 

3-5-367" 

2-2753 

5507 

22-3M7 

7-787 

550 gj 

551 

2-519-29 

3-11-167 

2 3 -13-53 

37-149 

2-3-919 

5-1103 

22-7-197 

32-613 

2-31-89 

5519 

55l| 

552 

2 4 -3-5-23 

5521 

2-11-251 

3-7-263 

22-1381 

52-13-17 

2-32-307 

5527 

2 3 -691 

3-19-97 

552 0 

553 

2-5-7-79 

5531 

22-3-461 

11-503 

2-2767 

32.5.41 

2 5 -173 

72-113 

2-3-13-71 

29-191 

553 

554 

2 2 -5-277 

3-1847 

2-17-163 

23-241 

2 3 -3 2 -7-ll 

5-1109 

2-47-59 

3.432 

22-19-73 

31-179 

554 

555 

2-3-5 2 -37 

7-13-61 

2 4 -347 

32-617 

2-2777 

5-11-101 

22-3-463 

5557 

2-7-397 

3-17-109 

555 

556 

2 3 .5.139 

67-83 

2-3 3 -103 

5563 

22-13-107 

3.5.7.53 

2-112-23 

19-293 

2 6 -3-29 

5569 

556 

557 

2-5-557 

32-619 

22-7-199 

5573 

2-3-929 

52-223 

2 3 -17-41 

3-11-132 

2-2789 

7-797 

557 

558 

22-32-5-31 

5581 

2-2791 

3-1861 

2 4 -349 

5-1117 

2-3-72-19 

37-151 

22-11-127 

3 5 -23 

558 

559 

2-5-13-43 

5591 

2*-3-233 

7-17-47 

2-2797 

3-5-373 

22-1399 

29-193 

2-32-311 

11-509 

559 

560 

25-52-7 

3-1867 

2-2801 

13-431 

22-3-467 

5-19-59 

2-2803 

32-7-89 

2 3 -701 

71-79 

560 

561 

2-3-5-11-17 

31-181 

22-23-61 

3-1871 

2-7-401 

5-1123 

2 4 -3 3 -13 

41-137 

2-532 

3-1873 

561 

562 

22-5-281 

7-11-73 

2-3-937 

5623 

2 3 -19-37 

3 2 -5 4 

2-29-97 

17-331 

22-3-7-67 

13-433 

562 

563 

2-5-563 

3-1877 

2»-ll 

43-131 

2-32-313 

5-72-23 

22-1409 

3-1879 

2-2819 

5639 

563 

564 

2*-3-5-47 

5641 

2-7-13-31 

3 3 -11-19 

22-17-83 

5-1129 

2-3-941 

5647 

2 4 -353 

3-7-269 

564 

565 

2-5 2 -113 

5651 

22-32-157 

5653 

2-11-257 

3-5-13-29 

2 3 -7-101 

5657 

2-3-23-41 

5659 

565 

566 

22-5-283 

32-17-37 

2-19-149 

7-809 

25-3-59 

5-11-103 

2-2833 

3-1889 

22-13-109 

5669 

566 

567 

2-3 4 -5-7 

53-107 

2 3 -709 

3-31-61 

2-2837 

52.227 

2 2 -3-l 1-43 

7-811 

2-17-167 

32-631 

567 

568 

2 4 -5-71 

13-19-23 

2-3-947 

5683 

22-72-29 

3-5-379 

2-2843 

112-47 

2 3 -3 2 -79 

5689 

568 

569 

2-5-569 

3-7-271 

22-1423 

5693 

2-313-73 

5-17-67 

2 6 -89 

3 3 -211 

2-7-11-37 

41-139 

569 

570 

22-3-5 2 -19 

5701 

2-2851 

3-1901 

2 3 -23-31 

5-7-163 

2-32-317 

13-439 

22-1427 

3-11-173 

570 

571 

2-5-571 

5711 

2 4 -3-7-17 

29-197 

2-2857 

32-5-127 

22-1429 

5717 

2-3-953 

7-19-43 

571 3 

572 

22-5-11-13 

3-1907 

2-2861 

59-97 

22.3 3 -53 

52-229 

2-7-409 

3-23-83 

2 5 -179 

17-337 

572 g 

573 

2-3-5-191 

11-521 

22-1433 

3272.13 

2-47-61 

5-31-37 

2 3 -3-239 

5737 

2-19-151 

3-1913 

573 ff 

574 

22-5-7-41 

5741 

2-32-11-29 

5743 

2 4 -359 

3-5-383 

2-132-17 

7-821 

22-3-479 

5749 

574 §. 

N 

575 R 

575 

2-5 3 -23 

3 4 -71 

2 3 -719 

11-523 

2-3-7-137 

5-1151 

22-1439 

3-19-101 

2-2879 

13-443 

576 

2 7 -3 2 -5 

7-823 

2-43-67 

3-17-113 

22-11-131 

5-1153 

2-3-312 

73-79 

2 3 -7-103 

32-641 

576 g’ 

577 

2-5-577 

29-199 

22-3-13-37 

23-251 

2-2887 

3-52-7-11 

2 4 -19 2 

53-109 

2-3 3 -107 

5779 

577 g 

578 

22-5-172 

3-41-47 

2-72-59 

5783 

22-3-241 

5-13-89 

2-11-263 

32-643 

22-1447 

7-827 

578 » 

579 

2-3-5-193 

5791 

2 5 -181 

3-1931 

2-2897 

5-19-61 

22-32-7-23 

11-17-31 

2-13-223 

3-1933 

579 

580 

2 3 -5 2 -29 

5801 

2-3-967 

7-829 

2 ? -1451 

3 3 -5.43 

2-2903 

5807 

2 4 -3-ll 2 

37-157 

580 

581 

2-5-7-83 

3-13-149 

22-1453 

5813 

2-32-17-19 

5-1163 

2 3 -727 

3-7-277 

2-2909 

11-232 

581 

582 

22-3-5-97 

5821 

2-41-71 

32-647 

2 6 -7-13 

52-233 

2-3-971 

5827 

22-31-47 

3-29-67 

582 

583 

2-5-11-53 

7 3 -17 

2 3 -3 6 

19-307 

2-2917 

3-5-389 

22-1459 

13-449 

2-3-7-139 

5839 

583 

584 

2 4 -5-73 

32 - 11-59 

2-23-127 

5843 

22-3-487 

5-7-167 

2-37-79 

3-1949 

2 3 -17-43 

5849 

584 

585 

2-32-52-13 

5851 

22-7-11-19 

3-1951 

2-2927 

5-1171 

25-3-61 

5857 

2-29-101 

3 3 -7-31 

585 

586 

22-5-293 

5861 

2-3-977 

11-13-41 

22-733 

3-5-17-23 

2-7-419 

5867 

22-32-163 

5869 

586 

587 

2-5-587 

3-19-103 

2 4 -367 

7-839 

2-3-11-89 

5 3 -47 

22-13-113 

32-653 

2-2939 

5879 

587 

588 

2 3 -3-5-7 2 

5881 

2-17-173 

3-37-53 

22-1471 

5-11-107 

2-3 3 -109 

7-292 

2»-23 

3-13-151 

588 

589 

2-5-19-31 

43-137 

22-3-491 

71-83 

2-7-421 

32-5-131 

2 3 -ll-67 

5897 

2-3-983 

17-347 

589 

590 

22.52-59 

3-7-281 

2-13-227 

5903 

2 4 -3 2 -41 

5-1181 

2-2953 

3-11-179 

22-7-211 

19-311 

590 

591 

2-3-5-197 

23-257 

2 3 -739 

3 4 -73 

2-2957 

5-7-13 2 

22-3-17-29 

61-97 

2-11-269 

3-1973 

591 

592 

2 5 -5-37 

31-191 

2-32-7-47 

5923 

22-1481 

3-52.79 

2-2963 

5927 

2 3 -3-13-19 

72.112 

592 

593 

2-5-593 

32-659 

22-1483 

17-349 

2-3-23-43 

5-1187 

2 4 -7-53 

3-1979 

2-2969 

5939 

593 

594 

2 ? -3 3 -5-ll 

13-457 

2-2971 

3-7-283 

22-743 

5-29-41 

2-3-991 

19-313 

22-1487 

32-661 

594 

595 

2-52-7-17 

11-541 

2«-3-31 

5953 

2-13-229 

3-5-397 

22-1489 

7-23-37 

2-32-331 

59-101 

595 g. 

596 

2 3 -5-149 

3-1987 

2-11-271 

67-89 

22-3-7-71 

5-1193 

2-19-157 

3 3 -13-17 

2 4 -373 

47-127 

596 £ 

597 

2-3-5-199 

7-853 

22-1493 

3-11-181 

2-29-103 

52-239 

2 3 -3 2 -83 

43-139 

2-72-61 

3-1993 

nub 

598 

22-5-13-23 

5981 

2-3-997 

31-193 

25-11-17 

32-5-7-19 

2-41-73 

5987 

22-3-499 

53-113 

599 

2-5-599 

3-1997 

2 3 -7-107 

13-461 

2-3 4 -37 

5-11-109 

22-1499 

3-1999 

2-2999 

7-857 

599 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Table 

6000 

l ^ 

600 

2 4 -3-5 3 

17-353 

2-3001 

32-23-29 

2 2 -19-79 

5-1201 

2-3-7-11-13 

6007 

2 3 -751 

3-2003 

600 ^ 

601 

2-5-601 

6011 

2 2 -3 2 -167 

7-859 

2-31-97 

3-5-401 

2 7 -47 

11-547 

2-3-17-59 

13-463 

601 

602 

2 2 -5-7-43 

3 3 -223 

2-3011 

19-317 

2 3 -3-251 

52-241 

2-23-131 

3-72-41 

22-11-137 

6029 

602 

603 

2-3 2 -5-67 

37-163 

2 4 -13-29 

3-2011 

2-7-431 

5-17-71 

22-3-503 

6037 

2-3019 

3 2 -ll-61 

603 

604 

2 3 -5-151 

7-863 

2-3-19-53 

6043 

2 2 -1511 

3-5-13-31 

2-3023 

6047 

2 5 -3 3 -7 

23-263 

604 

605 

2-5 2 -ll 2 

3-2017 

2 2 -17-89 

6053 

2-3-1009 

5-7-173 

2 3 -757 

3 2 -673 

2-13-233 

73-83 

605 

606 

2 2 -3-5-101 

11-19-29 

2-7-433 

3-43-47 

2 4 -3 79 

5-1213 

2-32-337 

6067 

22-37-41 

3-7-17 2 

606 

607 

2-5-607 

13-467 

2 3 -3-ll-23 

6073 

2-3037 

35-52 

22 . 72 . 3 i 

59-103 

2-3-1013 

6079 

607 

608 

2 6 -5-19 

3-2027 

2-3041 

7-11-79 

2 2 .32-13 2 

5-1217 

2-17-179 

3-2029 

2 3 -761 

6089 

608 

609 

2-3-5-7-29 

6091 

22-1523 

32-677 

2-11-277 

5-23-53 

2 4 -3-127 

7-13-67 

2-3049 

3-19-107 

609 

610 

2 2 -5 2 -61 

6101 

2-3 3 -113 

17-359 

2 3 -7-109 

3-5-11-37 

2-43-71 

31-197 

2 2 -3-509 

41-149 

610 

611 

2-5-13-47 

3 2 -7-97 

2 5 -191 

6113 

2-3-1019 

5-1223 

22-11-139 

3-2039 

2-7-19-23 

29-211 

611 

612 

2 3 -3 2 -5-l7 

6121 

2-3061 

3-13-157 

22-1531 

53.72 

2-3-1021 

11-557 

2 4 -383 

3 3 -227 

612 

613 

2-5-613 

6131 

2 2 -3-7-73 

6133 

2-3067 

3-5-409 

2 3 -13-59 

17-19 2 

2-3 2 -l 1-31 

7-877 

613 

614 

2 2 -5-307 

3-23-89 

2-37-83 

6143 

2 n -3 

5-1229 

2-7-439 

32-683 

22-29-53 

11-13-43 

614 

615 

2-3-5 2 -41 

6151 

2 3 -769 

3-7-293 

2-17-181 

5-1231 

2 2 -3 4 -19 

47-131 

2-3079 

3-2053 

615 

616 

2 4 -5-7-ll 

61-101 

2-3-13-79 

6163 

2 2 -23-67 

3 2 -5-137 

2-3083 

V -881 

2 3 -3-257 

31-199 

616 

617 

2-5-617 

3-1P-17 

2 2 -l543 

6173 

2-3 2 -7 3 

52-13-19 

2 5 -193 

3-29-71 

2-3089 

37-167 

617 

618 

2 2 -3-5-103 

7-883 

2-11-281 

3 3 -229 

2 3 -773 

5-1237 

2-3-1031 

23-269 

22-7-13-17 

3-2063 

618 

619 

2-5-619 

41-151 

2 4 -3 2 -43 

11-563 

2-19-163 

3-5-7-59 

22-1549 

6197 

2-3-1033 

6199 

619 £ 

620 

2 3 -5 2 -31 

3 2 13-53 

2-7-443 

6203 

22-3-11-47 

5-17-73 

2-29-107 

3-2069 

2«-97 

7-887 

620 2 

621 

2-3 3 -5-23 

6211 

2 2 -1553 

3-19-109 

2-13-239 

5-11-113 

2 3 -3-7-37 

6217 

2-3109 

32-691 

621 0 

622 

2 2 -5-311 

6221 

2-3-17-61 

72-127 

2 4 -389 

3-5 2 -83 

2-11-283 

13-479 

22-32-173 

6229 

622 3. 

623 

2-5-7-89 

3-31-67 

2 3 -19-41 

23-271 

2-3-1039 

5-29-43 

22-1559 

3 4 -7-ll 

2-3119 

17-367 

623 g 

624 

2 5 -3-5-13 

79 2 

2-3121 

3-2081 

22-7-223 

5-1249 

2-32-347 

6247 

2M1-71 

3-2083 

624 a, 

625 

25 s 

7-19-47 

2 2 -3-521 

13 2 -37 

2-53-59 

32-5-139 

2 4 -17-23 

6257 

2-3-7-149 

11-569 

625 § 

626 

2 2 -5-313 

3-2087 

2-31-101 

6263 

2 3 -3 3 -29 

5-7-179 

2-13-241 

3-2089 

22-1567 

6269 

626 » 

627 

2-3-5-11-19 

6271 

2 7 -7 2 

32-17-41 

2-3137 

5 2 -251 

22-3-523 

6277 

2-43-73 

3-7-13-23 

627 

628 

2 3 -5-15? 

11-571 

2-3 2 -349 

61-103 

22-1571 

3-5-419 

2-7-449 

6287 

2 4 -3-131 

19-331 

826 

629 

2517-37 

3 3 -233 

2 2 -ll 2 -13 

7-29-31 

2-3-1049 

5-1259 

2 3 -787 

3-2099 

2-47-67 

6299 

629 

630 

2 2 -3 2 -5 2 -7 

6301 

2-23-137 

3-11-191 

25-197 

5-13-97 

2-3-1051 

7-17-53 

22-19-83 

32.701 

630 

631 

2-5-631 

6311 

2 3 -3-263 

59-107 

2-7-11-41 

3-5-421 

22-1579 

6317 

2-3 5 -13 

71-89 

631 

632 

2 4 -5-79 

3-7 2 -43 

2-29-109 

6323 

22-3-17-31 

52-11-23 

2-3163 

32-19-37 

2 3 -7-113 

6329 

632 

633 

2-3-5211 

13-487 

2 2 -1583 

3-2111 

2-3167 

5-7-181 

2 6 -3 2 -ll 

6337 

2-3169 

3-2113 

633 

634 

2 2 -5-317 

17-373 

2-3-7-151 

6343 

2 3 -13-61 

3 3 -5-47 

2-19-167 

11-577 

22-3-232 

7-907 

634 

635 

2-5 2 -127 

3-29-73 

2 4 -397 

6353 

2-3 2 -353 

5-31-41 

22-7-227 

3-13-163 

2-11-172 

6359 

635 

636 

2 3 -3-5-53 

6361 

2-3181 

32-7-101 

22-37-43 

5-19-67 

2-3-1061 

6367 

2 5 -199 

3-11-193 

636 

637 

2-5-7 2 -13 

23-277 

2 2 -3 3 -59 

6373 

2-3187 

3-5 3 -17 

2 3 -797 

7-911 

2-3-1063 

6379 

637 

638 

2 2 -5-ll-29 

3 2 -709 

2-3191 

13-491 

2 4 -3-7-19 

5-1277 

2-31-103 

3-2129 

22-1597 

6389 

638 

639 

2-3 2 -5-71 

7-11-83 

2 3 -17-47 

3-2131 

2-23-139 

5-1279 

22-3-13-41 

6397 

2-7-457 

3 4 -79 

639 

640 

2 8 -5 2 

37-173 

2-3-11-97 

19-337 

22-1601 

3-5-7-61 

2-3203 

43-149 

2 3 -3 2 -89 

13-17-29 

640 

641 

2-5-641 

3-2137 

2 2 -7-229 

112-53 

2-3-1069 

5-1283 

2 4 -401 

32-23-31 

2-3209 

7 2 -131 

641 

642 

2 2 -3-5-107 

6421 

213 2 19 

3-2141 

2 3 -ll-73 

52-257 

2-3 3 -7-17 

6427 

22-1607 

3-2143 

642 

643 

2-5-643 

59-109 

2 3 -3-67 

7-919 

2-3217 

32-511-13 

22-1609 

41-157 

2.3-29.37 

47-137 

643 

644 

2 3 -5-7-23 

3-19-113 

2-3221 

17-379 

22-32-179 

5-1289 

2-11-293 

3-7-307 

2 4 -13-31 

6449 

644 

645 

2-3-5 2 -43 

6451 

22-1613 

3 3 -239 

2-7-461 

5-1291 

2 3 -3-269 

11-587 

2-3229 

3-2153 

645 

646 

2 2 -5-17-19 

7-13-71 

2-32-359 

23-281 

28-101 

3-5-431 

2-53-61 

29-223 

22 . 3 . 72 .II 

6469 

646 

647 

2-5-647 

3 2 -719 

2 3 -809 

6473 

2-3-13-83 

52.7.37 

22-1619 

3-17-127 

2-41-79 

11-19-31 

647 

648 

2 4 -3 4 -5 

6481 

2-7-463 

3-2161 

22-1621 

5-1297 

2-3-23-47 

13-499 

2 3 -811 

32-7-103 

648 g 

649 

2-5-11-59 

6491 

22-3-541 

43-151 

2-17-191 

3-5-433 

2 5 -7-29 

73-89 

2 - 32-192 

67-97 

649 g 
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650 

2 2 -5 3 -13 

3-11-197 

2-3251 

7-929 

2 3 -3-27l 

5-1301 

2-3253 

3 3 -241 

2 2 -1627 

23-283 

650 

651 

2-3-5-7-31 

17-383 

2 4 -ll-37 

3-13-167 

2-3257 

5*1303 

22-3 2 -181 

7 3 -19 

2-3259 

3-41-53 

651 0 

652 0 

652 

2 3 -5-163 

6521 

2-3-1087 

11-593 

2 2 -7-233 

3 2 -5 2 -29 

2-13-251 

61-107 

2 7 -3-17 

6529 

653 

25-653 

3-7-311 

2 2 -23-7l 

47-139 

2-3 3 -ll 2 

5-1307 

2 3 -19-43 

3-2179 

2-7-467 

13-503 

653 

654 

2 2 -3-5-109 

31-211 

2-3271 

3 2 -727 

2 4 -409 

5-7-11-17 

2-3-1091 

6547 

22-163 7 

3-37-59 

654 

655 

2-5M31 

6551 

2 3 -3 2 -7-13 

6553 

2-29-113 

3-519-23 

2 2 -ll-149 

79-83 

2-3-1093 

7-937 

655 

656 

2S-5-41 

3* 

2-17-193 

6563 

22-3-547 

5-13-101 

2-72-67 

3-11-199 

2 3 -821 

6569 

656 

657 

2-3 2 -5-73 

6571 

2 2 -31-53 

3-7-313 

2-19-173 

5 2 -263 

2 4 -3-137 

6577 

2-1113-23 

3 2 -l7-43 

657 

658 

2 2 -5-7-47 

6581 

2-3-1097 

29-227 

2 3 -823 

3-5-439 

2-37-89 

7-941 

2 2 -3 3 -61 

11-599 

658 

659 

2-5-659 

3-13 3 

2®-103 

19-347 

2-3-7-157 

5-1319 

22-17-97 

32 7 33 

2-3299 

6599 

659 

660. 

2 3 -3-5 2 -ll 

7-23-41 

2-3301 

3-31-71 

22-13-127 

5-1321 

2-32-367 

6607 

2 4 -7-59 

3-2203 

660 

661 

2-5-661 

11-601 

22-3-19-29 

17-389 

2-3307 

3 3 -5-7 2 

2 3 -827 

13-509 

2-3-1103 

6619 

661 

662 

2 2 -5-331 

3-2207 

2-7-11-43 

37-179 

2 s -3 2 -23 

5 3 -53 

2-3313 

3-47 2 

2 2 -1657 

7-947 

662 

663 

2-3-5-13-17 

19-349 

2 3 -829 

3 2 -ll-67 

2-31-107 

5-1327 

22-3-7-79 

6637 

2-3319 

3-2213 

663 

664 

2 4 -5-83 

29-229 

2-3 4 -41 

7-13-73 

22-11-151 

3-5-443 

2-3323 

172-23 

2 3 -3-277 

61-109 

664 

665 

2-5 2 -7-19 

3 2 -739 

2 2 -1663 

6653 

2-3-1109 

5-11 3 

2*13 

3-7-317 

2-3329 

6659 

665 

666 

2 2 -3 2 -5-37 

6661 

2-3331 

3-2221 

2 3 -7 2 -17 

5-31-43 

2-3-11-101 

59-113 

22-1667 

3 3 -13-19 

666 

667 

2-5-23-29 

7-953 

2 4 -3*139 

6673 

2-47-71 

3-52-89 

22-1669 

11-607 

2-32-7-53 

6679 

667 

668 

2 3 -5-167 

3-17-131 

2-13-257 

41-163 

2 2 -3-557 

5-7191 

2-3343 

32.743 

2M1-19 

6689 

668 

669 

2-3-5-223 

6691 

2 2 -7-239 

3-23-97 

2-3347 

5-13-103 

2 3 -3 3 -31 

37-181 

2-17-197 

3-7-11-29 

669 

670 

2 2 -5 2 -67 

6701 

2-3-1117 

6703 

2 4 -419 

32-5-149 

2-7-479 

19-353 

2 2 -3-13-43 

6709 

670 _ 

671 

2-5-11-61 

3-2237 

2 3 -839 

7 2 -137 

2-3 2 -373 

5-17-79 

22-23-73 

3-2239 

2-3359 

6719 

671 J 

672 

2 6 -3-5-7 

11-13-47 

2-3361 

3 4 -83 

2 2 -41 2 

5 2 -269 

2-3-19-59 

7-31 2 

2 3 -29 2 

3-2243 

672 5 

673 

2-5-673 

53-127 

2 2 -3 2 -ll-17 

6733 

2-7-13-37 

3-5-449 

2 4 -421 

6737 

2-3-1123 

23-293 

673 S’ 

674 

2 2 -5-337 

3 2 -7-107 

2-3371 

11-613 

2 a -3-281 

5-19-71 

2-3373 

3-13-173 

22-7-241 

17-397 

674 3. 

N 

675 £ 

675 

2-3 3 -5 3 

43-157 

2 3 -211 

3-2251 

2-11-307 

5-7-193 

22-3-563 

29-233 

2-31-109 

3 2 -751 

676 

2 3 -5-13 2 

6761 

2-3-7 2 -23 

6763 

22-19-89 

3-5-11-41 

2-17-199 

67-101 

2 4 -3 2 -47 

7-967 

676 0* 

677 

2-5-677 

3-37-61 

2 2 -1693 

13-521 

2-3-1129 

52-271 

2 3 -7-ll 2 

3 3 -251 

2-3389 

6779 

677 B 

678 

2 2 -3-5-ll3 

6781 

2-3391 

3-7-17-19 

2'-53 

5-23-59 

2-3"-13-29 

11-617 

22-1697 

3-31-73 

678 m 

679 

2-5-7-97 

6791 

2 3 -3-283 

6793 

2-43-79 

3 2 -5-151 

22-1699 

7-971 

2-3-11-103 

13-523 

679 

680 

2 4 -5 2 -17 

3-2267 

2-19-179 

6803 

2 2 -3 5 -7 

5-1361 

2-41-83 

3-2269 

2 3 -23-37 

11-619 

680 

681 

2-3-5-227 

7 2 -139 

2 2 -13-131 

3 2 -757 

2-3407 

5-29-47 

2S-3-71 

17-401 

2-7-487 

3-2273 

681 

682 

2 2 -5-ll-31 

19-359 

2-3 2 -379 

6823 

2 3 -853 

3-5 2 -7-13 

2-3413 

6827 

22-3-569 

6829 

682 

683 

2-5-683 

3 s -11 -23 

2 4 -7-61 

6833 

2-3-17-67 

5-1367 

22-1709 

3-43-53 

2-13-263 

7-977 

683 

684 

2 3 -3 2 -5-19 

6841 

2-11-311 

3-2281 

22-29-59 

5-37 2 

2-3-7-163 

41-167 

2®-107 

3 2 -761 

684 

685 

2-5 2 -137 

13-17-31 

2 2 -3-571 

7-11-89 

2-23-149 

3-5-457 

2 3 -857 

6857 

2-3M27 

19 3 

685 

686 

2 2 -5-7 3 

3-2287 

2-47-73 

6863 

2 4 -3-ll-13 

5-1373 

2-3433 

32-7-109 

22-17-101 

6869 

686 

687 

2-3-5 229 

6871 

2 3 -859 

3-29-79 

2-7-491 

5 4 -ll 

2 2 -3 2 -191 

13-23 2 

2-19-181 

3-2293 

687 

688 

2 3 -5-43 

7-983 

23-31-37 

6883 

2 2 -1721 

3 4 -5-17 

2-11-313 

71-97 

2 3 -3-7-41 

83 2 

688 

689 

2-513-53 

3-2297 

2 2 -1723 

61-113 

2-3 2 -383 

5-7-197 

2 4 -431 

3-ll 2 -19 

2-8449 

6899 

689 

690 

2 2 -3-5 2 -23 

67-103 

2-7-17-29 

3 2 -13-59 

2 3 -863 

5-1381 

2-3-1151 

6907 

22-11-157 

3-72-47 

690 

691 

2-5-691 

6911 

2*-3 3 

31-223 

2-3457 

3-5-461 

22-7-13-19 

6917 

2-3-1153 

11-17-37 

691 

692 

2 3 -5-173 

3 z -769 

2-3461 

7-23-43 

2 2 .3-577 

52-277 

2-3463 

3-2309 

2 4 -433 

13 2 -41 

692 

693 

2-3 2 -5-7-ll 

29-239 

22-1733 

3-2311 

2-3467 

5-19-73 

2 3 -3-17 2 

7-991 

2-3469 

3 3 -257 

693 

694 

2 2 -5-347 

11-631 

2-3-13-89 

53-131 

2S-7-31 

3-5-463 

2-23-151 

6947 

22-32-193 

6949 

694 H 

695 

2-5 2 -139 

3-7-331 

2 3 -ll-79 

17-409 

2-3-19-61 

5-13-107 

22-37-47 

3 2 -773 

2-72-71 

6959 

695 g- 

696 

2 4 -3-5-29 

6961 

2-59 2 

3-11-211 

22-1741 

5-7-199 

2-3 4 -43 

6967 

2 3 -13-67 

3-23-101 

696 ft 

697 

2-5-17-41 

6971 

2 2 -3-7-83 

19-367 

2-11-317 

3 2 -5 2 -31 

2®-109 

6977 

2-3-1163 

7-997 

697 " 

698 

698 

2 2 -5-349 

3-13-179 

2-3491 

6983 

2 3 -3 2 -97 

5-11-127 

2-7-499 

3-17-137 

22-1747 

29-241 

699 

2-3-5-233 

6991 

2 4 -19-23 

3 3 -7-37 

2-13-269 

5-1399 

22-3-11-53 

6997 

2-3499 

3-2333 

699 g ^ 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

N oj 

700 

2 3 -5 3 -7 

7001 

2-32-389 

47-149 

22-17-103 

3-5-467 

2-31-113 

72-11-13 

2 s -3-73 

43-163 

700 ! 

701 

2-5-701 

32-19-41 

22-1753 

7013 

2-3-7-167 

5-23-61 

2 3 -87 7 

3-2339 

2-112-29 

7019 

701 

702 

2 2 -3 3 -5-13 

7-17-59 

2-3511 

3-2341 

2 4 -439 

52-281 

2-3-1171 

7027 

22-7-251 

32-11-71 

702 

703 

2-5-19-37 

79-89 

2 3 -3-293 

13-541 

2-3517 

3-5-7-67 

22-1759 

31-227 

2-32-17-23 

7039 

703 

704 

2 7 -5-ll 

3-2347 

2-7-503 

7043 

22-3-587 

5-1409 

2-13-271 

3 5 -29 

2 3 -881 

7-19-53 

704 

705 

2-3-5 2 -47 

11-641 

22-41-43 

3-2351 

2-3527 

5-17-83 

2 4 -3 2 -7 2 

7057 

2-3529 

3-13-181 

705 

706 

22-5-353 

23-307 

2-311-107 

7-1009 

2 3 -883 

32-5-157 

2-3533 

37-191 

22-3-19-31 

7069 

706 

707 

2-5-7-101 

3-2357 

25-13-17 

11-643 

2-3 3 -131 

52-283 

22-29-61 

3-7-337 

2-3539 

7079 

707 

708 

2 3 -3-5-59 

73-97 

2-3541 

32-787 

22-711-23 

5-13-109 

2-3-1181 

19-373 

2 4 -443 

3-17-139 

708 

709 

2-5-709 

7-1013 

22-32-197 

41-173 

2-3547 

3-5-11-43 

2 3 -887 

47-151 

2-3-7-132 

31-229 

709 

710 

22-52-71 

3 3 -263 

2-53-67 

7103 

2 6 -3-37 

5-72-29 

2-1117-19 

3-23-103 

22-1777 

7109 

710 

711 

2-3 2 -5-79 

13-547 

2 3 -7-127 

3-2371 

2-3557 

5-1423 

22-3-593 

11-647 

2-3559 

32.7113 

711 

712 

2 4 -5-89 

7121 

2-3-1187 

17-419 

22-13-137 

3-5 3 -19 

2-7-509 

7127 

2 3 -3 4 -ll 

7129 

712 

713 

2-5-23-31 

3-2377 

22-1783 

7-10)9 

2-3-29-41 

5-1427 

2*223 

32-13-61 

2-43-83 

1P-59 

713 

714 

22-3-5-7-17 

37-193 

2-3571 

3-2381 

2 3 -19-47 

5-1429 

2-32-397 

7-1021 

22-1787 

3-2383 

714 

715 

2-52-11-13 

7151 

2 4 -3-149 

23-311 

2-72-73 

3 3 -5-53 

22-1789 

17-421 

2-3-1193 

7159 

715 

716 

2 3 -5-179 

3-7-11-31 

2-3581 

13-19-29 

22-32-199 

5-1433 

2-3583 

3-2389 

2 10 -7 

67-107 

716 

717 

2-3-5-239 

71-101 

22-11-163 

32.797 

2-17-211 

52-7-41 

2 3 -3-13-23 

7177 

2-37-97 

3-2393 

717 

718 

22-5-359 

43-167 

2-3 3 -7-19 

11-653 

2 4 -449 

3-5-479 

2-3593 

7187 

22-3-599 

7-13-79 

718 

719 

2-5-719 

32-17-47 

2 3 -29-31 

7193 

2-3-11-109 

5-1439 

22-7-257 

3-2399 

2-59-61 

23-313 

719 ; 

720 

2 5 -3 2 -5 2 

19-379 

2-13-277 

3-7 4 

22-1801 

5-11-131 

2-3-1201 

7207 

2 3 -17-53 

3 4 -89 

720 

721 

2-5-7-103 

7211 

22-3-601 

7213 

2-3607 

3-5-13-37 

2 4 -ll-41 

7-1031 

2-32-401 

7219 

721 

722 

22-5-19 2 

3-29-83 

2-23-157 

31-233 

2 3 -3-7-43 

52-172 

2-3613 

32-11-73 

22-13-139 

7229 

722 

723 

2-3-5-241 

7-1033 

2 6 -113 

3-2411 

2-3617 

5-1447 

2 2 -3 3 -67 

7237 

2-7-11-47 

3-19-127 

723 

724 

2 3 -5-18l 

13-557 

2-3-17-71 

7243 

22-1811 

32-5-7-23 

2-3623 

7247 

2 4 -3-151 

11-659 

724 

725 

2-5 3 -29 

3-2417 

22.72-37 

7253 

2-32-13-31 

5-1451 

2 3 -907 

3-41-59 

2-19-191 

7-17-61 

725 

726 

22-3-5-11 2 

53-137 

2-3631 

3 3 -269 

25-227 

5-1453 

2-3-7-173 

132-43 

22-23-79 

3-2423 

726 1 

727 

2-5-727 

11-661 

2 3 -3 2 -101 

7-1039 

2-3637 

3-52-97 

22-17-107 

19-383 

2-3-1213 

29-251 

727 

728 

2 4 -5-7-13 

32-809 

2-11-331 

7283 

22-3-607 

5-31-47 

2-3643 

3-7-347 

2 3 -911 

37-197 

728 

729 

2-3®-5 

23-317 

22-1823 

3-11-13-17 

2-7-521 

5-1459 

2 7 -3-19 

7297 

2-41-89 

32-811 

729 

730 

22-52-73 

72-149 

2-3-1217 

67-109 

2 3 -ll-83 

3-5-487 

2-13-281 

7307 

22-32-7-29 

7309 

730 

731 

2-5-17-43 

3-2437 

2 4 -45 7 

71-103 

2-3-23-53 

5-7-11-19 

22-31-59 

3 3 -271 

2-3659 

13-563 

731 

732 

2 3 -3-5-61 

7321 

2-7-523 

3-2441 

22-1831 

52.293 

2-32-11-37 

17-431 

2*-229 

3-7-349 

732 

733 

2-5-733 

7331 

22-3-13-47 

7333 

2-19-193 

32-5-163 

2 3 -7-131 

11-23-29 

2-3-1223 

41-179 

733 

734 

22-5-367 

3-2447 

2-3671 

7-1049 

2 4 -3 3 -17 

5-13-113 

2-3673 

3-31-79 

22-11-167 

7349 

734 

735 

2-3-52-72 

7351 

2 3 -919 

32.19.43 

2-3677 

5-1471 

22-3-613 

7-1051 

2-13-283 

3-11-223 

735 

736 

2 6 -5-23 

17-433 

2-32-409 

37-199 

22-7-263 

3-5-491 

2-29-127 

53-139 

2 3 -3-307 

7369 

736 

737 

2-5-11-67 

3 4 -7-13 

22-19-97 

73-101 

2-3-1229 

5 3 -59 

2 4 -461 

3-2459 

2-7-17-31 

47-157 

737 

738' 

22.32.5.41 

112-61 

2-3691 

3-23-107 

2 3 -13-71 

5-7-211 

2-3-1231 

83-89 

22-1847 

32-821 

738 

739 

2-5-739 

19-389 

25-3-7-11 

7393 

2-3697 

3-5-17-29 

22.432 

13-569 

2-3 3 -137 

72-151 

739 

740 

2 3 -5 2 -37 

3-2467 

2-3701 

11-673 

22-3-617 

5-148,1 

2-7-232 

32-823 

2 4 -463 

31-239 

740 

741 

2-3-5-13-19 

7411 

22-17-109 

3-7-353 

2-11-337 

5-1483 

2 3 -3 2 -103 

7417 

2-3709 

3-2473 

741 

742 

22-5-7-53 

41-181 

2-3-1237 

13-571 

2 8 -29 

3 3 -5 2 -ll 

2-47-79 

7-1061 

22-3-619 

17-19-23 

742 

743 

2-5-743 

3-2477 

2 3 -929 

7433 

2-32-7-59 

5-1487 

22-11-132 

3-37-67 

2-3719 

43-173 

743 

744 

2 4 -3-5-31 

7-1063 

2-6P 

3 ? -827 

22-1861 

5-1489 

2-3-17-73 

11-677 

2 3 -7 2 -19 

3-13-191 

744 

745 

2-52-149 

7451 

22-3 4 -23 

29-257 

2-3727 

3 5-7-71 

2 5 -233 

7457 

2-3-11-113 

7459 

745 

746 

22-5-373 

32-829 

2-7-13-41 

17-439 

2 3 -3-311 

5-1493 

2-3733 

3-19-131 

22-1867 

7-11-97 

746 

747 

2-32-5-83 

31-241 

2 4 -467 

3-47-53 

2-37-101 

52-13-23 

22-3-7-89 

7477 

2-3739 

3 3 -277 

747 

748 

2 3 -5-ll-17 

7481 

2-3-29-43 

7-1069 

22-1871 

3-5-499 

2-19-197 

7487 

2®-3 2 -13 

7489 

748 £ 

749 

2-5-7-107 

3-11-227 

22-1873 

59-127 

2-3-1249 

5-1499 

2 3 -937 

32-72-17 

2-23-163 

7499 

749 § 
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750 

2*-3-5 4 

13-577 

2-ll 2 -31 

3-41-61 

2 4 -7-67 

5-19-79 

2-3 3 -139 

7507 

2*-1877 

3-2503 

750 

751 

2-5-751 

7-29-37 

2 3 -3-313 

11-683 

2-13-17* 

3*-5-167 

2*-1879 

7517 

2-3-7-179 

73-103 

751 

762 

25-5-47 

3-23-109 

2-3761 

7523 

2*-3*-ll-19 

5*-7-43 

2-53-71 

3-13-193 

2 3 -941 

7529 

752 

753 

2-3-5-251 

17-443 

2 2 -7-269 

35-31 

2-3767 

5-11-137 

2 4 -3-157 

7537 

2-3769 

3-7-359 

753 

754 

2*-5-13-29 

7541 

2-3 2 -419 

19-397 

2 3 -23-41 

3-5-503 

2-7 3 -ll 

7547 

2*3-17-37 

7549 

754 

755 

2-5 2 -151 

3 2 -839 

27-59 

7-13-83 

2-3-1259 

5-1511 

2*-1889 

3-11-229 

2-3779 

7559 

755 

756 

2 3 -3 3 -5-7 

7561 

2-19-199 

3-2521 

2*-31-61 

5-17-89 

2-3-13-97 

7-23-47 

2 4 -ll-43 

3*-29* 

756 

757 

2-5-757 

67-113 

2*-3-631 

7573 

2-7-541 

3-5*101 

2 3 -947 

7577 

2-3*-421 

11-13-53 

757 

758 

2 2 -5-379 

3-7-19* 

2-17-223 

7583 

2 5 -3-79 

5-37-41 

2-3793 

3 3 -281 

2*-7-27l 

7589 

758 

759 

2-3-5-11-23 

7591 

2 3 -13-73 

3-2531 

2-3797 

5-7*-31 

2*-3*-211 

71-107 

2-29-131 

3-17-149 

759 

760 

2 4 -5 2 -19 

11-691 

2-3-7-181 

7603 

2*-1901 

3*-5-13* 

2-3803 

7607 

2 3 -3-317 

7-1087 

760 

761 

2-5-761 

3-43-59 

2*-ll-173 

23-331 

2-3 4 -47 

5-1523 

2«-7-l7 

3-2539 

2-13-293 

19-401 

761 

762 

2 2 -3-5-127 

7621 

2-37-103 

3*-7-ll* 

2 3 -953 

5 3 -61 

2-3-31-41 

29-263 

2*-1907 

3-2543 

762 

763 

2-5-7-109 

13-587 

2 4 -3 2 -53 

17-449 

2-11-347 

3-5-509 

2*23-83 

7-1091 

2-3-19-67 

7639 

763 

764 

2 8 -5-191 

3 3 -283 

2-3821 

7643 

2*3-7*-13 

5-11-139 

2-3823 

3-2549 

2 5 -239 

7649 

764 

765 

2-3 2 -5 2 -l7 

7-1093 

2*-1913 

3-2551 

2-43-89 

5-1531 

2 3 -3-11-29 

13-19-31 

2-7-547 

3*-23-37 

765 

766 

2 2 -5-383 

47-163 

2-3-1277 

79-97 

2 4 -479 

3-5-7-73 

2-3833 

11-17-41 

2*-3 3 -71 

7669 

766 

767 

2-5-13-59 

3-2557 

2 3 -7-137 

7673 

2-3-1279 

5*-307 

2*19-101 

3*-853 

2-11-349 

7-1097 

767 

768 

2 9 -3-5 

7681 

2-23-167 

3-13-197 

2M7-113 

5-29-53 

2-3*-7-61 

7687 

2 3 -31* 

3-11-233 

768 

769 

2-5-769 

7691 

2*-3-641 

7*157 

2-3847 

3 4 -5-19 

2 4 -13-37 

43-179 

2-3-1283 

7699 

769 

770 

2 2 -5 2 -7-ll 

3-17-151 

2-3851 

7703 

2 3 -3*-107 

5-23-67 

2-3853 

3-7-367 

2*-41-47 

13-593 

770 

771 

2-3-5-257 

11-701 

2 5 -241 

3*-857 

2-7-19-29 

5-1543 

2*-3-643 

7717 

2-17-227 

3-31-83 

771 

772 

2 3 -5-193 

7-1103 

2-3 s -ll-13 

7723 

2*1931 

3-5*-103 

2-3863 

7727 

2 4 -3-7-23 

59-131 

772 

773 

2-5-773 

3*-859 

2*1933 

11-19-37 

2-3-1289 

5-7-13-17 

2 3 -967 

3-2579 

2-53-73 

71-109 

773 

774 

2*-3*-5-43 

7741 

2-7*-79 

3-29-89 

2«-ll 2 

5-1549 

2-3-1291 

61-127 

2*-l3-149 

3 3 -7-41 

774 

775 

2-5 3 -31 

23-337 

2 3 -3-17-19 

7753 

2-3877 

3-5-11-47 

2*-7-277 

7757 

2-3*-431 

7759 

775 

776 

2 4 -5-97 

3-13-199 

2-3881 

7-1109 

2*3-647 

5-1553 

2-11-353 

3*-863 

2 3 -971 

17-457 

776 

777 

2-3-S-7-37 

19-409 

2*-29-67 

3-2591 

2-13*-23 

5*-311 

2 5 -3 5 

7-11-101 

2-3889 

3-2593 

777 

778 

2*-5-389 

31-251 

2-3-1297 

43-181 

2 3 -7-139 

3*-5-173 

2-17-229 

13-599 

2*-3-ll-59 

7789 

778 

779 

2-5-19-41 

3-7 2 -53 

2 4 -487 

7793 

2-3*-433 

5-1559 

2*-1949 

3-23-113 

2-7-557 

11-709 

779 

780 

2 3 -3-5 2 -13 

29-269 

2-47-83 

3 3 -17* 

2*-1951 

5-7-223 

2-3-1301 

37-211 

2*-61 

3-19-137 

780 

781 

2-5-11-71 

73-107 

2*-3*-7-31 

13-601 

2-3907 

3-5-521 

2 3 -977 

7817 

2-3-1303 

7-1117 

781 

782 

2 2 -5-17-23 

3 2 -11-79 

2-3911 

7823 

2 4 -3-163 

5*-313 

2-7-13-43 

3-2609 

2*-19-103 

7829 

782 

783 

2-3 3 -5-29 

41-191 

2 3 -11-89 

3-7-373 

2-3917 

5-1567 

2*-3-653 

17-461 

2-3919 

3*-13-67 

783 

784 

2 s -5-7 2 

7841 

2-3-1307 

11-23-31 

2*37-53 

3-5-523 

2-3923 

7-19-59 

2 3 -3*-109 

47-167 

784 

785 

2-5*-157 

3-2617 

2*-13-151 

7853 

2-3-7-11-17 

5-1571 

2 4 -491 

3 4 -97 

2-3929 

29-271 

785 

786 

2 2 -3-5-131 

7-1123 

2-3931 

3-2621 

2 3 -983 

5-11*13 

2-3*-19-23 

7867 

2*-7-281 

3-43-61 

786 

787 

2-5-787 

17-463 

2»-3-41 

7873 

2-31-127 

3*-5 3 -7 

2*-11.179 

7877 

2-3-13-101 

7879 

787 

788 

2 3 -5-197 

3-37-71 

2-7-563 

7883 

2*-3 3 -73 

5-19-83 

2-3943 

3-11-239 

2 4 -17-29 

7 3 -23 

788 

789 

2-3-5-263 

13-607 

2*-1973 

3*-877 

2-3947 

5-1579 

2 3 -3-7-47 

53-149 

2-11-359 

3-2633 

789 

790 

2 2 -5*-79 

7901 

2-3*-439 

7-1129 

25-13-19 

3-5-17-31 

2-59-67 

7907 

2*-3-659 

11-719 

790 

791 

2-5-7-113 

3 3 -293 

2 3 -23-43 

41-193 

2-3-1319 

5-1583 

2*-1979 

3-7-13-29 

2-37-107 

7919 

791 

792 

2 4 -3*-5-ll 

89* 

2-17-233 

3-19-139 

2*-7-283 

5*-317 

2-3-1321 

7927 

2 3 -991 

3*-881 

792 

793 

2-5-13-61 

7-11-103 

2*3-661 

7933 

2-3967 

3-5-23* 

2 8 -31 

7937 

2-3 4 -7* 

17-467 

793 

794 

2 2 -5-397 

3-2647 

2-11-19* 

l3*-47 

2 3 -3-331 

5-7-227 

2-29-137 

3*-883 

2*-1987 

7949 

794 

795 

2-3-5 2 -53 

7951 

2 4 -7-71 

3-11-241 

2-41-97 

5-37-43 

2*-3 2 -13-17 

73-109 

2-23-173 

3-7-379 

795 

796 

2 3 -5-199 

19-419 

2-3-1327 

7963 

2*-ll-181 

3 3 -5-59 

2-7-569 

31-257 

2 5 -3-83 

13-613 

796 

797 

2-5-797 

3-2657 

2*-1993 

7-17-67 

2-3*-443 

5*-11-29 

2 3 -997 

3-2659 

2-3989 

79-101 

797 

798 

2 2 -3-5-7-l9 

23-347 

2-13-307 

3*-887 

2 4 -499 

5-1597 

2-3-11 3 

7*-163 

2*-1997 

3-2663 

798 

799 

2-5-17-47 

61-131 

2 3 -3 3 -37 

7993 

2-7-571 

3-5-13-41 

2*-1999 

11-727 

2-3-31-43 

19-421 

799 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

N ©I 

800 

2«-5 3 

3 2 -7-127 

2-4001 

53-151 

2 2 -3-23-29 

5-1601 

2-4003 

3-17-157 

2 3 -7-ll-13 

8009 

800 ! 

801 

2 3 2 5-89 

8011 

2 2 -2003 

3-2671 

2-4007 

5-7-229 

24-3-167 

8017 

2-19-211 

36-11 

801 ■ 

802 

2 2 -5-401 

13-617 

2-3-7-191 

71-113 

2 3 -17-59 

3-5M07 

2-4013 

23-349 

2 2 -3 2 -223 

7-31-37 

802 

803 

2-5-11-73 

3-2677 

2 5 -251 

29-277 

2-3-13-103 

5-1607 

2 2 -7 2 -41 

3 2 -19-47 

2-4019 

8039 

803 

804 

2 3 -3-5-67 

11-17-43 

2-4021 

3-7-383 

2 2 -2011 

5-1609 

2-33-149 

13-619 

24-503 

3-2683 

804 

805 

2-5 2 -7-23 

83-97 

2 2 -3-ll-61 

8053 

2-4027 

3 2 -5-179 

23-19-53 

7-1151 

2-3-17-79 

8059 

805 

806 

2 2 -5-13-31 

3-2687 

2-29-139 

11-733 

2 7 -3 2 -7 

5-1613 

2-37-109 

3-2689 

2 2 -20 1 7 

8069 

806 

807 

2-3-5-269 

7-1153 

2 3 -1009 

3 3 -13-23 

2-11-367 

5 2 -17-19 

2 2 -3-673 

41-197 

2-7-577 

3-2693 

807 

808 

2<-5-101 

8081 

2-3 2 -449 

59-137 

2 2 -43-47 

3-5-7 2 -ll 

2-13-311 

8087 

23-3-337 

8089 

808 

809 

2-5-809 

3 2 -29-31 

2 2 -7-17 2 

8093 

2-3-19-71 

5-1619 

2 5 -ll-23 

3-2699 

2-4049 

7-13-89 

809 

810 

2 2 -3 4 -5 2 

8101 

2-4051 

3-37-73 

23-1013 

5-1621 

2-3-7-193 

ll 2 -67 

2 2 -2027 

3 2 -17-53 

810 

811 

2-5-811 

8111 

24-3-13 2 

7-19-61 

2-4057 

3-5-541 

2 2 -2029 

8117 

2-3 2 -ll-41 

23-353 

811 

812 

2 3 -5-7-29 

3-2707 

2-31-131 

8123 

2 2 -3-677 

54-13 

2-17-239 

33.7.43 

26-127 

11-739 

812 

813 

2-3-5-271 

47-173 

2 2 -19-107 

3-2711 

2-7 2 -83 

5-1627 

2 3 -3 2 -113 

79-103 

2-13-313 

3-2713 

813 

814 

2 2 -5-ll-37 

7-1163 

2-3-23-59 

17-479 

24-509 

3 2 -5-181 

2-4073 

8147 

2 2 -3-7-97 

29-281 

814 

815 

2-5 2 -163 

3-11-13-19 

2 3 -1019 

31-263 

2-3 3 -151 

5-7-233 

2 2 -2039 

3-2719 

2-4079 

41-199 

815 

816 

2 5 -3-5-l7 

8161 

2-7-11-53 

3 2 -907 

2 2 -13-157 

5-23-71 

2-3-1361 

8167 

23-1021 

3-7-389 

816 

817 

2-5-19-43 

8171 

2 2 -3 2 -227 

11-743 

2-61-67 

3-5 2 -109 

24-7-73 

13-17-37 

2 3-29-47 

8179 

817 

818 

2 2 -5-409 

34-101 

2-4091 

7 2 -167 

2 3 -3-ll-31 

5-1637 

2-4093 

3-2729 

2 2 -23-89 

19-431 

818 

819 

2-3 2 -5-7*13 

8191 

213 

3-2731 

2-17-241 

5-11-149 

2 2 -3-683 

7-1171 

2-4099 

3 2 -911 

819 ' 

820 

2 3 -5 2 -41 

59-139 

2-3-1367 

13-631 

2 2 -7-293 

3-5-547 

2-11-373 

29-283 

24-33-19 

8209 

820 

821 

2-5-821 

3-7-17-23 

2 2 -2053 

43-191 

2-3-37 2 

5-31-53 

23-13-79 

3 2 -ll-83 

2-7-587 

8219 

821 

822 

2 2 -3-5-137 

8221 

2-4111 

3-2741 

2 s -257 

5 2 -7-47 

2-3 2 -457 

19-433 

2 2 -ll 2 -17 

3-13-211 

822 

823 

2-5-823 

8231 

2 3 -3-7 3 

8233 

2-23-179 

33-5-61 

2 2 -29-71 

8237 

2-3-1373 

7-11-107 

823 

824 

24-5-103 

3-41-67 

2-13-317 

8243 

2 2 -3 2 -229 

5-17-97 

2-7-19-31 

3-2749 

2 3 -1031 

73-113 

824 

825 

2-3-5 3 -ll 

37-223 

2 2 -2063 

3 2 -7-131 

2-4127 

5-13-127 

26-3-43 

23-359 

2-4129 

3-2753 

825 

826 

2 2 -5-7-59 

11-751 

2-3 5 -17 

8263 

2 3 1033 

3-5-19-29 

2-4133 

7-1181 

2 2 -3-13-53 

8269 

826 

827 

2-5-827 

3 2 -919 

24-11-47 

8273 

2-3-7-197 

5 2 -331 

2 2 -2069 

3-31-89 

2-4139 

17-487 

827 

828 

2 3 -3 2 -5-23 

7 2 -13 2 

2-41-101 

3-11-251 

2 2 -19-109 

5-1657 

2-3-1381 

8287 

25-7-37 

3 3 -307 

828 

829 

2-5-829 

8291 

2 2 -3-691 

8293 

2-11-13-29 

3-5-7-79 

23-17-61 

8297 

2-3 2 -461 

43-193 

829 

830 

2 2 -5 2 -83 

3-2767 

2-7-593 

19 2 -23 

24-3-173 

5-11-151 

2-4153 

3M3-71 

2 2 -31-67 

7-1187 

830 

831 

2-3-5-277 

8311 

2 3 -1039 

3-17-163 

2-4157 

5-1663 

2 2 -3 3 -7-ll 

8317 

2-4159 

3-47-59 

831 

832 

2 7 -5-13 

53-157 

2-3-19-73 

7-29-41 

2 2 -2081 

3 2 -5 2 -37 

2-23-181 

11-757 

23-3-347 

8329 

832 

833 

2-5-7 2 -17 

3-2777 

2 2 -2083 

13-641 

2-3 2 -463 

5-1667 

24-521 

3-7 397 

2-11-379 

31-269 

833 

834 

2 2 -3-5-139 

19-439 

2-43-97 

34-103 

23-7-149 

5-1669 

2-313-107 

17-491 

2 2 -20 87 

3-ll 2 -23 

834 

835 

2-5 2 -167 

7-1193 

2 5 -3 2 -29 

8353 

2-4177 

3-5-557 

2 2 -2089 

61-137 

2-3-7-199 

13-643 

835 

836 

2 3 -5-l 1-19 

3 2 -929 

2-37-113 

8363 

2 2 -3-l7-41 

5-7-239 

2-47-89 

3-2789 

24-523 

8369 

836 

837 

2-3 3 -5-31 

11-761 

2 2 -7-13-23 

3-2791 

2-53-79 

5 3 -67 

23-3-349 

8377 

2-59-71 

3 2 -7 2 -19 

837 

838 

2 2 -5-419 

l7 2 -29 

2-3-11-127 

83-101 

2«-131 

3-5-13-43 

2-7-599 

8387 

2 2 -3 2 -233 

8389 

838 

839 

2-5-839 

3-2797 

2 3 -1049 

7-11-109 

2-3-1399 

5-23-73 

2 2 -2099 

33.311 

2-13-17-19 

37-227 

839 

840 

2 4 -3-5 2 -7 

31-271 

2-4201 

3-2801 

2 2 -l 1 -191 

5-41 2 

2-3 2 -467 

7-1201 

23-1051 

3-2803 

840 

841 

2-5-29 2 

13-647 

2 2 -3-701 

47-179 

2-7-601 

3 2 *5-11*17 

2 5 -263 

19-443 

2-3-23-61 

8419 

841 

842 

2 2 -5-421 

3-7-401 

2-4211 

8423 

23-34-13 

5 2 -337 

2-11-383 

3-53 2 

2 2 -7 2 -43 

8429 

842 

843 

2-3-5-281 

8431 

24-17-31 

3 2 -937 

2-4217 

5-7-241 

2 2 -3-19-37 

11-13-59 

2-4219 

3-29-97 

843 

844 

2 3 -5-211 

23-367 

2-3 2 -7-67 

8443 

2 2 - 2111 

3-5-563 

2-41-103 

8447 

23-3-11 

7-17-71 

844 

845 

2-5 2 -13 2 

3 3 -313 

2 2 -2113 

79-107 

2-3-1409 

5-16-89 

23-7-151 

3-2819 

2-4229 

11-769 

845 

846 

2 2 -3 2 -5-47 

8461 

2-4231 

3-7-13-31 

2 4 -23 2 

5-1693 

2-3-17-83 

8467 

2 2 -29-73 

3 2 -941 

846 

847 

2-5-7-11* 

43-197 

23-3-353 

37-229 

2-19-223 

3-5 2 -113 

2 2 -13-163 

7 2 -173 

2-33-157 

61-139 

847 

848 

2 5 -5-53 

3-11-257 

2-4241 

17-499 

2 2 -3-7-101 

5-1697 

2-4243 

3 2 -23-41 

2 3 1061 

13-653 

848 2 

849 

2-3-5-283 

7-1213 

2 2 11-193 

3-19-149 

2-31-137 

5-1699 

24-3 2 -59 

29-293 

2-7-607 

3-2833 

849 g 
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850 

2*5M7 

8501 

2-3.13-109 

11-773 

23-1063 

3 5 -5-7 

2-4253 

47-181 

22-3-709 

67-127 

850 

00 

851 

2-5-23-37 

3-2837 

2«-7-19 

8513 

2 32-11-43 

5-13-131 

22-2129 

3-17-167 

2-4259 

7-1217 

851 

0 

852 

2*-3-5-71 

8521 

2-4261 

32-947 

22.2131 

52-11-31 

2 3-72.29 

8527 

2M3-41 

3-2843 

852 

0 

853 

2-5-853 

19-449 

2 2 -3*-79 

7-23-53 

2-17-251 

3-5-569 

23-11-97 

8537 

2-3-1423 

8539 

853 


854 

2 2 -5-7-61 

3 2 -13-73 

2-4271 

8543 

25-3-89 

5-1709 

2-4273 

3-7-11-37 

22.2137 

83-103 

854 


855 

2-3 2 -5 2 -19 

17-503 

2 3 -1069 

3-2851 

2-713-47 

5-29-59 

22-3-23-31 

43-199 

2-11-389 

3 3 -317 

855 


856 

2 4 -5-107 

7-1223 

2-3-1427 

8563 

22-2141 

3-5-571 

2-4283 

13-659 

23-32.7-17 

11-19-41 

856 


857 

2-5-857 

3-2857 

22-2143 

8573 

2-3-1429 

52.73 

2 7 -67 

32.953 

2-4289 

23-373 

857 


858 

2 2 -3-5-ll-13 

8581 

2-7-613 

3-2861 

23.29-37 

5-17-101 

2 3 4 -53 

31-277 

22-19-113 

3-7-409 

858 


859 

2-5-859 

11 2 -71 

2 4 -3-179 

13-661 

2-4297 

32-5-191 

22-7-307 

8597 

2-3-1433 

8599 

859 


860 

2 3 -5 2 -43 

3-47-61 

2-11-17-23 

7-1229 

22.32.239 

5-1721 

2-13-331 

3-19-151 

25-269 

8609 

860 


861 

2-3-5-7-41 

79-109 

2 2 -2153 

3 3 -ll-29 

2-59-73 

5-1723 

23-3-359 

7-1231 

2-31-139 

3-132-17 

861 


862 

2 2 -5-431 

37-233 

2-3 2 -479 

8623 

2 4 -7 2 * 11 

3-53.23 

2-19-227 

8627 

22-3-719 

8629 

862 


863 

2-5-863 

3 2 -7-137 

2 3 -13-83 

89-97 

2-3-1439 

5-11-157 

22-17-127 

3-2879 

2-7-617 

53-163 

863 


864 

2«-3 3 -5 

8641 

2-29-149 

3-43-67 

22-2161 

5-713-19 

2-3-11-131 

8647 

23-23-47 

32.312 

864 


865 

2-5 2 -173 

41-211 

22-3-7-103 

17-509 

2-4327 

3-5-577 

2 4 -541 

11-787 

2-32-13-37 

7-1237 

865 


866 

2 2 -5-433 

3-2887 

2-61-71 

8663 

23-319 2 

5-1733 

2-7-619 

3 4 -107 

2 2 -11-197 

8669 

866 


867 

2-3-5-17 2 

13-23-29 

28-271 

3-72-59 

2-4337 

52-347 

22.32-241 

8677 

2-4339 

3-11-263 

867 


868 

2 3 -5-7-31 

8681 

2-3-1447 

19-457 

22-13-167 

32.5-193 

2-43-101 

7-17-73 

2 4 -3-181 

8689 

868 


869 

2-5-11-79 

3-2897 

2 2 -41-53 

8693 

2-3 3 -7-23 

5-37-47 

23-1087 

3-13-223 

2-4349 

8699 

869 


870 

2 2 -3-5 2 -29 

7-11-113 

2-19-229 

3 2 -967 

2®-17 

5-1741 

2-3-1451 

8707 

22-7-311 

3-2903 

870 


871 

2-5-13-67 

31-281 

2 3 -3 2 -ll 2 

8713 

2-4357 

3-5-7-83 

22-2179 

23-379 

2-3-1453 

8719 

871 


872 

2 4 -5-109 

3 3 -17-19 

2-7 2 -89 

11-13-61 

22-3-727 

52-349 

2-4363 

3-2909 

2 3 -1091 

7-29-43 

872 

O 

873 

2-3 2 -5-97 

8731 

22-37-59 

3-41-71 

2-11-397 

5-1747 

25-3-7-13 

8737 

2-17-257 

32.971 

873 

0 

874 

2 2 -5-19-23 

8741 

2-3-31-47 

7-1249 

23-1093 

3-5-11-53 

2-4373 

8747 

2 2 3 7 

13-673 

874 

2. 

875 

2-5 4 -7 

3-2917 

2 4 -547 

8753 

2-3-1459 

5-17-103 

22-11-199 

32-7-139 

2-29-151 

19-461 

875 

0 

876 

2 3 -3-5-73 

8761 

2-13-337 

3-23-127 

22-7-313 

5-1753 

2-32-487 

11-797 

28-137 

3-37-79 

876 

o’ 

877 

2-5-877 

7 2 -179 

22-3-17-43 

31-283 

2-41-107 

3 3 .52.13 

23-1097 

67-131 

2-3-7-11-19 

8779 

877 

s 

878 

2 2 -5-439 

3-2927 

2-4391 

8783 

2 4 -3 2 -61 

5-7-251 

2-23-191 

3-29-101 

22-133 

11-17-47 

878 

» 

879 

2-3-5-293 

59-149 

2 3 -7-157 

32.977 

2-4397 

5-1759 

22-3-733 

19463 

2-53-83 

3-7-419 

879 


880 

2 6 -5 2 -ll 

13-677 

2-3M63 

8803 

22-31-71 

3-5-587 

2-7-17-37 

8807 

23-3-367 

23-383 

880 


881 

2-5-881 

3 2 -ll-89 

2 2 -2203 

7-1259 

2-313-113 

5-41-43 

2 4 19-29 

3-2939 

2-4409 

8819 

881 


882 

2 2 -3 2 -5-7 2 

8821 

2-11-401 

3-17-173 

23-1103 

52-353 

2-3-1471 

7-13-97 

22-2207 

3 4 -109 

882 


883 

2-5-883 

8831 

27-3-23 

112-73 

2-7-631 

3-5-19-31 

22.472 

8837 

2-32-491 

8839 

883 


884 

2 3 -5-13-17 

3-7-421 

2-4421 

37-239 

22-311-67 

5-29-61 

2-4423 

32-983 

2 4 -7-79 

8849 

884 


885 

2-3-5 2 -59 

53-167 

2 2 .2213 

3-13-227 

219-233 

5-7-11-23 

23.33-41 

17-521 

2-43-103 

3 2953 

885 


886 

2 2 -5-443 

8861 

23-7-211 

8863 

2 8 -277 

32-5-197 

2-11-13-31 

8867 

22-3-739 

72-181 

886 


887 

2-5-887 

3-2957 

2 3 -1109 

19-467 

2-32-17-29 

5 3 -71 

22-7-317 

3-11-269 

2-23-193 

13-683 

887 


888 

2 4 -3-5-37 

83-107 

2-4441 

3 3 -7-47 

22-2221 

5-1777 

2-3-1481 

8887 

2 3 -ll-101 

3-2963 

888 


889 

2-5-7-127 

17-523 

22-32.13-19 

8893 

2-4447 

3-5-593 

2»139 

7-31-41 

2-3-1483 

11-809 

889 


890 

2 2 -5 2 -89 

3 2 -23-43 

2-4451 

294507 

23-3-7-53 

5-13-137 

2-61-73 

3-2969 

22-17-131 

59-151 

890 


891 

2-3 4 -5-ll 

7-19-67 

2 4 -557 

3-2971 

2-4457 

5-1783 

22-3-743 

37-241 

2.7 3 -13 

32.991 

891 


892 

2 3 -5-223 

11-811 

2-3-1487 

8923 

22-23-97 

3-52-7-17 

2-4463 

79-113 

25-32-31 

8929 

892 


893 

2-5-19-47 

3-13-229 

22-7-11-29 

8933 

2-3-1489 

5-1787 

23-1117 

3 3 -331 

2-41-109 

7-1277 

893 


894 

2 2 -3-5-149 

8941 

2-17-263 

3-11-271 

2 4 -13-43 

5-1789 

2-32.7-71 

23-389 

22-22 37 

3-19-157 

894 

1-3 

895 

2-5 2 -179 

8951 

2 3 -3373 

7-1279 

2-112.37 

32.5-199 

2 2 2239 

132-53 

2-3-1493 

17 2 -31 

895 

0 

5j“ 

896 

2 8 -5-7 

3-29-103 

2-4481 

8963 

22.3 3 -83 

5-11-163 

2-4483 

3-72-61 

23-19-59 

8969 

896 


897 

2-3-5-13-23 

8971 

22-2243 

32-997 

2-7-641 

52.359 

2 4 -3-ll-17 

47-191 

2-67 2 

3-41-73 

897 


898 

2 2 -5-449 

7-1283 

2-32-499 

13-691 

23-1123 

3-5-599 

2-4493 

11-19-43 

22-3-7-107 

89-101 

898 0 

899 

2-5-29-31 

3 5 -37 

2 5 -281 

17-23 2 

2-3-1499 

5-7-257 

22-13-173 

3-2999 

2-11-409 

8999 

899 

zo 
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950 

22-5».19 

3-3167 

2-4751 

13-17-43 

22-32-11 

5-1901 

27».97 

3-3169 

22-2377 

37-257 

950 ® 

951 

2-35-317 

9511 

22-29-41 

32-7-151 

2-67-71 

5-11-173 

22-3-13-61 

31-307 

2-4759 

3-19-167 

951 0 

952 

2 4 -5-7-17 

9521 

2.32.232 

89-107 

22-2381 

3.52.127 

2-11-433 

7-1361 

2*-3-397 

13-733 

952 0 

953 

2-5-953 

33.353 

2**2383 

9533 

23-7-227 

5-1907 

2®-149 

3-11-17 2 

2-19-251 

9539 

953 

954 

22-325-53 

7-29-47 

2-13-367 

3-3181 

2*-1193 

5-23-83 

2-3-37-43 

9547 

2 2 -7-ll-3l 

3*. 1061 

954 

955 

2-5M91 

9551 

2 4 -3-199 

41-233 

2-17-281 

3572.13 

22-2389 

19-503 

2-3 4 -59 

112-79 

955 

956 

25-5-239 

3-3187 

2-7-683 

73-131 

22-3-797 

5-1913 

2-4783 

3*-1063 

2*. 13-23 

7-1367 

956 

957 

2-3-5-11-29 

17-563 

22-2393 

3-3191 

2-4787 

5*-383 

22-32-7-19 

61-157 

2-4789 

3-31-103 

957 

958 

22-5-479 

11-13-67 

2-3-1597 

7-37* 

2 4 -599 

32-5-71 

2-4793 

9587 

22-3-17-47 

43-223 

958 

959 

2-5-7-137 

3-23-139 

22-11-109 

53-181 

2-32-13-41 

5-19-101 

2*-2399 

3-7-457 

2-4799 

29-331 

959 

960 

27-3-52 

9601 

2-4801 

32.ll.97 

2*-7 4 

5-17-113 

2-3-1601 

13-739 

2*-1201 

3-3203 

960 

961 

2-5-31* 

7-1373 

22-32-89 

9613 

2-11-19-23 

3-5-641 

2 4 -601 

59-163 

2-3-7.229 

9619 

961 

962 

22-5-13-37 

3*1069 

2-17-283 

9623 

2*3-401 

52-7-11 

2-4813 

3-3209 

22-29-83 

9629 

962 

963 

2-32-5-107 

9631 

22-7-43 

3-132-19 

2-4817 

5-41-47 

22-3-11-73 

23-419 

2-61-79 

3 4 -7-17 

963 

964 

22-5-241 

31-311 

2-3-1607 

9643 

22-2411 

3-5-643 

2-7-13-53 

11-877 

2 4 -3 2 -67 

9649 

964 

965 

2-5*193 

3-3217 

22-19-127 

72-197 

2-3-1609 

5-1931 

2*-17-71 

32.29.37 

2-11-439 

13-743 

965 

966 

2*-3-5-7-23 

9661 

2-4831 

3-3221 

28-151 

5-1933 

2-3*-l79 

7-1381 

22-2417 

3-11-293 

966 

967 

2-5-967 

19-509 

22-3-13-31 

17-569 

2-7-691 

32.52.43 

22-41-59 

9677 

2-3-1613 

9679 

967 

968 

2 4 -5-ll 2 

3-7-461 

2-47-103 

23-421 

22-3*-269 

5-13-149 

2-29-167 

3-3229 

22-7-173 

9689 

968 

969 

2-3-5-17-19 

11-881 

22-2423 

32-359 

2-37-131 

5-7-277 

2*-3-101 

9697 

2-13-373 

3-53-61 

969 

970 

22-52-97 

89-109 

2.32.72-II 

31-313 

2»-1213 

3-5-647 

2-23-211 

17-571 

22-3-809 

7-19-73 

970 

971 

2-5-971 

32-13-83 

2 4 -607 

11-883 

2-3-1619 

5-29-67 

22-7-347 

3-41-79 

2-43-113 

9719 

971 ^ 

972 

23-35-5 

9721 

2-4861 

3-7-463 

22-11-13-17 

5*-389 

2-3-1621 

71-137 

2*-19 

32.23.47 

972 sa 

973 

25-7-139 

37-263 

22-3-811 

9733 

2-31-157 

3-5-11-59 

2*-1217 

7-13-107 

2-32-541 

9739 

973 £ 

974 

22-5-487 

3-17-191 

2-4871 

9743 

2 4 -3-7-29 

5-1949 

2-11-443 

32.192 

22-2437 

9749 

974 8 

975 

2-3-52-13 

7*199 

2*23-53 

3-3251 

2-4877 

5-1951 

22-32-271 

11-887 

2-7-17-41 

3-3253 

975 g 

976 

25-5-61 

43-227 

2-3-1627 

13-751 

22-2441 

32-5-7-31 

2-19-257 

9767 

22-3-11-37 

9769 

976 £ 

977 

2-5-977 

3-3257 

22-7-349 

29-337 

2-3*: 181 

52-17-23 

2 4 -13-47 

3-3259 

2-4889 

7-11-127 

977 2’ 

978 

2*.3-5-163 

9781 

2-67-73 

32-1087 

2*-1223 

5-19-103 

2-3-7-233 

9787 

22-2447 

3-13.251 

978 g 

979 

2-5-11-89 

9791 

2«-32-17 

7-1399 

2-59-83 

3-5-653 

22-31-79 

97-101 

2-3-23-71 

41-239 

979 

980 

22-52.72 

3 4 -ll* 

2-132-29 

9803 

22-3-19-43 

5-37-53 

2-4903 

3-7-467 

2 4 -613 

17-577 

980 

981 

2-325-IO9 

9811 

22-11-223 

3-3271 

2-7-701 

5-13-151 

2»-3-409 

9817 

2-4909 

32-1091 

981 

982 

22-5-491 

7-23-61 

2-3-1637 

11-19-47 

25-307 

3-52-131 

2-17* 

31-317 

22-32-7-13 

9829 

982 

983 

2-5-983 

3-29-113 

2*-1229 

9833 

2-3-11-149 

5-7-281 

22-2459 

32-1093 

2-4919 

9839 

983 

984 

2 4 -3-5-41 

13-757 

2-7-19-37 

3-17-193 

22-23-107 

5-11-179 

2-32-547 

43-229 

2*1231 

3-72-67 

984 

985 

2-52-197 

9851 

22-3-821 

59-167 

2-13*379 

32-5-73 

2*-7-ll 

9857 

23-31-53 

9859 

985 

986 

2*-5-17-29 

3-19-173 

2-4931 

7-1409 

22-3* 137 

5-1973 

2-4933 

3-11-13 23 

2*-2467 

71-139 

986 

987 

2-3-5-7-47 

9871 % 

2 4 -617 

3*-1097 

2-4937 

5*-79 

22-3-823 

7-17-83 

2-11-449 

3-37-89 

987 

988 

23-5-13-19 

41-241 

2-3 4 -61 

9883 

22-7-353 

3-5-659 

2-4943 

9887 

25-3-103 

11-29-31 

988 

989 

2-5-23-43 

32-7-157 

22-2473 

13-761 

2-3-17-97 

5-1979 

22-1237 

3-3299 

2-72-101 

19-521 

989 

990 

22-32-52-11 

9901 

2-4951 

3-3301 

2 4 -619 

5-7-283 

2-3-13-127 

9907 

22-2477 

3*-367 

990 

991 

2-5-991 

11-17-53 

2*3.7-59 

23-431 

2-4957 

3-5-661 

22-37-67 

47-211 

2-32-19-29 

7-13-109 

991 

992 

2«-5-31 

3-3307 

2-112-41 

9923 

22-3-827 

5*-397 

2-7-709 

32-1103 

2*-17-73 

9929 

992 

993 

2-3-5-331 

9931 

22-13-191 

3-7-1143 

2-4967 

5-1987 

2 4 -3*-23 

19-523 

2-4969 

3-3313 

993 

994 

22-5-7-71 

9941 

2-3-1657 

61-163 

2*11-113 

32-513-17 

2-4973 

7®-29 

22-3-829 

9949 

994 

995 

2-52-199 

3-31-107 

28-311 

37-269 

2-32-7-79 

5-11-181 

22-19-131 

3-3319 

2-13-383 

23-433 

995 H 

996 

23-3-5-83 

7-1423 

2-17-293 

3 5 -41 

22-47-53 

5-1993 

2-311-151 

9967 

2 4 -7-89 

3-3323 

996 » 

997 

2-5-997 

132-59 

22-32-27 7 

9973 

2-4987 

3-52-7-19 

2*29-43 

11-907 

2-3-1663 

17-587 

997 2- 

998 

22-5-499 

32-1109 

2-7-23-31 

67-149 

2*-3-13 

5-1997 

2-4993 

3-3329 

22-11-227 

7-1427 

998 ® 

999 

2 33.537 

97-103 

2»-1249 

3-3331 

2-19-263 

5-1999 

22-3-72-17 

13-769 

2-4999 

3*11 101 

999 g g 

CD . 


CO 


00 
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864 

Table 24.8 Primitive Roots, Factorization of p —1 

g , G denote the least positive and least negative (respectively) primitive roots of p. e denotes 
whether 10, —10 both or neither are primitive roots. 


p 

v — i 

9 

— O 

€ 

p 

P-1 

9 

— G 

6 

p 

P-1 

9 

-G 


3 

2 

2 

1 

-10 

359 

2-179 

7 

2 

-10 

821 

22-5-41 

2 

2 

±10 

5 

22 

2 

2 


367 

2-3-61 

6 

2 

10 

823 

2-3-137 . 

3 

2 

10 

7 

2-3 

3 

2 

10 

373 

22-3-31 

2 

2 


827 

2-7-59 

2 

3 

-10 

11 

2-5 

2 

3 


379 

2-3 3 -7 

2 

4 

10 

829 

2232-23 

2 

2 


13 

2 2 -3 

2 

2 


383 

2-191 

5 

2 

10 

839 

2-419 

11 

2 

-10 

17 

2 4 

3 

3 

±10 

389 

22-97 

2 

2 

±10 

853 

22-3-71 

2 

2 


19 

2-3 2 

2 

4 

10 

397 

22.32.ll 

5 

5 


857 

2 3 -107 

3 

0 

±10 

23 

2 11 

5 

2 

10 

401 

2 4 -5 2 

3 

3 


859 

2-311-13 

2 

4 


29 

22.7 

2 

2 

±10 

409 

2 3 -3-l7 

21 

21 


863 

2-431 

5 

2 

10 

31 

2-3-5 

3 

7 

-10 

419 

2-11-19 

2 

3 

16 

877 

22-3-73 

2 

2 


37 

22-32 

2 

2 


421 

22-3-5-7 

2 

2 


881 

2 4 -5-ll 

3 

3 


41 

2 3 -5 

6 

6 


431 

2-5-43 

7 

5 

-10 

883 

2.32.72 

2 

4 

-10 

43 

2-3-7 

3 

9 

-10 

| 433 

2 4 -3 3 

5 

5 

±10 

887 

2-443 

5 

2 

10 

47 

2-23 

5 

2 

10 

439 

2-3-73 

15 

5 

-10 

907 

2-3-151 

2 

4 


S3 

2 2 -13 

2 

2 


443 

2-13-17 

2 

3 

-10 

911 

2-5-7-13 

17 

3 

-10 

59 

2-29 

2 

3 

16 

449 

2 6 -7 

3 

3 


919 

2-3 3 -17 

7 

5 

-10 

61 

22-3-5 

2 

2 

±10 

457 

2 3 -3-19 

13 

13 


929 

2 5 -29 

3 

3 


67 

2-3-11 

2 

4 

-10 

461 

22-5-23 

2 

2 

±10 

937 

2 3 -3 2 -13 

5 

5 

±10 

71 

2-5-7 

7 

2 

-10 

463 

2-3-7-11 

3 

2 


941 

22-5-47 

2 

2 

±10 

73 

2 3 -3 2 

5 

5 


467 

2-233 

2 

3 

-10 

947 

2-11-43 

2 

3 

-10 

79 

2-3-13 

3 

2 


479 

2-239 

13 

2 

-10 

953 

23.7-17 

3 

3 

±10 

83 

2-41 

2 

3 

-10 

487 

2-3 5 

3 

2 

10 

967 

2-3-7-23 

5 

2 


89 

2 3 -ll 

3 

3 


491 

2-5-72 

2 

4 

10 

971 

2-5-97 

6 

3 

16 

97 

2 5 -3 

5 

5 

±10 

499 

2-3-83 

7 

5 

10 

977 

2 4 -61 

3 

3 

±10 

101 

22.52 

2 

2 


503 

2-251 

5 

2 

10 

983 

2-491 

5 

2 

10 

103 

2-3-17 

5 

2 


509 

22-127 

2 

2 

±10 

991 

2-32-5-11 

6 

2 

-10 

107 

2-53 

2 

3 

-10 

521 

2 3 -5-13 

3 

3 


997 

22-3-83 

7 

7 


109 

2 2 -3 3 

6 

6 

±10 

523 

2-3 2 -29 

2 

4 

-10 

1009 

2 4 -3 2 -7 

11 

11 


113 

2 4 -7 

3 

3 

±10 

541 

2 2 -3 3 -5 

2 

2 

±10 

1013 

22-11-23 

3 

3 


127 

2-32-7 

3 

9 


547 

2-3-7-13 

2 

4 


1019 

2-509 

2 

3 

in 

131 

2-5-13 

2 

3 

10 

557 

22-139 

2 

2 


1021 

22-3-5-17 

10 

10 

±10 

137 

2 3 -17 

3 

3 


563 

2-281 

2 

3 

-10 

1031 

2-5-103 

14 

2 


139 

2-3-23 

2 

4 


569 

2 3 -71 

3 

3 


1033 

23.3.43 

5 

5 

± 10 

149 

22-3? 

2 

2 

±10 

571 

2-3-5-19 

3 

5 

10 

1039 

2-3-173 

3 

2 

-10 

151 

2-3-52 

6 

5 

-10 

577 

2 8 -3 2 

5 

5 

±10 

1049 

2 3 -131 

3 

3 


157 

22-3-13 

5 

5 


587 

2-293 

2 

3 

-10 

1051 

2-3-52-7 

7 

5 

10 

163 

2-3 4 

2 

4 

-10 

593 

2 4 -37 

3 

3 

±10 

1061 

22-5 53 

2 

2 


167 

2-83 

5 

2 

10 

599 

2 13 23 

7 

2 

-10 

1063 

2-3 2 -59 

3 

2 

10 

173 

22-43 

2 

2 


601 

2 3 -3-5 2 

7 

7 


1069 

2 2 -3-89 

6 

6 

± 10 

179 

2-89 

2 

3 

10 

607 

2-3-101 

3 

2 


1087 

2-3-181 

3 

2 

10 

181 

22.32-5 

2 

2 

±10 

613 

2232.17 

2 

2 


1091 

2-5-109 

2 

4 

10 

191 

2-5-19 

19 

2 

-10 

617 

2 3 -7-ll 

3 

3 


1093 

2 2 -3-7-13 

5 

5 


193 

2 8 -3 

5 

5 

±10 

619 

2-3-103 

2 

4 

10 

1097 

2 3 -137 

; 3 

3 

±10 

197 

22.72 

2 

2 


631 

2-32-5-7 

3 

9 

-10 

1103 

2-19-29 

5 

3 

10 

199 

2-32-11 

3 

2 

-10 

641 

2 7 -5 

3 

3 


1109 

22-277 

2 

2 

±10 

211 

2-3-5-7 

2 

4 


643 

2-3-107 

11 

7 


1117 

2 2 -3 2 -31 

2 

2 


223 

2-3-37 

3 

9 

10 

647 

2-17-19 

5 

2 

10 

1123 

2-3-11-17 

2 

4 

-10 

227 

2-113 

2 

3 

-10 

653 

22-163 

2 

2 


1129 

2 3 -3-47 

11 

11 


229 

22-3-19 

6 

6 

±10 

659 

2-7-47 

2 

3 

10 

1151 

2-52-23 

17 

2 

-10 

233 

2 3 -29 

3 

3 

±10 

661 

! 22-3-5-11 

2 

2 


1153 

2 7 -3 2 

5 

5 

±10 

239 

2-7-17 

7 

2 


673 

2«-3-7 

5 

5 


1163 

2-7-83 

5 

3 

— 10 

241 

2 4 -3-5 

7 

7 


677 

22-13 2 

2 

2 


1171 

2.32.5.13 

2 

4 

10 

251 

2-5 3 

6 

3 


683 

2-11-31 

5 

10 

-10 

1181 

22-5-59 

7 

7 

±10 

257 

2 8 

3 

3 

±10 

691 

2-3-5-23 

3 

6 


1187 

2-593 

2 

3 

-10 

263 

2-131 

5 

2* 

10 

701 

22-52-7 

2 

2 

±io 

1193 

2 3 -149 

3 

3 

±10 

269 

22-67 

2 

2 

±10 

709 

22-3-59 

2 

2 

±10 

1201 

2 4 -3-5 2 

11 

11 


271 

2-3 3 -5 

6 

2 


719 

2-359 

11 

2 

-10 

1213 

22-3-101 

2 

2 


277 

22-3-23 

5 

5 


727 

2-3-11 2 

5 

7 

10 

1217 

2 6 -19 

3 

3 

±10 

281 

2 3 -5-7 

3 

3 


733 

22-3-61 

6 

6 


1223 

2-13-47 

5 

2 

10 

283 

2-3-47 

3 

6 

-10 

739 

2-32-41 

3 

6 


1229 

22-307 

2 

2 

±10 

293 

22-73 

2 

2 


743 

2-7-53 

5 

2 

10 

1231 

2-3-5-41 

3 

2 


307 

2-32-17 

5 

7 

-10 

751 

2-3-5 3 

3 

2 


1237 

22.3103 

2 

2 


. 311 

2-5-31 

17 

2 

-10 

757 

2 2 -3 3 -7 

2 

2 


1249 

2 5 -3-13 

7 

7 


313 

2 3 -3-13 

10 

10 

±10 

761 

2 3 -5-19 

6 

6 


1259 

2-17-37 

2 

3 

10 

317 

22-79 

2 

2 


769 

2 8 -3 

11 

11 


1277 

22-11-29 

2 

2 


331 

2-3-5-11 

3 

5 


773 

22-193 

2 

2 


1279 

2-3 2 -71 

3 

2 

— 10 

337 

2 4 -3-7 

10 

10 

±10 

787 

2-3-131 

2 

4 

-10 

1283 

2-641 

2 

3 

-10 

347 

2-173 

2 

3 

-10 

797 

22-199 

2 

2 


1289 

2 3 -7-23 

6 

6 


349 

22-3-29 

2 

2 


809 

2 3 -101 

3 

3 


1291 

2-3-5-43 

2 

4 

10 

353 

2 5 -ll 

3 

3 


811 

2-3 4 -5 

3 

5 

"”I6 

1297 

2 4 -3 4 

10 

10 

±10 
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Primitive Roots, Factorization of p —1 Table 24.8 

g , G denote the least positive and least negative (respectively) primitive roots of p. e denotes 
whether 10, —10 both or neither are primitive roots. 


V 

p-1 

9 

— O 

f 

V 

p-1 

9 

— G 

€ 

V 

p-1 

9 

-G 

e 

1301 

2*-5 2 -13 

2 

2 

±10 

1831 

2.3-5-61 

3 

9 


2377 

23-33-11 

5 

5 


1303 

2-3-731 

6 

2 

10 

1847 

2-13-71 

5 

2 

10 

2381 

2 2 -5-7-17 

3 

3 


1307 

2-653 

2 

3 

-10 

1861 

2 2 -3-5-31 

2 

2 

±10, 

2383 

2-3-397 

5 

13 

10 

1319 

2-659 

13 

2 

-10 

1867 

2-3-311 

2 

4 

-10 

2389 

22-3-199 

2 

2 

±10 

1321 

23.3-5.11 

13 

13 


1871 

2 5-11-17 

14 

2 

-10 

2393 

2*13-23 

3 

3 


1327 

2-3-13-17 

3 

9 

10 

1873 

2 4 -3 2 -13 

10 

10 

±10 

2399 

2-11-109 

11 

2 

-10 

1361 

2 4 -5-17 

3 

3 


1877 

2 2 -7-67 

2 

2 


2411 

2-5-241 

6 

3 

10 

1367 

2-683 

5 

2 

10 

1879 

2-3-313 

6 

2 


2417 

2 4 -151 

3 

3 

±10 

1373 

22.73 

2 

2 


1889 

2 s -59 

3 

3 


2423 

2-7-173 

5 

2 

10 

13R1 

22.3 5 23 

2 

2 

±10 

1901 

2 2 -5 2 -19 

2 

2 


2437 

22-3-7-29 

2 

2 


1399 

2-3233 

13 

5 

-10 

1907 

2-953 

2 

3 

-10 

2441 

23-5-61 

6 

6 


1409 

2M1 

3 

3 


1913 

23-239 

3 

3 

±10 

2447 

2-1223 

5 

2 

1 16 

1423 

2-3 2 -79 

3 

9 


1931 

2-5-193 

2 

3 


2459 

2-1229 

2 

3 

10 

1427 

2-23-31 

2 

3 

-10 

1933 

2 2 -3-7-23 

5 

5 


2467 

2-32-137 

2 

4 


1429 

2 2 3-7-17 

6 

6 

±10 

1949 

2 2 -487 

2 

2 

±10 

2473 

23-3-103 

5 

5 

±10 

1433 

2 3 -179 

3 

3 

±10 

1951 

2-3-5 2 -13 

3 

2 


2477 

22-619 

2 

2 


1439 

2-719 

7 

2 

-10 

1973 

2 2 -17-29 

2 

2 


2503 

2-32-139 

3 

2 


1447 

2-3-241 

3 

2 

10 

1979 

2-23-43 

2 

3 

10 

2521 

2 3 -3 2 -5-7 

17 

17 ' 


1451 

2-5 2 -29 

2 

3 


1987 

2-3-331 

2 

4 


2531 

2-5-11-23 

2 

3 


1453 

2 2 -3-l l 2 

2 

2 


1993 

23-3-83 

5 

5 


2539 

2-33-47 

2 

4 

10 

1459 

2-3® 

3 

6 


1997 

2 2 -499 

2 

2 


2543 

2-31-41 

5 

2 

10 

1471 

2-3-5-7 2 

6 

5 

-10 

1999 

2-33-37 

3 

5 

-10 

2549 

2 2 -7 2 -13 

2 

2 

±10 

1481 

2 3 -5-37 

3 

3 


2003 

2-7-11-13 

5 

3 

-10 

2551 

2-3-52-17 

6 

2 


1483 

23-13-19 

2 

4 


2011 

2-3-567 

3 

5 


2557 

22.32.71 

2 

2 


1487 

2-743 

5 

2 

10 

2017 

2 s -3 2 -7 

5 

5 

±10 

2579 

2-1289 

2 

3 

10 

1489 

2 4 -3-31 

14 

H 


2027 

2-1013 

2 

3 

-10 

2591 

2-5-7-37 

7 

2 ! 


1493 

2 2 -373 

2 

2 


2029 

2 2 -3-13 2 

2 

2 

±10 

2593 

2 s -3 4 

7 

7 

±10 

1499 

2-7-107 

2 

3 


2039 

2-1019 

7 

2 

-10 

2609 

2 4 -163 

3 

3 


1511 

2-5-151 

11 

2 

-10 

2053 

2 2 -3*-19 

2 

2 


2617 

23-3-109 

5 

5 

+ 10 

1523 

2-761 

2 

3 

-10 

2063 

2-1031 

5 

2 

16 

2621 

22-5-131 

2 

2 

+ 10 

1531 

2-3 2 -5-17 

2 

4 

10 

2069 

22-11-4? 

2 

2 

±10 

2633 

23-7-47 

3 

3 

±10 

1543 

2-3-257 

5 

2 

10 

2081 

2 5 -5-13 

3 

3 


2647 

2-33-72 

3 

2 


1549 

2 2 -3 2 -43 

2 

2 

±10 

2083 

2-3-347 

2 

4 

-10 

2657 

2 5 -83 

3 

3 

±10 

1553 

2 4 -97 

3 

3 

±10 

2087 

2-7-149 

5 

2 


2659 

2-3-443 

2 

4 


1559 

2-19-41 

19 

2 

-10 

2089 

2 3 -3 2 -29 

7 

7 


2663 

2-11* 

5 

2 

10 

1567 

2-3 3 -29 

3 

2 

10 

2099 

2-1049 

2 

3 

io 

2671 

2-3-5-89 

7 

5 

-10 

1571 

2-5-157 

2 

3 

10 

2111 

2-5-211 

7 

2 

-10 

2677 

22-3-223 

2 

2 


1579 

2*3-263 

3 

5 

10 

2113 

20-3-11 

5 

5 

±10 

2683 

2-32-149 

2 

4 


1583 

2-7-113 

5 

2 

10 

2129 

2 4 -7-19 

3 

3 


2687 

2-17-79 

5 

3 

10 

1597 

2 2 -3-7-19 

11 

11 


2131 

2-3-5-71 

2 

4 


2689 

22-3-7 

19 

19 


1601 

2«.5 2 

3 

3 


2137 

23-3-89 

10 

10 

±10 

2693 

22-673 

2 

2 


1607 

2-11-73 

5 

2 

10 

2141 

2 2 -5-107 

2 

2 

±10 

2699 

2-19-71 

2 

3 

io 

1609 

2 3 -3-67 

7 

7 


2143 

2-3 2 -7-17 

3 

9 

10 

2707 

2-3-11-41 

2 

4 

-10 

1613 

22-13-31 

3 

3 


2153 

23-269 

3 

3 

±10 

2711 

2-5-271 

7 

2 

-10 

1619 

2-809 

2 

3 

10 

2161 

2 4 -3 3 -5 

23 

23 


2713 

23-3-113 

5 

5 

±10 

1621 

2 2 -3 4 -5 

2 

2 

±10 

2179 

2-3 2 -ll 2 

7 

5 

10 

2719 

2-32-151 

3 

2 

-10 

1627 

23-271 

3 

6 


2203 

2-3-367 

5 

7 

— 10 

2729 

23-11-31 

3 

3 


1637 

2 2 -409 

2 

2 


2207 

2-1103 

5 

2 

10 

2731 

2-3-5-7-13 

3 

5 

10 

1657 

23.3 2 -23 

11 

11 


2213 

2 2 -7-79 

2 

2 


2741 

22-5-137 

2 

2 

±10 

1663 

2-3-277 

3 

2 

10 

2221 

2 2 -3-5-37 

2 

2 

±10 

2749 

22-3-229 

6 

6 

1667 

2-7 2 -17 

2 

3 

-10 

2237 

22-13-43 

2 

2 


2753 

2«-43 

3 

3 

±10 

1669 

2 2 -3-139 

2 

2 


2239 

2-3-373 

3 

2 

-10 

2767 

2-3-461 

3 

9 

10 

1693 

2 2 -3 2 -47 

2 

2 


2243 

2-19-59 

2 

3 

-10 

2777 

2 3 -347 

3 

3 

±10 

1697 

2 5 -53 

3 

3 

±10 

2251 

2-32.53 

7 

5 

10 

2789 

22-17-41 

2 

2 

±10 

1699 

2-3-283 

3 

6 


2267 

2-11-103 

2 

3 

-10 

2791 

2-32-5-31 

6 

7 


1709 

2 2 -7-61 

3 

3 

±10 

2269 

2 2 -3 4 -7 

2 

2 

±10 

2797 

22-3-233 

2 

2 


1721 

23-5-43 

3 

3 


2273 

2 5 -7l 

3 

3 

±10 

2801 

2 4 -5 2 -7 

3 

3 


1723 

2-3-7-41 

3 

6 


2281 

2 3 -3-5-19 

7 

7 

2803 

2-3-467 

2 

4 

— 10 

1733 

2 2 -433 

2 

2 


2287 

2-3 2 -127 

19 

7 


2819 

2-1409 

2 

3 

10 

1741 

2 2 -3-5-29 

2 

2 

±10 

2293 

2 2 -3-191 

2 

2 


2833 

2 4 -3-59 

5 

5 

±10 

1747 

2-3 2 -97 

2 

4 


2297 

23-7-41 

5 

5 

±10 

2837 

22-709 

2 

2 


1753 

23-3-73 

7 

7 


2309 

22-577 

2 

2 

±10 

2843 

2-72.29 

2 

4 

-10 

1759 

2-3-293 

6 

2 

-10 

2311 

2-3-5-7-11 

3 

2 


2851 

2-3-52-19 

2 

4 

10 

1777 

2 4 -3-37 

5 

5 

±10 

2333 

2M1-53 

2 

2 


2857 

2 3 -3-7-17 

11 

11 


1783 

2-3 4 -ll 

10 

2 

10 

2339 

2-7-167 

2 

3 

10 

2861 

22-5-11-13 

2 

2 

±10 

1787 

2-19-47 

2 

3 

-10 

2341 

22.32-5-13 

7 

7 

±10 

2879 

2-1439 

7 

2 

-10 

1789 

2 2 3 149 

6 

6 

±10 

2347 

2-3-17-23 

3 

6 

-10 

2887 

2-3-13-37 

5 

2 

10 

1801 

2 3 -3 2 -5 2 

11 

11 


2351 

2-52-47 

13 

3 

-10 

2897 

2 4 -181 

3 

3 

±10 

1811 

2-5-181 

6 

3 

16 

2357 

22.19-31 

2 

2 


2903 

2-1451 

5 

2 

10 

1823 

2-911 

5 

2 

10 1 

2371 

23-5-79 

2 

4 

16 

2909 

22-727 

2 

2 

±10 
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Table 24.8 Primitive Roots, Factorization of p —1 

g, G denote the least positive and least negative (respectively) primitive roots of p. e denotes 
whether 10, —10 both or neither are primitive roots. 


P 

p-1 

9 

— G 

< 

p 

P-1 

9 

— G 

« 

p 

P-1 

9 

-G 

€ 

2917 

2 2 -3 6 

5 

5 


3527 

2-41-43 

5 

2 

10 

4079 

2-2039 

11 

2 

-10 

2927 

2-7-11-19 

5 

2 

10 

3529 

2 3 -32-72 

17 

17 


4091 

2-5-409 

2 

3 

10 

2939 

2-13113 

2 

3 

10 

3533 

22-883 

2 

2 


4093 

22-3-11-31 

2 

2 


2953 

23.3241 

13 

13 


3539 

2-29-61 

2 

3 

10 

4099 

2-3-683 

2 

4 

10 

2957 

2 2 -739 

2 

2 


3541 

22-3-5-59 

7 

7 


4111 

2-3-5-137 

12 

2 

-10 

2963 

2-1481 

2 

3 

-10 

3547 

2-32-197 

2 

4 

-10 

4127 

2-2063 

5 

2 

10 

2QRQ 

23-7-53 

3 

3 


3557 

22-7-127 

2 

2 


4129 

2 5 -3-43 

13 

13 


2971 

2-3 3 -5-ll 

10 

5 

10 

3559 

2-3-593 

3 

2 

-10 

4133 

22-1033 

2 

2 


2999 

2-1499 

17 

2 

-10 

3571 

2-3-5-7-17 

2 

4 

10 

4139 

2-2069 

2 

3 

10 

3001 

23-3-53 

14 

14 

. 

3581 

22-5-179 

2 

2 

±10 

4153 

2 3 -3-l73 

5 

5 

±10 

3011 

2-5-7-43 

2 

3 

10 

3583 

2-3 2 -199 

3 

2 


4157 

22-1039 

2 

2 


3019 

2-3-503 

2 

4 

10 

3593 

22-449 

3 

3 

±10 

4159 

2-3 3 -7-ll 

3 

2 


3023 

2-1511 

5 

2 

10 

3607 

2-3-601 

5 

11 

10 

4177 

2 4 -3 2 -29 

5 

5 

±10 

3037 

2 2 -3-ll-23 

2 

2 


3613 

22-3-7-43 

2 

2 


4201 

2 3 -3-5 2 -7 

11 

11 


3041 

23-5-19 

3 

3 


3617 

22-113 

3 

3 

±10 

4211 

2-5-421 

6 

3 

10 

3049 

23-3-127 

11 

11 


3623 

2-1811 

5 

2 

10 

4217 

2 a -17-31 

3 

3 

±10 

3061 

22-32-5-17 

6 

6 


3631 

2-3-5-11 2 

15 

10 

-10 

4219 

2-3-19-37 

2 

4 

10 

3067 

2-3-7-73 

2 

4 

-16 

3637 

22-32-101 

2 

2 


4229 

22-7-151 

2 

2 

+ 10 

3079 

2-3*-19 

6 

2 

-10 

3643 

2-3-607 

2 

4 

-10 

4231 

2-32-5-47 

3 

2 

-10 

3083 

2-23-67 

2 

3 

-10 

3659 

2-31-59 

2 

3 

10 

4241 

2 4 -5-53 

3 

3 


3089 

2M93 

3 

3 


3671 

2-5-367 

13 

2 


4243 

2-3-7-101 

2 

4 

-10 

3109 

223-7-37 

6 

6 


3673 

22-32-17 

5 

5 

±10 

4253 

22-1063 

2 

2 


3119 

2-1559 

7 

2 

-10 

3677 

22-919 

2 

2 


4259 

2-2129 

2 

3 

10 

3121 

2 4 -3-5-13 

7 

7 


3691 

2-32-5-41 

2 1 

4 


4261 

22-3-5-71 

2 

2 

±10 

3137 

26-72 

3 

3 

±10 

3697 

2-432 

5 

5 


4271 

25-7-61 

7 

3 

-10 

3163 

2-3-17-31 

3 

6 

-10 

3701 

22.52.37 

2 

2 

±10 

4273 

2 4 -3-89 

5 

5 


3167 

2-1583 

5 

2 

10 

3709 

22-32-103 

2 

2 

±10 

4283 

2-2141 

2 

3 

-10 

3169 

2 5 -3 2 -ll 

7 

7 


3719 

2-11-13 2 

7 

2 

-10 

4289 

2«-67 

3 

3 


3181 

22-3-5-53 

7 

7 


3727 

2-3 4 -23 

3 

2 

10 

4297 

2 3 -3-179 

5 

5 


3187 

2-33-59 

2 

4 


3733 

22-3-311 

2 

2 


4327 

2-3-7-103 

3 

2 

10 

3191 

2-5-11-29 

11 

5 


3739 

2-3-7-89 

7 

5 


4337 

2 4 -271 

3 

3 

±10 

3203 

2-1601 

2 

3 

-10 

3761 

2 4 -5-47 

3 

3 


4339 

2-32-241 

10 

5 

10 

3209 

23-401 

3 

3 


3767 

2-7-269 

5 

2 

16 

4349 

22-1087 

2 

2 

±10 

3217 

2 4 -3-67 

5 

5 


3769 

22-3-157 

7 

7 


4357 

22.32.li2 

2 

2 


3221 

2 2 -5-7-23 

10 

10 

±10 

3779 

2-1889 

2 

3 

10 

4363 

2-3-727 

2 

4 

-10 

3229 

22-3-269 

6 

6 


3793 

2 4 -3-79 

5 

5 


4373 

22-1093 

2 

2 


3251 

2-53-13 

6 

3 

10 

3797 

22-13-73 

2 

2 


4391 

2-5-439 

14 

2 

-10 

3253 

22-3-271 

2 

2 


3803 

2-1901 

2 

3 

-10 

4397 

2*-7-157 

2 

2 


3257 

23-11-37 

3 

3 

±10 

3821 

22-5-191 

3 

3 

±10 

4409 

2 3 -19-29 

3 

3 


3259 

2-32-181 

3 

5 

10 

3823 

2 3-72-13 

3 

9 


4421 

22-513-17 

3 

3 

±10 

3271 

2-3-5-109 

3 

5 

-10 

3833 

2 3 -479 

3 

3 

±10 

4423 

2-3-11-67 

3 

7 

10 

3299 

2-17-97 

2 

3 

10 1 

3847 

2-3-641 

5 

2 

10 

4441 

2 3 -3-5-37 

21 

21 


3301 

22-3-52-11 

6 

6 

±10 

3851 

2-52.7-11 

2 

4 


4447 

2-32-13-19 

3 

2 

10 

3307 

2-3-19-29 

2 

4 

-10 

3853 

22.32.107 

2 

2 

— 

4451 

2-52-89 

2 

3 

10 

3313 

2 4 -3 2 -23 

10 

10 

±10 

3863 

2-1931 

5 

2 

10 

4457 

2 3 -557 

3 

3 

±10 

3319 

2-3-7-79 

6 

2 


3877 

22-3-17-19 

2 

2 


4463 

2-23-97 

5 

2 

10 

3323 

2-11-151 

2 

3 

-10 

3881 

2 3 -5-97 

13 

13 


4481 

2 7 -5-7 

3 

3 


3329 

2*-13 

3 

3 


3889 

2<-3* 

11 

11 


4483 

2-3 3 -83 

2 

4 


3331 

2-32.5-37 

3 

5 

10 

3907 

2-32-7-31 

2 

4 

_ 

-10 

4493 

22-1123 

2 

2 


3343 

2-3-557 

5 

11 

10 

3911 

2-5-17-23 

13 

2 

-10 

4507 

2-3-751 

2 

4 


3347 

2-7-239 

2 

3 

-10 

3917 

22-11-89 

2 

2 


4513 

2 s -3-47 

7 

7 


3359 

2-23-73 

11 

2 

-10 

3919 

2-3-653 

3 

2 

_ 

4517 

22-1129 

2 

2 


3361 

25-3-5-7 

22 

22 


3923 

2-37-53 

2 

3 

-10 

4519 

2-32-251 

3 

9 


3371 

2-5-337 

2 

3 

10 

3929 

2 3 -491 

3 

3 


4523 

2-7-17-19 

5 

3 

-10 

3373 

22-3-281 

5 

5 


3931 

2-3-5-131 

2 

4 


4547 

2-2273 

2 

3 

-10 

3389 

22-7-112 

3 

3 

±10 

3943 

2-3 3 -73 

3 

9 

10 

4549 

22-3-379 

6 

6 

3391 

2-3-5-113 

3 

5 

-10 

3947 

2-1973 

2 

3 

-10 

4561 

2 4 -3-5-19 

11 

11 


3407 

2-13-131 

5 

2 

10 

3967 

2-3-661 

6 

2 

10 

4567 

2-3-761 

3 

7 

’~io 

3413 

22-853 

2 

2 


3989 

22-997 

2 

2 

±10 

4583 

2-29-79 

5 

2 

10 

3433 

23-3-11-13 

5 

5 

±10 

4001 

2 5 -5 3 

3 

3 


4591 

2-3 3 -5-17 

11 

2 

-10 

3449 

23-431 

3 

3 


4003 

2-3-23-29 

2 

4 


4597 

22-3-383 

5 

5 


3457 

22.33 

7 

7 


4007 

2-2003 

5 

2 

-- ... 

10 

4603 

2-3-13-59 

2 

4 

-10 

3461 

22-5-173 

2 

2 

±10 

4013 

22-17-59 

2 

2 


4621 

22-3-5-711 

2 

2 


3463 

2-3-577 

3 

9 

10 

4019 

2-72-41 

2 

4 

10 

4637 

22-19-61 

2 

2 


3467 

2-1733 

2 

3 

-10 

4021 

22-3-5-67 

2 

2 


4639 

2-3-773 

3 

2 

-10 

3469 

22-3-172 

2 

2 

±10 

4027 

2-3-11-61 

3 

6 

-10 

4643 

2-11-211 

5 

3 

-10 

3491 

2-5-349 

2 

3 


4049 

2 4 -ll-23 

3 

3 


4649 

2 3 -7-83 

3 

3 


3499 

2-3-11-53 

2 

4 


4051 

2-3 4 -5 2 

10 

5 

10 

4651 

2-3.52.3i 

3 

5 

10 

3511 

233-5-13 

7 

2 

-10 

4057 

2 3 -3-13 2 

5 

5 

±10 

4657 

2 4 -3-97 

15 

15 


3517 

22-3-293 

2 

2 


4073 

2 3 -509 

3 

3 

±10 

4663 

2-32-7-37 

3 

9 
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Primitive Roots, Factorization of p —1 Table 24.8 

g, G denote the least positive and least negative (respectively) primitive roots of p. e denotes 
whether 10, —10 both or neither are primitive roots. 


p 

P-1 

9 

-G 

6 

p 

P-1 

9 

-(? 

■« 

p 

P-1 

9 

-G 

€ 

4673 

20-73 

3 

3 

±10 

5297 

2 4 -331 

3 

3 

±10 

5867 

2-7-419 

5 

3 

-10 

4679 

2-2339 

11 

2 

-10 

5303 

2-11-241 

5 

2 

10 

5869 

2 2 -3*-163 

2 

2 

±10 

4691 

2-5-7-67 

2 

3 

10 

5309 

2*1327 

2 

2 

±10 

5879 

2-2939 

11 

2 

-10 

4703 

2-2351 

5 

2 

10 

5323 

2-3-887 

5 

10 

-10 

5881 

2 3 -3-5-7* 

31 

31 


4721 

2 4 -5-59 

6 

6 


5333 

2*-31-43 

2 

2 


5897 

2 3 -11 -67 

3 

3 

+ 10 

4723 

2-3-787 

2 

4 

-10 

5347 

2-3 5 -ll 

3 

6 

-10 

5903 

2-3-227 

5 

2 

16 

4729 

2 3 -3-197 

17 

17 


5351 

2-5*107 

11 

2 

-10 

5923 

2-3 2 -7-47 

2 

4 

-10 

4733 

2 2 -7-13* 

5 

5 


5381 

2 2 -5-269 

3 

3 

±10 

5927 

2-2963 

5 

2 

10 

4751 

2-5M9 

19 

3 

-10 

5387 

2-2693 

2 

3 

-10 

5939 

2-2969 

2 

3 

10 

4759 

2-3-13-61 

3 

5 

-10 

5393 

2 4 -337 

3 

3 

±10 

5953 

2»-3-31 

7 , 

7 


4783 

2-3-797 

6 

2 

10 

5399 

2-2699 

7 

2 

-10 

5981 

2 2 -5-13-23 

3 i 

3 

±10 

4787 

2-2393 

2 

3 

-10 

5407 

2-3-17-53 

3 

2 


5987 

2-41-73 

2 

3 

-10 

4789 

2*-3*-7-19 

2 

2 


5413 

2*-3-ll-41 

5 

5 


6007 

2-3-7-11-13 

3 i 

9 


4793 

2 3 -599 

3 

3 

±10 

5417 

2 3 -677 

3 

3 

±10 

6011 

2-5-601 

2 

4 

10 

4799 

2-2399 

7 

2 

-10 

5419 

2-3*-7-43 

3 

5 

10 

6029 

2 2 -11-137 

2 

2 

±10 

4801 

2 6 -3-5 2 

7 

7 


5431 

2-3-5-181 

3 

2 

-10 

6037 

2*-3-503 

5 

5 


4813 

2 2 -3-401 

2 

2 


5437 

2*-3 2 -151 

5 

5 


6043 

2-31953 

5 

6 

10 

4817 

2 4 -7-43 

3 

3 

±10 

5441 

20-5-17 

3 

3 


6047 

2-3023 

5 i 

2 

10 

4831 

2-3-5-7-23 

3 

2 ; 


5443 

2-3-907 

2 

4 


6053 

2*17-89 

2 

2 


4861 

2*-3 5 -5 

11 

11 


5449 

2 3 -3-227 

7 

7 


6067 

2-3*-337 

2 

4 

— 10 

4871 

2-5-487 

11 

3 

-10 

5471 

2-5-547 

7 

3 


6073 

2 3 -3-ll-23 

10 

10 

±10 

4877 

2 2 -23-53 

2 

2 


5477 

2*-37 2 

2 

2 


6079 

2-3-1013 

17 

7 


4889 

2 3 -13-47 

3 

3 


5479 

2-3-11-83 

3 

2 

-10 

6089 

2 3 -761 

3 

3 


4903 

2-3-1943 

3 

2 


5483 

2-2741 

2 

3 

-10 

6091 

2-3-5-7-29 

7 

11 


4909 

2*-3-409 

6 

6 


5501 

2 2 -5 3 -ll 

2 

2 

±10 

6101 

2 2 -5 2 -61 

2 

2 


4919 

2-2459 

13 

2 

-10 

5503 

2-3-7-131 

3 

9 

10 

6113 

2®-191 

3 

3 

±10 

4931 

2-5-17-29 

6 

3 

10 

5507 

2-2753 

2 

3 

-10 

6121 

2 3 -3*-5-17 

7 i 

7 


4933 

2 2 -3 2 -137 

2 

2 


5519 

2-31-89 

13 

2 

-10 

6131 

2-5-613 

2 i 

3 

10 

4937 

2 3 -617 

3 

3 

±10 

5521 

2 4 -3-5 23 

11 

11 


6133 

2 2 -3-7-73 

5 

5 


4943 

2-7-353 

7 

2 

10 

5527 

2-3 2 -307 

5 

2 

10 

6143 

2-37-83 

5 

2 

10 

4951 

2-3*-5*-ll 

6 

2 

-10 

5531 

2-5-7-79 

10 

5 

10 

6151 

2-3-5*-41 

3; 

7 


4957 

2*-3-7-59 

2 

2 


5557 

2*-3-463 

2 

2 


6163 

2-3-13-79 

3 

6 


4967 

2-13-191 

5 

2 

10 

5563 

2-3 3 -103 

2 

4 

-10 

6173 

2*-1543 

2 

2 


4969 

2 3 -3 3 -23 

11 

11 


5569 

2«-3-29 

13 ! 

13 


6197 

2 2 -1549 

2 

2 


4973 

2 2 -ll-113 

2 

2 


5573 

2 2 -7-199 

2 

2 


6199 

2-3-1033 

3 

2 

-10 

4987 

2-3 2 -277 

2 

4 

-10 

5581 

2*-3*-5-31 

6 

6 

±10 

6203 

2-7-443 

2 1 

3 

4993 

2 7 -3-13 

5 

5 


5591 

2-5-13-43 

11 

2 

-10 

6211 

2-3 3 -5-23 

2 

4 

10 

4999 

2-3 7 2 17 

3 

9 


5623 

2-3-937 

5 

2 

10 

6217 

2 3 -3-7-37 

5 

5 

±10 

5003 

2-41-61 

2 

3 

-10 

5639 

2-2819 

7 

2 

-10 

6221 

2*-5-311 

3 

3 

±10 

5009 

2 4 -313 

3 

3 


5641 

2 3 -3-5-47 

14 

14 


6229 

2*-3*-173 

2 

2 


5011 

2-3-5-167 

2 

4 


5647 

2-3-941 

3 

2 


6247 

2.32.347 

5 

2 

10 

5021 

2 2 -5-251 

3 

3 

±10 

5651 

2-5*-113 

2 

3 

10 

6257 

2 4 -17-23 

3 

3 

±10 

5023 

2-3 4 -31 

3 

2 


5653 

2 2 -3 2 -157 

5 

5 


6263 

2-31-101 

5 

2 

10 

5039 

2-11-229 

11 

2 

-10 

5657 

2 3 -7-101 

3 

3 

±10 

6269 

2*1567 

2 

2 

±10 

5051 

2-5 2 -101 

2 

3 


5659 

2-3-23-41 

2 

4 

10 

6271 

2-3-5-11-19 

11 

17 


5059 

2-3 2 -281 

2 

4 

10 

5669 

2 2 -13-109 

3 

3 

±10 

6277 

2*-3-523 

2 

2 


5077 

2 2 -3 3 -47 

2 

2 


5683 

2-3-947 

2 

4 

-10 

6287 

2-7-449 

7 

2 

10 

5081 

2 3 -5-127 

3 

3 


5689 

2 3 -3*-79 

11 

11 


6299 

2-47-67 

2 

3 


5087 

2-2543 

5 

2 

10 

5693 

2*1423 

2 

2 


6301 

2*-3 2 -5*-7 

10 

10 

±10 

5099 

2-2549 

2 

3 

10 

5701 

2 2 -3-5 2 -19 

2 

2 

±10 

6311 

2-5-631 

7 

2 

-10 

5101 

2 2 -3-5 2 -l7 

6 

6 


5711 

2-5-571 

19 

3 


6317 

2*1579 

2 

2 


5107 

2 3.2337 

2 

4 

-10 

5717 

2*1429 

2 

2 


6323 

2-29-109 

2 

3 

-10 

5113 

2 3 -3 2 -71 

19 

19 


5737 

2 3 -3-239 

5 

5 

±10 

6329 

2 3 -7-113 

3 

3 


5119 

2-3-853 

3 

2 


5741 

2 2 -5-7-41 

2 

2 

±10 

6337 

2«-3*-ll 1 

10 

10 

±10 

5147 

2-31-83 

2 

3 

-10 

5743 

2-3 2 -ll-29 

10 

2 

10 

6343 

2-3-7-151 

3 

2 

10 

5153 

2 s -7-23 

5 

5 

±10 

5749 

2 2 -3-479 

2 

2 

±10 

6353 

2 4 -397 

3 

3 

±10 

5167 

2-3 2 -7-41 

6 

11 

10 

5779 

2-3 3 -107 

2 

4 

10 

6359 

211-17* 

13 

2 

-10 

5171 

2-5-11-47 

2 

4 


5783 

2-7 2 -59 

7 

2 

10 

6361 

2 3 -3-5-53 

19 

19 


5179 

2-3-863 

2 

4 

10 

5791 

2-3-5-193 

6 

2 


6367 

2-3-1061 

3 

2 

10 

5189 

2*-1297 

2 

2 

±10 

5801 

2 3 -5 2 -29 

3 

3 


6373 

2*-3 3 -59 

2 

2 


5197 

2*-3-433 

7 

7 


5807 

2-2903 

5 

2 

10 

6379 

2-3-1063 

2 

4 


5209 

2 3 -3-7-31 

17 

17 


5813 

2*1453 

2 

2 


6389 

2*-1597 

2 

2 

±10 

5227 

2-3-13-67 

2 

4 

-10 

5821 

2 2 -3-5-97 

6 

6 

±10 

6397 

2*-3-13-41 

2 

2 

5231 

2-5-523 

7 

2 

-10 

5827 

2-3-971 

2 , 

4 

-10 

6421 

2*-3-5-107 

6 

6 


5233 

2 4 -3-109 

10 

10 

±10 

5839 

2-3-7-139 

6 

2 

-10 

6427 

2-3 3 -7-l7 

3 

6 


5237 

2 2 -7-ll-17 

3 

3 


5843 

2-23-127 

2 

4 

-10 

6449 

2 4 -13-31 

3 

3 


5261 

2 2 -5-263 

2 

2 


5849 

2 3 -17-43 

3 

3 


6451 

2.3.52.43 

3 

6 


5273 

2 3 -659 

3 

3 

±10 

5851 

23*.5*13 

2 

4 


6469 

2*-3-7*-ll 

2 

2 


5279 

2-7-13-29 

7 

3 

-10 

5857 

2«-3-61 

7 j 

7 

±10 

6473 

2 s -809 

3 

3 

±10 

5281 

2 5 -3-5-ll 

7 

7 


5861 

2*-5-293 

3 1 

3 

±10 

6481 

2 4 -3 4 -5 

7 

7 
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Table 24.8 Primitive Roots, Factorization of p —1 

g G denote the least positive and least negative (respectively) primitive roots of p. e denotes 
whether 10, —10 both or neither are primitive roots. 


V 

P-1 

g ■ 

-G 

€ 

V 

v -1 

9 

-G 

€ 

p 

V ~1 

9 

~G 

€ 




a 


7121 

2 4 -5-89 

3 

3 


7741 

22.32.5-43 

7 

7 




6 

6 


7127 

2-7-509 

5 

2 


7753 

2 3 -3-17-19 

10 

10 

±10 



7 

7 


7129 

2 3 -3 4 -ll 

7 

7 


7757 

22-7-277 

0 

2 




2 

4 


7151 

2-5*11-13 

7 

3 


7759 

2-3*-431 

3 

2 

-10 

6551 

2-5M31 

17 

2 

-10 

7159 

2-3-1193 

3 

2 

-10 

7789 

2*3-11-59 

2 

2 


6553 

2*-3*-7-13 

10 

10 

±10 

7177 

2 3 -3-13-23 

10 

10 

±10 

7793 

2 4 -487 

3 

3 

±10 

6563 

217193 

5 

10 

-10 

7187 

2-3593 

2 

3 

-10 

7817 

2*-977 

3 

3 

±10 

R£6Q 

2 3 -821 

3 

3 


7193 

2 3 -29-31 

3 

3 

±10 

7823 

2-3911 

5 

2 

10 

6571 

2-3*-5-73 

3 

7 

10 

7207 

2-3-1201 

3 

2 

10 

7829 

2*-19-103 

2 

2 

±10 



5 

5 


7211 

2-5-7-103 

2 

3 


7841 

25-5-7* 

12 

12 




L4 

14 


7213 

2*-3-601 

5 

5 


7853 

22-13-151 

2 

2 


6599 

2-3299 

13 

2 

-10 

7219 

2-3*-401 

2 

4 

10 

7867 

2-3*-19-23 

3 

6 

-10 

6607 

2-3*-367 

3 

2 


7229 

2*13-139 

2 

2 

±10 

7873 

2«-3-41 

5 

5 

±10 

6619 

2-3-1103 

2 

4 

10 

7237 

2*-3 3 -67 

2 

2 


7877 

2*11.179 

2 

2 


6637 

2*-3-7-79 

2 

2 


7243 

2-3-17-71 

2 

4 

-10 

7879 

2-3-13-101 

3 

2 

-10 

6653 

2*1663 

2 

2 


7247 

2-3623 

5 

2 

10 

7883 

2-7-563 

2 

3 

-10 

6659 

2-3329 

2 

3 

10 

7253 

2*-7*-37 

2 

2 


7901 

2*-5*-79 

2 

2 

±10 

6661 

2*-3*-5-37 

6 

6 

±10 

7283 

2-11-331 

2 

3 

-10 

7907 

2-59-67 

2 

3 

-10 

6673 

2 4 -3-139 

5 

5 

±10 

7297 

2 7 -3-19 

5 

5 


7919 

2-37-107 

7 

2 

-10 

6679 

2-3*-7-53 

7 

5 

-10 

7307 

2-13-281 

2 

3 

-10 

7927 

2-3-1321 

3 

7 

10 

0KRQ 

9.5.11.1 q 

3 

3 


7309 

2*-3*-7-29 

6 

6 

± 10 

7933 

2*-3-661 

2 

9 


6691 

2-3-5-223 

2 

4 

10 

7321 

2 3 -3-5-61 

7 

7 


7937 

2 8 -31 

3 

3 

±10 

6701 

2*-5*-67 

2 

2 

±10 

7331 

2-5-733 

2 

4 


7949 

22-1987 

2 

2 

±10 

6703 

2-3-1117 

5 

2 

10 

7333 

2*-3-13-47 

6 

6 


7951 

2-3-5*53 

6 

2 

-10 

6709 

2*-3-l3-43 | 

2 

2 

±10 

7349 

2 2 -11 -167 

2 1 

2 

±10 

7963 

2-3-1327 

5 

10 

-10 


2-3359 

u 

2 

-10 

7351 

2-3-5*-7* 

6 

5 


7993 

2 3 -3 3 -37 

5 



fi733 

22.32.1M7 

2 

2 

7369 

2 3 -3-307 

7 

7 


8009 

2 8 -7-11-13 

3 

3 


6737 

2 4 -421 

3 

3 

±10 

7393 

2 5 -3-7-11 

5 

5 

±10 

8011 

2-3*-5-89 

14 

7 


6761 

2 3 -5-13* 

3 

3 


7411 

2-3-5-13-19 

2 

4 

10 

8017 

2 4 -3-167 

5 

5 

±10 

6763 

2-3-7*-23 

2 

4 


7417 

2 3 -3*-103 

5 

5 


8039 

2-4019 

11 

2 

-10 

6779 

2-3389 

2 

3 

10 

7433 

2 3 -929 

3 

3 

±10 

8053 

22-3-11-61 

2 

2 


6781 

22-3-5-113 

2 

2 


7451 

2-5*-149 

2 

4 

10 

8059 

2-3-17-79 j 

3 

5 

10 

6791 

2-5-7-97 

7 

3 


7457 

25-233 

3 

3 

±10 

8069 

2*-2017 

2 

2 

±10 

6793 

2 3 -3-283 

10 

10 

±10 

7459 

2-3-11-113 

2 

4 

10 

8081 

2 4 -5-101 

3 

3 


6803 

2-19-179 

2 

3 

-10 

7477 

2*-3-7-89 

2 

2 


8087 

2-13-311 

5 

2 

10 

6823 

2.32.379 

3 

2 

10 

7481 

2 3 -5-ll-17 

6 

6 


8089 

2*-3-337 

17 

17 


6827 

2-3413 

2 

3 

-10 

7487 

2-19-197 

5 

3 

10 

8093 

22-7-17* 

2 

2 


6829 

2*-3-569 

2 

a 

±10 

7489 

2 B -3*-13 

7 

7 


8101 

2*-3 4 -5* 

6 

6 


6833 

2 4 -7-61 

3 

3 

±10 

7499 

2-23-163 

2 

3 

10 

8111 

2-5-811 

11 

2 


6841 

2 3 -3*-5-19 

22 

22 


7507 

2-3 3 -139 

2 

4 

-10 

8117 

2*.2029 

2 

2 


6857 

2 3 -857 

3 

3 

_ 

±10 

7517 

2*-1879 

2 

2 


8123 

2-31-131 

2 

3 

-10 

6863 

2-47-73 

5 

2 

10 

7523 

2-3761 

2 

3 

-10 

8147 

2-4073 

2 

3 

-10 

6869 

2*17-101 

2 

2 

±10 

7529 

2 3 -941 

3 

3 


8161 

2 5 -3-5-l7 

7 



6871 

2-3-5-229 

3 

9 

— 10 

7537 

2 4 -3-157 

7 

7 


8167 

2-3-1361 

3 

9 


6883 

2-3-31-37 

2 

4 

-10 

7541 

2*-5-l3-29 

2 

2 

±10 

8171 

2-5-19-43 

2 

3 

10 

6899 

2-3449 

2 

3 

10 

7547 

2-7 3 -ll 

2 

3 

-10 

8179 

2-3-29-47 

2 

4 

10 

6907 

2-3-1151 

2 

4 


7549 

2*-3-l7-37 

2 

2 


8191 

2-3*-5-7-13 

17 

11 


6911 

2-5-691 

7 

2 

-10 

7559 

2-3779 

13 

2 

-10 

8209 

2 4 -3 3 -19 

7 

7 


6917 

2*-7-13-19 

2 

2 


7561 

2 3 -3 3 -5-7 

13 

13 


8219 

2-7-587 

2 

3 

10 

6947 

2-23-151 

2 

3 

— 10 

7573 

2*-3-631 

2 

2 


8221 

2*-3-5-l37 

2 

2 


6949 

2*-3*-193 

2 

2 

±10 

7577 

2 3 -947 

3 

3 

±10 

8231 

2-5-823 

11 

2 

-10 

6959 

2-7*-71 

7 

3 

-10 

7583 

2-17-223 

5 

2 

10 

8233 

2 3 -3-7 3 

10 

10 

±10 

6961 

2 4 -3-5-29 

13 

13 


7589 

2*7-271 

2 

2 


8237 

22-29-71 

2 

2 


6967 

2-3 4 -43 

5 

13 

10 

7591 

2-3-5-11-23 

6 

2 

-10 

8243 

2-13-317 

2 

3 

-10 

6971 

2-5-17-41 

2 

4 

10 

7603 

2-3-7-181 

2 

4 


8263 

2-3 B -17 

3 

2 

10 

6977 

2«-109 

3 

3 

±10 

7607 

2-3803 

5 

2 

10 

8269 

2*-3-13-53 

2 

2 

±10 

6983 

2-3491 

5 

2 

10 

7621 

22-3-5-127 

2 

2 


8273 

2 4 -11-47 

3 

3 

±10 

6991 

2-3-5-233 

6 

2 

-10 

7639 

2-3-19-67 

7 

5 

-10 

8287 

2-3-1381 

3 

7 

10 

6997 

2*-3-ll-53 

5 

5 


7643 

2-3821 

2 

3 

-10 

8291 

2-5-829 

2 

3 

10 

7001 

2 3 -5 3 -7 

3 

3 


7649 

2 5 -239 

3 

3 


8293 

2 3 -1049 

2 

2 


7013 

2*-1753 

2 

2 


7669 

2*-3 3 -71 

2 

2 


8297 

22-2099 

3 

3 

±16 

7019 

2-11 *-29 

2 

3 

10 

7673 

2 3 -7-137 

3 

3 

±10 

8311 

2-3-5.277 

3 

2 

-10 

7027 

2-3-1171 

2 

4 


7681 

2»-3-5 

17 

17 


8317 

2*-3 3 -7-ll 

6 

6 


7039 

2-3*-17-23 

3 



7687 

2-3*-7-61 

6 

2 

10 

8329 

2 3 -3-347 

7 

7 


7043 

2-7-503 

2 

4 


7691 

2-5-769 

2 

3 

10 

8353 

2 5 -3*-29 

5 

5 

±10 

7057 

2 4 -3*-7* 

5 

5 

±10 

7699 

2-3-1283 

3 

5 

10 

8363 

2-37-113 

2 

3 

-10 

7069 

2*-3-19-31 

2 

2 

±10 

7703 

2-3851 

5 

2 

10 

8369 

2 4 -523 

3 

3 


7079 

2-3539 

7 

2 

-10 

7717 

2*-3-643 

2 

2 


8377 

2 3 -3-349 

5 

5 

±10 

7103 

2-53-67 

5 

2 

10 

7723 

2-3M1-13 

3 

6 


8387 

2-7-599 

2 

3 


7109 

2*. 1777 

2 

2 

±10 

7727 

2-3863 

5 

2 

10 

8389 

2*-3*-233 

6 

6 

±16 













































































COMBINATORIAL ANALYSIS 


Primitive Roots, Factorization of p —1 Table 24.8 

g, G denote the least positive and least negative (respectively) primitive roots of p. e denotes 
whether 10, —10 both or neither are primitive roots. 


P 

p-1 

g 

— G 

* 

p 

p-1 

9 

-G 

C 

p 

p-1 

9 

-G 


8419 

2-3-23-61 

3 

6 


8941 

2 2 -3-5-149 

6 

6 


9463 

2-3-19-83 

3 

9 


8423 

2-4211 

5 

2 

10 

8951 

2-5 2 -179 

13 

2 

-10 

9467 

2-4733 

2 

3 

-10 

8429 

2 2 -7 2 -43 

2 

2 

±10 

8963 

2-4481 

2 

3 

-10 

9473 

2»-37 

3 

3 

±10 

8431 

2-3-5-281 

3 

2 

-10 

8969 

2 3 -19-59 

3 

3 


9479 

2-7-677 

7 

2 

-10 

8443 

2-3 2 -7-67 

2 

4 

-10 

8971 

2-3-5-13-23 

2 

4 

10 

9491 

2-5-13-73 

2 

3 

10 

8447 

2-41-103 

5 

2 

10 

8999 

2-11-409 

7 

2 

-10 

9497 

2 3 -1187 

3 

3 

±10 

8461 

2 2 -3 2 -5-47 

6 

6 


9001 

2 8 -3 2 -5* 

7 

7 


9511 

2-3-5-317 

3 

9 


8467 

2-3-17-83 

2 

4 

-10 

9007 

2-3-19-79 

3 

2 


9521 

2 4 -5-7-17 

3 

3 


8501 

2 2 -5 8 -17 

7 

7 

±10 

9011 

2-5-17 53 

2 

4 

10 

9533 

2 2 -2383 

2 

2 


8513 

2«-7-19 

5 

5 

±10 

9013 

2 2 -3-751 

5 

5 


9539 

2-19-251 

2 

3 

10 

8521 

2 3 -3-5-71 

13 

13 


9029 

2 2 -37-61 

2 

2 

±10 

9547 

2-3-37-43 

2 

4 

-10 

8527 

2-3-7 2 -29 

5 

2 


9041 

2 4 -5-113 

3 

3 


9551 

2-5 2 -191 

11 

2 


8537 

2 3 -ll-97 

3 

3 

±10 

9043 

2-3-11137 

3 

6 

-10 

9587 

2-4793 

2 

3 

-10 

8539 

2-3-1423 

2 

4 


9049 

2 8 -3-13-29 

7 

7 


9601 

2 7 -3-5 2 

13 

13 


8543 

2-4271 

5 

2 

10 

9059 

2-7-647 

2 

4 

10 

9613 

2 2 -3 3 -89 

2 

2 


8563 

2-3-1427 

2 

4 

-10 

9067 

2-3-1511 

3 

6 

-10 

9619 

2-3-7-229 

2 

4 


8573 

2 2 -2143 

2 

2 


9091 

2-3 2 -5-101 

3 

5 


9623 

2-17-283 

5 

3 

10 

8581 

2 2 -3-5-ll-13 

6 

6 


9103 

2-3-37-41 

6 

2 

10 

9629 

2 2 -29-83 

2 

2 

±10 

8597 

2 2 -7-307 

2 

2 


9109 

2 2 -3 2 -11-23 

10 

10 

±10 

9631 

2-3 2 -5-107 

3 

9 

-10 

8599 

2-3-1433 

3 

2 


9127 

2-3 3 -13 2 

3 

2 


9643 

2-3-1607 

2 

4 

-10 

8609 

25-269 

3 

3 


9133 

2 2 -3-761 

6 

6 


9649 

2 4 -3 2 -67 

7 

7 

8623 

2-3 2 -479 

3 

2 

10 

9137 

2 4 -571 

3 

3 

±10 

9661 

2 2 -3-5-7-23 

2 

2 


8627 

2-19-227 

2 

3 

-10 

9151 

2-3-5 2 -61 

3 

2 


9677 

2 2 -41-59 

2 

2 


8629 

2 2 -3-719 

6 

6 


9157 

2 2 -3-7-109 

6 

6 


9679 

2-3-1613 

3 

2 


8641 

2®-3 3 -5 

17 

17 


9161 

2 3 -5-229 

3 

3 


9689 

2 3 -7-173 

3 

3 


8647 

2-311-131 

3 

2 

10 

9173 

2 2 -2293 

2 

2 


1 9697 

25-3-101 

10 

10 

±io 

8663 

2-61-71 

5 

2 

10 

9181 

2 2 -3 3 -5-17 

2 

2 


9719 

2-43-113 

17 

3 

-10 

8669 

22-11-197 

2 

2 

±10 

9187 

2-3-1531 

3 

6 

-10 

9721 

2 3 -3*-5 

7 

7 


8677 

2 2 -3 2 -241 

2 

2 

_ 

9199 

2-3 2 -7-73 

3 

2 

-10 

9733 

2 2 -3-811 

2 

2 


8681 

2 3 -5-7-31 

15 

15 


9203 

2-43-107 

2 

3 

-10 

9739 

2-3 2 -541 

3 

5 

10 

8689 

2 4 -3-181 

13 

13 


9209 

2 3 -1151 

3 

3 


9743 

2-4871 

5 

2 

10 

8693 

2*-41-53 

2 

2 


9221 

2 2 -5-461 

2 

2 

±10 

9749 

2 2 -2437 

2 1 

2 

±10 

8699 

2-4349 

2 

3 

10 

9227 

2-7-659 

2 

3 

-10 

9767 

2-19-257 

5 ! 

2 

10 

8707 

2-3-1451 

5 

7 

-10 

9239 

2-31-149 

19 

2 

-10 

9769 

2 3 -3-ll-37 

13 : 

13 


8713 

2 3 -3 2 -ll 2 

5 

5 

±10 

9241 

2 3 -3 5 7-11 

13 

13 


9781 

2 2 -3-5-163 

6 

6 

±10 

8719 

2-3-1453 

3 

5 

-10 

9257 

2 3 -13-89 

3 

3 

±10 

9787v 

2-3-7-233 

3 

6 

-10 

8731 

2-3 s -5-97 

2 

4 

10 

9277 

2 2 -3-77J 

5 

5 


9791 

2-5-11-89 

11 

2 

-10 

8737 

2 s -3-7-13 

5 

5 


9281 

2 6 -5-29 

3 

3 


9803 

2-13 2 -29 

2 

3 

—10 

8741 

2 2 -5-19-23 

2 

2 

±10 

9283 

2-3-7-13-17 

2 

4 


9811 

2-3 2 -5-109 

3 

5 

10 

8747 

2-4373 

2 

3 

-10 

9293 

2 2 -23-101 

2 

2 


9817 

2 3 -3-409 

5 

5 

±10 

8753 

2 4 -547 

3 

3 

±10 

9311 

2-5-7*-19 

7 

2 

-10 

9829 

2 2 -3 8 -7-13 

10 

10 

±10 

8761 

2*-3-5-73 

23 

23 


9319 

2-3-1553 

3 

2 

-10 

9833 

2 3 -1229 

3 

3 

±10 

8779 

2-3-7-11-19 

11 

22 


9323 

2-59-79 

2 

3 

-10 

9839 

2-4919 

7 

2 

-10 

8783 

2-4391 

5 

2 

10 

9337 

2 3 -3-389 

5 

5 


9851 

2-5 2 -197 

2 1 

4 

10 

8803 

2-3 3 -163 

2 

4 


9341 

2 2 -5-467 

2 

2 

±10 

9857 

27-7-11 

5 

5 

±10 

8807 

2-7-17-37 

5 

2 

10 

9343 

2-3 3 -173 

5 

2 

10 

9859 

2-3-31-53 

2 

4 


8819 

2-4409 

2 

3 

10 

9349 

2 2 -3-19-41 

2 

2 


9871 

2-3-5-7-47 

3 

2 

-10 

8821 

2 2 -3 l -5-7* 

2 

2 

±10 

9371 

2-5-937 

2 

3 

10 

9883 

2-3 4 -61 

2 

4 

-10 

8831 

2-5-883 

7 

5 

-10 

9377 

25-293 

3 

3 

±10 

9887 

2-4943 

5 

2 

10 

8837 

2 2 -47 2 

2 

2 


9391 

2-3-5-313 

3 

2 

-10 

9901 

2 2 -3 2 -5 2 -ll 

2 

2 


8839 

2-3 2 -491 

3 

2 

-10 

9397 

2 2 -3 4 -29 

2 

2 


9907 

2-313-127 

2 

4 

-10 

8849 

2 4 -7-79 

3 

3 


9403 

2-3-1567 

3 

6 


9923 

2-11 2 *41 

2 

3 

-10 

8861 

2 2 -5-443 

2 

2 

'±10 

9413 

2 2 -13-181 

3 

3 


9929 

2 3 -17-73 

3 

3 

8863 

2-3-7-211 

3 

9 

10 

9419 

2-17-277 

2 

3 


9931 

2-3-5-331 

10 

5 

10 

8867 

2-11-13-31 

2 

3 

-10 

9421 

2 s -3-5-157 

2 

2 

±10 

9941 

2 2 -5-7-71 

2 

2 


8887 

2-3-1481 

3 

2 

10 

9431 

2-5-23-41 

'7 

3 

-10 

9949 

2 2 -3-829 

2 

2 

±10 

8893 

2*-3 2 -13-19 

5 

5 


9433 

2 3 -3 2 -131 

5 

5 


9967 

2-3-11-151 

3 

2 

10 

8923 

2-3-1487 

2 

4 


9437 

2 2 -7-337 

2 

2 


9973 

2 2 -3 2 -277 

11 

11 

8929 

25-3 2 -31 

11 

11 


9439 

2-3-ll 2 -13 

22 

7 







8933 

2 2 -711.29 

2 

2 


9461 

2 2 -5-ll-43 

3 

3 

±10 
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PRIMES Table 24,9 

25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 
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873 


75 

76 

77 


79 

80 



83 

84 

85 

PRIMES 

86 87 88 



91 

92 

' 

98 

ruble 

84 

21.9 

95 


1 

76213 

77359 

78487 

79627 

80737 

81817 

82903 

84131 

85243 

86381 

87557 

88807 

89867 40989 

92177 

93187 

94351 

95443 

96587 

97829 

98953 


2 

76231 

77369 

78497 

79631 


81839 

82913 

84137 

85247 

86389 

37559 

88811 

89891 40997 

92179 

93199 

94379 

95461 

96589 

97841 

98963 



76243 


78509 

79633 

80749 

81847 

82939 

84143 

85259 


87583 

88813 


92189 

93229 

94397 

95467 

96601 

97843 

98981 



76249 

77383 

78511 

79657 


81853 

82963 

84163 

B5297 

86413 

87587 

88817 
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25. Numerical Interpolation, Differentiation, and Integration 


Numerical analysts have a tendency to ac¬ 
cumulate a multiplicity of tools each designed for 
highly specialized operations and each requiring 
special knowledge to use properly. From the 
vast stock of formulas available we have culled 
the present selection. We hope that it will be 
useful. As with all such compendia, the reader 
may miss his favorites and find others whose 
utility he thinks is marginal. 

We would have liked to give examples to 
illuminate the formulas, but this has not been 
feasible. Numerical analysis is partially a science 
and partially an art, and short of writing a text¬ 
book on the subject it has been impossible to 
indicate where and under what circumstances the 
various formulas are useful or accurate, or to 
elucidate the numerical difficulties to which one 
might be led by uncritical use. The formulas are 
therefore issued together with a caveat against 
their blind application. 


Formulas 

Notation: Abscissas: x 0 <X!< . . functions: 
1,9,-- •; values: J(x t ) =/ ( , f (xj) —f. . . 

indicate 1 st , 2 d , . . . derivatives. If abscissas 
are equally spaced, x< +1 — x t =h and j p —j(x 0 -\-ph) 
(p not necessarily integral). R, R n indicate re¬ 
mainders. 


25.1. Differences 
Forward Differences 

25.1.1 

A(f n )=A n =N n =j n+1 -J n 
A 2 n =A 1 n+1 -A 1 n =j n+2 -2j n+l -{-j n 
An=A* + i—A£=/ B+3 —3 / b+ 2 +3/ b+1 —/„ 


a*=A*;i-4;- , =g (-1 )'(*)■*•+*-' 


Central Differences 

25.1.2 

&(fn+\)~&n+\—bn+\—jn+l jn 
«=«!+*—2!/.+/.., 
£ + i=« + i-«=/.+.-#.+i+v.-/.-i 


% + V=§‘ (-i 

5j n =Aj(„_ji) if n and k are of same parity. 


Forward Differences 

Central Differences 

Xo jo 

Ao 

X-l 

/-I 

5 -l 

xi Ji A l 

Aj. AS 

Xo 

Jo 

l 

x 2 A\ 

a 2 

Xi 

Ji 

8 

^3/2 

x 3 h 

X 2 

J 2 



Mean Differences 

25.1.3 nUn)=Kfn-H+fn-i) 

Divided Differences 

25.1.4 [x 0 ,xi]=^~^ 1 =[a:i,a:o] 

Xq — X\ 

Xq X 2 

r„ „ „ ^_[Xo, • • .,*»_!] — [Xi, . . .,X k ) 

[X 0 ,Xi, . . .,X k \— _ 

Xq Xfc 

Divided Differences in Terms of Functional Values 

25.1.5 [xo,Xi, . . .,z n ]=Z] /*— , 

fc-o Tr n {x k ) 
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25.1.6 where T n (x)—(x— Xq) (x—Xi) . . . (x—x n ) 
and Tn(x) is its derivative: 

25.1.7 


Tr'n(Xk) = {Xk—X o) . . . (x*-x*-i)(x*-x* + i) 

. . . ix k -Xn) 

Let D be a simply connected domain with a 
piecewise smooth boundary C and contain the 
points 2 0j • • ■> z n in its interior. Let f{z) be 
analytic in D and continuous in D-\-C. Then, 

25.1.8 [z 0 ,z h . . f dz 

2nJc U («-*) 

k=0 

25.1.9 A ;=A"/ < “ > (i) (*«<{<*,) 


25.1.10 

. 

25.1.11 

[X-n,X-n+u . • -»*0, • ■ ■» a5 »] = p^2n)1 

Reciprocal Differences 

25.1.12 

, S 2o— Xi 

p(a: 0 ,^)= : 7 —j 

Jo—Ji 


p 2 {xo,x l ,x 2 ) = 




p{x 0 ,X x )~ p{X h X 2 ) 


+J 1 




.«.) 

+p*- 2 (xi, • • 

25.2. Interpolation 

Lagrange Interpolation Formulas 

25.2.1 /(*)=£ l,(x)J,+R n (x) 

i= 0 

25.2.2 

li{) (x- Xi )r '(*,) 

_ (g—a; 0 ) ■ . . (x~-x i ^ 1 )(x—x i+1 ) . . . (a;—s,) 
(*<—«d) • • • (x*-z,-,)(Xi-x t+I ) . . . (z<—as.) 


Remainder in Lagrange Interpolation Formula 


25.2.3 

Bn(x)=T n (x)-[XojXi, . . .,X n ,x] 

==7r »( X ) ‘J(n+l)\ (Xo^^Xn) 

25.2.4 

25.2.5 

R„(z)= t -M f 77- ... dt 

2m Jc (t—z)(t—z 0 )... (£— z n ) 

The conditions of 25.1.8 are assumed here. 

Lagrange Interpolation, Equally Spaced Abscissas 
n Point Formula 


25.2.6 / (xo -\-ph) —Xj - < 4fc(P)/jfc+-Rn-i 

k 

For n even, - (n—2)<k< ~ n^- 

For n odd, (n-!)<*< | (n-1))- 


25.2.7 

^(2>) = 

I 

^(7>)= 

25.2.8 


’/»—2 —-SC**-*) 


(—!)*(»-«+* 


(V +t ) ! (V-*> ( '-*) 


n odd. 


in (p-k)h n j {n) (z) 

n (p-A)A 5 (xo<K««) 

k has the same range as in 25.2.6. 

Lagrange Two Point Interpolation Formula 
(Linear Interpolation) 


25.2.9 M+pk) = (l-p)Mefi+Bi 

25.2.10 B,(p) **.mh 2 f m (Q ~.125A 2 



NUMERICAL ANALYSIS 


879 


Lagrange Three Point Interpolation Formula 

25.2.11 

„Pfcl) /i+(1 _ :p2) y o+ £(^hl) /l 

25.2.12 2 

R 2 (p) «.065A 3 / (3) U) «.065A 3 (|p|<l) 

Lagrange Four Point Interpolation Formula 

25.2.13 

f{x< j J rph)=A-ij-i-)rA 0 f Q -\-Aif l -\-A 2 J 2 -\-R 3 

_ ,-p(?>-l)(2>-2) , (p 2 -l)(p-2) , 

6 - j—ii 2 Jo 

p(p+l)(p-2) .pip 1 - 1 ), 

- 2 - 6 1 


25.2.18 R 5 (p ) « 

.0049/i 6 / (6) (£) «.0049A 6 (0<p<l) 

.007U 8 / (6) a) «.0071A 6 (—l<p<0, l<j?<2) 

.024& 6 / (6 >(£)«.024A 6 (—2<p<—-1, 2<p<3) 

(z- 2 <£<z 3 ) 

Lagrange Seven Point Interpolation Formula 


25.2.19 

j{xo+ph) = J2 l Aiji+Rt 
»=— 3 

25.2.20 

r.0025A 7 / (7) (^)«.0025A 7 

(bid) 

R*(p)~* 

.0046/i 7 / (7 ’ (£)«.0046A 7 

a<ipi< 2 ) 


L .019A 7 / (7) (£)«.019A 7 

(2<|2>I<3) 





25.2.14 R z {p) « 

.024/i 4 / (4) (0 «.024A 4 (0<p<l) 

.042^ 4 / 4 >(£)«.042A 4 (-l<p<0, l<p<2) 

Lagrange Five Point Interpolation Formula 

25.2.15 

f(x f) +ph)=Jl AJ.+Rt 

f--2 

_ (p 2 -l)p(p-2) (p-l)ff(p 2 -4) 

24 ■'" 2 6 

, (p 2 -l)(p 2 -4) , ( p +l)p(^-4) Y 

+ 4 J° 6 ^ 

(p 2 -l)p(jH-2) 

+ 24 72 

25.2.16 fl 4 (p)« 

.0my< 5 >(£)~.012A 5 (|p|<l) 

.031/fc 6 /«>(£) «.031A fi (l<b|<2) 

Lagrange Six Point Interpolation Formula 

25.2.17 


Lagrange Eight Point Interpolation Formula 


25.2.21 J(x,+ph)=-t AJ.+R, 

i=~ 3 


25.2.22 


r .001U 8 / 8) (£)«.0011A 8 
.00l4A 8 / (8) (£)«.0014A 8 




.0033& 8 / (8) (£)«.0033A 8 


.016/i 8 / (8) (|) ~ .016A 8 


(0<P<1) 

(-1<P<0) 

(1<P<2) 

(—2<^><—1) 
(2<p<3) 

C— 3 <^<— 2 ) 
(3<p<4) 

(z_ 3 <£<z 4 ) 


Aitken’s Iteration Method 

Let f(x\x 0) xi, . . .,x k ) denote the unique poly¬ 
nomial of k th degree which coincides in value with 
j{x) at x 0 , . . x k . 


J(x 0 +ph)='£l AJt+R 5 

i=—2 

^ -p(p 2 -D(p- 2 ){p- 3 ) r 

120 J ~ 2 

■ p(p-i)(p 2 -4)(p-$) , 

+ 24 J- 1 

(p 2 -l)(p 2 —4)(p-3) f 
12 Jo 

■ p(p-\-l)( p 2 -4)(p~Z) s p(p*-i)(p+2)(p-3) , 
T 12 24 h 

I y(p 2 ~l)(p 2 ~4) { 
120 *' 8 


25.2.23 


j{x |Xo,Xi) = 


_ /o 

Xi—Xo /i 


a?o x 
# 1 — x 


J(x\x 0 ,x 2 )=—^— 

£2 £0 


Jo 

J 2 


x 0 —x 

x 2 —x 


f(x\x 0 ,x l ,x 2 )=- 


j{x\x 0 ,Xi) 

f(x\x 0 ,x 2 ) 


x x —x 

x 2 —x 


/(x|Xo, Xi, £ 2 , x 3 ) — 


1 f(x\x 0 ,xi,x 2 ) 

x 3 —x 2 J(x\x 0 ,x u x 3 ) 


x 2 —x\ 
x 3 —X\ 
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Taylor Expansion 

25.2.24 

/w=/.+(*-*o)/;+^ E ^V+ • • • 

+^r^V >+B " 

25.2.25 B»=JV‘* +1> (0 dt 

=%Sr'‘ ,+, '«> <■*«<.) 

Newton’s Divided Difference Interpolation Formula 

25.2.26 

/(x)=/o+S 7T*-j(z) [xo,x x , • • .,%1+B, 

A=1 

Xo f 0 

[Xo,*l] 

®I [^ 0 > ^ 1 ) ^2] 

[x„X 2 ] [Jfo,*i,*a,*s] 

x 2 ji [Xi,X 2 ,X 3 ] 

[x 2 ,Xa] 

x z fz 

25.2.27 

Rn(x)=r n (x) [Xo, . . ',x n ,x]=r n (x) £—^j 

(x 0 <Kx») 

(For 7r n see 25.1.6.) 

Newton’s Forward Difference Formula 

25.2.28 

M+ph)=J 0 +p\+(P')ti+ .. . +(p)a5+H„ 

Xo fo 

A 0 

*1 /1 Aq 

Ai Ag 
x 2 y 2 a? 

A 2 

x 3 /, 

25.2.29 

B ”= A ” +, C+i> <n+,, «>-Ui)« +i 


(xo<i<x„) 


Relation Between Newton and Lagrange Coefficients 


25.2.30 

( 2 )=4-.(P) (0=-At,(p) (P)=4S(i_p) 


0)=4|(2- P ) 


Everett’s Formula 

25.2.31 

f(x„+ph)=(l-p)f,+pf l - p(p - l) J p - 2) SI 

= (1— p)jo-\-pJi+E 2 8 2 0 -f- F 2 b\-\-EAt 

+F 4 5j+ . . . +jB 2 „ 
x 0 f 0 6* % 

h 8\ 

xi f\ 6 * 6t 

25.2.32 

(S+j)-' 1 "’® 

<-<«-*■) 

Relation Between Everett and Lagrange Coefficients 

25.2.33 

e 2 =au E 4 =Ai 2 E,=AU 
F 2 =Ai F,=A\ F 6 =A% 

Everett’s Formula With Throwback 
(Modified Central Difference) 

25.2.34 

/(Xo J rph) — (1 ~ p)fo+pj 1 -\-E 2 bm t 0 x -f- R 

25.2.35 S£,=$ 2 —.1846 4 

25.2.36 R «.00045| M 5|j + .00061 |5f[ 

25.2.37 

/(Xo+M)= (l-p)j»+pji+E 2 bl+F 2 b\ 

-\-EAm,o J rF i bm,\ J rR 

25.2.38 C=<5 4 -.2075 8 + . . . 

25.2.39 R «.0000321 ju5|l + .000052|§J| 

25.2.40 

f(xo+ph) — (1 — p )f 0 +pfi + E 2 bl +F 2 Si 

A Eibo -f- FAt + 0 + Fobh, 1 +R 

25.2.41 5^=5 8 —.2185 8 +.049$ 10 -f- . . . 

25.2.42 0000037^1 + . . . 
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Simultaneous Throwback 

25.2.43 

-hEifim.O'i’F'i&m, I ~\~R 

25.2.44 8i=S 2 -. 013125®+.00435 8 -.0015 10 

25.2.45 5™=5 4 —.278275®+.06855 s —.0165 10 

25.2.46 R ~ .000000831 p%\ + .00000945 7 

Bessel’s Formula With Throwback 

25.2.47 

f ( x o -\-ph) = (1 — p)fo+pfi + B 2 (5^, 0 +#L i) 

+B4+B, b. ^ 

25.2.48 5^=5 2 -.1845 4 

25.2.49 R «.00045| M 3|| + .0008715*[ 

Thiele’s Interpolation Formula 

25.2.50 

m=m+ 

X—Xj _ 

p{Xi,X 2 )-\- X—X 2 _ 

p 2 (z l, X 2) X 3 ) —j (Xi)+ s— x 3 _ 

/ Pz{x u X 2 ,Xz,X^) \ 
\ —p(x u x 2 ) + . . ./ 

(For reciprocal differences, p, see 25.1.12.) 


25.2.54 m=2n+l 

2 2n 2 2n 

a ‘ = 2s+i § a cos ^ S ‘=2s+i g a sin kx ' 

(&=0,1, . . .,n) 

25.2.55 m—2n 

1 2n~l J 2n—1 

«*=- S /r cos 6 fc =- 2 /*■ sin kx T 

to r=0 

(fc=0,l,. . .,n) (Ar=0,l, . . .,n— 1) 

is arbitrary. 

Subtabulation 

Let j(x) be tabulated initially in intervals of 
width h. It is desired to subtabulate j{x) in 
intervals of width him. Let A and A designate 
differences with respect to the original and the 

final intervals respectively. Thus A 0 —/ (x o+~^ 

—f(xo). Assuming that the original 5 th order 
differences are zero, 


25.2.56 

Ao "m Ao+ ~2^ Ao+ 6m® 


, (1—m)(l— 2m)(l—3m) a4 
+ 24m 4 ^ 


3-A 


A|+ 


1 — m ^ (1 —m) (7—11m) a4 


12 m 4 


Trigonometric Interpolation 

Gauss’ Formula 

2 n 

25.2.51 m~TJ*Mx)=t n {x) 

k=0 

25.2.52 

,, sin j(g-ao) ... sin Mx-x^-i) 

^ ; sin £(x*-x 0 ) ... sin |(x t -x*_ : ) 

sin |(x—x^i) ... sin jpc—&«) 
sin ife—a% +1 ) ... sin %{x k -x 2n ) 

t n (x) is a trigonometric polynomial of degree n 
such that t n (x k ) ==/* (k=0,l, . . ., 2 n) 

Harmonic Analysis 

Equally spaced abscissas 


x 0 0, x lt . . x m -i,x m — 2k 

25.2.53 


a3=Laj+ 


3(1 —m) 
2m 4 


Ao 


Ai=^jAS 


From this information we may construct the final 
tabulation by addition. For m=10, 

25.2.57 


A 0 =. 1A 0 - .045A 2 +.0285AS— .02066A2 
Ao= .01 A||—.009 Aq+. 007725A2 
A£= .001 Ao— .00135AJ 
AS=.0001AS 

Linear Inverse Interpolation 

Find p, given f P (=f(xo+ph)). 

Linear 


1 n 

j{x) flo+S (o* cos kx-\-h k sin kx) 

^ *=i 



25.2.58 
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Quadratic Inverse Interpolation 

25.2.59 

(/.-2/o+/-,)l> ! + (A-/-,)?+2(/o-/,) ~0 

Inverse Interpolation by Reversion of Series 

25.2.60 Given f(x 0 -\-ph) =A=S VkP* 

k=0 

25.2.61 

p=A+c 2 X 2 +c 3 X 3 + . . X=C/„— Oo)/ai 

25.2.62 


C 2 — d^/dj 

*-=W?Y 

a i \®i/ 


^_ (?4 | 5d 2 d 3 5flSj 

01 ttj dj 

_—ds . 6d2<i4 - 3a 2 21d 2 d 3 | 14d| 

^““dT^^^df dT" + “dT 

Inversion of Newton’s Forward Difference Formula 

25.2.63 

a 0 —f 0 

„ A A? AS , 

«,=Ao- T + 3 -- t + . . . 

„ A2 A? liij 

2 ~2+^r+ • • • 

<*=f 

°‘=i+ • • • 

(Used in conjunction with 25.2.62.) 

Inversion of Everett’s Formula 


25.2.64 


® 0 —fo 

a '- 5 l - 3~ 6 + 20 + 30 + ' 
S 2 6o . 

“>“2'“24+ • ■ • 

„ «s+«}, 

“ 3 -6-2T+ ' ' • 

„ Si , 

°‘=24 + ■ • • 


I«+S! 

120 


+ • 


25.2.65 


Bivariate Interpolation 
Three Point Formula (Linear) 


f(x 0 +ph,y 0 +'qk) = (1 -p-q)f 0 ,o 

+Pfi, o+ gA i+ 0 ( h 2 ) 

Four Point Formula 

25.2.66 


j (Xo+ph,y 0 +qk) == (1 -p) (1 - 2)/o,o+P(l - g)A o 

+2(1— P)Ai+pqfi.i+0{h*) 

Six Point Formula 

25.2.67 


f(x 0 +ph, 2/ 0 + qk )= g ^ g 2 - /o. -i+/- 1 .o 
+ (1 + pq p 2 2 2 ) A o 


■ p(p-2q+l) , 

+ 2 Jl ’° 


g(g-2j?+l) 


Ai+PgAi+W) 


25.3. Differentiation 

Lagrange’s Formula 

25.3.1 f(x)=±l’ t (x)f t +RM 

(See 25.2.1.) 

25 - 3 ' 2 

j*k 


(Used in conjunction with 25.2.62.) 
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25.3.3 

/?' (V) — / ( " +1> . /t) T ' fa)-!- v n( X ) jL /<*+»/£) 

"»W-( n+ 1)! W'.C*»+( n+ i)! ^ «' 


£=!(*) (*o<Kz») 


Equally Spaced Abscissas 
Three Points 

25.3.4 


4f(p-i)/-.-2p/o+(p+i)/,}+«; 


25.3.10 W>=^-A§+i|AS-jjaS+ . . . 

25.3.11 

A3/<» =A 3_| A J + 7 a ,_ 1| aS + 

25.3.12 

W=AJ-2AS+ 1 |aS-^AS+ . . . 

25.3.13 

W>=a.‘-|aS+^a;-^as+ ... 


Four Points 

25.3.5 

/;=/' (xo+ph )=][ ^ |£±?/_ i 

, 3p 2 —4p —1 j. 3p 2 — 2p—2 X 
i-2- Jo 2 1 

+5^/ 2 }+b; 

Five Points 

25.3.6 

/;=/'(xb+M)4{ 2/ ~ 3 r2~ p+1 / - a 

4p 3 -3p 2 -8p+4 y , 2p*-5p J 

-6 /o 

4p 3 +3p 2 —8p—4 j. 

- 6 " 

+ 2 y +3 ^- y - 1 /t } +a . 

For numerical values of differentiation coeffi¬ 
cients see Table 25.2. 

Markoff’s Formulas 

(Newton’s Forward Difference Formula Differentiated) 

25.3.7 

f (a 0 +ph) =jr ^Ao+^-i Ag 

25.3.8 

(ao<K«n) 

25.3.9 A/i=A.—| A|+| AS—| AJ+ • • . 


Everett’s Formula 

25.3.14 

hf(x»+pK )« _ 3 p 2 ~ 6 p+ 2 js+fc- 1 « 

5 3 >‘-20p , +15p ! +10p-6 t , , 5 j> 4 -15j> 8 +4 tl 
120 5,+ 120 1 

25.3.15 

W—«+£ « 

Differences in Terms of Derivatives 

25.3.16 

A,»¥J+||/. 0) +|y? , +iT^‘ > +|/^ 

25.3.17 

a s~ w+w>+e w+j w 

25.3.18 AS »w +| A$ 4> +|/s s 

25.3.19 AJ»W+2W 

25.3.20 AS 

Partial Derivatives 

25.3.21 
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25.3.22 


^-°=s <m 


25.3.23 


^-"=4 (/*.»- 2 Ao+/-i.o)+ 0(A s ) 


25.3.24 


(-/«••+16/..o-3<y„ 


+16/-i..-/- m )+0(4‘) 


25.3.26 




25.3.27 


5^=4 (/■■•+/-<.«+A>+A-i 

2/o,o /x.r 


25.3.28 


C/2.0—4/i.o+6/ 0 ,o“4/-i,c 


25.3.25 



5 2 /o.o_ 1 
dz 2 “34 2 


2/o.i+/-i > i+/i,o—2/ 0 .o+/-i.o 
+A-i~2/o ( - 1 +/-i,_ 1 ) + 0(A 2 ) 


25.3.29 



a 4 /o, 0 ^i 

dx 2 dy 2 h* 




2/i j0 2/_ li0 2/ 0i i 2/ 0 , 




-/^.-O+O^ 2 ) 


l+/- 2 ,o)+ 0 (^ 2 ) 


i+4/o,o)+0(^ 2 ) 
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25.3.30 


V 2 W 0 ,o=| 


25.3.31 


V 2 w 0 ,o= 


25.3.32 


V\o =l 


Laplacian 



25.3.33 



\dz?-'dy 2 ) 0 ,o 

—fo2 ('^l.O + 'Wo.l+W-l.O'f ■Wo,-l — 4^0,o)4 -0(h?) 


j^2 [ — OOWo.O + lS^i.o + 'Wo.I + ^-l.O+^O.-l) 
— (W2,0+'M 0> 2 + 'W-2,0+'Wo, -2)] + ^(^ 4 ) 


VXo—g ^4 [•—('Wo, 3 + ^ 0 ,-3 + ^3.0+^-3, o) 

+14 (tt 0i 2 + Wo, - 2 + ^ 2,0 + W- 2 , o) 

—77 (w 0 ,i+Wo,-i4-Wi,o+u_i,o) 

+ 184 wo,o+ 20 (wi,i+w 1 ,_i+w_ Ii 1 H-w_i i _i) 

— (Wl,2 + W 2 ,l+Wi, -2"hW2,-1+W_1,2 + W_2,1 

+ W-1, -2 + W-2, _i)] + 0(^ 4 ) 

25.4. Integration 

Trapezoidal Rule 

25.4.1 

£ 'f(x)dx=^ (/,+/,)-i (t-x 0 )(x t -t)f’(t)dl 

=| (/„+/,)(*><«<*,) 

Extended Trapezoidal Rule 

25.4.2 


Biharmonic Operator 



'd*u . 0 d 4 w d*w\ 

+ dx>dy 2+ dy*) 0 , 0 

[20Wo,o—8(Wi,o+Wo, x+W-i.o+Wo, -i) 


f(x)dx=h |j^-h/i+ . . . +/ w -i+yJ 




Error Term in Trapezoidal Formula for Periodic 
Functions 


If f(x) is periodic and has a continuous k th 
derivative, and if the integral is taken over a 
period, then 


25.4.3 


|Error| < 


constant 

m k 


25.4.4 


Modified Trapezoidal Rule 


£”/(x)^=A [§+/,+ ... +/*-,+§] 

+4 i-y-»+A+/—-y-+J+^ wf) 


+ 2 ('Wi.i+Wi,-i+w_i,i+w_ 1 ,_i) 

- h(Wo,2'i-W2,o _ l - W_2,o + Wo, - 2 )]“h^(^ 2 ) 
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Simpson’s Rule 


j f(x)dx=^ [/0+4/1+/2] 

f (x 0 —0 2 (zi t)J {a) (t)dt 
+ gj* (®2—0*(*1 t)j^i£)dt 




Extended Simpson’s Rule 


£' ! V(i)di=|[/o+4(/,+/ 1 +... +/*,—i) 

0 7j/l 5 

+2 (/}+/< + • > • +/2»-2)+/2n]~ q7t/ <4> (^) 


Euler-Maclaurin Summation Formula 


£7(z)dx=fc[§+/ 1 +/ ! +... +/.-.+•§] 




-imr I/?*" 1 ’ — +- B “ 


(For Bernoulli numbers, see chapter 23.) 

If/ (2fc+2) (a:) and/ <2 * +4) C*0 do not change sign for 
Xq< jc<ix n then |i? 2 *l is less than the first neglected 
term. If / (2 * +2) (z) does not change sign for 
XQ<Cx<Cx n , |# 2 *I is less than twice the first neglected 
term. 

Lagrange Formula 

25.4.8 

Cf(x)dx=± (L\ n) (b) —Z< (n) (a))fi-\-R n 

Ja i“0 

(See 25.2.1.) 


25.4.10 fl.=^A_£r.(x)/"+ 1 '({(x))fo 

Equally Spaced Abscissas 

25.4.11 


(See Table 25.3 for A t {m ).) 

Newton-Cotes Formulas (Closed Type) 

(For Trapezoidal and Simpson’s Rules see 25.4.1- 
25.4.6.) 

25.4.13 (Simpson’s | rule) 

£f(x)dx=~ 0.+3/,+ 3 / 2 +/,)- 3/, ^ )A ‘ 

25.4.14 / (Bode*, rule)) 

c x * ‘ih y 

/ f(x)dx =^ (7/,+32/r+t2/, 

|W|.n 8 

+ 32/ 3 +7/,)- 945 

25.4.15 

£j{x)dx=^ (i9/,+75/,+50/,+50/, 

I r-./inn 
+ 75 / 4 + 19 / 5 ) 12096 

25.4.16 

j{x)dx=^Q ( 41 / 0 + 216 / 1 + 27 / 3 + 272/3 

Q/(8)/tU® 

+27/4+216/6+4iy 6 )-1400 - 

25.4.17 

/‘'/(^rf^i^o (751/,+3577/4+1323/4 

+2989/,+2989/,+1323/,+3577/, 

. 8183/ <8> (f)A* 

+75i/,) 518400 

25.4.18 

J‘*/(l)(/i=j^g (989/,+5888/4-928/, 

+10496/,-4540/,+10496/ s -928/,+5888/, 

+989/ 8 )-J|j/ (, »«)A- 

25.4.19 

/‘/(z)*-^ {2857(/„+/,) 

+15741 (/!+/ 8 ) +1080 (/ 2 +/ 7 ) +19344 (/ 3 +/ 6 ) 
_ +5778(/,+/ s )}- I 5| 5 /™(f)A" 


•See page n. 
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25.4.20 

10 /(z)<fo~ 29937 6 ( 16067 C/o+/io) 
+106300(/i+/») -48525 (/ 2 +/ 8 ) +272400 (/,+/ 7 ) 
-260550(/ 4 +/ 6 ) +427368 / b } 


1346350 


25.4.21 


326918592' 

Newton-Cotes Formulas (Open Type) 

4 


/ (12, (£)A 13 


J i f(x)dx=Y Ui +/»)+■- 

J f(x)dx=Y (2/t—/ 2 +2/ 3 H go 

. . 5A ni , . , . , . .wx , 95/ (4) (£)A 8 

J /(x)rfa5=24 (11 /i+/2+/3+11/4)H J 44 


25.4.22 


25.4.23 


25.4.24 


Jj7(*)cte=^ (1l/,-14/ 2 +26/,-14/, 


-14/,+n/s) 


■ 41/«>(f)V 


140 


25.4.25 


J I '/(*)<i*=j^5(611/ 1 -453/ I +562/ a +562/, 


-453/,+011/,)+^/™({)A’ 


25.4.26 


(•»« 

/(z)<fa=^| (460/,—954/2+2196/3—2459/4 

+2196/ s -954/,+46Q/ 7 )+^/«>«)A' 

Five Point Rule for Analytic Functions 


25.4.27 


z 0 + ih 


z Q - h 


z 0 + h 


2 0 — i h 


J i '° + V(2)*=^{24/(3„)+ 4 [/(2o+A)+/(2„-A)] 

- f/(2o+^)+/(2fl—‘iA)]} +22 

|22| <~^ Max !/ ( 6 > ( 2 )|, S designates the square 

lowU zeS 

with vertices z 0 +i k h(k=0, 1,2, 3 ); A can be complex. 

Cbebyshev’s Equal Weight Integration Formula 

25.4.28 P j(x)dx=\±M)+B. 

J -1 71 

Abscissas: x t is the i tb zero of the polynomial part 
of 

_ f“ — n n n 1 

X exp L.^ 3 ?" 43 s? 67 ? ' * J 

(See Table 25.5 for Xi.) 

For w =8 and n >10 some of the zeros are 
complex. 

Remainder: 


J +l r n+l 


where £=£( 2 ) satisfies 0 <£<x and 
(i= 1 ,. . . , n) 

Integration Formulas of Gaussian Type 

(For Orthogonal Polynomials see chapter 22 ) 

Gauss’ Formula 

25.4.29 j f(z)dx='£j tpJizJ+Bn 

Related orthogonal polynomials: Legendre poly¬ 
nomials P n (x),P„( 1 ) = 1 

Abscissas: x t is the / i th zero of P n (x) 

Weights: u> f =2/(l-a?) [Fife)]* 

(See Table 25.4 for 27 and w t .) 


Rn = 


2 2n+l (n\)* 


js/ (2n) (£) (-KKD 


(271+1) [(271)!] 3 - 

Gauss’ Formula, Arbitrary Interval 

25.4.30 j(y)dy—^~ g wj(y<) +22„ 
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Related orthogonal polynomial: P n (x), P„(l) = l 
Abscissas: x t is the i th zero of P„(x) 

* Weights: w i =2/(l-x>)[P»(3C<)] 2 


Pn= 


(2n+l)[(2n)!] 3j w 


Radau’s Integration Formula 


25.4.31 

I" f(x)dx=-J .,+S w,f(x,)+R n 
J -1 71 <=1 

Related polynomials: 

P,_i(g)+P,(») 

x+1 

Abscissas: ;*:< is tho i tb zero of 

P n -i(s)+P n (a) 

*+l 


1 1 — X{ _ 1 1 

Wl n* [P„-,(x,)] ! 1-x, K-.fe)) 1 


Remainder: 


25.4.33 f z*f(x)dx—J2 w,f(x,)+R , 

Jo t-1 

Related orthogonal polynomials: 

2 n fa) =V^+ 2w +lPn*' 0) (1 — 2x) 

(For the Jacobi polynomials P^*- 01 see chapter22.) 
Abscissas: 

Xi is the I th zero of q n (x) 

Weights: 

{ n -1 ''i -i 

S M *<)] 2 j * 4 

(See Table 25.8 for x t and w,.) 

Remainder: 

^ rt= (jfc+2n+l)(2n)! 

25.4.34 

J q /(x)Vl-»dx=g w</(Xi)+P B 

Related orthogonal polynomials: 

"j = P2n + 1 (Vl -x )f P2»+l(l) = l 
VI —x 


rn!(fc+n)!T 

L {k-\-2n)\ J 


(0<KD 


Lobatto’s Integration Formula 

25.4.32 

J>^=^ Tj t/co+yc- 1 )] 

+ S W</(x { )+P n 

i*2 


Related polynomials: P' n ^ x (x) 

Abscissas: is the (i— l) 8t zero of P' n -i(x) 


Abscissas: x<=l —$ where £ t is the i tb positive 
zero of P2n+i(*^)' 

Weights: w ( =2£ 2 w < (2B+1) where w{ 2 * +1) are the 
Gaussian weights of order 2n+l. 

Remainder: 


2 4n+3 [(2?H-l)!] 4 
n (2n )! (4n-j- 3) [ (4n+2)! ] 


- 2 f 2n) a) 


(0<|<1) 


25.4.35 


f j(y)^b—ydy=(b—ay 12 2 w</(^) 

J a i”l 


Weights: 

l)[P n _ I (x,)] 2 
(See Table 25.6 for x t and mv) 


Remainder: 


_ _ n{n _ 1) 3 2 2n-l [(n _ 2)!]4 

(2n—l)[(2n—2)!] 3 J 


(I) 


y t =a+(6—a)x< 

Related orthogonal polynomials: 

I = Pin+\ (Vl — ®)> P2w + l(l) == l 
Vl —x 

Abscissas: x< = 1—where £< is the i th positive 
zero of P 2n+l C*0- 

Weights: w i =2$Wi in+X) where 'itfj (2n+l) are the 
Gaussian weights of order 2n-\- 1. 


♦See page u. 


(-KK1) 
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25.4.36 J JQ ■ dx —S Wij(Xi) -\-R n 
Related orthogonal polynomials: 

P 2n (VI^) J ^nd) = l 

Abscissas: x 4 =l — & where £< is the i th positive 
zero of P 2n (x). 

Weights: Wi—2Wi 2n) , w\ 2n) are the Gaussian weights 
of order 2 n. 

Remainder: 

4n+l[(4ri1]* / W J 

25.4.37 P JM= dy=Jb^a S wj(y,) + R n 

Ja -yjo—y «=1 

y i =a-{-{b-a)x i 
Related orthogonal polynomials: 

P 2n (VT^),P 2n (l)=l 

Abscissas: 

x ( =l—£? where £, is the i tb positive zero of P 2 »(x). 

Weights: Wi—2Wi 2n) , are the Gaussian weights 

of order 2n. 

25.4.38 f +1 w,/(x t ) +P n 

J -1 VI—a: *-i 

Related orthogonal polynomials: Chebyshev Poly¬ 
nomials of First Kind 

T.(x),T n (l)=^r, 


Weights: 


J>w 


1 -x 2 dr=S Wiftxi) +R n 


Related orthogonal polynomials: Chebyshev Poly¬ 
nomials of Second Kind 

TT . x sin [(w-fl) arccos x] 

UM - sin ~( arccos a:) ' 


Weights: 


X ( =COS -— 7T 

74—f - 1 


(-KKD 


£ i](y-a) (l>-vmy)dy=(£/y ± wj(y,) + «, 


b+a. b—a 

2/<=—+— Xi 


Related orthogonal polynomials: 

U / T \ , s ^ n [(w+1) arccos x] 
" sin (arccos x) 


Weights: 


Remainder: 




( %■*» = =±vJ(y,)+R» 

J a ^l( y -a)(b-y) <-i 
b+a , b—a 
Vi= ~2 

Related orthogonal polynomials: 

r.w.r.dj-si. 


Weights: 


Xf=COS —tt - ^ 

n-f 1 


w { =——r sin' ——p 
n+1 n-fl 


25.4.42 r f(x) lx d x^± w j (Xl ) + R, 
Jo \ 1—jc iml 

Related orthogonal polynomials: 


3 r 2 « + l(V^) 


2i—1 7T 

I<=C0S to + 1'2 


Weights: 


'See page n. 
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Remainder: 

R n — 

25.4.43 


(2«)!2 4n+l 


/’”’({) ( 0 <{< 1 ) 


f /(*)-»/?— ! -dx=(b-a) S wJ(y,)+B n 

Ja \ O — X ‘=1 

y t =a+{b-a)x t 

Related orthogonal polynomials: 


Abscissas: 

Weights: 


■y[X J 
X*=COS z 


t 2i—1 7T 
2fi+l 2 

2 7T 


2 rc+l 




25.4.44 f | n x f( x ^ ( ji x= y' i wJ(x t )-\-Rn 

Jo <=i 

Related orthogonal polynomials: polynomials or¬ 
thogonal with respect to the weight function — In x 
Abscissas: See Table 25.7 
Weights: See Table 25.7 

25.4.45 

J o e-*j(x)dx='£jWj(x t )+R n 

Related orthogonal polynomials: Laguerre poly¬ 
nomials L n (x). 

Abscissas: x ( is the i tb zero of L n (x) 


(n\) 2 Xi 


Remainder: 




25.4.47 


2*{2n)V 

Filon’s Integration Formula 3 


J* j(x) cos tx dx=h {j 2n sin tx 2n 

—/o sin tx o) + 0 (fA) -C 2n -\-y(th) • C 2n -\ 


P" 


tWSL-i 

25.4.48 

COS (<X 21 ) — M/2n COS *X2»+/o COS tX 0 ] , 

t=0 

25.4.49 


25.4.50 

25.4.51 

25.4.52 


'(»+i)1£, + iW] ! 


(See Table 25.9 for x { and w t .) 
Remainder: 

. w 


Rn =^f 2n) (Z) (<KK-> 


25.4.46 


J e ^f(x)dx=J2 wJ(Xi)-\-R n 

Related orthogonal polynomials: Hermite poly¬ 
nomials H„(x). 

Abscissas: x 4 is the t th zero of H n (x) 


2 n ~ 1 n\ Vt 


n ! [^iWF 

(See Table 25.10 for x< and w t .) 


C 2n -i=J2 fu-i cos tx 2i -i 

t=i 


^2»-i=S fi-i sin iX2i_i 

i=l 


i?»=~nA 6 / (4) (^ + 0 (^ 7) 

1 . sin 20 2 sin 2 6 
«(0)=x+- 


0^ 202 


W)= 2 ( 1 -±^-^) 
7W= 4 ( 51 ^- 5 ^) 


For small 0 we have 

25.4.53 


_ 20 3 26 5 . 20 7 
a “45 315 + 4725 
2 2^_4^ 2^_ 

* 3 + 15 105 o67 * * 

_4 20 2 .6* 0 6 . 

7 3 15 + 210 11340"' ' 


25.4.54 


J* 2 */( a; ) sin txdx=h^jx(th)(Jo cos tx^—j 2n cos tx 2n ) 
+^2»+T'S , 2n-l+^ ^ 4 ^2»-lJ“-Rn 

25.4.55 

n 2 

£ 2 *=OC/ 2 < sin («x 2i )—o l/ 2 « sin {tx 2n )-\rj 0 sin (tx 0 )] 

i=0 ^ 


3 For certain difficulties associated with this formula, 
see the article by J. W. Tukey, p. 400, “On Numerical 
Approximation,” Ed. R. E. Langer, Madison, 1959. 
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25.4.56 &>._ ioi —i sin (txn— i) 

i=i 

25.4.57 C , 2»-i=m/2<-i cos (^ 2 i-i) 

f=i 


(See Table 25.11 for a, j3, 7.) 


25.4.58 


Iterated Integrals 

j>j 

'0 

l * • • r dt 2 r 

Jo Jo 

25.4.59 


“(71-1)1/0 (a: ^ 

J>J 

r*.. 

'a 

1 • • . J 3 J 2 j(ti)dt x 


= (n—1)! Jo 


Multidimensional Integration 


Circumference of Circle T: i?+y 2 =h?. 

25.4.60 



+0(^ 2m - 2 ) 

Circle C : z 2 +t/ 2 <4 2 . 

25.4.61 



(Xt,yt) 


(0,0) 

1/2 

(±4,0), (0,±4) 

1/8 


891 

R=0(h i ) 



(Zi>yd Wi 

(±|*±|) 1/4 B=0(A‘) 



(xi,yt) 

Wf 

(0,0) 

Xf2 

(±4,0) 

1/12 


1/12 


i?=0(A 4 ) 



^5 JJ\/(*,v)<ia*fy“}EJ wj(x„y,)+R 


I 
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V)i 

(0,0) 

1/6 

(±M) 

1/24 

(0 ,±h) 

1/24 

(44) 

1/6 



Square 4 S: |*|<&,|y!<A 


25.4.62 


4P y)dxdy=^2 v>d{x t ,yd+R 


I 

i 

I 

<>-4--<> 

i 


l 



Wi 

(0,0) 

4/9 

(±A, ±/t) 

1/36 

(±A,0) 

1/9 

(0 ,±h) 

1/9 


R=0{h 4 ) 



(*uVt) 


Wi 


( 0 , 0 ) 


1/9 



2 *k /6-V61 • 2*-A 
w \~To h ~W) 


16+V6 

360 


(*=1, • • .,10) 


4 For regions, such as the square, cube, cylinder, etc., 
which are the Cartesian products of lower dimensional 
regions, one may always develop integration rules by 
“multiplying together” the lower dimensional rules. Thus 
if 

f 1 /(x)ds~y', Wif(x { ) 

Jo fTi 

is a one dimensional rule, then 



10 ’\- 


0 ±V6 h gin Mc\ 


10 


10 , 


16-V6 

360 


n 


f(x,y)dxdy** w<w*/(***f) 
ij-i 


R=0(h 10 ) 


becomes a two dimensional rule. Such rules are not 
necessarily the most “economical”. 
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( ± 4 h ’ ± 4 h ) 

25/324 

( 0>± V1 A ) 

10/81 

( ± Vf A, °) 

10/81 


Equilateral Triangle T 

Radius of Circumscribed Circled 


25.4.63 


|V3A ! 


JI 


f(x,y)dxdy=J2 w,f(x it y t )+R 



vs) 

3/60 

R=0(h*) 

;-*o) 

8/60 


K*) 

8/60 




((-*£>>) 

VV 7 7 7 155+V15 

(0^M*£>) 1200 


Regular Hexagon H 

Radius of Circumscribed Circle =h 


25.4.64 


1 


§Vw 


JJ/(z,y)<2«Zy=S 


wj(x t , yi)+R 


I 

I 



(xuyi) 

Wi 

(0,0) 

21/36 

(4±H 

5/72 

(±M) 

5/72 
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(±~gVT?,±^gV42) 125/1008 R=0(h‘) 

(±h^> o) 125/1008 

Surface of Sphere 2: x?-\-y 2 -\-z 2 =K 2 


25.4.65 

4 ^ SJ f(X>y ’ 2)d ^ w ^^ Xi)Vi,Zt ^ R 



{±h, 0,0) 1/6 


R=0(h 4 ) 

(0,±h,0) 1/6 

(0,0, ±h) 1/6 



(Xi,yt,Zi) 

Wt 

(±-y/iA,±^/»,°) 


( ± 4m, ± ^ A ) 

1/15 

(o,±yflh,±yjlh) 


(±A, 0,0) 

ll — C/^/v / 

(0, i A, 0) 

1/30 

(0,0, ± A) 


(Xi,y t ,Zi) 

w { 

( ± Vi A ’ ± VI A ' ± Vi A ) 

27/840 

(±VI Al± VH 


( ± vi A ’ 0>± Vi A ) 

32/840 R=0(h s ) 

(°' ± yli h ’ ± yjl h ) 


(±h,0,0) 


(0, ±A,0) 

40/840 

(0,0, ± A) 


Sphere 5: z ! +y 2 +s ! <A ! 



25.4.66 




tffay,z)dxdydz=*£ w i f(x il y {) z i )+R 
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(* { ,yi,Zi) 

V)i 

(0,0,0) 

2/5 

(±M,o) 

1/10 

R 

(0,±M) 

1/10 

(0,0, ±h) 

1/10 

Cube 

*C: |as|<& 


R=0(h*) 


I y\<h 

| z\<h 


25.4.67 


^3 JJjf(^,y f z)dxdydz=^ wJ{x u y i} Zi)+R 



zt) 

Wt 

(±M,0) 

1/6 

(0, ±h,0) 

1/6 

(0,0, ± h) 

1/6 


R—Oih*) 


25.4.68 


^3 JJJ/(x,y,z)dxdydz 


=3^0 [-496/ m +128l]/ r +8Z)//+52/ c ]+0(A 6 ) 

25.4.69 


=450 [9lZ)//-402]/ e +16Z)/ d ]+O(A fl ) 
where/ m =/(0,0,0). 


5 See footnote to 25.4.62. 
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S/r=sum of values of / at the 6 points midway 
from the center of C to the 6 faces. 

S//=9um of values of / at the 6 centers of the 
faces of C. 

X)/r=sum of values of / at the 8 vertices of C. 

X)/«=sum of values of / at the 12 midpoints of 
edges of C. 

S/i=sum of values of / at the 4 points on the 
diagonals of each face at a distance of 

|V5/i from the center of the face. 



Tetrahedron: 


25.4.70 


sr 


where 


+terms of 4 th order 

=J?? f _l_L y]f _l_£ y^f 
60 Jror 60 ' 60 2 -‘ }e 

+terms of 4 th order 
V: Volume of 


'T'.f*: Sum of values of the function at the vertices 
of r. 

y \f.: Sum of values of the function at midpoints 
of the edges of 3T. 

2//: Sum of values of the function at the center 
of gravity of the faces of 3T. 

/ m : Value of function at center of gravity of 3T. 
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25.5. Ordinary Differential Equations® 

First Order: y'=f(x, y) 

Point Slope Formula 

25.5.1 yn+l=yn+hyn+0(h 2 ) 

25.5.2 2/n+l : =2/n-l + 2/l2/a+0(/l. 3 ) 

Trapezoidal Formula 

25.5.3 y n +l—y n -\-^ (2/n+l+2/n)+0$ 3 ) 

Adams’ Extrapolation Formula 

25.5.4 

y. +1 =y.+^(55j4-59!4. I +37 ! 4. J -9 2 ,;. 8 )+0(A‘) 

Adams’ Interpolation Formula 

25.5.5 

y n +l=yn+ ^ {fyn+l + Wyn-5yn-l+y'n-2)+0(h 5 ) 

Runge-Kutta Methods 
Second Order 

25.5.6 

y«+i=y«+^ (ki+k 2 )+0(h 3 ) 
ki=hf(x n ,y n ),k 2 =hf(x n +h,y n +ki) 

25.5.7 

yn+^yn^+Oih?) 
ki=hj(x n ,y n ),k 2 =hf(x n +^ h,y n +^ *i) 

Third Order 

25.5.8 

y, + i=yn+\ h+l fe+i h+0(h l ) 

ki=hf(x n ,y n ),k,=hf A,y.+i t,) 
k3=hf(x n +h,y n —ki+2k 2 ) 

•The reader is cautioned against possible instabilities 
especially in formulas 25.5.2 and 25.5.13. See, e.g. 
[25.11], [25.12], 


2 /n + i=y«+l*i+f* 3 +<W) 


ki=kf (x n ,y n ),k 2 =kf (z„+^ * : ) 

*3=4/ (x n +1 h,y n +1 * 2 ) 

Fourth Order 

25.5.10 

yn+i=y n ~\-Q * 1+3 * 2 +^ * 3+6 ki+Oih 6 ) 

ki=hj{x n ,y n ),k 2 =hf (z„+i h,y*+\ *i) 
kz—hj (x n +^ h>Vn+\ k^, h=hf{x n +h,y n +k z ) 

25.5.11 

2J»+l=yn + g *1+| *2+| *3 + g ki + 0{h S ) 
ki=hj(x n ,y n ) ,k 2 =hf h,y n +^ *^ 

h=Kf(x n +\h,y n -\h+k^, 

k^hfiXn+hMn+h — h+kz) 

Gill’s Method 

25.5.12 

yn+\=y n +\ (*i+2 k 2 

+2 *3+*4^-fO(4 5 ) 

ki—hf(x n ,y n ) 

* 2 = 4 / (fn+\ hi y n +\ * 1 ) 

*3=¥(»n+^,2/n+(-^+-y/|)*l 

*4=4/ ^n+*)2/n — ^ ^ 2 "*"0^"V0 ^ 3 ) 


Predictor-Corrector Methods 


Milne’s Methods 

25.5.13 

4 A 

P: 2/a+l=y»-3+ ^ (2^-t/a-i+2^_ 2 ) + C>(* 8 ) 

C: 2/n+i=2/n-i+^ (2/a-i+4y»+^ +1 )+0(A 6 ) 
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25.5.14 

P: V.+i=V»-!+^(lly;-14yi-, 

+26v;- 2 -14y;- s +ll y'.-d+Om 

C: y.+i=y»-3+j| (7 ^ + i+32j/; 

+12j,:. 1 +32»;. 8 +7 y;- 3 )+0(V) 

Formulas Using Higher Derivatives 

25.5.15 

P- y« +l =2/ B - 2 +3(2/„-2/„-i)+A 8 (i/; , -2/l , - 1 )+0(A 6 ) 

C: yn+i=yn+| (yn+i+y B )-^ (y» +1 -y»)+0(^ 5 ) 

25.5.16 

P ; y»+i = yn-2+3(y„— y n -i)-\-T> (y'n’-\-y'n-i) -\-Oik 1 ) 
h h? 

C: y B +i=y«+2 (K+i+yn)-jQ (y»+i-y») 

+^5 G4'I,+sn+<W 

Systems of Differential Equations 
First Order: y'~j{x,y,z), z'=g(x,y,z). 
Second Order Runge-Kutta 

25.5.17 

yn+x=y n +l (k,+h)+0(h?), 

2„ + ,=2 n +i (*,+* 2 )+0(A 3 ) 

ki=hf(x n) y n ,z n ), h=hg(x n ,y n ,z n ) 
k 2 =hf(x n +h,y n +k l ,z n +l 1 ), 

k=hg{x n +h,y n +k u z n +k) 

Fourth Order Runge-Kutta 

25.5.18 

S/,+,=y„+g (k l +2h+2k 3 +k < )+0(h‘), 

«.-h=«,+j (*,+2*3+2* s +*,)+0(ft 5 ) 
h=hf(x n ,y n ,z n ) li=hg(x n ,y n ,z n ) 
k^Kj (z n +± K,y n +\ k u z n +\ Cj 

h=hg(x n +2y n +^,z H + 1 ^ 


kl — kj (*»+£ Ky n +l K Zn+l 

h=hg (x n +\> yn+J> Zn+lf) 
k^kfiXn+h^+k^Zn+ls) 

li=hg(x n -\-h,y n +k t ,z n +l,) 
Second Order: y"=j{x,y, y') 

Milne’s Method 

25.5.19 

4 h 

P- y'n + i=y'n-,+j <V.'-»-y'.'..i+2y'.')+0(A*) 

C: yl+i=yIi-,+| (y'i-i-piy'n+y'n'+i)+0(h s ) 

Runge-Kutta Method 

25.5.20 

i&.+i«v»+/i[y.+| (^+Ar 2 +t 3 )]+0(/i 6 ) 

y»+i=y»+^ (h+zk^h+h) 
ki=hf(x n ,y n ,y' n ) 

k 2 =hf(x n +1 h,y n -\~ y' n -{~ Wn+y) 
h=hf (*n+\ h,y n +\ y»+£ Ky' n ,+^ " 

^4=V (xn+h^n+hy'n + J- k Z ,y' n +k^ 

Second Order: y"=f(x,y ) 

Milne’s Method 

25.5.21 

P: y B +i=y»+y»-2-y»-3 

+^- (5y^+2y^_!+5y B _ 2 )+0(/t®) 
C: yn=2y,,-i-y»-2+^ (y"+10?4'_ ^y^+O^ 6 ) 

Runge-Kutta Method 

25.5.22 y. +1 =y„+*k (V,+^ (i,+2i ! ))+0(A*) 

12 1 

y«+i=y»+g ^1+3 ^2+g h 

ki=hf(x n ,y n ) 

k 2 ~hf ^a: n +^?/ n +! y»+g 
^3=4/ (z» + ^,yn+%n+! *a)- 


♦See page n. 
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Table 25.1 THREE-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


4 *( p )-(- D * +1 ( l +*$ i - i )!( p-*j 


V 

A -1 

Ao 

Ax 

V 

A-x 

A§ 

Ax 

0.00 

- 0.00000 

1.00000 

0.00000 

0.50 

- 0.12500 

0.75000 

0.37500 

0.01 

- 0,00495 

0.99990 

0.00505 

0.51 

- 0.12495 

0.73990 

0.38505 

0.02 

- 0.00980 

0.99960 

0.01020 

0.52 

- 0.12480 

0.72960 

0.39520 

0.03 

- 0.01455 

0.99910 

0.01545 

0.53 

- 0.12455 

0.71910 

0.40545 

0.04 

- 0.01920 

0.99840 

0.02080 

0.54 

- 0.12420 

0.70840 

0.41580 

0.05 

- 0.02375 

0.99750 

0.02625 

0.55 

- 0.12375 

0.69750 

0.42625 

0.06 

- 0.02820 

0.99640 

0.03180 

0.56 * 

- 0.12320 

0.68640 

0.43680 

0,07 

- 0.03255 

0.99510 

0.03745 

0.57 

- 0.12255 

0.67510 

0.44745 

0.08 

- 0.03680 

0.99360 

0.04320 

0.58 

- 0.12180 

0.66360 

0.45820 

0.09 

- 0.04095 

0.99190 

0.04905 

0.59 

- 0.12095 

0.65190 

0.46905 

0.10 

- 0.04500 

0.99000 

0.05500 

0.60 

- 0.12000 

0.64000 

0.48000 

0.11 

- 0.04895 

0.98790 

0.06105 

0.61 

- 0.11895 

0.62790 

0.49105 

0.12 

- 0.05280 

0.98560 

0.06720 

0.62 

- 0.11780 

0.61560 

0.50220 

0.13 

- 0.05655 

0.98310 

0.07345 

0.63 

- 0.11655 

0.60310 

0.51345 

0.14 

- 0.06020 

0.98040 

0.07980 

0.64 

- 0.11520 

0.59040 

0.52480 

0.15 

- 0.06375 

0.97750 

0.08625 

0.65 

- 0.11375 

0.57750 

0.53625 

0.16 

- 0.06720 

0.97440 

0.09280 

0.66 

- 0.11220 

0.56440 

0.54780 

0.17 

- 0.07055 

0.97110 

0.09945 

0.67 

- 0.11055 

0.55110 

0.55945 

0.18 

- 0.07380 

0.96760 

0.10620 

0.68 

- 0.10880 

0.53760 

0.57120 

0.19 

- 0.07695 

0.96390 

0.11305 

0.69 

- 0.10695 

0.52390 

0.58305 

0.20 

- 0.08000 

0.96000 

0.12000 

0.70 

- 0.10500 

0.51000 

0.59500 

0.21 

- 0.08295 

0.95590 

0.12705 

0.71 

- 0.10295 

0.49590 

0.60705 

0.22 

- 0.08580 

0.95160 

0.13420 

0.72 

- 0.10080 

0.48160 

0.61920 

0.23 

- 0.08855 

0.94710 

0.14145 

0.73 

- 0.09855 

0.46710 

0.63145 

0.24 

- 0.09120 

0.94240 

0.14880 

0.74 

- 0.09620 

0.45240 

0.64380 

0.25 

- 0.09375 

0.93750 

0.15625 

0.75 

- 0.09375 

0.43750 

0.65625 

0.26 

- 0.09620 

0.93240 

0.16380 

0.76 

- 0.09120 

0.42240 

0.66880 

0.27 

- 0.09855 

0.92710 

0.17145 

0.77 

- 0.08855 

0.40710 

0.68145 

0.28 

- 0.10080 

0.92160 

0.17920 

0.78 

- 0.08580 

0.39160 

0.69420 

0.29 

- 0.10295 

0.91590 

0.18705 

0.79 

- 0.08295 

0.37590 

0.70705 

0.30 

- 0.10500 

0.91000 

0.19500 

0.80 

- 0.08000 

0.36000 

0.72000 

0.31 

- 0.10695 

0.90390 

0.20305 

0.81 

- 0.07695 

0.34390 

0.73305 

0.32 

- 0.10880 

0.89760 

0.21120 

0.82 

- 0.07380 

0.32760 

0.74620 

0.33 

- 0.11055 

0.89110 

0.21945 

0.83 

- 0.07055 

0.31110 

0.75945 

0.34 

- 0.11220 

0.88440 

0.22780 

0.84 

- 0.06720 

0.29440 

0.77280 

0.35 

- 0.11375 

0.87750 

0.23625 

0.85 

- 0.06375 

0.27750 

0.78625 

0.36 

- 0.11520 

0.87040 

0.24480 

0.86 

- 0.06020 

0.26040 

0.79980 

0.37 

- 0.11655 

0.86310 

0.25345 

0.87 

- 0.05655 

0.24310 

0.81345 

0.38 

- 0.11780 

0.85560 

0.26220 

0.88 

- 0.05280 

0.22560 

0.82720 

0.39 

- 0.11895 

0.84790 

0.27105 

0.89 

- 0.04895 

0.20790 

0.84105 

0.40 

- 0.12000 

0.84000 

0.28000 

0.90 

- 0.04500 

0.19000 

0.85500 

0.41 

- 0.12095 

0.83190 

0.28905 

0.91 

- 0.04095 

0.17190 

0.86905 

0.42 

- 0.12180 

0.82360 

0.29820 

0.92 

- 0.03680 

0.15360 

0.88320 

0.43 

- 0.12255 

0.81510 

0.30745 

0.93 

- 0.03255 

0.13510 

0.89745 

0.44 

- 0.12320 

0.80640 

0.31680 

0.94 

- 0.02820 

0.11640 

0.91180 

0.45 

- 0.12375 

0.79750 

0.32625 

0.95 

- 0.02375 

0.09750 

0.92625 

0.46 

- 0.12420 

0.78840 

0 . 3358 Q 

0.96 

- 0.01920 

0.07840 

0.94080 

0.47 

- 0.12455 

0.77910 

0.34545 

0.97 

- 0.01455 

0.05910 

0.95545 

0.48 

- 0.12480 

0.76960 

0.35520 

0.98 

- 0.00980 

0.03960 

0.97020 

0.49 

- 0.12495 

0.75990 

0.36505 

0.99 

- 0.00495 

0.01990 

0.98505 

0.50 

- 0.12500 

0.75000 

0.37500 

1.00 

- 0.00000 

0.00000 

1.00000 

-v 

A X 

^0 

A-x 

-p 

Ax 

Aq 

A -1 


See 25.2.6. 

Compiled from National Bureau of Standards, Tables of Lagrangian interpolation 
coefficients. Columbia Univ. Press, New York, N.Y., 1944 (with permission). 
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FOUR-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1 





A 4 k (p) = (~ 

l)* + 2 

p(p 2 -l)(p 

-2) 







(l+&)!(2 —/b)!(p —&) 




V 

A -1 


A o 


Ai 


A 2 



0. 00 

0. 00000 

00 

1. 00000 

00 

0. 00000 

00 

0. 00000 

00 

1.00 

0. 01 

-0. 00328 

35 

0. 99490 

05 

0.01004 

95 

-0.00166 

65 

0. 99 

0. 02 

-0. 00646 

80 

0.98960 

40 

0. 02019 

60 

-0. 00333 

20 

0.98 

0. 03 

-0. 00955 

45 

0. 98411 

35 

0.03043 

65 

-0.00499 

55 

0.97 

0. 04 

-0. 01254 

40 

0. 97843 

20 

0. 04076 

80 

-0.00665 

60 

0.96 

0.05 

-0.01543 

75 

0.97256 

25 

0. 05118 

75 

-0.00831 

25 

0.95 

0. 06 

-0.01823 

60 

0.96650 

80 

0. 06169 

20 

-0.00996 

40 

0.94 

0. 07 

-0. 02094 

05 

0.96027 

15 

0.07227 

85 

-0.01160 

95 

0.93 

0. 08 

-0.02355 

20 

0.95385 

60 

0. 08294 

40 

-0. 01324 

80 

0.92 

0. 09 

-0. 02607 

15 

0. 94726 

45 

0. 09368 

55 

-0. 01487 

85 

0.91 

0.10 

-0. 02850 

00 

0.94050 

00 

0. 10450 

00 

-0. 01650 

00 

0.90 

0.11 

-0.03083 

85 

0. 93356 

55 

0.11538 

45 

-0. 01811 

15 

0. 89 

0.12 

-0. 03308 

80 

0.92646 

40 

0.12633 

60 

-0. 01971 

20 

0. 88 

0.13 

-0. 03524 

95 

0.91919 

85 

0.13735 

15 

-0.02130 

05 

0.87 

0.14 

-0. 03732 

40 

0.91177 

20 

0.14842 

80 

-0. 02287 

60 

0.86 

0.15 

-0. 03931 

25 

0. 90418 

75 

0.15956 

25 

-0.02443 

75 

0.85 

0.16 

-0. 04121 

60 

0. 89644 

80 

0. 17075 

20 

-0.02598 

40 

0.84 

0.17 

-0. 04303 

55 

0.88855 

65 

0.18199 

35 

-0. 02751 

45 

0.83 

0.18 

-0.04477 

20 

0.88051 

60 

0.19328 

40 

-0.02902 

80 

0. 82 

0.19 

-0. 04642 

65 

0.87232 

95 

0. 20462 

05 

-0.03052 

35 

0. 81 

0.20 

-0.04800 

00 

0. 86400 

00 

0.21600 

00 

-0.03200 

00 

0.80 

0.21 

-0. 04949 

35 

0.85553 

05 

0. 22741 

95 

-0.03345 

65 

0.79 

0. 22 

-0. 05090 

80 

0.84692 

40 

0. 23887 

60 

-0. 03489 

20 

0.78 

0.23 

-0.05224 

45 

0. 83818 

35 

0.25036 

65 

-0. 03630 

55 

0.77 

0.24 

-0. 05350 

40 

0.82931 

20 

0. 26188 

80 

-0. 03769 

60 

0. 76 

0.25 

-0. 05468 

75 

0.82031 

25 

0. 27343 

75 

-0. 03906 

25 

0.75 

0.26 

-0.05579 

60 

0.81118 

80 

0.28501 

20 

-0. 04040 

40 

0. 74 

0.27 

-0.05683 

05 

0. 80194 

15 

0. 29660 

85 

-0. 04171 

95 

0.73 

0.28 

-0. 05779 

20 

0. 79257 

60 

0. 30822 

40 

-0.04300 

80 

0. 72 

0.29 

-0. 05868 

15 

0.78309 

45 

0.31985 

55 

-0.04426 

85 

0.71 

0.30 

-0. 05950 

00 

0.77350 

00 

0. 33150 

00 

-0. 04550 

00 

0. 70 

0. 31 

-0. 06024 

85 

0. 76379 

55 

0. 34315 

45 

-0.04670 

15 

0.69 

0. 32 

-0.06092 

80 

0. 75398 

40 

0.35481 

60 

-0. 04787 

20 

0.68 

0.33 

-0. 06153 

95 

0. 74406 

85 

0.36648 

15 

-0. 04901 

05 

0.67 

0.34 

-0.06208 

40 

0.73405 

20 

0.37814 

80 

-0.05011 

60 

0.66 

0.35 

-0. 06256 

25 

0. 72393 

75 

0. 38981 

25 

-0. 05118 

75 

0. 65 

0.36 

-0.06297 

60 

0.71372 

80 

0.40147 

20 

-0. 05222 

40 

0. 64 

0.37 

-0.06332 

55 

0. 70342 

65 

0. 41312 

35 

-0. 05322 

45 

0.63 

0. 38 

-0. 06361 

20 

0. 69303 

60 

0. 42476 

40 

-0. 05418 

80 

0.62 

0.39 

-0. 06383 

65 

0. 68255 

95 

0. 43639 

05 

-0.05511 

35 

0. 61 

0.40 

-0.06400 

00 

0. 67200 

00 

0. 44800 

00 

-0. 05600 

00 

0.60 

0. 41 

-0. 06410 

35 

0. 66136 

05 

0.45958 

95 

-0. 05684 

65 

0.59 

0. 42 

-0.06414 

80 

0.65064 

40 

0.47115 

60 

-0. 05765 

20 

0. 58 

0.43 

-0. 06413 

45 

0. 63985 

35 

0. 48269 

65 

-0. 05841 

55 

0.57 

0. 44 

-0. 06406 

40 

0. 62899 

20 

0. 49420 

80 

-0. 05913 

60 

0.56 

0. 45 

-0. 06393 

75 

0. 61806 

25 

0.50568 

,75 

-0. 05981 

25 

0. 55 

0.46 

-0. 06375 

60 

0. 60706 

80 

0.51713 

20 

-0. 06044 

40 

0. 54 

0. 47 

-0. 06352 

05 

0. 59601 

15 

0. 52853 

85 

-0. 06102 

95 

0.53 

0. 48 

-0. 06323 

20 

0. 58489 

60 

0. 53990 

40 

-0. 06156 

80 

0. 52 

0. 49 

-0.06289 

15 

0.57372 

45 

0.55122 

55 

-0. 06205 

85 

0. 51 

0.50 

-0. 06250 

00 

0. 56250 

00 

0. 56250 

00 

-0. 06250 

00 

0.50 
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Table 25.1 FOUR-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 





A » = (- l )*+ 2 

p ( p 2 - l )( p - 

■ 2 ) 






( l + fc )!( 2 - fc )!( p - fc ) 



V 

A-i 




Ai 


a 2 


1 . 00 

0 . 00000 

00 

0.00000 

00 

1 . 00000 

00 

0 . 00000 00 

0.00 

1 . 01 

0 . 00166 

65 

- 0 . 00994 

95 

1 . 00489 

95 

0.00338 35 

0.01 

1.02 

0.00333 

20 

- 0 . 01979 

60 

1.00959 

60 

0.00686 80 

0 . 02 

1 . 03 

0.00499 

55 

- 0 . 02953 

65 

1.01408 

65 

0.01045 45 

0.03 

1 . 04 

0 . 00665 

60 

- 0 . 03916 

80 

1.01836 

80 

0.01414 40 

0.04 

1 . 05 

0 . 00831 

25 

- 0 . 04868 

75 

1 . 02243 

75 

0 . 01793 75 

0 . 05 

1 . 06 

0.00996 

40 

- 0.05809 

20 

1 . 02629 

20 

0.02183 60 

0.06 

1 . 07 

0 . 01160 

95 

- 0 . 06737 

85 

1.02992 

85 

0 . 02584 05 

0.07 

1.08 

0 . 01324 

80 

- 0.07654 

40 

1 . 03334 

40 

0 . 02995 20 

0.08 

1.09 

0.01487 

85 

- 0 . 08558 

55 

1.03653 

55 

0 . 03417 15 

0.09 

1.10 

0 . 01650 

00 

- 0 . 09450 

00 

1.03950 

00 

0 . 03850 00 

0.10 

1.11 

0 . 01811 

15 

- 0.10328 

45 

1.04223 

45 

0 . 04293 85 

0.11 

1.12 

0 . 01971 

20 

- 0.11193 

60 

1.04473 

60 

0 . 04748 80 

0.12 

1.13 

0.02130 

05 

- 0.12045 

15 

1.04700 

15 

0 . 05214 95 

0.13 

1.14 

0 . 02287 

60 

- 0.12882 

80 

1.04902 

80 

0.05692 40 

0.14 

1.15 

0 . 02443 

75 

- 0.13706 

25 

1 . 05081 

25 

0.06181 25 

0.15 

1.16 

0 . 02598 

40 

- 0.14515 

20 

1 . 05235 

20 

0.06681 60 

0.16 

1.17 

0 . 02751 

45 

- 0.15309 

35 

1.05364 

35 

0 . 07193 55 

0.17 

1.18 

0 . 02902 

80 

- 0.16088 

40 

1.05468 

40 

0 . 07717 20 

0.18 

1.19 

0 . 03052 

35 

- 0.16852 

05 

1 . 05547 

05 

0 . 08252 65 

0.19 

1.20 

0 . 03200 

00 

- 0.17600 

00 

1.05600 

00 

0 . 08800.00 

0.20 

1.21 

0 . 03345 

65 

- 0.18331 

95 

1.05626 

95 

0 . 09359 35 

0.21 

1.22 

0.03489 

20 

- 0.19047 

60 

1.05627 

60 

0.09930 80 

0.22 

1.23 

0.03630 

55 

- 0.19746 

65 

1.05601 

65 

0.10514 45 

0.23 

1.24 

0 . 03769 

60 

- 0 . 20428 

80 

1.05548 

80 

0.11110 40 

0.24 

1.25 

0 . 03906 

25 

- 0 . 21093 

75 

1.05468 

75 

0.11718 75 

0.25 

1.26 

0 . 04040 

40 

- 0.21741 

20 

1.05361 

20 

0 . 12339 60 

0.26 

1.27 

0.04171 

95 

- 0 . 22370 

85 

1 . 05225 

85 

0 . 12973 05 

0.27 

1.28 

0.04300 

80 

- 0 . 22982 

40 

1.05062 

40 

0.13619 20 

0.28 

1.29 

0.04426 

85 

- 0.23575 

55 

1.04870 

55 

0.14278 15 

0.29 

1.30 

0 . 04550 

00 

- 0 . 24150 

00 

1.04650 

00 

0 . 14950 00 

0.30 

1.31 

0 . 04670 

15 

- 0 . 24705 

45 

1.04400 

45 

0.15634 85 

0 . 31 

1.32 

0 . 04787 

20 

- 0.25241 

60 

1.04121 

60 

0 . 16332 80 

0 . 32 

1.33 

0 . 04901 

05 

- 0.25758 

15 

1 . 03813 

15 

0.17043 95 

0 . 33 

1.34 

0 . 05011 

60 

- 0 . 26254 

80 

1.03474 

80 

0 . 17768 40 

0 . 34 

1.35 

0 . 05118 

75 

- 0.26731 

25 

1.03106 

25 

0.18506 25 

0.35 

1 . 36 

0 . 05222 

40 

- 0.27187 

20 

1.02707 

20 

0 . 19257 60 

0.36 

1.37 

0.05322 

45 

- 0.27622 

35 

1.02277 

35 

0.20022 55 

0.37 

1.38 

0.05418 

80 

- 0 . 28036 

40 

1 . 01816 

40 

0.20801 20 

0.38 

1.39 

0 . 05511 

35 

- 0 . 28429 

05 

1.01324 

05 

0.21593 65 

0.39 

1.40 

0 . 05600 

00 

- 0.28800 

00 

1.00800 

00 

0.22400 00 

0.40 

1.41 

0.05684 

65 

- 0.29148 

95 

1.00243 

95 

0.23220 35 

0 . 41 

1.42 

0 . 05765 

20 

- 0 . 29475 

60 

0 . 99655 

60 

0.24054 80 

0.42 

1.43 

0 . 05841 

55 

- 0.29779 

65 

0 . 99034 

65 

0 . 24903 45 

0.43 

1.44 

0.05913 

60 

- 0.30060 

80 

0.98380 

80 

0.25766 40 

0.44 

1.45 

0 . 05981 

25 

- 0.30318 

75 

0.97693 

75 

0 . 26643 75 

0 . 45 

1.46 

0 . 06044 

40 

- 0 . 30553 

20 

0.96973 

20 

0.27535 60 

0.46 

1.47 

0.06102 

95 

- 0 . 30763 

85 

0.96218 

85 

0.28442 05 

0 . 47 

1.48 

0 . 06156 

80 

- 0 . 30950 

40 

0 . 95430 

40 

0.29363 20 

0.48 

1.49 

0 . 06205 

85 

- 0 . 31112 

55 

0 . 94607 

55 

0 . 30299 15 

0 . 49 

1.50 

0 . 06250 

00 

- 0 . 31250 

00 

0.93750 

00 

0 . 31250 00 

0.50 


a 2 


A \ 


4 o 


A-x 
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FOUR-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1 





A „ 1 \ k - 1-2 _ 

p ( p 2 - l )( p -: 

2 ) 







{— i; T i 

: i +*)!( 2 - k)!(p 

-*) 




V 

A -1 


Ao 


Ax 


a 2 



1.50 

0 . 06250 

00 

- 0 . 31250 

00 

0.93750 

00 

0 . 31250 

00 

0.50 

1 . 51 

0 . 06289 

15 

- 0 . 31362 

45 

0 . 92857 

45 

0 . 32215 

85 

0.51 

1.52 

0 . 06323 

20 

- 0.31449 

60 

0 . 91929 

60 

0.33196 

80 

0.52 

1.53 

0 . 06352 

05 

- 0 . 31511 

15 

0.90966 

15 

0.34192 

95 

0.53 

1.54 

0.06375 

60 

- 0 . 31546 

80 

0 . 89966 

80 

0 . 35204 

40 

0.54 

1.55 

0 . 06393 

75 

- 0 . 31556 

25 

0 . 88931 

25 

0.36231 

25 

0 . 55 

1.56 

0.06406 

40 

- 0 . 31539 

20 

0.87859 

20 

0 . 37273 

60 

0 . 56 

1.57 

0 . 06413 

45 

- 0 . 31495 

35 

0 . 86750 

35 

0.38331 

55 

0.57 

1.58 

0.06414 

80 

- 0 . 31424 

40 

0 . 85604 

40 

0 . 39405 

20 

0.58 

1 . 59 

0 . 06410 

35 

- 0 . 31326 

05 

0.84421 

05 

0 . 40494 

65 

0.59 

1.60 

0 . 06400 

00 

- 0.31200 

00 

0.83200 

00 

0 . 41600 

00 

0.60 

1.61 

0 . 06383 

65 

- 0 . 31045 

95 

0 . 81940 

95 

0.42721 

35 

0 . 61 

1.62 

0 . 06361 

20 

- 0 . 30863 

60 

0.80643 

60 

0 . 43858 

80 

0.62 

1 . 63 

0 . 06332 

55 

- 0.30652 

65 

0.79307 

65 

0 . 45012 

45 

0.63 

1 . 64 

0 . 06297 

60 

- 0 . 30412 

80 

0 . 77932 

80 

0.46182 

40 

0 . 64 

1 . 65 

0 . 06256 

25 

- 0.30143 

75 

0.76518 

75 

0 . 47368 

75 

0 . 65 

1.66 

0.06208 

40 

- 0.29845 

20 

0 . 75065 

20 

0 . 48571 

60 

0.66 

1.67 

0 . 06153 

95 

- 0 . 29516 

85 

0.73571 

85 

0.49791 

05 

0 . 67 

1.68 

0.06092 

80 

- 0 . 29158 

40 

0.72038 

40 

0.51027 

20 

0.68 

1.69 

0 . 06024 

85 

- 0 . 28769 

55 

0.70464 

55 

0 . 52280 

15 

0.69 

1.70 

0 . 05950 

00 

- 0 . 28350 

00 

0 . 68850 

00 

0.53550 

00 

0.70 

1.71 

0 . 05868 

15 

- 0 . 27899 

45 

0 . 67194 

45 

0.54836 

85 

0.71 

1.72 

0 . 05779 

20 

- 0 . 27417 

60 

0 . 65497 

60 

0.56140 

80 

0.72 

1.73 

0.05683 

05 

- 0 . 26904 

15 

0.63759 

15 

0.57461 

95 

0.73 

1 . 74 

0 . 05579 

60 

- 0.26358 

80 

0.61978 

80 

0 . 58800 

40 

0 . 74 

1.75 

0.05468 

75 

- 0 . 25781 

25 

0.60156 

25 

0 . 60156 

25 

0.75 

1.76 

0 . 05350 

40 

- 0 . 25171 

20 

0 . 58291 

20 

0 . 61529 

60 

0.76 

1 . 77 

0.05224 

45 

- 0 . 24528 

35 

0 . 56383 

35 

0 . 62920 

55 

0 . 77 

1.78 

0.05090 

80 

- 0 . 23852 

40 

0 . 54432 

40 

0 . 64329 

20 

0.78 

1.79 

0 . 04949 

35 

- 0 . 23143 

05 

0 . 52438 

05 

0.65755 

65 

0 . 79 

1.80 

0 . 04800 

00 

- 0.22400 

00 

0 . 50400 

00 

0 . 67200 

00 

0.80 

1 . 81 

0.04642 

65 

- 0.21622 

95 

0.48317 

95 

0.68662 

35 

0 . 81 

1.82 

0 . 04477 

20 

- 0 . 20811 

60 

0.46191 

60 

0.70142 

80 

0.82 

1 . 83 

0 . 04303 

55 

- 0 . 19965 

65 

0.44020 

65 

0 . 71641 

45 

0.83 

1.84 

0 . 04121 

60 

- 0.19084 

80 

0.41804 

80 

0.73158 

40 

0.84 

1.85 

0.03931 

25 

- 0.18168 

75 

0.39543 

75 

0 . 74693 

75 

0.85 

1.86 

0 . 03732 

40 

- 0.17217 

20 

0.37237 

20 

0 . 76247 

60 

0.86 

1.87 

0.03524 

95 

- 0 . 16229 

85 

0 . 34884 

85 

0.77820 

05 

0 . 87 

1.88 

0 . 03308 

80 

- 0.15206 

40 

0 . 32486 

40 

0 . 79411 

20 

0.88 

1.89 

0 . 03083 

85 

- 0.14146 

55 

0 . 30041 

55 

0 . 81021 

15 

0.89 

1.90 

0 . 02850 

00 

- 0.13050 

00 

0.27550 

00 

0 . 82650 

00 

0.90 

1 . 91 

0 . 02607 

15 

- 0.11916 

45 

0.25011 

45 

0 . 84297 

85 

0.91 

1 . 92 

0 . 02355 

20 

- 0.10745 

60 

0.22425 

60 

0 . 85964 

80 

0.92 

1.93 

0 . 02094 

05 

- 0 . 09537 

15 

0.19792 

15 

0 . 87650 

95 

0.93 

1.94 

0 . 01823 

60 

- 0 . 08290 

80 

0.17110 

80 

0 . 89356 

40 

0.94 

1.95 

0 . 01543 

75 

- 0 . 07006 

25 

0.14381 

25 

0.91081 

25 

0 . 95 

1.96 

0 . 01254 

40 

- 0 . 05683 

20 

0.11603 

20 

0 . 92825 

60 

0.96 

1.97 

0.00955 

45 

- 0 . 04321 

35 

0 . 08776 

35 

0 . 94589 

55 

0.97 

1.98 

0.00646 

80 

- 0 . 02920 

40 

0 . 05900 

40 

0 . 96373 

20 

0.98 

1.99 

0.00328 

35 

- 0.01480 

05 

0 . 02975 

05 

0 . 98176 

65 

0 . 99 

2.00 

0. 00000 

00 

0.00000 

00 

0.00000 

00 

1. 00000 

00 

1.00 


Ai 


Ax 


Ao 


A- 

i 
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Table 25.1 FIVE-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


A\{v)=(- 1)* +2 


p(p »-l)(p8-4) 
(2+m2-k)](p-k) 


V 

A - 

2 

A - 

-1 

Ao 

0.00 

0. 00000 

00000 

0.00000 

00000 

1. 00000 

0.01 

0 . 00082 

90838 

- 0.00659 

98350 

0 . 99987 

0.02 

0.00164 

93400 

- 0 . 01306 

53600 

0.99950 

0.03 

0 . 00246 

02838 

- 0 . 01939 

56350 

0.99887 

0 . 04 

0 . 00326 

14400 

- 0 . 02558 97600 

0 . 99800 

0 . 05 

0 . 00405 

23438 

- 0 . 03164 

68750 

0.99687 

0 . 06 

0 . 00483 

25400 

- 0 . 03756 61600 

0 . 99550 

0 . 07 

0 . 00560 

15838 

- 0 . 04334 

68350 

0.99388 

0 . 08 

0.00635 

90400 

- 0 . 04898 81600 

0 . 99201 

0 . 09 

0 . 00710 

44838 

- 0 . 05448 

94350 

0.98989 

0.10 

0.00783 

75000 

- 0 . 05985 

00000 

0.98752 

0.11 

0.00855 

76838 

- 0 . 06506 92350 

0 . 98491 

0.12 

0.00926 

46400 

- 0 . 07014 

65600 

0.98205 

0.13 

0 . 00995 

79838 

- 0 . 07508 

14350 

0.97894 

0.14 

0 . 01063 

73400 

- 0 . 07987 

33600 

0.97559 

0.15 

0 . 01130 

23438 

- 0 . 08452 

18750 

0 . 97200 

0.16 

0.01195 

2*6400 

- 0 . 08902 

65600 

0 . 96816 

0.17 

0.01258 

78838 

- 0 . 09338 

70350 

0.96408 

0.18 

0 . 01320 

77400 

- 0 . 09760 

29600 

0.95976 

0.19 

0.01381 

18838 

- 0.10167 

40350 

0.95520 

0.20 

0.01440 

00000 

- 0.10560 

00000 

0 . 95040 

0.21 

0 . 01497 

17838 

- 0.10938 

06350 

0 . 94536 

0 . 22 

0.01552 

69400 

- 0.11301 

57600 

0.94008 

0.23 

0.01606 

51838 

- 0.11650 

52350 

0.93457 

0.24 

0.01658 

62400 

- 0.11984 

89600 

0.92882 

0.25 

0.01708 

98438 

- 0.12304 

68750 

0.92285 

0.26 

0 . 01757 

57400 

- 0 . 12609 

89600 

0 . 91664 

0.27 

0.01804 

36838 

- 0.12900 

52350 

0 . 91020 

0.28 

0 . 01849 

34400 

- 0.13176 

57600 

0 . 90353 

0 . 29 

0 . 01892 

47838 
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0.82471 
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FIVE-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 

,5^ / nM .o P(P 2 — Q(p 2 -4) 

A k (p)-(- 1) +2 (2+fc)!(2—*;)!(p—*) 
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48438 

-0.13564 
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0. 63947 

81250 

-0.04144 
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0. 65 

0. 66 

0. 02079 

81400 
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68400 
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0.66 
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-0.04107 
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0. 67 

0.68 
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34400 
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-0. 04082 
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0. 68 

0. 69 

0.01973 

13838 

-0. 12562 

70350 
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-0.04051 
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0. 69 

0.70 

0.01933 
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-0.12285 

00t)00 
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0. 69615 
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-0. 04016 
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0.70 

0. 71 

0.01892 

47838 

-0.11996 
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42025 

0. 70739 

53650 

-0. 03975 

67163 

0. 71 

0.72 

0. 01849 

34400 

-0.11698 
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46400 
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22400 

-0.03929 
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0. 72 

0. 73 

0.01804 

36838 

-0.11389 

42350 

0.40487 

06025 

0.72976 

67650 

-0. 03878 

68163 

0.73 

0. 74 

0. 01757 

57400 

-0.11070 

69600 

0.39046 

64400 

0. 74088 

50400 

-0. 03822 

02600 

0.74 

0.75 

0. 01708 

98438 

-0. 10742 
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0.37597 

65625 
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31250 

-0.03759 

76563 
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-0. 10404 
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-0.08960 
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0. 80640 
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-0. 03360 
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0. 80 

0.81 

0. 01381 
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0. 81708 
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46163 

0. 81 
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0. 27253 
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0.21225 

20400 

0. 86922 

26400 

-0.02668 

66600 

0. 86 

0. 87 
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65650 

-0.02529 
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0. 88 
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05600 
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38400 

0. 88940 
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-0. 02382 
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0. 88 
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0.93 
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0.98 
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4(p)=(-D fc+2 


p(p 2 —l)(p 2 -4) 
(2+k)l(2-k)l(p-k) 


V 
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-2 

A-i 

Ao 

A i 
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0 . 04867 73438 

1.15 

1.16 
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0.18315 54400 

- 0.47381 51600 

1 . 14713 14400 

0 . 17577 01400 

1.38 

1.39 

- 0 . 03293 

03163 

0 . 18683 47650 

- 0 . 48187 23975 

1.14496 17650 

0.18300 61838 

1 . 39 

1.40 

- 0.03360 

00000 

0 . 19040 00000 

- 0.48960 00000 

1.14240 00000 

0.19040 00000 

1 . 40 

1.41 

- 0.03425 

00163 

0.19384 65650 

- 0.49698 95975 

1.13943 95650 

0 . 19795 34838 

1.41 

1.42 

- 0.03487 

94600 

0.19716 98400 

- 0 . 50403 27600 

1.13607 38400 

0.20566 85400 

1.42 

1.43 

- 0 . 03548 

74163 

0 . 20036 51650 

- 0.51072 09975 

1.13229 61650 

0 . 21354 70838 

1.43 

1 . 44 

- 0 . 03607 

29600 

0.20342 78400 

- 0.51704 57600 

1.12809 98400 

0 . 22159 10400 

1 . 44 

1.45 

- 0 . 03663 

51563 

0.20635 31250 

- 0 . 52299 84375 

1.12347 81250 

0.22980 23438 

1 . 45 

1.46 

- 0 . 03717 

30600 

0.20913 62400 

- 0 . 52857 03600 

1.11842 42400 

0.23818 29400 

1 . 46 

1 . 47 

- 0 . 03768 

57163 

0.21177 23650 

- 0 . 53375 27975 

1.11293 13650 

0.24673 47838 

1.47 

1 . 48 

- 0 . 03817 

21600 

0 . 21425 66400 

- 0.53853 69600 

1.10699 26400 

0.25545 98400 

1.48 

1 . 49 

- 0 . 03863 

14163 

0.21658 41650 

- 0 . 54291 39975 

1.10060 11650 

0.26436 00838 

1.49 

1.50 

- 0 . 03906 

25000 

0.21875 00000 

- 0.54687 50000 

1 . 09375 00000 

0 . 27343 75000 

1.50 


A 2 

Ax 

Ao 

A -1 

A-2 

-p 
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FIVE-POINT LA GRANGIAN INTERPOLATION COEFFICIENTS 


A\{v) = {~ 1)* +2 


p(p 2 -l)(p 2 -4) 
(2+*) !(2—A)! (p—*) 


Table 25.1 


p 

A 

-2 

A 

-l 

Ao 

A 


a 2 


1.50 

-0. 03906 

25000 

0.21875 

00000 

-0. 54687 

50000 

1.09375 

00000 

0.27343 

75000 

1. 50 

1.51 

-0. 03946 

44163 

0. 22074 

91650 

-0. 55041 

09975 

1. 08643 

21650 

0.28269 

40838 

1. 51 

1.52 

-0. 03983 

61600 

0. 22257 

66400 

-0. 55351 

29600 

1.07864 

06400 

0. 29213 

18400 

1. 52 

1.53 

-0. 04017 

67163 

0.22422 

73650 

-0.55617 

17975 

1.07036 

83650 

0.30175 

27838 

1. 53 

1.54 

-0. 04048 

50600 

0. 22569 

62400 

-0. 55837 

83600 

1. 06160 

82400 

0.31155 

89400 

1. 54 

1.55 

-0.04076 

01563 

0. 22697 

81250 

-0. 56012 

34375 

1.05235 

31250 

0. 32155 

23438 

1. 55 

1.56 

-0. 04100 

09600 

0.22806 

78400 

-0. 56139 

77600 

1.04259 

58400 

0. 33173 

50400 

1. 56 

1.57 

-0. 04120 

64163 

0.22896 

01650 

-0.56219 

19975 

1. 03232 

91650 

0.34210 

90838 

1. 57 

1.58 

-0. 04137 

54600 

0.22964 

98400 

-0. 56249 

67600 

1.02154 

58400 

0. 35267 

65400 

1. 58 

1.59 

-0.04150 

70163 

0. 23013 

15650 

-0. 56230 

25975 

1. 01023 

85650 

0. 36343 

94838 

1. 59 

1. 60 

-0.04160 

00000 

0.23040 

00000 

-0. 56160 

00000 

0.99840 

00000 

0.37440 

00000 

1. 60 

1. 61 

-0.04165 

33163 

0.23044 

97650 

-0. 56037 

93975 

0.98602 

27650 

0.38556 

01838 

1. 61 

1.62 

-0. 04166 

58600 

0.23027 

54400 

-0.55863 

11600 

0.97309 

94400 

0. 39692 

21400 

1. 62 

1.63 

-0.04163 

65163 

0.22987 

15650 

-0. 55634 

55975 

0. 95962 

25650 

0.40848 

79838 

1. 63 

1. 64 

-0. 04156 

41600 

0.22923 

26400 

-0. 55351 

29600 

0.94558 

46400 

0.42025 

98400 

1.64 

1.65 

-0.04144 

76563 

0.22835 

31250 

-0. 55012 

34375 

0.93097 

81250 

0.43223 

98438 

1. 65 

1.66 

-0.04128 

58600 

0. 22722 

74400 

-0. 54616 

71600 

0.91579 

54400 

0.44443 

01400 

1. 66 

1. 67 

-0. 04107 

76163 

0.22584 99650 

-0. 54163 

41975 

0.90002 

89650 

0.45683 

28838 

1. 67 

1. 68 

-0. 04082 

17600 

0. 22421 

50400 

-0.53651 

45600 

0.88367 

10400 

0. 46945 

02400 

1. 68 

1. 69 

-0.04051 

71163 

0. 22231 

69650 

-0. 53079 

81975 

0. 86671 

39650 

0.48228 

43838 

1. 69 

1.70 

-0.04016 

25000 

0.22015 

00000 

-0. 52447 

50000 

0. 84915 

00000 

• 0.49533 

75000 

1. 70 

1. 71 

-0. 03975 

67163 

0. 21770 

83650 

-0. 51753 

47975 

0.83097 

13650 

0. 50861 

17838 

1. 71 

1. 72 

-0. 03929 

85600 

0.21498 

62400 

-0. 50996 

73600 

0.81217 

02400 

0. 52210 

94400 

1. 72 

1.73 

-0. 03878 

68163 

0. 21197 

77650 

-0.50176 

23975 

0.79273 

87650 

0. 53583 

26838 

1. 73 

1. 74 

-0. 03822 

02600 

0.20867 

70400 

-0. 49290 

95600 

0. 77266 

90400 

0.54978 

37400 

1.74 

1.75 

-0. 03759 

76563 

0. 20507 

81250 

-0. 48339 

84375 

0.75195 

31250 

0. 56396 

48438 

1. 75 

1.76 

-0. 03691 

77600 

0. 20117 

50400 

-0. 47321 

85600 

0. 73058 

30400 

0.57837 

82400 

1. 76 

1.77 

-0. 03617 

93163 

0.19696 

17650 

-0.46235 

93975 

0. 70855 

07650 

0. 59302 

61838 

1. 77 

1.78 

-0. 03538 

10600 

0.19243 

22400 

-0. 45081 

03600 

0. 68584 

82400 

0.60791 

09400 

1. 78 

1. 79 

-0.03452 

17163 

0.18758 

03650 

-0. 43856 

07975 

0. 66246 

73650 

0.62303 

47838 

1. 79 

1.80 

-0.03360 

00000 

0. 18240 

00000 

-0. 42560 

00000 

0. 63840 

00000 

0. 63840 

00000 

1. 80 

1.81 

-0. 03261 

46163 

0. 17688 

49650 

-0. 41191 

71975 

0.61363 

79650 

0.65400 

88838 

1. 81 

1.82 

-0. 03156 

42600 

0.17102 

90400 

-0. 39750 

15600 

0.58817 

30400 

0.66986 

37400 

1. 82 

1.83 

-0. 03044 

76163 

0.16482 

59650 

-0. 38234 

21975 

0.56199 

69650 

0.68596 

68838 

1. 83 

1.84 

-0.02926 

33600 

0.15826 94400 

-0. 36642 

81600 

0.53510 

14400 

0. 70232 

06400 

1. 84 

1.85 

-0. 02801 

01563 

0.15135 

31250 

-0.34974 

84375 

0.50747 

81250 

0. 71892 

73438 

1. 85 

1.86 

-0.02668 

66600 

0.14407 06400 

-0. 33229 

19600 

0.47911 

86400 

0.73578 

93400 

1. 86 

1.87 

-0. 02529 

15163 

0.13641 

55650 

-0. 31404 

75975 

0. 45001 

45650 

0. 75290 

89838 

1. 87 

1.88 

-0. 02382 

33600 

0.12838 14400 

-0. 29500 

41600 

0.42015 

74400 

0.77028 

86400 

1. 88 

1. 89 

-0. 02228 

08163 

0.11996 

17650 

-0. 27515 

03975 

0.38953 

87650 

0. 78793 

06838 

1.89 

1.90 

-0. 02066 

25000 

0.11115 

00000 

-0.25447 

50000 

0.35815 

00000 

0.80583 

75000 

1. 90 

1.91 

-0. 01896 

70163 

0.10193 

95650 

-0. 23296 

65975 

0. 32598 

25650 

0. 82401 

14838 

1.91 

1.92 

-0. 01719 

29600 

0.09232 

38400 

-0.21061 

37600 

0.29302 

78400 

0.84245 

50400 

1. 92 

1.93 

-0. 01533 

89163 

0. 08229 

61650 

-0.18740 

49975 

0. 25927 

71650 

0.86117 

05838 

1. 93 

1.94 

-0. 01340 

34600 

0. 07184 98400 

-0. 16332 

87600 

0.22472 

18400 

0.88016 

05400 

1.94 

1.95 

-0.01138 

51563 

0.06097 

81250 

-0.13837 

34375 

0. 18935 

31250 

0.89942 

73438 

1. 95 

1. 96 

-0. 00928 

25600 

0.04967 42400 

-0.11252 

73600 

0.15316 

22400 

0. 91897 

34400 

1. 96 

1.97 

-0.00709 

42163 

0.03793 

13650 

-0. 08577 

87975 

0.11614 

03650 

0. 93880 

12838 

1. 97 

1.98 

-0.00481 

86600 

0.02574 

26400 

-0. 05811 

59600 

0. 07827 

86400 

0. 95891 

33400 

1. 98 

1.99 

-0. 00245 

44163 

0.01310 

11650 

-0. 02952 

69975 

0.03956 

81650 

0.97931 

20838 

1.99 

2. 00 

0. 00000 

00000 

0. 00000 

00000 

0. 00000 

00000 

0. 00000 

00000 

1.00000 

00000 

2. 00 


a 2 

A 

Li 

Ao 

A 

-l 

A 

-2 

-P 
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Table 25.1 


SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


4(pM- i) 


jfc+3 p(p 2 -l)(p 2 -4) (p-3) 
(2+fy!(3 -k)l(p-k) 


p 

A- 

-2 

A. 

-l 

A 

0 

A 

ll 

a 2 

A 

>3 


0.00 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00 

0.01 

0.00049 

57921 

-0.00493 

33767 

0.99654 

20858 

0.01006 

60817 

-0.00250 

38746 

0.00033 

32917 

0.99 

0.02 

0.00098 

30066 

-0.00973 

36932 

0.99283 

67064 

0.02026 

19736 

-0.00501 

43268 

0.00066 

63334 

0.98 

0.03 

0.00146 

14085 

-0.01440 

12590 

0.98888 

64505 

0.03058 

41170 

-0.00752 

95922 

0.00099 

88752 

0.97 

0.04 

0.00193 

07725 

-0.01893 

64224 

0.98469 

39648 

0.04102 

89152 

-0.01004 

78976 

0.00133 

06675 

0.96 

0.05 

0.00239 

08828 

-0.02333 

95703 

0.98026 

19531 

0.05159 

27344 

-0.01256 

74609 

0.00166 

14609 

0.95 

0.06 

0.00284 

15335 

-0.02761 

11276 

0.97559 

31752 

0.06227 

19048 

-0.01508 

64924 

0.00199 

10065 

0.94 

0.07 

0.00328 

25281 

-0.03175 

15567 

0.97069 

04458 

0.07306 

27217 

-0.01760 

31946 

0.00231 

90557 

0.93 

0.08 

0.00371 

36794 

-0.03576 

13568 

0.96555 

66336 

0.08396 

14464 

-0.02011 

57632 

0.00264 

53606 

0.92 

0.09 

0.00413 

48096 

-0.03964 

10640 

0.96019 

46604 

0.09496 

43071 

-0.02262 

23873 

0.00296 

96742 

0.91 

0.10 

0.00454 

57500 

-0.04339 

12500 

0.95460 

75000 

0.10606 

75000 

-0.02512 

12500 

0.00329 

17500 

0.90 

0.11 

0.00494 

63412 

-0.04701 

25223 

0.94879 

81771 

0.11726 

71904 

-0.02761 

05290 

0.00361 

13426 

0.89 

0.12 

0.00533 

64326 

-0.05050 

55232 

0.94276 

97664 

0.12855 

95136 

-0.03008 

83968 

0.00392 

82074 

0.88 

0.13 

0.00571 

58827 

-0.05387 

09296 

0.93652 

53917 

0.13994 

05758 

-0.03255 

30217 

0.00424 

21011 

0.87 

0.14 

0.00608 

45585 

-0.05710 

94524 

0.93006 

82248 

0.15140 

64552 

-0.03500 

25676 

0.00455 

27815 

0.86 

0.15 

0.00644 

23359 

-0.06022 

18359 

0.92340 

14844 

0.16295 

32031 

-0.03743 

51953 

0.00486 

00078 

0.85 

0.16 

0.00678 

90995 

-0.06320 

88576 

0*91652 

84352 

0.17457 

68448 

-0.03984 

90624 

0.00516 

35405 

0.84 

0.17 

0.00712 

47422 

-0.06607 

13273 

0.90945 

23870 

0.18627 

33805 

-0.04224 

23240 

0.00546 

31416 

0.83 

0.18 

0.00744 

91654 

-0.06881 

00868 

0.90217 

66936 

0.19803 

87864 

-0.04461 

31332 

0.00575 

85746 

0.82 

0.19 

0.00776 

22787 

-0.07142 

60096 

0.89470 

47517 

0.20986 

90158 

-0.04695 

96417 

0.00604 

96051 

0.81 

0.20 

0.00806 

40000 

-0.07392 

00000 

0.88704 

00000 

0.22176 

00000 

-0.04928 

00000 

0.00633 

60000 

0.80 

0.21 

0.00835 

42553 

-0.07629 

29929 

0.87918 

59183 

0.23370 

76492 

-0.05157 

23583 

0.00661 

75284 

0.79 

0.22 

0.00863 

29786 

-0.07854 

59532 

0.87114 

60264 

0.24570 

78536 

-0.05383 

48668 

0.00689 

39614 

0.78 

0.23 

0.00890 

01118 

-0.08067 

98752 

0.86292 

38830 

0.25775 

64845 

-0.05606 

56760 

0.00716 

50719 

0.77 

0.24 

0.00915 

56045 

-0.08269 

57824 

0.85452 

30848 

0.26984 

93952 

-0.05826 

29376 

0.00743 

06355 

0.76 

0.25 

0.00939 

94141 

-0.08459 

47266 

0.84594 

72656 

0.28198 

24219 

-0.06042 

48047 

0.00769 

04297 

0.75 

0.26 

0.00963 

15055 

-0.08637 

77876 

0.83720 

00952 

0.29415 

13848 

-0.06254 

94324 

0.00794 

42345 

0.74 

0.27 

0.00985 

18513 

-0.08804 

60729 

0.82828 

52783 

0.30635 

20892 

-0.06463 

49783 

0.00819 

18324 

0.73 

0.28 

0.01006 

04314 

-0.08960 

07168 

0.81920 

65536 

0.31858 

03264 

-0.06667 

96032 

0.00843 

30086 

0.72 

0.29 

0.01025 

72328 

-0.09104 

28802 

0.80996 

76929 

0.33083 

18746 

-0.06868 

14711 

0.00866 

75510 

0.71 

0.30 

0.01044 

22500 

-0.09237 

37500 

0.80057 

25000 

0.34310 

25000 

-0.07063 

87500 

0.00889 

52500 

0.70 

0.31 

0.01061 

54844 

-0.09359 

45385 

0.79102 

48096 

0.35538 

79579 

-0.07254 

96127 

0.00911 

58993 

0.69 

0.32 

0.01077 

69446 

-0.09470 

64832 

0.78132 

84864 

0.36768 

39936 

-0.07441 

22368 

0.00932 

92954 

0.68 

0.33 

0.01092 

66459 

-0.09571 

08458 

0.77148 

74242 

0.37998 

63433 

-0.07622 

48054 

0.00953 

52378 

0.67 

0.34 

0.01106 

46105 

-0.09660 

89124 

0.76150 

55448 

0.39229 

07352 

-0.07798 

55076 

0.00973 

35295 

0.66 

0.35 

0.01119 

08672 

-0.09740 

19922 

0.75138 

67969 

0.40459 

28906 

-0.07969 

25391 

0.00992 

39766 

0.65 

0.36 

0.01130 

54515 

-0.09809 

14176 

0.74113 

51552 

0.41688 

85248 

-0.08134 

41024 

0.01010 

63885 

0.64 

0.37 

0.01140 

84054 

-0.09867 

85435 

0.73075 

46195 

0.42917 

33480 

-0.08293 

84077 

0.01028 

05783 

0.63 

0.38 

0.01149 

97774 

-0.09916 

47468 

0.72024 

92136 

0.44144 

30664 

-0.08447 

36732 

0.01044 

63626 

0.62 

0.39 

0.01157 

96219 

-0.09955 

14258 

0.70962 

29842 

0.45369 

33833 

-0.08594 

81254 

0.01060 

35618 

0.61 

0.40 

0.01164 

80000 

-0.09984 

00000 

0.69888 

00000 

0.46592 

00000 

-0.08736 

00000 

0.01075 

20000 

0.60 

0.41 

0.01170 

49786 

-0.10003 

19092 

0.68802 

43508 

0.47811 

86167 

-0.08870 

75421 

0.01089 

15052 

0.59 

0.42 

0.01175 

06306 

-0.10012 

86132 

0.67706 

01464 

0.49028 

49336 

-0.08998 

90068 

0.01102 

19094 

0.58 

0.43 

0.01178 

50351 

-0.10013 

15915 

0.66599 

15155 

0.50241 

46520 

-0.09120 

26598 

0.01114 

30487 

0.57 

0.44 

0.01180 

82765 

-0.10004 

23424 

0.65482 

26048 

0.51450 

34752 

-0.09234 

67776 

0.01125 

47635 

0.56 

0.45 

0.01182 

04453 

-0.09986 

23828 

0.64355 

75781 

0.52654 

71094 

-0.09341 

96484 

0.01135 

68984 

0.55 

0.46 

0.01182 

16375 

-0.09959 

32476 

0.63220 

06152 

0.53854 

12648 

-0.09441 

95724 

0.01144 

93025 

0.54 

0.47 

0.01181 

19546 

-0.09923 

64892 

0.62075 

59108 

0.55048 

16567 

-0.09534 

48621 

0.01153 

18292 

0.53 

0.48 

0.01179 

15034 

-0.09879 

36768 

0.60922 

76736 

0.56236 

40064 

-0.09619 

38432 

0.01160 

43366 

0,52 

0.49 

0.01176 

03961 

-0.09826 

63965 

0.59762 

01254 

0.57418 

40421 

-0.09696 

48548 

0.01166 

66877 

0.51 

0.50 

0.01171 

87500 

-0.09765 

62500 

0.58593 

75000 

0.58593 

75000 

-0.09765 

62500 

0.01171 

87500 

0.50 


^3 

A 2 

A 

l 

Aq 

A 

— l 

A 

-2 

P 
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SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1 







, ^*+3 P(P 2 -1)(P 2 

-4) ( p - 

-3) 





V 

A_ 

-2 

A _ 


v ' (2+*)! (3 -k)\{p- 

A o A\ 

*) 

Ao 

a 3 


1.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00 

1.01 

-0.00033 

32917 

0.00249 

55421 

-0.00993 

27517 

1.00320 

79192 

0.00506 

67067 

-0.00050 

41246 

0.01 

1.02 

-0.00066 

63334 

0.00498 

10068 

-0.01972 

86936 

1.00616 

33736 

0.01026 

69732 

-0.00101 

63266 

0.02 

1.03 

-0.00099 

88752 

0.00745 

46597 

-0.02938 

43870 

1.00886 

39545 

0.01560 

09890 

-0.00153 

63410 

0.03 

1.04 

-0.00133 

06675 

0.00991 

47776 

-0.03889 

64352 

1.01130 73152 

0.02106 

89024 

-0.00206 

38925 

0.04 

1.05 

-0.00166 

14609 

0.01235 

96484 

-0.04826 

14844 

1.01349 

11719 

0.02667 

08203 

-0.00259 

86953 

0.05 

1.06 

-0.00199 

10065 

0.01478 

75724 

-0.05747 

62248 

1.01541 

33048 

0.03240 

68076 

-0.00314 

04535 

0.06 

1.07 

-0.00231 

90556 

0.01719 

68621 

-0.06653 

73917 

1.01707 

15592 

0.03827 

68866 

-0.00368 

88606 

0.07 

1.08 

-0.00264 

53606 

0.01958 

58432 

-0.07544 

17664 

1.01846 

38464 

0.04428 

10368 

-0.00424 

35994 

0.08 

1.09 

-0.00296 

96742 

0.02195 

28547 

-0.08418 

61771 

1.01958 

81446 

0.05041 

91940 

-0.00480 

43420 

0.09 

1.10 

-0.00329 

17500 

0.02429 

62500 

-0.09276 

75000 

1.02044 

25000 

0.05669 

12500 

-0.00537 

07500 

0.10 

1.11 

-0.00361 

13426 

0.02661 

43965 

-0.10118 

26604 

1.02102 

50279 

0.06309 

70523 

-0.00594 

24737 

0.11 

1.12 

-0.00392 

82074 

0.02890 

56768 

-0.10942 

86336 

1.02133 

39136 

0.06963 

64032 

-0.00651 

91526 

0.12 

1.13 

-0.00424 

21011 

0.03116 

84892 

-0.11750 

24458 

1.02136 

74133 

0.07630 

90596 

-0.00710 

04152 

0.13 

1.14 

-0.00455 

27815 

0.03340 

12476 

-0.12540 

11752 

1.02112 

38552 

0.08311 

47324 

-0.00768 

58785 

0.14 

1.15 

-0.00486 

00078 

0.03560 

23828 

-0.13312 

19531 

1.02060 

16406 

0.09005 

30859 

-0.00827 

51484 

0.15 

1.16 

-0.00516 

35405 

0.03777 

03424 

-0.14066 

19648 

1.01979 

92448 

0.09712 

37376 

-0.00886 

78195 

0.16 

1.17 

-0.00546 

31415 

0.03990 

35915 

-0.14801 

84505 

1.01871 

52180 

0.10432 

62572 

-0.00946 

34747 

0.17 

1.18 

-0.00575 

85746 

0.04200 

06132 

-0.15518 

87064 

1.01734 

81864 

0.11166 

01668 

-0.01006 

16854 

0.18 

1.19 

-0.00604 

96051 

0.04405 

99092 

-0.16217 

00858 

1.01569 

68533 

0.11912 

49396 

-0.01066 

20112 

0.19 

1.20 

-0.00633 

60000 

0.04608 

00000 

-0.16896 

00000 

1.01376 

00000 

0.12672 

00000 

-0.01126 

40000 

0.20 

1.21 

-0.00661 

75284 

0.04805 

94258 

-0.17555 

59192 

1.01153 64867 

0.13444 

47229 

-0.01186 

71878 

0.21 

1.22 

-0.00689 

39614 

0.04999 

67468 

-0.18195 

53736 

1.00902 

52536 

0.14229 

84332 

-0.01247 

10986 

0.22 

1.23 

-0.00716 

50719 

0.05189 

05435 

-0.18815 

59545 

1.00622 

53220 

0.15028 

04052 

-0.01307 

52443 

0.23 

1.24 

-0.00743 

06355 

0.05373 

94176 

-0.19415 

53152 

1.00313 

57952 

0.15838 

98624 

-0.01367 

91245 

0.24 

1.25 

-0.00769 

04297 

0.05554 

19922 

-0.19995 

11719 

0.99975 

58594 

0.16662 

59766 

-0.01428 

22266 

0.25 

1.26 

-0.00794 

42345 

0.05729 

69124 

-0.20554 

13048 

0.99608 47848 

0.17498 

78676 

-0.01488 

40255 

0.26 

1.27 

-0.00819 

18324 

0.05900 

28458 

-0.21092 

35592 

0.99212 

19267 

0.18347 

46029 

-0.01548 

39838 

0.27 

1.28 

-0.00843 

30086 

0.06065 

84832 

-0.21609 

58464 

0.98786 

67264 

0.19208 

51968 

-0.01608 

15514 

0.28 

1.29 

-0.00866 

75509 

0.06226 

25385 

-0.22105 

61446 

0.98331 

87121 

0.20081 

86102 

-0.01667 

61653 

0.29 

1.30 

-0.00889 

52500 

0.06381 

37500 

-0.22580 

25000 

0.97847 

75000 

0.20967 

37500 

-0.01726 

72500 

0.30 

1.31 

-0.00911 

58993 

0.06531 

08802 

-0.23033 

30279 

0.97334 

27954 

0.21864 

94685 

-0.01785 

42169 

0.31 

1.32 

-0.00932 

92954 

0.06675 

27168 

-0.23464 

59136 

0.96791 

43936 

0.22774 

45632 

-0.01843 

64646 

0.32 

1.33 

-0.00953 

52378 

0.06813 

80729 

-0.23873 

94133 

0.96219 

21808 

0.23695 

77758 

-0.01901 

33784 

0.33 

1.34 

-0.00973 

35295 

0.06946 

57876 

-0.24261 

18552 

0.95617 

61352 

0.24628 

77924 

-0.01958 

43305 

0.34 

1.35 

-0.00992 

39766 

0.07073 

47266 

-0.24626 

16406 

0.94986 

63281 

0.25573 

32422 

-0.02014 

86797 

0.35 

1.36 

-0.01010 

63885 

0.07194 

37824 

-0.24968 

72448 

0.94326 

29248 

0.26529 

26976 

-0.02070 

57715 

0.36 

1.37 

-0.01028 

05783 

0.07309 

18752 

-0.25288 

72180 

0.93636 

61855 

0.27496 

46735 

-0.02125 

49379 

0.37 

1.38 

-0.01044 

63626 

0.07417 

79532 

-0.25586 

01864 

0.92917 

64664 

0.28474 

76268 

-0.02179 

54974 

0.38 

1.39 

-0.01060 

35618 

0.07520 

09929 

-0.25860 

48533 

0.92169 

42208 

0.29463 

99558 

-0.02232 

67544 

0.39 

1.40 

-0.01075 

20000 

0.07616 

00000 

-0.26112 

00000 

0.91392 

00000 

0.30464 

00000 

-0.02284 

80000 

0.40 

1.41 

-0.01089 

15052 

0.07705 

40096 

-0.26340 

44867 

0.90585 

44542 

0.31474 

60392 

-0.02335 

85111 

0.41 

1.42 

-0.01102 

19094 

0.07788 

20868 

-0.26545 

72536 

0.89749 

83336 

0.32495 

62932 

-0.02385 

75506 

0.42 

1.43 

-0.01114 

30487 

0.07864 

33273 

-0.26727 

73220 

0.88885 

24895 

0.33526 

89215 

-0.02434 

43676 

0.43 

1.44 

-0.01125 

47635 

0.07933 

68576 

-0.26886 

37952 

0.87991 

78752 

0.34568 

20224 

-0.02481 

81965 

0.44 

1.45 

-0.01135 

68984 

0.07996 

18359 

-0.27021 

58594 

0.87069 

55469 

0.35619 

36328 

-0.02527 

82578 

0.45 

1.46 

-0.01144 

93025 

0.08051 

74524 

-0.27133 

27848 

0.86118 66648 

0.36680 

17276 

-0.02572 

37575 

0.46 

1.47 

-0.01153 

18292 

0.08100 

29296 

-0.27221 

39267 

0.85139 

24942 

0.37750 

42192 

-0.02615 

38871 

0.47 

1.48 

-0.01160 

43366 

0.08141 

75232 

-0.27285 

87264 

0.84131 

44064 

0.38829 

89568 

-0.02656 

78234 

0.48 

1.49 

-0.01166 

66877 

0.08176 

05223 

-0.27326 

67121 

0.83095 

38796 

0.39918 

37265 

-0.02696 

47286 

0.49 

1.50 

-0.01171 

87500 

0.08203 

12500 

-0.27343 

75000 

0.82031 

25000 

0.41015 

62500 

-0.02734 

37500 

0.50 



^3 

a 2 

Ax 

Ao 

A 

-l 

A 

-2 

-P 



910 


NUMERICAL ANALYSIS 


Table 25.1 SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


4(pM- d 


*+ 3 / > (p 2 -l)(y 2 -4) (p-3) 
(2+*)! (3-*) !(?-*) 


V 

A- 

-2 

A_ 

-l 

A ( 

) 

A] 


a 2 

Az 


1.50 

-0.01171 

87500 

0.08203 

12500 

-0.27343 75000 

0.82031 

25000 

0.41015 

62500 

-0.02734 

37500 

0.50 

1.51 

-0.01176 

03961 

0.08222 

90640 

-0.27337 

07954 

0.80939 

19629 

0.42121 

41848 

-0.02770 

40202 

0.51 

1.52 

-0.01179 

15034 

0.08235 

33568 

-0.27306 

63936 

0.79819 

40736 

0.43235 

51232 

-0.02804 

46566 

0.52 

1.53 

-0.01181 

19546 

0.08240 

35567 

-0.27252 

41808 

0.78672 

07483 

0.44357 

65921 

-0.02836 

47617 

0.53 

1.54 

-0.01182 

16375 

0.08237 91276 

-0.27174 

41352 

0.77497 

40152 

0.45487 

60524 

-0.02866 

34225 

0.54 

1.55 

-0.01182 

04453 

0.08227 95703 

-0.27072 

63281 

0.76295 

60156 

0.46625 

08984 

-0.02893 

97109 

0.55 

1.56 

-0.01180 

82765 

0.08210 

44224 

-0.26947 

09248 

0.75066 

90048 

0.47769 

84576 

-0.02919 

26835 

0.56 

1.57 

-0.01178 

50350 

0.08185 

32590 

-0.26797 81855 

0.73811 

53530 

0.48921 

59897 

-0.02942 

13812 

0.57 

1.58 

-0.01175 

06306 

0.08152 

56932 

-0.26624 84664 

0.72529 

75464 

0.50080 

06868 

-0.02962 

48294 

0.58 

1.59 

-0.01170 

49786 

0.08112 

13767 

-0.26428 

22208 

0.71221 

81883 

0.51244 

96721 

-0.02980 

20377 

0.59 

1.60 

-0.01164 

80000 

0.08064 

00000 

-0.26208 

00000 

0.69888 

00000 

0.52416 

00000 

-0.02995 

20000 

0.60 

1.61 

-0.01157 96219 

0.08008 12933 

-0.25964 

24542 

0.68528 58217 

0.53592 

86554 

-0.03007 

36943 

0.61 

1.62 

-0.01149 

97774 

0.07944 

50268 

-0.25697 

03336 

0.67143 

86136 

0.54775 

25532 

-0.03016 

60826 

0.62 

1.63 

-0.01140 

84054 

0.07873 

10110 

-0.25406 44895 

0.65734 

14570 

0.55962 

85377 

-0.03022 81108 

0.63 

1.64 

-0.01130 

54515 

0.07793 

90976 

-0.25092 

58752 

0.64299 

75552 

0.57155 

33824 

-0.03025 

87085 

0.64 

1.65 

-0.01119 

08672 

0.07706 91797 

-0.24755 

55469 

0.62841 

02344 

0.58352 

37891 

-0.03025 

67891 

0.65 

1.66 

-0.01106 

46105 

0.07612 

11924 

-0.24395 

46648 

0.61358 

29448 

0.59553 

63876 

-0.03022 

12495 

0.66 

1.67 

-0.01092 

66459 

0.07509 

51133 

-0.24012 

44942 

0.59851 

92617 

0.60758 

77354 

-0.03015 

09703 

0.67 

1.68 

-0.01077 

69446 

0.07399 

09632 

-0.23606 64064 

0.58322 28864 

0.61967 

43168 

-0.03004 

48154 

0.68 

1.69 

-0.01061 

54845 

0.07280 

88061 

-0.23178 18796 

0.56769 

76471 

0.63179 

25427 

-0.02990 

16318 

0.69 

1.70 

-0.01044 

22500 

0.07154 

87500 

-0.22727 

25000 

0.55194 

75000 

0.64393 

87500 

-0.02972 

02500 

0.70 

1.71 

-0.01025 

72328 

0.07021 

09477 

-0.22253 

99629 

0.53597 

65304 

0.65610 

92010 

-0.02949 

94834 

0.71 

1.72 

-0.01006 

04314 

0.06879 

55968 

-0.21758 

60736 

0.51978 

89536 

0.66830 

00832 

-0.02923 

81286 

0.72 

1.73 

-0.00985 

18513 

0.06730 

29404 

-0.21241 

27483 

0.50338 91158 

0.68050 

75083 

-0.02893 

49649 

0.73 

1.74 

-0.00963 

15055 

0.06573 

32676 

-0.20702 

20152 

0.48678 

14952 

0.69272 

75124 

-0.02858 87545 

0.74 

1.75 

-0.00939 

94141 

0.06408 

69141 

-0.20141 

60156 

0.46997 

07031 

0.70495 

60547 

-0.02819 

82422 

0.75 

1.76 

-0.00915 

56045 

0.06236 42624 

-0.19559 

70048 

0.45296 14848 

0.71718 90176 

-0.02776 

21555 

0.76 

1.77 

-0.00890 

01118 

0.06056 

57427 

-0.18956 

73530 

0.43575 

87205 

0.72942 

22061 

-0.02727 

92045 

0.77 

1.78 

-0.00863 

29786 

0.05869 

18332 

-0.18332 

95464 

0.41836 

74264 

0.74165 

13468 

-0.02674 

80814 

0.78 

1.79 

-0.00835 

42553 

0.05674 

30604 

-0.17688 

61883 

0.40079 

27558 

0.75387 20883 

-0.02616 

74609 

0.79 

1.80 

-0.00806 

40000 

0.05472 

00000 

-0.17024 

00000 

0.38304 

00000 

0.76608 

00000 

-0.02553 

60000 

0.80 

1,81 

-0.00776 

22787 

0.05262 

32771 

-0.16339 

38217 

0.36511 

45892 

0.77827 

05717 

-0.02485 

23376 

0.81 

1.82 

-0.00744 91654 

0.05045 

35668 

-0.15635 

06136 

0.34702 

20936 

0.79043 

92132 

-0.02411 

50946 

0.82 

1.83 

-0.00712 

47422 

0.04821 

15948 

-0.14911 

34570 

0.32876 

82245 

0.80258 

12540 

-0.02332 

28741 

0.83 

1.84 

-0.00678 

90995 

0.04589 

81376 

-0.14168 

55552 

0.31035 88352 

0.81469 

19424 

-0.02247 

42605 

0.84 

1.85 

-0.00644 

23359 

0.04351 

40234 

-0.13407 

02344 

0.29179 

99219 

0.82676 

64453 

-0.02156 

78203 

0.85 

1.86 

-0.00608 

45585 

0.04106 01324 

-0.12627 

09448 

0.27309 76248 

0.83879 98476 

-0.02060 

21015 

0.86 

1.87 

-0.00571 

58826 

0.03853 

73971 

-0.11829 

12617 

0.25425 

82292 

0.85078 

71516 

-0.01957 

56336 

0.87 

1.88 

-0.00533 

64326 

0.03594 68032 

-0.11013 

48864 

0.23528 81664 

0.86272 

32768 

-0.01848 

69274 

0.88 

1.89 

-0.00494 

63412 

0.03328 93898 

-0.10180 

56471 

0.21619 40145 

0.87460 

30590 

-0.01733 

44750 

0.89 

1.90 

-0.00454 

57500 

0.03056 

62500 

-0.09330 

75000 

0.19698 25000 

0.88642 

12500 

-0.01611 

67500 

0.90 

1.91 

-0.00413 

48096 

0.02777 85315 

-0.08464 

45304 

0.17766 

04979 

0.89817 

25173 

-0.01483 

22067 

0.91 

1.92 

-0.00371 

36794 

0.02492 

74368 

-0.07582 

09536 

0.15823 

50336 

0.90985 

14432 

-0.01347 

92806 

0.92 

1.93 

-0.00328 

25281 

0.02201 

42242 

-0.06684 

11158 

0.13871 

32833 

0.92145 

25246 

-0.01205 

63882 

0.93 

1.94 

-0.00284 

15335 

0.01904 

02076 

-0.05770 

94952 

0.11910 

25752 

0.93297 

01724 

-0.01056 

19265 

0.94 

1.95 

-0.00239 

08828 

0.01600 

67578 

-0.04843 

07031 

0.09941 

03906 

0.94439 

87109 

-0.00899 

42734 

0.95 

1.96 

-0.00193 07725 

0.01291 53024 

-0.03900 94848 

0.07964 

43648 

0.95573 

23776 

-0.00735 

17875 

0.96 

1.97 

-0.00146 

14086 

0.00976 73265 

-0.02945 

07205 

0.05981 

22880 

0.96696 

53223 

-0.00563 28077 

0.97 

1.98 

-0.00098 

30066 

0.00656 43732 

-0.01975 

94264 

0.03992 21064 

0.97809 

16068 

-0.00383 

56534 

0.98 

1.99 

-0.00049 

57921 

0.00330 80442 

-0.00994 

07558 

0.01998 19233 

0.98910 

52046 

-0.00195 

86242 

0.99 

2.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

1.00 
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Aq 

A 

l-i 

A 

L-2 

-v 



NUMERICAL ANALYSIS 


911 


SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1 


4(p)=(- 1) 


*+3 

(2+k)\(S-k)\(p-k) 


V 

A. 

-2 

A. 

-l 

^0 

A 

l 

a 2 

^3 


2.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

1.00 

2.01 

0.00050 

41246 

-0.00335 

80392 

0.01005 

74108 

-0.02001 

52433 

1.01076 

97879 

0.00204 

19592 

1.01 

2.02 

0.00101 

63266 

-0.00676 

42932 

0.02022 

59064 

-0.04005 

52264 

1.02140 

82732 

0.00416 

90134 

1.02 

2.03 

0.00153 

63410 

-0.01021 

69214 

0.03049 

97755 

-0.06011 

12080 

1.03190 

90702 

0.00638 

29427 

1.03 

2.04 

0.00206 

38925 

-0.01371 

40224 

0.04087 

31648 

-0.08017 

42848 

1.04226 

57024 

0.00868 

55475 

1.04 

2.05 

0.00259 

86953 

-0.01725 

36328 

0.05134 

00781 

-0.10023 

53906 

1.05247 

16016 

0.01107 

86484 

1.05 

2.06 

0.00314 

04535 

-0.02083 

37276 

0.06189 

43752 

-0.12028 

52952 

1.06252 

01076 

0.01356 

40865 

1.06 

2.07 

0.00368 

88605 

-0.02445 

22191 

0.07252 

97708 

-0.14031 

46033 

1.07240 

44679 

0.01614 

37232 

1.07 

2.08 

0.00424 

35994 

-0.02810 

69568 

0.08323 

98336 

-0.16031 

37536 

1.08211 

78368 

0.01881 

94406 

1.08 

2.09 

0.00480 

43420 

-0.03179 

57264 

0.09401 

79854 

-0.18027 

30179 

1.09165 

32752 

0.02159 

31417 

1.09 

2.10 

0.00537 

07500 

-0.03551 

62500 

0.10485 

75000 

-0.20018 

25000 

1.10100 

37500 

0.02446 

67500 

1.10 

2.11 

0.00594 

24737 

-0.03926 

61847 

0.11575 

15021 

-0.22003 

21346 

1.11016 

21335 

0.02744 

22100 

1.11 

2.12 

0.00651 

91526 

-0.04304 

31232 

0.12669 

29664 

-0.23981 

16864 

1.11912 

12032 

0.03052 

14874 

1.12 

2.13 

0.00710 

04151 

-0.04684 

45921 

0.13767 

47167 

-0.25951 

07492 

1.12787 

36409 

0.03370 

65686 

1.13 

2.14 

0.00768 

58785 

-0.05066 

80524 

0.14868 

94248 

-0.27911 

87448 

1.13641 

20324 

0.03699 

94615 

1.14 

2.15 

0.00827 

51484 

-0.05451 

08984 

0.15972 

96094 

-0.29862 

49219 

1.14472 

88672 

0.04040 

21953 

1.15 

2.16 

0.00886 

78195 

-0.05837 

04576 

0.17078 

76352 

-0.31801 

83552 

1.15281 

65376 

0.04391 

68205 

1.16 

2.17 

0.00946 

34747 

-0.06224 

39898 

0.18185 

57120 

-0.33728 

79445 

1.16066 

73385 

0.04754 

54091 

1.17 

2.18 

0.01006 

16854 

-0.06612 

86868 

0.19292 

58936 

-0.35642 

24136 

1.16827 

34668 

0.05129 

00546 

1.18 

2.19 

0.01066 

20112 

-0.07002 

16721 

0.20399 

00767 

-0.37541 

03092 

1.17562 

70208 

0.05515 

28726 

1.19 

2.20 

0.01126 

40000 

-0.07392 

00000 

0.21504 

00000 

-0.39424 

00000 

1.18272 

00000 

0.05913 

60000 

1.20 

2.21 

0.01186 

71878 

-0.07782 

06554 

0.22606 

72433 

-0.41289 

96758 

1.18954 

43042 

0.06324 

15959 

1.21 

2.22 

0.01247 

10986 

-0.08172 

05532 

0.23706 

32264 

-0.43137 

73464 

1.19609 

17332 

0.06747 

18414 

1.22 

2.23 

0.01307 

52443 

-0.08561 

65377 

0.24801 

92080 

-0.44966 

08405 

1.20235 

39865 

0.07182 

89394 

1.23 

2 .24 

0.01367 

91245 

-0.08950 

53824 

0.25892 

62848 

-0.46773 

78048 

1.20832 

26624 

0.07631 

51155 

1.24 

2.25 

0.01428 

22266 

-0.09338 

37891 

0.26977 

53906 

-0.48559 

57031 

1.21398 

92578 

0.08093 

26172 

1.25 

2.26 

0.01488 

40255 

-0.09724 

83876 

0.28055 

72952 

-0.50322 

18152 

1.21934 

51676 

0.08568 

37145 

1.26 

2.27 

0.01548 

39838 

-0.10109 

57353 

0.29126 

26033 

-0.52060 

32358 

1.22438 

16841 

0.09057 

06999 

1.27 

2.28 

0.01608 

15514 

-0.10492 

23168 

0.30188 

17536 

-0.53772 

68736 

1.22908 

99968 

0.09559 

58886 

1.28 

2.29 

0.01667 

61653 

-0.10872 

45427 

0.31240 

50179 

-0,55457 

94504 

1.23346 

11915 

0.10076 

16184 

1.29 

2.30 

0.01726 

72500 

-0.11249 

87500 

0.32282 

25000 

-0.57114 

75000 

1.23748 

62500 

0.10607 

02500 

1.30 

2.31 

0.01785 

42169 

-0.11624 

12010 

0.33312 

41346 

-0.58741 

73671 

1.24115 

60498 

0.11152 

41668 

1.31 

2.32 

0.01843 

64646 

-0.11994 

80832 

0.34329 

96864 

-0.60337 

52064 

1.24446 

13632 

0.11712 

57754 

1.32 

2.33 

0.01901 

33784 

-0.12361 

55083 

0.35333 

87492 

-0.61900 

69817 

1.24739 

28571 

0.12287 

75053 

1.33 

2.34 

0.01958 

43305 

-0.12723 

95124 

0.36323 

07448 

-0.63429 

84648 

1.24994 

10924 

0.12878 

18095 

1.34 

2.35 

0.02014 

86797 

-0.13081 

60547 

0.37296 

49219 

-0.64923 

52344 

1.25209 

65234 

0.13484 

11641 

1.35 

2.36 

0.02070 

57715 

-0.13434 

10176 

0.38253 

03552 

-0.66380 

26752 

1.25384 

94976 

0.14105 

80685 

1.36 

2.37 

0.02125 

49379 

-0.13781 

02060 

0.39191 

59445 

-0.67798 

59770 

1.25519 

02548 

0.14743 

50458 

1.37 

2.38 

0.02179 

54974 

-0.14121 

93468 

0.40111 

04136 

-0.69177 

01336 

1.25610 

89268 

0.15397 

46426 

1.38 

2.39 

0.02232 

67544 

-0.14456 

40883 

0.41010 

23092 

-0.70513 

99417 

1.25659 

55371 

0.16067 

94293 

1.39 

2.40 

0.02284 

80000 

-0.14784 

00000 

0.41888 

00000 

-0.71808 

00000 

1.25664 

00000 

0.16755 

20000 

1.40 

2.41 

0.02335 

85111 

-0.15104 

25717 

0.42743 

16758 

-0.73057 

47083 

1.25623 

21204 

0.17459 

49727 

1.41 

2.42 

0.02385 

75506 

-0.15416 

72132 

0.43574 

53464 

-0.74260 

82664 

1.25536 

15932 

0.18181 

09894 

1.42 

2.43 

0.02434 

43676 

-0.15720 

92540 

0.44380 

88405 

-0.75416 

46730 

1.25401 

80027 

0.18920 

27162 

1.43 

2.44 

0.02481 

81965 

-0.16016 

39424 

0.45160 

98048 

-0.76522 

77248 

1.25219 

08224 

0.19677 

28435 

1.44 

2.45 

0.02527 

82578 

-0.16302 

64453 

0.45913 

57031 

-0.77578 

10156 

1.24986 

94141 

0.20452 

40859 

1.45 

2.46 

0.02572 

37575 

-0.16579 

18476 

0.46637 

38152 

-0.78580 

79352 

1.24704 

30276 

0.21245 

91825 

1.46 

2.47 

0.02615 

38870 

-0.16845 

51516 

0.47331 

12358 

-0.79529 

16683 

1.24370 

08004 

0.22058 

08967 

1.47 

2.48 

0.02656 

78234 

-0.17101 

12768 

0.47993 

48736 

-0.80421 

51936 

1.23983 

17568 

0.22889 

20166 

1.48 

2.49 

0.02696 

47286 

-0.17345 

50590 

0.48623 

14504 

-0.81256 

12829 

1.23542 

48077 

0.23739 

53552 

1.49 

2.50 

0.02734 

37500 

-0.17578 

12500 

0.49218 

75000 

-0.82031 

25000 

1.23046 

87500 

0.24609 

37500 

1.50 


M 

a 2 

Ai 

^0 

A 

L_i 

A 

-2 

-P 
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Table 25.1 SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 




&+ 3 y(p 2 -l) (p 2 -4) (p-3) 
(2+Jfe)!(3-ife)!(p-*) 


p 

A. 

-2 

A. 

-1 

A 

0 

A 


a 2 

a 3 


2.50 

0.02734 

37500 

-0.17578 

12500 

0.49218 

75000 

-0.82031 

25000 

1.23046 

87500 

0.24609 

37500 

1.50 

2.51 

0.02770 

40203 

-0.17798 

45173 

0.49778 

93671 

-0.82745 

11996 

1.22495 

22660 

0.25499 

00635 

1.51 

2.52 

0.02804 

46566 

-0.18005 

94432 

0.50302 

32064 

-0.83395 

95264 

1.21886 

39232 

0.26408 

71834 

1.52 

2.53 

0.02836 

47616 

-0.18200 

05246 

0.50787 

49817 

-0.83981 

94142 

1.21219 

21734 

0.27338 

80221 

1.53 

2.54 

0.02866 

34225 

-0.18380 

21724 

0.51233 

04648 

-0.84501 

25848 

1.20492 

53524 

0.28289 

55175 

1.54 

2.55 

0.02893 

97109 

-0.18545 

87109 

0.51637 

52344 

-0.84952 

05469 

1.19705 

16797 

0.29261 

26328 

1.55 

2.56 

0.02919 

26835 

-0.18696 

43776 

0.51999 

46752 

-0.85332 

45952 

1.18855 

92576 

0.30254 

23565 

1.56 

2.57 

0.02942 

13812 

-0.18831 

33223 

0.52317 

39770 

-0.85640 

58095 

1.17943 

60710 

0.31268 

77026 

1.57 

2.58 

0.02962 

48294 

-0.18949 

96068 

0.52589 

81336 

-0.85874 

50536 

1.16966 

99868 

0.32305 

17106 

1.58 

2.59 

0.02980 

20377 

-0.19051 

72046 

0.52815 

19417 

-0.86032 

29742 

1.15924 

87533 

0.33363 

74461 

1.59 

2.60 

0.02995 

20000 

-0.19136 

00000 

0.52992 

00000 

-0.86112 

00000 

1.14816 

00000 

0.34444 

80000 

1.60 

2.61 

0.03007 

36943 

-0.19202 

17879 

0.53118 

67083 

-0.86111 

63408 

1.13639 

12367 

0.35548 

64894 

1.61 

2.62 

0.03016 

60826 

-0.19249 

62732 

0.53193 

62664 

-0.86029 

19864 

1.12392 

98532 

0.36675 

60574 

1.62 

2.63 

0.03022 

81107 

-0.19277 

70702 

0.53215 

26730 

-0.85862 

67055 

1.11076 

31190 

0.37825 

98730 

1.63 

2.64 

0.03025 

87085 

-0.19285 

77024 

0.53181 

97248 

-0.85610 

00448 

1.09687 

81824 

0.39000 

11315 

1.64 

2.65 

0.03025 

67891 

-0.19273 

16016 

0.53092 

10156 

-0.85269 

13281 

1.08226 

20703 

0.40198 

30547 

1.65 

2.66 

0.03022 

12495 

-0.19239 

21076 

0.52943 

99352 

-0.84837 

96552 

1.06690 

16876 

0.41420 

88905 

1.66 

2.67 

0.03015 

09704 

-0.19183 

24679 

0.52735 

96683 

-0.84314 

39008 

1.05078 

38166 

0.42668 

19134 

1.67 

2.68 

0.03004 

48154 

-0.19104 

58368 

0.52466 

31936 

-0.83696 

27136 

1.03389 

51168 

0.43940 

54246 

1.68 

2.69 

0.02990 

16317 

-0.19002 

52752 

0.52133 

32829 

-0.82981 

45154 

1.01622 

21240 

0.45238 

27520 

1.69 

2.70 

0.02972 

02500 

-0.18876 

37500 

0.51735 

25000 

-0.82167 

75000 

0.99775 

12500 

0.46561 

72500 

1.70 

2.71 

0.02949 

94834 

-0.18725 

41335 

0.51270 

31996 

-0.81252 

96321 

0.97846 

87823 

0.47911 

23003 

1.71 

2.72 

0.02923 

81286 

-0.18548 

92032 

0.50736 

75264 

-0.80234 

86464 

0.95836 

08832 

0.49287 

13114 

1.72 

2.73 

0.02893 

49650 

-0.18346 

16409 

0.50132 

74142 

-0.79111 

20467 

0.93741 

35896 

0.50689 

77188 

1.73 

2.74 

0.02858 

87545 

-0.18116 

40324 

0.49456 

45848 

-0.77879 

71048 

0.91561 

28124 

0.52119 

49855 

1.74 

2.75 

0.02819 

82422 

-0.17858 

88672 

0.48706 

05469 

-0.76538 

08594 

0.89294 

43359 

0.53576 

66016 

1.75 

2.76 

0.02776 

21555 

-0.17572 

85376 

0.47879 

65952 

-0.75084 

01152 

0.86939 

38176 

0.55061 

60845 

1.76 

2.77 

0.02727 

92044 

-0.17257 

53385 

0.46975 

38095 

-0.73515 

14420 

0.84494 

67873 

0.56574 

69793 

1.77 

2.78 

0.02674 

80814 

-0.16912 

14668 

0.45991 

30536 

-0.71829 

11736 

0.81958 

86468 

0.58116 

28586 

1.78 

2.79 

0.02616 

74609 

-0.16535 

90208 

0.44925 

49742 

-0.70023 

54067 

0.79330 

46696 

0.59686 

73228 

1.79 

2.80 

0.02553 

60000 

-0.16128 

00000 

0.43776 

00000 

-0.68096 

00000 

0.76608 

00000 

0.61286 

40000 

1.80 

2.81 

0.02485 

23376 

-0.15687 

63042 

0.42540 

83408 

-0.66044 

05733 

0.73789 

96529 

0.62915 

65462 

1.81 

2.82 

0.02411 

50946 

-0.15213 

97332 

0.41217 

99864 

-0.63865 

25064 

0.70874 

85132 

0.64574 

86454 

1.82 

2.83 

0.02332 

28741 

-0.14706 

19865 

0.39805 

47055 

-0.61557 

09380 

0.67861 

13352 

0.66264 

40097 

1.83 

2.84 

0.02247 

42605 

-0.14163 

46624 

0.38301 

20448 

-0.59117 

07648 

0.64747 

27424 

0.67984 

63795 

1.84 

2.85 

0.02156 

78203 

-0.13584 

92578 

0.36703 

13281 

-0.56542 

66406 

0.61531 

72266 

0.69735 

95234 

1.85 

2.86 

0.02060 

21015 

-0.12969 

71676 

0.35009 

16552 

-0.53831 

29752 

0.58212 

91476 

0.71518 

72385 

1.86 

2.87 

0.01957 

56335 

-0.12316 

96841 

0.33217 

19008 

-0.50980 

39333 

0.54789 

27329 

0.73333 

33502 

1.87 

2.88 

0.01848 

69274 

-0.11625 

79968 

0.31325 

07136 

-0.47987 

34336 

0.51259 

20768 

0.75180 

17126 

1.88 

2.89 

0.01733 

44751 

-0.10895 

31915 

0.29330 

65154 

-0.44849 

51479 

0.47621 

11402 

0.77059 

62087 

1.89 

2.90 

0.01611 

67500 

-0.10124 

62500 

0.27231 

75000 

-0.41564 

25000 

0.43873 

37500 

0.78972 

07500 

1.90 

2.91 

0.01483 

22068 

-0.09312 

80498 

0.25026 

16321 

-0.38128 

86646 

0.40014 

35985 

0.80917 

92770 

1.91 

2.92 

0.01347 

92806 

-0.08458 

93632 

0.22711 

66464 

-0.34540 

65664 

0.36042 

42432 

0.82897 

57594 

1.92 

2.93 

0.01205 

63881 

-0.07562 

08571 

0.20286 

00467 

-0.30796 

88792 

0.31955 

91059 

0.84911 

41956 

1.93 

2.94 

0.01056 

19265 

-0.06621 

30924 

0.17746 

91048 

-0.26894 

80248 

0.27753 

14724 

0.86959 

86135 

1.94 

2.95 

0.00899 

42734 

-0.05635 

65234 

0.15092 

08594 

-0.22831 

61719 

0.23432 

44922 

0.89043 

30703 

1.95 

2.96 

0.00735 

17875 

-0.04604 

14976 

0.12319 

21152 

-0.18604 

52352 

0.18992 

11776 

0.91162 

16525 

1.96 

2.97 

0.00563 

28077 

-0.03525 

82547 

0.09425 

94420 

-0.14210 

68745 

0.14430 

44035 

0.93316 

84760 

1.97 

2.98 

0.00383 

56534 

-0.02399 

69268 

0.06409 

91736 

-0.09647 

24936 

0.09745 

69068 

0.95507 

76866 

1.98 

2.99 

0.00195 

86242 

-0.01224 

75371 

0.03268 

74067 

-0.04911 

32392 

0.04936 

12858 

0.97735 

34596 

1.99 

3.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

2.00 



a 2 

Ai 

Ao 

A 

-l 

A 

-2 
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P A -3 

0.0 0.00000 00000 
0.1 -0.00159 10125 
0.2 -0.00295 68000 
0.3 -0.00400 28625 
0.4 -0.00465 92000 


AUn) ( 1) 

kW 1 ' (3+*}!(3-*)!0-fc) 


A -2 

0.00000 00000 
0.01409 18250 
0.02580 48000 
0.03445 94250 
0.03960 32000 


A -1 

0.00000 00000 
-0.06725 64375 
-0.11827 20000 
-0.15241 66875 
-0.16972 80000 


Ao 

1.00000 00000 
0.98642 77500 
0.94617 60000 
0.88062 97500 
0.79206 40000 


A , 

0.00000 00000 
0.08220 23125 
0.17740 80000 
0.28305 95625 
0.39603 20000 


A 2 

0.00000 00000 
-0.01557 51750 
-0.03153 92000 
-0.04662 15750 
-0.05940 48000 


A 3 

0.00000 00000 0.0 
0.00170 07375 0.1 
0.00337 92000 0.2 
0.00489 23875 0.3 

0.00609 28000 0.4 


0.5 

-0.00488 28125 

0.04101 

56250 

-0.17089 

84375 

0.68359 

37500 

0.51269 

53125 

-0.06835 

93750 

0.00683 

59375 

0.5 

0.6 

-0.00465 

92000 

0.03870 

72000 

-0.15724 

80000 

0.55910 

40000 

0.62899 

20000 

-0.07188 

48000 

0.00698 

88000 

0.6 

0.7 

-0.00400 

28625 

0.03291 

24250 

-0.13068 

16875 

0.42315 

97500 

0.74052 

95625 

-0.06835 

65750 

0.00643 

93875 

0.7 

0.8 

-0.00295 

68000 

0.02407 

68000 

-0,09363 

20000 

0.28089 

60000 

0.84268 

80000 

-0.05617 

92000 

0.00510 

72000 

0.8 

0.9 

-0.00159 

10125 

0.01283 

78250 

-0.04898 

64375 

0.13788 

77500 

0.93074 

23125 

-0.03384 

51750 

0.00295 

47375 

0.9 

1.0 

0.00000 00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

ooooo 

0.00000 

ooooo 

1.0 

1.1 

0.00170 

07375 

-0.01349 

61750 

0.04980 

73125 

-0.12678 

22500 

1.04595 

35625 

0.04648 

68250 

-0.00367 

00125 

1.1 

1.2 

0.00337 

92000 

-0.02661 

12000 

0.09676 

80000 

-0.23654 

40000 

1.06444 

80000 

0.10644 

48000 

-0.00788 

48000 

1.2 

1.3 

0.00489 

23875 

-0.03824 

95750 

0.13719 

95625 

-0.32365 

02500 

1.05186 

33125 

0.18031 

94250 

-0.01237 48625 

1.3 

1.4 

0.00609 

28000 

-0.04730 

88000 

0.16755 

20000 

-0.38297 

60000 

1.00531 

20000 

0.26808 

32000 

-0.01675 

52000 

1.4 

1.5 

0.00683 

59375 

-0.05273 

43750 

0.18457 

03125 

-0.41015 

62500 

0.92285 

15625 

0.36914 

06250 

-0.02050 

78125 

1.5 

1.6 

0.00698 88000 

-0.Q5358 08000 

0.18547 20000 

-0.40185 

60000 

0.80371 

20000 

0.48222 

72000 

-0.02296 32000 

1.6 

1.7 

0.00643 

93875 

-0.04907 

85750 

0.16813 

95625 

-0.35606 

02500 

0.64853 

83125 

0.60530 

24250 

-0.02328 08625 

1.7 

1.8 

0.00510 

72000 

-0.03870 

72000 

0.13132 

80000 

-0.27238 

40000 

0.45964 

80000 

0.73543 

68000 

-0.02042 

88000 

1.8 

1.9 

0.00295 

47375 

-0.02227 

41750 

0.07488 

73125 

-0.15240 

22500 

0.24130 

35625 

0.86869 

28250 

-0.01316 

20125 

1.9 

2.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

ooooo 

0.00000 

ooooo 

2.0 

2.1 

-0.00367 

00125 

0.02739 

08250 

-0.09056 

64375 

0.17825 

77500 

-0.25523 

26875 

1.12302 

38250 

0.02079 

67375 

2.1 

2.2 

-0.00788 

48000 

0.05857 28000 

-0.19219 20000 

0.37273 

60000 

-0.51251 

20000 

1.23002 

88000 

0.05125 

12000 

2.2 

2.3 

-0.01237 

48625 

0.09151 

64250 

-0.29812 

16875 

0.57031 

97500 

-0.75677 

04375 

1.31173 

54250 

0.09369 

53875 

2.3 

2.4 

-0.01675 

52000 

0.12337 

92000 

-0.39916 

80000 

0.75398 

40000 

-0.96940 

80000 

1.35717 

12000 

0.15079 

68000 

2.4 

2.5 

-0.02050 

78125 

0.15039 

06250 

-0.48339 84375 

0.90234 

37500 

-1.12792 

96875 

1.35351 

56250 

0.22558 59375 

2.5 

2.6 

-0.02296 

32000 

0.16773 

12000 

-0.53580 

80000 

0.98918 

40000 

-1.20556 

80000 

1.28593 

92000 

0.32148 

48000 

2.6 

2.7 

-0.02328 08625 

0.16940 

54250 

-0.53797 

66875 

0.98296 

97500 

-1.17089 

04375 

1.13743 

64250 

0.44233 

63875 

2.7 

2.8 

-0.02042 

88000 

0.14810 

88000 

-0.46771 

20000 

0.84633 

60000 

-0.98739 

20000 

0.88865 

28000 

0.59243 

52000 

2.8 

2.9 

-0.01316 20125 

0.09508 88250 

-0.29867 

64375 

0.53555 

77500 

-0.61307 

26875 

0.51770 

58250 

0.77655 

87375 

2.9 

3.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

ooooo 

0.00000 

ooooo 

0.00000 

ooooo 

1.00000 

ooooo 

3.0 


As 

a 2 

> 

u 

A 

lo 

A. 

-1 

A. 

-2 

A. 

-3 

'P 


EIGHT-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS 


4(pH- i)‘ 


.4 p(p 8 -1) ( <*-4Xp»-9)(p- 4) 
(3 + *)!(4-*)!(p-i) 


P 

A- 3 

A- 2 

A- 1 A 

(o 

A 


a 2 

As 

At 


0.0 

0.00000 ooooo 

0.00000 ooooo 

0.00000 00000 1.00000 

ooooo 

0.00000 

ooooo 

0.00000 OOOOO 

0.00000 

ooooo 

0.00000 

ooooo 

1.0 

0.1 

-0.00088 64213 

0.00915 96863 

-0.05246 00213 0.96176 

70563 

0.10686 

30063 

-0.03037 15913 

0.00663 

28763 

-0.00070 

45913 

0.9 

0.2- 

-0.00160 51200 

0.01634 30400 

-0.08988 67200 0.89886 

72000 

0.22471 

68000 

-0.05992 44800 

0.01284 

09600 

-0.00135 

16800 

0.8 

0.3 

-0.00211 57988 

0.02124 99787 

-0.11278 83487 0.81458 

25188 

0.34910 

67938 

-0.08624 99137 

0.01810 

18337 

-0.00188 

70638 

0.7 

0.4 

-0.00239 61600 

0.02376 19200 

-0.12220 41600 0.71285 

76000 

0.47523 

84000 

-0,10692 86400 

0.02193 

40800 

-0.00226 

30400 

0.6 

0.5 

-0.00244 14063 

0.02392 57812 

-0.11962 89062 0.59814 

45312 

0.59814 

45313 

-0.11962 89062 

0.02392 

57812 

-0.00244 

14062 

0.5 

1.0 

0.00000 ooooo 

0.00000 ooooo 

0.00000 00000 0.00000 

ooooo 

1.00000 

OOOOO 

0.00000 ooooo 

0.00000 

OOOOO 

0.00000 

ooooo 

0.0 

1.1 

0.00070 45912 -0.00652 31512 

0.02888 82412 -0.09191 

71312 

1.01108 

84438 

0.06740 58962 

-0.01064 

30362 

0.00099 

61462 

-0.1 

1.2 

0.00135 16800 -0.01241 85600 

0.05419 00800. -0.16558 

08000 

0.99348 

48000 

0.14902 27200 

-0.02207 

74400 

0.00202 

75200 

-0.2 

1.3 

0.00188 70638 -0.01721 23088 

0.07408 77638 -0.21846 

39188 

0.94667 

69812 

0.24343 12238 

-0.03341 

21288 

0.00300 

53238 

-0.3 

1.4 

0.00226 30400 -0.02050 04800 

0.08712 70400 -0.24893 

44000 

0.87127 

04000 

0.34850 81600 

-0.04356 

35200 

0.00382 

97600 

-0.4 

1.5 

0.00244 14062 -0.02197 26562 

0.09228 51562 -0.25634 

76562 

0.76904 

29688 

0.46142 57812 

-0.05126 

95312 

0.00439 

45312 

-0.5 

1.6 

0.00239 61600 -0.02143 23200 

0.08902 65600 -0.24111 

36000 

0.64296 

96000 

0.57867 26400 

-0.05511 

16800 

0.00459 

26400 

-0.6 

1.7 

0.00211 57988 -0.01881 34538 

0.07734 41988 -0.20473 

46438 

0.49721 

27062 

0.69609 77888 

-0.05354 

59838 

0.00432 

35888 

-0.7 

1.8 

0.00160 51200 -0.01419 26400 

0.05778 43200 -0.14981 

12000 

0.33707 

52000 

0.80898 04800 

-0.04494 

33600 

0.00350 

20800 

-0.8 

1.9 

0.00088 64213 -0.00779 59613 

0.03145 26712 -0.08001 

11812 

0.16891 

24938 

0.91212 74662 

-0.02764 

02263 

0.00206 

83163 

-0.9 

2.0 

0.00000 ooooo 

0.00000 ooooo 

0.00000 00000 0.00000 

ooooo 

0.00000 

ooooo 

1.00000 ooooo 

0.00000 

OOOOO 

0.00000 

OOOOO 

-1.0 

2.1 

-0.00099 61462 

0.00867 37612 

-0.03441 52462 0,08467 

24312 

-0.16164 

73688 

1.06687 26338 

0.03951 

38012 

-0.00267 

38662 

-1.1 

2.2 

-0.00202 75200 

0.01757 18400 

-0.06918 91200 0.16773 

12000 

-0.30750 

72000 

1.10702 59200 

0.09225 

21600 

-0.00585 

72800 

-1.2 

2.3 

-0.00300 53238 

0.02592 96538 

-0.10136 13738 0.24238 

58938 

-0.42883 

65812 

1.11497 61112 

0.15928 

21588 

-0.00936 

95388 

-1.3 

2.4 

-0.00382 97600 

0.03290 11200 

-0.12773 37600 0.30159 

36000 

-0.51701 

76000 

1.08573 69600 

0.24127 

48800 

-0.01292 

54400 

-1.4 

2.5 

-0.00439 45312 

0.03759 76562 

-0.14501 95312 0.33837 

89062 

-0.56396 

48438 

1.01513 67188 

0.33837 

89062 

-0.01611 

32812 

-1.5 

2.6 

-0.00459 26400 

0.03913 72800 

-0.15002 62400 0.34621 

44000 

-0.56259 

84000 

0.90015 74400 

0.45007 

87200 

-0.01837 

05600 

-1.6 

2.7 

-0.00432 35888 

0.03670 45088 

-0.13987 39388 0.31946 

51688 

-0.50738 

58562 

0.73933 36762 

0.57503 

73038 

-0.01895 

72738 

-1.7 

2.8 

-0,00350 20800 

0.02962 17600 

-0.11225 08800 0.25390 

08000 

-0.39495 

68000 

0.53319 16800 

0.71092 

22400 

-0.01692 

67200 

-1.8 

2.9 

-0.00206 83162 

0.01743 29512 

-0.06570 88162 0.14727 

83812 

-0.22479 

33188 

0.28473 82038 

0.85421 

46112 

-0.01109 

36962 

-1.9 

3.0 

0.00000 ooooo 

0.00000 ooooo 

0.00000 00000 0.00000 

ooooo 

0.00000 

OOOOO 

0.00000 ooooo 

1.00000 

OOOOO 

0.00000 

ooooo 

-2.0 

3.1 

0.00267 38662 -0.02238 70762 

0.08354 20162 -0.18415 

17562 

0,27184 

30688 

-0.31138 38788 

1.14174 

08886 

0.01812 

28712 

-2.1 

3.2 

0.00585 72800 -0.04888 57600 

0.18157 56800 -0.39719 

68000 

0.57774 

08000 

-0.63551 48800 

1.27102 

97600 

0.04539 

39200 

-2.2 

3.3 

0.00936 95388 -0.07796 16338 

0.28827 67388 -0.62605 

55438 

0.89825 

36062 

-0.95353 07512 

1.37732 

21962 

0.08432 

58488 

-2.3 

3.4 

0.01292 54400 -0.10723 32800 

0.39481 34400 -0.85155 

84000 

1.20637 

44000 

-1.24084 22400 

1.44764 

92800 

0.13787 

13600 

-2.4 

3.5 

0.01611 32812 -0.13330 07812 

0.48876 95312 -1.04736 

32812 

1.46630 

85938 

-1.46630 85938 

1.46630 

85938 

0.20947 

26562 

-2.5 

3.6 

0.01837 05600 -0.15155 71200 

0.55351 29600 -1.17877 

76000 

1.63215 

36000 

-1.59134 97600 

1.41453 

31200 

0.30311 

42400 

-2.6 

3.7 

0.01895 72738 -0.15598 17788 

0.56750 81738 -1.20148 

12688 

1.64647 

43312 

-1.56899 31862 

1.27013 

73412 

0.42337 

91138 

-2.7 

3.8 

0.01692 67200 -0.13891 58400 

0.50356 99200 -1.06014 

72000 

1.43877 

12000 

-1.34285 31200 

1.00713 

98400 

0.57550 

84800 

-2.8 

3.9 

0.01109 36962 -0.09081 78862 

0.32805 64462 -0.68695 

58062 

0.92383 

71188 

-0.84604 03088 

0.59536 

16988 

0.76546 

50412 

-2.9 

4.0 

0.00000 ooooo 

0.00000, ooooo 

0.00000 00000 0.00000 

ooooo 

0.00000 

OOOOO 

0.00000 ooooo 

0.00000 

ooooo 

1.00000 

ooooo 

-3.0 


A 4 


A 2 A 

u 

A 

lo 

A -1 
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-2 

A. 
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P 
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COEFFICIENTS FOR DIFFERENTIATION 


Differentiation Formula: 


FIRST DERIVATIVE (fc=l) 


Three Point (to=2) 


U f m 

THIRD DERIVATIVE (lt-3) 
Ao A\ Ao A\ Aj 

Four Point (to=3) 


Four Point (to=3) 


Five Point (to=4) 


Six Point ('»=5) 


6 -60 -40 120 -30 4 

-4 30 -120 40 60 -6 

6 -40 120 -240 130 24 

-24 150 -400 600 -600 274 


-1/4 

1/4 


1/5 

-1/20 5 /51 

l/30h 5 f (5) 

- 1/20 

1/5 


- 1/6 

1/30 

-1/60. bjb) 
l/60 h f 
-1/30 
1/6 


Five Point (to=4) 


Six Point (to=5) 

0 -85 355 -590 490 -205 

1 -35 125 -170 110 -35 


5 -35 70 

-5 35 -110 

-35 205 -490 


70 -50 

•110 170 


7/24 

1/24 5 <5) 
—1/24 n 1 1 
1/24 
7/24 


-5/16 
-1/48 
1/48 .6.(6) 
-1/45 h 1 
1/48 
5/16 


FOURTH DERIVATIVE (A=4) 


SECOND DERIVATIVE (ft«2) 


Three Point (m=2) 


Five Point (to=4) 


-1/12 h 5,<5) 
-1/24 6 (6) 

-1/144 h 6 f (6) 
1/24 h 5 f (5) 
1/12 h 


Four Point (to-3) 


11/24 

-1/24.4 .(4) 
-1/24 h £ 


Six Point (to=5) 
0 130 -120 


5 -10 55 -120 130 -70 15 


17/144 

5/144 

-1/144.6,(6) 
-1/144 h f 
5/144 
17/144 


Five Point (to-4) 


Six Point (to-5) 

-770 1070 -780 

-75 -20 70 

80 -150 80 


305 -780 1070 -770 225 


-5/12 h 5 f (5) 

1/I80h 6 f (6) 
-1/24 .5,(5) 
5/12 h f 


137/360 

-13/360 

1/180 6 (6) 
1/180 h f 
-13/360 
137/360 


FIFTH DERIVATIVE (A .">) 


Six Point (to.-5) 


-1/80 

-1/240 6 (6) 
1/240 h 
1/80 


Compiled from W. G. Bickley, Formulae for numerical differentiation, Math. Gaz. 25,19-27, 1941 (with permission). 


'See page 11. 
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LAGRANGIAN INTEGRATION COEFFICIENTS 



Table 25.3 






r*m+1 

4m 













Z>4(m) 












n = odd 







n 

m\k 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 


I) 

3 

-1 




5 

8 

-l 




0 

12 

5 

-2 



251 

646 

-264 

106 

-19 



1 

720 


-1 



-19 

346 

456 

-74 

11 



0 


7 

-3 


19087 

65112 

-46461 

37504 

-20211 

6312 

-863 


2 

60480 


-2 


-863 

25128 

46989 

-16256 

7299 

-2088 

271 


1 



-1 


271 

-2760 

30819 

37504 

-6771 

1608 

-191 


0 


9 

—4 

1070017 

4467094 

-4604594 

5595358 

-5033120 

3146338 

-1291214 

312874 

-33953 

3 

3628800 


-3 

-33953 

1375594 

3244786 

-1752542 

1317280 

-755042 

294286 

-68906 

7297 

2 



-2 

7297 

-99626 

1638286 

2631838 

-833120 

397858 

-142094 

31594 

-3233 

1 



-1 

-3233 

36394 

-216014 

1909858 

2224480 

-425762 

126286 

-25706 

2497 

0 




4 

3 

2 

1 

0 

-1 

-2 

-3 

-4 

k\tn 



n = even 


n m\A: 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

D 

4 -1 




9 

19 

-5 

1 



1 

24 

0 




-1 

13 

13 

-1 



0 



6 -2 

475 

1427 

-798 

482 

-173 

27 

2 

1440 

-1 

-27 

637 

1022 

-258 

77 

-11 

1 


0 

11 

-93 

802 

802 

-93 

11 

0 



8 -3 

36799 

139849 

-121797 

123133 

-88547 

41499 

-11351 

1375 

3 120960 

-2 

-1375 

47799 

101349 

-44797 

26883 

-11547 

2999 

-351 

2 

-1 

351 

-4183 

57627 

81693 

-20227 

7227 

-1719 

191 

1 

0 

-191 

1879 

-9531 

68323 

68323 

-9531 

1879 

-191 

0 


10 -4 

2082753 

9449717 

-11271304 

16002320 

-17283646 

13510082 

-7394032 

2687864 

-583435 

57281 

4 7257600 

-3 

-57281 

2655563 

6872072 

-4397584 

3973310 

-2848834 

1481072 

-520312 

110219 

-10625 

3 

-2 

10625 

-163531 

3133688 

5597072 

-2166334 

1295810 

-617584 

206072 

-42187 

3969 

2 

-1 

-3969 

50315 

-342136 

3609968 

4763582 

-1166146 

462320 

-141304 

27467 

-2497 

1 

0 

2497 

-28939 

162680 

-641776 

4134338 

4134338 

-641776 

162680 

-28939 

2497 

0 


5 

4 

3 

2 

I 

0 

-1 

-2 

-3 

-4 k\m 


Compiled from National Bureau of Standards, Tables of Lagrangian interpolation coefficients. Colum¬ 
bia Univ. Press, New York, N.Y., 1944 (with permission). 


'See page n. 
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Table 25.4 ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 

j^f( X )dx~ £ Wif{ Xi ) 

Abscissas=±r i (Zeros of Legendre Polynomials) Weight Factors^ 


n-2 

0.57735 02691 89626 1.00000 00000 00000 

n-3 

0.00000 00000 00000 0.88888 88888 88889 

0.77459 66692 41483 0.55555 55555 55556 

n — 4 

0.33998 10435 84856 0.65214 51548 62546 

0.86113 63115 94053 0.34785 48451 37454 

n = 5 

0.00000 00000 00000 0.56888 88888 88889 

0.53846 93101 05683 0.47862 86704 99366 

0.90617 98459 38664 0.23692 68850 56189 

n = 6 

0.23861 91860 83197 0.46791 39345 72691 

0.66120 93864 66265 0.36076 15730 48139 

0.93246 95142 03152 0.17132 44923 79170 

n =7 

0.00000 00000 00000 0.41795 91836 73469 

0.40584 51513 77397 0.38183 00505 05119 

0.74153 11855 99394 0.27970 53914 89277 

0.94910 79123 42759 0.12948 49661 68870 


±Xi U)i 

n -8 

0.18343 46424 95650 0.36268 37833 78362 

0.52553 24099 16329 0.31370 66458 77887 

0.79666 64774 13627 0.22238 10344 53374 

0.96028 98564 97536 0.10122 85362 90376 

n — 9 

0.00000 00000 00000 0.33023 93550 01260 

0.32425 34234 03809 0.31234 70770 40003 

0.61337 14327 00590 0.26061 06964 02935 

0.83603 11073 26636 0.18064 81606 94857 

0.96816 '02395 07626 0.08127 43883 61574 

« = 10 

0.14887 43389 81631 0.29552 42247 14753 

0.43339 53941 29247 0.26926 67193 09996 

0.67940 95682 99024 0.21908 63625 15982 

0.86506 33666 88985 0.14945 13491 50581 

0.97390 65285 17172 0.06667 13443 08688 

71=12 

0.12523 34085 11469 0.24914 70458 13403 

0.36783 14989 98180 0.23349 25365 38355 

0.58731 79542 86617 0.20316 74267 23066 

0.76990 26741 94305 0.16007 83285 43346 

0.90411 72563 70475 0.10693 93259 95318 

0.98156 06342 46719 0.04717 53363 86512 


±xi n= 16 W{ 

(U9501 25098 37637 440185 0.18945 06104 55068 496285 

28160 35507 79258 913230 0.18260 34150 44923 588867 

0.45801 67776 57227 386342 0.16915 65193 95002 538189 

0*61787 62444 02643 748447 0.14959 59888 16576 732081 

0J5540 44083 55003 033895 0.12462 89712 55533 872052 

0*86563 12023 87831 743880 0.09515 85116 82492 784810 

0.94457 50230 73232 576078 0.06225 35239 38647 892863 

0.98940 09349 91649 932596 0.02715 24594 11754 094852 

«=20 

0.07652 65211 33497 333755 0.15275 33871 30725 850698 

0.22778 58511 41645 078080 0.14917 29864 72603 746788 

0.37370 60887 15419 560673 0.14209 61093 18382 051329 

0.51086 70019 50827 098004 0.13168 86384 49176 626898 

-J2J.3605 36807 26515 025453 0.11819 45319 61518 417312 

0.74633 19064 60150 792614 0.10193 01198 17240 435037 

0.83911 69718 22218 823395 0.08327 67415 76704 748725 

0.91223 44282 51325 905868 0.06267 20483 34109 063570 

0.96397 19272 77913 791268 0.04060 14298 00386 941331 

0.99312 85991 85094 924786 0.01761 40071 39152 118312 

n=24 


0.06405 68928 62605 626085 0.12793 81953 46752 156974 

0.19111 88674 73616 309159 0.12583 74563 4682B 296121 

0.31504 26796 96163 374387 0.12167 04729 27803 391204 

0.43379 35076 26045 138487 0.11550 56680 53725 601353 

0.54542 14713 88839 535658 TJ:i0744 42701 15965 634783 

0.64809 36519 36975 569252 0.09761 86521 04113 888270 

0.74012 41915 78554 364244 0.08619 01615 31953 275917 

0.82000 19859 73902 921954 0.07334 64814 11080 305734 

0.88641- 55270 04401 034213 0.05929 85849 15436 780746 

0.93827 45520 02732 758524 0.04427 74388 17419 806169 

0.97472 85559 71309 498198 0.02853 13886 28933 663181 

0.99518 72199 97021 360180 0.01234 12297 99987 199547 

Compiled from P. Davis and P. Rabinowitz, Abscissas and weights for Gaussian quadratures of high 
order, J. Research NBS 56, 35-87, 1956, RP2645; P. Davis and P. Rabinowitz, Additional abscissas 
and weights for Gaussian quadratures of high order. Values for n=64, 80, and 96, J. Research NBS 60, 
613-614,1958, RP2875; and A. N. Lowan, N. Davids, and A. Levenson, Table of the zeros of the Legendre 
polynomials of order 1-16 and the weight coefficients for Gauss’ mechanical quadrature formula, Bull. 
Amer. Math. Soc. 48, 739-743, 1942 (with permission). 
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Table 25.4 

ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 

j^/(x)dx. I; wifcn) 

Abscissas=±ar i (Zeros of Legendre Polynomials) Weight Factors=^ 


0.04830 

±xi 

76656 87738 

316235 

n=32 

0.09654 

Wi 

00885 14727 

800567 

0.14447 

19615 

82796 

493485 


0.09563 

87200 

79274 

859419 

0.23928 

73622 

52137 

074545 


0.09384 

43990 

80804 

565639 

0.33186 

86022 

82127 

649780 


0.09117 

38786 

95763 

884713 

0.42135 

12761 

30635 

345364 


0.08765 

20930 

04403 

811143 

0.50689 

99089 

32229 

390024 


0.08331 

19242 

26946 

755222 

0.58771 

57572 

40762 

329041 


0.07819 

38957 

87070 

306472 

0.66304 

42669 

30215 

200975 


0.07234 

57941 

08848 

506225 

0.73218 

21187 

40289 

680387 


0.06582 

22227 

76361 

846838 

0.79448 

37959 

67942 

406963 


0.05868 

40934 

78535 

547145 

0.84936 

76137 

32569 

970134 


0.05099 

80592 

62376 

176196 

0.89632 

11557 

66052 

123965 


0.04283 

58980 

22226 

680657 

0.93490 

60759 

37739 

689171 


0.03427 

38629 

13021 

433103 

0.96476 

22555 

87506 

430774 


0.02539 

20653 

09262 

059456 

0.98561 

15115 

45268 

335400 


0.01627 

43947 

30905 

670605 

0.99726 

38618 

49481 

563545 


0.00701 

86100 

09470 

096600 

0.03877 

24175 

06050 

821933 

n=40 

0.07750 

59479 

78424 

811264 

0.11608 

40706 

75255 

208483 


0.07703 

98181 

64247 

965588 

0.19269 

75807 

01371 

099716 


0.07611 

03619 

00626 

242372 

0.26815 

21850 

07253 

681141 


0.07472 

31690 

57968 

264200 

0.34199 

40908 

25758 

473007 


0.07288 

65823 

95804 

059061 

0.41377 

92043 

71605 

001525 


0.07061 

16473 

91286 

779695 

0.48307 

58016 

86178 

712909 


0.06791 

20458 

15233 

903826 

0.54946 

71250 

95128 

202076 


0.06480 

40134 

56601 

038075 

0.61255 

38896 

67980 

237953 


0.06130 

62424 

92928 

939167 

0.67195 

66846 

14179 

548379 


0.05743 

97690 

99391 

551367 

0.72731 

82551 

89927 

103281 


0.05322 

78469 

83936 

824355 

0.77830 

56514 

26519 

387695 


0.04869 

58076 

35072 

232061 

0.82461 

22308 

33311 

663196 


0.04387 

09081 

85673 

271992 

0.86595 

95032 

12259 

503821 


0.03878 

21679 

74472 

017640 

0.90209 

88069 

68874 

296728 


0.03346 

01952 

82547 

847393 

0.93281 

28082 

78676 

533361 


0.02793 

70069 

80023 

401098 

0.95791 

68192 

13791 

655805 


0.02224 

58491 

94166 

957262 

0.97725 

99499 

83774 

262663 


0.01642 

10583 

81907 

888713 

0.99072 

62386 

99457 

006453 


0.01049 

82845 

31152 

813615 

0.99823 

77097 

10559 

200350 


0.00452 

12770 

98533 

191258 

0.03238 

01709 

62869 

362033 

s 

11 

& 

0.06473 

76968 

12683 

922503 

0.09700 

46992 

09462 

698930 


0.06446 

61644 

35950 

082207 

0.16122 

23560 

68891 

718056 


0.06392 

42385 

84648 

186624 

0.22476 

37903 

94689 

061225 


0.06311 

41922 

86254 

025657 

0.28736 

24873 

55455 

576736 


0.06203 

94231 

59892 

663904 

0.34875 

58862 

92160 

738160 


0.06070 

44391 

65893 

880053 

0.40868 

64819 

90716 

729916 


0.05911 

48396 

98395 

635746 

0.46690 

29047 

50958 

404545 


0.05727 

72921 

00403 

215705 

0.52316 

09747 

22233 

033678 


0.05519 

95036 

99984 

162868 

0.57722 

47260 

83972 

703818 


0.05289 

01894 

85193 

667096 

0.62886 

73967 

76513 

623995 


0.05035 

90355 

53854 

474958 

0.67787 

23796 

32663 

905212 


0.04761 

66584 

92490 

474826 

0.72403 

41309 

23814 

654674 


0.04467 

45608 

56694 

280419 

0.76715 

90325 

15740 

339254 


0.04154 

50829 

43464 

749214 

0.80706 

62040 

29442 

627083 


0.03824 

13510 

65830 

706317 

0.84358 

82616 

24393 

530711 


0.03477 

72225 

64770 

438893 

0.87657 

20202 

74247 

885906 


0.03116 

72278 

32798 

088902 

0.90587 

91367 

15569 

672822 


0.02742 

65097 

08356 

948200 

0.93138 

66907 

06554 

333114 


0.02357 

07608 

39324 

379141 

0.95298 

77031 

60430 

860723 


0.01961 

61604 

57355 

527814 

0.97059 

15925 

46247 

250461 


0.01557 

93157 

22943 

848728 

0.98412 

45837 

22826 

857745 


0.01147 

72345 

79234 

539490 

0.99353 

01722 

66350 

757548 


0.00732 

75539 

01276 

262102 

0.99877 

10072 

52426 

118601 


0.00315 

33460 

52305 

838633 
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Table 25.4 

ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 

£ wif(n) 

Abscissas^ ±.r, ; (Zeros of Legendre Polynomials) Weight Factors=u> { 


0.02435 02926 63424 432509 
0.07299 31217 87799 039450 
0.12146 28192 96120 554470 
0.16964 44204 23992 818037 
0.21742 36437 40007 084150 
0.26468 71622 08767 416374 
0.31132 28719 90210 956158 
0.35722 01583 37668 115950 
0.40227 01579 63991 603696 
0.44636 60172 53464 087985 
0.48940 31457 07052 957479 
0.53127 94640 19894 545658 
0.57189 56462 02634 034284 
0.61115 53551 72393 250249 
0.64896 54712 54657 339858 
0.68523 63130 54233 242564 
0.71988 18501 71610 826849 
0.75281 99072 60531 896612 
0.78397 23589 43341 407610 
0.81326 53151 22797 559742 
0.84062 92962 52580 362752 
0.86599 93981 54092 819761 
0.88931 54459 95114 105853 
0.91052 21370 78502 805756 
0.92956 91721 31939 575821 
0.94641 13748 58402 816062 
0.96100 87996 52053 718919 
0.97332 68277 89910 963742 
0.98333 62538 84625 956931 
0.99101 33714 76744 320739 
0.99634 01167 71955 279347 
0.99930 50417 35772 139457 


0.01951 13832 56793 997654 
0.05850 44371 52420 668629 
0.09740 83984 41584 599063 
0.13616 40228 09143 886559 
0.17471 22918 32646 812559 
0.21299 45028 57666 132572 
0.25095 23583 92272 120493 
0.28852 80548 84511 853109 
0.32566 43707 47701 91461$ 
0.36230 47534 99487 315619 
0.39839 34058 81969 227024 
0.43387 53708 31756 093062 
0.46869 66151 70544 477036 
0.50280 41118 88784 987594 
0.53614 59208 97131 932020 
0.56867 12681 22709 784725 
0.60033 06228 29751 743155 
0.63107 57730 46871 966248 
0.66085 98989 86119 801736 
0.68963 76443 42027 600771 
0.71736 51853 62099 880254 
0.74400 02975 83597 272317 
0.76950 24201 35041 373866 
0.79383 27175 04605 449949 
0.81695 41386 81463 470371 
0.83883 14735 80255 275617 
0.85943 14066 63111 096977 
0.87872 25676 78213 828704 
0.89667 55794 38770 683194 
0.91326 31025 71757 654165 
0.92845 98771 72445 795953 
0.94224 27613 09872 674752 
0.95459 07663 43634 905493 
0.96548 50890 43799 251452 
0.97490 91405 85727 793386 
0.98284 85727 38629 070418 
0.98929 13024 99755 531027 
0.99422 75409 65688 277892 
0.99764 98643 98237 688900 
0.99955 38226 51630 629880 


0.04869 09570 09139 720383 
0.04857 54674 41503 426935 
0.04834 47622 34802 957170 
0.04799 93885 96458 307728 
0.04754 01657 14830 308662 
0.04696 81828 16210 017325 
0.04628 47965 81314 417296 
0.04549 16279 27418 144480 
0.04459 05581 63756 563060 
0.04358 37245 29323 453377 
0.04247 35151 23653 589007 
0.04126 25632 42623 528610 
0.03995 37411 32720 341387 
0.03855 01531 78615 629129 
0.03705 51285 40240 046040 
0.03547 22132 56882 383811 
0.03380 51618 37141 609392 
0.03205 79283 54851 553585 
0.03023 46570 72402 478868 
0.02833 96726 14259 483228 
0.02637 74697 15054 658672 
0.02435 27025 68710 873338 
0.02227 01738 08383 254159 
0.02013 48231 53530 209372 
0.01795 17157 75697 343085 
0.01572 60304 76024 719322 
0.01346 30478 96718 642598 
0.01116 81394 60131 128819 
0.00884 67598 26363 947723 
0.00650 44579 68978 362856 
0.00414 70332 60562 467635 
0.00178 32807 21696 432947 


0.03901 78136 56306 654811 
0.03895 83959 62769 531199 
0.03883 96510 59051 968932 
0.03866 17597 74076 463327 
0.03842 49930 06959 423185 
0.03812 97113 14477 638344 
0.03777 63643 62001 397490 
0.03736 54902 38730 490027 
0.03689 77146 38276 008839 
0.03637 37499 05835 978044 
0.03579 43939 53416 0546Q3 
0.03516 05290 44747 593496 
0.03447 31204 51753 928794 
0.03373 32149 84611 522817 
0.03294 19393 97645 401383 
0.03210 04986 73487 773148 
0.03121 01741 88114 701642 
0.03027 23217 59557 980661 
0.02928 83695 83267 847693 
0.02825 98160 57276 862397 
0.02718 82275 00486 380674 
0.02607 52357 67565 117903. 
0.02492 25357 64115 491105 
0.02373 18828 65930 101293 
0.02250 50902 46332 461926 
0.02124 40261 15782 006389 
0.01995 06108 78141 998929 
0.01862 68142 08299 031429 
0.01727 46520 56269 306359 
0.01589 61835 83725 688045 
0.01449 35080 40509 076117 
0.01306 87615 92401 339294 
0.01162 41141 20797 826916 
0.01016 17660 41103 064521 
0.00868 39452 69260 858426 
0.00719 29047 68117 312753 
0.00569 09224 51403 198649 
0.00418 03131 24694 895237 
0.00266 35335 89512 681669 
0.00114 49500 03186 941534 
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Table 25.4 

ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 

U‘/(x)<fe- Y «x/(«) 

1 


Abscissas=±Xi (Zeros of Legendre Polynomials) Weight Factors=w i 


±xi 


w — 96 




0.01627 67448 49602 969579 
0.04881 29851 36049 731112 
0.08129 74954 64425 558994 
0.11369 58501 10665 920911 
0.14597 37146 54896 941989 
0.17809 68823 67618 602759 

0.21003 13104 60567 203603 
0.24174 31561 63840 012328 
0.27319 88125 91049 141487 
0.30436 49443 54496 353024 
0.33520 85228 92625 422616 
0.36569 68614 72313 635031 

0.39579 76498 28908 603285 
0.42547 89884 07300 545365 
0.45470 94221 67743 008636 
0.48345 79739 20596 359768 
0.51169 41771 54667 673586 
0.53938 81083 24357 436227 

0.56651 04185 61397 168404 
JL59303 23647 77572 080684 
0.61892 58401 25468 570386 
0.64416 34037 84967 106798 
0.66871 83100 43916 153953 
0.69256 45366 42171 561344 

0.71567 68123 48967 626225 
0.73803 06437 44400 132851 
0.75960 23411 76647 498703 
0.78036 90438 67433 217604 
0.80030 87441 39140 817229 
0.81940 03107 37931 675539 

0.83762 35112 28187 121494 
0.85495 90334 34601 455463 
0.87138 85059 09296 502874 
0.88689 45174 02420 416057 
0.90146 06353 15852 341319 
0.91507 14231 20898^074206 

0.92771 24567 22308 690965 
0.93937 03397 52755 216932 
0.95003 27177 84437 635756 
0.95968 82914 48742 539300 
0.96832 68284 63264 212174 
0.97593 91745 85136 466453 

0.98251 72635 63014 677447 
0.98805 41263 29623 799481 
0.99254 39003 23762 624572 
0.99598 18429 87209 290650 
0.99836 43758 63181 677724 
0.99968 95038 83230 766828 


0.03255 06144 92363 166242 
0.03251 61187 13868 835987 
0.03244 71637 14064 269364 
0.03234 38225 68575 928429 
0.03220 62047 94030 250669 
0.03203 44562 31992 663218 

0.03182 87588 94411 006535 
0.03158 93307 70727 168558 
0.03131 64255 96861 355813 
0.03101 03325 86313 837423 
0.03067 13761 23669 149014 
0.03029 99154 20827 593794 

0.02989 63441 36328 385984 
0.02946 10899 58167 905970 
0.02899 46141 50555 236543 
0.02849 74110 65085 385646 
0.02797 00076 16848 334440 
0.02741 29627 26029 242823 

0.02682 68667 25591 762198 
0.02621 23407 35672 413913 
0.02557 00360 05349 361499 
0.02490 06332 22483 610288 
0.02420 48417 92364 691282 
0.02348..33990 85926 219842 

0.02273 70696 58329 374001 
0.02196 66444 38744 349195 
0.02117 29398 92191 298988 
0.02035 67971 54333 324595 
0.01951 90811 40145 022410 
0.01866 06796 27411 467385 

0.01778 25023 16045 260838 
0.01688 54798 64245 172450 
0.01597 05629 02562 291381 
0.01503 87210 26994 938006 
0.01409 09417 72314 860916 
0.01312 82295 66961 572637 

0.01215 16046 71088 319635 
0.01116 21020 99838 498591 
0.01016 07705 35008 415758 
0.00914 86712 30783 386633 
0.00812 68769 25698 759217 
0.00709 64707 91153 865269 

0.00605 85455 04235 961683 
0.00501 42027 42927 517693 
0.00396 45543 38444 686674 
0.00291 07318 17934 946408 
0.00185 39607 88946 921732 
0.00079 67920 65552 012429 
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Table 25.5 ABSCISSAS FOR EQUAL WEIGHT CHEBYSHEV INTEGRATION 

J+; .2/(. n) 

Abscissas^ ±n 


V 

±.t 

:i 

n 

±.r{ 

ft 

±X'i 

2 

0. 57735 

02692 

5 

0. 83249 

74870 

7 

0. 88386 17008 





0. 37454 

14096 


0.52965 67753 





0. 00000 

00000 


0. 32391 18105 
0.00000 00000 

3 

0.70710 

67812 







0.00000 

00000 

6 

0.86624 

68181 

9 

0.91158 93077 
0. 60101 86554 
0.52876 17831 

4 

0.79465 

44723 


0. 42251 

86538 


0. 16790 61842 


0.18759 

24741 


0.26663 

54015 


0.00000 00000 


Compiled from H. E. Salzer, Tables for facilitating the use of Chebyshev's quadrature formula, J. Math. 
Phys. 26,191-194, 1947 (with permission). 

Tabic 25.6 ABSCISSAS AND WEIGHT FACTORS FOR LOBATTO INTEGRATION 


Jl 4 , 1 /('■>/'■ - «-i/( -1)+V wif(.n) + «*/(!) 



Abscissas= 

= ±.ri 


Weight 

Factors=«u 


n 

±r, 

M’i 

n 

±.i 

■i 

V, 





1 

1.00000 

000 

0. 04761 

904 





0.83022 

390 

0. 27682 

604 





0.46884 

879 

0.43174 

538 





0. 00000 

000 

0. 48761 

904 

3 

1.00000 000 

0. 33333 333 







0.00000 000 

1.33333 333 









8 

1.00000 

000 

0. 03571 

428 





0.87174 

015 

0.21070 

422 





0.59170 

018 

0. 34112 

270 

4 

1.00000 000 

0.16666 667 


0. 20929 

922 

0.41245 

880 


0.44721 360 

0.83333 333 









9 

1. 00000 

00000 

0.02777 

77778 





0. 89975 

79954 

0. 16549 

53616 

5 

1.00000 000 

0.10000 000 


0.67718 

62795 

0. 27453 

87126 


0. 65465 367 

0. 54444 444 


0.36311 

74638 

0. 34642 

85110 


0. 00000 000 

0.71111 111 


0.00000 

00000 

0.37151 

92744 




10 

1.00000 

00000 

0. 02222 

22222 





0.91953 

39082 

0.13330 

59908 

6 

1. 00000 000 

0. 06666 667 


0.73877 

38651 

0. 22488 

93420 


0. 76505 532 

0. 37847 496 


0. 47792 

49498 

0. 29204 

26836 


0.28523 152 

0.55485 838 


0.16527 

89577 

0.32753 

97612 


Compiled from Z. Kopal, Numerical analysis, John Wiley & Sons, Inc., New York, N.Y., 1955 (with 
permission). 


Table 25.7 ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION 

FOR INTEGRANDS WITH A LOGARITHMIC SINGULARITY 


jo /w *• -a »</("•■) +9$ a '» 




Abscissas=.ij 

Weight Factors=ft>i 



* n n 

2 0.112009 
0.602277 

— Wi 
0.718539 
0.281461 

K„ n -r. i 

0.00285 3 0.063891 

0.368997 
0.766880 

— Wi » r, 

0.513405 0.00017 4 0.041448 

0.391980 0.245275 

0.094615 0.556165 

0.848982 

-Wi 

0.383464 

0.386875 

0.190435 

0.039225 

K„ 

0.00001 


Compiled from Berthod-Zaborowski, Le calcul des integrates de la forme J () l f(.r) log .<■ t /.r. H. Mineur, 
Techniques de calcul numerique, pp. 555-556. Librairie Polytechnique Ch. Beranger, Paris, France, 
1952 (with permission). 


•See page ii. 
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ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION OF MOMENTS Table 25.8 

x k f(x)dx «jg Wiffri ) 





Abscissas =Xi 



Weight Factors =w% 



k =0 



k-1 


n 

Xi 


Wi 

Xi 


Wi 


1 

0.50000 

00000 

1.00000 

00000 

0.66666 

66667 

0.50000 

00000 

0.75000 

00000 

0.33333 

33333 

2 

0.21132 

48654 

0.50000 

00000 

0.35505 

10257 

0.18195 

86183 

0.45584 

81560 

0.10078 

58821 


0.78867 

51346 

0.50000 

00000 

0.84494 

89743 

0.31804 

13817 

0.87748 

51773 

0.23254 

74513 

3 

0.11270 

16654 

0.27777 

77778 

0.21234 

05382 

0.06982 

69799 

0.29499 

77901 

0.02995 

07030 


0.50000 

00000 

0.44444 

44444 

0.59053 

31356 

0.22924 

11064 

0.65299 

62340 

0.14624 

62693 


0.88729 

83346 

0.27777 

77778 

0.91141 

20405 

0.20093 

19137 

0.92700 

59759 

0.15713 

63611 

4 

0.06943 

18442 

0.17392 

74226 

0.13975 

98643 

0.03118 

09710 

0.20414 

85821 

0.01035 

22408 


0.33000 

94782 

0.32607 

25774 

0.41640 

95676 

0.12984 

75476 

0.48295 

27049 

0.06863 

38872 


0.66999 

05218 

0.32607 

25774 

0.72315 

69864 

0.20346 

45680 

0.76139 

92624 

0.14345 

87898 


0.93056 

81558 

0.17392 

74226 

0.94289 

58039 

0.13550 

69134 

0.95149 

94506 

0.11088 

84156 

5 

0.04691 

00770 

0,11846 

34425 

0.09853 

50858 

0.01574 

79145 

0.14894 

57871 

0.00411 

38252 


0.23076 

53449 

0.23931 

43352 

0.30453 

57266 

0.07390 

88701 

0.36566 

65274 

0.03205 

56007 


0.50000 

00000 

0.28444 

44444 

0.56202 

51898 

0.14638 

69871 

0.61011 

36129 

0.08920 

01612 


0.76923 

46551 

0.23931 

43352 

0.80198 

65821 

0.16717 

46381 

0.82651 

96792 

0.12619 

89619 


0.95308 

99230 

0.11846 

34425 

0.96019 

01429 

0.09678 

15902 

0.96542 

10601 

0.08176 

47843 

6 

0.03376 

52429 

0.08566 

22462 

0.07305 

43287 

0.00873 

83018 

0.11319 

43838 

0.00183 

10758 


0.16939 

53068 

0.18038 

07865 

0.23076 

61380 

0.04395 

51656 

0.28431 

88727 

0.01572 

02972 


0.38069 

04070 

0.23395 

69673 

0.44132 

84812 

0.09866 

11509 

0.49096 

35868 

0.05128 

95711 


0.61930 

95930 

0.23395 

69673 

0.66301 

53097 

0.14079 

25538 

0.69756 

30820 

0.09457 

71867 


0.83060 

46932 

0.18038 

07865 

0.85192 

14003 

0.13554 

24972 

0.86843 

60583 

0.10737 

64997 


0.96623 

47571 

0.08566 

22462 

0.97068 

35728 

0.07231 

03307 

0.97409 

54449 

0.06253 

87027 

7 

0.02544 

60438 

0.06474 

24831 

0.05626 

25605 

0.00521 

43622 

0.08881 

68334 

0.00089 

26880 


0.12923 

44072 

0.13985 

26957 

0.18024 

06917 

0.02740 

83567 

0.22648 

27534 

0.00816 

29256 


0.29707 

74243 

0.19091 

50253 

0.35262 

47171 

0.06638 

46965 

0.39997 

84867 

0.02942 

22113 


0.50000 

00000 

0.20897 

95918 

0.54715 

36263 

0.10712 

50657 

0.58599 

78554 

0.06314 

63787 


0.70292 

25757 

0.19091 

50253 

0.73421 

01772 

0.12739 

08973 

0.75944 

58740 

0.09173 

38033 


0.87076 

55928 

0.13985 

26957 

0.88532 

09468 

0.11050 

92582 

0.89691 

09709 

0.09069 

88246 


0.97455 

39562 

0.06474 

24831 

0.97752 

06136 

0.05596 

73634 

0.97986 

72262 

0.04927 

65018 

8 

0.01985 

50718 

0.05061 

42681 

0.04463 

39553 

0.00329 

51914 

0.07149 

10350 

0.00046 

85178 


0.10166 

67613 

0.11119 

05172 

0.14436 

62570 

0.01784 

29027 

0.18422 

82964 

0.00447 

45217 


0.23723 

37950 

0.15685 

33229 

0.28682 

47571 

0.04543 

93195 

0.33044 

77282 

0.01724 

68638 


0.40828 

26788 

0.18134 

18917 

0.45481 

33152 

0.07919 

95995 

0.49440 

29218 

0.04081 

44264 


0.59171 

73212 

0.18134 

18917 

0.62806 

78354 

0.10604 

73594 

0.65834 

80085 

0.06844 

71834 


0.76276 

62050 

0.15685 

33229 

0.78569 

15206 

0.11250 

57995 

0.80452 

48315 

0.08528 

47692 


0.89833 

32387 

0.11119 

05172 

0.90867 

63921 

0.09111 

90236 

0.91709 

93825 

0.07681 

80933 


0.98014 

49282 

0.05061 

42681 

0.98222 

00849 

0.04455 

08044 

0.98390 

22404 

0.03977 

89578 


Compiled from H. Fishman, Numerical integration constants, Math. Tables Aids Comp. 11,1-9,1957 (with permission). 



922 


NUMERICAL ANALYSIS 


Table 25.8 ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION OF MOMENTS 

Jo x k K*)dx «. S Wif(xi) 






Abscissas 

=Xi 




k 

=3 



k 

n 

Xi 

Wi 

Xi 

1 

0.80000 

00000 

0.25000 

00000 

0.83333 

33333 

2 

0.52985 

79359 

0.06690 

52498 

0.58633 

65823 


0.89871 

34927 

0.18309 

47502 

0.91366 

34177 

3 

0.36326 

46302 

0.01647 

90593 

0.42011 

30593 


0.69881 

12692 

0.10459 

98976 

0.73388 

93552 


0.93792 

41006 

0.12892 

10432 

0.94599 

75855 

4 

0.26147 

77888 

0.00465 

83671 

0.31213 

54928 


0.53584 

64461 

0.04254 

17241 

0.57891 

56596 


0.79028 

32300 

0.10900 

43689 

0.81289 

15166 


0.95784 

70806 

0.09379 

55399 

0.96272 

39976 

5 

0.19621 

20074 

0.00152 

06894 

0.23979 

20448 


0.41710 

02118 

0.01695 

73249 

0.46093 

36745 


0.64857 

00042 

0.06044 

49532 

0.68005 

92327 


0.84560 

51500 

0.10031 

65045 

0.86088 

63437 


■ 0.96943 

57035 

0.07076 

05281 

0.97261 

44185 

6 

0.15227 

31618 

0.00056 

17109 

0.18946 

95839 


0.33130 

04570 

0.00708 

53159 

0.37275 

11560 


0.53241 

15667 

0.03052 

61922 

0.56757 

23729 


0.72560 

27783 

0.06844 

32818 

0.74883 

64975 


0.88161 

66844 

0.08830 

09912 

0.89238 

51584 


0.97679 

53517 

0.05508 

25080 

0.97898 

52313 

7 

0.12142 

71288 

0.00022 

99041 

0.15324 

14389 


0.26836 

34403 

0.00314 

75964 

0.30632 

65225 


0.44086 

64606 

0.01531 

21671 

0.47654 

00930 


0.61860 

40284 

0.04099 

51686 

0.64638 

93025 


0.78025 

35520 

0.06975 

00981 

0.79771 

66898 


0.90636 

25341 

0.07655 

65614 

0.91421 

99006 


0.98176 

99145 

0.04400 

85043 

0.98334 

38305 

8 

0.09900 

17577 

0.00010 

24601 

0.12637 

29744 


0.22124 

35074 

0.00148 

56841 

0.25552 

90521 


0.36912 

39000 

0.00785 

50738 

0.40364 

12989 


0.52854 

54312 

0.02363 

15807 

0.55831 

66758 


0.68399 

32484 

0.04745 

43798 

0.70600 

95429 


0.82028 

39497 

0.06736 

18394 

0.83367 

15420 


0.92409 

37129 

0.06618 

20353 

0.92999 

57161 


0.98529 

34401 

0.03592 

69468 

0.98646 

31979 


Weight Factors =Wi 

=4 k = 5 

Wi Xi Wi 


0.20000 

00000 

0.85714 

28571 

0.16666 

66667 

0.04908 

24923 

0.63079 

15938 

0.03833 

75627 

0.15091 

75077 

0.92476 

39617 

0.12832 

91039 

0.01046 

90422 

0.46798 

32355 

0.00729 

70036 

0.08027 

66735 

0.76162 

39697 

0.06459 

66123 

0.10925 

42844 

0.95221 

09767 

0.09477 

30507 

0.00251 

63516 

0.35689 

37290 

0.00153 

44797 

0.02916 

93822 

0.61466 

93899 

0.02142 

84046 

0.08706 

77121 

0.83107 

90039 

0.07205 

63642 

0.08124 

65541 

0.96658 

86465 

0.07164 

74181 

0.00069 

69771 

0.27969 

31248 

0.00036 

97155 

0.01021 

05417 

0.49870 

98270 

0.00672 

96904 

0.04402 

44695 

0.70633 

38189 

0.03376 

77450 

0.08271 

27131 

0.87340 

27279 

0.07007 

13397 

0.06235 

52986 

0.97519 

38347 

0.05572 

81761 

0.00021 

94140 

0.22446 

89954 

0.00010 

13258 

0.00372 

67844 

0.40953 

33505 

0.00218 

79257 

0.01995 

62647 

0.59778 

90484 

0.01396 

96531 

0.05223 

99543 

0.76841 

36046 

0.04148 

63470 

0.07464 

91503 

0.90135 

07338 

0.06445 

88592 

0.04920 

84323 

0.98079 

72084 

0.04446 

25560 

0.00007 

70737 

0.18382 

87683 

0.00003 

11046 

0.00144 

70088 

0.34080 

75951 

0.00075 

53838 

0.00892 

69676 

0.50794 

05240 

0.00566 

04137 

0.02854 

78428 

0.67036 

34101 

0.02095 

92982 

0.05522 

48742 

0.81258 

84660 

0.04510 

49816 

0.06602 

18459 

0.92085 

64173 

0.05790 

76135 

0.03975 

43870 

0.98466 

74508 

0.03624 

78712 

0.00002 

97092 

0.15315 

06616 

0.00001 

05316 

0.00059 

89500 

0.28726 

44039 

0.00027 

83586 

0.00407 

79241 

0.43462 

74067 

0.00233 

53415 

0.01490 

99334 

0.58451 

85666 

0.01004 

46144 

0.03471 

99507 

0.72512 

64097 

0.02648 

53011 

0.05491 

00973 

0.84518 

94879 

0.04588 

56532 

0.05800 

05653 

0.93504 

35075 

0.05153 

42238 

0.03275 

28699 

0.98746 

05085 

0.03009 

26424 
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Table 25.9 


ABSCISSAS AND WEIGHT FACTORS FOR LAGUERRE INTEGRATION 

So e ~ x f( x ) dx ~ i ^ l w >K x i) §™g(x)dx~^ ] w,;e x ig(xi ) 

Abscissas (Zeros of Laguerre Polynomials) Weight Factors =w { 


Xi 


0.58578 64376 27 
3. 41421 35623 73 


0. 41577 45567 83 
2.29428 03602 79 
6.28994 50829 37 


0.32254 76896 19 
1.74576 11011 58 
4. 53662 02969 21 
9.39507 09123 01 


0.26356 03197 18 
1.41340 30591 07 
3.59642 57710 41 
7.08581 00058 59 
12.64080 08442 76 


0.22284 66041 79 
1.18893 21016 73 
2.99273 63260 59 
5. 77514 35691 05 
9.83746 74183 83 
15.98287 39806 02 


0.19304 36765 60 
1.02666 48953 39 
2.56787 67449 51 
4.90035 30845 26 
8.18215 34445 63 
12.73418 02917 98 
19.39572 78622 63 


0.17027 96323 05 
0.90370 17767 99 
2.25108 66298 66 
4.26670 01702 88 
7.04590 54023 93 
10.75851 60101 81 
15.74067 86412 78 
22.86313 17368 89 


71=2 

(-1)8. 53553 390593 
(-1)1.46446 609407 


71=3 

(-1)7.11093 009929 
(-1)2.78517 733569 
(-2)1. 03892 565016 


71=4 

! -1)6.03154 104342 
-1)3. 57418 692438 
-2)3.88879 085150 
-4)5.39294 705561 


71=5 

(-1)5.21755 610583 
-1)3.98666 811083 
(-2)7.59424 496817 
(-3)3.61175 867992 
(-5)2.33699 723858 


71=6 

i -1)4. 58964 673950 
-1 4.17000 830772 
-1)1.13373 382074 
-2)1. 03991 974531 
-4)2.61017 202815 
-7)8.98547 906430 


71=7 

1 -1)4.09318 951701 
-1)4.21831 277862 
-1)1. 47126 348658 
-2)2.06335 144687 
-3)1. 07401 014328 
-5)1.58654 643486 
-8)3.17031 547900 


71=8 

1 -1)3.69188 589342 
-1 4.18786 780814 
-1)1.75794 986637 
-2)3.33434 922612 
-3)2.79453 623523 
-5)9.07650 877336 
-7)8.48574 671627 
-9)1.04800 117487 


Wie Xi 


1.53332 603312 
4.45095 733505 


1.07769 285927 
2.76214 296190 
5.60109 462543 


0.83273 91238 38 
2.04810 243845 
3.63114 630582 
6.48714 508441 


0.67909 40422 08 
1.63848 787360 
2.76944 324237 
4.31565 690092 
7.21918 635435 


Xi 


0. 15232 22277 32 
0.80722 00227 42 
2.00513 51556 19 
3. 78347 39733 31 
6.20495 67778 77 
9.37298 52516 88 
13.46623 69110 92 
18.83359 77889 92 
26.37407 18909 27 


0.13779 34705 40 
0.72945 45495 03 
1.80834 29017 40 
3. 40143 36978 55 
5.55249 61400 64 
8.33015 27467 64 
11.84378 58379 00 
16.27925 78313 78 
21.99658 58119 81 
29.92069 70122 74 


Wi 

71=9 

(- 1)3. 36126 421798 
1 - 1)4.11213 980424 

- 1)1.99287 525371 

- 2)4.74605 627657 
(- 3)5. 59962 661079 
(- 4)3. 05249 767093 
(- 6)6.59212 302608 
1 - 8)4.11076 933035 
1-11)3.29087 403035 


71=10 

I - 1)3. 08441 115765 
- 1)4.01119 929155 
- 1 2.18068 287612 
- 2)6. 20874 560987 
- 3)9. 50151 697518 
- 4 7.53008 388588 
- 5)2. 82592 334960 
- 7)4.24931 398496 
- 9 1.83956 482398 
-13)9.91182 721961 


71=12 

- 1)2.64731 371055 
(- 1)3.77759 275873 

- 1)2.44082 011320 
(- 2 9.04492 222117 

- 2)2. 01023 811546 

- 3)2.66397 354187 

- 4)2.03231 592663 

- 6)8. 36505 585682 
(- 7)1. 66849 387654 
(- 9 1. 34239 103052 
(-12)3.06160 163504 
(-16)8.14807 746743 


71=15 

I - 1)2.18234 885940 
- 1)3.42210 177923 
- 1)2.63027 577942 
- l)l. 26425 818106 
- 2 4. 02068 649210 
- 3 8. 56387 780361 
- 3)1.21243 614721 
- 4 1.11674 392344 
- 6 6.45992 676202 
- 7)2.22631 690710 
- 9)4.22743 038498 
-ll)3.92189 726704 
-13)1. 45651 526407 
-16 1.48302 705111 
-20 1.60059 490621 


W{e Xi 


0.39143 11243 16 
0.92180 50285 29 
1.48012 790994 
2. 08677 080755 
2. 77292 138971 
3.59162 606809 
4. 64876 600214 
6. 21227 541975 
9. 36321 823771 


0. 35400 97386 07 
0.83190 23010 44 
1.33028 856175 
1. 86306 390311 
2.45025 555808 
3.12276 415514 
3.93415 269556 
4.99241 487219 
6.57220 248513 
9.78469 584037 


0.29720 96360 44 
0.69646 29804 31 
1.10778 139462 
1.53846 423904 
1.99832 760627 
2.50074 576910 
3.06532 151828 
3.72328 911078 
4.52981 402998 
5. 59725 846184 
7.21299 546093 
10.54383 74619 


0.23957 81703 11 
0.56010 08427 93 
0. 88700 82629 19 
1.22366 440215 
1.57444 872163 
1.94475 197653 
2.34150 205664 
2.77404 192683 
3.25564 334640 
3.80631 171423 
4.45847 775384 
5.27001 778443 
6. 35956 346973 
8.03178 763212 
11.52777 21009 



Compiled from H. E. Salzer and R. Zucker, Table of the zeros and weight factors 
of the first fifteen Laguerre polynomials, Bull. Amer. Math. Soc. 55, 1004-1012, 
1949 (with permission). 
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Table 25.10 ABSCISSAS AND WEIGHT FACTORS FOR HERMITE INTEGRATION 


Abscissas =±X{ (Zeros of Hermite Polynomials) 


Weight Factors =wi 


0.70710 67811 86548 (-1)8.86226 92545 28 1.46114 11826 611 

n =3 

0.00000 00000 00000 ( 0)1.18163 59006 04 1.18163 59006 037 
1.22474 48713 91589 (-1)2.95408 97515 09 1.32393 11752 136 

0.524647623275290 (-1)8,049140900055 1.0599644828950 

1.65068 01238 85785 (-2)8.13128 35447 25 1.24022 58176 958 


0.00000 00000 00000 (-1)9.45308 72048 29 0.94530 87204 829 

0.95857 24646 13819 (-1)3.93619 32315 22 0.98658 09967 514 

2.02018 28704 56086 (-2)1.99532 42059 05 1.18148 86255 360 


10 

0.342901327223705 (-1)6.108626337353 0.6870818539513 

1.036610829789514 (-1)2.401386110823 0.7032963231049 


1.75668 36492 99882 
2.53273 16742 32790 
3.43615 91188 37738 


- 3)1.34364 57467 81 0.82066 61264 048 

- 6)7.64043 28552 33 1.02545 16913 657 


0.314240376254359 (-1)5.701352362625 0.6293078743695 

0.94778 83912 40164 (- 1)2.60492 31026 42 0.63962 12320 203 

1.59768 26351 52605 (- 2)5.16079 85615 88 0.66266 27732 669 

2.27950 70805 01060 (- 3 3.90539 05846 29 0.70522 03661 122 

3.02063 70251 20890 (- 5)8.57368 70435 88 0.78664 39394 633 

3.88972 48978 69782 (- 7)2.65855 16843 56 0.98969 90470 923 


I 27617 (-1)7.24629 59522 44 0. 87640 13344 362 ft =16 

1 11 °5576 312 0. 27348 10461 3815 (- 1)5. 07929 47901 66 0.54737 5 

> 74492 (-3)4.53000 99055 09 1.13690 83326 745 0.82295 14491 4466 (- 1)2.80647 45852 85 0.55244 1 

„ n 1.38025 85391 9888 (- 2)8.38100 41398 99 0.56321 1 

n=l 1.95178 79909 1625 (- 2) 1.28803 11535 51 0. 58124 7 

00 (-1)8.10264 61755 68 0.81026 46175 568 2.54620 21578 4748 (- 4)9.32284 00862 42 0.60973 t 

65 (-1)4.25607 25261 01 0.82868 73032 836 3.17699 91619 7996 (- 5)2.71186 00925 38 0.65575 f 

71 (-2)5.45155 82819 13 0.89718 46002 252 3.86944 79048 6012 (- 7)2.32098 08448 65 0.73824 5 

33 (-4)9.71781 24509 95 1.10133 07296 103 4.68873 89393 0582 (-10)2.65480 74740 11 0.93687 4 

n= 8 

22 (-1)6. 61147 01255 82 0. 76454 41286 517 n = 20 

80 (-1)2.07802 32581 49 0.79289 00483 864 0.24534 07083 009 (- 1)4.62243 66960 06 0.49092 1 

43 (-2)1.70779 83007 41 0.86675 26065 634 0.73747 37285 454 (- 1)2.86675 50536 28 0.49384 2 

44 (-4)1.99604 07221 14 1. 07193 01442 480 1.23407 62153 953 - ljl! 09017 20602 00 o!49992 C 

Q 1.7385377121166 (-2)2.481052088746 0.50967 S 

2.25497 40020 893 (- 3 3. 24377 33422 38 0. 52408 C 

00 (-1)7.20235 21560 61 0.72023 52156 061 2.78880 60584 281 (- 4)2.28338 63601 63 0.54485 1 

38 (-1)4.32651 55900 26 0. lllll 3. 34785 45673 832 (- 6)7.80255 64785 32 0. 57526 2 

68 (-2)8.84745 27394 38 0.76460 81250 946 3.94476 40401 156 (- 7)1.08606 93707 69 0.62227 £ 

« Mill ll 27014 787 4. 60368 24495 507 -10 4. 39934 09922 73 o! ?0433 2 

28 (-5)3.960697726326 1.0470035809767 5.3874808900112 (-13)2.229393645534 0.898591 

Compiled from H. E. Salzer, R. Zucker, and R. Capuano, Table of the zeros 
and weight factors of the first twenty Hermite polynomials, J. Research NBS 
48, 111-116, 1952, RP2294 (with permission). 


(-1)8.10264 61755 68 0.81026 46175 568 
(-1)4.25607 25261 01 0.82868 73032 836 

(-2)5.45155 82819 13 0.89718 46002 252 

(-4)9.71781 24509 95 1.10133 07296 103 


! 07322 (-1)6.61147 01255 82 0.76454 41286 517 

I 46780 -1 2.07802 32581 49 0.79289 00483 864 

i 95843 (-2)1.70779 83007 41 0.86675 26065 634 

; 57244 (-4)1.99604 07221 14 1.07193 01442 480 

n =9 

) 00000 (-1)7.20235 21560 61 0.72023 52156 061 

r 52838 (-l) 4. 32651 55900 26 0.73030 24527 451 

! 16668 (-2)8.84745 27394 38 0.76460 81250 946 

i 31843 (-3)4.94362 42755 37 0.84175 27014 787 

r 81528 (-5)3.96069 77263 26 1.04700 35809 767 


0.27348 10461 3815 
0.82295 14491 4466 
1.38025 85391 9888 
1.95178 79909 1625 
2.54620 21578 4748 
3.17699 91619 7996 
3.86944 79048 6012 
4.68873 89393 0582 


0. 24534 07083 009 
0. 73747 37285 454 
1.23407 62153 953 
1.73853 77121 166 
2.25497 40020 893 
2.78880 60584 281 
3.34785 45673 832 
3.94476 40401 156 

4. 60368 24495 507 

5. 38748 08900 112 


COEFFICIENTS FOR FILON’S QUADRATURE FORMULA 


0.00000 000 

0. 00000 004 
0.00000 036 
0.00000 120 
0. 00000 284 

0. 00000 555 
0. 00000 961 
0. 00001 524 
0. 00002 274 
0. 00003 237 

0. 00004 438 
0. 00035 354 
0. 00118 467 
0. 00278 012 
0. 00536 042 

0. 00911 797 
0.01421 151 
0. 02076 156 
0.02884 683 
0.03850 188 


0.66666 667 
0 , 66668 000 
0.66671 999 
0.66678 664 
0. 66687 990 

0.66699 976 
0. 66714 617 
0.66731 909 
0. 66751 844 
0. 66774 417 

0. 66799 619 
0.67193 927 
0. 67836 065 
0.68703 909 
0. 69767 347 

0.70989 111 
0.72325 813 
0.73729 136 
0. 75147 168 
0. 76525 831 


1.33333 333 
1.33332 000 
1.33328 000 
1. 33321 334 
1. 33312 001 

1.33300 003 
1.33285 340 
1.33268 012 
1.33248 020 
1. 33225 365 

1. 33200 048 
1. 32800 761 
1. 32137 184 
1.31212 154 
1. 30029 624 

1.28594 638 
1.26913 302 
1.24992 752 
1.22841 118 
1. 20467 472 
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26. Probability Functions 

Mathematical Properties 3 


26.1. Probability Functions: Definitions and 
Properties 

Univariate Cumulative Distribution Functions 

A real-valued function F(x) is termed a (uni¬ 
variate) cumulative distribution function (c.d.f.) 
or simply distribution function if 

i) F(x ) is non-decreasing, i.e., F(x l )<F(x 2 ) for 

X x <X 2 

ii) F(x) is everywhere continuous from the 

right, i.e., F(x)=lim F(:e-H) 

«-*)+ 

iii) F(— °°) = 0, F (°°) == 1 . 

The function F(x) signifies the probability of 
the event “X<x” where X is a random variable, 
i.e., Pr{X<x}=F(x), and thus describes the 
c.d.f. of X. The two principal types of distribu¬ 
tion functions are termed discrete and continuous. 

Discrete Distributions: Discrete distributions are 
characterized by the random variable X taking 
on an enumerable number of values . . ., x- u 
x 0t Xi, . . . with point probabilities 

p n =Pr{X=x n }> 0 

which need only be subject to the restriction 

s?.=i. 

« 

The corresponding distribution function can 
then be written 

26.1.1 F(z)=Pr{A"<z} = Z; Pn 

* Comment on notation and conventions. 

a. We follow the customary convention of denoting a 
random variable by a capital letter, i.e., X, and using the 
corresponding lower case letter, i.e., x, for a particular 
value that the random variable assumes. 

b. For statistical applications it is often convenient to 
have tabulated the “upper tail area,” 1 — F(x), or the 

c.d.f. for \X\, F(x) — F(—x), instead of simply the c.d.f. 
F{x). We use the notation P to indicate the c.d.f. of 
X , Q = l — P to indicate the “upper tail area” and A = 
P—Q to denote the c.d.f. of |X|. In particular we use 
P(x), Q(x)> ft nd A(x) to denote the corresponding functions 
for the normal or Gaussian probability function, see 
26.2.2-26.2.4. When these distributions depend on other 
parameters, say 6\ and 9 2 , we indicate this by writing 
P(x |0|, 82 ), <?(x|0], 8 2 ), or A(x\9i, 82 ). For example the chi- 
square distribution 26.4 depends on the parameter v and 
the tabulated function is written <2(x 2 k)- 


where the summation is over all values of x for 
which x n <x. The set {x n } of values for which 
is termed the domain of the random variable 
X. A discrete distribution of a random variable 
is called a lattice distribution if there, exist numbers 
a and 6^0 such that every possible value of X 
can be represented in the form a-j-bn where n 
takes on only integral values. A summary of 
some properties of certain discrete distributions 
is presented in 26.1.19-26.1.24. 

Continuous Distributions. Continuous distri¬ 
butions are characterized by F{x) being absolutely 
continuous. Hence F{x) possesses a derivative 
F'(x)=f(x) and the c.d.f. can be written 

26.1.2 F(x)=Pr{X<x}=j* j(t)dt. 

The derivative j(x) is termed the probability 
density junction (p.d.f.) or frequency junction, and 
the values of x for which /(x )>0 make up the 
domain of the random variable X. A summary 
of some properties of certain selected continuous 
distributions is presented in 26.1.25-26.1.34. 

Multivariate Probability Functions 

The real-valued function F(x u x 2 , . . . x n ) 
defines an n-variate cumulative distribution func¬ 
tion if 

i) F(x 1 , x 2> . . . x n ) is a non-decreasing func¬ 

tion for each x t 

ii) F(x 1 , x 2 , . . . x n ) is continuous from the 

right in each x t ; i.e., F{x u x 2 , . . . x n ) 

=lim F(x u . . ., Xf+e, ■ • Xn) 

«-*o+ 

iii) F(x u x 2 , . . . x n ) = 0 when any Xi=— 00 ; 

F(oo, 00 f . . 00 ) = 1 . 

iv) F(x t , x 2 , . . ., x„) assigns nonnegative prob¬ 

ability to the event 
x 2 <^X 2 <x 2 -j~h 2 , ■ ■ x n <^X n <x n -\-h n for 
all x x , x 2 , . . ., x n and all nonnegative 
h u h 2 , . . ., h n , e.g., for n= 2 , F(x x +h u 
x 2 ~\~h 2 ) F{x\, Xi+h^ — Ffa+hi, x 2 ) -f- 

F(x 1 , x 2 ) >0 and in general for x { <CXi< 
x t +h t (i— 1 , 2 , . . n), the 4rth order 

difference x 2 , . . ., x n )>0 for 

k— 1 , 2 , . . ., n. 


♦See page n. 
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The joint probability of the event X x <x u vectors (x u x 2 , . . x») and continuous distribu- 

X 2 <x 2y . . ., X n <x n is F(x |, x 2) . . . x n ). Analo- tions are characterized by absolute continuity of 

gous to the one-dimensional case, discrete distribu- F(x if x 2 , . . x n ). 

tions assign all probability to an enumerable set of 

Characteristics of distribution functions: Moments, characteristic functions, cumulants 



i 

Continuous distributions 

Discrete distributions 

26.1.3 

n tb moment about origin 

r ' ,W * 

x;p. 

t 

26.1.4 

mean 

xf(z)dx 

x,p. 

» 

26.1.5 

variance 

tx-m)*f{x)dx 

8 

26.1.6 

n“> central moment 

<x-m)*f(x)dx 

(i.-ra)»p, 

e 

26.1.7 

expected value operator for 
the function g(x) 

E[g(X)]~j m ^g(x)f(x)dx 

g[g(X)]-Tl ?Cr.)P. 

* 

26.1.8 

characteristic function of X 

6(f)-£(««*) e u *f(x)dx 

t 

26.1.9 

characteristic function of 
g(X) 

e"Mf(x)dx 

» 

26.1.10 

Inversion formula 


(lattice distributions only) 



26.1.14 


(excess or kurtosis) 




Some one-dimensional discrete distribution functions 
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Some one-dimensional continuous distribution functions 



Name 

Domain 

Probability Density 
Function f(x) 

Restrictions 

on 

Parameters 

Mean 

Variance 

Skewness 

7, 

Excess y, 

Characteristic 

function 

Cumulants 

26.1.25 

Error function 


JLg-hV 

v; 

0<AO 

0 

2A* 

0 

| 

0 

-t* 

«**’ 

x»=0 for n>2 

26.1.26 

Normal 

-®<z<® 

_i_ -Ur?)* 

- 00 < m< 03 
0<(T<® 

m 

<r» 

0 

0 

. **** 

«i=m, *j—c*, *,=0 for n>2 

26.1.27 

Cauchy 

| 

-oo<rO 


-«<«*<» 

0 <30 

not de¬ 
fined 

not defined 

not de¬ 
fined 

not defined 

giaHJlil 

not defined 










^‘(l-idt)" 1 

<ci =«+3, «.=3*r(n) for »>1 




3 

0^K>~ 





26.1.29 

Laplace, or double 
exponential 

— <*<» 

i 

23 

— ®<a<® 

0<3O 

« 

23* 

0 

3 

« <a ‘(l+3*I*)-i 

M=a, *>=23* 

*ii.+i=0, *>*=—— 3*“ 











for rr=l, 2, . . . 

26.1.30 

Extreme-Value,* 

(Fisher-Tippett 

Type I or doubly 
exponential) 

— oa <I< od 

^ exp <-y-e-») 

with 

-®<a<® 

0<3O 

a+yfi 

UW 

6 

1.3 

2.4 

rd-itfOe”* 

«.=3*r(n)^^ for »>2 

26.1.31 

Pearson Type III 

a<X<® 

with 

-«<«*<« 

0<3O 

0<p<oo 

«+p3 

p3* 

2 

Vp 

6/p 

e“‘(l-i3f)-- 

*i=a+3P, *«=3*pF(n) 

for n>l 

26.1,32 

Oamma distribution 

0<Z<» 

—- XW-lg-M 

r (p) x 

0<pO 

V 

V 

\ 

2 

V? 

6/p 

(1—it) - * 

*i=p, «.=pr(n) for »>1 

26.1.33 

Beta distribution 

0<X<1 

scb, 

I<0<® 

1<6<® 

a 

o6 

2(0-6) 

See footnote 6. 

Mia, o+6, it) 


o+6 

(o+6)*(o+6+l) 

(0+6+2) 


26.1.34 

Rectangular, or 
uniform 

—5<*<m+5 

l 

h 

-»<«,<« 

(KAO 

m 

W 

12 

0 

-1.2 


*i=m, *>»+i=0 

A*-B». 

2n * 

ft* (Bernoulli numbers), 











Bi=g* = • - ■ 


* y (Euler’s constant) =.57721 56649 .... - 

. l 3(g+fe-H)l2(a+6)»+a6(«-N>—6)] 1 ‘See page II. 

y ~M o6 \ o6(o+6+2) (o+6+3) f 
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Inequalities for distribution functions 

(Fix) denotes the c.d.f. of the random variable Yand t denotes a positive constant; further m is always assumed to be finite and all expectations are assumed to exist.) 


26.1.35 Pr\g(X)>t\<E[g(X)]tt 

26.1.36 Pr{X>t}<m't 
F(t)> 1-j 

26.1.37 Pr\\X-m\>to)<\lfl 
F(m+to) — F(m—t<r) >1 — 

26.1.38 


Pr{ \X—m\ >t<r | < 


26.1.39 


Pr{ \X~m\ ">t9 ) 


1 + 




F(m+t<i)-F{m-t<r) >1-^ 




26.1.40 Pr\\X—m\ >t<r \ <4/9P 
F(m+t<r)-F(m-te)> 1 - ^ 

26.1.41 Pr{\X-m\>t.}< 


(i) g(X) >0 

(i) Pr{X<0}=0 

(ii) E(X) — m 


(i) E(X) = m 

(ii) E{X-m¥=<P 


(i) E(X t )=mi 

(ii) E(Xi-m { )*=<T ? 

(iii) F([X < -m,][X,-m,]) =0(»Vj) 

(iv) X=±%, 

m= S»-=LgnJ 

(i) E(X-m)*=c* 

(ii) F(x) is a continuous c.d.f. 

(iii) F(x) is unimodal at xo® 


(i) F(X-w)*=ff* 

(ii) F(x) is a continuous c.d.f. 

(iii) F(x) is unimodal at Xo® 

(iv) m=x 0 

(i) E(X-m)*=o* 

(ii) EiX—m) i =m 


«zo Is such that F'(xa)>F’(x) for x^zo. 

26.2. Normal or Gaussian Probability Function 

26.2.1 Z(x)=~.= e~ xt/2 

tJ2tt 

26.2.2 P(z)=-= J' Z(f)dt 

26.2.3 «(*)=-L £* Z(l)dt 


26.2 


• 2 - 4 /: 


z(o* 


26.2.5 P(x)+Q(x)=l 

26.2.6 P(-*)*Q(*) 

26.2.7 A(x)=2P(x)-l 

Probability Integral with Mean m and Variance <r 2 

A random variable AT is said to be normally 
distributed with mean m and variance <r 2 if the 
probability that X is less than or equal to x is 
given by 


26.2.8 


1 px (t-m 

Pr{X<x}=-j= e~** 

oV2x J -a, 


' dt 


The corresponding probability density function 
is 

26.2.9 

a p z y^yy= , 

dx \ <r / ff \ O ) a ^2ir 

and is symmetric around m, i.e. 


(z—m)» 


The inflexion points of the probability density 
function are at m ± <r. 


•See page n. 
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Power Series (x>0) 

26.2.10 p/ \_l | 1 y-' (~l) w ^ 2n+1 

W_ 2 + V 2^^ 0 n!2’‘(2n+1) 


26.2.11 


I cn y,2n+l 

P(»)^ws ,, 3 , 5 (h+1) 


Asymptotic Expansions (x>0) 


26.2.12 


Q(z) 


= Z(x) r x 


_j_ , 1^3 

* V x2+ x ' 

+ 


Hr + ’ • • 


(-l)n.3...(2n-l) j {Rn 


where 


«.=(-D” +1 i-3 ... (2M-l)J]’^n 




which is less in absolute value than the first 
neglected term. 

26.2.13 


O(X) S 1 _ 0,1 1 __ 

x \ x 2 +2 ' (x 2 +2) (x 2 +4) 

_^3_ 

(x 2 +2)(x 2 +4)(x 2 +6)' 


• 1 


where <Zi=l, a 2 — 1, a 3 =5, a 4 =9, a 5 =129 and the 
general term is 

a„=Co 1 • 3 . . . (2n~l)+2cil • 3 . . . (2n—3) 

4-2 2 c 2 1 • 3 . . . (2n-5) + . . . +2 n-1 c„_i 

and c s is the coefficient of t n ~ s in the expansion of 
t(t-l) . . . (f-n+l). 

Continued Fraction Expansions 


26.2.14 

26.2.15 

Ofr) — 1 7(^\ S x x * 2x2 3x2 4x2 
<Kx)- 2 -Z(x) — — . . | 


(x>0) 


( x >0) 


1+^x 


Polynomial and Rational Approximations 7 for P(x) 
and Z(x) 

0<X< a> 

26.2.16 

P(x) — l-Z(x)(a 1 t-j-a 2 t 2 +a 3 t 3 )-he(x) f 

|e(x)|<lX10- 6 
p=.33267 a,=.43618 36 

a 2 =~. 12016 76 
a 3 =.93729 80 

26.2.17 

P(x)=1 — Z(x) (bi t + b 2 i 2 +5 3 £ 3 +M 4 + bst 6 ) +«(x), 


"l-fpx 


|c(x)|<7.5X 10 -8 


p=.23164 19 

bi= .31938 1530 6 4 =-1.82125 5978 
b 2 = -.35656 3782 & 6 = 1.33027 4429 
b 3 = 1.78147 7937 


26.2.18 


P(x) = 1 (! +Cix+c 2 x 2 +c 3 x 3 +c 4 x 4 ) ~ 4 + e(x) 

|e(x)|<2.5X10- 4 
Ci=.196854 c 3 =.000344 

c 2 =.115194 c 4 =.019527 

26.2.19 

P(x) = 1—^ (1 + <£x -j- d 2 x 2 + d 3 7? 

+<* 4 x 4 +d 6 x 5 +<£xV 1# +«(z) 

| e (x)«1.5X10- 7 

<£=.04986 73470 d 4 = .00003 80036 

<£>=.02114 10061 <£= .00004 88906 

<£=.00327 76263 <£= .00000 53830 

26.2.20 Z(x) = (a 0 + a 2 x 2 +a 4 x 4 +a 6 x 6 ) ~ 1 +«(z) 

|e(x)[<2.7X10- 3 
a 0 =2.490895 a 4 =-.024393 

a 2 = 1.466003 a 6 = .178257 

7 Based on approximations in C. Hastings, Jr., Approxi¬ 
mations for digital computers. Princeton Univ. Press, 
Princeton, N.J., 1955 (with permission). 
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26.2.21 

Z(x) = (b 0 -\- bgc 2 -f - 64a; 4 -j- b 6 x* + b s x? +6] oa; 10 ) ~ 1 +e (x 1 ) 
ie(a;)|<2.3X10- 4 

6 o =2.50523 67 6«= .13064 69 

6 2 = 1.28312 04 6 8 =—.02024 90 

bi= .22647 18 6 10 = -00391 32 

Rational Approximations 7 for x p where Q(x p )=p 

0<p<-5 

26.2.22 

ao+ait 


x p =t — 


i% 


1 ~\~bit-\~bit J 

I c Cp) !<3X io~ 3 
a 0 =2.30753 6x=.99229 

a : = .27061 6 2 =-04481 


■■H 


26.2.23 




(= V ,n ? 


p 2 


1 -f-cM -\-d,2t 2 -\-d 3 t z 

| e (^)|<4.5X10- 4 
c 0 =2.515517 dx = 1.432788 

Cx= .802853 d 2 = .189269 

c 2 = .010328 d 3 = .001308 


Bounds Useful as Approximations to the Normal 
Distribution Function 


26.2.24 


P(x)<-{ 




(x>0) 


P 2 (*)=1 _ ( 2jr ) -ie-**' 3 


26.2.25 


P(*)> 


’.(*)- = 5 + K 1 x‘e-^ 

(£>0) 


jP 4 (*) = l~(2r)-fc-*/» (x>2.2) 

See Figure 26.1 for error curves. 



Figure 26.1. Error curves for bounds on normal 
distribution. 


Derivatives of the Normal Probability Density Function 

26.2.26 Z (w) (z) = ~ Z(x) 

Differential Equation 

26.2.27 £ (w+2) (x) +xZ (m+1) (x) + (m + l)Z (m) (x )=0 


(*>1.4) 


Value at x=0 


26.2.28 




±3™ for m=2r,r=0,1,... 

VS2»«(f)! 


for odd m>0 
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Relation of P(x ) and Z( m )(x) to Other Functions 

Function Relation 


26.2.29 

Error function 

erf x=2P(xV2)~l 

(*>o) 

26.2.30 

Incomplete gamma function (special case) 

7 G ,:C ) 

\ 2 /-lop h/o;) ll 

(*>o) 

r G) 

26.2.31 

Hermite polynomial 

ffe„(x)=( D-yf 


26.2.32 

“ 



26.2.33 

Hh function 

Hh..(x) =(-1) 11 (at) 

(w>0) 

26.2.34 

“ 

®m(*) £.(§§) 

(»>0) 

26.2.35 

Tetrachoric function 

/_ t\w —i 

T n (x)=^-4i r - Zt-»(a;) 


26.2.36 

Confluent hypergeometric function (special 
case) 


(*>o) 

26.2.37 

U 


(x>0) 

26.2.38 

a 

w/2m+l 1 Z (2w) (x) 

iv2 \ 2 ’2’ 2 /Z {2m) (0) 

(«>0) 

26.2.39 

“ 

i,f2m+2 3 A Z (2w -»(x) 

V 2 ; 2 ; 2 / xZ (2w) (0) 

(*>0) 

26.2.40 

Parabolic cylinder function 

t/(-,-I,x)=e->'V 1) " Z Z(x ( f 

(n> 0) 


Repeated Integrals of the Normal Probability Integral 

26.2.41 I n (x)=fc I n -i{t)dt (n> 0) 

where I - X (x)—Z(x) 

26.2.42 

(n>-l) 

26.2.43 


26.2.44 

(n-\-l)I n+l (x)+xI n (x)—I n -x(x)=0 (»>-1) 
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26.2.45 


j - (i) =r 

26.2.46 


Z(t)dt=e-* 2 ' 2 f“ ^ Z(t)dt 

(O-D 


/ n (0)=/_„(0) = 


1 



(n even) 


Asymptotic Expansions of an Arbitrary Probability 
Density Function and Distribution Function 

Let Yi (i=l, 2 , . . n) be n 


independent random variables with mean m it 
variance <A, and higher cumulants tc r , *. Then 
asymptotic expansions with respect to n for the 
probability density and cumulative distribution 
function of 


26.2.47 

+[m zm ^S-2 z<K ^ + m zm ^ 

+ ^|Z»W+34z-(*)]+." 

26.2.48 

F(z)~P(z)-[jiZ< ! V)]+[Z«>(*)+21 Z w (i)] 

+ te z “ >(x)+ j2 z< ” (a:)+ ^ z<,,( * ) 


S OVm,) 

—-j— are 


(M 


I 7i7 2 
'"1728 


where 


z ‘‘ >(I)+ 3nk z<m(a:) ] + - 

i M^) 


Terms in brackets are terms of the same order 
with respect to n. When the F< have the same 
distribution, then m^m, Oi=<r 2 , K T>i =K r and 


--M?) 


Asymptotic Expansion for the Inverse Function of an 
Arbitrary Distribution Function 

Let the cumulative distribution function of 
F==XJ Y { be denoted by F(y ). Then the (Cornish- 

Fisher) asymptotic expansion with respect to n for 
the value of y p such that F(y p ) — 1 — p is 

26.2.49 y P ^m,+<rw 
where 

w=z+h 'Mx)] 

+[72^ 2 (z)+y!Mx)] 

+hJh(x) + 7 i 7 a^n(«)+ 71^111 (*)] 

+W<(») +7SA2a(&)+7i7iM*) +7?7afcua(af) 

+7i^im (3J)]+ • • • 

and 

Q(x)=p, 7 r- 2 =- 772 » r = 3,4,... 

*2 

26.2.50 

Ai(*)=g He 2 {x) 
h 2 (x)^~ He 3 (x) 
h n (x) = ~^ [2He 3 (x)-\ r He l (x}] 

[He 4 (x)] 

h x 2 (aO=-|j [Hei(x)+He 2 (x)] 

Am(x)=^ [12tfe 4 (a:)+19#e2(z)3 
^(^)=^q He h (x) 

h 22 (^ = “ 3^4 l3He s (x) + 6 He 3 {x) +2He x {x)] 

Mz)=— j|q [2He 6 (x)+ZHe 3 (x)] 

Ah 2 (x)= 2^8 [14iye 5 (x)+37He 3 (x)+8He 1 (a:)] 

h nxx (x)=-^ [252He 6 {x)+$Z2He 3 (x) 

+227 He x (x)] 

Terms in brackets in 26.2.49 are terms of the 
same order with respect to n. The He n (x) are the 
Hermite polynomials. (See chapter 22 .) 
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,. 2.51 W =n! 1 2 ^- 2 m)l ^ 

In the following auxiliary table, the polynomial functions h^x), h 2 (x ) . . . h nn (x) are tabulated for 
p=.25, .1, .05, .025, .01, .005, .0025, .001, .0005. 

Auxiliary coefficients 6 for use with Cornish-Fisher asymptotic expansion. 26.2,49 


hi(x) -.09084 

hi(x) -.07153 

hn(x) .07663 

hi(z) .00398 

hill) .00282 

bm(r) -.01428 


.67449 1.28155 1.64485 


07153 -.07249 -.02018 . 06872 . 23379 . 39012 


2.32635 2.57583 2.80703 3.09022 

.73532 . 93915 1.14657 1.42491 

.23379 . 39012 . 67070 . 84331 


-.04928 -.04410 -.00152 


-.17621 -.53531 -1.01 


.26195 .59757 
-.03176 -.02821 
.07888 -.01226 


-.10858 -.39517 -.55856 -.3 

rtQMM 9JW 7A Slim n 


1.06301 1.86787 2.62337 

-.00666 . 04591 .10950 

-.19116 -.59060 -1.03555 

-.17498 -.70464 -1.80531 

1.60445 4.29304 7.23307 

-1.39199 -3.32708 - 5.40702 


* From R. A. Fisher. Contributions to mathematical statistics. Paper 30 (with E. A. Cornish) Extralt de la Revue de 
l’lnstitute International de Statlstlque 4.1-14 (1937) (with permission). 


26.3. Bivariate Normal Probability Function 

26.3.1 

VC.1T. eMZWPVl- exp-i f-y’O 

26.3.2 S (x,v,p)-(1 -,?)-*Z( X )Z(V=£L^ 

26.3.3 

L(h y k, p) = g(x,y, p)dy 

—j Z(x)dx J* Z(w)dw, 

26.3.4 L{-h,-k,p )=J dxj g(x,y f p)dy 

26.3.5 L(-h,k,-p)=J_ dxj * g(x,y,p)dy 

26.3.6 L(k,-k,-p)=J* dxj g(x,y ) p)dy 

26.3.7 L(h,k, p)=L(k,h, p) 

26.3.8 L(-h,k, p)+L(h,k,-p)=Q(k) 

26.3.9 L(-h , -k, p)—L(h,k, p)=P(k)-Q(h) 


2[L(h, k, P)+L(h, k , —p)-\-P(h) — Q(k )]—1 




means and variances (m x , m y ) and (<r|, e\) and 
correlation p if the joint probability that X is 
less than or equal to h and Y less than or equal to 
k is given by 


ft-m, K-m, 

Pr{X<h,Y<k}=— f f " g(s, t, p)<fe dt 

^Z^V J - co J -to 

The probability density function is 
26.3.12 

1 — Q _ 1 (x~m z y—m v \ 

2 w,»,VI= 7 eXP 2 (l-p»)~.,.. 9 V ’ <r, "7 


q. Az—Wz) 2 2p(x-m z ){y-m v ) (y—m„) 2 
^ <r£ tr x <r v <r* 


Circular Normal Probability Density Function 


g{x,y,p)dy 


Probability Function With Means nt*, m„, Variances 
<rf, of, and Correlation p 

The random variables X, Y are said to be dis¬ 
tributed as a bivariate Normal distribution with 




1 rT . n ( x-m z ) 2 +(y~m v ) 2 

r —5 exp-r-j 






.**u mo .00 .05 .60 .60 .70 .75 .80 .85 .90 .95 1.00 

Figure 26.2. L(h, 0, p) for 0<>i<l and -l<p<0. 

Values for h <0 can be obtained using L(h, 0, -p)»A-£(-A, 0, p). 
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Figure 26.3. L(h, 0, p) for 0<A<1 and 0<p<l. 

Values for A<0 can be obtained using L(h, 0, -p)=^—L(-h, 0, p). 
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p 



Figure 26.4. L(h, 0, p) for h> 1 and — 1 <p<l. 
Values for /KO can be obtained using L(h, 0, ~p)=?~L(-h, 0, p.) 
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Integral Over an Ellipse With Center at (m x , m„) 

26.3.21 

j£ f)dxdy=l-e- 1 " 

where A is the area enclosed by the ellipse 




2 p(x-m x ) ( y-m v ) 


26.3.22 


+(Lf ? y =« ! d-p ? ) 

Integral Over an Arbitrary Region 


IT M->g(i= 2 '. 1 = 2 >, ,\ixdy 

JjA{x,y ) \ ^ / 

= 11 g(s,t,o)dsdt 

I) 


where ^4*(s, £) is the transformed region obtained 
from the transformation 


1 / x—m x . y—m v \ 

V2+2p\ ff x Gy ) 

— 1 / x—m x y—m v \ 
V2—2 p \ ** ) 


Integral of the Circular Normal Probability Function 
With Parameters m,= m,= 0, tr— 1 Over the Triangle 
Bounded by y=0, y=ax , x=h 

26.3.23 

V(i, ah)=£ £ £’ e-K^dxdy 

=\+L(h, 0, „)-U 0,0, p)- i <?(A) 

where 

a 

p Vi+q 2 

Integral of Circular Normal Distribution Over an Offset 
Circle With Radius Ra and Center a Distance r<r From 
(m x , m„) 

26.3.24 

£ J v- 2 9 (£—• o) dxdy=P(R 1 \2,r 1 ) 

where P(R 2 12, r 2 ) is the c.d.f. of the non-central 
X 2 distribution (see 26.4.25) with v=2 degrees of 
freedom and noncentrality parameter r 2 . 


Approximation to P(IP|2, r*) 

26.3.25 


Approximation Condition 

2 R 2 2 r 2 „ . ' 

4+P 2 6XP 4+P 2 i?<1 

26.3.26 P{x x ) R> 1 

26.3.27 P(z 2 ) P>5 

[R7(2+H)]'«-[l-?|±^] 

["2 2+2r 2 “|* 

[_9 (2+r 2 ) 2 J 


r 2 =P—Vr 2 — 1 P,r both large * 

Inequality 

26.3.28 

Z(i) [« (^ 1 = 2 )] <L(A . *, «)<«(*) 

where 

ph-k> 0, 0<p<l. 

Series Expansion 

26.3.29 

UKk, p)=Q(h.)Q(k)+± f" + ‘ 

26.4. Chi-Square Probability Function 

26.4.1 

J P(x»=[2"’r (|)J‘J o (t)~'e~dt 

(0<X 2 <®) 

26.4.2 

<Kx 2 |r)=1 —P(x 2 |v) (0 <x 2 < «,) 

Relation to Normal Distribution 

Let Xi, X 2 , . . X, be independent and identi¬ 
cally distributed random variables each following 
a normal distribution with mean zero and unit 

variance. Then X 2 =y^,Xl is said to follow the 

i -1 

chi-square distribution with v degrees of freedom 
and the probability that X*<x 2 is given by P(x 2 \v). 

Cumulants 

26.4.3 K n + l =2 n n\v (n= 0,1,...) 


•See page n. 
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26.4.4 


Series Expansions 


Q(x*\v)=2Q (X) + 2 Z(X)S 1 . 3 . 5 V, , ( 2r ^ T) 

(v odd) and x=jx? 


26.4.5 


26.4.6 


P(r 


««w {i+t 


(v even) 


W* p —X 2 /2 


* r. ^ x 2 " ^ 

V + S (.+2)(.+4)---(.+2r)/ 

26.4.7 p(x^)=^z:^= 1 Vv 5 ^r 

r (§) KH 

Recurrence and Differential Relations 

26.4.8 g(X i |.+2)=Q(xV) + (X ‘ /2 j r '* C "V* 

r (i +1 ) 

26*4.9 ^x>) = ^ g (™) (—1 ) m+, Q(x’\r—2j) 

Continued Fraction 

/y2W2--X*/2 

26.4.10 <2 (x 2 I ?) = 2 vI2 Y(v(2) 


{ 1 l—y/2 1 2—v/2 2 *\ 

X 2 /2+ 1+ x*/2+ 1+ x 2 /2+* • f 


Asymptotic Distribution for Large v 


26.4.11 P(x 2 \v)~P(x) where x= 


-fitv 


Asymptotic Expansions for Large x* 


26.4.12 


wiii'f, , n , r ( 1 2 +j ) 

2 r/2 T(v/2) fa K } 


2 >+* 


'0-0 


(x 2 )' 


Approximations to the Chi- Square Distribution for 
Large v 

26.4.13 

Approximation Condition 

< 2 (x J M »<?(*.), *i=>®-V 2>—1 fr>ioo) 

26.4.14 


«(X» =*«(%), J 

26.4.15 




A,=-A M 


(.>30) 

(.>30) 


Values of h<n 


X 

Aw 

X 

Am 

X 

Am 

-3.5 ; 

-.0118 

-1.0 

+.0006 

+1.5 

-.0005 

-3.0 

-.0067 

-.5 

.0006 

2.0 

+.0002 

-2.5 1 

-.0033 

.0 

+.0002 

2.5 

.0017 

-2.0 

-.0010 

+.5 

-.0003 

3.0 

.0043 

-1.5 

+.0001 

1.0 

-.0006 

3.5 

.0082 


Approximations for the Inverse Function for Large v 

If Q(x%\v)=p and Q(x P )—\ — P{x p )=p, then 

Approximation Condition 

26.4.16 ^2v -I (.>100) 

26.4.17 x5».^l-|;+^^|} 3 (.>30) 

26.4.18 xJ«.,|l-| ; +(x,-A,)^| ; y (.>30) 

where h , is given by 26.4.15. 

Relation to Other Functions 

26.4.19 Incomplete gamma function 

?j^p=P(X ! |.), .=2o,X 2 =2x 

T^f=«W 

26.4.20 Pearson’s incomplete gamma function 
/( “’ p)= f(FH) ^ P+ 't’^dt=P(X^) 

v—2(p-\-\) } X 2 —2u Vi>+1 

26.4.21 Poisson distribution 

- X 2 
. c=-» m= 


C — 1 „ V* 

Q(x 2 |*)=g e- w -j, c= ^ w =-2 , (v even) 


Q(x ! |.)-«(X 2 |.-2)= < ,-”^ I5! 


«(x*|.)' 

•See page a 
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26.4.22 Pearson Type III 

v=2a6+2, x 2 =2b{x+a) 

26.4.23 Incomplete moments of Normal distribu¬ 
tion 


PROBABILITY FUNCTIONS 

Non-Central X 2 Distribution Function 

26.4.25 


J* t n Z(t)dt= 


(n— 1)!! ^* — (n even) 


(7i-l)!! 

V2tt 


P(x 2 |v) (n odd) 


x 2 =P, v~n+ 1 

26.4.24 Generalized Laguerre Polynomials 
S (-1)” + '(”Y) Q(X*\v+2-2f) 

T (a)/ r \ _ _ \ J / - 

n.L „ (x)- 2 “[Q(X 2 |i.H-2)-Q(X ! |>.)1 

x=X J /2, a=vJ2 


P(x'* |k, X)=g e- w ^-P(x'y+2j) 

where X>0 is termed the non-centrality param¬ 
eter. 

Relation of Non-Central x 2 Distribution With v=2 to the 
Integral of Circular Normal Distribution (<r 2 =l) Over 
an Offset Circle Having Radius R and Center a Dis¬ 
tance r=Vx From the Origin. (See 26.3.24-26.3.27.) 


26.4.26 


a 


g(x, y, 0) dxdy=P(x 2 =R 2 \v—2, X) 


=l-g^W| 2 + 2 j) 


Approximations to the Non-Central x 2 Distribution 


Approximating Function 

26.4.27 x 2 distribution 

26.4.28 Normal distribution 

26.4.29 Normal distribution 


a—p+X 6 =—j—- 
v+X 

Approximation 

P(x'>,x)^) ; *=- ~ 

HrSHrP -1 ? 


Approximations to the Inverse Function of Non-Central 
X 2 Distribution 


If Q(K 2 \ V > X)=j», QiA\v*)~V, and Q{x v )=p then 

Approximating Variable Approximation to the Inverse Function 

26.4.30 x 2 x; 2 ~(l+6)x 2 


26.4.31 Normal 


1+6 

~ 2 


[^+VlT4 J 'J 




) +h 9\ a 


26.4.32 Normal 



of Chi-Square, Non-Central Chi-Square, and Related Quantities 
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26.5. Incomplete Beta Function 


Continued Fractions 


.1 

1 C x T t U\ —zY f 1 dty d 2 \ 

a ’ k)= WJ) J o ( 0 <X< 1 ) / ' (o ’ 6 )= «B(MnT+I+I +-'7 


J x (a y b) — l — Ii- X (b,a) 

Relation to the Chi-Square Distribution 

If X\ and XI are independent random variables 
following chi-square distributions 26.4.1 with v } 
and v 2 degrees of freedom respectively, then 
X 2 

X 2 -YX 2 Sa ^ to ^°^ ow a ^ eta distribution with 

and v 2 degrees of freedom and has the distribu¬ 
tion function 


B(a,b) J„ r "‘ (l t) ‘" dt 

=I,(a,b) a=^, 6=| 

Series Expansions (0<x<l) 

26.5.4 

/ l a S 1±V B(a+l, 71+1) n+l\ 

' aB(a,b ) \ 1 + " 0 B(a+M+l) / 


, _ (a+m)(a+6 + m) 

2m+1 (a+2m)(a+2m+l) X 

, _ m{b—m) 
2 "-(a+2m-l)(a+2m) x 

Best results are obtained when • 

a+ 6-2 

Also the 4 m and 4m+l convergents are less than 
I x (a, b ) and the 4m+2, 4ro+3 convergents are 
greater than I x (a, 6 ). 


/ ( a _ *)_!L ! r^_ -ll. J ±.. . .1 

, ) aB(a,b) Ll+1+1+ J 

* x < 1 e, = l 

_ (a+m— 1 )( 6 —m) x 

€im (a+ 2 m- 2 )(a+ 2 m-l) \~x 

7 n(a+ 6 —l + m) x 

e 2 m+, “(o-f 2 m-l)(a+ 2 w) Y^x 


Recurrence Relations 


I x (a,b)=^xl x (a— 1 , 6 ) -h (1 — x)I x (a,b— 1 ) 


jfji-xy - 1 


S i 2?(q+l,n+l) / x Y* 1 1 
\ t=o B(b— n— l,n+ 1 ) \ 1 — x) f 


_ 3f{l — x) b ~ 1 
aB(a,b) 


f B(a+1, n+1) ( x 

\ + froB(J-w-l,n+l) \l-x/ / 


/*(a, b) { I x {a+ 1 , b) — (1 — x)I x (a+ 1 , b~ 1 )} 




+I x (a+s,b—s) 


— x)I x (d-\- 1,6 — 1)} 


/ 7 (a, 6 )==^-j-^ {aI x (a-\-\,b) + 6 / 2 (a, 6 +l)} 


1 ~I x (a,b)=I X - x (b,a) 


(\-x) b Q , , u /a-l\(l-xy r t 

= b(M)S (-1) (.i ) T+r (mteger ll) 


6 )=/,_ I ( 6 ,a) 


K“ + - (integer a) 


7 I (a,o) = I (a, I), x'=4 (x-^fx =S i’J 




/ ' (a " 6) =rSiyfW^ (1 - x)t+/ * (0+I - 6) 
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Asymptotic Expansions 

26.5.17 

~2iV 5 {(f^2)! (4+1 +*' ) } 

+ S?mp{w^)\ [(6-3)(6-2)(56+7)(6+l+y) 
- (56-7) (4+3+!,)^]}- 
y=-N\ n x, N=a+\-\ 

26.5.18 


r(a,w) e~ w vf f (a—l—w) 




26 


l 1 /® 3 5 2 , 3 1 f3 2 11 , 11 

h (26? V2 "3 fl +2 “I"* U ° “T a+ 3j 


26.5.19 




r.(M)~P(y)-Z(j,) [o,+22j^!l 

. ^( 1 +^/ 2 ) | . 

1 +®2 

a,=| ( 6 —<z)[(a+ 6 - 2 )(a-l)( 6 -l)]-^ 


] 


’-f2 [^+6=I-54 ^t] 


V 2 =2 ["(a+6-1) In - 

L a 


+ 6-2 
+ ( 6 - 1 ) In 


+ (a— 1 ) In 


(a+6—l)z 


(a+6 


±zl _1 


and y is taken negative when x< 


a— 1 
a+6—2 


Approximations 

26.5.20 If (q+ 6 -l)(l-x )<.8 

/*(o, 6 ) = £(*» + «, 

f «|<5 X 10 -3 if a+6>6 

X 2 =(q+6—1)(1—x)(3—a:) —(1—a;)(6—1), 

v=2b 

26.5.21 If (a+ 6 —1)(1—z) > .8 

I x (a, b)=P(y)+e, 

|e|<5X 10~ 3 if a+6>6 

dkt ' 

w l =(bxy'\w 2 =[a(l-x)] l/z 


Approximation to the Inverse Function 

26.5.22 If I Xj) (a, b)=p and Q{y p )=p then 


a+6e 2 ' 
_ y p (h+\y 


-Un-^4- 1) 

'-“(sVsiif' -®ir 


Relations to Other Functions and Distributions 

Function Relation 


26.5.23 

Hypergeometric function 

B(a,b)a F ^ 1 M+i;*)-/*(a, 6 ) 

26.5.24 

Binomial distribution 


26.5.25 

“ 

(^p a (l — p) n - a =I P (a, n— a+ 1 )— 7„(a + l, n—a) * 

26.5.26 

Negative binomial distribution 

± ( n+ '- 1 )p'f= I '(o,n) 

26.5.27 

Student’s distribution 

^[\-A{t\v)]=-I x Q,-), * 

26.5.28 

F- (variance-ratio) distribution 

q(fm /.(*.*} *-„ + * F 


‘See page it. 
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26.6. F-(Variance-Ratio) Distribution Function 
26.6.1 

P(FK V 2 )= ( [ '\ A j o tK'-*(v a +v l t)-«'+*>dt 
r,/ * (F> 0 ) 


26.6.2 


v Vi „P» (*F 

B V2 , ' i ’ 2 , 'V (i 

Q(?K . 2 )=1-P(F|.„ *)=/.(£<£) 


where 


V 2 + Vi F 

Relation to the Chi-Square Distribution 

If X? and X\ are independent random variables 
following chi-square distributions 26.4.1 with v\ 
and v 2 degrees of freedom respectively, then the 

distribution of F= ^jf - is said to follow the 
X 2 /P2 

variance ratio or F-distribution with v x and v 2 
degrees of freedom. The corresponding distribu¬ 
tion function is P(F\v if v 2 ). 


26.6.3 


Statistical Properties 


v 2 —2 


(.*> 2 ) 


variance: 

third central moment: 

, _/Vv 3 8ri(n+ra— 2 )(2r 1 +r 2 —2) 

" ] “W (*-S)*(»-4)(*-6) (,,!>6) 

moments about the origin: 

/ »i+2w \ / Pi—2n \ 

#*>(-)’ - - - ^ - / 2 X < (p 2 > 2 n) 

w ■•© r (?) 
characteristic function: 

Series Expansions 
?2 

pj+piF 

26.6.4 


FUNCTIONS 

26.6.5 

feeTen) 

26.6.6 

, (^i+va—2)(yi + »2—4) /l —^ 


24 


(^iH~^2—2) . . . (p 2 +2) /l — 


2-4... (*-2) V 

26.6.7 

» , i+»’ 2-2 

Q(F|vj, —(1 —z) 2 


M+- 


(j>i even) 




(. 1 +. 2 —2)... (. 1 + 2 ) / * \ar!l 
+ • + 2-4 .. . (.2-2) (j^) 8 J 

(v 2 even) 


26.6.8 

Q(F\v u v 2 ) = l—A(t\v 2 )+P(v lf v 2 ) (vj, v 2 odd) 

K 9+si 

2-4 . . . Qy-3) 


A{t\v 2 )'^ 


2 ^ 0 +sin 0 [cos 0 -|-| cos 3 0 + . . . -f 


3.5 .. . (p 2 -2) 
2 0 , 

— for p 2 =l 


P(v u v 2 ) = 


where 




cos " 2 _ 2 0 ]^-for p 2 >1 

{■ 


sin 0 cos * 2 0 4 1 + 


^sin 2 9 +...+ 

(> , 2 - 4 ~lK>' 2 + 3 )... (yi 4 -P 2 —4) sin * 11 3 d \ 
3-5.. .(vi—2) / 

for v 2 >l 

0 for v\ = 1 * 


0 — arc tan 


Reflexive Relation 

If F P (v i, v 2 ) and Fi„ p (v 2 , v t ) satisfy 
Q(F P (v 1 ,v 2 )\v l ,v 2 )=p 
Q(Fi- p (v 2 , v x )\v 2) 


‘See page n. 
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26.6.15 


F P (v u v 2 ) = 


1 


F\-v( v 2,Vx) 

Relation to Student’s f-Distribution Function (See 26.7) 

26.6.10 Q(F\vx=\ y v 2 ) = \~-A(t\v 2 ) 

Limiting Forms 

26.6.11 

lim v2)=Q(x 2 \v l ), x 2 =piF 


26.6.12 


lim Q(F\v\,v 2 )—P(X 2 \v 2 ), X 2 =^ 

n-»® " 

Approximations 


26.6.13 

Q(F\ Vl , V2 )~Q{x), 
(vi and v 2 large) 

26.6.14 

Q(F\ Vi , V2 )~Q{x), 


F _!L_ 

v 2 -2 


Vi l 2(vi+v*— 2) 

v 2 —2 \ 0 


'l(^2 4) 


J\+ Vj F 

Y V 2 


pm 


Q{F\v u v 2 )™Q(x), x= 


947 

MH-D 




Approximation to the Inverse Function 

26.6.16 If Q(F p \ Vl , v 2 )=p, then 

F p ^e 2u where w is given by 26.5.22, with 
v 1 —2b, v 2 =2a 

Non-Central F-Distribution Function 

26.6.17 

P(F'\vi,v 2 ,})=^ p(t\v u v 2 , \)dt=l — Q(F'\vi,v 2 ,\) 
where 

n±2 1 

nffl u ^ -w 2 (X/2)Mvi+2 j) 2 v 2 ^ 

jl 

H+2J-2 -(*,+2>+, 2 )/2 

xt 2 [* + (*+2i)f] 

and X>0 is termed the non-centrality parameter. 


Relation of Non-Central F-Distribution Function to Other Functions 


Function 

26.6.18 ^-distribution 

26.6.19 Non-central J-distribution 

26.6.20 Incomplete Beta function 


Relation 

P(F'\v u » 2 , X)= ±, e P(F'K+2.?> 2 ) 
j -o r- 

P(F'\v u y 2 f \=0 )=P(F'Ipi, v 2 ) 

P(F'\v l =l,v 2 , \)=P(t'\v, 8), t'=-y/F', v=v 2> 8= VX 

P(F'K^± a e-^^I,(^+j, V i) 

vi F 1 

X ~>rF'4-„* 

^2_, 

2e~ >J2 


26.6.21 Confluent hypergeometric function P(F'\vi, v 2 , X)= ^- 7 -rX 

1=0 (Jr+i+l, 

(a±s, fi+i+i, 


(’ 


even and z= 


P|.F 


_\ 

”'W 


•See page IX. 
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26.6.22 
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Series Expansion 


P(f>,,r 2 ,X)=e *" 21 ST, even) 

i=0 

where 

T ,=1 

0-,+^-2+x*) 

^i =_ 22i+Xx)7’i_ 1 +X(l —x)7\_ 2 ] 


x= 




Limiting Forms 


X' 2 =v x F', v—v\ 


_* 2 (1+C 2 ) 


26.6.23 

lim F(F , |^ 1 ^ 2 ,X)=P(x ,2 |^X), 

»}->«> 

26.6.24 

lim P(P , |i/ 1 ,j/ 2 ,X) = Q(x 2 |i'), 

Pj ~>00 I 1 

where X/i /,-*c 2 as ^—> 00 . 

Approximations to the Non-Central F-Distribution 

26.6.25 P{F'\v ]l ,v 2 ,\) ^P{xi), (v x and v 2 large) 
where 

p, yal^i+X) 


Xi=- 


__ Vi{V2~2) _ 

"i [(*-2)(*-4) {^=J- +,, ‘ +2X }] 

26.6.26 

P(F'\v 1 ,^ 2 ,X) «P(P|pJ> 2 ), 


26.6.27 

P(P'|*»i,j» 2 ,X) ~P(x 2 ), 


F=-^~ F', r*- {Vl+XY 

1 VJ+2X 


r v ' F ’ 1 

I>I+X)J 

1/3 

[-a 

- 

r 2 (v,+ 2 X)-| 
L 9 (, 1 +X) 2 J 


r 2 v,+ 2 x 2 / 
L 9 (p.+X^QpA 

f> y 3 

H+X / J 

h 


26.7. Student’s t-Distribution 

If X is a random variable following a normal 
distribution with mean zero and variance unity, 
and x 2 is a random variable following an inde¬ 
pendent chi-square distribution with v degrees of 

freedom, then the distribution of the ratio - 

Vx7» 


is called Student’s ^-distribution with v degrees of 

x 

freedom. The probability that _ will be less 

Vx 2 /? 

in absolute value than a fixed constant t is 

26.7.1 

-[’“(i's)] X( 1+ ?) ’* 

(0 - (< “ ) * 


where 


26.7.2 

mean: m —0 

variance: <r 2 =—^ 
v—Z 

skewness: 7 i =0 

6 


* JZ+i 2 

Statistical Properties 


v—4 

1 >3 . . . (2n-l)y" 


(*> 2 ) 

( v >4) 

(j/>2n) 


excess: y 2 — 

moments: 

^ 2 " (v— 2)(iz—4) . . . (y —2n) 

M2n + 1 = 0 

characteristic function: 

/jv' 2 

*«)=£ fexpfie Y.fll) 

L p V Vx 2 /,/J 7rr(tz/2) 2 \V»'/ 

Series Expansions 

( 0=arctan 4=) 

Vv 

|^0+sin 0 |^cos 0+^ cos 3 0+ . 


26.7.3 




. 2-4 . . . (»-3) 2/J 

+.--- 7 - - cos”- 2 0 


1 *3 ... . (p-2) 


-0 (*= 1 ) 




(v>l and odd) 


26.7.4 

^W=sin 0^1+^ 


^ cos 2 0+^ cos 4 0+ . . 


, 1 -3-5 . . . (»-3) 

+ 2-4.6...(p-2 ) COS 7 (,,eVenU 


■See page n. 



PROBABILITY FUNCTIONS 


949 


Asymptotic Expansion for the Inverse Function 

If A{t v \v)=\ — 2p and Q(x P )=p, then 

26.7.5 

, . giM , &>(*,) g z {x p ) 

- l ^—\ ^ r • • • 

y t (x)=i (x 3 +x) 

p 2 (x)=^ (S^-He* 3 -^*) 

ff3 ( x ) =3^ (3^+19afM-17a*-15*) 

^ ( * )= 92l60 ^9 x # +776x 7 +1482x 5 -1920x 3 ^945x) 


26.7.6 


Limiting Distribution 


lim A{i\v) =-= J* e~ x3 l 2 dx= 


A(t) 


Approximation for Large v 


26.7.8 A(t\v)~2P(x)-l, 



Non-Central t-Distribution 

26.7.9 


«) = 



where S is termed the non-centrality parameter. 


Approximation for Large Values of t and k<5 
26.7.7 A(t\,)~ 1-2^+pr,} 

v 1 2 8 4 5 

a, .3183 A991 1.1094 3.0941 9.948 

b, .0000 .0518 -.0460 - 2.756 -14.05 


Approximation to the Non-Central t-Distribution 


26.7.10 


P(*>, 5) «P(x) 


where 



Numerical Methods 

26.8. Methods of Generating Random Numbers and Their Applications 9 


Random digits are digits generated by repeated 
independent drawings from the population 0, 1, 
2, . . .,9 where the probability of selecting any 
digit is one-tenth. This is equivalent to putting 
10 balls, numbered from 0 to 9, into an urn and 
drawing one bail at a time, replacing the ball 
after each drawing. The recorded set of numbers 
forms a collection of random digits. Any group of 
n successive random digits is known as a random 
number. 

Several lengthy tables of random digits are 
available (see references). However, the use of 
random numbers in electronic computers has re¬ 
sulted in a need for random numbers to be gen¬ 
erated in a completely deterministic way. The 
numbers so generated are termed pseudo-random 
numbers. The quality of pseudo-random num¬ 
bers is determined by subjecting the numbers to 
several statistical tests, see [26.55], [26.56]. The 
purpose of these statistical tests is to detect any 
properties of the pseudo-random numbers which 
are different from the (conceptual) properties of 
random numbers. 

* The authors wish to express their appreciation to 
Professor J. W. Tukey who made many penetrating and 
helpful suggestions in this section. 


Experience has shown that the congruence 
method is the most preferable device for generating 
random numbers on a computer. Let the sequence 
of pseudo-random numbers be denoted by {X„}, 
7i=0, 1, 2, ... . Then the congruence method 
of generating pseudo-random numbers is 
X, +1 =aX n +6(mod T) 

where b and T are relatively prime. The choice 
of T is determined by the capacity and base of the 
computer; a and b are chosen so that: (1) the re¬ 
sulting sequence {X„} possesses the desired sta¬ 
tistical properties of random numbers, (2) the 
period of the sequence is as long as possible, and 
(3) the speed of generation is fast. A guide for 
choosing a and b is to make the correlation 
between the numbers be near zero, e.g., the correla¬ 
tion between X n and X n+S is 



where 

а, =a* (mod T) 

б, = (l+a+a 2 + . . . +a* -1 )6 (mod T) 
\e\<aJT 


*S*e page II. 
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which occur in 


probability functions 


X n + 3 =(L s X n -\-b s (mod T) 

When a is chosen so that a « T 1,2 , the correlation 
Pi~T- v \ 

The sequence defined by the multiplicative 
congruence method will have a full period of T 
numbers if 

(i) 6 is relatively prime to T 

(ii) a = 1 (mod p) if p is a prime factor of T 

(iii) a= 1 (mod 4) if 4 is a factor of T. 

Consequently if T=2 9 , b need only be odd, and 


a— 1 (mod 4). When T=10 5 , b need only be not 
divisible by 2 or 5, and 1 (mod 20). The 
most convenient choices for a are of the form 
a— 2*-fl (for binary computers) and a=10 s + l 
(for decimal computers). This results in the 
fastest generation of random numbers as the 
operations only require a shift operation plus 
two additions. Also any number can serve as 
the starting point to generate a sequence of 
random digits. A good summary of generating 
pseudo-random numbers is [26.51]. 

Below are listed various congruence schemes 
and their properties. 


Congruence methods for generating random numbers 


X n+ i=oX„+6(mod T), Tand 6 relatively prime 



■ 

b 

T 

Period 

A'o 

Special cases for which random numbers have passed statistical 
tests for randomness 10 

26.8.1 

1+t* 

odd 

T=t<> 


0<X 0 <T 

T=2«, Xt unknown; a=2^+1, 6=1; T=2«, a=2»+l, 

6 =29741 09625 8473. Xo=76293 94531 25. 

26.8.2 

r2»±l (r odd, 
*>2) 

o 

r=« 

t<r> 

relatively 
prime to 
T 

T=2*°, 2«, Xo=l; a =5‘'(3=2) 

T= 2»«, Xo=l; T=2», Ao=l-2-»«, .5478126193; a=5«(«=2) 
r=2», AT 0 =1; 0=5*’(*=2) 

26.8.3 

r2*±l (r odd, 
*>2) 

0 

r=f«±i 

(varies) 

relatively 
prime to 

T= 2*>+l, Xo=10,987,654,321; a=23; period ~10« 

T=10H-1, Xo=47,594,118; a=23; period « 5.8X10* 

26.8.4 

7<rH 

0 

r=io« 

510v-> 

relatively 
prime to 

T=10*», Ao=l;a=7 

T=10*», Xo=l;a=7>* 

26.8.5 

3««+i 

0=0, 2,3,4) 

0 

r=io« 


relatively 
prime to 



11 Xt given is the starting point for random numbers when statistical tests were made. 


When the numbers are generated using a con¬ 
gruence scheme, the least significant digits have 
short periods. Hence the entire word length can¬ 
not be used. If one desired random numbers with 
as many digits as possible, one would have to 
modify the congruence schemes. One way is to 
generate the numbers mod T± 1. This unfor- 
* tunately reduces the period. 

Generation of Random Deviates 
Let { AT} be a generated sequence of independent 
random numbers having the domain (0, T). 
Then {Z7} = { T~ l X) is a sequence of random 
deviates (numbers) from a uniform distribution 
on the interval (0, 1). This is usually a necessary 
preliminary step in the generation of random 
deviates having a given cumulative distribution 
function F(y) or probability density function j{y). 
Below are summarized some general techniques 


for producing arbitrary random deviates. (In 
what follows { U } will always denote a sequence of 
random deviates from a uniform distribution on 
the interval (0, 1).) 

1. Inverse Method 

The solutions { y } of the equations {u—F(y)} 
form a sequence of independent random deviates 
with cumulative distribution function F(y). (If 
F(y) has a discontinuity at y—y 0 , then whenever u 
is such that F(y 0 —0) <Cu<CF(y 0 ), select y 0 as the 
corresponding deviate.) Generally the inverse 
method is not practical unless the inverse function 
y=F~ l (u ) can be obtained explicitly or can be 
conveniently approximated. 

2. Generating a Discrete Random Variable 
Let Y be a discrete random variable with point 
probabilities p l = Pr{Y=y i ] for i= 1, 2, ... . 


♦See page II. 
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The direct way to generate Y is to generate { U) 
and put Y=y v if 

V 1 +V 2 + • • • +Pi-i<U<p l +p 2 + . . . +Pi. 
However, this method requires complicated ma¬ 
chine programs that take too long. 

An alternative way due to Marsaglia [26.53] 
is simple, fast, and seems to be well suited to high¬ 
speed computations. Let pi for i=l, 2, . . . , n 
be expressed by k decimal digits as = .8 u hi . • ■ 
8 ki where the S’s are the decimal digits. (If the 
domain of the random variable is infinite, it is 
necessary to truncate the probability distribu¬ 
tion at p „.) Define 

P 0 =?0, P r = 10~ r ^2 &ri for r=l, 2, . . . , k, and 

n,=g 10 r Pr> s=l, 2, . . . , k. 

Number the computer memory locations by 0, 
1, 2, ... , II*—1. The memory locations are 
divided into k mutually exclusive sets such that 
the sth set consists of memory locations 
II JS _ 1 +1, . . . , n s —1. The information stored 
in the memory locations of the sth set consists of 
Vi in 5 s i locations, y 2 in 5 i2 locations, . . . , y n 
in 8 sn locations. 

Denote the decimal expansion of the uniform 
deviates generated by the computer by u 
= -dxd 2 d 3 . . . and finally let o{m} be the con¬ 
tents of memory location m. Then if 

^Pi<U<±P t 
0 1=0 
put 

y=a^dxd 2 . . . rf.+IL-i-lO' 2 P 4 J-- 

This method is perhaps the best ad-around 
method for generating random deviates from a 
discrete distribution. In order to illustrate this 
method consider the problem of generating 
deviates from the Dinomial distribution with point 
probabilities 

p i (l~p) n ~ i 

for n=5 and p=. 20. The point probabilities to 
4 D are 

Value of 

Random Variable Point Probabilities 

0 #,=0.3277 

1 p x = .4096 

2 p 2 = .2048 

3 ;> 3 = .0512 

4 p^ .0064 

5 p h = .0003 


and thus P 0 =0, P t = . 9, P 2 =. 07, P 3 =.027, 
P 4 =.0030 from which n 0 =0, ITj = 9, n 2 =16, 
II 3 =43, II 4 =73. The 73 memory locations are 
divided into 4 mutually exclusive sets such that 

Set Memory Locations 

1 0 , 1 , . . . , 8 

2 9, 10, . . . , 15 

3 16, . . . , 42 

4 43, . . . , 72 

Among the nine memory locations of set 1, zero 
is stored 5 10 =3 times, 1 is stored 5n=4 times, 2 is 
stored 8 12 =2 times; the seven locations of set 2 
store 0 $ 20=2 times and 3 S 23 —5 times; etc. 
A summary of the memory locations is set out 
below: 

Value of Random Variable 
0 1 2 3 4 5 

Frequency (set 1) 3 4 2 0 0 0 

Frequency (set 2) 2 0 0 5 0 0 

Frequency (set 3) 7 9 4 1 6 0 

Frequency (set 4) 7 6 8 2 4 3 

Then to generate the random variables if 


0 <w<.9 put y— a {d \} 

•9 <w<.97 y=a{did 2 — 81} 

.97<w<.997 y=a{did 2 d 3 —954:} 

.997 <w<1.000 y=a{d l d 2 d z d i - 9927} 

3. Generating a Continuous Random Variable 

The method for generating deviates from a 
discrete distribution can be adapted to random 
variables having a continuous distribution. Let 
F(y) be the cumulative distribution function and 
assume that the domain of the random variable 
is (a, b) where the interval is finite. (If the 
domain is infinite, it must be truncated at (say) 
the points a and 6.) Divide the interval (b—a) 
into n sub-intervals of length A ( nA—b—a ) such 
that the boundary of the ith interval is {y t -\, y t ) 
where y t =a+iA for i=0, 1, . . . , n. Now 
define a discrete distribution having domain 

„ _Vi+yt- 1\ 

2 / 


with point probabilities p i =F(y i )—F(y i - 1 ). 
Finally, let TV be a random variable having a 

uniform distribution on ^)- This can be 

done by setting W=A^U —Then random 
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deviates from the distribution function F(y), can 
be generated (approximately) by setting y=z-\-w 


= 3 + A 



This is simply an approximate 


decomposition of the continuous random variable 
into the sum of a discrete and continuous random 
variable. The discrete variable can be generated 
quickly by the method described previously. 
The smaller the value of A the better will be the 
approximation. Each number can be generated 
by using the leading digits of U to generate the 
discrete random variable Z and the remaining 
digits forming a uniformly distributed deviate 
having (0,1) domain. 


4. Acceptance-Rejection Methods 

In what follows the random variable Y will be 
assumed to have finite domain ( a,b ). If the 
domain is infinite, it must be truncated for com¬ 
putational purposes at (say) the points a and b. 
Then the resulting random deviates will only have 
this truncated domain. 

a) Let / be the maximum of f(y). Then the 
procedure for generating random deviates is: 

(1) generate a pair of uniform deviates U h U 2 ; 

(2) compute a point y=a+(b—a)u 2 in (a, 6); 

(3) if u x <Cf(y)lf accept y as the random deviate, 
otherwise reject the pair (u x , u 2 ) and start again. 
The acceptance ratio of deviates actually produced 
is [(b—a)f]~ 1 . Hence the acceptance ratio de¬ 
creases as the domain increases. One way to 
increase the acceptance ratio is to divide the 
interval (a, b ) into mutually exclusive sub- 
intervals and then carry out the acceptance- 
rejection process. For this purpose let the interval 
(a, b) be divided into k sub-intervals such th at the 
end points of the jih. interval are (&_,, £,) with 

£o=g, Zk=b and f } f(y)dy=p j ; further let the 

Jtj-l 

maximum of f(y) in the jth interval be/;. Then to 
generate random deviates from f(y), generate 
n pairs of deviates (u u , u 2s )s=l, 2, . . ., n. 
Assign [ npj] such pairs to the jth interval and 
compute + (&-{,-i)« 2 ,. If UuCfiyj)//; 

accept y, as a deviate. The acceptance ratio of 
this method is 

)/,J- 

j -1 

b) Let F(y) be such that f(y)=f x (y)f 2 (y) 
where the domain of y is (a, b). Letf x and/ 2 be 
the maximum of f x (y) and f 2 (y) respectively. 
Then the procedure for generating random de¬ 


viates having the probability density function 
j{y) is: (1) generate U x , U 2 , U 3 ; (2) define 2 =a 

+ (6-o)(3) if both Uy< S -M- and 

Jl J 2 

take z as the random deviate; otherwise take 
another sample of three uniform deviates. The 
acceptance ratio of this method is [(b—a)f x f 2 ]~ l 
and can be increased by dividing {a, b) into sub¬ 
intervals as in the previous case. 

c) Let the probability density function of Y be 

f(y)=j fi g(y, t)dt, (a<t<0), (a<y<b). 

Let g be the maximum of g{y, t). Then the pro¬ 
cedure for generating random deviates having the 
probability density function f{y) is: (1) generate 
Ui, U 2 , f/ 3 ; (2) define s=a-\-(p—a)u 2 ; z=a-\- 

(b—a)u 3 ; (3) if «i< — , take z as the random 
9 

deviate; otherwise take another sample of three. 
The acceptance ratio for this method is [(6— d)g]~ l 
and can be increased by dividing the domain of 
t and y into sub-domains. 

5. Composition Method 

Let g z (y) be a probability density function 
which depends on the parameter z; further let 
H{z) be the cumulative distribution function for 3 . 
In order to generate random deviates Y having 
the frequency function 

one draws a deviate having the cumulative distri¬ 
bution function H(z ); then draws a second sample 
having the probability density function g z (y). 

6. Generation of Random Deviates From Well Known 
Distribu tions 

a. Normal distribution 

(1) Inverse method: The inverse method depends 
on having a convenient approximation to the 
inverse function x=P~ l (u) where 

u=( 2t)- 1 ' 2 £ e~ t2/2 dt. 

Two ways of performing this operation are to (i) 

/ 1 \ 1/2 

use 26.2.23 with ^(ln^l or (ii) approximate 

x=P~\u) piecewise using Chebyshev polyno¬ 
mials, see [26.54]. 

(2) Sum of uniform deviates: Let U h U 2 , . . ., 
U n be a sequence of n uniform deviates. Then 
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will be distributed asymptotically as a normal 
random deviate. When n— 12, the maximum 
errors made in the normal deviate are 9X10 -3 
for |X|<2, 9X10" 1 for 2<jX[<3. An improve¬ 
ment can be made by taking a polynomial function 
of X„ (say) 

X* n =X n S a 2t XV 

»=o 

as the normal deviate where a 2s are suitable 
coefficients. These coefficients may be calculated 
using (say) Chebyshev polynomials or simply by 
making the asymptotic random deviate agree 
with the correc normal deviate at certain specified 
points. When n=12, the maximum error in the 
normal deviate is 8X10 -4 using the coefficients 

* a 0 = 9.8746 * 06= (—7) — 5.102 

* o 2 = (-3)3.9439 * o«= (-7)1.141 

* 0 - 1 = (—5)7.474 

(3) Direct method: Generate a pair of uniform 
deviates (Ui, U 2 ). Then 

AT, = (-2 In UO 112 cos 2,rf/ 2 , 


X 2 =(—2 In U x ) m sin 2irZ7 2 will be a pair of 
independent normal random deviates with mean 
zero and unit variance. This procedure can be 
modified by calculating cos 2*U and sin 2vU 
using an acceptance rejection method; e.g., 

(1)generate (U h U 2 ) ;(2)if (2C7i- 1) 2 +(2C7 2 -1) 2 < 1 
generate a third uniform deviate U 3 , otherwise 
reject the pair and start over; (3) calculate 


*=<-'" “3)- Uj+||*-±2Hn 


(± 


random). Both y x and y 2 are the desired random 
deviates. 

(4) Acceptance-rejection method: 1) Generate a 
pair of uniform deviates (Ui, Z7 2 ); 2) compute 
x— — lniij; 3) if e -H(X ~ 1)2 >u 2 (or equivalently 
(as—1) 2 < — 2 (In Uz) accept x, otherwise reject the 


pair and start over. The quantity will be the 
required normal deviate with mean zero and unit 
variance. 

b. Bivariate normal distribution 

Let {ATi, X 2 } be a pair of independent normal 
deviates with mean zero and unit variance. Then 
{Afi, pXi + { l — p 2 ) 1/2 X 2 } represent a pair of devi¬ 
ates from a bivariate normal distribution with 
zero means, unit variances, and correlation 
coefficient p. 

c. Exponential distribution 

(1) Inverse method: Since F(x) = e~ z/e , X= 
—0 In will be a deviate from the exponential 
distribution with parameter 0. 

(2) Acceptance-rejection method: 1) Generate a 
pair of independent uniform deviates (C/ 0 , Z7j); 
2) if Ut<U 0 generate a third value f/ 2 ; 3) if 
Ui-\-U 2 <C.U 0 generate a fourth value U 3 , etc.; 
4) continue generating uniform deviates until an 
n is obtained such that Z7i+f7 2 + . . . +E7 *-1 
<CU 0 <CUi+ . • ■ 4- U n ; 5) if n is even reject the 
procedure and start a fresh trial with a new value 
of U 0 , otherwise if n is odd take X—dU 0 as the 
desired deviate; 6) in general if t is the number of 
trials until an acceptable sequence is obtained 
X—B{t-\- U 0 ). The random deviates produced in 
this way follow an exponential distribution with 
parameter 6. One can expect to generate approxi¬ 
mately six uniform deviates for every exponential 
deviate. 

(3) Discrete Distribution Method: Let Y and n 
be discrete random variables with point probabili¬ 
ties 

* Pr{ Y=r} = (e—1)e~ (r+l) r= 0, 1, 2, . . . 

Pr{n=s} =fs/(e—l)j _1 s=l, 2, 3, .... 

Then X= F+min(C/i, U t , , U n ) will follow 
an exponential distribution. The average value 
of n is 1.58 so that one needs, on the average, only 
1.58 u’s from which the minimum is selected. 


26.9. Use and Extension of the Tables 


Use of Probability Function Inequalities 


Example 1 . Let X be a random variable with 
finite mean and variance equal to m and o 2 , 
respectively. Use the inequalities for probability 
functions 26.1.37, 4-0, 41 to place lower bounds 
on 

A(t)=F(f)-F(-t)=P-^^y^ <t j- 
for (=1(1)4. 


Lower bounds on A(t) = F(t)~ F(—t) 


t=l 

2 

S 

4 

Remarks 

0 

.7500 

.8889 

.9375 

no knowledge of 

F(t); 26.1.37 

.5556 

.8889 

.9506 

.9722 

F(t) is unimodal and 
continuous; 26.1.40 

0 

.8182 

.9697 

.9912 

F(t) is such that 
p 4 =3; 26.1.41 


'See page u. 
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It is of interest to note that the standard normal 
distribution is unimodal, has mean zero, unit 
variance M4=3, is continuous, and such that 

A(t)=P(t)-P(-t) 

==.6827, .9545, .9973, and .9999 

for t=l, 2, 3 and 4 respectively. 

Interpolation for P(x) in Table 26.1 

Example 2. Compute P(x) for z=2.576 to 
fifteen decimal places using a Taylor expansion. 
Writing x=x 0 -\-d we have 

P(x)=P(x,)+Z(x <1 )e+Z<'\x a ) | 

+Z‘ 2 '(z<>) o) ■. . 

Taking x 0 =2.58 and 0=— 4X10 -3 we calculate 
the successive terms to 16D 

+ .99505 99842 42230 

- 5 72204 35976 6 

- 2952 57449 6 

- 8 63097 8 

- 1439 4 

- 9 

.99500 24676 84265 7 
The result correct to 17D is 

P(2.576) = .99500 24676 84264 98 

Calculation for Arbitrary Mean and Variance 

Example 3. Find the value to 5D of 


values we can write x=a; 0 +-01 and a two-term 
Taylor series is P(z) =PO 0 ) +Z(x 0 ) 10~ 2 . Thus one 
need only multiply Z(x 0 ) by 10 -2 and add the 
result to P(x Q ). 

Calculation of P(x) for x Approximate 

Example 4. Using Table 26.1, find P(x) for 
x=1.96, when there is a possible error in x of 
+ 5X10" 3 . 

This is an example where the argument is only 
known approximately. The question arises as to 
how many decimal places one should retain in 
P(x). If Ax and A P(x) denote the error in x and 
the resulting error in P(x), respectively, then 

A P(x) ~Z(x)Ax 

Hence AP(1.960)=3X10~ 4 which indicates tnat 
P(1.960) need only be calculated to 4D. There¬ 
fore P(l.960) = .9750. 

Inverse Interpolation for P(x) 

Example 5. Find the value of x for which 
P(x) = . 97500 00000 00000 using Table 26.1 and 
determining as many decimal places as is consistent 
with the tabulated function. 

For inverse interpolation the tabulated function 
P(x) may be regarded as having a possible error 
of .5X10" 15 . Hence 

AP(x) .5X10" 15 
Z{x) ~ Z{x) 

Let P(x 0 ) correspond to the closest tabulated 
value of P{x). Then a convenient formula for 
inverse interpolation is 


- P{X<.50]=-j= f V 1 ' 2 ^) rff 
2V2jtJ — 

using 26.2.8 and Table 26.1. 

This represents the probability of the random 
variable being less than or equal to .5 for a normal 
distribution with mean m= 1 and variance <r 2 =4. 
Using 26.2.8 we have 

P\X< .5} =P .25) 

Since P(—x) = l—P(x), we have 

P(- .25) = 1 —P(.25) = 1 - .59871 = .40129 

where a two-term Taylor series was used for inter¬ 
polation. Note that when interpolating for P(x) 
for a value of x midway between the tabulated 


where 


I=*o +*++% 


24+1 

6 


i 3 


P(x)-P(x o) 
Z(x 0 ) 


If only the first two terms (i.e., x=x 0 +t) are used, 
the error in x will be bounded by f X10 -4 and the 

O 

true value will always be greater than the value 
thus calculated. 

With respect to this example, Ax«10 -14 and 
thus the interpolated value of x may be in error 
by one unit in the fourteenth place. The closest 
value to P(x) = .97500 00000 00000 is P(x 0 ) = .97500 
21048 51780 with z 0 =1.96. Hence using the 
preceding inverse interpolation formulas with 
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<— — .00003 60167 31129 

and carrying fifteen decimals we have the succes¬ 
sive terms 

+ 1.96000 00000 00000 

- .00003 60167 31129 

+ 12 71261 

- 68 

0 


+ 1.95996 39845 40064 

Edgeworth Asymptotic Expansion 

Example 6. Find the Edgeworth asymptotic 
expansion 26.2.49 for the c.d.f. of chi-square. 
Method 1. Expansion for x 2 

Let 

' Q(x»=l-F«) 

where 



Since the values of 7 ! and y 2 26.4.33 are 

?,=2V2/*» 

72=12 /,, 

we obtain, by using the first two bracketed terms 

of 26.2.49 

+i[i Z»>(f)+iz <K (f)] 

The Edgeworth expansion is an asymptotic 
expansion in terms of derivatives of the normal 
distribution function. It is often possible to 
transform a random variable so that the distribu¬ 
tion of the transformed random variable more 
closely approximates the normal distribution 
function than does the distribution of the original 
random variable. Hence for the same number of 
terms, greater accuracy may be achieved by using 
the transformed variable in the expansion. Since 
the distribution of V^X 2 is more closely approxi¬ 
mated by a normal distribution than X 2 itself 
(as judged by a comparison of the values of 7 i 
and 72 ), we would expect that the Edgeworth 
asymptotic expansion of V^X 2 would be superior 
to that of X 2 . 

Method 2. Expansion for -y/^X 2 - Let 


Q(x» = l-F(0 = l-F 



where (2v—l) i and 1 — ~ are the mean and vari¬ 
ance to terms of order v~ 2 of V2x 2 (see 26.4.34). 
The values of yi and 72 for V 2 x 2 are 


Thus we obtain 

+lbk za,{t)+ ik ( 1 + i) Vw ] 

For numerical examples using these expansions 

see Example 12. 

Calculation of L(h, k, p) 

Example 7. Find £(.5, .4, . 8 ). Using 26.3.20 
\h 2 -2phk+k?= /09=.3 
£(.5, .4, . 8 ) = £(.5, 0, 0)+£(.4, 0, - . 6 ) 
Reference to Figure 26.2 yields 

£(.5,0, 0)+£(.4,0, —. 6 ) = .16+ .08 = .24 
The answer to 3D is £(.5, .4, . 8 ) = .250. 


Calculation of the Bivariate Normal Probability 
Function 

Example 8. Let X and Y follow a bivariate 
normal distribution with parameters m x = 3, 
m y — 2 , <r 2 ; =4, <r„= 2 , and p= — .125. Find the 
value of P r {X> 2 , F>4} using 26.3.20 and 
Figures 26.2, 26.3. 

Since P,{X>h, Y>k} =L p) we 

V a x °v / 

have P{X> 2 , F>4} =£(-.25,1, -.125). Using 

26.3.20 

£(-.25,1, —.125) =£(— .25, 0, .969) 

+£(1,0, .125) ” 


Figure 26.2 only gives values for A>0, however, 
using the relationship 26.3.8 with k=0, L(—h, 0 , p) 
£(h, 0, — p) and thus £(—.25, 0, .969) 

=|—£(.25,0, -.969). Therefore £(-.25,1, -.125) 
=-£(.25,0, —.969)+£(l, 0, .125)=-.01+.09=.08. 
The answer to 3D is £(—.25, 1., —.125) = .080. 
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Integral of a Bivariate Normal Distribution Over a I For the following two configurations we define 
Polygon 


Example 9. Let the random variables X and Y 
have a bivariate normal distribution with param¬ 
eters m x =5, <r x =2, m v = 9, <r v = 4, and p=.5. 
Find the probability that the point (X, Y) be 
inside the triangle whose vertices are A =(7,8), 
£=(9,13), and C=( 2,9). 

When obtaining the integral of a bivariate 
normal distribution over a polygon, it is first 
necessary to use 26.3.22 in order to transform the 
variates so that one deals with a circular normal 
distribution. The polygon in the region of the 
transformed variables is then divided' into con¬ 
figurations such that the integral over any selected 
configuration can be easily obtained. Below are 
listed some of the most useful configurations. 

y (o > , 62 ) 17 - 7 ,b 2 ) 


(a,, ^ (q gt b, ) 


1__ I^Si ^1^2! 

[($2 <? l) 2 +(^2 — ^ l ) 2 ]* 

U _ k(S2-Sl)+M*2-<l)l 

1 [(s 2 -si) 2 +(«2-L) 2 ] i 

J. _ [ s 2 ( s 2 —£ l )[ 

2 [(«2-Sl) 2 +(^2-«l) 2 ] i 



n * g(x, y, 0)dxdy=[P{a 2 )-P(a ,)] [P(& 2 )-£(&,)] 



g(x, y , 0 )dxdy=- 


ff g{x y y,0)dxdy=V(h,k 2 )—V(h,k l ) 

JJaaob 


B (S | * , |^ 




n hX g(x,y,0)dxdy=V(h,ky i 

1 


See 26.3.23 for definition of V(h, k). 


ff g(x,y,0)dxdy=V(h,k 2 )+V(h,k 1 ) 

JJaaob 

Using the circularizing transformation 26.3.22 
for our example results in 

-K^ 9 ) 
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The vertices of the triangle in the (s, t) coordinates 
become A=(y/3j4, —5/4), B=(J 3, —1) and 



These points are plotted below. 


From the figure it is seen that the desired prob¬ 
ability is the sum of the probabilities that the 
point having the transformed variables as coor¬ 
dinates is inside the triangles AOB, AOC, and 

boc. 


t, o)*dt=v(?/2i,^)-r(fv2T,-jD 

A AOB 

=[i+£(1.31, 0,-.76)-£(0, 0-.78)-! 0(1.31)] 

-jj+£(1.31, 0,-.14)-£(0, 0,—.14) —^ 0(1.31)] 
=£(1.31, 0,-.76)-£(0, 0,—,76) 



For these three triangles we have 
h k\ ki 


A AOB 

|V21 

V7/14 


AAOC 



y ” 

ABOC 

y* 

y -* 

r 3 ^ 


—£(1.31, 0,-.14)+I(0, 0,—.14) 

= .00—. 11 — .04-)- .23= .08 


if' 


g(s, t,Q)dsdt 



=[i+£(.14, 0,-.99)-£(0, 0,—.99)—| 0(.14)] 
+[±+£(.14, 0,-1)-£(0, 0 ,-l)-± 0(.14)] 


= .01+ .02= .03 


t, 0 )dsdt=V 



=[±+£(.48, 0,-.97)-£(0, 0,—.97) —^ 0(.48)] 

+[±+£(.48, 0,-.96)-£(0, 0,— .96)—| 0(.48)] 
= .05+.04=.09 


Thus adding all parts, the probability that X 
and 7 are in triangle ABC is =.08+ .03+ .09=.20. 
The answer to 3D is .211. 


From the graph it is seen that the probability 
over AOB may be found in the same manner as 
that over Figure 26.8, and over AOC and BOC 
the probabilities may be found as that over 

Figure 26.9. 

Hence 




g(s, t, 0 )dsdt 


=JJ g(s, t, 0)dsd<+f f : 

A AOB AAOC 


g(syi, 0 )dsdt 


+ 


J*J* g(s, t, 0 )dsdt 


Calculation of a Circular Normal Distribution Over an 
Offset Circle 

Example 10. Let X and Y have a circular 
normal distribution with o-=1000. Find the 
probability that the point ( X , Y) falls within a 
circle having a radius equ$l to 540 whose center 
is displaced 1210 from the mean of the circular 
normal distribution. 

In units of <r, the radius and displacement from 
540 

the center are, respectively, /?=j^=.54 and r 

=^|j=1.2]. The problem is thus reduced to 

finding the probability of X and Y falling in a 
circle of radius i?=.54 displaced r=1.21 from the 
center of the distribution where a— 1. 


and consequently using 26.3.23 and Figure 26.2 
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Since P< 1, the approximation 26.3.25 is used. 
This results in 

P(fl2 ,2 ^.g^exp- 2 ^ 21 ? 2 
(K 1 ’ ’ 4+(.54) 2 P 4+(.54) ! 

= (.1359>e~ “ 823 = .06869 
The answer to 5D is .06870. 

Interpolation for Q(x 2 \v) 

Example 11. Find #(25.298|20) using the 
interpolation formula given with Table 26.7. 

Taking x 2 =25, 0=.298 and applying the inter¬ 
polation formula results in 


Q(25 .298j 20){Q (2511 6 ) 0 2 + $(25118) (40-20 2 ) 

+£(25|2O)(8-40+0 2 )} 

=^{(.06982)(.088804) 

O 


+ (.12492) (1.014392) 
+ (.20143) (6.896804)} 


A less accurate interpolate may be obtained by 
setting 0 2 equal to zero in the above formula. 
This results in the value .19003. The correct 
value to 6D is Q(25.298|20) = .190259. 

On the other hand if x 2 =25.298 is assumed to 
have an error of +5X10 -4 , then how large an 
error arises in Q(x 2 \v)? Denoting the error in 
x 2 by Ax 2 and the resulting error in Q{x 2 \v) by 
AQ(x 2 |y), we then have the approximate relation¬ 
ship 

Using 26.4.8 we can write 

^ !L) +ie(X ! |.-2)-Q(x ! |v)l 


A<2(X 2 |v) [Q ( x 2 |p-2)-Q(x»]iX 2 

For practical purposes it is sufficient to evaluate 
the derivative to one or two significant figures. 
Consequently we can write 

dQ(x 2 lQ _ dQ(xgM 

dx 2 ~ bx 2 

where X 2 is the closest value to x 2 for which Q is 
tabulated. Hence 


AQ(X» [Q(x^-2)-<2(x 2 M]ax 2 


For this example Ax 2 = +5X10 -4 and x§=25. This 
results in 

AQ(x 2 |v) =~ (- .076) (± 5) 10" 4 = ± 2X 10~ 5 
as the possible error in Q(x 2 |v). 

Calculation of @(x+) Outside the Range of Table 26.7 
Example 12. Find the value of Q(84|72). 

Since this value is outside the range of Table 
26.7 we can approximate Q(84|72) by (1) using the 
Edgeworth expansion for Q(x 2 ]v) given in Example 
6, (2) the cube root approximation 26.4.14, (3) 
the improved cube root approximation 26.4.15 or 
(4) the square root approximation 26.4.13. The 
results of using all four methods are presented 
below: 

1. Edgeworth expansion 

The successive terms of the Edgeworth expan¬ 
sion for the distribution of chi-square result in 
1-Q(84|72) = .841345 
.000000 
.001120 

.842465 

Hence Q (84172) = .15754. 

The successive terms of the Edgeworth expan¬ 
sion for the distribution of \2x 2 result in 

1 — Q(84|72) = .842544 
- .000034 
-.000138 

.842372 

Hence Q(84|72) = .15764. 

2. Cube root approximation 26.4.14 

Using the cube root approximation we have 
Q(84|72) = <2(x) 

where 



This results in Q(84|72) = Q(1.0046) = 1- 
P(1.0046) =.15754. 

3. Improved cube root approximation 26.4.15 

The improved cube root approximation in¬ 
volves calculating a correction factor h y to x. 
Linearly interpolating for h 60 (which appears 
below 26.4.15) with x— 1.0046 results in h 60 = 
— .0006 and hence 
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h 72 =~(~ .0006) = - .00049 

Thus 

$(84|72) = $(1.0046-.0005) = $(1.0041) 

= l-P(1.0041) = . 15766 

4. Square root approximation 26.4.13 

Using the square root approximation we have 
$(84j72) = $(x) where 

*=V2(84) - >'2 (72)—1 = 1.0032. 

This results in 

$(84|72) = $(1.0032) = 1-P(1.0032) = . 15788 
The value correct to 6D is $(84|72) = .157653. 
Generally the improved cube root approximation 
will be correct with a maximum error of a few 
units in the fifth decimal and is recommended for 
calculations which are outside the range of 
Table 26.7. 

Calculation of X 2 for C?(x 2 |»') Outside the Range of 
Table 26.8 

Example 13. Find the value of X 2 for which 
$(x 2 |144) = .01. 

Since v=144 is outside the range of Table 26.8, 
we can compute it by using (1) the Cornish-Fisher 
asymptotic expansion 26.2.50, for X 2 , (2) the cube 
approximation 26.4.17, (3) the improved cube 
approximation 26.4.18, or (4) the square approxi¬ 
mation 26.4.16. We shall compute the value by 
all four methods. 

1. Cornish-Fisher asymptotic expansion 26.2.50 

The Cornish-Fisher asymptotic expansion for 
X 2 with y=144 can be written as 

X 2 - ui+l^x+ihdx) [3 h,(x) +2M*)I 

+ j! [6fc,(*)+3Mi)+2Wz)]+^r [30 h,(x) 

+ 9 ^ 22 ( 2 ) + 12Ai 3 (ar)+ 6 A 112 ( x) +4A, 111: (x) ] 

Hence using the auxiliary table following 26.2.51 
with p=.01 we have 

144. 0000 
39. 4794 
2. 9413 
-.0242 
0019 
+ .0002 

X 2 =186. 395 


2. Cube approximation 26.4.17 

Taking X. 0 i — 2.32635 we have 
X 2 =144 ['- 9 ^ 44 )] 

+ (2.32635)^/^jj]- 3 =186.405 

3. Improved cube approximation 26.4.18 

From the table for h 60 we obtain using linear 
interpolation with x=2.33 (approximately) 

A 60 = .0012 and thus ^ 144 =^ (.0012) = .00049 


Vs(^4)I =I86 


+ (2.32635-.00049) 


4. Square approximation 26.4.16 

x 2 =A [2.32635+V2(144) —1] 2 = 185.616 

The correct answer to 3 D is X 2 = 186.394. 
Generally the improved cube approximation will 
give results correct in the second or third decimal 
for +>30. 

Calculation of the Incomplete Gamma Function 

Example 14. Find the value of 


7(2.5,.9)=J o \ i 5 e-‘d 


making use of 26.4.19 and Table 26.7. 

Using 26.4.19 we have 

7(2.5, .9) = r(2.5)P(1.8|5) = r(2.5)[l-Q(1.8|5)] 
7(2.5,. 9)=| Vfll--87607]=. 16475 

Poisson Distribution 

Example 15. Find the value of m for which 


using 26.4.21 and Table 26.8. 

From Table 26.8 with v~2c—8 and $=.99 
we have x 2 = 1.646482. Hence w=X 2 / 2 = .823241. 

Inverse of the Incomplete Beta Function 

Example 16. Find the value of x for which 
I x (10, 6 ) = .10 using Table 26.9 and 26.5.28.* 
Using 26.5.28 we have 


'See page II. 
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4 (10,6) = <K-F|12,20) = .10 where x- 


20 

20+12 F 


From Table 26.9 the upper 10 percent point of F 
with 12 and 20 degrees of freedom is F=1.89. 
Hence 

x — — 469 

^ 20+12(1.89) 


The correct value to 4D is £=.4683. 

Calculation of / x (a, b) for a or b Small Integers 

Example 17. Calculate /. 10 (3, 20). 

Values of I x (a, b ) for small integral a or b can 
conveniently be calculated using 26.5.6 or 26.5.7. 
Using 26.5.6 we have 


w 1 =[(10.5)(.60)] 1/3 =1.8469,w 2 =[16(.4)r /3 =1.8566 


3[(1.8469) (.98942) — (1.8566) (.99306)] _ 
y ~ r( 1.8469) 2 (1.8566) 2 ! “ 

L 10.5 + 16 




and interpolating in Table 26.1 gives 

P(~ .0668) = 1 - P(.0668) = .47336 
The answer correct to 5D is /« 0 (16, 10.5) = .47332. 


Interpolation for F in Table 26.9 
Example 20. Find the value of F for which 
Q(F\7, 20) = .05 using Table 26.9. 


{§ ‘-'KOafc} 

.121576 


.216450X10 


— z (.110390X10- 2 ) = .620040 


Binomial Distribution 

Example 18. Find the value of p which satisfies 

g ( 5 5 °)p'? M -'=.9S, 2 =1 -j, 

using 26.5.24 and Table 26.9. 

* Combining 26.5.24 and 26.5.28 we have 

where 

. I =2(«-«+J),^=2(a), andp %+(K _ a tt+1)f 
Hence 

= 1-<2(F|60,42) = .95 


Interpolation in Table 26.9 is approximately 
linear when the reciprocals of the degrees of 
freedom (?,, v 2 ) are used as the interpolating 
variable. For this example it is only necessary to 
interpolate with respect to 1/vi. Thus linear 
interpolation on l/py results in F=2.51 which is 
the correct interpolate. 


Calculation of Ffor #(F|ri,r 2 )>.50 


Example 21. Find the value of F for which 
Q(F|4,8) = .90 using 26.6.9 and Table 26.9. 

Table 26.9 only tabulates values of F for which 
Q(F\vi,v 2 )—P where p=.500, .250, .100, .050, 
.025, .010, .005, .001. However making, use of 
Table 26.9 we can find the values of F p for which 
p=. 75, .9, .95, .975, .99, .995, .999. For this ex¬ 
ample we have 


^.90 (4,8) 


1 

-^.10(8,4) 


and referring to the table for which Q(F\v u v 2 ) = .l0 
gives F 10 (8,4) =3.95 and thus F.eo(4,8)=^5 
= .253. 


Harmonic interpolation on v 2 in the table for 
which Q(F\v u i/ 2 ) = .05 results in F= 1.624 for 
42 

., = 60, .2=42, and thus 

The correct answer to 4D is p=.3003. 

Approximating the Incomplete Beta Function 

Example 19. Find / 60 (16, 10.5) using 26.5.21. 
Values of I x (a, b) can conveniently be calculated 
with good accuracy using the approximation 
given by 26.5.20 or 26.5.21. For this example 
(a+6—1)(1— £) = 10.20 which is greater than .8 
and hence 26.5.21 will be used. Thus 


Calculation of Q(F\vi,v 2 ) for Small Integral v\ or v 2 

Example 22. Compute Q( 2.5(4,15) using 
26.6.4. 

Values of Q{F\v lf v 2 ) can be readily computed for 
small vy or v 2 using the expansions 26.6.4 to 26.6.8 
inclusive. We have using 26.6.4 

s- 15 - 60 

15+4(2.50) ° 

and 

G(2.50|4,15) = (.6) , s (.4) J=.086 735 


*See page n. 
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Approximating Q(F\t>i vj) 

Example 23. Calculate #(1.714jl0,40) using 

26.6.15. 

The approximation given by 26.6.15 will result 
in a maximum error of .0005. For this example 
we have 

( l- 7 14 )1 ' 3 (l - 9(40j) - ( 1 -'9(10))_ 1 

1 r_l_ +(1714 )»-*-T " 

L.9(10) + l ' 9(40)J 

Interpolating in Table 26.1 results in 
Q(l.714(10,40) «Q(l,2222) = 1—P(1.2222) = .1108 
The correct value to 5D is Q(1.714|10, 40) = .11108. 

On the other hand the approximation given by 
26.6.14 which is usually less accurate results in 

Jl 2(40) —1] (j5) (1.714W2(10) —1 

x=* - == -= 1.2210 

V (L714) 


y=3.7190 (i.e., #(3.7190) = .0001). Hence sub¬ 
stituting in 26.5.22 gives 

A=2 [l9 + ff l = 12 - 2U3 


X= 3.7iy-3 =L8052 


w=3.7190 


(12.2143+1.8052)* 


12.2143 


-G-A)[ 


1.8052+.8333— 


3(12.2143) _ 


w=.9889 


and thus F^e 2u> = 7.23. The correct answer is 
F=7.180. 


Approximating the Non-Central F-Distribution 

Example 25. Compute P(3.71(3,10,4) using 
the approximation 26.6.27 to the non-central F- 
distribution. 

Using 26.6.27 with n=3, v 2 =10, A=4, F'=3.71 
we have 


and interpolating in Table 26.1 gives 

Q(1.714| 10, 40)«#(1.2210) = 1~P(1.2210)=.1112 

Calculation of F Outside the Range of Table 26.9 

Example 24. Find the value of F for which 
#(F|10,20)«.0001 using 26.6.16 and 26.5.22. 

For this problem we have «=^=10, 5=^=5, 

p=.0001. The value of the normal deviate which 
cuts off .0001 in the tail of the distribution is 


[(,>»] 

1/3 

1 - 

9(10)] 

- 

2 (3+8)1 
L 9 (3+4) 2 J 


f2 3+8 
[_9 (3+4) 2 " 1 ' 

2 

9(10) 

[(& 

) (3.71)] 

| 2/3 J 

1 


and interpolating in Table 26.1 gives 

P(3.71|3,10,4) «P(.675) = .750 
The exact answer is P(3.71|3,10,4) = .745. 


= .675 
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Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES 


,r 


P(r) 



m 





0.00 

0.50000 

00000 

00000 

0.39894 

22804 

01433 

0.00000 

00000 

00000 

0.02 

0.50797 

83137 

16902 

0.39886 

24999 

23666 

-0.00797 

72499 

98473 

0.04 

0.51595 

34368 

52831 

0.39862 

32542 

04605 

-0.01594 

49301 

68184 

0.06 

0.52392 

21826 

54107 

0.39822 

48301 

95607 

-0.02389 

34898 

11736 

0.08 

0.53188 

13720 

13988 

0.39766 

77055 

11609 

-0.03181 

34164 

40929 

0.10 

0.53982 

78372 

77029 

0.39695 

25474 

77012 

-0.03969 

52547 

47701 

0.12 

0.54775 

84260 

20584 

0.39608 

02117 

93656 

-0.04752 

96254 

15239 

0.14 

0.55567 

00048 

05907 

0.39505 

17408 

34611 

-0.05530 

72437 

16846 

0.16 

0.56355 

94628 

91433 

0.39386 

83615 

68541 

-0.06301 

89378 

50967 

0.18 

0.57142 

37159 

00901 

0.39253 

14831 

20429 

-0.07065 

56669 

61677 

0.20 

0.57925 

97094 

39103 

0.39104 

26939 

75456 

-0.07820 

85387 

95091 

0.22 

0.58706 

44226 

48215 

0.38940 

37588 

33790 

-0.08566 

88269 

43434 

0.24 

0.59483 

48716 

97796 

0.38761 

66151 

25014 

-0.09302 

79876 

30003 

0.26 

0.60256 

81132 

01761 

0.38568 

33691 

91816 

-0.10027 

76759 

89872 

0.28 

0.61026 

12475 

55797 

0.38360 

62921 

53479 

-0.10740 

97618 

02974 

0.30 

0.61791 

14221 

88953 

0.38138 

78154 

60524 

-0.11441 

63446 

38157 

0.32 

0.62551 

58347 

23320 

0.37903 

05261 

52702 

-0.12128 

97683 

68865 

0.34 

0.63307 

17360 

36028 

0.37653 

71618 

33254 

-0.12802 

26350 

23306 

0.36 

0.64057 

64332 

17991 

0.37391 

06053 

73128 

-0.13460 

78179 

34326 

0.38 

0.64802 

72924 

24163 

0.37115 

38793 

59466 

-0.14103 

84741 

56597 

0.40 

0.65542 

17416 

10324 

0.36827 

01403 

03323 

-0.14730 

80561 

21329 

0.42 

0.66275 

72731 

51751 

0.36526 

26726 

22154 

-0.15341 

03225 

01305 

0.44 

0.67003 

14463 

39407 

0.36213 

48824 

13092 

-0.15933 

93482 

61761 

0.46 

0.67724 

18897 

49653 

0.35889 

02910 

33545 

-0.16508 

95338 

75431 

0.48 

0.68438 

63034 

83778 

0.35553 

25285 

05997 

-0.17065 

56136 

82879 

0.50 

0.69146 

24612 

74013 

0.35206 

53267 

64299 

-0.17603 

26633 

82150 

0.52 

0.69846 

82124 

53034 

0.34849 

25127 

58974 

-0.18121 

61066 

34667 

0.54 

0.70540 

14837 

84302 

0.34481 

80014 

39333 

-0.18620 

17207 

77240 

0.56 

0.71226 

02811 

50973 

0.34104 

57886 

30353 

-0.19098 

56416 

32997 

0.58 

0.71904 

26911 

01436 

0.33717 

99438 

22381 

-0.19556 

43674 

16981 

0.60 

0.72574 

68822 

49927 

0.33322 

46028 

91800 

-0.19993 

47617 

35080 

0.62 

0.73237 

11065 

31017 

0.32918 

39607 

70765 

-0.20409 

40556 

77874 

0.64 

0.73891 

37003 

07139 

0.32506 

22640 

84082 

-0.20803 

98490 

13813 

0.66 

0.74537 

30853 

28664 

0.32086 

38037 

71172 

-0.21177 

01104 

88974 

0.68 

0.75174 

77695 

46430 

0.31659 

29077 

10893 

-0.21528 

31772 

43407 

0.70 

0.75803 

63477 

76927 

0.31225 

39333 

66761 

-0.21857 

77533 

56733 

0.72 

0.76423 

75022 

20749 

0.30785 

12604 

69853 

-0.22165 

29075 

38294 

0.74 

0.77035 

00028 

35210 

0.30338 

92837 

56300 

-0.22450 

80699 

79662 

0.76 

0.77637 

27075 

62401 

0.29887 

24057 

75953 

-0.22714 

30283 

89724 

0.78 

0.78230 

45624 

14267 

0.29430 

50297 

88325 

-0.22955 

79232 

34894 

0.80 

0.78814 

46014 

16604 

0.28969 

15527 

61483 

-0.23175 

32422 

09186 

0.82 

0.79389 

19464 

14187 

0.28503 

63584 

89007 

-0.23372 

98139 

60986 

0.84 

0.79954 

58067 

39551 

0.28034 

38108 

39621 

-0.23548 

88011 

05281 

0.86 

0.80510 

54787 

48192 

0.27561 

82471 

53457 

-0.23703 

16925 

51973 

0.88 

0.81057 

03452 

23288 

0.27086 

39717 

98338 

-0.23836 

02951 

82537 

0.90 

0.81593 

98746 

53241 

0.26608 

52498 

98755 

-0.23947 

67249 

08879 

0.92 

0.82121 

36203 

85629 

0.26128 

63012 

49553 

-0.24038 

33971 

49589 

0.94 

0.82639 

12196 

61376 

0.25647 

12944 

25620 

-0.24108 

30167 

60083 

0.96 

0.83147 

23925 

33162 

0.25164 

43410 

98117 

-0.24157 

85674 

54192 

0.98 

0.83645 

69406 

72308 

0.24680 

94905 

67043 

-0.24187 

33007 

55702 

1.00 

0.84134 

47460 

68543 

0.24197 

07245 

19143 

-0.24197 

07245 

19143 


m m p-if] 


Z( r )=-Le-i* P( x )-$ z _J(l)dt )*#*)(x)/Z(z) 
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NORMAL PROBABILITY FUNCTION AND DERIVATIVES Table 26.1 


X 

Z( 2)(*) 

Z( 3)(*) 

ZW(x) 

ZCo)(x) 

Z'W( 

x) 

0.00 

-0.39894 

22804 

0.00000 

000 

1.19682 

684 

0.00000 

000 

-5.98413 

421 

0.02 

-0.39870 

29549 

0.02392 

856 

1.19563 

029 

-0.11962 

684 

-5.97575 

893 

0.04 

-0.39798 

54570 

0.04780 

928 

1.19204 

400 

-0.23891 

887 

-5.95066 

325 

0.06 

-0.39679 

12208 

0.07159 

445 

1.18607 

800 

-0.35754 

249 

-5.90893 

742 

0.08 

-0.39512 

26322 

0.09523 

664 

1.17774 

897 

-0.47516 

649 

-5.85073 

151 

0.10 

-0.39298 

30220 

0.11868 

881 

1.16708 

019 

-0.59146 

327 

-5.77625 

460 

0.12 

-0.39037 

66567 

0.14190 

445 

1.15410 

144 

-0.70610 

997 

-5.68577 

399 

0.14 

-0.38730 

87267 

0.16483 

771 

1.13884 

890 

-0.81878 

968 

-5.57961 

395 

0.16 

-0.38378 

53315 

0.18744 

353 

1.12136 

503 

-0.92919 

252 

-5.45815 

435 

0.18 

-0.37981 

34631 

0.20967 

776 

1.10169 

839 

-1.03701 

674 

-5.32182 

895 

0.20 

-0.37540 

09862 

0.23149 

727 

1.07990 

350 

-1.14196 

980 

-5.17112 

356 

0.22 

-0.37055 

66169 

0.25286 

011 

1.05604 

063 

-1.24376 

938 

-5.00657 

387 

0.24 

-0.36528 

98981 

0.27372 

555 

1.03017 

556 

-1.34214 

434 

-4.82876 

317 

0.26 

-0.35961 

11734 

0.29405 

426 

1.00237 

941 

-1.43683 

568 

-4.63831 

979 

0.28 

-0.35353 

15588 

0.31380 

836 

0.97272 

834 

-1.52759 

737 

-4.43591 

441 

0.30 

-0.34706 

29121 

0.33295 

156 

0.94130 

327 

-1.61419 

723 

-4.22225 

716 

0.32 

-0.34021 

78003 

0.35144 

923 

0.90818 

965 

-1.69641 

762 

-3.99809 

459 

0.34 

-0.33300 

94659 

0.36926 

849 

0.87347 

711 

-1.77405 

617 

-3.76420 

646 

0.36 

-0.32545 

17909 

0.38637 

828 

0.83725 

919 

-1.84692 

643 

-3.52140 

244 

0.38 

-0.31755 

92592 

0.40274 

947 

0.79963 

298 

-1.91485 

840 

-3.27051 

871 

0.40 

-0.30934 

69179 

0.41835 

488 

0.76069 

880 

-1.97769 

904 

-3.01241 

439 

0.42 

-0.30083 

03372 

0.43316 

939 

0.72055 

987 

-2.03531 

269 

-2.74796 

802 

0.44 

-0.29202 

55692 

0.44716 

995 

0.67932 

193 

-2.08758 

144 

-2.47807 

382 

0.46 

-0.28294 

91055 

0.46033 

566 

0.63709 

291 

-2.13440 

537 

-2.20363 

810 

0.48 

-0.27361 

78339 

0.47264 

779 

0.59398 

256 

-2.17570 

278 

-1.92557 

548 

0.50 

-0.26404 

89951 

0.48408 

982 

0.55010 

207 

-2.21141 

033 

-1.64480 

520 

0.52 

-0.25426 

01373 

0.49464 

748 

0.50556 

372 

-2.24148 

307 

-1.36224 

740 

0.54 

-0.24426 

90722 

0.50430 

874 

0.46048 

050 

-2.26589 

443 

-1.07881 

949 

0.56 

-0.23409 

38293 

0.51306 

383 

0.41496 

574 

-2.28463 

613 

-0.79543 

249 

0.58 

-0.22375 

26107 

0.52090 

525 

0.36913 

279 

-2.29771 

801 

-0.51298 

749 

0.60 

-0.21326 

37459 

0.52782 

777 

0.32309 

457 

-2.30516 

783 

-0.23237 

218 

0.62 

-0.20264 

56463 

0.53382 

841 

0.27696 

332 

-2.30703 

091 

+0.04554 

255 

0.64 

-0.19191 

67607 

0.53890 

643 

0.23085 

017 

-2.30336 

981 

0.31990 

583 

0.66 

-0.18109 

55308 

0.54306 

327 

0.18486 

483 

-2.29426 

388 

0.58988 

999 

0.68 

-0.17020 

03472 

0.54630 

259 

0.13911 

528 

-2.27980 

875 

0.85469 

355 

0.70 

-0.15924 

95060 

0.54863 

016 

0.09370 

741 

-2.26011 

583 

1.11354 

405 

0.72 

-0.14826 

11670 

0.55005 

386 

0.04874 

473 

-2.23531 

162 

1.36570 

074 

0.74 

-0.13725 

33120 

0.55058 

359 

+0.00432 

808 

-2.20553 

714 

1.61045 

709 

0.76 

-0.12624 

37042 

0.55023 

127 

-0.03944 

465 

-2.17094 

715 

1.84714 

311 

0.78 

-0.11524 

98497 

0.54901 

073 

-0.08247 

882 

-2.13170 

944 

2.07512 

746 

0.80 

-0.10428 

89590 

0.54693 

765 

-0.12468 

324 

-2.08800 

401 

2.29381 

943 

0.82 

-0.09337 

79110 

0.54402 

952 

-0.16597 

047 

-2.04002 

228 

2.50267 

061 

0.84 

-0.08253 

32179 

0.54030 

551 

-0.20625 

697 

-1.98796 

617 

2.70117 

643 

0.86 

-0.07177 

09916 

0.53578 

644 

-0.24546 

336 

-1.93204 

726 

2.88887 

745 

0.88 

-0.06110 

69120 

0.53049 

467 

-0.28351 

458 

-1.87248 

587 

3.06536 

044 

0.90 

-0.05055 

61975 

0.52445 

403 

-0.32034 

003 

-1.80951 

008 

3.23025 

923 

0.92 

-0.04013 

35759 

0.51768 

968 

-0.35587 

378 

-1.74335 

486 

3.38325 

538 

0.94 

-0.02985 

32587 

0.51022 

310 

-0.39005 

463 

-1.67426 

103 

3.52407 

854 

0.96 

-0.01972 

89163 

0.50209 

689 

-0.42282 

627 

-1.60247 

436 

3.65250 

673 

0.98 

-0.00977 

36558 

0.49332 

478 

-0.45413 

732 

-1.52824 

456 

3.76836 

628 

1.00 

0.00000 

00000 

0.48394 

145 

-0.48394 

145 

-1.45182 

435 

3.87153 

159 


r(-5)6i 

r(-4)ii 

r(-4)3i 

r(-4)7i 

r(-3)2i 


L 6 

i j 

L 6 

J 

L 6 

J 

L 6 

J 

L 7 

j 


P(-x) 

=i -P(*) 


Z(- 

-x)=Z(x) 



-*)-(-! ) n ZM(x 

0 
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Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES 


X 


P(x) 



Z(x) 



Z(»(x) 


1.00 

0.84134 

47460 

68543 

0.24197 

07245 

19143 

-0.24197 

07245 

19143 

1.02 

0.84613 

57696 

27265 

0.23713 

19520 

19380 

-0.24187 

45910 

59767 

1.04 

0.85083 

00496 

69019 

0.23229 

70047 

43366 

-0.24158 

88849 

33101 

1.06 

0.85542 

77003 

36091 

0.22746 

96324 

57386 

-0.24111 

78104 

04829 

1.08 

0.85992 

89099 

11231 

0.22265 

34987 

51761 

-0.24046 

57786 

51902 

1.10 

0.86433 

39390 

53618 

0.21785 

21770 

32551 

-0.23963 

73947 

35806 

1.12 

0.86864 

31189 

57270 

0.21306 

91467 

75718 

-0.23863 

74443 88804 

1.14 

0.87285 

68494 

37202 

0.20830 

77900 

47108 

-0.23747 

08806 

53704 

1.16 

0.87697 

55969 

48657 

0.20357 

13882 

90759 

-0.23614 

28104 

17281 

1.18 

0.88099 

98925 

44800 

0.19886 

31193 

87276 

-0.23465 

84808 

76986 

1.20 

0.88493 

03297 

78292 

0.19418 

60549 

83213 

-0.23302 

32659 

79856 

1.22 

0.88876 

75625 

52166 

0.18954 

31580 

91640 

-0.23124 

26528 

71801 

1.24 

0.89251 

23029 

25413 

0.18493 

72809 

63305 

-0.22932 

22283 

94499 

1.26 

0.89616 

53188 

78700 

0.18037 

11632 

27080 

-0.22726 

76656 

66121 

1.28 

0.89972 

74320 

45558 

0.17584 

74302 

97662 

-0.22508 

47107 

81008 

1.30 

0.90319 

95154 

14390 

0.17136 

85920 

47807 

-0.22277 

91696 

62150 

1.32 

0.90658 

24910 

06528 

0.16693 

70417 

41714 

-0.22035 

68950 

99062 

1.34 

0.90987 

73275 

35548 

0.16255 

50552 

25534 

-0.21782 

37740 

02216 

1.36 

0.91308 50380 52915 

0.15822 

47903 

70383 

-0.21518 57149 

03721 

1.38 

0.91620 

66775 

84986 

0.15394 82867 

62634 

-0.21244 

86357 

32434 

1.40 

0.91924 

33407 

66229 

0.14972 74656 

35745 

-0.20961 

84518 90043 

1.42 

0.92219 

61594 

73454 

0.14556 41300 

37348 

-0.20670 

10646 

53034 

1.44 

0.92506 

63004 

65673 

0.14145 99652 

24839 

-0.20370 

23499 

23768 

1.46 

0.92785 

49630 

34106 

0.13741 

65392 

82282 

-0.20062 

81473 

52131 

1.48 

0.93056 33766 

66669 

0.13343 

53039 

51002 

-0.19748 42498 

47483 

1.50 

0.93319 

27987 

31142 

0.12951 

75956 

65892 

-0.19427 

63934 

98838 

1.52 

0.93574 

45121 

81064 

0.12566 46367 

89088 

-0.19101 

02479 

19414 

1.54 

0.93821 

98232 

88188 

0.12187 

75370 

32402 

-0.18769 

14070 

29899 

1.56 

0.94062 

00594 

05207 

0.11815 

72950 

59582 

-0.18432 

53802 

92948 

1.58 

0.94294 

65667 

62246 

0.11450 

48002 

59292 

-0.18091 

75844 

09682 

1.60 

0.94520 

07083 

00442 

0.11092 

08346 

79456 

-0.17747 

33354 

87129 

1.62 

0.94738 

38615 

45748 

0.10740 60751 

13484 

-0.17399 

78416 

83844 

1.64 

0.94949 

74165 

25897 

0.10396 10953 

28764 

-0.17049 

61963 

39173 

1.66 

0.95154 

27737 

33277 

0.10058 63684 

27691 

-0.16697 

33715 

89966 

1.68 

0.95352 

13421 

36280 

0.09728 

22693 

31467 

-0.16343 

42124 

76865 

1.70 

0.95543 

45372 

41457 

0.09404 

90773 

76887 

-0.15988 

34315 

40708 

1.72 

0.95728 

37792 

08671 

0.09088 

69790 

16283 

-0.15632 

56039 

08007 

1.74 

0.95907 04910 

21193 

0.08779 

60706 

10906 

-0.15276 51628 

62976 

1.76 

0.96079 

60967 

12518 

0.08477 

63613 

08022 

-0.14920 

63959 

02119 

1.78 

0.96246 

20196 

51483 

0.08182 

77759 

92143 

-0.14565 

34412 

66014 

1.80 

0.96406 

96808 

87074 

0.07895 

01583 

00894 

-0.14211 

02849 

41609 

1.82 

0.96562 

04975 

54110 

0.07614 

32736 

96207 

-0.13858 

07581 

27097 

1.84 

0.96711 

58813 

40836 

0.07340 

68125 

81657 

-0.13506 

85351 

50249 

1.86 

0.96855 

72370 19248 

0.07074 

03934 

56983 

-0.13157 71318 

29989 

1.88 

0.96994 

59610 

38800 

0.06814 

35661 

01045 

-0.12810 

99042 

69964 

1.90 

0.97128 

34401 

83998 

0.06561 

58147 

74677 

-0.12467 

00480 

71886 

1.92 

0.97257 

10502 

96163 

0.06315 

65614 

35199 

-0.12126 

05979 

55581 

1.94 

0.97381 

01550 

59548 

0.06076 

51689 

54565 

-0.11788 

44277 

71856 

1.96 

0.97500 

21048 

51780 

0.05844 

09443 

33451 

-0.11454 

42508 

93565 

1.98 

0.97614 

82356 

58492 

0.05618 

31419 

03868 

-0.11124 

26209 

69659 

2.00 

0.97724 

98680 

51821 


09665 

13188 

-0.10798 

19330 

26376 


I 

'(-5)1" 

1 

0.05399^ 

r(-6)9- 

1 


[■(-5)2- 

1 


1 

10 

1 


. 10 . 

J 


L 10 . 

J 


Z{x)= W« eW P(x)=f\ z mt ZW{x)=~Z{x) He n (x) = (-l) n ZW(x)/Z(x) 
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NORMAL PROBABILITY FUNCTION AND DERIVATIVES 

Table 26.1 

X 

ZM(x) 

Z< »)(*) 

ZW(x) 

ZW(*) 

Z(®)(*) 

1.00 

0.00000 

00000 

0.48394 

145 

-0.48394 

145 

-1.45182 

435 

3.87153 

159 

1.02 

0.00958 

01309 

0.47397 

745 

-0.51219 

739 

-1.37346 

846 

3.96192 

478 

1.04 

0.01895 

54356 

0.46346 

412 

-0.53886 

899 

-1.29343 

272 

4.03951 

497 

1.06 

0.02811 

52466 

0.45243 

346 

-0.56392 

521 

-1.21197 

312 

4.10431 

754 

1.08 

0.03704 

95422 

0.44091 

805 

-0.58734 

012 

-1.12934 

487 

4.15639 

308 

1.10 

0.04574 

89572 

0.42895 

094 

-0.60909 

290 

-1.04580 

155 

4.19584 

622 

1.12 

0.05420 

47909 

0.41656 

552 

-0.62916 

776 

-0.96159 

420 

4.22282 

430 

1.14 

0.06240 

90139 

0.40379 

549 

-0.64755 

390 

-0.87697 

050 

4.23751 

585 

1.16 

0.07035 

42718 

0.39067 

467 

-0.66424 

543 

-0.79217 

397 

4.24014 

894 

1.18 

0.07803 

38880 

0.37723 

697 

-0.67924 

129 

-0.70744 

317 

4.23098 

941 

1.20 

0.08544 

18642 

0.36351 

629 

-0.69254 

515 

-0.62301 

100 

4.21033 

894 

1.22 

0.09257 

28784 

0.34954 

639 

-0.70416 

524 

-0.53910 

399 

4.17853 

305 

1.24 

0.09942 

22822 

0.33536 

083 

-0.71411 

427 

-0.45594 

161 

4.13593 

896 

1.26 

0.10598 

60955 

0.32099 

285 

-0.72240 

928 

-0.37373 

571 

4.08295 

339 

1.28 

0.11226 

09995 

0.30647 

534 

-0.72907 

143 

-0.29268 

993 

4.02000 

029 

1.30 

0.11824 

43285 

0.29184 

071 

-0.73412 

591 

-0.21299 

916 

3.94752 

847 

1.32 

0.12393 

40598 

0.27712 

083 

-0.73760. 

168 

-0.13484 

911 

3.86600 

921 

1.34 

0.12932 

88019 

0.26234 

695 

-0.73953 

132 

-0.05841 

584 

3.77593 

384 

1.36 

0.13442 

77819 

0.24754 

965 

-0.73995 

087 

+0.01613 

459 

3.67781 

128 

1.38 

0.13923 

08305 

0.23275 

873 

-0.73889 

953 

0.08864 

645 

3.57216 

556 

1.40 

0.14373 

83670 

0.21800 

319 

-0.73641 

957 

0.15897 

463 

3.45953 

335 

1.42 

0.14795 

13818 

0.20331 

117 

-0.73255 

600 

0.22698 

486 

3.34046 

152 

1.44 

0.15187 

14187 

0.18870 

986 

-0.72735 

645 

0.29255 

386 

3.21550 

469 

1.46 

0.15550 

05559 

0.17422 

548 

-0.72087 

087 

0.35556 

954 

3.08522 

283 

1.48 

0.15884 

13858 

0.15988 

325 

-0.71315 

137 

0.41593 

103 

2.95017 

891 

1.50 

0.16189 

69946 

0.14570 

730 

-0.70425 

193 

0.47354 

871 

2.81093 

657 

1.52 

0.16467 

09400 

0.13172 

067 

-0.69422 

823 

0.52834 

425 

2.66805 

791 

1.54 

0.16716 

72298 

0.11794 

528 

-0.68313 

742 

0.58025 

051 

2.52210 

132 

1.56 

0.16939 

02982 

0.10440 

190 

-0.67103 

785 

0.62921 

147 

2.37361 

937 

1.58 

0.17134 

49831 

0.09111 

010 

-0.65798 

890 

0.67518 

208 

2.22315 

681 

1.60 

0.17303 

65021 

0.07808 

827 

-0.64405 

073 

0.71812 

810 

2.07124 

871 

1.62 

0.17447 

04284 

0.06535 

359 

-0.62928 

410 

0.75802 

588 

1.91841 

857 

1.64 

0.17565 

26667 

0.05292 

202 

-0.61375 

Oil 

0.79486 

211 

1.76517 

671 

1.66 

0.17658 

94284 

0.04080 

829 

-0.59751 

005 

0.82863 

352 

1.61201 

862 

1.68 

0.17728 

72076 

0.02902 

592 

-0.58062 

516 

0.85934 

661 

1.45942 

351 

1.70 

0.17775 

27562 

0.01758 

718 

-0.56315 

647 

0.88701 

729 

1.30785 

296 

1.72 

0.17799 

30597 

+0.00650 

315 

-0.54516 

459 

0.91167 

051 

1.15774 

966 

1.74 

0.17801 

53128 

-0.00421 

632 

-0.52670 

954 

0.93333 

988 

1.00953 

633 

1.76 

0.17782 

68955 

-0.01456 

254 

-0.50785 

061 

0.95206 

725 

0.86361 

469 

1.78 

0.17743 

53495 

-0.02452 

804 

-0.48864 

614 

0.96790 

228 

0.72036 

463 

1.80 

0.17684 

83546 

-0.03410 

647 

-0.46915 

342 

0.98090 

203 

0.58014 

345 

1.82 

0.17607 

37061 

-0.04329 

263 

-0.44942 

853 

0.99113 

045 

0.44328 

526 

1.84 

0.17511 

92921 

-0.05208 

243 

-0.42952 

621 

0.99865 

794 

0.31010 

045 

1.86 

0.17399 

30717 

-0.06047 

285 

-0.40949 

971 

1.00356 

087 

0.18087 

536 

1.88 

0.17270 

30539 

-0.06846 

193 

-0.38940 

073 

1.00592 

110 

+0.05587 

197 

1.90 

0.17125 

72766 

-0.07604 

873 

-0.36927 

924 

1.00582 

548 

-0.06467 

219 

1.92 

0.16966 

37866 

-0.08323 

327 

-0.34918 

347 

1.00336 

537 

-0.18054 

414 

1.94 

0.16793 

06209 

-0.09001 

655 

-0.32915 

976 

0.99863 

613 

-0.29155 

530 

1.96 

0.16606 

57874 

-0.09640 

044 

-0.30925 

250 

0.99173 

666 

-0.39754 

137 

1.98 

0.16407 

72476 

-0.10238 

771 

-0.28950 

408 

0.98276 

891 

-0.49836 

204 

2.00 

0.16197 

28995 

-0.10798 

193 

-0.26995 

483 

0.97183 

740 

-0.59390 

063 


r(-5)41 

n-5)71 

R-4)21 

R-4)41 

n-»m 


L 6 

J 

L 6 

J 

L 6 

J 

L 6 

J 

L 7 

J 


P(~x) = l-P(x) 


Z(-z)-Z(x) 
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Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES 


X 


P(x) 



Z(x) 



ZW(x) 


2.00 

0.97724 

98680 

51821 

0.05399 

09665 

13188 

-0.10798 

19330 

26376 

2.02 

0.97830 

83062 

32353 

0.05186 

35766 

82821 

-0.10476 

44248 

99298 

2.04 

0.97932 

48371 

33930 

0.04980 

00877 

35071 

-0.10159 

21789 

79544 

2.06 

0.98030 

07295 

90623 

0.04779 

95748 

82077 

-0.09846 

71242 

57079 

2.08 

0.98123 

72335 

65062 

0.04586 

10762 

71055 

-0.09539 

10386 

43794 

2.10 

0.98213 

55794 

37184 

0.04398 

35959 

80427 

-0.09236 

55515 

58897 

2.12 

0.98299 

69773 

52367 

0.04216 

61069 

61770 

-0.08939 

21467 

58953 

2.14 

0.98382 

26166 

27834 

0.04040 

75539 

22860 

-0.08647 

21653 

94921 

2.16 

0.98461 

36652 

16075 

0.03870 

68561 

47456 

-0.08360 

68092 

78504 

2.18 

0.98537 

12692 

24011 

0.03706 

29102 

47806 

-0.08079 

71443 

40218 

2.20 

0.98609 

65524 

86502 

0.03547 

45928 

46231 

-0.07804 

41042 

61709 

2.22 

0.98679 

06161 

92744 

0.03394 

07631 

82449 

-0.07534 

84942 

65037 

2.24 

0.98745 

45385 

64054 

0.03246 

02656 

43697 

-0.07271 

09950 

41882 

2.26 

0.98808 

93745 

81453 

0.03103 

19322 

15008 

-0.07013 

21668 

05919 

2.28 

0.98869 

61557 

61447 

0.02965 

45848 

47341 

-0.06761 

24534 

51938 

2.30 

0.98927 

58899 

78324 

0.02832 

70377 

41601 

-0.06515 

21868 

05683 

2.32 

0.98982 

95613 

31281 

0.02704 

80995 

46882 

-0.06275 

15909 

48766 

2.34 

0.99035 

81300 

54642 

0.02581 

65754 

71588 

-0.06041 

07866 

03515 

2.36 

0.99086 

25324 

69428 

0.02463 

12693 

06382 

-0.05812 

97955 

63063 

2.38 

0.99134 

36809 

74484 

0.02349 

09853 

58201 

-0.05590 

85451 

52519 

2.40 

0.99180 

24640 

75404 

0.02239 

45302 

94843 

-0.05374 

68727 

07623 

2.42 

0.99223 

97464 

49447 

0.02134 

07148 

99923 

-0.05164 

45300 

57813 

2.44 

0.99265 

63690 

44652 

0.02032 

83557 

38226 

-0.04960 

11880 

01271 

2.46 

0.99305 

31492 

11376 

0.01935 

62767 

31737 

-0.04761 

64407 

60073 

2.48 

0.99343 

08808 

64453 

0.01842 

33106 

46862 

-0.04568 

98104 

04218 

2.50 

0.99379 

03346 

74224 

0.01752 

83004 

93569 

-0.04382 

07512 

33921 

2.52 

0.99413 

22582 

84668 

0.01667 

01008 

37381 

-0.04200 

86541 

10200 

2.54 

0.99445 

73765 

56918 

0.01584 

75790 

25361 

-0.04025 

28507 

24416 

2.56 

0.99476 

63918 

36444 

0.01505 

96163 

27377 

-0.03855 

26177 

98086 

2.58 

0.99505 

99842 

42230 

0.01430 

51089 

94150 

-0.03690 

71812 

04906 

2.60 

0.99533 

88119 

76281 

0.01358 

29692 

33686 

-0.03531 

57200 

07583 

2.62 

0.99560 

35116 

51879 

0.01289 

21261 

07895 

-0.03377 

73704 

02686 

2.64 

0.99585 

46986 

38964 

0.01223 

15263 

51278 

-0.03229 

12295 

67374 

2.66 

0.99609 

29674 

25147 

0.01160 

01351 

13703 

-0.03085 

63594 

02449 

2.68 

0.99631 

88919 

90825 

0.01099 

69366 

29406 

-0.02947 

17901 

66807 

2.70 

0.99653 

30261 

96960 

0.01042 

09348 

14423 

-0.02813 

65239 

98941 

2.72 

0.99673 

59041 

84109 

0.00987 11537 

94751 

-0.02684 

95383 

21723 

2.74 

0.99692 

80407 

81350 

0.00934 

66383 

67612 

-0.02560 

97891 

27258 

2.76 

0.99710 

99319 

23774 

0.00884 

64543 

98237 

-0.02441 

62141 

39135 

2.78 

0.99728 

20550 

77299 

0.00836 96891 

54653 

-0.02326 

77358 

49935 

2.80 

0.99744 

48696 

69572 

0.00791 

54515 

82980 

-0.02216 

32644 

32344 

2.82 

0.99759 

88175 

25811 

0.00748 

28725 

25781 

-0.02110 

17005 

22701 

2.84 

0.99774 

43233 

08458 

0.00707 

11048 

86019 

-0.02008 

19378 

76295 

2.86 

0.99788 

17949 

59596 

0.00667 

93237 

39203 

-0.01910 

28658 

94119 

2.88 

0.99801 

16241 

45106 

0.00630 

67263 

96266 

-0.01816 

33720 

21246 

2.90 

0.99813 

41866 

99616 

0.00595 

25324 

19776 

-0.01726 

23440 

17350 

2.92 

0.99824 

98430 

71324 

0.00561 

59835 

95991 

-0.01639 

86721 

00294 

2.94 

0.99835 

89387 

65843 

0.00529 

63438 

65311 

-0.01557 

12509 

64014 

2.96 

0.99846 

18047 

88262 

0.00499 

28992 

13612 

-0.01477 

89816 

72293 

2.98 

0.99855 

87580 

82660 

0.00470 

49575 

26934 

-0.01402 

07734 

30263 

3.00 

0.99865 

01019 

68370 

0.00443 

18484 

11938 

-0.01329 

55452 

35814 


r 

'(-6)51 


r 

‘(-6)81 


f 

‘(-6)71 



L 

. io _ 


[ 

. io J 


l 

. io J 



Z(x) =-jL e~& P(x) = f ^ Z(l)dt Z«(») ZOrJ = ( -l)*Z«(*)/Z(x) 
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NORMAL PROBABILITY FUNCTION AND DERIVATIVES 


X 

Z(2)(x) 

Z(3)(X) 

ZW(x) 

Z< »(*) 

2.00 

0.16197 28995 

-0.10798 193 

-0.26995 

483 

0.97183 740 

2.02 

0.15976 05616 

-0.11318 748 

-0.25064 

297 

0.95904 873 

2.04 

0.15744 79574 

-0.11800 948 

-0.23160 

454 

0.94451 117 

2.06 

0.15504 27011 

-0.12245 372 

-0.21287 

345 

0.92833 417 

2.08 

0.15255 22841 

-0.12652 667 

-0.19448 

137 

0.91062 795 

2.10 

0.14998 40623 

-0.13023 543 

-0.17645 

779 

0.89150 307 

2.12 

0.14734 52442 

-0.13358 762 

-0.15882 

997 

0.87107 003 

2.14 

0.14464 28800 

-0.13659 143 

-0.14162 

297 

0.84943 890 

2.16 

0.14188 38519 

-0.13925 550 

-0.12485 

967 

0.82671 890 

2.18 

0.13907 48644 

-0.14158 892 

-0.10856 

076 

0.80301 811 

2.20 

0.13622 24365 

-0.14360 115 

-0.09274 

478 

0.77844 311 

2.22 

0.13333 28941 

-0.14530 204 

-0.07742 

816 

0.75309 866 

2.24 

0.13041 23633 

-0.14670 170 

-0.06262 

527 

0.72708 743 

2.26 

0.12746 67648 

-0.14781 055 

-0.04834 

844 

0.70050 969 

2.28 

0.12450 18090 

-0.14863 922 

-0.03460 

801 

0.67346 314 

2.30 

0.12152 29919 

-0.14919 851 

-0.02141 

241 

0.64604 257 

2.32 

0.11853 55915 

-0.14949 939 

-0.00876 

819 

0.61833 976 

2.34 

0.11554 46652 

-0.14955 294 

+0.00331 

989 

0.59044 323 

2.36 

0.11255 50482 

-0.14937 032 

0.01484 

882 

0.56243 808 

2.38 

0.10957 13521 

-0.14896 273 

0.02581 

724 

0.53440 589 

2.40 

0.10659 79642 

-0.14834 137 

0.03622 

539 

0.50642 453 

2.42 

0.10363 90478 

-0.14751 744 

0.04607 

505 

0.47856 812 

2.44 

0.10069 85430 

-0.14650 207 

0.05536 

942 

0.45090 689 

2.46 

0.09778 01675 

-0.14530 633 

0.06411 

307 

0.42350 717 

2.48 

0.09488 74192 

-0.14394 118 

0.07231 

187 

0.39643 129 

2.50 

0.09202 35776 

-0.14241 744 

0.07997 

287 

0.36973 759 

2.52 

0.08919 17075 

-0.14074 579 

0.08710 

428 

0.34348 039 

2.54 

0.08639 46618 

-0.13893 674 

0.09371 

533 

0.31771 001 

2.56 

0.08363 50852 

-0.13700 058 

0.09981 

624 

0.29247 277 

2.58 

0.08091 54185 

-0.13494 742 

0.10541 

808 

0.26781 102 

2.60 

0.07823 79028 

-0.13278 711 

0.11053 

277 

0.24376 323 

2.62 

0.07560 45843 

-0.13052 927 

0.11517 

293 

0.22036 399 

2.64 

0.07301 73197 

-0.12818 326 

0.11935 

186 

0.19764 415 

2.66 

0.07047 77809 

-0.12575 818 

0.12308 

341 

0.17563 084 

2.68 

0.06798 74610 

-0.12326 282 

0.12638 

196 

0.15434 760 

2.70 

0.06554 76800 

-0.12070 569 

0.12926 

232 

0.13381 449 

2.72 

0.06315 95904 

-0.11809 501 

0.13173 

965 

0.11404 817 

2.74 

0.06082 41838 

-0.11543 869 

0.13382 

945 

0.09506 206 

2.76 

0.05854 22966 

-0.11274 431 

0.13554 

741 

0.07686 640 

2.78 

0.05631 46165 

-0.11001 916 

0.13690 

942 

0.05946 846 

2.80 

0.05414 16888 

-0.10727 020 

0.13793 

149 

0.04287 262 

2.82 

0.05202 39229 

-0.10450 406 

0.13862 

969 

0.02708 053 

2.84 

0.04996 15987 

-0.10172 706 

0.13902 

007 

+0.01209 127 

2.86 

0.04795 48727 

-0.09894 520 

0.13911 

867 

-0.00209 857 

2.88 

0.04600 37850 

-0.09616 416 

0.13894 

142 

-0.01549 465 

2.90 

0.04410 82652 

-0.09338 928 

0.13850 

412 

-0.02810 482 

2.92 

0.04226 81389 

-0.09062 562 

0.13782 

240 

-0.03993 892 

2.94 

0.04048 31340 

-0.08787 791 

0.13691 

166 

-0.05100 863 

2.96 

0.03875 28865 

-0.08515 058 

0.13578 

706 

-0.06132 737 

2.98 

0.03707 69473 

-0.08244 776 

0.13446 

347 

-0.07091 012 

3.00 

0.03545 47873 

-0.07977 327 

0.13295 

545 

-0.07977 327 


r<-«n 

["(-5)51 

R-5)71 

r (— 4)21 


L 6 J 

L 6 J 

L 6 

J 

L 6 J 


P(-x) = l-P(x) Z(-x)=Z(x) Z<">(-x) = (-l)*ZC*>(z) 


Table 26.1 


Z(6)(X) 

-0.59390 063 
-0.68406 360 
-0.76878 007 
-0.84800 114 
-0.92169 927 

-0.98986 750 
-1.05251 862 
-1.10968 436 
-1.16141 446 
-1.20777 570 

-1.24885 097 
-1.28473 823 
-1.31554 947 
-1.34140 971 
-1.36245 589 

-1.37883 587 
-1.39070 730 
-1.39823 661 
-1.40159 796 
-1.40097 220 

-1.39654 584 
-1.38851 010 
-1.37705 991 
-1.36239 299 
-1.34470 892 

-1.32420 833 
-1.30109 199 
-1.27556 010 
-1.24781 146 
-1.21804 284 

-1.18644 824 
-1.15321 833 
-1.11853 985 
-1.08259 509 
-1.04556 139 

-1.00761 072 
-0.96890 932 
-0.92961 727 
-0.88988 829 
-0.84986 942 

-0.80970 080 
-0.76951 553 
-0.72943 954 
-0.68959 143 
-0.65008 248 

-0.61101 661 
-0.57249 036 
-0.53459 292 
-0.49740 627 
-0.46100 520 

-0.42545 745 

pr] 
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Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES 



P(«) 


Z(.r) 



2(D ( 3 >) 


3.00 

0.99865 

01020 

- 3 ; 

) 4.43184 

8412 

[-2] 

-1.32955 

45 

3.05 

0.99885 

57932 

-3 

13.80976 

2098 

-2 

-1.16197 

74 

3.10 

0.99903 

23968 

-3 

>3.26681 

9056 

-2 

-1.01271 

39 

3.15 

0.99918 

36477 

-3 

) 2.79425 

8415 

> _3< 

-8.80191 

40 

3.20 

0.99931 

28621 

-X 

) 2.38408 

8201 

M 

-7.62908 

22 

3.25 

0.99942 

29750 

-X 

>2.02904 

8057 


-6.59440 

62 

3.30 

0.99951 

65759 

-3 

>1.72256 

8939 

L 31 

-5.68447 

75 

3.35 

0.99959 

59422 

-3 

>1.45873 

0805 

i- 3 ! 

-4.88674 

82 

3.40 

0.99966 

30707 

-x. 

>1.23221 

9168 

-s 

-4.18954 

52 

3.45 

0.99971 

97067 

-3! 

>1.03828 

1296 

t-3l 

-3.58207 

05 

3.50 

0.99976 

73709 

-4' 

>8.72682 

6950 

;-3: 

-3.05438 

94 

3.55 

0.99980 

73844 

-4| 

>7.31664 

4628 

t _y 

-2.59740 

88 

3.60 

0.99984 

08914 

-4 

>6.11901 

9301 

>_3 ( 

-2.20284 

69 

3.65 

0.99986 

88798 

-4 

15.10464 

9743 

r 3 ! 

-1.86319 

72 

3.70 

0.99989 

22003 

-4 

>4.24780 

2706 

1 - 3 ! 

-1.57168 

70 

3.75 

0.99991 

15827 

-4’ 

>3.52595 

6824 

[-3J 

-1.32223 

38 

3.80 

0.99992 

76520 

-4 

>2.91946 

9258 

-X 

-1.10939 

83 

3.85 

0.99994 

09411 

-4 

>2.41126 

5802 

!- 4 ! 

-9.28337 

33 

3.90 

0.99995 

19037 

-4 

>1.98655 

4714 


-7.74756 

34 

3.95 

0.99996 

09244 

-X 

>1.63256 

4088 

1-4! 

-6.44862 

81 

4.00 

0.99996 

83288 

-4' 

>1.33830 

2258 

;-4] 

-5.35320 

90 

4.05 

0.99997 

43912 

-4] 

>1.09434 

0434 

-4 

-4.43207 

88 

4.10 

0.99997 

93425 

-5 

>8.92616 

5718 

-4 

-3.65972 

79 

4.15 

0.99998 

33762 

-5’ 

>7.26259 

3030 

-4 

-3.01397 

61 

4.20 

0.99998 

66543 

-5| 

>5.89430 

6776 

1-4! 

-2.47560 

88 

4.25 

0.99998 

93115 

-5' 

>4.77186 

3654 

[- 4 ; 

-2.02804 

21 

4.30 

0.99999 

14601 

-5 

>3.85351 

9674 

-4 

-1.65701 

35 

4.35 

0.99999 

31931 

-5 

>3.10414 

0706 

-4 

-1.35030 

12 

4.40 

0.99999 

45875 

-5 

>2.49424 

7129 

-4 

-1.09746 

87 

4.45 

0.99999 

57065 

-5; 

) 1.99917 

9671 

-5! 

-8.89634 

95 

4.50 

0.99999 

66023 

-5; 

>1.59837 

4111 

[-5] 

-7.19268 

35 

4.55 

0.99999 

73177 

-5 

>1.27473 

3238 

-5 

-5.80003 

62 

4.60 

0.99999 

78875 

-5 

>1.01408 

5207 

-5 

-4.66479 

20 

4.65 

0.99999 

83403 

-6 

>8.04718 

2456 

-5 

-3.74193 

98 

4.70 

0.99999 

86992 

-6. 

>6.36982 

5179 

1-5! 

-2.99381 

78 

4.75 

0.99999 

89829 

-6' 

>5.02950 

7289 

[- 5 ; 

-2.38901 

60 

4.80 

0.99999 

92067 

-6 

>3.96129 

9091 

1 _5 

-1.90142 

36 

4.85 

0.99999 

93827 

-6 

>3.11217 

5579 

^ -5^ 

-1.50940 

52 

4.90 

0.99999 

95208 

-6 

>2.43896 

0746 

l- 5 ! 

-1.19509 

08 

4.95 

0.99999 

96289 

-6 

>1.90660 

0903 

-6 

>-9.43767 

45 

5.00 

0.99999 

97133 ( 

;-6)1.48671 

9515 | 

[-6)-7.43359 

76 




Table 26.2 NORMAL PROBABILITY FUNCTION FOR LARGE ARGUMENTS 


■K 

“log Q{x) 

5 

6.54265 

6 

9.00586 

7 

11.89285 

8 

15.20614 

9 

18.94746 

10 

23.11805 

11 

27.71882 

12 

32.75044 

13 

38.21345 

14 

44.10827 


m 


X 

-log Q(,r) 

15 

50.43522 

16 

57.19458 

17 

64.38658 

18 

72.01140 

19 

80.06919 

20 

88.56010 

21 

97.48422 

22 

106.84167 

23 

116.63253 

24 

126.85686 


ra 


* 

“log Q(x) 

25 

137.51475 

26 

148.60624 

27 

160.13139 

28 

172.09024 

29 

184.48283 

30 

197.30921 

31 

210.56940 

32 

224.26344 

33 

238.39135 

34 

252.95315 

m 


From E. S. Pearson and H. 0. Hartley (editors), Biometrika tables for statisticians, 
vol. I. Cambridge Univ. Press, Cambridge, England, 1954(with permission). Known 
error has been corrected. 
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NORMAL PROBABILITY FUNCTION AND DERIVATIVES Table 26.1 

* zc2)(*) Z( »>(*) ZW(») Z(5)(*) Z(6 )(jc) 

3.00 (-2)3.54547 87 (-2) -7.97732 71 (-1)1.32955 45 (-2)-7.97732 71 (-1)-4.25457 45 

3.05 -2)3.16305 50 (-2 -7.32336 28 (-1)1.28470 92 -2)-9.890l7 82 (-1)-3.40704 15 

3.10 (-2 2.81273 12 j-2)-6.69403 89 (-1 1.23133 27 (-1)-1.13951 58 (-1)-2.62416 45 

3.15 (-2)2.49317 71 (-2)-6.09312 50 (-l) 1.17138 12 (-l)-1.25260 09 (-1 -1.91121 33 

3.20 (-2)2.20289 75 (-2)-5.52345 55 (-1)1.10663 65 (-l)-1.33185 47 (-1) -1.27124 77 

3.25 (-2)1.94027 72 (-2)-4.98701 97 (-1)1.03869 82 (-l)-l.38096 14 (-2)-7.05366 66 

3.30 -2)1.70362 07 (-2)-4.48505 27 (-2)9.68981 20 (-l)-1.40361 69 (-2)-2.12970 34 

3.35 (-2)1,49118 76 (-2)-4.01812 87 (-2)8.98716 85 <-1)-1.40345 00 (-2)+2.07973 11 

3.40 (-2)1.30122 34 (-2)-3.58625 07 (-2 8.28958 19 (-1)-1.38395 76 (-2) 5.60664 85 

3.45 (-2) 1.13198 62 (-2)-3.18893 82 (-2)7.60587 84 (-1)-1.34845 27 (-2) 8.49222 78 

3.50 (-3)9.81768 03 (-2)-2.82531 02 (-2)6.94328 17 (-1)-1.30002 45 (-1) 1.07844 49 

3.55 (-3)8.48913 69 -2)-2.49416 18 (-2)6.30753 35 -l)-1.24150 96 (-1) 1.25359 25 

3.60 (-3 7.31834 71 (-2)-2.19403 56 (-2 5.70302 39 (-l)-1.17547 44 (-1 1.38019 58 

3.65 (-3)6.29020 46 (-2 -1.92328 53 (-2 5.13292 98 (-1)-1.10420 53 (-1) 1.46388 44 

3.70 (-3) 5.39046 16 (-2)-1.68013 34 (-2)4.59935 51 (-1)-1.02970 80 (-1) 1.51024 21 

3.75 (-3)4.60578 11 (-2)-1.46272 12 (-2)4.10347 00 (-2)-9.53712 78 (-1) 1.52468 79 

3.80 (-3)3.92376 67 (-2)-1.26915 17 (-2)3.64564 64 j-2)-8.77684 95 (-l) 1.51237 96 

3.85 (-3)3.33297 22 (-2)-1.09752 68 (-2)3.22558 66 (-2)-8.02840 11 (-l) 1.47814 11 

3.90 .(-3 2.82289 42 j-3)-9.45977 49 (-2)2.84244 39 (-2)-7.30162 14 (-1 1.42641 04 

3.95 (-3) 2.38395 17 (-3)-8.l2688 36 (-2)2.49493 35 (-2)-6.60423 39 (-l) 1.36120 56 

4.00 (-3)2.00745 34 (-3) -6.95917 17 (-2)2.18143 27 (-2) -5.94206 20 (-1) 1.28610 85 

4.05 (-3)1.68555 79 (-3)-5.94009 36 -2)l.90007 05 (-2)-5.31924 82 (-l) 1.20426 03 

4.10 -3)1.41122 68 -3-5.05408 43 (-2)1.64880 65 -2)-4.73847 30 -1 1.11837 07 

4.15 (-3)1.17817 42 (-3)-4.28662 75 (-2 1.42549 82 (~2)-4.20ll6 64 (-l) 1.03073 50 

4.20 (-4)9.80812 65 (-3)-3.62429 14 (-2)l.22795 86 (-2)-3.70770 95 (-2) 9.43258 69 

4.25 (-4)8.14199 24 (-3)-3.05473 83 (-2)1.05400 40 (-2) -3.25762 18 (-2) 8.57487 24 

4.30 (-4)6.73980 59 (-3)-2.56671 38 (-3 9.01492 78 (-2)-2.84973 34 (-2) 7.74638 98 

4.35 -4)5.56339 62 (-3)-2.15001 71 -3 7.68355 55 -2)-2.48233 98 (-2) 6.95640 04 

4.40 (-4)4.57943 77 (-3 -1.79545 89 (-3 6.52618 76 (-2)-2.15333 90 (-2) 6.21159 79 

4.45 (-4)3.75895 76 (-3)-1.49480 91 (-3) 5.52421 34 (-2)-1.86035 13 (-2) 5.51645 66 

4.50 (-4)3.07687 02 (-3)-1.24073 79 (-3)4.66025 95 (-2)-1.60082 16 (-2) 4.87356 75 

4.55 -4 2.51154 32 (-3)-1.02675 14 -3)3.91825 60 (-2)-1.37210 59 (-2 4.28395 39 

4.60 -4)2.04439 58 -4)-8.47126 22 -3)3.28346 19 (-2) -1.17154 20 -2) 3.74736 21 

4.65 -4 1.65953 02 (-4)-6.96842 75 (-3 2.74245 97 (-3 -9.96506 67 (-2) 3.26252 61 

4.70 (-4)1.34339 61 (-4)-5.71519 82 (-3)2.28312 43 (-3)-8.44460 51 (-2) 2.82740 22 

4.75 (-4)1.08448 75 (-4)-4.67351 25 (-3)1.89457 22 (-3)-7.12981 28 (-2) 2.43937 50 

4.80 (-5)8.73070 32 (-4)-3.81045 28 (-3) 1.56709 63 (-3)-5.99788 09 (-2) 2.09543 47 

4.85 (-5)7.00939 74 (-4) -3.09767 67 (-3)1.29209 13 (-3)-5.02757 21 (-2 1.79232 68 

4.90 (-5)5.61204 87 (-4)-2.51088 57 (-3) 1.06197 25 (-3) -4.19931 11 (-2 1.52667 62 

4.95 (-5) 4.48098 88 (-4)-2.02933 60 (-4)8.70091 63 f-3)-3.49521 92 (-2) 1.29508 77 

5.00 (-5)3.56812 68 (-4)-1.63539 15 (-4)7.10651 93 (-3)-2.89910 31 (-2) 1.09422 56 

NORMAL PROBABILITY FUNCTION FOR LARGE ARGUMENTS Table 26.2 


X 

-log Q(x) 

X 

-log Q(x) 

.r 

-log Q(r) 

35 

267.94888 

45 

441.77568 

100 

2173.87154 

36 

283.37855 

46 

461.54561 

150 

4888.38812 

37 

299.24218 

47 

481.74964 

200 

8688.58977 

38 

315.53979 

48 

502.38776 

250 

13574.49960 

39 

332.27139 

49 

523.45999 

300 

19546.12790 

40 

349.43701 

50 

544.96634 

350 

26603.48018 

41 

367.03664 

60 

783.90743 

400 

34746.55970 

42 

385.07032 

70 

1066.26576 

450 

43975.36860 

43 

403.53804 

80 

1392.04459 

500 

54289.90830 

44 

422.43983 

m 

90 

1761.24604 

m 


m 

0 = 1- 

- p ^wX e - l,ldl 

Z(x) 

=k ! ' 2 

Z(t)dt 



ir*,(*M-l)^W(r)/*(.r) Z(-r)~Z{x) ZM(-x)-(-\YZW{ r ) 
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Table 26.3 


PROBABILITY FUNCTIONS 


HIGHER DERIVATIVES OF THE NORMAL PROBABILITY FUNCTION 

Z(")(r) zm{.r) £(»>(*) zm(.v) Z(li)(a?) Z(12) (,>■) 

0.0 0.00000 00 ( 1) 4.18889 39 0.00000 00 ( 2)-3.77000 46 0.00000 00 (3) 4.14700 50 

0.1 ( 0) 4.12640 51 ( 1) 4.00211 42 ( 1)-3.70133 55 ( 2)-3.56488 94 (2) 4.05782 44 (3) 3.88080 01 

0.2 0) 7.88604 35 ( 1 3.46206 56 ( l)-7.00124 79 ( 2)-2.97583 41 (2) 7.59641 48 f 3) 3.12148 92 

0.3 ( 1) 1.09518 61 ( 1) 2.62702 42 l)-9.54959 57 ( 2)-2.07783 39 (3) 1.01729 46 (3) 1.98042 89 

0.4 ( 1) 1.30711 60 ( 1) 1.58584 37 ( 2)-1.10912 65 ( l)-9.83608 69 (3) 1.14847 09 (2) +6.22581 20 

0.5 ( 1) 1.40908 65 ( 0)+4.46820 41 ( 2)-1.14961 02 ( 1)+1.72666 73 (3) 1.14097 69 (2)-7.60421 83 

0.6 ( 1) 1.39704 30 ( 0)-6.75565 29 ( 2 -1.07710 05 ( 2 1.25426 91 (3 1.00184 44 (3)-1.98080 26 

0.7 1) 1.27812 14 ( 1)-1.67416 58 ( 1) -9.05305 52 ( 2) 2.14046 31 (2) 7.55473 11 (3)-2.88334 06 

0.8 ( 1) 1.06929 69 ( 1 -2.46111 11 l)-6.58548 60 ( 2) 2.74183 89 (2 4.39201 49 (3)-3.36738 39 

0.9 ( 0) 7.94982 72 { 1) -2.97666 59 ( 1) -3.68086 24 ( 2) 3.01027 69 (1)+9.71613 18 (3)-3.39874 98 

1.0 ( 0) 4.83941 45 ( 1)-3.19401 36 ( 0)-6.77518 03 ( 2) 2.94236 40 (2)-2.26484 60 (3)-3.01011 58 

1.1 ( 0)+1.65937 85 ( 1)-3.11962 40 ( l)+2.10408 36 ( 2) 2.57621 24 (2)-4.93791 72 (3)-2.29066 27 

1.2 ( 0)-1.31434 07 ( 1) -2.78951 64 1 4.39889 22 2 1.98269 77 2)-6.77812 94 (3 -1.36759 19 

1.3 ( 0 -3.85379 20 ( l)-2.26227 70 ( 1 6.02399 37 ( 2 1.25293 01 (2)-7.65280 28 (2)-3.83358 74 

1.4 ( 0)-5.79719 45 ( 1)-1.61006 61 ( l) 6.89184 82 ( 1)+4.84200 76 (2)-7.56972 92 (2)+5.27141 25 

1.5 ( 0)-7.05769 71 ( 0)-9.09001 03 ( 1) 7.00965 92 ( 1)-2.33347 96 (21-6.65963 73 (3) 1.25562 83 

1.6 ( 0)-7.62276 66 ( 0)-2.30231 44 ( 1) 6.46658 36 ( 1-8.27445 07 (2)-5.14267 14 (3) 1.73301 70 

1.7 ( 0)-7.54545 38 ( 0)+3.67230 07 ( 1) 5.41207 19 2 -1.25055 93 (2 -3.28612 11 (3) 1.93425 58 

1.8 0)-6.92967 04 ( 0) 8.41240 26 ( 1 4.02950 39 ( 2 -1.48242 69 (2)-1.36113 54 (3) 1.87567 40 

1.9 ( 0)-5.91207 57 ( 1) 1.16856 49 ( 1) 2.50938 72 ( 2)-1.52849 20 (l)+3.94747 58 (3) 1.60633 92 

2.0 ( 0) -4.64322 31 ( 1) 1.34437 51 ( 1)+1.02582 84 ( 2)-1.415l0 32 (2) 1.80437 81 (3) 1.19573 79 

2.1 ( 0)-3.27029 67 1) 1.37966 95 ( 0)-2.81068 72 ( 2)-1.18267 82 2) 2.76469 29 (2 7.20360 48 

2.2 ( 0)-1.92318 65 1 1.29729 67 ( 1)-1.31550 35 ( 1)-8.78156 27 2) 3.24744 73 (2+2.51533 48 

2.3 (-1)-7.04932 91 ( 1) 1.12731 97 ( l)-2.02888 89 ( 1-5.47943 26 (2) 3.28915 84 (2-1.53768 85 

2.4 (-1)+3.13162 82 ( 0) 9.02423 01 { 1)-2.41634 55 ( l)-2.32257 79 (2) 2.97376 42 (2)-4.58219 83 

2.5 ( 0) 1.09209 53 ( 0) 6.53922 01 ( 1)-2.50848 12 ( 0)+3.85905 05 (2) 2.41200 50 (2) -6.45450 80 

2.6 ( 0) 1.62218 61 ( 0) 4.08745 39 ( 1)-2.36048 69 ( 1) 2.45855 73 (2) 1.72126 20 (2)-7.17969 42 

2.7 ( 0) 1.91766 20 ( 0) 1.87558 77 ( 1 -2.04053 83 ( 1) 3.82142 44 2) 1.00875 37 2 -6.92720 18 

2.8 ( 0 2.00992 65 (-2U4.01113 24 ( 1 -1.61917 24 ( 1) 4.49758 25 (l)+3.59849 29 (2)-5.95491 88 

2.9 ( 0) 1.94057 71 ( 0)-1.35055 73 ( 1)-1.16080 01 ( 1) 4.58182 18 (1)-1.67928 25 (2)-4.55301 20 

3.0 ( 0) 1.75501 20 ( 0)-2.28683 38 ( 0)-7.17959 44 ( 1) 4.21202 87 (l)-5.45649 18 (2) -2.99628 41 

3.1 ( 0) 1.49720 05 ( 0)-2.80440 64 ( 0)-3.28394 42 ( l) 3.54198 84 (1) -7.69621 99 (2)-1.51035 91 

3.2 ( 0 1.20591 21 0)-2.96904 52 -1)-1.46351 84 1 2.71897 33 l)-8.55436 26 1 -2.53474 56 

3.3 (-1 9.12450 33 ( 0)-2.86200 69 ( 0)+2.14502 00 ( 1 ) 1.86794 96 1 -8.30925 36 l)+6.87309 15 

3.4 (-1) 6.39748 51 ( 0)-2.56761 03 ( 0) 3.61188 70 ( 1) 1.08280 77 (1)-7.29343 32 (2) 1.28867 88 

3.5 (-1) 4.02558 98 ( 0)-2.16386 79 ( 0) 4.35306 57 ( 0)+4.23908 09 (l)-5.83674 40 (2) 1.57656 15 

3.6 (-1 2.08414 13 ( 0;-1.71642 80 ( 0) 4.51182 76 (-1J-7.94727 62 ( 1 -4.22572 56 (2) 1.60868 13 

3.7 (-2V+5.90352 21 ( 0)-1.27559 98 ( 0) 4.24743 76 ( 0)-4.23512 06 (1)-2.68044 29 (2) 1.45762 72 

3.8 (-2 -4.80932 87 (-1 -8.75911 24 ( 0 3.71320 90 ( 0 -6.22699 31 (1 -1.34695 16 (2) 1.19681 09 

3.9 (-1)-1.18202 76 (-l)-5.37496 49 ( 0) 3.04185 84 ( 0)-7.02577 94 (0)-3.01804 44 (l) 8.90539 46 

4.0 (-1)-1.57919 67 (-1)-2.68597 26 ( 0) 2.33774 64 ( 0)-6.93361 02 (0)+4.35697 68 (1) 5.88418 05 

4.1 (-l)-l.74223 60 (-2 -6.85427 28 ( 0) 1.67481 40 ( 0)-6.24985 27 (0) 8.87625 64 (1) 3.23557 28 

4.2 (-1-1.73706 08 (-2+6.92844 60 0 1.09865 39 0-5.23790 66 1} 1.10126 69 (1)+1.13637 65 

4.3 (-1 -1.62110 76 -1 1.54828 96 (-1 6.31121 50 0 -4.10728 31 1 1.13501 02 0 -3.62532 62 

4.4 (- 1 ) -1.44109 96 (-1) 1.99272 00 (-1) 2.76082 94 ( 0)-3.00821 29 (1) 1.04753 07 (1) -1.30010 10 

4.5 (-1)-1.23261 24 (-1) 2.13525 86 (-21+2.52235 61 ( 0)-2.03523 88 (0) 8.90633 89 (1)-1.76908 98 

4.6 (-1) -1.02086 14 (-1) 2.07280 89 (-1)-1.36802 99 ( 0)-l.23623 43 (0) 7.05470 76 (1)-1.88530 78 

4.7 ( -2) -8.22202 74 (-1) 1.88517 13 (-l}-2.28268 33 -l)-6.23793 04 0 5.21451 06 1 -1.76464 76 

4.8 (-2) -6.45935 81 (-1) 1.63368 76 (-l)-2.67421 39 (-1)-1.86696 14 (0) 3.57035 54 (l)-1.50840 48 

4.9 (-2) -4.96112 66 (-1) 1.36227 87 (-D-2.70626 44 (-1)+1.00018 72 (0) 2.21617 27 (1)-1.19594 52 

5.0 (-2)-3.73166 60 (- 1 ) 1.09987 51 (-1)-2.51404 27 (-1) 2.67133 76 (0) 1.17837 39 (0)-8.83034 08 
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NORMAL PROBABILITY FUNCTION—VALUES OF Z(x ) IN TERMS OF P(x) AND Q(x) Table 26.1 


Q(r) 

0.000 

0.001 

0.002 

0.003 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 


0.09 

0.00000 

0.00337 

0.00634 

0.00915 

0.01185 

0.01446 

0.01700 

0.01949 

0.02192 

0.02431 

0.02665 

0.99 

0.01 

0.02665 

0.02896 

0.03123 

0.03348 

0.03569 

0.03787 

0.04003 

0.04216 

0.04427 

0.04635 

0.04842 

0.98 

0.02 

0.04842 

0.05046 

0.05249 

0.05449 

0.05648 

0.05845 

0.06040 

0.06233 

0.06425 

0.06615 

0.06804 

0.97 

0.03 

0.06804 

0.06992 

0.07177 

0.07362 

0.07545 

0.07727 

0.07908 

0.08087 

0.08265 

0.08442 

0.08617 

0.96 

0.04 

0.08617 

0.08792 

0.08965 

0.09137 

0.09309 

0.09479 

0.09648 

0.09816 

0.09983 

0.10149 

0.10314 

0.95 

0.05 

0.10314 

0.10478 

0.10641 

0.10803 

0.10964 

0.11124 

0.11284 

0.11442 

0.11600 

0.11756 

0.11912 

0.94 

0.0b 

0.11912 

0.12067 

0.12222 

0.12375 

0.12528 

0.12679 

0.12830 

0.12981 

0.13130 

0.13279 

0.13427 

0.93 

0.07 

0.13427 

0.13574 

0.13720 

0.13866 

0.14011 

0.14156 

0.14299 

0.14442 

0.14584 

0.14726 

0.14867 

0.92 

0.08 

0.14867 

0.15007 

0.15146 

0.15285 

0.15423 

0.15561 

0.15693 

0.15834 

0.15970 

0.16105 

0.16239 

0.91 

0.09 

0.16239 

0.16373 

0.16506 

0.16639 

0.16770 

0.16902 

0.17033 

0.17163 

0.17292 

0.17421 

0.17550 

0.90 

0.10 

0.17550 

0.17678 

0.17805 

0.17932 

0.18057 

0.18184 

0.18309 

0.18433 

0.18557 

0.18681 

0.18804 

0.89 

0.11 

0.18804 

0.18926 

0.19048 

0.19169 

0.19290 

0.19410 

0.19530 

0.19649 

0.19768 

0.19886 

0.20004 

0.88 

0.12 

0.20004 

0.20121 

0.20238 

0.20354 

0.20470 

0.20585 

0.20700 

0.20814 

0.20928 

0.21042 

0.21155 

0.87 

0.13 

0.21155 

0.21267 

0.21379 

0.21490 

0.21601 

0.21712 

0.21822 

0.21932 

0.22041 

0.22149 

0.22258 

0.86 

0.14 

0.22258 

0.22365 

0.22473 

0.22580 

0.22686 

0.22792 

0.22898 

0.23003 

0.23108 

0.23212 

0.23316 

0.85 

0.15 

0.23316 

0.23419 

0.23522 

0.23625 

0.23727 

0.23829 

0.23930 

0.24031 

0.24131 

0.24232 

0.24331 

0.84 

0.16 

0.24331 

0.24430 

0.24529 

0.24628 

0.24726 

0.24823 

0.24921 

0.25017 

0.25114 

0.25210 

0.25305 

0.83 

0.17 

0.25305 

0.25401 

0.25495 

0.25590 

0.25684 

0.25778 

0.25871 

0.25964 

0.26056 

0.26148 

0.26240 

0.82 

0.18 

0.26240 

0.26331 

0.26422 

0.26513 

0.26603 

0.26693 

0.26782 

0.26871 

0.26960 

0.27049 

0.27137 

0.81 

0.19 

0.27137 

0.27224 

0.27311 

0.27398 

0.27485 

0.27571 

0.27657 

0.27742 

0.27827 

0.27912 

0.27996 

0.80 

0.20 

0.27996 

0.28080 

0.28164 

0.28247 

0.28330 

0.28413 

0.28495 

0.28577 

0.28658 

0.28739 

0.28820 

0.79 

0.21 

0.28820 

0.28901 

0.28981 

0.29060 

0.29140 

0.29219 

0.29298 

0.29376 

0.29454 

0.29532 

0.29609 

0.78 

0.22 

0.29609 

0.29686 

0.29763 

0.29840 

0.29916 

0.29991 

0.30067 

0.30142 

0.30216 

0.30291 

0.30365 

0.77 

0.23 

0.30365 

0.30439 

0.30512 

0.30585 

0.30658 

0.30730 

0.30802 

0.30874 

0.30945 

0.31016 

0.31087 

0.76 

0.24 

0.31087 

0.31158 

0.31228 

0.31298 

0.31367 

0.31436 

0.31505 

0.31574 

0.31642 

0.31710 

0.31778 

0.75 

0.25 

0.31778 

0.31845 

0.31912 

0.31979 

0.32045 

0.32111 

0.32177 

0.32242 

0.32307 

0.32372 

0.32437 

0.74 

0.26 

0.32437 

0.32501 

0.32565 

0.32628 

0.32691 

0.32754 

0.32817 

0.32879 

0.32941 

0.33003 

0.33065 

0.73 

0.27 

0.33065 

0.33126 

0.33187 

0.33247 

0.33307 

0.33367 

0.33427 

0.33486 

0.33545 

0.33604 

0.33662 

0.72 

0.28 

0.33662 

0.33720 

0.33778 

0.33836 

0.33893 

0.33950 

0.34007 

0.34063 

0.34119 

0,34175 

0.34230 

0.71 

0.29 

0.34230 

0.34286 

0.34341 

0.34395 

0.34449 

0.34503 

0.34557 

0.34611 

0.34664 

0.34717 

0.34769 

0.70 

0.30 

0.34769 

0.34822 

0.34874 

0.34925 

0.34977 

0.35028 

0.35079 

0.35129 

0.35180 

0.35230 

0.35279 

0.69 

0.31 

0.35279 

0.35329 

0.35378 

0.35427 

0.35475 

0.35524 

0.35572 

0.35620 

0.35667 

0.35714 

0.35761 

0.68 

0.32 

0.35761 

0.35808 

0.35854 

0.35900 

0.35946 

0.35991 

0.36037 

0.36082 

0.36126 

0.36171 

0.36215 

0.67 

0.33 

0.36215 

0.36259 

0.36302 

0.36346 

0.36389 

0.36431 

0.36474 

0.36516 

0.36558 

0.36600 

0.36641 

0.66 

0.34 

0.36641 

0.36682 

0.36723 

0.36764 

0.36804 

0.36844 

0.36884 

0.36923 

0.36962 

0.37001 

0.37040 

0.65 

0.35 

0.37040 

0.37078 

'0.37116 

0.37154 

0.37192 

0.37229 

0.37266 

0.37303 

0.37340 

0.37376 

0.37412 

0.64 

0.36 

0.37412 

0.37447 

0.37483 

0.37518 

0.37553 

0.37588 

0.37622 

0.37656 

0.37690 

0.37724 

0.37757 

0.63 

0.37 

0.37757 

0.37790 

0.37823 

0.37855 

0.37888 

0.37920 

0.37951 

0.37983 

0.38014 

0.38045 

0.38076 

0.62 

0.38 

0.38076 

0.38106 

0.38136 

0.38166 

0.38196 

0.38225 

0.38254 

0.38283 

0.38312 

0.38340 

0.38363 

0.61 

0.39 

0.38368 

0.38396 

0.38423 

0.38451 

0.38478 

0.38504 

0.38531 

0.38557 

0.38583 

0.38609 

0.38634 

0.60 

0.40 

0.38634 

0.38659 

0.38684 

0.38709 

0.38734 

0,38758 

0.38782 

0.38805 

0.38829 

0.38852 

0.38875 

0.59 

0.41 

0.38875 

0.38897 

0.38920 

0.38942 

0.38964 

0.38985 

0.39007 

0.39028 

0.39049 

0.39069 

0.39089 

0.58 

0.42 

0.39089 

0.39109 

0.39129 

0.39149 

0.39168 

0.39187 

0.39206 

0.39224 

0.39243 

0.39261 

0.39279 

0.57 

0.43 

0.39279 

0.39296 

0.39313 

0.39330 

0.39347 

0.39364 

0.39380 

0.39396 

0.39411 

0.39427 

0.39442 

0.56 

0.44 

0.39442 

0.39457 

0.39472 

0.39486 

0.39501 

0.39514 

0.39528 

0.39542 

0.39555 

0.39568 

0.39580 

0.55 

0.45 

0.39580 

0.39593 

0.39605 

0.39617 

0.39629 

0.39640 

0.39651 

0.39662 

0.39673 

0.39683 

0.39694 

0.54 

0.46 

0.39694 

0.39703 

0.39713 

0.39723 

0.39732 

0.39741 

0.39749 

0.39758 

0.39766 

0.39774 

0.39781 

0.53 

0.47 

0.39781 

0.39789 

0.39796 

0.39803 

0.39809 

0.39816 

0.39822 

0.39828 

0.39834 

0.39839 

0.39844 

0.52 

0.48 

0.39844 

0.39849 

0.39854 

0.39858 

0.39862 

0.39866 

0.39870 

0.39873 

0.39876 

0.39879 

0.39882 

0.51 

0.49 

0.39882 

0.39884 

0.39886 

0.39888 

0.39890 

0.39891 

0.39892 

0.39893 

0.39894 

0.39894 

0.39894 

0.50 


0.010 

0.009 

0.008 

0.007 

0.006 

0.005 

0.004 

0.003 

0.002 

0.001 

0.000 

n>-) 


Linear interpolation yields an error no greater than 5 units in the fifth decimal place. 
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Compiled from T. L. Kelley, The Kelley Statistical Tables. Harvard Univ. Press, Cambridge, Mass., 
1948 (with permission). 
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Table 

26.5 

NORMAL PROBABILITY FUNCTION—VALUES OF 

x IN TERMS OF P(x) AND Q(x) 


Q(x) 

0.000 

0.001 

0.002 

0.008 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 


0.00 

00 

3.09023 

2.87816 

2.74778 

2.65207 

2.57583 

2.51214 

2.45726 

2.40892 

2.36562 

2.32635 

0.99 

0.01 

2.32635 

2.29037 

2.25713 

2.22621 

2.19729 

2.17009 

2.14441 

2.12007 

2.09693 

2.07485 

2.05375 

0.98 

0.02 

2.05375 

2.03352 

2.01409 

1.99539 

1.97737 

1.95996 

1.94313 

1.92684 

1.91104 

1.89570 

1.88079 

0.97 

0.03 

1.88079 

1.86630 

1.85218 

1.83842 

1.82501 

1.81191 

1.79912 

1.78661 

1.77438 

1.76241 

1.75069 

0.96 

0.04 

1.75069 

1.73920 

1.72793 

1.71689 

1.70604 

1.69540 

1.68494 

1.67466 

1.66456 

1.65463 

1.64485 

0.95 

0.05 

1.64485 

1.63523 

1.62576 

1.61644 

1.60725 

1.59819 

1.58927 

1.58047 

1.57179 

1.56322 

1.55477 

0.94 

0.06 

1.55477 

1.54643 

1.53820 

1.53007 

1.52204 

1.51410 

1.50626 

1.49851 

1.49085 

1.48328 

1.47579 

0.93 

0.07 

1.47579 

1,46838 

1.46106 

1.45381 

1.44663 

1.43953 

1.43250 

1.42554 

1.41865 

1.41183 

1.40507 

0.92 

0.08 

1.40507 

1.39838 

1.39174 

1.38517 

1.37866 

1.37220 

1.36581 

1.35946 

1.35317 

1.34694 

1.34076 

0.91 

0.09 

1.34076 

1.33462 

1.32854 

1.32251 

1.31652 

1.31058 

1.30469 

1.29884 

1.29303 

1.28727 

1.28155 

0.90 

0.10 

1.28155 

1.27587 

1.27024 

1.26464 

1.25908 

1.25357 

1.24808 

1.24264 

1.23723 

1.23186 

1.22653 

0.89 

0.11 

1.22653 

1.22123 

1.21596 

1.21072 

1.20553 

1.20036 

1.19522 

1.19012 

1.18504 

1.18000 

1.17499 

0.88 

0.12 

1.17499 

1.17000 

1.16505 

1.16012 

1.15522 

1.15035 

1.14551 

1.14069 

1.13590 

1.13113 

1.12639 

0.87 

0.13 

1.12639 

1.12168 

1.11699 

1.11232 

1.10768 

1.10306 

1.09847 

1.09390 

1.08935 

1.08482 

1.08032 

0.86 

0.14 

1.08032 

1.07584 

1.07138 

1.06694 

1.06252 

1.05812 

1.05374 

1.04939 

1.04505 

1.04073 

1.03643 

0.85 

0.15 

1.03643 

1.03215 

1.02789 

1.02365 

1.01943 

1.01522 

1.01103 

1.00686 

1.00271 

0.99858 

0.99446 

0.84 

0.16 

0.99446 

0.99036 

0.98627 

0.98220 

0.97815 

0.97411 

0.97009 

0.96609 

0.96210 

0.95812 

0.95416 

0.83 

0.17 

0.95416 

0.95022 

0.94629 

0.94238 

0.93848 

0.93458 

0.93072 

0.92686 

0.92301 

0.91918 

0.91537 

0.82 

0.18 

0.91537 

0.91156 

0.90777 

0.90399 

0.90023 

0.89647 

0.89273 

0.88901 

0.88529 

0.88159 

0.87790 

0.81 

0.19 

0.87790 

0.87422 

0.87055 

0.86689 

0.86325 

0.85962 

0.85600 

0.85239 

0.84879 

0.84520 

0.84162 

0.80 

0.20 

0.84162 

0.83805 

0.83450 

0.83095 

0.82742 

0.82390 

0.82038 

0.81687 

0.81338 

0.80990 

0.80642 

0.79 

0.21 

0.80642 

0.80296 

0.79950 

0.79606 

0.79262 

0.78919 

0.78577 

0.78237 

0.77897 

0.77557 

0.77219 

0.78 

0.22 

0.77219 

0.76882 

0.76546 

0.76210 

0.75875 

0.75542 

0.75208 

0.74876 

0.74545 

0.74214 

0.73885 

0.77 

0.23 

0.73885 

0.73556 

0.73228 

0.72900 

0.72574 

0.72248 

0.71923 

0.71599 

0.71275 

0.70952 

0.70630 

0.76 

0.24 

0.70630 

0.70309 

0.69988 

0.69668 

0.69349 

0.69031 

0.68713 

0.68396 

0.68080 

0.67764 

0.67449 

0.75 

0.25 

0.67449 

0.67135 

0.66821 

0.66508 

0.66196 

0.65884 

0.65573 

0.65262 

0.64952 

0.64643 

0.64335 

0.74 

0.26 

0.64335 

0.64027 

0.63719 

0.63412 

0.63106 

0.62801 

0.62496 

0.62191 

0.61887 

0.61584 

0.61281 

0.73 

0.27 

0.61281 

0.60979 

0.60678 

0.60376 

0.60076 

0.59776 

0.59477 

0.59178 

0.58879 

0.58581 

0.58284 

0.72 

0.28 

0.58284 

0.57987 

0.57691 

0.57395 

0.57100 

0.56805 

0.56511 

0.56217 

0.55924 

0.55631 

0.55338 

0.71 

0.29 

0.55338 

0.55047 

0.54755 

0.54464 

0.54174 

0.53884 

0.53594 

0.53305 

0.53016 

0.52728 

0.52440 

0.70 

0.30 

0.52440 

0.52153 

0.51866 

0.51579 

0.51293 

0,51007 

0.50722 

0.50437 

0.50153 

0.49869 

0.49585 

0.69 

0.31 

0.49585 

0.49302 

0.49019 

0.48736 

0.48454 

0.48173 

0.47891 

0.47610 

0.47330 

0.47050 

0.46770 

0.68 

0.32 

0.46770 

0.46490 

0.46211 

0.45933 

0.45654 

0.45376 

0.45099 

0.44821 

0.44544 

0.44268 

0.43991 

0.67 

0.33 

0.43991 

0.43715 

0.43440 

0.43164 

0.42889 

0.42615 

0.42340 

0.42066 

0.41793 

0.41519 

0.41246 

0.66 

0.34 

0.41246 

0.40974 

0.40701 

0.40429 

0.40157 

0.39886 

0.39614 

0.39343 

0.39073 

0.38802 

0.38532 

0.65 

0.35 

0.38532 

0.38262 

0.37993 

0.37723 

0.37454 

0.37186 

0.36917 

0.36649 

0.36381 

0.36113 

0.35846 

0.64 

0.36 

0.35846 

0.35579 

0.35312 

0.35045 

0.34779 

0.34513 

0.34247 

0.33981 

0.33716 

0.33450 

0.33185 

0.63 

0.37 

0.33185 

0.32921 

0.32656 

0.32392 

0.32128 

0.31864 

0.31600 

0.31337 

0.31074 

0.30811 

0.30548 

0.62 

0.38 

0.30548 

0.30286 

0.30023 

0.29761 

0.29499 

0.29237 

0.28976 

0.28715 

0.28454 

0.28193 

0.27932 

0.61 

0.39 

0.27932 

0.27671 

0.27411 

0.27151 

0.26891 

0.26631 

0.26371 

0.26112 

0.25853 

0.25594 

0.25335 

0.60 

0.40 

0.25335 

0.25076 

0.24817 

0.24559 

0.24301 

0.24043 

0.23785 

0.23527 

0.23269 

0.23012 

0.22754 

0.59 

0.41 

0.22754 

0.22497 

0.22240 

0.21983 

0.21727 

0.21470 

0.21214 

0.20957 

0.20701 

0.20445 

0.20189 

0.58 

0.42 

0.20189 

0.19934 

0.19678 

0.19422 

0.19167 

0.18912 

0.18657 

0.18402 

0.18147 

0.17892 

0.17637 

0.57 

0.43 

0.17637 

0.17383 

0.17128 

0.16874 

0.16620 

0.16366 

0.16112 

0.15858 

0.15604 

0.15351 

0.15097 

0.56 

0.44 

0.15097 

0.14843 

0.14590 

0.14337 

0.14084 

0.13830 

0.13577 

0.13324 

0.13072 

0.12819 

0.12566 

0.55 

0.45 

0.12566 

0.12314 

0.12061 

0.11809 

0.11556 

0.11304 

0.11052 

0.10799 

0.10547 

0.10295 

0.10043 

0.54 

0.46 

0.10043 

0.09791 

0.09540 

0.09288 

0.09036 

0.08784 

0.08533 

0.08281 

0.08030 

0.07778 

0.07527 

0.53 

0.47 

0.07527 

0.07276 

0.07024 

0.06773 

0.06522 

0.06271 

0.06020 

0.05768 

0.05517 

0.05266 

0.05015 

0.52 

0.48 

0.05015 

0.04764 

0.04513 

0.04263 

0.04012 

0.03761 

0.03510 

0.03259 

0.03008 

0.02758 

0.02507 

0.51 

0.49 

0.02507 

0.02256 

0.02005 

0.01755 

0.01504 

0.01253 

0.01003 

0.00752 

0.00501 

0.00251 

0.00000 

0.50 


0.010 

0.009 

0.008 

0.007 

0.006 

0.005 

0.004 

0.003 

0.002 

0.001 

0.000 

P{x) 


For Q(x) >0.007, linear interpolation yields an error of one unit in the third decimal place; five-point 
interpolation is necessary to obtain full accuracy. 


P(x)=l-Q(x)=j^ ea Z(t)dt 

Compiled from T. L. Kelley, The Kelley Statistical Tables. Harvard Univ. Press, Cambridge, Mass., 
1948 (with permission). 
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NORMAL PROBABILITY FUNCTION—VALUES OF * FOR EXTREME VALUES OF P(x) AND Q(x) Table 26.b 



0.0000 

0.0001 

0.0002 

0.0003 

0.0004 

0.0005 

0.0006 

0.0007 

0.0008 

0.0009 

0.0010 


0.000 

oo 

3.71902 

3.54008 

3.43161 

3.35279 

3.29053 

3.23888 

3.19465 

3.15591 

3.12139 

3.09023 

0.999 

0.001 

3.09023 

3.06181 

3.03567 

3.01145 

2.98888 

2.96774 

2.94784 

2.92905 

2.91124 

2.89430 

2.87816 

0.998 

0.002 

2.87816 

2.86274 

2.84796 

2.83379 

2.82016 

2.80703 

2.79438 

2.78215 

2.77033 

2.75888 

2.74778 

0.997 

0.003 

2.74778 

2.73701 

2.72655 

2.71638 

2.70648 

2.69684 

2.68745 

2.67829 

2.66934 

2.66061 

2.65207 

0.996 

0.004 

2.65207 

2.64372 

2.63555 

2.62756 

2.61973 

2.61205 

2.60453 

2.59715 

2.58991 

2.58281 

2.57583 

0.995 

0.005 

2.57583 

2.56897 

2.56224 

2.55562 

2.54910 

2.54270 

2.53640 

2.53019 

2.52408 

2.51807 

2.51214 

0.994 

0.006 

2.51214 

2.50631 

2.50055 

2.49488 

2.48929 

2.48377 

2.47833 

2.47296 

2.46765 

2.46243 

2.45726 

0.993 

0.007 

2.45726 

2.45216 

2.44713 

2.44215 

2.43724 

2.43238 

2.42758 

2.42283 

2.41814 

2.41350 

2.40891 

0.992 

0.008 

2.40891 

2.40437 

2.39989 

2.39545 

2.39106 

2.38671 

2.38240 

2.37814 

2.37392 

2.36975 

2.36562 

0.991 

0.009 

2.36562 

2.36152 

2.35747 

2.35345 

2.34947 

2.34553 

2.34162 

2.33775 

2.33392 

2.33012 

2.32635 

0.990 

0.010 

2.32635 

2.32261 

2.31891 

2.31524 

2.31160 

2.30798 

2.30440 

2.30085 

2.29733 

2.29383 

2.29037 

0.989 

0.011 

2.29037 

2.28693 

2.28352 

2.28013 

2.27677 

2.27343 

2.27013 

2.26684 

2.26358 

2.26034 

2.25713 

0.988 

0.012 

2.25713 

2.25394 

2.25077 

2.24763 

2.24450 

2.24140 

2.23832 

2.23526 

2.23223 

2.22921 

2.22621 

0.987 

0.013 

2.22621 

2.22323 

2.22028 

2.21734 

2.21442 

2.21152 

2.20864 

2.20577 

2.20293 

2.20010 

2.19729 

0.986 

0.014 

2.19729 

2.19449 

2.19172 

2.18896 

2.18621 

2.18349 

2.18078 

2.17808 

2.17540 

2.17274 

2.17009 

0.935 

0.015 

2.17009 

2.16746 

2.16484 

2.16224 

2.15965 

2.15707 

2.15451 

2.15197 

2.14943 

2.14692 

2.14441 

0.984 

0.016 

2.14441 

2.14192 

2.13944 

2.13698 

2.13452 

2.13208 

2.12966 

2.12724 

2.12484 

2.12245 

2.12007 

0.983 

0.017 

2.12007 

2.11771 

2.11535 

2.11301 

2.11068 

2.10836 

2.10605 

2.10375 

2.10147 

2.09919 

2.09693 

0.982 

0.018 

2.09693 

2.09467 

2.09243 

2.09020 

2.08798 

2.08576 

2.08356 

2.08137 

2.07919 

2.07702 

2.07485 

0.981 

0.019 

2.07485 

2.07270 

2.07056 

2.06843 

2.06630 

2.06419 

2.06208 

2.05998 

2.05790 

2.05582 

2.05375 

0.980 

0.020 

2.05375 

2.05169 

2.04964 

2.04759 

2.04556 

2.04353 

2.04151 

2.03950 

2.03750 

2.03551 

2.03352 

0.979 

0.021 

2.03352 

2.03154 

2.02957 

2.02761 

2.02566 

2.02371 

2.02177 

2.01984 

2.01792 

2.01600 

2.01409 

0.978 

0.022 

2.01409 

2.01219 

2.01029 

2.00841 

2.00653 

2.00465 

2.00279 

2.00093 

1.99908 

1.99723 

1.99539 

0.977 

0.023 

1.99539 

1.99356 

1.99174 

1.98992 

1.98811 

1.98630 

1.98450 

1.98271 

1.98092 

1.97914 

1.97737 

0.976 

0.024 

1.97737 

1.97560 

1.97384 

1.97208 

1.97033 

1.96859 

1.96685 

1.96512 

1.96340 

1.96168 

1.95996 

0.975 


0.0010 

0.0009 

0.0008 

0.0007 

0.0006 

0.0005 

0.0004 

0.0003 

0.0002 

0.0001 

0.0000 

P(r) 


For >0.0007, linear interpolation yields an error of one unit in the third decimal place; five-point 


interpolation is necessary to obtain full accuracy. 


Q(-r) 

>4)1.0 

3.71902 

<?(■') 

(- 9)1.0 

5.99781 

(-14)1.0 

7.65063 

VM 

(-19)1.0 

9.01327 

-5)1.0 

4.26489 

(-10)1.0 

6.36134 

(-15)1.0 

7.94135 

(-20)1.0 

9. 26234 

: -6) 1. 0 

4. 75342 

(-11)1.0 

6. 70602 

(-16)1.0 

8. 22208 

(-21)1.0 

9. 50502 

>7)1.0 

5. 19934 

(-12)1.0 

7. 03448 

(-17)1.0 

8.49379 

(-22)1.0 

9. 74179 

>8)1.0 

5.61200 

(-13)1.0 

7.34880 

(-18)1.0 

8. 75729 

(-23)1.0 

9.97305 




Compiled from T. L. Kelley, The Kelley Statistical Tables. Harvard Univ. Press, Cambridge, Mass., 
1948 (with permission) for Q(.r)>(- 9)1. 
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Table 26.7 PROBABILITY INTEGRAL OF ^-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION 
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 



*2=0.001 

0.002 

0.003 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 


m=0.0005 

0.0010 

0.0015 

0.0020 

0.0025 

0.0030 

0.0035 

0.0040 

0.0045 

0.0050 

1 

0.97477 

0.96433 

0.95632 

0.94957 

0.94363 

0.93826 

0.93332 

0. 92873 

0.92442 

0.92034 

2 

0.99950 

0.99900 

0.99850 

0.99800 

0.99750 

0. 99700 

0.99651 

0.99601 

0.99551 

0. 99501 

3 

0. 99999 

0.99998 

0.99996 

0.99993 

0.99991 

0.99988 

0. 99984 

0. 99981 

0.99977 

0.99973 

4 







0. 99999 

0.99999 

0.99999 

0. 99999 


x 2 =0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.10 

V 

ra=0.005 

0.010 

0.015 

0.020 

0.025 

0.030 

0.035 

0.040 

0.045 

0.050 

1 

0. 92034 

0. 88754 

0.86249 

0.84148 

0. 82306 

0. 80650 

0. 79134 

0.77730 

0.76418 

0.75183 

2 

0.99501 

0.99005 

0.98511 

0.98020 

0.97531 

0.97045 

0.96561 

0.96079 

0.95600 

0.95123 

3 

0.99973 

0.99925 

0.99863 

0.99790 

0.99707 

0.99616 

0.99518 

0.99412 

0.99301 

0.99184 

4 

0.99999 

0.99995 

0.99989 

0.99980 

0.99969 

0. 99956 

0. 99940 

0.99922 

0.99902 

0. 99879 

5 



0.99999 

0.99998 

0.99997 

0. 99995 

0. 99993 

0.99991 

0.99987 

0.99984 

6 







0.99999 

0. 99999 

0.99999 

0.99998 


X 2=0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

* 

m=0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

1 

0.75183 

0.65472 

0.58388 

0.52709 

0.47950 

0.43858 

0.40278 

0.37109 

0.34278 

0. 31731 

2 

0.95123 

0.90484 

0.86071 

0.81873 

0.77880 

0. 74082 

0.70469 

0.67032 

0.63763 

0. 60653 

3 

0. 99184 

0.97759 

0.96003 

0. 94024 

0.91889 

0. 89643 

0.87320 

0. 84947 

0.82543 

0.80125 

4 

0.99879 

0.99532 

0.98981 

0.98248 

0.97350 

0.96306 

0.95133 

0.93845 

0.92456 

0.90980 

5 

0.99984 

0.99911 

0.99764 

0.99533 

0. 99212 

0.98800 

0.98297 

0.97703 

0.97022 

0.96257 

6 

0. 99998 

0.99985 

0.99950 

0.99885 

0.99784 

0. 99640 

0.99449 

0. 99207 

0.98912 

0.98561 

7 


0.99997 

0.99990 

0.99974 

0.99945 

0.99899 

0.99834 

0.99744 

0.99628 

0.99483 

8 



0. 99998 

0.99994 

0.99987 

0. 99973 

0.99953 

0.99922 

0.99880 

0.99825 

9 




0.99999 

0.99997 

0.99993 

0.99987 

0.99978 

0.99964 

0.99944 

10 





0.99999 

0.99998 

0. 99997 

0.99994 

0.99989 

0.99983 

11 







0.99999 

0.99998 

0. 99997 

0.99995 

12 









0.99999 

0. 99999 


x 2 = l-l 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

V 

m = 0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1 

0.29427 

0.27332 

0.25421 

0.23672 

0.22067 

0.20590 

0.19229 

0.17971 

0.16808 

0.15730 

2 

0. 57695 

0. 54881 

0.52205 

0.49659 

0.47237 

0.44933 

0.42741 

0.40657 

0.38674 

0.36788 

3 

0.77707 

0.75300 

0. 72913 

0. 70553 

0. 68227 

0.65939 

0.63693 

0.61493 

0.59342 

0.57241 

4 

0.89427 

0.87810 

0.86138 

0.84420 

0.82664 

0, 80879 

0.79072 

0.77248 

0.75414 

0.73576 

5 

0. 95410 

0.94488 

0.93493 

0.92431 

0.91307 

0.90125 

0.88890 

0.87607 

0.86280 

0.84915 

6 

0.98154 

0.97689 

0.97166 

0.96586 

0. 95949 

0.95258 

0.94512 

0.93714 

0.92866 

0.91970 

7 

0.99305 

0.99093 

0.98844 

0.98557 

0.98231 

0. 97864 

0.97457 

0.97008 

0.96517 

0.95984 

8 

0.99753 

0.99664 

0.99555 

0.99425 

0.99271 

0.99092 

0.98887 

0.98654 

0.98393 

0.98101 

9 

0.99917 

0.99882 

0. 99838 

0.99782 

0.99715 

0. 99633 

0.99537 

0.99425 

0.99295 

0.99147 

10 

0.99973 

0.99961 

0.99944 

0.99921 

0.99894 

0.99859 

0.99817 

0.99766 

0. 99705 

0.99634 

11 

0.99992 

0.99987 

0.99981 

0.99973 

0. 99962 

0.99948 

0.99930 

0.99908 

0.99882 

0.99850 

12 

0.99998 

0. 99996 

0. 99994 

0.99991 

0.99987 

0.99982 

0.99975 

0.99966 

0.99954 

0.99941 

13 

0.99999 

0. 99999 

0. 99998 

0.99997 

0. 99996 

0.99994 

0.99991 

0.99988 

0.99983 

0. 99977 

14 



0. 99999 

0.99999 

0.99999 

0.99998 

0.99997 

0.99996 

0.99994 

0.99992 

15 






0.99999 

0.99999 

0.99999 

0. 99998 

0. 99997 

16 









0.99999 

0.99999 

Q( 

* 2 W=l -P(* 

?W=[^r| 



NT 

f " e 

* 1x2 

1 c — 1 

e - 

3 = o 

-mmi/j\{v i 

even, 

TO=*X 2) 


Compiled from E. S. Pearson and H. 0. Hartley (editors), Biometrika tables for statisticians, vol. I. 
Cambridge Univ. Press, Cambridge, England, 1954 (with permission). 
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PROBABILITY INTEGRAL OF ^-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION Table 26.7 
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 



x 2 =2.2 

2.4 

2.6 

2.8 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 


m= 1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

1 

0.13801 

0.12134 

0.10686 

0.09426 

0. 08327 

0.07364 

0.06520 

0. 05778 

0. 05125 

0. 04550 

2 

0. 33287 

0.30119 

0.27253 

0.24660 

0.22313 

0.20190 

0.18268 

0.16530 

0.14957 

0. 13534 

3 

0.53195 

0.49363 

0.45749 

0.42350 

0.39163 

0.36181 

0.33397 

0.30802 

0.28389 

0.26146 

4 

0.69903 

0.66263 

0.62682 

0.59183 

0.55783 

0.52493 

0.49325 

0.46284 

0.43375 

0.40601 

5 

0.82084 

0. 79147 

0.76137 

0. 73079 

0.69999 

0. 66918 

0.63857 

0. 60831 

0. 57856 

0. 54942 

6 

0.90042 

0. 87949 

0.85711 

0.83350 

0.80885 

0.78336 

0. 75722 

0. 73062 

0. 70372 

0. 67668 

7 

0.94795 

0. 93444 

0.91938 

0.90287 

0.88500 

0. 86590 

0.84570 

0.82452 

0.80250 

0. 77978 

8 

0.97426 

0. 96623 

0.95691 

0.94628 

0.93436 

0.92119 

0.90681 

0.89129 

0. 87470 

0.85712 

9 

0.98790 

0.98345 

0.97807 

0.97170 

0.96430 

0.95583 

0.94631 

0.93572 

0.92408 

0.91141 

10 

0.99457 

0. 99225 

0.98934 

0.98575 

0.98142 

0.97632 

0.97039 

0. 96359 

0. 95592 

0.94735 

11 

0. 99766 

0. 99652 

0.99503 

0. 99311 

0.99073 

0. 98781 

0.98431 

0.98019 

0. 97541 

0.96992 

12 

0.99903 

0. 99850 

0.99777 

0.99680 

0.99554 

0.99396 

0.99200 

0.98962 

0.98678 

0.98344 

13 

0.99961 

0. 99938 

0.99903 

0.99856 

0. 99793 

0.99711 

0. 99606 

0.99475 

0. 99314 

0.99119 

14 

0. 99985 

0. 99975 

0.99960 

0.99938 

0.99907 

0.99866 

0.99813 

0.99743 

0. 99655 

0.99547 

15 

0. 99994 

0.99990 

0.99984 

0.99974 

0. 99960 

0. 99940 

0.99913 

0. 99878 

0. 99832 

0.99774 

16 

0.99998 

0.99996 

0.99994 

0.99989 

0.99983 

0.99974 

0.99961 

0.99944 

0. 99921 

0.99890 

17 

0.99999 

0. 99999 

0.99998 

0.99996 

0. 99993 

0.99989 

0.99983 

0.99975 

0.99964 

0.99948 

18 



0.99999 

0. 99998 

0.99997 

0. 99995 

0.99993 

0.99989 

0.99984 

0. 99976 

19 




0.99999 

0.99999 

0. 99998 

0.99997 

0.99995 

0.99993 

0.99989 

20 






0.99999 

0.99999 

0.99998 

0.99997 

0. 99995 

21 








0.99999 

0.99999 

0. 99998 

22 










0.99999 


x 2 = 4.2 

4.4 

4.6 

4.8 

5.0 

5.2 

5.4 

5.6 

5.8 

6.0 


TO = 2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

1 

0. 04042 

0.03594 

0. 03197 

0. 02846 

0. 02535 

0.02259 

0. 02014 

0.01796 

0.01603 

0.01431 

2 

0. 12246 

0.11080 

0.10026 

0. 09072 

0. 08209 

0. 07427 

0.06721 

0.06081 

0. 05502 

0.04979 

3 

0.24066 

0. 22139 

0.20354 

0. 18704 

0.17180 

0.15772 

0.14474 

0.13278 

0.12176 

0.11161 

4 

0. 37962 

0. 35457 

0. 33085 

0.30844 

0.28730 

0.26739 

0.24866 

0.23108 

0.21459 

0.19915 

5 

0.52099 

0. 49337 

0.46662 

0. 44077 

0.41588 

0.39196 

0.36904 

0. 34711 

0.32617 

0.30622 

6 

0.64963 

0.62271 

0.59604 

0.56971 

0.54381 

0.51843 

0.49363 

0.46945 

0. 44596 

0.42319 

7 

0.75647 

0. 73272 

0.70864 

0.68435 

0.65996 

0. 63557 

0.61127 

0.58715 

0.56329 

0.53975 

8 

0. 83864 

0.81935 

0.79935 

0. 77872 

0.75758 

0.73600 

0.71409 

0.69194 

0.66962 

0.64723 

9 

0. 89776 

0. 88317 

0.86769 

0. 85138 

0.83431 

0.81654 

0. 79814 

0.77919 

0.75976 

0.73992 

10 

0.93787 

0.92750 

0.91625 

0.90413 

0.89118 

0.87742 

0.86291 

0.84768 

0.83178 

0.81526 

11 

0. 96370 

0.95672 

0.94898 

0. 94046 

0.93117 

0.92109 

0. 91026 

0.89868 

0.88637 

0.87337 

12 

0.97955 

0.97509 

0.97002 

0. 96433 

0.95798 

0.95096 

0. 94327 

0.93489 

0.92583 

0.91608 

13 

0. 98887 

0.98614 

0.98298 

0.97934 

0. 97519 

0. 97052 

0.96530 

0.95951 

0.95313 

0.94615 

14 

0.99414 

0. 99254 

0.99064 

0. 98841 

0.98581 

0. 98283 

0.97943 

0.97559 

0.97128 

0.96649 

15 

0. 99701 

0.99610 

0.99501 

0. 99369 

0.99213 

0. 99029 

0.98816 

0.98571 

0.98291 

0.97975 

16 

0.99851 

0.99802 

0.99741 

0.99666 

0.99575 

0.99467 

0.99338 

0.99187 

0.99012 

0.98810 

17 

0.99928 

0.99902 

0.99869 

0. 99828 

0.99777 

0. 99715 

0.99639 

0.99550 

0.99443 

0.99319 

18 

0.99966 

0.99953 

0.99936 

0.99914 

0.99886 

0. 99851 

0.99809 

0.99757 

0.99694 

0.99620 

19 

0.99985 

0.99978 

0. 99969 

0.99958 

0.99943 

0.99924 

0. 99901 

0.99872 

0.99836 

0.99793 

20 

0.99993 

0. 99990 

0. 99986 

0.99980 

0.99972 

0.99962 

0.99950 

0.99934 

0. 99914 

0.99890 

21 

0. 99997 

0.99995 

0.99993 

0. 99991 

0. 99987 

0.99982 

0. 99975 

0.99967 

0.99956 

0.99943 

22 

0.99999 

0. 99998 

0.99997 

0.99996 

0.99994 

0.99991 

0.99988 

0.99984 

0.99978 

0.99971 

23 

0. 99999 

0.99999 

0. 99999 

0. 99998 

0.99997 

0.99996 

0. 99994 

0.99992 

0.99989 

0.99986 

24 



0.99999 

0. 99999 

0.99999 

0.99998 

0.99997 

0.99996 

0.99995 

0.99993 

25 





0.99999 

0. 99999 

0. 99999 

0.99998 

0.99998 

0.99997 

26 






w-,- 

»o>0 

0.99999 

0.99999 

0.99998 

27 

Interpolation on x 2 







0.99999 

0.99999 



W’)=<2 (j 


! v°— 2 ) [<^>— 

-* 2 ]+Q (xq 

,|»o) [l-'H 




Double Entry Interpolation 

Q (* 2 |’)-« ( x o|-o-4)[i* 2 ]+« (x 2 |’ 0 -2)[*-> 2 -w]+<3 (x 2 | “H w+w *] 

+<3(x 2 |’„)[l-® 2 -*+|* 2 +w]+Q(x 2 j-o+l)[5»> 2 +s“>-w] 
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Table 26.7 PROBABILITY INTEGRAL OF x2- DISTRIBUTION, INCOMPLETE GAMMA FUNCTION 
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 



*2-6.2 

6.4 

6.6 

6.8 

7.0 

7.2 

7.4 

7.6 

7.8 

8.0 

V 

771 = 3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

1 

0.01278 

0.01141 

0.01020 

0.00912 

0.00815 

0.00729 

0.00652 

0.00584 

0.00522 

0. 00468 

2 

0.04505 

0. 04076 

0. 03688 

0.03337 

0. 03020 

0.02732 

0. 02472 

0.02237 

0.02024 

0. 01832 

3 

0.10228 

0.09369 

0.08580 

0. 07855 

0.07190 

0. 06579 

0.06018 

0. 05504 

0.05033 

0. 04601 

4 

0.18470 

0.17120 

0.15860 

0.14684 

0.13589 

0.12569 

0.11620 

0.10738 

0.09919 

0.09158 

5 

0.28724 

0.26922 

0.25213 

0.23595 

0.22064 

0.20619 

0.19255 

0.17970 

0.16761 

0.15624 

6 

0. 40116 

0. 37990 

0.35943 

0. 33974 

0.32085 

0.30275 

0.28543 

0.26890 

0.25313 

0.23810 

7 

0.51660 

0.49390 

0.47168 

0.45000 

0.42888 

0.40836 

0.38845 

0.36918 

0.35056 

0. 33259 

8 

0.62484 

0.60252 

0.58034 

0. 55836 

0.53663 

0.51522 

0.49415 

0.47349 

0.45325 

0.43347 

9 

0.71975 

0.69931 

0.67869 

0.65793 

0.63712 

0.61631 

0.59555 

0.57490 

0.55442 

0. 53415 

10 

0.79819 

0. 78061 

0. 76259 

0.74418 

0.72544 

0.70644 

0.68722 

0. 66784 

0.64837 

0.62884 

11 

0. 85969 

0.84539 

0.83049 

0.81504 

0. 79908 

0. 78266 

0.76583 

0.74862 

0.73110 

0.71330 

12 

0.90567 

0. 89459 

0. 88288 

0.87054 

0.85761 

0.84412 

0.83009 

0.81556 

0. 80056 

0. 78513 

13 

0. 93857 

0.93038 

0.92157 

0.91216 

0. 90215 

0.89155 

0.88038 

0.86865 

0.85638 

0. 84360 

14 

0.96120 

0.95538 

0.94903 

0.94215 

0.93471 

0.92673 

0.91819 

0.90911 

0.89948 

0. 88933 

15 

0.97619 

0.97222 

0.96782 

0.96296 

0. 95765 

0.95186 

0.94559 

0. 93882 

0.93155 

0.92378 

16 

0. 98579 

0.98317 

0.98022 

0.97693 

0.97326 

0.96921 

0.96476 

0.95989 

0.95460 

0.94887 

17 

0.99174 

0.99007 

0.98816 

0.98599 

0.98355 

0.98081 

0. 97775 

0.97437 

0.97064 

0.96655 

18 

0.99532 

0.99429 

0. 99309 

0.99171 

0.99013 

0.98833 

0.98630 

0.98402 

0.98147 

0.97864 

19 

0.99741 

0. 99679 

0.99606 

0.99521 

0.99421 

0.99307 

0.99176 

0.99026 

0.98857 

0.98667 

20 

0.99860 

0.99824 

0. 99781 

0.99729 

0. 99669 

0.99598 

0.99515 

0.99420 

0. 99311 

0.99187 

21 

0.99926 

0.99905 

0.99880 

0.99850 

0.99814 

0.99771 

0.99721 

0.99662 

0.99594 

0.99514 

22 

0.99962 

0. 99950 

0. 99936 

0.99919 

0.99898 

0.99873 

0.99843 

0.99807 

0.99765 

0. 99716 

23 

0.99981 

0.99974 

0. 99967 

0.99957 

0. 99945 

0.99931 

0.99913 

0.99892 

0. 99867 

0.99837 

24 

0.99990 

0. 99987 

0.99983 

0.99978 

0.99971 

0.99963 

0.99953 

0.99941 

0.99926 

0.99908 

25 

0.99995 

0.99994 

0.99991 

0. 99989 

0.99985 

0.99981 

0.99975 

0.99968 

0. 99960 

0. 99949 

26 

0.99998 

0. 99997 

0.99996 

0.99994 

0.99992 

0.99990 

0.99987 

0.99983 

0.99978 

0.99973 

27 

0.99999 

0.99999 

0.99998 

0.99997 

0.99996 

0.99995 

0.99993 

0.99991 

0. 99989 

0.99985 

28 

0.99999 

0.99999 

0.99999 

0.99998 

0.99998 

0.99997 

0. 99996 

0.99994 

0.99992 

29 




0.99999 

0.99999 

0. 99999 

0. 99998 

0. 99998 

0. 99997 

0.99996 

30 






0. 99999 

0. 99999 

0.99999 

0.99999 

0.99998 


x 2 = 8.2 

8.4 

8.6 

00 

bo 

9.0 

9.2 

9.4 

9.6 

9.8 

10.0 

V 

w =4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 

5.0 

1 

0. 00419 

0. 00375 

0. 00336 

0.00301 

0. 00270 

0.00242 

0. 00217 

0.00195 

0.00175 

0.00157 

2 

0.01657 

0. 01500 

0. 01357 

0.01228 

0.01111 

0.01005 

0.00910 

0. 00823 

0. 00745 

0. 00674 

3 

0.04205 

0. 03843 

0. 03511 

0. 03207 

0.02929 

0.02675 

0.02442 

0. 02229 

0. 02034 

0.01857 

4 

0.08452 

0. 07798 

0.07191 

0. 06630 

0.06110 

0.05629 

0.05184 

0. 04773 

0. 04394 

0.04043 

5 

0.14555 

0.13553 

0.12612 

0.11731 

0.10906 

0.10135 

0. 09413 

0.08740 

0.08110 

0.07524 

6 

0.22381 

0.21024 

0.19736 

0.18514 

0.17358 

0. 16264 

0. 15230 

0.14254 

0.13333 

0. V465 

7 

0.31529 

0.29865 

0.28266 

0.26734 

0. 25266 

0.23861 

0.22520 

0.21240 

0.20019 

0. 18857 

8 

0.41418 

0. 39540 

0.37715 

0. 35945 

0.34230 

0.32571 

0. 30968 

0.29423 

0. 27935 

0.26503 

9 

0.51412 

0. 49439 

0.47499 

0.45594 

0.43727 

0.41902 

0.40120 

0.38383 

0.36692 

0. 35049 

10 

0. 60931 

0.58983 

0. 57044 

0.55118 

0.53210 

0.51323 

0.49461 

0. 47626 

0.45821 

0.44049 

11 

0.69528 

0. 67709 

0.65876 

0. 64035 

0.62189 

0. 60344 

0.58502 

0.56669 

0. 54846 

0.53039 

12 

0.76931 

0.75314 

0.73666 

0. 71991 

0.70293 

0.68576 

0. 66844 

0.65101 

0. 63350 

0.61596 

13 

0. 83033 

0.81660 

0.80244 

0. 78788 

0.77294 

0.75768 

0.74211 

0.72627 

0. 71020 

0.69393 

14 

0. 87865 

0.86746 

0. 85579 

0. 84365 

0.83105 

0.81803 

0. 80461 

0. 79081 

0.77666 

0. 76218 

15 

0.91551 

0.90675 

0.89749 

0.88774 

0.87752 

0. 86683 

0.85569 

0.84412 

0.83213 

0.81974 

16 

0.94269 

0.93606 

0.92897 

0.92142 

0.91341 

0. 90495 

0. 89603 

0.88667 

0.87686 

0. 86663 

17 

0. 96208 

0. 95723 

0.95198 

0.94633 

0.94026 

0. 93378 

0.92687 

0.91954 

0.91179 

0.90361 

18 

0.97551 

0.97207 

0.96830 

0.96420 

0.95974 

0. 95493 

0. 94974 

0. 94418 

0.93824 

0.93191 

19 

0.98454 

0.98217 

0.97955 

0.97666 

0.97348 

0. 97001 

0.96623 

0.96213 

0.95771 

0.95295 

20 

0.99046 

0.98887 

0. 98709 

0.98511 

0.98291 

0.98047 

0.97779 

0.97486 

0.97166 

0.96817 

21 

0. 99424 

0.99320 

0.99203 

0.99070 

0.98921 

0. 98755 

0.98570 

0.98365 

0.98139 

0.97891 

22 

0.99659 

0. 99593 

0.99518 

0.99431 

0.99333 

0. 99222 

0.99098 

0.98958 

0.98803 

0.98630 

23 

0. 99802 

0.99761 

0.99714 

0.99659 

0. 99596 

0. 99524 

0. 99442 

0.99349 

0.99245 

0.99128 

24 

0.99888 

0.99863 

0.99833 

0.99799 

0. 99760 

0.99714 

0.99661 

0.99601 

0.99532 

0.99455 

25 

0. 99937 

0. 99922 

0. 99905 

0.99884 

0. 99860 

0.99831 

0. 99798 

0.99760 

0.99716 

0.99665 

26 

0. 99966 

0. 99957 

0.99947 

0. 99934 

0. 99919 

0. 99902 

0.99882 

0.99858 

0. 99830 

0. 99798 

27 

0. 99981 

0.99977 

0.99971 

0.99963 

0.99955 

0.99944 

0. 99932 

0.99917 

0. 99900 

0.99880 

28 

0.99990 

0.99987 

0.99984 

0.99980 

0. 99975 

0.99969 

0. 99962 

0. 99953 

0.99942 

0. 99930 

29 

0.99995 

0. 99993 

0. 99991 

0. 99989 

0. 99986 

0.99983 

0. 99979 

0.99973 

0. 99967 

0.99960 

30 

0.99997 

0.99997 

0. 99996 

0.99994 

0.99993 

0.99991 

0.99988 

0. 99985 

0.99982 

0. 99977 


QM„)=1-P( 

*»-[?! 

■©rx" 

i -!< \ -i 
e 2 t 2 (it- 

w 


-1 C-l 

dt= £ ft 
3= 0 

- m mi/j\( veven, f=\ 

V,m=\x2) 
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Table 26.7 

PROBABILITY INTEGRAL OF x 2 -DISTRIBUTION, INCOMPLETE GAMMA FUNCTION 
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 
x=10.5 11.0 11.5 12.0 12.5 13.0 13.5 14.0 14.5 15.0 

v m= 5.25 5.5 5.75 6.0 6.25 6.5 6.75 7.0 7.25 7.5 

1 0. 00119 0.00091 0. 00070 0. 00053 0. 00041 0. 00031 0. 00024 0. 00018 0. 00014 0. 00011 

2 0. 00525 0. 00409 0. 00318 0. 00248 0. 00193 0. 00150 0. 00117 0. 00091 0. 00071 0. 00055 

3 0. 01476 0. 01173 0. 00931 0. 00738 0.00585 0. 00464 0. 00367 0. 00291 0.00230 0. 00182 

4 0. 03280 0. 02656 0. 02148 0. 01735 0. 01400 0. 01128 0. 00907 0. 00730 0. 00586 0. 00470 

5 0.06225 0.05138 0. 04232 0. 03479 0. 02854 0.02338 0. 01912 0. 01561 0. 01273 0. 01036 

6 0. 10511 0. 08838 0. 07410 0. 06197 0. 05170 0. 04304 0. 03575 0. 02964 0.02452 0. 02026 

7 0.16196 0. 13862 0. 11825 0.10056 0. 08527 0. 07211 0. 06082 0. 05118 0. 04297 0. 03600 

8 0.23167 0.20170 0. 17495 0. 15120 0. 13025 0.11185 0. 09577 0. 08177 0. 06963 0. 05915 

9 0. 31154 0. 27571 0. 24299 0. 21331 0. 18657 0. 16261 0. 14126 0. 12233 0.10562 0. 09094 

10 0.39777 0.35752 0.31991 0.28506 0.25299 0.22367 0.19704 0.17299 0.15138 0.13206 

11 0.48605 0.44326 0.40237 0.36364 0.32726 0.29333 0.26190 0.23299 0.20655 0.18250 

12 0. 57218 0. 52892 0.48662 0.44568 0. 40640 0. 36904 0.33377 0.30071 0.26992 0. 24144 

13 0. 65263 0.61082 0. 56901 0.52764 0.48713 0.44781 0.40997 0. 37384 0. 33960 0. 30735 

14 0. 72479 0.68604 0.64639 0.60630 0.56622 0.52652 0.48759 0.44971 0.41316 0.37815 

15 0.78717 0,75259 0.71641 0.67903 0.64086 0.60230 0.56374 0.52553 0.48800 0.45142 

16 0.83925 0.80949 0.77762 0.74398 0.70890 0. 67276 0.63591 0.59871 0.56152 0.52464 

17 0. 88135 0. 85656 0. 82942 0. 80014 0. 76896 0. 73619 0. 70212 0. 66710 0. 63145 0. 59548 

18 0.91436 0.89436 0.87195 0.84724 0.82038 0.79157 0.76106 0.72909 0.69596 0.66197 

19 0. 93952 0.92384 0. 90587 0. 88562 0. 86316 0. 83857 0.81202 0. 78369 0. 75380 0. 72260 

20 0.95817 0.94622 0.93221 0.91608 0. 89779 0. 87738 0. 85492 0. 83050 0. 80427 0. 77641 

21 0. 97166 0. 96279 0. 95214 0. 93962 0.92513 0. 90862 0. 89010 0.86960 0. 84718 0.82295 

22 0. 98118 0.97475 0.96686 0. 95738 0.94618 0. 93316 0.91827 0.90148 0. 88279 0. 86224 

23 0.98773 0.98319 0.97748 0. 97047 0.96201 0. 95199 0.94030 0.92687 0. 91165 0. 89463 

24 0. 99216 0.98901 0.98498 0.97991 0.97367 0.96612 0. 95715 0.94665 0.93454 0.92076 

25 0.99507 0. 99295 0.99015 0.98657 0.98206 0.97650 0.96976 0.96173 0. 95230 0. 94138 

26 0.99696 0.99555 0.99366 0.99117 0.98798 0.98397 0.97902 0.97300 0.96581 0.95733 

27 0.99815 0. 99724 0. 99598 0. 99429 0. 99208 0. 98925 0. 98567 0. 98125 0. 97588 0. 96943 

28 0.99890 0.99831 0.99749 0.99637 0.99487 0.99290 0.99037 0.98719 0.98324 0.97844 

29 0.99935 0.99899 0.99846 0.99773 0.99672 0.99538 0.99363 0.99138 0.98854 0.98502 

30 0.99963 0.99940 0.99907 0.99860 0.99794 0.99704 0.99585 0.99428 0.99227 0.98974 

x 2 =15.5 16.0 16.5 17.0 17.5 18.0 18.5 19.0 19.5 20.0 

* m= 7.75 8.0 8.25 8.5 8.75 9.0 9.25 9.5 9.75 10.0 

1 0. 00008 0. 00006 0. 00005 0. 00004 0. 00003 0. 00002 0. 00002 0. 00001 0. 00001 0 00001 

2 0. 00043 0. 00034 0. 00026 0. 00020 0. 00016 0. 00012 0. 00010 0. 00008 0. 00006 0. 00005 

3 0, 00144 0.00113 0. 00090 0. 00071 0. 00056 0. 00044 0. 00035 0. 00027 0. 00022 0. 00017 

4 0. 00377 0. 00302 0. 00242 0. 00193 0. 00154 0. 00123 0. 00099 0. 00079 0. 00063 0 00050 

5 0. 00843 0. 00684 0. 00555 0. 00450 0. 00364 0. 00295 0. 00238 0. 00192 0. 00155 0.00125 

6 0. 01670 0. 01375 0. 01131 0, 00928 0. 00761 0. 00623 0. 00510 0. 00416 0. 00340 0. 00277 

7 0.03010 0. 02512 0. 02092 0. 01740 0. 01444 0. 01197 0. 00991 0. 00819 0. 00676 0 00557 

8 0. 05012 0. 04238 0. 03576 0. 03011 0.02530 0. 02123 0. 01777 0. 01486 0. 01240 0. 01034 

9 0. 07809 0. 06688 0. 05715 0. 04872 0. 04144 0. 03517 0. 02980 0. 02519 0. 02126 0. 01791 

10 0.11487 0. 09963 0.08619 0. 07436 0. 06401 0. 05496 0. 04709 0. 04026 0. 03435 0. 02925 

11 0. 16073 0. 14113 0. 12356 0. 10788 0. 09393 0. 08158 0. 07068 0. 06109 0. 05269 0. 04534 

12 0. 21522 0. 19124 0.16939 0. 14960 0. 13174 0. 11569 0. 10133 0. 08853 0. 07716 0. 06709 

13 0.27719 0.24913 0.22318 0.19930 0.17744 0.15752 0.13944 0.12310 0.10840 0.09521 

14 0.34485 0. 31337 0.28380 0.25618 0.23051 0. 20678 0. 18495 0. 16495 0. 14671 0.13014 

15 0.41604 0.38205 0.34962 0.31886 0.28986 0.26267 0.23729 0.21373 0.19196 0.17193 

16 0.48837 0.45296 0.41864 0.38560 0.35398 0.32390 0.29544 0.26866 0.24359 0.22022 

17 0. 55951 0. 52383 0. 48871 0. 45437 0.42102 0. 38884 0. 35797 0.32853 0. 30060 0. 27423 

18 0.62740 0. 59255 0. 55770 0.52311 0.48902 0. 45565 0. 42320 0. 39182 0. 36166 0 33282 

19 0.69033 0.65728 0.62370 0.58987 0.55603 0.52244 0.48931 0.45684 0.42521 0.39458 

20 0.74712 0. 71662 0. 68516 0. 65297 0. 62031 0. 58741 0.55451 0. 52183 0.48957 0.45793 

21 0. 79705 0. 76965 0. 74093 0.71111 0. 68039 0. 64900 0. 61718 0.58514 0.55310 0. 52126 

22 0.83990 0.81589 0.79032 0.76336 0.73519 0.70599 0.67597 0. 64533 0.61428 0.58304 

23 0.87582 0.85527 0.83304 0.80925 0.78402 0.75749 0.72983 0.70122 0. 67185 0. 64191 

24 0.90527 0. 88808 0.86919 0. 84866 0. 82657 0.80301 0. 77810 0. 75199 0. 72483 0. 69678 

25 0.92891 0.91483 0.89912 0,88179 0.86287 0. 84239 0.82044 0.79712 0.77254 0. 74683 

26 0.94749 0.93620 0.92341 0.90908 0.89320 0.87577 0.85683 0.83643 0.81464 0 79156 

27 0.96182 0.95295 0.94274 0.93112 0.91806 0.90352 0.88750 0.87000 0.85107 0.83076 

28 0.97266 0.96582 0.95782 0, 94859 0.93805 0.92615 0.91285 0.89814 0.88200 0. 86446 

29 0.98071 0.97554 0.96939 0.96218 0.95383 0.94427 0.93344 0.92129 0.90779 0. 89293 

30 0.98659 0.98274 0.97810 0.97258 0.96608 0.95853 0.94986 0.94001 0.92891 0.91654 

w-v~v 0 >o 

Interpolation on x 2 

<? (x 2 1 (xg | ^q- 4) [J -#> 2 ]+<? j v 0 - 2 ) [ 0 -^ 2 ]+<? (xg j »- 0 ) [1 - 0 + 10 2 ] 

Double Entry Interpolation 

+ @ (*o l v o) [l- w 2 -<t>+^ 2 +w^+Q (x 2 j v 0 +l) [1 w 2 +l w- w<^ 
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Table 26.7 PROBABILITY INTEGRAL OF ^-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION 
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 



x 2 = 21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

, 

m = 10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

1 

0.00001 










2 

0. 00003 

0. 00002 

0. 00001 

0.00001 







3 

0.00011 

0. 00007 

0. 00004 

0. 00003 

0.00002 

0. 00001 

0.00001 




4 

0.00032 

0. 00020 

0.00013 

0. 00008 

0. 00005 

0. 00003 

0.00002 

0.00001 

0. 00001 

0. 00001 

5 

0.00081 

0. 00052 

0.00034 

0. 00022 

0.00014 

0. 00009 

0. 00006 

0.00004 

0. 00002 

0..00002 

6 

0. 00184 

0.00121 

0.00080 

0. 00052 

0. 00034 

0. 00022 

0. 00015 

0. 00009 

0. 00006 

0.00004 

7 

0.00377 

0. 00254 

0.00171 

0. 00114 

0. 00076 

0. 00050 

0.00033 

0. 00022 

0. 00015 

0. 00010 

8 

0.00715 

0.00492 

0. 00336 

0.00229 

0.00155 

0.00105 

0. 00071 

0. 00047 

0.00032 

0.00021 

9 

0.01265 

0. 00888 

0.00620 

0.00430 

0. 00297 

0. 00204 

0.00140 

0.00095 

0. 00065 

0. 00044 

10 

0.02109 

0.01511 

0.01075 

0. 00760 

0.00535 

0. 00374 

0.00260 

0.00181 

0.00125 

0.00086 

11 

0.03337 

0.02437 

0.01768 

0. 01273 

0.00912 

0.00649 

0.00460 

0. 00324 

0. 00227 

0.00159 

12 

0. 05038 

0. 03752 

0.02773 

0. 02034 

0.01482 

0. 01073 

0.00773 

0.00553 

0. 00394 

0.00279 

13 

0. 07293 

0.05536 

0.04168 

0.03113 

0.02308 

0.01700 

0.01244 

0. 00905 

0.00655 

0.00471 

14 

0.10163 

0.07861 

0. 06027 

0.04582 

0. 03457 

0. 02589 

0.01925 

0.01423 

0.01045 

0.00763 

15 

0.13683 

0.10780 

0. 08414 

0. 06509 

0.04994 

0.03802 

0. 02874 

0.02157 

0. 01609 

0.01192 

16 

0.17851 

0.14319 

0.11374 

0.08950 

0.06982 

0.05403 

0.04148 

0.03162 

0.02394 

0.01800 

17 

0.22629 

0. 18472 

0.14925 

0.11944 

0.09471 

0. 07446 

0.05807 

0.04494 

0.03453 

0.02635 

18 

0. 27941 

0.23199 

0.19059 

0. 15503 

0. 12492 

0.09976 

0.07900 

0. 06206 

0.04838 

0.03745 

19 

0.33680 

0.28426 

0.23734 

0.19615 

0. 16054 

0.13019 

0.10465 

0. 08343 

0.06599 

0.05180 

20 

0. 39713 

0.34051 

0. 28880 

0.24239 

0.20143 

0. 16581 

0.13526 

0.10940 

0. 08776 

0.06985 

21 

0.45894 

0. 39951 

0.34398 

0.29306 

0.24716 

0. 20645 

0.17085 

0.14015 

0.11400 

0.09199 

22 

0. 52074 

0.45989 

0.40173 

0.34723 

0.29707 

0.25168 

0.21123 

0. 17568 

0.14486 

0.11846 

23 

0.58109 

0. 52025 

0.46077 

0.40381 

0.35029 

0.30087 

0.25597 

0.21578 

0. 18031 

0.14940 

24 

0.63873 

0.57927 

0.51980 

0.46160 

0.40576 

0.35317 

0.30445 

0.26004 

0.22013 

0. 18475 

25 

0.69261 

0. 63574 

0.57756 

0. 51937 

0.46237 

0.40760 

0.35588 

0. 30785 

0.26392 

0.22429 

26 

0.74196 

0. 68870 

0.63295 

0.57597 

0.51898 

0.46311 

0.40933 

0.35846 

0.31108 

0.26761 

27 

0. 78629 

0.73738 

0.68501 

0. 63032 

0.57446 

0. 51860 

0.46379 

0.41097 

0. 36090 

0.31415 

28 

0.82535 

0.78129 

0.73304 

0.68154 

0.62784 

0. 57305 

0.51825 

0.46445 

0. 41253 

0.36322 

29 

0.85915 

0. 82019 

0.77654 

0.72893 

0.67825 

0. 62549 

0.57171 

0.51791 

0.46507 

0.41400 

30 

0.88789 

0. 85404 

0.81526 

0.77203 

0. 72503 

0.67513 

0.62327 

0.57044 

0.51760 

0.46565 


x 2 = 31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

V 

vi = 15.5 

16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 

5 

0.00001 

0. 00001 









6 

0. 00003 

0. 00002 

0. 00001 

0. 00001 







7 

0. 00006 

0. 00004 

0. 00003 

0.00002 

0.00001 

0.00001 





8 

0.00014 

0. 00009 

0. 00006 

0. 00004 

0.00003 

0.00002 

0. 00001 

0. 00001 



9 

0. 00030 

0. 00020 

0. 00013 

0.00009 

0.00006 

0. 00004 

0.00003 

0. 00002 

0.00001 

0. 00001 

10 

0.00059 

0. 00040 

0.00027 

0. 00019 

0. 00012 

0.00008 

0. 00006 

0. 00004 

0.00003 

0.00002 

11 

0.00110 

0. 00076 

0.00053 

0.00036 

0. 00025 

0. 00017 

0.00012 

0. 00008 

0. 00005 

0.00004 

12 

0.00197 

0.00138 

0.00097 

0.00068 

0. 00047 

0. 00032 

0. 00022 

0.00015 

0. 00011 

0. 00007 

13 

0. 00337 

0.00240 

0.00170 

0. 00120 

0. 00085 

0. 00059 

0. 00041 

0.00029 

0. 00020 

0.00014 

14 

0.00554 

0. 00401 

0. 00288 

0.00206 

0.00147 

0.00104 

0. 00074 

0.00052 

0.00036 

0. 00026 

15 

0.00878 

0. 00644 

0.00469 

0. 00341 

0. 00246 

0. 00177 

0. 00127 

0. 00090 

0. 00064 

0. 00045 

16 

0. 01346 

0. 01000 

0. 00739 

0. 00543 

0. 00397 

0. 00289 

0. 00210 

0.00151 

0. 00109 

0. 00078 

17 

0. 01997 

0. 01505 

0. 01127 

0. 00840 

0. 00622 

0.00459 

0. 00337 

0.00246 

0. 00179 

0.00129 

18 

0.02879 

0. 02199 

0. 01669 

0.01260 

0. 00945 

0. 00706 

0. 00524 

0. 00387 

0. 00285 

0. 00209 

19 

0. 04037 

0.03125 

0. 02404 

0.01838 

0. 01397 

0.01056 

0. 00793 

0.00593 

0. 00442 

0. 00327 

20 

0.05519 

0. 04330 

0. 03374 

0. 02613 

0. 02010 

0.01538 

0. 01170 

0.00886 

0.00667 

0. 00500 

21 

0.07366 

0. 05855 

0. 04622 

0. 03624 

0. 02824 

0.02187 

0.01683 

0. 01289 

0. 00981 

0. 00744 

22 

0. 09612 

0.07740 

0.06187 

0.04912 

0. 03875 

0. 03037 

0. 02366 

0.01832 

0.01411 

0,01081 

23 

0.12279 

0.10014 

0.08107 

0. 06516 

0. 05202 

0.04125 

0. 03251 

0. 02547 

0. 01984 

0. 01537 

24 

0.15378 

0. 12699 

0.10407 

0. 08467 

0. 06840 

0.05489 

0.04376 

0. 03467 

0. 02731 

0. 02139 

25 

0.18902 

0.15801 

0.13107 

0.10791 

0. 08820 

0.07160 

0. 05774 

0.04626 

0.03684 

0. 02916 

26 

0. 22827 

0.19312 

0.16210 

0. 13502 

0.11165 

0.09167 

0. 07475 

0.06056 

0.04875 

0. 03901 

27 

0.27114 

0.23208 

0.19707 

0. 16605 

0.13887 

0.11530 

0. 09507 

0. 07786 

0.06336 

0.05124 

28 

0.31708 

0.27451 

0.23574 

0.20087 

0.16987 

0.14260 

0.11886 

0.09840 

0. 08092 

0.06613 

29 

0. 36542 

0.31987 

0.27774 

0. 23926 

0.20454 

0.17356 

0.14622 

0. 12234 

0.10166 

0. 08394 

30 

0.41541 

0.36753 

0.32254 

0.28083 

0.24264 

0.20808 

0.17714 

0.14975 

0. 12573 

0. 10486 
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PROBABILITY INTEGRAL QF X2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION Table 26.7 
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION 



x 2 =42 

44 

46 

48 

50 

52 

54 

56 

58 

60 

V 

m =21 

22 

23 

24 

25 

26 

27 

28 

29 

80 

10 

0.00001 










11 

0 . 00002 

0 . 00001 









12 

0 . 00003 

0 . 00002 

0 . 00001 








13 

0 . 00006 

0 . 00003 

0 . 00001 

0 . 00001 







14 

0 . 00012 

0 . 00006 

0 . 00003 

0 . 00001 

0 . 00001 






15 

0 . 00023 

0 . 00011 

0 . 00005 

0 . 00003 

0 . 00001 

0 . 00001 





16 

0.00040 

0 . 00020 

0 . 00010 

0 . 00005 

0 . 00002 

0 . 00001 

0 . 00001 




17 

0.00067 

0.00034 

0.00017 

0.00009 

0 . 00004 

0 . 00002 

0 . 00001 

0 . 00001 



18 

0 . 00111 

0 . 00058 

0 . 00030 

0.00015 

0 . 00008 

0 . 00004 

0 . 00002 

0 . 00001 



19 

0 . 00177 

0 . 00094 

0 . 00050 

0.00026 

0 . 00013 

0 . 00007 

0 . 00003 

0 . 00002 

0 . 00001 


20 

0 . 00277 

0.00151 

0 . 00081 

0 . 00043 

0 . 00022 

0 . 00011 

0 . 00006 

0 . 00003 

0 . 00001 

0 . 00001 

21 

0.00421 

0.00234 

0 . 00128 

0.00069 

0.00036 

0.00019 

0 . 0001 Q 

0 . 00005 

0 . 00003 

0.00001 

22 

0 . 00625 

0 . 00355 

0.00198 

0.00109 

0 . 00059 

0 . 00031 

0.00016 

0 . 00009 

0 . 00004 

0 . 00002 

23 

0 . 00908 

0 . 00526 

0.00299 

0.00167 

0 . 00092 

0 . 00050 

0 . 00027 

0.00014 

0 . 00007 

0 . 00004 

24 

0 . 01291 

0 . 00763 

0 . 00443 

0 . 00252 

0 . 00142 

0.00078 

0 . 00043 

0.00023 

0 . 00012 

0 . 00006 

25 

0 . 01797 

0.01085 

0.00642 

0 . 00373 

0.00213 

0.00120 

0.00066 

0.00036 

0.00020 

0 . 00011 

26 

0 . 02455 

0.01512 

0 . 00912 

0 . 00540 

0 . 00314 

0 . 00180 

0.00102 

0 . 00056 

0 . 00031 

0 . 00017 

27 

0.03292 

0 . 02068 

0.01272 

0 . 00768 

0 . 00455 

0.00265 

0.00152 

0 . 00086 

0 . 00048 

0.00026 

28 

0 . 04336 

0.02779 

0 . 01743 

0 . 01072 

0 . 00647 

0 . 00384 

0.00224 

0.00129 

0 . 00073 

0 . 00041 

29 

0 . 05616 

0 . 03670 

0 . 02346 

0.01470 

0 . 00903 

0.00545 

0 . 00324 

0.00189 

0.00109 

0.00062 

30 

0.07157 

0 . 04769 

0.03107 

0.01983 

0 . 01240 

0 . 00762 

0.00460 

0 . 00273 

0.00160 

0 . 00092 



x 2== 62 

64 

66 

68 

70 

72 

74 76 

V 


32 

33 

34 

35 

36 

37 38 

21 

0 . 00001 







22 

0 . 00001 

0 . 00001 






23 

0 . 00002 

0.00001 

0 . 00001 





24 

0 . 00003 

0 . 00002 

0 . 00001 





25 

0 . 00006 

0 . 00003 

0.00002 

0.00001 




26 

0.00009 

0 . 00005 

0.00003 

0.00001 

0 . 00001 



27 

0 . 00014 

0 . 00008 

0 . 00004 

0 . 00002 

0 . 00001 

0 . 00001 


28 

0 . 00023 

0 . 00012 

0 . 00007 

0 . 00004 

0.00002 

0 . 00001 

0 . 00001 

29 

0 . 00035 

0 . 00019 

0 . 00011 

0 . 00006 

0 . 00003 

0 . 00002 

0 . 00001 

30 

0.00052 

0 . 00029 

0 . 00016 

0.00009 

0 . 00005 

0 . 00003 

0 . 00001 0 . 00001 


,) = 1 - P ( x 2 | 

0=[2 2 r( 

j)TJ> 

"¥'*=[ 


'OO -t\- 

k 2 6 * 2 

1 c—1 

dt= S e~ m mj/j\(p even , c = p <, 2 ) 


*=K* 2 -*o) w="-"o>0 

Interpolation on x 2 


Qm=Q (x^o-4)[l^]+Q (7 0 |,o-2)[*-* 2 ]+Q (*o| , o)[l-*+^ 2 ] 

Double Entry Interpolation 

Q (* 2 |»)-Q ( x o|"o-4) [i * 2 ]+Q (*o|"o-2) (x 2 |- 0 -l) [1 w 2 -l w+w*j 

+Q (4| ,, o)[l-" ;2 ~*+2 * 2 +®>]+Q (xo|'o+l) [j " )2 +5 
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Table 26.8 PERCENTAGE POINTS OF THE x2-DISTRIBUTlON—VALUES OF 

x2 IN TERMS OF Q AND « 



0.995 

0.99 

0.975 

0.95 

0.9 

0.75 

0.5 

0.25 

i ( 

- 5 ) 3.92704 ( 

;- 4 ) 1.57088 i 

(- 4 ) 9.82069 ( 

> 3 ) 3.93214 

0.0157908 

0.101531 

0.454937 

1.32330 

2 

- 2 ) 1.00251 | 

[- 2 ) 2.01007 

(- 2 ) 5.06356 

0.102587 

0.210720 

0.575364 

1.38629 

2.77259 

3 ( 

- 2 ) 7.17212 

0.114832 

0.215795 

0.351846 

0.584375 

1.212534 

2.36597 

4.10835 

4 

0.206990 

0.297110 

0.484419 

0.710721 

1.063623 

1.92255 

3.35670 

5.38527 

5 

0.411740 

0.554300 

0.831211 

1.145476 

1.61031 

2.67460 

4.35146 

6.62568 

6 

0.675727 

0.872085 

1.237347 

1.63539 

2.20413 

3.45460 

5.34812 

7.84080 

7 

0.989265 

1.239043 

1.68987 

2.16735 

2.83311 

4.25485 

6.34581 

9.03715 

8 

1.344419 

1.646482 

2.17973 

2.73264 

3.48954 

5.07064 

7.34412 

10.2188 

9 

1.734926 

2.087912 

2.70039 

3.32511 

4.16816 

5.89883 

8.34283 

11.3887 

10 

2.15585 

2.55821 

3.24697 

3.94030 

4.86518 

6.73720 

9.34182 

12.5489 

11 

2.60321 

3.05347 

3.81575 

4.57481 

5.57779 

7.58412 

10.3410 

13.7007 

12 

3.07382 

3.57056 

4.40379 

5.22603 

6.30380 

8.43842 

11.3403 

14.8454 

13 

3.56503 

4.10691 

5.00874 

5.89186 

7.04150 

9.29906 

12.3398 

15.9839 

14 

4.07468 

4.66043 

5.62872 

6.57063 

7.78953 

10.1653 

13.3393 

17.1170 

15 

4.60094 

5.22935 

6.26214 

7.26094 

8.54675 

11.0365 

14.3389 

18.2451 

16 

5.14224 

5.81221 

6.90766 

7.96164 

9.31223 

11.9122 

15.3385 

19.3688 

17 

5.69724 

6.40776 

7.56418 

8.67176 

10.0852 

12.7919 

16.3381 

20.4887 

18 

6.26481 

7.01491 

8.23075 

9.39046 

10.8649 

13.6753 

17.3379 

21.6049 

19 

6.84398 

7.63273 

8.90655 

10.1170 

11.6509 

14.5620 

18.3376 

22.7178 

20 

7.43386 

8.26040 

9.59083 

10.8508 

12.4426 

15.4518 

19.3374 

23.8277 

21 

8.03366 

8.89720 

10.28293 

11.5913 

13.2396 

16.3444 

20.3372 

24.9348 

22 

8.64272 

9.54249 

10.9823 

12.3380 

14.0415 

17.2396 

21.3370 

26.0393 

23 

9.26042 

10.19567 

11.6885 

13.0905 

14.8479 

18.1373 

22.3369 

27.1413 

24 

9.88623 

10.8564 

12.4011 

13.8484 

15.6587 

19.0372 

23.3367 

28.2412 

25 

10.5197 

11.5240 

13.1197 

14.6114 

16.4734 

19.9393 

24.3366 

29.3389 

26 

11.1603 

12.1981 

13.8439 

15.3791 

17.2919 

20.8434 

25.3364 

30.4345 

27 

11.8076 

12.8786 

14.5733 

16.1513 

18.1138 

21.7494 

26.3363 

31.5284 

28 

12.4613 

13.5648 

15.3079 

16.9279 

18.9392 

22.6572 

27.3363 

32.6205 

29 

13.1211 

14.2565 

16.0471 

17.7083 

19.7677 

23.5666 

28.3362 

33.7109 

30 

13.7867 

14.9535 

16.7908 

18.4926 

20.5992 

24.4776 

29.3360 

34.7998 

40 

20.7065 

22.1643 

24.4331 

26.5093 

29.0505 

33.6603 

39.3354 

45.6160 

50 

27.9907 

29.7067 

32.3574 

34.7642 

37.6886 

42.9421 

49.3349 

56.3336 

60 

35.5346 

37.4848 

40.4817 

43.1879 

46.4589 

52.2938 

59.3347 

66.9814 

70 

43.2752 

45.4418 

48.7576 

51.7393 

55.3290 

61.6983 

69.3344 

77.5766 

80 

51,1720 

53.5400 

57.1532 

60.3915 

64.2778 

71.1445 

79.3343 

88.1303 

90 

59.1963 

61.7541 

65.6466 

69.1260 

73.2912 

80.6247 

89.3342 

98.6499 

100 

67.3276 

70.0648 

74.2219 

77.9295 

82.3581 

90.1332 

99.3341 109.141 

X 

- 2.5758 

- 2.3263 

- 1.9600 

- 1.6449 

- 1.2816 

- 0.6745 

0.0000 

0.6745 


Q<x 2 |;)-[»r(0j 1 

From E. S. Pearson and H. 0. Hartley (editors), Biometrika tables for statisticians, vol. I. Cambridge 
Univ. Press, Cambridge, England, 1954 (with permission) for Q > 0.0005. 
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PERCENTAGE POINTS OF THE x2-DISTRIBUTION—VALUES OF Table 26.8 

x2 IN TERMS OF Q AND r 



0.1 

0.05 

0.025 

0.01 

0.005 

0.001 

0.0005 

0.0001 

1 

2.70554 

3.84146 

5.02389 

6.63490 

7.87944 

10.828 

12.116 

15.137 

2 

4.60517 

5.99147 

7.37776 

9.21034 

10.5966 

13.816 

15.202 

18.421 

3 

6.25139 

7.81473 

9.34840 

11.3449 

12.8381 

16.266 

17.730 

21.108 

4 

7.77944 

9.48773 

11.1433 

13.2767 

14.8602 

18.467 

19.997 

23.513 

5 

9.23635 

11.0705 

12.8325 

15.0863 

16.7496 

20.515 

22.105 

25.745 

6 

10.6446 

12.5916 

14.4494 

16.8119 

18.5476 

22.458 

24.103 

27.856 

7 

12.0170 

14.0671 

16.0128 

18.4753 

20.2777 

24.322 

26.018 

29.877 

8 

13.3616 

15.5073 

17.5346 

20.0902 

21.9550 

26.125 

27.868 

31.828 

9 

14.6837 

16.9190 

19.0228 

21.6660 

23.5893 

27.877 

29.666 

33.720 

10 

15.9871 

18.3070 

20.4831 

23.2093 

25.1882 

29.588 

31.420 

35.564 

11 

17.2750 

19.6751 

21.9200 

24.7250 

26.7569 

31.264 

33.137 

37.367 

12 

18.5494 

21.0261 

23.3367 

26.2170 

28.2995 

32.909 

34.821 

39.134 

13 

19.8119 

22.3621 

24.7356 

27.6883 

29.8194 

34.528 

36.478 

40.871 

14 

21.0642 

23.6848 

26.1190 

29.1413 

31.3193 

36.123 

38.109 

42.579 

15 

22.3072 

24.9958 

27.4884 

30.5779 

32.8013 

37.697 

39.719 

44.263 

16 

23.5418 

26.2962 

28.8454 

31.9999 

34.2672 

39.252 

41.308 

45.925 

17 

24.7690 

27.5871 

30.1910 

33.4087 

35.7185 

40.790 

42.879 

47.566 

18 

25.9894 

28.8693 

31.5264 

34.8053 

37.1564 

42.312 

44.434 

49.189 

19 

27.2036 

30.1435 

32.8523 

36.1908 

38.5822 

43.820 

45.973 

50.796 

20 

28.4120 

31.4104 

34.1696 

37.5662 

39.9968 

45.315 

47.498 

52.386 

21 

29.6151 

32.6705 

35.4789 

38.9321 

41.4010 

46.797 

49.011 

53.962 

22 

30.8133 

33.9244 

36.7807 

40.2894 

42.7956 

48.268 

50.511 

55.525 

23 

32.0069 

35.1725 

38.0757 

41.6384 

44.1813 

49.728 

52.000 

57.075 

24 

33.1963 

36.4151 

39.3641 

42.9798 

45.5585 

51.179 

53.479 

58.613 

25 

34.3816 

37.6525 

40.6465 

44.3141 

46.9278 

52.620 

54.947 

60.140 

26 

35.5631 

38.8852 

41.9232 

45.6417 

48.2899 

54.052 

56.407 

61.657 

27 

36.7412 

40.1133 

43.1944 

46.9630 

49.6449 

55.476 

57.858 

63.164 

28 

37.9159 

41.3372 

44.4607 

48.2782 

50.9933 

56.892 

59.300 

64.662 

29 

39.0875 

42.5569 

45.7222 

49.5879 

52.3356 

58.302 

60.735 

66.152 

30 

40.2560 

43.7729 

46.9792 

50.8922 

53.6720 

59.703 

62.162 

67.633 

40 

51.8050 

55.7585 

59.3417 

63.6907 

66.7659 

73.402 

76.095 

82.062 

50 

63.1671 

67.5048 

71.4202 

76.1539 

79.4900 

86.661 

89.560 

95.969 

60 

74.3970 

79.0819 

83.2976 

88.3794 

91.9517 

99.607 

102.695 

109.503 

70 

85.5271 

90.5312 

95.0231 

100.425 

104.215 

112.317 

115.578 

122.755 

80 

96.5782 

101.879 

106.629 

112.329 

116.321 

124.839 

128.261 

135.783 

90 

107.565 

113.145 1 

118.136 

124.116 

128.299 

137.208 

140.782 

148.627 

100 

118.498 

124.342 

129.561 

135.807 

140.169 

149.449 

153.167 

161.319 

X 

1.2816 

1.6449 

1.9600 

2.3263 

2.5758 

3.0902 

3.2905 

3.7190 




Q { x 2 \ v ) = 

[*©]" 7 ; 

e "2 * 2 -1 dt 
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Table 26.9 PERCENTAGE POINTS OF THE F-DISTRIBUTION —VALUES 
OF F IN TERMS OF Q, v„ u 2 
Q(F K»*)-0.5 

v 2\ v i 1 2 3 4 5 6 8 12 15 20 30 60 <*> 

1 1.00 1.50 1.71 1.82 1,89 1.94 2.00 2.07 2.09 2.12 2.15 2.17 2.20 

2 0.667 1.00 1.13 1.21 1.25 1.28 1.32 1.36 1.38 1.39 1.41 1.43 1.44 

3 0.585 0.881 1.00 1.06 1.10 1.13 1.16 1.20 1.21 1.23 1.24 1.25 1.27 

4 0.549 0.828 0.941 1.00 1.04 1.06 1.09 1.13 1.14 1.15 1.16 1.18 1.19 

5 0.528 0.799 0.907 0.965 1.00 1,02 1.05 1.09 1.10 1.11 1.12 1,14 1.15 

6 0.515 0.780 0.886 0.942 0.977 1.00 1.03 1.06 1.07 1.08 1.10 1.11 1.12 

7 0.506 0.767 0.871 0.926 0.960 0.983 1.01 1.04 1.05 1.07 1.08 1.09 1.10 

8 0.499 0.757 0.860 0.915 0.948 0.971 1.00 1.03 1.04 1.05 1.07 1.08 1.09 

9 0.494 0.749 0.852 0.906 0.939 0.962 0.990 1.02 1.03 1.04 1.05 1.07 1.08 

10 0.490 0.743 0.845 0.899 0.932 0.954 0.983 1.01 1.02 1.03 1.05 1.06 1.07 

11 0.486 0.739 0.840 0.893 0.926 0.948 0.977 1.01 1.02 1.03 1.04 1.05 1.06 

12 0.484 0.735 0.835 0.888 0.921 0.943 0.972 1.00 1.01 1.02 1.03 1.05 1.06 

13 0.481 0.731 0.832 0.885 0.917 0.939 0.967 0.996 1.01 1.02 1.03 1.04 1.05 

14 0.479 0.729 0 . 82 ? 0.881 0.914 0.936 0.964 0.992 1.00 1.01 1.03 1.04 1.05 

15 0.478 0.726 0.826 0.878 0.911 0.933 0.960 0.989 1.00 1.01 1.02 1.03 1.05 

16 0.476 0.724 0.823 0.876 0.908 0.930 0.958 0.986 0.997 1.01 1.02 1.03 1.04 

17 0.475 0.722 0.821 0.874 0.906 0.928 0.955 0.983 0.995 1.01 1.02 1.03 1.04 

18 0.474 0.721 0.819 0,872 0.904 0.926 0.953 0.981 0.992 1.00 1.02 1.03 1.04 

19 0.473 0.719 0.818 0.870 0.902 0.924 0.951 0.979 0.990 1.00 1.01 1.02 1.04 

20 0.472 0.718 0.816 0.868 0.900 0.922 0.950 0.977 0.989 1.00 1.01 1.02 1.03 

21 0.471 0.716 0.815 0.867 0.899 0.921 0.948 0.976 0.987 0.998 1.01 1.02 1.03 

22 0.470 0.715 0.814 0.866 0.898 0.919 0.947 0.974 0.986 0.997 1.01 1.02 1.03 

23 0.470 0.714 0.813 0.864 0.896 0.918 0.945 0.973 0.984 0.996 1.01 1.02 1.03 

24 0.469 0.714 0.812 0.863 0.895 0.917 0.944 0.972 0.983 0.994 1.01 1.02 1.03 

25 0.468 0.713 0.811 0.862 0.894 0.916 0.943 0.971 0.982 0.993 1.00 1.02 1.03 

26 0.468 0.712 0.810 0.861 0.893 0.915 0.942 0.970 0.981 0.992 1.00 1.01 1.03 

27 0.467 0.711 0.809 0.861 0.892 0.914 0.941 0.969 0.980 0.991 1.00 1.01 1.03 

28 0.467 0.711 0.808 0.860 0.892 0.913 0.940 0.968 0.979 0.990 1.00 1.01 1.02 

29 0.466 0.710 0.808 0.859 0.891 0.912 0.940 0.967 0.978 0.990 1.00 1.01 1.02 

30 0.466 0.709 0.807 0.858 0.890 0.912 0.939 0.966 0.978 0.989 1.00 1.01 1.02 

40 0.463 0.705 0.802 0.854 0.885 0.907 0.934 0.961 0.972 0.983 0.994 1.01 1.02 

60 0.461 0.701 0.798 0.849 0.880 0.901 0.928 0.956 0.967 0.978 0.989 1.00 1.01 

120 0.458 0.697 0.793 0.844 0.875 0.896 0.923 0.950 0.961 0.972 0.983 0.994 1.01 

<» 0.455 0.693 0.789 0.839 0.870 0.891 0.918 0.945 0.956 0.967 0.978 0.989 1.00 

<?(F| =0.25 

Wi 1 2 3 4 5 6 8 12 15 20 30 60 » 

1 5.83 7.50 8.20 8.58 8.82 8.98 9.19 9.41 9.49 9.58 9.67 9.76 9.85 

2 2.57 3.00 3.15 3.23 3.28 3.31 3.35 3.39 3.41 3.43 3.44 3.46 3.48 

3 2.02 2.28 2.36 2.39 2.41 2.42 2.44 2.45 2.46 2.46 2.47 2.47 2.47 

4 1.81 2.00 2.05 2.06 2.07 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 

5 1.69 1.85 1.88 1.89 1.89 1.89 1.89 1.89 1.89 1.88 1.88 1.87 1.87 

6 1.62 1.76 1.78 1.79 1.79 1.78 1.78 1.77 1.76 1.76 1.75 1.74 1.74 

7 1.57 1.70 1.72 1.72 1.71 1.71 1.70 1.68 1.68 1.67 1.66 1.65 1.65 

8 1.54 1.66 1.67 1.66 1.66 1.65 1.64 1.62 1.62 1.61 1.60 1.59 1.58 

9 1.51 1.62 1.63 1.63 1.62 1.61 1.60 1.58 1.57 1.56 1.55 1.54 1.53 

10 1.49 1.60 1.60 1.59 1.59 1.58 1.56 1.54 1.53 1.52 1.51 1.50 1.48 

11 1.47 1.58 1.58 1.57 1.56 1.55 1.53 1.51 1.50 1.49 1.48 1.47 1.45 

12 1.46 1.56 1.56 1.55 1.54 1.53 1.51 1.49 1.48 1.47 1.45 1.44 1.42 

13 1.45 1.55 1.55 1.53 1.52 1.51 1.49 1.47 1.46 1.45 1.43 1.42 1.40 

14 1.44 1.53 1.53 1.52 1.51 1.50 1.48 1.45 1.44 1.43 1.41 1.40 1.38 

15 1.43 1.52 1.52 1.51 1.49 1.48 1.46 1.44 1.43 1.41 1.40 1.38 1.36 

16 1.42 1.51 1.51 1.50 1.48 1.47 1.45 1.43 1.41 1.40 1.38 1.36 1.34 

17 1.42 1.51 1.50 1.49 1.47 1.46 1.44 1.41 1.40 1.39 1.37 1.35 1,33 

18 1.41 1.50 1.49 1.48 1.46 1.45 1.43 1.40 1.39 1.38 1.36 1.34 1.32 

19 1.41 1.49 1.49 1.47 1.46 1.44 1.42 1.40 1.38 1.37 1.35 1.33 1.30 

20 • 1.40 1.49 1.48 1.47 1.45 1.44 1.42 1.39 1.37 1.36 1.34 1.32 1.29 

21 1.40 1.48 1.48 1.46 1.44 1.43 1.41 1.38 1.37 1.35 1.33 1.31 1.28 

22 1.40 1.48 1.47 1.45 1.44 1.42 1.40 1.37 1.36 1.34 1.32 1.30 1.28 

23 1.39 1.47 1.47 1.45 1.43 1.42 1.40 1.37 1.35 1.34 1.32 1.30 1.27 

24 1.39 1.47 1.46 1.44 1.43 1.41 1.39 1.36 1.35 1.33 1.31 1.29 1.26 

25 1.39 1.47 1.46 1.44 1.42 1.41 1.39 1.36 1.34 1.33 1.31 1.28 1.25 

26 1.38 1.46 1.45 1.44 1.42 1.41 1.38 1.35 1.34 1.32 1.30 1.28 1.25 

27 1.38 1.46 1.45 1.43 1.42 1.40 1.38 1.35 1.33 1.32 1.30 1.27 1.24 

28 1.38 1.46 1.45 1,43 1.41 1.40 1.38 1.34 1.33 1.31 1.29 1.27 1.24 

29 1.38 1.45 1.45 1.43 1.41 1.40 1.37 1.34 1.32 1.31 1.29 1.26 1.23 

30 1.38 1.45 1.44 1.42 1.41 1.39 1.37 1.34 1.32 1.30 1.28 1.26 1.23 

40 1.36 1.44 1.42 1.40 1.39 1.37 1.35 1.31 1.30 1.28 1.25 1.22 1.19 

60 1.35 1.42 1.41 1.38 1.37 1.35 1.32 1.29 1.27 1.25 1.22 1.19 1.15 

120 1.34 1.40 1.39 1,37 1.35 1.33 1.30 1.26 1.24 1.22 1.19 1.16 1.10 

« 1.32 1.39 1.37 1.35 1.33 1.31 1.28 1.24 1.22 1.19 1.16 1.12 1.00 

Compiled from E. S. Pearson and H. O. Hartley (editors), Biometrika tables for 
statisticians, vol. I. Cambridge Univ. Press, Cambridge, England, 1954 (with 
permission). 
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PERCENTAGE POINTS OF THE F-DISTRIBUTION —VALUES Table 26.9 

OF F IN TERMS OF <?, n, v., 

Q(F\v iT2)=0.1 

v 2 \ v i 1 2 3 4 5 6 8 12 15 20 30 60 

1 39.86 49.50 53.59 55.83 57.24 58.20 59.44 60.71 61.22 61.74 62.26 62.79 63.33 

2 8.53 9.00 9.16 9.24 9.29 9.33 9.37 9.41 9.42 9.44 9.46 9.47 9.49 

3 5.54 5.46 5.39 5.34 5.31 5.28 5.25 5.22 5.20 5.18 5.17 5.15 5 . 13 . 

4 4.54 4.32 4.19 4.11 4.05 4.01 3.95 3.90 3.87 3.84 3.82 3.79 3.76 

5 4.06 3.78 3.62 3.52 3,45 3.40 3.34 3.27 3.24 3.21 3.17 3.14 3.10 

6 3.78 3.46 3.29 3.18 3.11 3.05 2.98 2.90 2.87 2.84 2.80 2.76 2.72 

7 3.59 3.26 3.07 2.96 2.88 2.83 2.75 2.67 2.63 2.59 2.56 2.51 2.47 

8 3.46 3.11 2.92 2.81 2.73 2.67 2.59 2.50 2.46 2.42 2.38 2.34 2.29 

9 3.36 3.01 2.81 2.69 2.61 2.55 2.47 2.38 2.34 2.30 2.25 2.21 2.16 

10 3.29 2.92 2.73 2.61 2.52 2.46 2.38 2.28 2.24 2.20 2.16 2.11 2.06 

11 3.23 2.86 2.66 2.54 2.45 2.39 2.30 2.21 2.17 2.12 2.08 2.03 1.97 

12 3.18 2.81 2.61 2.48 2.39 2.33 2.24 2.15 2.10 2.06 2.01 1.96 1.90 

13 3.14 2.76 2.56 2.43 2.35 2.28 2.20 2.10 2.05 2.01 1.96 1.90 1.85 

14 3.10 2.73 2.52 2.39 2.31 2.24 2.15 2.05 2.01 1.96 1.91 1.86 1.80 

15 3.07 2.70 2.49 2.36 2.27 2.21 2.12 2.02 1.97 1.92 1.87 1.82 1.76 

16 3.05 2.67 2.46 2.33 2.24 2.18 2.09 1.99 1.94 1.89 1.84 1.78 1.72 

17 3.03 2.64 2.44 2.31 2.22 2.15 2.06 1.96 1.91 1.86 1.81 1.75 1.69 

18 3.01 2.62 2.42 2.29 2.20 2.13 2.04 1.93 1.89 1.84 1.78 1.72 1.66 

19 2.99 2.61 2.40 2.27 2.18 2.11 2.02 1.91 1.86 1.81 1.76 1.70 1.63 

20 2.97 2.59 2.38 2.25 2.16 2.09 2.00 1.89 1.84 1.79 1.74 1.68 1.61 

21 2.96 2.57 2.36 2.23 2.14 2.08 1.98 1.87 1.83 1.78 1.72 1.66 1.59 

22 2.95 2.56 2.35 2.22 2.13 2.06 1.97 1.86 1.81 1.76 1.70 1.64 1.57 

23 2.94 . 2.55 2.34 2.21 2.11 2.05 1.95 1.84 1.80 1.74 1.69 1.62 1.55 

24 2.93 2.54 2.33 2.19 2.10 2.04 1.94 1.83 1.78 1.73 1.67 1.61 1.53 

25 2.92 2.53 2.32 2.18 2.09 2.02 1.93 1.82 1.77 1.72 1.66 1.59 1.52 

26 2.91 2.52 2.31 2.17 2.08 2.01 1.92 1.81 1.76 1.71 1.65 1.58 1.50 

27 2.90 2.51 2.30 2.17 2.07 2.00 1.91 1.80 1.75 1.70 1.64 1.57 1.49 

28 2.89 2.50 2.29 2.16 2.06 2.00 1.90 1.79 1.74 1.69 1.63 1.56 1.48 

29 2.89 2.50 2.28 2.15 2.06 1.99 1.89 1.78 1.73 1.68 1.62 1.55 1.47 

30 2.88 2.49 2.28 2.14 2.05 1.98 1.88 1.77 1.72 1.67 1.61 1.54 1.46 

40 2.84 2.44 2.23 2.09 2.00 1.93 1.83 1.71 1.66 1.61 1.54 1.47 1.38 

60 2.79 2.39 2.18 2.04 1.95 1.87 1.77 1.66 1.60 1.54 1.48 1.40 1.29 

120 2.75 2.35 2.13 1.99 1.90 1.82 1.72 1.60 1.55 1.48 1.41 1.32 1.19 

» 2.71 2.30 2.08 1.94 1.85 1.77 1.67 1.55 1.49 1.42 1.34 1.24 1.00 

<?(^| v J v 2 )= 0.05 

% v i 1 2 3 4 5 6 8 12 15 20 30 60 

1 161.4 199.5 215.7 224.6 230.2 234.0 238.9 243.9 245.9 248.0 250.1 252.2 254.3 

2 18.51 19.00 19.16 19.25 19.30 19.33 19.37 19.41 19.43 19.45 19.46 19.48 19.50 

3 10.13 9.55 9.28 9.12 9.01 8.94 8.85 8,74 8.70 8.66 8.62 8.57 8.53 

4 7.71 6.94 6.59 6.39 6.26 6.16 6.04 5.91 5.86 5.80 5.75 5.69 5.63 

5 6.61 5.79 5.41 5.19 5.05 4.95 4.82 4.68 4.62 4.56 4.50 4.43 4.36 

6 5.99 5.14 4.76 4.53 4.39 4.28 4.15 4.00 3.94 3.87 3.81 3.74 3.67 

7 5.59 4.74 4.35 4.12 3.97 3.87 3.73 3.57 3.51 3.44 3.38 3.30 3.23 

8 5.32 4.46 4.07 3.84 3.69 3.58 3.44 3.28 3.22 3.15 3.08 3.01 2.93 

9 5.12 4.26 3.86 3.63 3.48 3.37 3.23 3.07 3.01 2.94 2.86 2.79 2.71 

10 4.96 4.10 3.71 3.48 3.33 3.22 3.07 2.91 2.85 2.77 2.70 2.62 2.54 

11 4.84 3.98 3.59 3.36 3.20 3.09 2.95 2.79 2.72 2.65 2.57 2.49 2.40 

12 4.75 3.89 3.49 3.26 3.11 3.00 2.85 2.69 2.62 2.54 2.47 2.38 2.30 

13 4.67 3.81 3.41 3.18 3.03 2.92 2.77 2.60 2.53 2.46 2.38 2.30 2.21 

14 4.60 3.74 3.34 3.11 2.96 2.85 2.70 2.53 2.46 2.39 2.31 2.22 2.13 

15 4.54 3.68 3.29 3.06 2.90 2.79 2.64 2.48 2.40 2.33 2.25 2.16 2.07 

16 4.49 3.63 3.24 3.01 2.85 2.74 2.59 2.42 2.35 2.28 2.19 2.11 2.01 

17 4.45 3.59 3.20 2.96 2.81 2.70 2.55 2.38 2.31 2.23 2.15 2.06 1.96 

18 4.41 3.55 3.16 2.93 2.77 2.66 2.51 2.34 2.27 2.19 2.11 2.02 1.92 

19 4.38 3.52 3.13 2.90 2.74 2.63 2.48 2.31 2.23 2.16 2.07 1.98 1.88 

20 4.35 3.49 3.10 2.87 2.71 2.60 2.45 2.28 2.20 2.12 2.04 1.95 1.84 

21 4.32 3.47 3.07 2.84 2.68 2.57 2.42 2.25 2.18 2.10 2.01 1.92 1.81 

22 4.30 3.44 3.05 2.82 2.66 2.55 2.40 2.23 2.15 2.07 1.98 1.89 1.78 

23 4.28 3.42 3.03 2.80 2.64 2.53 2.37 2.20 2.13 2.05 1.96 1.86 1.76 

24 4.26 3.40 3.01 2.78 2.62 2.51 2.36 2.18 2.11 2.03 1.94 1.84 1.73 

25 4.24 3.39 2.99 2.76 2.60 2.49 2.34 2.16 2.09 2.01 1.92 1.82 1.71 

26 4.23 3.37 2.98 2.74 2.59 2.47 2.32 2.15 2.07 1.99 1.90 1.80 1.69 

27 4.21 3.35 2.96 2.73 2.57 2.46 2.31 2.13 2.06 1.97 1.88 1.79 1.67 

28 4.20 3.34 2.95 2.71 2.56 2.45 2.29 2.12 2.04 1.96 1.87 1.77 1.65 

29 4.18 3.33 2.93 2.70 2.55 2.43 2.28 2.10 2.03 1.94 1.85 1.75 1.64 

30 4.17 3.32 2.92 2.69 2.53 2.42 2.27 2.09 2.01 1.93 1.84 1.74 1.62 

40 4.08 3.23 2.84 2.61 2.45 2.34 2.18 2.00 1.92 1.84 1.74 1.64 1.51 

60 4.00 3.15 2.76 2.53 2.37 2.25 2.10 1.92 1.84 1.75 1.65 1.53 1.39 

120 3.92 3.07 2.68 2.45 2.29 2.17 2.02 1.83 1.75 1.66 1.55 1,43 1.25 

* 3.84 3.00 2.60 2.37 2.21 2.10 1.94 1.75 1.67 1.57 1.46 1.32 1.00 
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OF F IN TERMS 

OF Q, 

?!, V > 












<?(F|v, * 2 )=0.025 






m 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

00 

1 647.8 

799.5 

864.2 

899.6 

921.8 

937.1 

956.7 

976.7 

984.9 

993.1 

1001 

1010 

1018 

2 

38.51 

39.00 

39.17 

39.25 

39.30 

39.33 

39.37 

39.41 

39.43 

39.45 

39.46 

39.48 

39.50 

3 

17.44 

16.04 

15.44 

15.10 

14.88 

14.73 

14.54 

14.34 

14.25 

14.17 

14.08 

13.99 

13.90 

4 

12.22 

10.65 

9.98 

9.60 

9.36 

9.20 

8.98 

8.75 

8.66 

8.56 

8.46 

8.36 

8.26 

5 

10.01 

8.43 

7.76 

7.39 

7.15 

6.98 

6.76 

6.52 

6.43 

6.33 

6.23 

6.12 

6.02 

6 

8.81 

7.26 

6.60 

6.23 

5.99 

5.82 

5.60 

5.37 

5.27 

5.17 

5.07 

4.96 

4.85 

7 

8.07 

6.54 

5.89 

5.52 

5.29 

5.12 

4.90 

4.67 

4.57 

4.47 

4.36 

4.25 

4.14 

8 

7.57 

6.06 

5.42 

5.05 

4.82 

4.65 

4.43 

4.20 

4.10 

4.00 

3.89 

3.78 

3.67 

9 

7.21 

5.71 

5.08 

4.72 

4.48 

4.32 

4.10 

3.87 

3.77 

3.67 

3.56 

3.45 

3.33 

10 

6.94 

5.46 

4.83 

4.47 

4.24 

4.07 

3.85 

3.62 

3.52 

3.42 

3.31 

3.20 

3.08 

11 

6.72 

5.26 

4.63 

4.28 

4.04 

3.88 

3.66 

3.43 

3.33 

3.23 

3.12 

3.00 

2.88 

12 

6.55 

5.10 

4.47 

4.12 

3.89 

3.73 

3.51 

3.28 

3.18 

3.07 

2.96 

2.85 

2.72 

13 

6.41 

4.97 

4.35 

4.00 

3.77 

3.60 

3.39 

3.15 

3.05 

2.95 

2.84 

2.72 

2.60 

14 

6.30 

4.86 

4.24 

3.89 

3.66 

3.50 

3.29 

3.05 

2.95 

2.84 

2.73 

2.61 

2.49 

15 

6.20 

4.77 

4.15 

3.80 

3.58 

3.41 

3.20 

2.96 

2.86 

2.76 

2.64 

2.52 

2.40 

16 

6.12 

4.69 

4.08 

3.73 

3.50 

3.34 

3.12 

2.89 

2.79 

2.68 

2.57 

2.45 

2.32 

17 

6.04 

4.62 

4.01 

3.66 

3.44 

3.28 

3.06 

2.82 

2.72 

2.62 

2.50 

2.38 

2.25 

18 

5.98 

4.56 

3.95 

3.61 

3.38 

3.22 

3.01 

2.77 

2.67 

2.56 

2.44 

2.32 

2.19 

19 

5.92 

4.51 

3.90 

3.56 

3.33 

3.17 

2.96 

2.72 

2.62 

2.51 

2.39 

2.27 

2.13 

20 

5.87 

4.46 

3.86 

3.51 

3.29 

3.13 

2.91 

2.68 

2.57 

2.46 

2.35 

2.22 

2.09 

21 

5.83 

4.42 

3.82 

3.48 

3.25 

3.09 

2.87 

2.64 

2.53 

2.42 

2.31 

2.18 

2.04 

22 

5.79 

4.38 

3.78 

3.44 

3.22 

3.05 

2.84 

2.60 

2.50 

2.39 

2.27 

2.14 

2.00 

23 

5.75 

4.35 

3.75 

3.41 

3.18 

3.02 

2.81 

2.57 

2.47 

2.36 

2.24 

2.11 

1.97 

24 

5.72 

4.32 

3.72 

3.38 

3.15 

2.99 

2.78 

2.54 

2.44 

2.33 

2.21 

2.08 

1.94 

25 

5.69 

4.29 

3.69 

3.35 

3.13 

2.97 

2.75 

2.51 

2.41 

2.30 

2.18 

2.05 

1.91 

26 

5.66 

4.27 

3.67 

3.33 

3.10 

2.94 

2.73 

2.49 

2.39 

2.28 

2.16 

2.03 

1.88 

27 

5.63 

4.24 

3.65 

3.31 

3.08 

2.92 

2.71 

2.47 

2.36 

2.25 

2.13 

2.00 

1.85 

28 

5.61 

4.22 

3.63 

3.29 

3.06 

2.90 

2.69 

2.45 

2.34 

2.23 

2.11 

1.98 

1.83 

29 

5.59 

4.20 

3.61 

3.27 

3.04 

2.88 

2.67 

2.43 

2.32 

2.21 

2.09 

1.96 

1.81 

30 

5.57 

4.18 

3.59 

3.25 

3.03 

2.87 

2.65 

2.41 

2.31 

2.20 

2.07 

1.94 

1.79 

40 

5.42 

4.05 

3.46 

3.13 

2.90 

2.74 

2.53 

2.29 

2.18 

2.07 

1.94 

1.80 

1.64 

60 

5.29 

3.93 

3.34 

3.01 

2.79 

2.63 

2.41 

2.17 

2.06 

1.94 

1.82 

1.67 

1.48 

120 

5.15 

3.80 

3.23 

2.89 

2.67 

2.52 

2.30 

2.05 

1.94 

1.82 

1.69 

1.53 

1.31 

“ 

5.02 

3.69 

3.12 

2.79 

2.57 

2.41 

2.19 

1.94 

1.83 

1.71 

1.57 

1.39 

1.00 







w 

O 

o 






W 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

CO 

1 4052 

4999.5 

5403 

5625 

5764 

5859 

5982 

6106 

6157 

6209 

6261 

6313 

6366 

2 

98.50 

99.00 

99.17 

99.25 

99.30 

99.33 

99.37 

99.42 

99.43 

99.45 

99.47 

99.48 

99.50 

3 

34.12 

30.82 

29.46 

28.71 

28.24 

27.91 

27.49 

27.05 

26.87 

26.69 

26.50 

26.32 

26.13 

4 

21.20 

18.00 

16.69 

15.98 

15.52 

15.21 

14.80 

14.37 

14.20 

14.02 

13.84 

13.65 

13.46 

5 

16.26 

13.27 

12.06 

11.39 

10.97 

10.67 

10.29 

9.89 

9.72 

9.55 

9.38 

9.20 

9.02 

6 

13.75 

10.92 

9.78 

9.15 

8.75 

8.47 

8.10 

7.72 

7.56 

7.40 

7.23 

7.06 

6.88 

7 

12.25 

9.55 

8.45 

7.85 

7.46 

7.19 

6.84 

6.47 

6.31 

6.16 

5.99 

5.82 

5.65 

8 

11.26 

8.65 

7.59 

7.01 

6.63 

6.37 

6.03 

5.67 

5.52 

5.36 

5.20 

5.03 

4.86 

9 

10.56 

8.02 

6.99 

6.42 

6.06 

5.80 

5.47 

5.11 

4.96 

4.81 

4.65 

4.48 

4.31 

10 

10.04 

7.56 

6.55 

5.99 

5.64 

5.39 

5.06 

4.71 

4.56 

4.41 

4.25 

4.08 

3.91 

11 

9.65 

7.21 

6.22 

5.67 

5.32 

5.07 

4.74 

4.40 

4.25 

4.10 

3.94 

3.78 

3.60 

12 

9.33 

6.93 

5.95 

5.41 

5.06 

4.82 

4.50 

4.16 

4.01 

3.86 

3.70 

3.54 

3.36 

13 

9.07 

6.70 

5.74 

5.21 

4.86 

4.62 

4.30 

3.96 

3.82 

3.66 

3.51 

3.34 

3.17 

14 

8.86 

6.51 

5.56 

5.04 

4.69 

4.46 

4.14 

3.80 

3.66 

3.51 

3.35 

3.18 

3.00 

15 

8.68 

6.36 

5.42 

4.89 

4.56 

4.32 

4.00 

3.67 

3.52 

3.37 

3.21 

3.05 

2.87 

16 

8.53 

6.23 

5.29 

4.77 

4.44 

4.20 

3.89 

3.55 

3.41 

3.26 

3.10 

2.93 

2.75 

17 

8 . 4Q 

6.11 

5.18 

4.67 

4.34 

4.10 

3.79 

3.46 

3.31 

3.16 

3.00 

2.83 

2.65 

18 

8.29 

6.01 

5.09 

4.58 

4.25 

4.01 

3.71 

3.37 

3.23 

3.08 

2.92 

2.75 

2.57 

19 

8.18 

5.93 

5.01 

4.50 

4.17 

3.94 

3.63 

3.30 

3.15 

3.00 

2.84 

2.67 

2.49 

20 

8.10 

5.85 

4.94 

4.43 

4.10 

3.87 

3.56 

3.23 

3.09 

2.94 

2.78 

2.61 

2.42 

21 

8.02 

5.78 

4.87 

4.37 

4.04 

3.81 

3.51 

3.17 

3.03 

2.88 

2.72 

2.55 

2.36 

22 

7.95 

5.72 

4.82 

4.31 

3.99 

3.76 

3.45 

3.12 

2.98 

2 . B3 

2.67 

2.50 

2.31 

23 

7.88 

5.66 

4.76 

4.26 

3.94 

3.71 

3.41 

3.07 

2.93 

2,78 

2.62 

2.45 

2.26 

24 

7.82 

5.61 

4.72 

4.22 

3.90 

3.67 

3.36 

3.03 

2.89 

2.74 

2.58 

2.40 

2.21 

25 

7.77 

5.57 

4.68 

4.18 

3.85 

3.63 

3.32 

2.99 

2.85 

2.70 

2.54 

2.36 

2.17 

26 

7.72 

5.53 

4.64 

4.14 

3.82 

3.59 

3.29 

2.96 

2.81 

2.66 

2.50 

2.33 

2.13 

27 

7.68 

5.49 

4.60 

4.11 

3.78 

3.56 

3.26 

2.93 

2.78 

2.63 

2.47 

2.29 

2.10 

28 

7.64 

5.45 

4.57 

4.07 

3.75 

3.53 

3.23 

2.90 

2.75 

2.60 

2.44 

2.26 

2.06 

29 

7.60 

5.42 

4.54 

4.04 

3.73 

3.50 

3.20 

2.87 

2.73 

2.57 

2.41 

2.23 

2.03 

30 

7.56 

5.39 

4.51 

4.02 

3.70 

3.47 

3.17 

2.84 

2.70 

2.55 

2.39 

2.21 

2.01 

40 

7.31 

5.18 

4.31 

3.83 

3.51 

3.29 

2.99 

2.66 

2.52 

2.37 

2.20 

2.02 

1.80 

60 

7.08 

4.98 

4.13 

3.65 

3.34 

3.12 

2.82 

2.50 

2.35 

2.20 

2.03 

1.84 

1.60 

120 

6.85 

4.79 

3.95 

3.48 

3.17 

2.96 

2.66 

2.34 

2.19 

2,03 

1.86 

1.66 

1.38 

>0 

6.63 

4.61 

3.78 

3.32 

3.02 

2.80 

2.51 

2.18 

2.04 

1.88 

1.70 

1.47 

1.00 



PROBABILITY FUNCTIONS 


989 


PERCENTAGE POINTS OF THE ^DISTRIBUTION —VALUES Table 26.9 


OF F IN TERMS OF Q, y„ v> 

Q(F\vi,v,) =0.005 


V 2 V l 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

« 

1 16211 

20000 

21615 

22500 

23056 

23437 23925 

24426 

24630 

24836 

25044 

25253 

25465 

2 

198.5 

199.0 

199.2 

199.2 

199.3 

199.3 

199.4 

199.4 

199.4 

199.4 

199.5 

199.5 

199.5 

3 

55.55 

49.80 

47.47 

46.19 

45.39 

44.84 

44.13 

43.39 

43.08 

42.78 

42.47 

42.15 

41.83 

4 

31.33 

26.28 

24.26 

23.15 

22.46 

21.97 

21.35 

20.70 

20.44 

20.17 

19.89 

19.61 

19.32 

5 

22.78 

18.31 

16.53 

15.56 

14.94 

14.51 

13.96 

13.38 

13.15 

12.90 

12.66 

12.40 

12.14 

6 

18.63 

14.54 

12.92 

12.03 

11.46 

11.07 

10.57 

10.03 

9.81 

9.59 

9.36 

9.12 

8.88 

7 

16.24 

12.40 

10.88 

10.05 

9.52 

9.16 

8.68 

8.18 

7.97 

7.75 

7.53 

7.31 

7.08 

8 

14.69 

11.04 

9.60 

8.81 

8.30 

7.95 

7.50 

7.01 

6.81 

6.61 

6.40 

6.18 

5.95 

9 

13.61 

10.11 

8.72 

7.96 

7.47 

7.13 

6.69 

6.23 

6.03 

5.83 

5.62 

5.41 

5.19 

10 

12.83 

9.43 

8.08 

7.34 

6.87 

6.54 

6.12 

5.66 

5.47 

5.27 

5.07 

4.86 

4.64 

11 

12.23 

8.91 

7.60 

6.88 

6.42 

6.10 

5.68 

5.24 

5.05 

4.86 

4.65 

4.44 

4.23 

12 

11.75 

8.51 

7.23 

6.52 

6.07 

5.76 

5.35 

4.91 

4.72 

4.53 

4.33 

4.12 

3.90 

13 

11.37 

8.19 

6.93 

6.23 

5.79 

5,48 

5.08 

4.64 

4.46 

4.27 

4.07 

3.87 

3.65 

14 

11.06 

7.92 

6.68 

6.00 

5.56 

5.26 

4.86 

4.43 

4.25 

4.06 

3.86 

3.66 

3.44 

15 

10.80 

7.70 

6.48 

5.80 

5.37 

5.07 

4.67 

4.25 

4.07 

3.88 

3.69 

3.48 

3.26 

16 

10.58 

7.51 

6.30 

5.64 

5.21 

4.91 

4.52 

4.10 

3.92 

3.73 

3.54 

3.33 

3.11 

17 

10.38 

7.35 

6.16 

5 . 5 C 

5.07 

4.78 

4.39 

3.97 

3.79 

3.61 

3.41 

3.21 

2.98 

18 

10.22 

7.21 

6.03 

5.37 

4.96 

4.66 

4.28 

3.86 

3.68 

3.50 

3.30 

3.10 

2.87 

19 

10.07 

7.09 

5.92 

5.27 

4.85 

4.56 

4.18 

3.76 

3.59 

3.40 

3.21 

3.00 

2.78 

20 

9.94 

6.99 

5.82 

5.17 

4.76 

4.47 

4.09 

3.68 

3.50 

3.32 

3.12 

• 2.92 

2.69 

21 

9.83 

6.89 

5.73 

5.09 

4.68 

4.39 

4.01 

3.60 

3.43 

3.24 

3.05 

2.84 

2.61 

22 

9.73 

6.81 

5.65 

5.02 

4.61 

4.32 

3.94 

3.54 

3.36 

3.18 

2.98 

2.77 

2.55 

23 

9.63 

6.73 

5.58 

4.95 

4.54 

4.26 

3.88 

3.47 

3.30 

3.12 

2.92 

2.71 

2.48 

24 

9.55 

6.66 

5.52 

4.89 

4.49 

4.21 

3.83 

3.42 

3.25 

3.06 

2.87 

2.66 

2.43 

25 

9.48 

6.60 

5.46 

4.84 

4.43 

4.15 

3.78 

3.37 

3.20 

3.01 

2.82 

2.61 

2.38 

26 

9.41 

6.54 

5.41 

4.79 

4.38 

4.10 

3.73 

3.33 

3.15 

2.97 

2.77 

2.56 

2.33 

27 

9.34 

6.49 

5.36 

4.74 

4.34 

4.06 

3.69 

3.28 

3.11 

2.93 

2.73 

2.52 

2.29 

28 

9.28 

6.44 

5.32 

4.70 

4.30 

4.02 

3.65 

3.25 

3.07 

2.89 

2.69 

2.48 

2.25 

29 

9.23 

6.40 

5.28 

4.66 

4.26 

3.98 

3.61 

3.21 

3.04 

2.86 

2.66 

2.45 

2.21 

30 

9.18 

6.35 

5.24 

4.62 

4.23 

3.95 

3.58 

3.18 

3.01 

2.82 

2.63 

2.42 

2.18 

40 

8.83 

6.07 

4.98 

4.37 

3.99 

3.71 

3.35 

2.95 

2.78 

2.60 

2.40 

2.18 

1.93 

60 

8.49 

5.79 

4.73 

4.14 

3.76 

3.49 

3.13 

2.74 

2.57 

2.39 

2.19 

1.96 

1.69 

120 

8.18 

5.54 

4.50 

3.92 

3.55 

3.28 

2.93 

2.54 

2.37 

2.19 

1.98 

1.75 

1.43 

■ 

7.88 

5.30 

4.28 

3.72 

3.35 

3.09 

2.74 

2.36 

2.19 

2.00 

1.79 

1.53 

1.00 







0(F\ Vt 

, v-z) = 0.001 







1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

00 

1 

( 5 ) 4.053 

( 5 ) 5.000 

( 5 ) 5.404 

( 5 ) 5.625 

( 5 ) 5.764 

( 5 ) 5.859 

( 5 ) 5.981 

( 5 ) 6.107 

( 5 ) 6.158 

( 5 ) 6.209 

( 5 ) 6.261 

( 5 ) 6.313 

( 5 ) 6.366 

2 

998.5 

999.0 

999.2 

999.2 

999.3 

999.3 

999.4 

999.4 

999.4 

999.4 

999.5 

999.5 

999.5 

3 

167.0 

148.5 

141.1 

137.1 

134.6 

132.8 

130.6 

128.3 

127.4 

126.4 

125.4 

124.5 

123.5 

4 

74.14 

61.25 

56.18 

53.44 

51.71 

50.53 

49.00 

47.41 

46.76 

46.10 

45.43 

44.75 

44.05 

5 

47.18 

37.12 

33.20 

31.09 

29.75 

28.84 

27.64 

26.42 

25.91 

25.39 

24.87 

24.33 

23.79 

6 

35.51 

27.00 

23.70 

21.92 

20.81 

20.03 

19.03 

17.99 

17.56 

17.12 

16.67 

16.21 

15.75 

7 

29.25 

21.69 

18.77 

17.19 

16.21 

15.52 

14.63 

13.71 

13.32 

12.93 

12.53 

12.12 

11.70 

8 

25.42 

18.49 

15.83 

14.39 

13.49 

12.86 

12.04 

11.19 

10.84 

10.48 

10.11 

9.73 

9.33 

9 

22.86 

16.39 

13.90 

12.56 

11.71 

11.13 

10.37 

9.57 

9.24 

8.90 

8.55 

8.19 

7.81 

10 

21.04 

14.91 

12.55 

11.28 

10.48 

9.92 

9.20 

8.45 

8.13 

7.80 

7.47 

7.12 

6.76 

11 

19.69 

13.81 

11.56 

10.35 

9.58 

9.05 

8.35 

7.63 

7.32 

7.01 

6.68 

6.35 

6.00 

12 

18.64 

12.97 

10.80 

9.63 

8.89 

8.38 

7.71 

7.00 

6.71 

6.40 

6.09 

5.76 

5.42 

13 

17.81 

12.31 

10.21 

9.07 

8.35 

7.86 

7.21 

6.52 

6.23 

5.93 

5.63 

5.30 

4.97 

14 

17.14 

11.78 

9.73 

8.62 

7.92 

7.43 

6.80 

6.13 

5.85 

5.56 

5.25 

4.94 

4.60 

15 

16.59 

11.34 

9.34 

8.25 

7.57 

7.09 

6.47 

5.81 

5.54 

5.25 

4.95 

4.64 

4.31 

16 

16.12 

10.97 

9.00 

7.94 

7.27 

6.81 

6.19 

5.55 

5.27 

4.99 

4.70 

4.39 

4.06 

17 

15.72 

10.66 

8.73 

7.68 

7.02 

6.56 

5.96 

5.32 

5.05 

4.78 

4.48 

4.18 

3.85 

18 

15.38 

10.39 

8.49 

7.46 

6.81 

6.35 

5.76 

5.13 

4.87 

4.59 

4.30 

4.00 

3.67 

19 

15.08 

10.16 

8.28 

7.26 

6.62 

6.18 

5.59 

4.97 

4.70 

4.43 

4.14 

3.84 

3.51 

20 

14.82 

9.95 

8.10 

7.10 

6.46 

6.02 

5.44 

4.82 

4.56 

4.29 

4.00 

3.70 

3.38 

21 

14.59 

9.77 

7.94 

6.95 

6.32 

5.88 

5.31 

4.70 

4.44 

4.17 

3.88 

3.58 

3.26 

22 

14.38 

9.61 

7.80 

6.81 

6.19 

5.76 

5.19 

4.58 

4.33 

4.06 

3.78 

3.48 

3.15 

23 

14.19 

9.47 

7.67 

6.69 

6.08 

5.65 

5.09 

4.48 

4.23 

3.96 

3.68 

3.38 

3.05 

24 

14.03 

9.34 

7.55 

6.59 

5.98 

5.55 

4.99 

4.39 

4.14 

3.87 

3.59 

3.29 

2.97 

25 

13.88 

9.22 

7.45 

6.49 

5.88 

5.46 

4.91 

4.31 

4.06 

3.79 

3.52 

3.22 

2.89 

26 

13.74 

9.12 

7.36 

6.41 

5.80 

5.38 

4.83 

4.24 

3.99 

3.72 

3.44 

3.15 

2.82 

27 

13.61 

9.02 

7.27 

6.33 

5.73 

5.31 

4.76 

4.17 

3.92 

3.66 

3.38 

3.08 

2.75 

28 

13.50 

8.93 

7.19 

6.25 

5.66 

5.24 

4.69 

4.11 

3.86 

3.60 

3.32 

3.02 

2.69 

29 

13.39 

8.85 

7.12 

6.19 

5.59 

5.18 

4.64 

4.05 

3.80 

3.54 

3.27 

2.97 

2.64 

30 

13.29 

8.77 

7.05 

6.12 

5.53 

5.12 

4.58 

4.00 

3.75 

3.49 

3.22 

2.92 

2.59 

40 

12.61 

8.25 

6.60 

5.70 

5.13 

4.73 

4.21 

3.64 

3.40 

3.15 

2.87 

2.57 

2.23 

60 

11.97 

7.76 

6.17 

5.31 

4.76 

4.37 

3.87 

3.31 

3.08 

2.83 

2.55 

2.25 

1.89 

120 

11.38 

7.32 

5.79 

4.95 

4.42 

4.04 

3.55 

3.02 

2.78 

2.53 

2.26 

1.95 

1.54 

oo 

10.83 

6.91 

5.42 

4.62 

4.10 

3.74 

3.27 

2.74 

2.51 

2.27 

1.99 

1.66 

1.00 


♦See page n. 



990 / r ^ -^PROBABILITY FUNCTIONS 

Table 26.10 (NlAWL) 

PERCENT AG E^OINTS OF THE i-HISTRIBI TION— V ALL ES OF t IN IERMS OF A AND v 


V \ 

A 0.2 

0.5 

0.8 

0.9 

0.95 

0.98 

0.99 

0.995 

0.998 

0.999 

0.9999 

0.99999 

0.999999 

1 

0.325 

1.000 

3.078 

6.314 

12.706 

31.821 

63.657 

127.321 

318.309 

636.619 

6366.198 

63661.977 

636619.772 

2 

0.289 

0.816 

1.886 

2.920 

4.303 

6.965 

9.925 

14.089 

22.327 

31.598 

99.992 

316.225 

999.999 

3 

0.277 

0.765 

1.638 

2.353 

3.182 

4.541 

5.841 

7.453 

10.214 

12.924 

28.000 

60.397 

130.155 

4 

0.271 

0.741 

1.533 

2.132 

2.776 

3.747 

4.604 

5.598 

7.173 

8.610 

15.544 

27.771 

49.459 

5 

0.267 

0.727 

1.476 

2.015 

2.571 

3.365 

4.032 

4.773 

5.893 

6.869 

11.178 

17.897 

28.477 

6 

0.265 

0.718 

1.440 

1.943, 

2.447 

3.143 

3.707 

4.317 

5.208 

5.959 

9.082 

13.555 

20,047 

7 

0.263 

0.711 

1.415 

1.895 

2.365 

2.998 

3.499 

4.029 

4.785 

5.408 

7.885 

11.215 

15.764 

8 

0.262 

0.706 

1.397 

1.860 

2.306 

2.896 

3.355 

3.833 

4.501 

5.041 

7.120 

9.782 

13.257 

9 

0.261 

0.703 

1.383 

1.833 

2.262 

2.821 

3.250 

3.690 

4.297 

4.781 

6.594 

8.827 

11.637 

10 

0.260 

0.700 

1.372 

1.812 

2.228 

2.764 

3.169 

3.581 

4.144 

4.587 

6.211 

8.150 

10.516 

11 

0.260 

0.697 

1.363 

1.796 

2.201 

2.718 

3.106 

3.497 

4.025 

4.437 

5.921 

7.648 

9.702 

12 

0.259 

0.695 

1.356 

1.782 

2.179 

2.681 

3.055 

3.428 

3.930 

4.318 

5.694 

7.261 

9.085 

13 

0.259 

0.694 

1.350 

1.771 

2.160 

2.650 

3.012 

3.372 

3.852 

4.221 

5.513 

6.955 

8.604 

14 

0.258 

0.692 

1.345 

1.761 

2.145 

2.624 

2.977 

3.326 

3.787 

4.140 

5.363 

6.706 

8.218 

15 

0.258 

0.691 

1.341 

1.753 

2.131 

2.602 

2.947 

3.286 

3.733 

4.073 

5.239 

6.502 

7.903 

16 

0.258 

0.690 

1.337 

1.746, 

2.120 

2.583 

2.921 

3.252 

3.686 

4.015 

5.134 

6.330 

7.642 

17 

0,257 

0.689 

1.333 

1.740 

2.110 

2.567 

2.898 

3.223 

3.646 

3.965 

5.044 

6.184 

7.421 

18 

0.257 

0.688 

1.330 

1.734 

2.101 

2.552 

2.878 

3.197 

3.610 

3.922 

4.966 

6.059 

7.232 

19 

0.257 

0.688 

1.328 

1.729 

2.093 

2.539 

2.861 

3.174 

3.579 

3.883 

4.897 

5.949 

7.069 

20 

0.257 

0.687 

1.325 

1.725 

2.086 

2.528 

2.845 

3.153 

3.552 

3.850 

4.837 

5.854 

6.927 

21 

0.257 

0.686 

1.323 

1.721 

2.080 

2.518 

2.831 

3.135 

3.527 

3.819 

4.784 

5.769 

6.802 

22 

0.256 

0.686 

1.321 

1.717 

2.074 

2.508 

2.819 

3.119 

3.505 

3.792 

4.736 

5.694 

6.692 

23 

0.256 

0.685 

1.319 

1.714 

2.069 

2.500 

2.807 

3.104 

3.485 

3.768 

4.693 

5.627 

6.593 

24 

0.25,6 

0.685 

1.318 

1.711 

2.064 

2.492 

2.797 

3.090 

3.467 

3.745 

4.654 

5.566 

6.504 

25 

0.256 

0.684 

1.316 

1.708 

2.060 

2.485 

2.787 

3.078 

3.450 

3.725 

4.619 

5.511 

6.424 

26 

0.256 

0.684 

1.315 

1.706 

2.056 

2.479 

2.779 

3.067 

3.435 

3.707 

4.587 

5.461 

6.352 

27 

0.256 

0.684 

1.314 

1.703 

2.052 

2.473 

2.771 

3.057 

3.421 

3.690 

4.558 

5.415 

6.286 

28 

0.256 

0.683 

1.313 

1.701 

2.048 

2.467 

2.763 

3.047 

3.408 

3.674 

4.530 

5.373 

6.225 

29 

0.256 

0.683 

1.311 

1.699 

2.045 

2.462 

2.756 

3.038 

3.396 

3.659 

4.506 

5.335 

6.170 

30 

0.256 

0.683 

1.310 

1.697 

2.042 

2.457 

2.750 

3.030 

3.385 

3.646 

4.482 

5.299 

6.119 

40 

0.255 

0.681 

1.303 

1.684 

2.021 

2.423 

2.704 

2.971 

3.307 

3.551 

4.321 

5.053 

5.768 

60 

0.254 

0.679 

1.296 

1.671 

2.000 

2.390 

2.660 

2.915 

3.232 

3.460 

4.169 

4.825 

5.449 

120 

0.254 

0.677 

1.289 

1,658 

1.980 

2.358 

2.617 

2.860 

3.160 

3.373 

* 4.025 

* 4.613 

* 5.158 

00 

0.253 

0.674 

1.282 

1.645 

1.960 

2.326 

2.576 

2.807 

3.090 

3.291 

3.891 

4.417 

4.892 




From E. S. Pearson and H. 0. Hartley (editors), Biometrika tables for statisti¬ 
cians, vol. I. Cambridge Univ. Press, Cambridge, England, 1954 for A 0.999, 
from E. T. Federighi, Extended tables of the percentage points of Student’s 
f-distribution, J. Amer. Statist. Assoc. 54, 683-688 (1959) for A 0.999 (with 
permission). 


'See page n. 
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53479 

81115 

98036 

12217 

59526 

40238 

40577 

39351 

43211 

69255 

97344 

70328 

58116 

91964 

26240 

44643 

83287 

97391 

92823 

77578 

66023 

38277 

74523 

71118 

84892 

13956 

98899 

92315 

65783 

59640 

99776 

75723 

03172 

43112 

83086 

81982 

14538 

26162 

24899 

20551 

30176 

48979 

92153 

38416 

42436 

26636 

83903 

44722 

69210 

69117 

81874 

83339 

14988 

99937 

13213 

30177 

47967 

93793 

86693 

98854 

19839 

90630 

71863 

95053 

55532 

60908 

84108 

55342 

48479 

63799 

09337 

33435 

53869 

52769 

18801 

25820 

96198 

66518 

78314 

97013 

31151 

58295 

40823 

41330 

21093 

93882 

49192 

44876 

47185 

81425 

67619 

52515 

03037 

81699 

17106 

64982 

60834 

85319 

47814 

08075 

61946 

48790 

11602 

83043 

22257 

11832 

04344 

95541 

20366 

55937 

04811 

64892 

96346 

79065 

26999 

43967 

63485 

93572 

80753 

96582 

05763 

39601 

56140 

25513 

86151 

78657 

02184 

29715 

04334 

15678 

73260 

56877 

40794 

13948 

96289 

90185 

47111 

66807 

61849 

44686 

54909 

09976 

76580 

02645 

35795 

44537 

64428 

35441 

28318 

99001 

42583 

36335 

60068 

04044 

29678 

16342 

48592 

25547 

63177 

75225 

27266 

27403 

97520 

23334 

36453 

33699 

23672 

45884 

41515 

04756 

49843 

11442 

66682 

36055 

32002 

78600 

36924 

59962 

68191 

62580 

29316 

40460 

27076 

69232 

51423 

58515 

49920 

03901 

26597 

33068 

30463 

27856 

67798 

16837 

74273 

05793 

02900 

63498 

00782 

35097 

28708 

84088 

65535 

44258 

33869 

82530 

98399 

26387 

02836 

36838 

13183 

50652 

94872 

28257 

78547 

55286 

33591 

61965 

51723 

14211 

60796 

76639 

30157 

40295 

99476 

28334 

15368 

42481 

60312 

42770 

13486 

46918 

64683 

07411 

77842 

01908 

47796 

65796 

44230 

77230 

34914 

94502 

39374 

34185 

57500 

22514 

04060 

94511 

44612 

10485 

28105 

04814 

85170 

86490 

35695 

03483 

57315 

63174 

71902 

71182 

59231 

45028 

01173 

08848 

81925 

71494 

95401 

34049 

04851 

65914 

87437 

82758 

71093 

36833 

53582 

25986 

46005 

42840 

81683 

21459 

29046 

01301 

55343 

65732 

78714 

43644 

46248 

53205 

94868 

48711 

62035 

71886 

94506 

15263 

61435 

10369 

42054 

68257 

14385 

79436 

38856 

80048 

59973 

73368 

52876 

47673 

41020 

82295 

26430 

87377 

40666 

43328 

87379 

86418 

95841 

25590 

54137 

94182 

42308 

07361 

40588 

90087 

37729 

08667 

37256 

20317 

53316 

50982 

32900 

32097 

78237 

86556 

50276 

20431 

00243 

02303 

71029 

49932 

23245 

00862 

98247 

67474 

71455 

69540 

01169 

03320 

67017 

92543 

97977 

52728 

69977 

78558 

65430 

32627 

28312 

61815 

14598 

79728 

55699 

91348 

39843 

23074 

40814 

03713 

21891 

96353 

96806 

24595 

26203 

26009 

62880 

87277 

99895 

99965 

34374 

42556 

11679 

99605 

98011 

48867 

56138 

64927 

29454 

52967 

86624 

62422 

30163 

76181 

95317 

39264 

90804 

56026 

48994 

64569 

67465 

60180 

12972 

03848 

62582 

93855 

09665 

44672 

74762 

33357 

67301 

80546 

97659 

11348 

78771 

45011 

34756 

50403 

76634 

12767 

32220 

34545 

18100 

53513 

14521 

72120 

12157 

73327 

74196 

26668 

78087 

53636 

52304 

00007 

05708 

63538 

69384 

07734 

94451 

76428 

16121 

09300 

67417 

68587 

87932 

38840 

93358 

64565 

43766 

45041 

44930 

69970 

16964 

08277 

67752 

60292 

38879 

35544 

99563 

85404 

04913 

62547 

78406 

01017 

86187 

22072 

58314 

60298 

72394 

69668 

12474 

93059 

02053 

29807 

63645 

12792 

83568 

10227 

99471 

74729 

22075 

10233 

21575 

20325 

21317 

57124 

28067 

91152 

40568 

33705 

64510 

07067 

64374 

26336 

79652 

31140 

05730 

75557 

93161 

80921 

55873 

54103 

34801 

83157 

04534 

81368 


Compiled from Rand Corporation, A million random digits with 100,000 normal deviates. The Free Press, Glencoe, Ill., 
1955 (with permission). 
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26687 

74223 

43546 

45699 

94469 

82125 

37370 

23966 

68926 

37664 

60675 

75169 

24510 

15100 

02011 

14375 

65187 

10630 

64421 

66745 

45418 

98635 

83123 

98558 

09953 

60255 

42071 

40930 

97992 

93085 

69872 

48026 

89755 

28470 

44130 

59979 

91063 

28766 

85962 

77173 

03765 

86366 

99539 

44183 

23886 

89977 

11964 

51581 

18033 

56239 

84686 

57636 

32326 

19867 

71345 

42002 

96997 

84379 

27991 

21459 

91512 

49670 

32556 

85189 

28023 

88151 

62896 

95498 

29423 

38138 

10737 

49307 

18307 

22246 

22461 

10003 

93157 

66984 

44919 

30467 

54870 

19676 

58367 

20905 

38324 

00026 

98440 

37427 

22896 

37637 

48967 

49579 

65369 

74305 

62085 

39297 

10309 

23173 

74212 

32272 

91430 

79112 

03685 

05411 

23027 

54735 

91550 

06250 

18705 

18909 

92564 

29567 

47476 

62804 

73428 

04535 

86395 

12162 

59647 

97726 

41734 

12199 

77441 

92415 

63542 

42115 

84972 

12454 

33133 

48467 

25251 

78110 

54178 

78241 

09226 

87529 

35376 

90690 

54178 

08561 

91657 

11563 

66036 

28523 

83705 

09956 

76610 

88116 

78351 

50877 

00149 

84745 

63222 

50533 

50159 

60433 

04822 

49577 

89049 

16162 

53250 

73200 

84066 

59620 

61009 

38542 

05758 

06178 

80193 

26466 

25587 

17481 

56716 

49749 

70733 

32733 

60365 

14108 

52573 

39391 

01176 

12182 

06882 

27562 

75456 

54261 

38564 

89054 

96911 

88906 

83531 

15544 

40834 

20296 

88576 

47815 

96540 

79462 

78666 

25353 

19902 

98866 

32805 

61091 

91587 

30340 

84909 

64047 

67750 

87638 

96516 

78705 

25556 

35181 

29064 

49005 

29843 

68949 

50506 

45862 

99417 

56171 

19848 

24352 

51844 

03791 

72127 

57958 

08366 

43190 

77699 

57853 

93213 

27342 

28906 

31052 

65815 

21637 

49385 

75406 

32245 

83794 

99528 

05150 

27246 

48263 

62156 

62469 

97048 

16511 

12874 

72753 

66469 

13782 

64330 

00056 

73324 

03920 

13193 

19466 

63899 

41910 

45484 

55461 

66518 

82486 

74694 

07865 

09724 

76490 

16255 

43271 

26540 

41298 

35095 

32170 

70625 

66407 

01050 

44225 

75553 

30207 

41814 

74985 

40223 

91223 

64238 

73012 

83100 

92041 

41772 

18441 

34685 

13892 

38843 

69007 

10362 

84125 

08814 

66785 

09270 

01245 

81765 

06809 

10561 

10080 

17482 

05471 

82273 

06902 

85058 

17815 

71551 

36356 

97519 

54144 

51132 

83169 

27373 

68609 

80222 

8 7 572 

62758 

14858 

36350 

23304 

70453 

21065 

63812 

29860 

83901 

88028 

56743 

25598 

79349 

47880 

77912 

52020 

84305 

02897 

36303 

57833 

77622 

02238 

53285 

77316 

40106 

38456 

92214 

54278 

91543 

63886 

60539 

96334 

20804 

72692 

08944 

02870 

74892 

22598 

14415 

33816 

78231 

87674 

96473 

44451 

25098 

29296 

50679 

07798 

82465 

07781 

09938 

66874 

72128 

99685 

84329 

14530 

08410 

45953 

27306 

39843 

05634 

96368 

72022 

01278 

92830 

40094 

31776 

41822 

91960 

82766 

02331 

08797 

33858 

21847 

17391 

53755 

58079 

48498 

59284 

96108 

91610 

07483 

37943 

96832 

15444 

12091 

36690 

58317 

10428 

96003 

71223 

21352 

78685 

55964 

35510 

94805 

23422 

04492 

65527 

41039 

79574 

05105 

59588 

02115 

33446 

56780 

18402 

36279 

59688 

43078 

93275 

31978 

08768 

84805 

50661 

18523 

83235 

50602 

44452 

10188 

43565 

46531 

93023 

07618 

12910 

60934 

53403 

18401 

87275 

82013 

59804 

78595 

60553 

14038 

12096 

95472 

42736 

08573 

94155 

93110 

49964 

27753 

85090 

77677 

69303 

66323 

77811 

22791 

26488 

76394 

91282 

03419 

68758 

89575 

66469 

97835 

66681 

03171 

37073 

34547 

88296 

68638 

12976 

50896 

10023 

27220 

05785 

77538 

83835 

89575 

55956 

93957 

30361 

47679 

83001 

35056 

07103 

63072 
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55034 

81217 

90564 

81943 

11241 

84512 

12288 

89862 

00760 

76159 

25521 

99536 

43233 

48786 

49221 

06960 

31564 

21458 

88199 

06312 

85421 

72744 

97242 

66383 

00132 

05661 

96442 

37388 

57671 

27916 

61219 

48390 

47344 

30413 

39392 

91365 

56203 

79204 

05330 

31196 

20230 

03147 

58854 

11650 

28415 

12821 

58931 

30508 

65989 

26675 

95776 

83206 

56144 

55953 

89787 

64426 

08448 

45707 

80364 

60262 

07603 

17344 

01148 

83300 

96955 

65027 

31713 

89013 

79557 

49755 

00645 

17459 

78742 

39005 

36027 

98807 

72666 

54484 

68262 

38827 

62950 

83162 

61504 

31557 

80590 

47893 

72360 

72720 

08396 

33674 

79350 

10276 

81933 

26347 

08068 

67816 

06659 

87917 

74166 

85519 

48339 

69834 

59047 

82175 

92010 

58446 

69591 

56205 

95700 

86211 

05842 

08439 

79836 

50957 

32059 

32910 

15842 

13918 

41365 

80115 

25855 

02209 

07307 

59942 

71389 

76159 

11263 

38787 

61541 

22606 

25272 

16152 

82323 

70718 

98081 

38631 

91956 

49909 

76253 

33970 

73003 

29058 

17605 

49298 

47675 

90445 

68919 

05676 

23823 

84892 

81310 

94430 

22663 

06584 

38142 

00146 

17496 

51115 

61458 

65790 

10024 

44713 

59832 

80721 

63711 

67882 

25100 

45345 

55743 

67618 

84671 

52806 

89124 

37691 

20897 

82339 

22627 

06142 

05773 

03547 

29296 

58162 

21858 

33732 

94056 

88806 

54603 

00384 

66340 

69232 

51771 

94074 

70630 

41286 

90583 

87680 

13961 

55627 

23670 

35109 

42166 

56251 

60770 

51672 

36031 

77273 

85218 

14812 

90758 

23677 

78355 

67041 

22492 

51522 

31164 

30450 

27600 

44428 

96380 

26772 

09552 

51347 

33864 

89018 

73418 

81538 

77399 

30448 

97740 

18158 

15771 

63127 

34847 

05660 

06156 

48970 

55699 

61818 

91763 

20821 

13231 

99058 

93754 

36730 

44286 

44326 

15729 

37500 

47269 

13333 

50583 

03570 

38472 

73236 

67613 

72780 

78174 

18718 

99092 

64114 

99485 

57330 

10634 

74905 

90671 

19643 

69903 

60950 

17968 

37217 

54676 

39524 

73785 

48864 

69835 

62798 

65205 

69187 

05572 

74741 

99343 

71549 

10248 

76036 

31702 

76868 

88909 

69574 

27642 

00336 

35492 

40231 

34868 

55356 

12847 

68093 

52643 

32732 

67016 

46784 

98170 

25384 

03841 

23920 

47954 

10359 

70114 

11177 

63298 

99903 

02670 

86155 

56860 

02592 

01646 

42200 

79950 

37764 

82341 

71952 

36934 

42879 

81637 

79952 

07066 

41625 

96804 

92388 

88860 

68580 

56851 

12778 

24309 

73660 

84264 

24668 

16686 

02239 

66022 

64133 

05464 

28892 

14271 

23778 

88599 

17081 

33884 

88783 

39015 

57118 

15025 

20237 

63386 

71122 

06620 

07415 

94982 

32324 

79427 

70387 

95610 

08030 

81469 

91066 

88857 

56583 

01224 

28097 

19726 

71465 

09026 

40378 

05731 

55128 

74298 

49196 

31669 

42605 

30368 

96424 

81431 

99955 

52462 

67667 

97322 

69808 

21240 

65921 

12629 

92896 

21431 

59335 

58627 

94822 

65484 

09641 

41018 

85100 

16110 

32077 

95832 

76145 

11636 

80284 

17787 

97934 

12822 

73890 

66009 

27521 

99813 

44631 

43746 

99790 

86823 

12114 

31706 

05024 

28156 

04202 

77210 

31148 

50543 

11603 

50934 

02498 

09184 

95875 

85840 

71954 

13268 

02609 

79833 

66058 

80277 

08533 

28676 

37532 

70535 

82356 

44285 

71735 

26620 

54691 

14909 

52132 

81110 

74548 

78853 

31996 

70526 

45953 

79637 

57374 

05053 

31965 

33376 

13232 

85666 

86615 

88386 

11222 

25080 

71462 

09818 

46001 

19065 

68981 

18310 

74178 

83161 

73994 

17209 

79441 

64091 

49790 

11936 

44864 

86978 

34538 

50214 

71721 

33851 

45144 

05696 

29935 

12823 

01594 

08453 

52825 

97689 

29341 

67747 

80643 

13620 

23943 

49396 

83686 

37302 

95350 



994 


PROBABILITY FUNCTIONS 


2500 FIVE DIGIT RANDOM NUMBERS 


Table 26.11 

12367 

23891 

38890 

30239 

80788 

55410 

02395 

77585 

73720 

70184 

61383 

17222 

39161 

44282 

80907 

74484 

09052 

65670 

33425 

24226 

72651 

69474 

04142 

32092 

85226 

14193 

54888 

03579 

33258 

51516 

75973 

15957 

90638 

75314 

65061 

15498 

64420 

07427 

27175 

17389 

32215 

30094 

54209 

58043 

59286 

66964 

83872 

58167 

83310 

57080 

64545 

29500 

39269 

00076 

29763 

05675 

06310 

02998 

97541 

47607 

82968 

85717 

76878 

34727 

87394 

78884 

74040 

12731 

47896 

41413 

87778 

71697 

96977 

63143 

43820 

13285 

57203 

83960 

49065 

72171 

94250 

84270 

68148 

81382 

12208 

97809 

88317 

89705 

56728 

80359 

07138 

12320 

21188 

64554 

02154 

12250 

90953 

85238 

80103 

91308 


31506 

90721 

34237 

22578 

39770 

93317 

08854 

23562 

69112 

71887 

55234 

18963 

14975 

97498 

39884 

19885 

63660 

34035 

32043 

60082 

73648 

71530 

83586 

61825 

52213 

60746 

91674 

59502 

82032 

45233 

32405 

82081 

35381 

34451 

93348 

33566 

82233 

97812 

76963 

75117 

87276 

56896 

72350 

89828 

84843 

71549 

01221 

95558 

03366 

80017 

13351 

78647 

55489 

01524 

28193 

65514 

01463 

27738 

57655 

59102 

11619 

97721 

12524 

90642 

87237 

92086 

59616 

33697 

66431 

70046 

64148 

54363 

72219 

80040 

77811 

81697 

40096 

39234 

80939 

06017 

95798 

13477 

82383 

18674 

33619 

28868 

26119 

12416 

29613 

63052 

01073 

19304 

55618 

36088 

88738 

43917 

32771 

07305 

12858 

41293 


18710 

89140 

74420 

22734 

18270 

21141 

33544 

45796 

80140 

72876 

39006 

93504 

25973 

33605 

37311 

04209 

06578 

87837 

20418 

85047 

55454 

19576 

35482 

32736 

24414 

57858 

08619' 

33790 

39351 

33229 

02214 

57143 

49246 

11465 

19427 

66826 

39572 

07766 

45580 

99904 

15625 

32594 

02706 

16815 

67553 

33867 

22196 

65905 

39601 

40698 

92628 

19354 

76568 

22571 

11954 

78599 

90288 

17697 

21851 

44446 

53513 

53781 

16921 

13669 

95633 

66841 

12592 

44891 

50793 

45920 

92114 

34037 

11990 

47698 

29937 

70750 

65953 

59911 

90323 

63687 

80139 

26335 

40453 

92828 

41646 

16734 

19438 

65665 

15251 

44684 

87042 

58920 

24331 

84390 

03655 

21099 

36181 

47420 

00325 

15013 


58595 

99425 

26930 

40604 

52085 

78093 

10976 

44721 

38984 

23409 

18273 

49815 

60141 

30030 

49675 

39596 

28125 

48883 

53570 

32554 

15552 

20577 

63403 

91499 

31884 

51266 

29011 

85193 

59464 

65545 

33526 

47194 

25102 

71489 

03044 

97361 

65844 

29980 

47160 

55364 

80663 

08082 

89985 

37380 

83011 

66213 

38785 

01355 

56434 

64055 

60479 

57338 

20328 

84623 

63902 

21346 

64511 

39552 

07976 

54295 

98941 

38401 

17420 

84483 

22906 

64989 

67982 

72972 

96564 

67958 

59061 

62051 

95621 

72990 

02029 

32377 

91411 

55573 

07932 

99587 

55169 

73417 

30042 

37412 

88860 

32636 

60989 

59766 

64681 

42354 

28454 

81069 

16022 

12200 

60805 

63246 

19681 

33184 

19579 

91132 


22840 08267 
10782 80128 
85638 81140 
24781 09690 
63957 44751 

52802 69675 
77677 49294 
01052 43999 
50482 55735 
64099 52326 

12124 50038 
37196 02762 
82293 73553 
62262 28684 
76809 16982 

94526 73253 
89883 99708 
08159 47485 
15533 90114 
25666 25405 

19422 80717 
44032 59366 
69372 23903 
47489 28170 
02495 50880 

52133 07114 
30188 43904 
19219 90286 
34694 03211 
84671 78755 

70939 11319 
68309 85241 
86952 54700 
89795 10587 
56369 44725 

62049 33526 
29047 85893 
00556 86687 
88427 45573 
49014 26452 

40766 45170 
43423 45138 
41985 84615 
11418 18250 
51029 77680 

93978 66659 
77559 75661 
26842 35816 
41386 03249 
12720 92603 



PROBABILITY FUNCTIONS 


995 


2500 FIVE DIGIT RANDOM NUMBERS 


92630 78240 

79445 78735 

59654 71966 

31524 49587 

06348 76938 

28703 51709 

68108 89266 

99938 90704 

91543 73196 

42103 02781 

17138 27584 

28297 14280 

09331 56712 

31295 04204 

36146 15560 

29553 18432 

23501 22642 

57888 85846 

55336 71264 

10087 10072 

34101 81277 

53362 44940 

82975 66158 

54827 84673 

25464 59098 

67609 60214 

44921 70924 

33170 30972 

84687 85445 

71886 56450 

00475 02224 

25993 38881 

92882 53178 

25138 26810 

84631 71882 

34003 92326 

53775 45749 

59316 97885 

20479 66557 

86180 84931 

21451 68001 

98062 68375 

01788 64429 

62465 04841 

94324 31089 

05797 43984 

10395 14289 

35177 56986 

25633 89619 

16464 48280 


19267 

95457 

71549 

44843 

27386 

50004 

76612 

39789 

90379 

51392 

94456 

48396 

94730 

95761 

93621 

66330 

34449 

63513 

73920 

56297 

25296 

28387 

54524 

21618 

51333 

06289 

93712 

51287 

27592 

42089 

13630 

05529 

63081 

08191 

67967 

07835 

88472 

04334 

55980 

64688 

66090 

88872 

60430 

22834 

84731 

19436 

22898 

08094 

27436 

89421 

41475 

84950 

61295 

51137 

98130 

95828 

06208 

17654 

36567 

09395 

74722 

14721 

68361 

59560 

99195 

93803 

07093 

15677 

12991 

83028 

12793 

61453 

05734 

86169 

72807 

54966 

50705 

26999 

25455 

26044 

72710 

40261 

80089 

24135 

14430 

94575 

43272 

68702 

84159 

92933 

21575 

09908 

52185 

09721 

25549 

59730 

75882 

98256 

94254 

45777 


53497 

23894 

26104 

67318 

05358 

94031 

13537 

48086 

55887 

71015 

73780 

06436 

75023 

48464 

33393 

95261 

83834 

99411 

72678 

12249 

51350 

61664 

95320 

38174 

75345 

08811 

05754 

79396 

99281 

59640 

02791 

81017 

89420 

67800 

11314 

01545 

63919 

36394 

68239 

20461 

37818 

72142 

14130 

96593 

55790 

69229 

14326 

87038 

80754 

89924 

40133 

02546 

47596 

86735 

49786 

13301 

51333 

02878 

96951 

35507 

40215 

21351 

41274 

69742 

56985 

53089 

60688 

04410 

82484 

90339 

48121 

74271 

42762 

70175 

60859 

11932 

09854 

52591 

02227 

52015 

61281 

13172 

72355 

95428 

75153 

94576 

01274 

05437 

99989 

89500 

70221 

19791 

25789 

38562 

64718 

52630 

02126 

72099 

45150 

68865 


37708 

79862 

00701 

34986 

29281 

18544 

59483 

60680 

09209 

79157 

86641 

69239 

65544 

96583 

95349 

51769 

58826 

40456 

25270 

36678 

37893 

05363 

60579 

08089 

82711 

57392 

87399 

51773 

15221 

96079 

49027 

79031 

55137 

54707 

48535 

17142 

11196 

92470 

89381 

93809 

67140 

50785 

23298 

56203 

28661 

13675 

42892 

21127 

19097 

67737 

09570 

45682 

35561 

76649 

36081 

80761 

35010 

67578 

17555 

35212 

08596 

45625 

40703 

37993 

15305 

50522 

24505 

37890 

91950 

74579 

28363 

66561 

97310 

73894 

35265 

71601 

14063 

30214 

21820 

50599 

63819 

48970 

11808 

29740 

61393 

96192 

22953 

18946 

91586 

02802 

51578 

36432 

54794 

04897 

31100 

62384 

57183 

55887 

11382 

11782 


Tabic 26.11 

76471 

66418 

66751 

99723 

52429 

06080 

84675 

53014 

24440 

30244 

57662 

80181 

18911 

16391 

91616 

33238 

69268 

48562 

21313 

75767 

44143 

42677 

94999 

78460 

25252 

30333 

33075 

97061 

09961 

05371 

50912 

09399 

32945 

64522 

08552 

67457 

70543 

29776 

00796 

95945 

21380 

16703 

92671 

15925 

99318 

76873 

30712 

48489 

80368 

08795 

50165 

15609 

18217 

63446 

33985 

68621 

61574 

20749 

69106 

01679 

83981 

63748 

03435 

18873 

55900 

43026 

67186 

62829 

03539 

90122 

75220 

35908 

88606 

19994 

55577 

67715 

19890 

19292 

51671 

65411 

51732 

54113 

81644 

86610 

03227 

32258 

99053 

41690 

69471 

68274 

33494 

79888 

59012 

89251 

49483 

11409 

09320 

73463 

22695 

41988 




27. Miscellaneous Functions 


Irene A. Stegun 1 

Contents 


27.1. Debye Functions f 4~~T . 

Jo e 1 
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27. Miscellaneous Functions 


27.1. Debye Functions 
Series Representations 

27.1.1 

t n dt -A x ^ B 2 &* 

e‘-l Xl n 2(»+l) + fci (2k+n)(2k)V 

(|a;|<27r,n>l) 
(For Bernoulli numbers B 2k , see chapter 23.) 

27.1.2 



t n dt _i 1 i (w>)(w l)x w 2 

e‘-l [ k + P + P 

+ • • • +jrflK*>0,»>l) 


Relation to Riemann Zeta Function (see chapter 23) 


27.1.3 




[27.1] J. A. Beattie, Six-place tables of the Debye energy 
and specific heat functions, J. Math. Phys. 6, 
1-32 (1926). 
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[27.2] E. Griineisen, Die Abhangigkeit des elektrischen 
Widerstandes reiner Metalle von der Temperatur, 
Ann. Physik. (5) 16, 530-540 (1933). 

20 p t*di 4x 
x 4 J 0 e‘—l e x — 1* 

x=0(.l)13(.2) 18(1)20(2) 52(4)80, 48. 


Table 27.1 Debye Functions 


X 

1 p tdt 

2 p m 

3 p Pdt 

4 p t*dt 

ajo e*—1 

x*Jo e*-l 

x»Jo e*—l 

x 4 Jo e‘—1 

0.0 

1. 000000 

1. 000000 

1. 000000 

1. 000000 

0. 1 

0. 975278 

0. 967083 

0. 963000 

0. 960555 

0. 2 

0. 951111 

0. 934999 

0. 926999 

0. 922221 

0. 3 

0. 927498 

0. 903746 

0. 891995 

0. 884994 

0. 4 

0. 904437 

0. 873322 

0. 857985 

0. 848871 

0. 5 

0. 881927 

0. 843721 

0. 824963 

0. 813846 

0. 6 

0. 859964 

0. 814940 

0. 792924 

0. 779911 

0. 7 

0. 838545 

0. 786973 

0. 761859 

0. 747057 

0. 8 

0. 817665 

0. 759813 

0. 731759 

0. 715275 

0. 9 

0. 797320 

0. 733451 

0. 702615 

0. 684551 

1. 0 

0. 777505 

0. 707878 

0. 674416 

0. 654874 

1. 1 

0. 758213 

0. 683086 

0. 647148 

0. 626228 

1. 2 

0. 739438 

0. 659064 

0. 620798 

0. 598598 

1. 3 

0. 721173 

0. 635800 

0. 595351 

0. 571967 

1. 4 

0. 703412 

0. 613281 

0. 570793 

0. 546317 

1. 6 

0. 669366 

0. 570431 

0. 524275 

0. 497882 

1. 8 

0. 637235 

0. 530404 

0. 481103 

0. 453131 

2.0 

0. 606947 

0. 493083 

0. 441129 

0. 411893 

2. 2 

0. 578427 

0. 458343 

0. 404194 

0. 373984 

2. 4 

0. 551596 

0. 426057 

0. 370137 

0. 339218 

2. 6 

0. 526375 

0. 396095 

0. 338793 

0. 307405 

2. 8 

0. 502682 

0. 368324 

0. 309995 

0. 278355 

3. 0 

0. 480435 

0. 342614 

0. 283580 

0. 25187,9 

3. 2 

0. 459555 

0. 318834 

0. 259385 

0. 227792 

3. 4 

0. 439962 

0. 296859 

0. 237252 

0. 205915 

3. 6 

0. 421580 

0. 276565 

0. 217030 

0. 186075 

3. 8 

0. 404332 

0. 257835 

0. 198571 

0. 168107 

4.0 

0. 388148 

0. 240554 

0. 181737 

0. 151855 

4. 2 

0. 372958 

0. 224615 

0. 166396 

0. 137169 

4. 4 

0. 358696 

0. 209916 

0. 152424 

0. 123913 

4. 6 

0. 345301 

0. 196361 

0. 139704 

0. 111957 

4. 8 

0. 332713 

0. 183860 

0. 128129 

0. 101180 

5.0 

0. 320876 

0. 172329 

0. 117597 

0. 091471 

5. 5 

0. 294240 

0. 147243 

0. 095241 

0. 071228 

6.0 

0. 271260 

0. 126669 

0. 077581 

0. 055677 

6. 5 

0. 251331 

0. 109727 

0. 063604 

0. 043730 

7.0 

0. 233948 

0. 095707 

0. 052506 

0. 034541 

7. 5 

0. 218698 

0. 084039 

0. 043655 

0. 027453 

8. 0 

0. 205239 

0. 074269 

0. 036560 

0. 021968 

8. 5 

0. 193294 

0. 066036 

0. 030840 

0. 017702 

9.0 

0. 182633 

0. 059053 

0. 026200 

0. 014368 

9. 5 

0. 173068 

0. 053092 

0. 022411 

0. 011747 

10. 0 

0. 164443 

0. 047971 

0. 019296 

0. 009674 


r c-4)5“i 

[■(-4)6-1 

r(-4)6-| r 

L 5 J 

L 5 J 

L 5 J L 



MISCELLANEOUS FUNCTIONS 999 

Planck’s Radiation Function Table 27.2 


f(x)=x-He u ‘- 1)" 1 


X 

fix) 

X 

fix) 

X 

fix) 

X 

fix) 

X 

fix) 

0. 050 

0.007 

0. 10 

4. 540 

0. 20 

21. 199 

0. 40 

8. 733 

0.9 

0.831 

0. 055 

0. 025 

0. 11 

6.998 

0. 22 

20. 819 

0. 45 

6. 586 

1.0 

0. 582 

0. 060 

0. 074 

0. 12 

9. 662 

0. 24 

19. 777 

0. 50 

5. 009 

1 . 1 

0. 419 

0. 065 

0. 179 

0. 13 

12. 296 

0. 26 

18. 372 

0. 55 

3. 850 

1.2 

0. 309 

0. 070 

0.372 

0. 14 

14 710 

0. 28 

16. 809 

0. 60 

2. 995 

1. 3 

0. 233 

0. 075 

0. 682 

0. 15 

16. 780 

0. 30 

[ 15.224 

0.65 

2. 356 

1. 4 

0. 178 

0.080 

1. 137 

0. 16 

18. 446 

0.32 

13. 696 

0. 70 

1. 875 

1. 5 

0. 139 

0.085 

1. 752 

0. 17 

19. 692 

0. 34 

12. 270 

0. 75 

1. 508 

2.0 

0. 048 

0.090 

2. 531 

0. 18 

20. 539 

0. 36 

10. 965 

0. 80 

1. 225 

2. 5 

0. 021 

0.095 

3. 466 

0. 19 

21. 025 

0. 38 

9. 787 

0. 85 

j 1. 005 

3. 0 

0. 010 

0. 100 

4. 540 

0. 20 

21. 199 

0. 40 

8. 733 

0. 90 

| 0. 831 

3. 5 

0.006 


r (- 2 ) 2 "i 

r<-2)5i 

T (-2)81 

|"(-2)7l 


L 4 J 

.20140 52353 

L 5 J 

/(aw) = 21.20143 58. 

L 5 J 

L 5 J 

L 4 J 


[27.3] Miscellaneous Physical Tables, Planck's radiation 
functions and electronic functions, MT 17 (U.S. 
Government Printing Office, Washington, D.C., 
1941). 


J^= Cl X-«(e‘>/ Xl, -l)-i, Ro-x^£R^d\ 
Nx=2vc\- i (e'*' XT ~l)-', ^ 0 -x=J # X 


Nxd\ 


Table I: 


for 


Rx Ro-x N\ Nq-x 

Rx max Ro—ao N\ No—oo 

XT=[.05(.001).l(.005).4(.01).6(.02)l(.05)2]cm K °. 

Table II: Rx, Ro-x, Nx, N 0 -x (T=1000° K) 
for X=[.5(.01)l(.05)4(.l)6(.2)10(.5)20] microns. 

Table III: Nx for X=[.25(.05)1.6(.2)3(1)10] 
microns, T= [1000°(500°)3500° K and 6000° K], 


Einstein Functions 


Table 27.3 


X 

x*e a 

X 

In (l-«-») 

X 

e*—1 

-In (1—c—) 

(e«-l)* 

€*—1 

0. 00 

1. 00000 

1. 00000 

_ 00 

00 

0. 05 

0. 99979 

0. 97521 

-3.02063 

3. 99584 

0. 10 

0. 99917 

0. 95083 

-2. 35217 

3. 30300 

0. 15 

0. 99813 

0. 92687 

-1. 97118 

2. 89806 

0. 20 

0. 99667 

0. 90333 

-1. 70777 

2. 61110 

0. 25 

0. 99481 

0. 88020 

-1. 50869 

2. 38888 

0. 30 

0. 99253 

0. 85749 

-1. 35023 

2. 20771 

0. 35 

0. 98985 

0. 83519 

-1. 21972 

?■} 2. 05491 

0. 40 

0. 98677 

0. 81330 

-1. 10963 

1. 92293 

0. 45 

0. 98329 

0. 79182 

-1.01508 

1. 80690 

0. 50 

0. 97942 

0. 77075 

-0. 93275 

1. 70350 

0. 55 

0. 97517 

0. 75008 

-0. 86026 

1. 61035 

0. 60 

0. 97053 

0. 72982 

-0. 79587 

1. 52569 

0. 65 

0. 96552 

0. 70996 

-0. 73824 

1. 44820 

0. 70 

0. 96015 

0. 69050 

-0. 68634 

1. 37684 

0. 75 

0. 95441 

0. 67144 

-0. 63935 

1. 31079 

0.80 

0. 94833 

0. 65277 

-0. 59662 

1. 24939 

0. 85 

0. 94191 

0. 63450 

-0. 55759 

1. 19209 

0.90 

0. 93515 

0. 61661 

-0. 52184 

1. 13844 

0. 95 

0. 92807 

0. 59910 

-0. 48897 

1. 08809 

1.00 

0. 92067 

0. 58198 

-0. 45868 

1. 04065 

1.05 

0. 91298 

0. 56523 

-0. 43069 

0. 99592 

1.10 

0. 90499 

0. 54886 

-0. 40477 

0. 95363 

1. 15 

0. 89671 

0. 53285 

-0. 38073 

0. 91358 

1.20 

0. 88817 

0. 51722 

-0. 35838 

0. 87560 

1. 25 

0. 87937 

0. 50194 

-0. 33758 

0. 83952 

1.30 

0. 87031 

0. 48702 

-0. 31818 

0. 80520 

1. 35 

0. 86102 

0. 47245 

-0. 30008 

0. 77253 

1. 40 

0. 85151 

0. 45824 

-0. 28315 

0. 74139 

1. 45 

0. 84178 

0. 44436 

-0.26732 

0. 71168 

1. 50 

0. 83185 

0. 43083 

-0. 25248 

0. 68331 


T (-5)51 

n-5)5i 

L 3 J 

L 3 J 
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Table 27.3 


Einstein Functions 


X 

x*e" 

X 

In (1 — e~‘) 

X 

e 1 —1 

—In (1 —e - *) 

(e x — 1)* 

e*—1 

1. 6 

0. 81143 

0. 40475 

-0. 22552 

0. 63027 

1. 7 

0. 79035 

0. 37998 

-0. 20173 

0. 58171 

1. 8 

0. 76869 

0. 35646 

-0. 18068 

0. 53714 

1. 9 

0. 74657 

0. 33416 

-0. 16201 

0. 49617 

2.0 

0. 72406 

0. 31304 

-0. 14541 

0. 45845 

2. 1 

0. 70127 

0. 29304 

-0. 13063 

0. 42367 

2. 2 

0. 67827 

0. 27414 

-0. 11744 

0. 39158 

2. 3 

0. 65515 

0. 25629 

-0. 10565 

0. 36194 

2. 4 

0. 63200 

0. 23945 

-0. 09510 

0. 33455 

2. 5 

0. 60889 

0. 22356 

-0. 08565 

0. 30921 

2. 6 

0. 58589 

0. 20861 

-0. 07718 

0. 28578 

2. 7 

0. 56307 

0. 19453 

-0. 06957 

0. 26410 

2. 8 

0. 54049 

0. 18129 

-0. 06274 

0. 24403 

2.9 

0. 51820 

0. 16886 

-0. 05659 

0. 22545 

3.0 

0. 49627 

0. 15719 

-0. 05107 

0. 20826 

3. 2 

0. 45363 

0. 13598 

-0. 04162 

0. 17760 

3. 4 

0. 41289 

0. 11739 

-0. 03394 

0. 15133 

3.6 

0. 37429 

0. 10113 

-0. 02770 

i 0. 12883 

3. 8 

0. 33799 

0. 08695 

-0. 02262 

0. 10958 

4.0 

0. 30409 

0. 07463 

-0. 01849 

1 0.09311 

4. 2 

0. 27264 

0. 06394 

-0. 01511 

0. 07905 

4. 4 

0. 24363 

0- 05469 

-0. 01235 

0. 06705 

4. 6 

0. 21704 

0. 04671 

-0. 01010 

0. 05681 

4. 8 

0. 19277 

0. 03983 

-0. 00826 

0. 04809 

5.0 

0. 17074 

0. 03392 

-0. 00676 

0. 04068 

5.2 

0. 15083 

0. 02885 

-0. 00553 

0. 03438 

5. 4 

0. 13290 

0- 02450 

-0. 00453 

1 0.02903 

5. 6 

0. 11683 

0. 02078 

-0. 00370 

i 0.02449 

5. 8 

0. 10247 

0. 01761 

-0. 00303 

l 0.02065 

6.0 

0. 08968 

0. 01491 

-0. 00248 

0. 01739 


[<-4)3] [,-4)3] [,-4)4] [,-4,6] 


[27.4] H. L. Johnston, L. Savedoff and J. Belzer, Contri¬ 
butions to the thermodynamic functions by a 
Planck-Einstein oscillator in one degree of free¬ 
dom, NAVEXOS p. 646, Office of Naval Re¬ 
search, Department of the Navy, Washington, 
D.C. (1949). Values of sV(e*-l)~ 2 , *(«•-1)~>, 
—In (1— e~ x ) and x(e s — 1) _1 —In (1—e~*) for 
£—0(.001)3(.01) 14.99, 5D with first differences. 


27.4. Sievert Integral 


/: 




Representation in Terms of Exponential Integrals 

27.4.2 

P <r* Bec *d0= f 2 e~ XB * c *d<l> 

Jo Jo 

-g ai (cos e) ^ Ew (^) 

(*>0,0 <K|) 

, 1.3-5...(2^-1) 

oo-l.a*- 2.4-6...(2 k) 

(For E 2k + 2 (x), see chapter 5.) 

Relation to the Integral of the Bessel Function K 0 (x) 

27.4.3 


Relation to the Error Function 


27.4.1 




f 2 e~ x Bec +d<t >=Kij (x) = f K 0 (t)dt where 

Jo Jt 


129 

I28x 2 


2655 301035 

3 ' 


1024x 3 ~32768x 4 
(For Ki, (x ), see chapter 11.) 




(For erf, see chapter 7.) 
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[27.5] National Bureau of Standards, Table of the Sievert 
integral, Applied Math. Series— (U.S. Government 
Printing Office, Washington, D.C. In press). 

x=0(.01)2(.02)5(.05) 10, 0=0 <, (1°)90°, 9D. 


[27.6] R. M. Sievert, Die v-Strahlungsintensitat an der 
Oberflache und in der nachsten Umgebung von 
Radiumnadeln, Acta Radiologica 11, 239-301 
(1930). 

j* e -A ... <f>—30°(1°)90°, ><4=0(.01) .5, 3D. 


Sievert 


Integral 


/:• 


Table 27.4 


x\6 

10° 

20° 

30° 

40° 

50° 

60° 

75° 

90° 

0. 0 

0. 174533 

0. 349066 

0. 523599 

0. 698132 

0. 872665 

1. 047198 

1. 308997 

1. 570796 

0. 1 

0. 157843 

0. 315187 

0. 471456 

0. 625886 

0. 777323 

0. 923778 

1. 123611 

1. 228632 

0. 2 

0. 142749 

0. 284598 

0. 424515 

0. 561159 

0. 692565 

0. 815477 

0. 968414 

1. 023680 

0.3 

0. 129099 

0. 256978 

0. 382255 

0. 503165 

0. 617194 

0. 720366 

0. 837712 

0. 868832 

0. 4 

0. 116754 

0. 232040 

0. 344209 

0. 451198 

0. 550154 

0. 636769 

0. 727031 

0. 745203 

0. 5 

0. 105589 

0. 209522 

0. 309957 

0. 404629 

0. 490508 

0. 563236 

0. 632830 

0. 643694 

0. 6 

0. 095492 

0. 189191 

0. 279118 

0. 362893 

0. 437428 

0. 498504 

0. 552287 

0. 558890 

0. 7 

0. 086361 

0. 170833 

0. 251353 

0. 325486 

0. 390178 

0. 441478 

0. 483134 

0. 487198 

0.8 

0. 078103 

0. 154256 

0. 226354 

0. 291957 

0. 348109 

0. 391204 

0. 423535 

0. 426062 

0.9 

0. 070634 

0. 139289 

0. 203845 

0. 261901 

0. 310642 

0. 346851 

0. 371996 

0. 373579 

1. 0 

0. 063880 

0. 125775 

0. 183579 

0. 234956 

0. 277267 

0. 307694 

0. 327288 

0. 328286 

1. 2 

0. 052247 

0. 102553 

0. 148899 

0. 189138 

0. 221027 

0. 242523 

0. 254485 

0. 254889 

1. 4 

0. 042733 

0. 083620 

0. 120780 

0. 152298 

0. 176336 

0. 191533 

0. 198885 

0. 199051 

1. 6 

0. 034951 

0. 068183 

0. 097979 

0. 122667 

0. 140792 

0. 151541 

0. 156087 

0. 156156 

1. 8 

0. 028587 

0. 055597 

0. 079488 

0. 098829 

0. 112497 

0. 120105 

0. 122932 

0. 122961 

2. 0 

0. 023381 

0. 045335 

0. 064492 

0. 079644 

0. 089954 

0. 095342 

0.097108 

0. 097121 

2. 2 

0. 019123 

0. 036967 

0. 052329 

0. 064201 

0. 071979 

0. 075797 

0. 076905 

0. 076911 

2.4 

0. 015641 

0. 030145 

0. 042463 

0. 051766 

0. 057635 

0. 060342 

0. 061040 

0. 061043 

2. 6 

0. 012793 

0. 024582 

0. 034460 

0. 041750 

0. 046179 

0. 048100 

0. 048541 

0. 048542 

2. 8 

0. 010463 

0. 020045 

0. 027968 

0. 033680 

0. 037024 

0. 038387 

0. 038667 

0. 038668 

3.0 

0. 008558 

0. 016347 

0. 022700 

0. 027177 

0. 029702 

0. 030670 

0. 030848 

0. 030848 

3. 5 

0. 005178 

0. 009817 

0. 013477 

0. 015912 

0. 017164 

0. 017576 

0. 017634 

0. 017634 

4. 0 

0. 003132 

0. 005896 

0. 008005 

0. 009330 

0. 009951 

0. 010128 

0. 010147 

0. 010147 

4. 5 

0. 001895 

0. 003542 

0. 004756 

0. 005478 

0. 005787 

0. 005862 

0. 005869 

0. 005869 

5. 0 

0. 001147 

0. 002127 

0. 002828 

0. 003221 

0. 003374 

0. 003407 

0. 003409 

0. 003409 

5. 5 

0. 000694 

0. 001278 

0. 001682 

0. 001896 

0. 001972 

0. 001986 

0. 001987 

0. 001987 

6.0 

0. 000420 

0. 000768 

0. 001001 

0. 001117 

0. 001155 

0. 001162 

0. 001162 

0. 001162 

6. 5 

0. 000254 

0. 000461 

0. 000596 

0. 000659 

0. 000678 

0. 000681 

0. 000681 

0. 000681 

7. 0 

0. 000154 

0. 000277 

0. 000355 

0. 000389 

0. 000399 

0. 000400 

0. 000400 

0. 000400 

7. 5 

0. 000093 

0. 000167 

0.000211 

0. 000230 

0. 000235 

0. 000235 

0. 000235 

0. 000235 

8.0 

0. 000056 

0. 000100 

0. 000126 

0. 000136 

0. 000139 

0. 000139 

0. 000139 

0. 000139 

8.5 

0. 000034 

0. 000060 

0. 000075 

0. 000081 

0. 000082 

0. 000082 

0. 000082 

0. 000082 

9.0 

0. 000021 

0. 000036 

0. 000045 

0. 000048 

0. 000048 

0. 000048 

0. 000048 

0. 000048 

9. 5 

0. 000012 

0. 000022 

0. 000027 

0. 000028 

0. 000029 

0. 000029 

0. 000029 

0. 000029 

10.0 

0. 000008 

0. 000013 

0. 000016 

0. 000017 

0. 000017 

0. 000017 

0. 000017 

0. 000017 



r (—4)51 

1 — 

O0 

r<- 3 >n 

n-3)n 

p-3)2l 

T ( 3) 4~| 

[■(-2)21 


L 6 J 

L 6 J 

L 6 J 

L 7 J 

L 7 J 

L 7 J 

L 7 J 

L 11 J 


27.5. f m (x)= J" t m e~ t2 ~fdt and 

Related Integrals 

m=0, 1,2... 

Differential Equations 

27.5.1 

27.5.2 (m=l, 2,...) 
Recurrence Relation 

27.5.3 (m>3) 


Power Series Representations 


27.5.4 2/j (x) -- 

=S (a* In x-\-b k )2* 

k-0 

„ __ 

. —2b k - 2 — (3P—6&+2)a* 

ak ~k(k-l)(k-2) 

* k(k-\)(k-2) 

c 

II 

<3 

II 

®2 = & 0 

bo —1 

b x =— Vt &2=| (l — t) 


(For y, see chapter 6.) 
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27.5.5 

2 / 1 ( 3 ) = 1 - V«+ •6342x 2 + .5908a 3 - .143 lx 4 
-.01968x 5 +.00324x 6 +.000188x 7 . . . 

-x 2 In x(l-.08333x2+.001389x 4 -.0000083x fl +. . .) 


27.5.6 

2 / 2 (x) =^-x+y x 2 - .3225X 3 - ,1477x 4 +.03195x 6 

+.00328X 9 —.000491 x 7 -.0000235x 8 . . . 
+x 3 In x(f—. 01667x2+ .000198x 4 - . . .) 

27.5.7 

2/ 3 (x)=l-y x+^-.2954x 3 +.1014x 4 +.02954x 5 

— .00578x 6 — .00047x 7 + .000064x 8 . . . 

-x 4 In x(.0833-.00278x2+.000025x 4 - . . .) 


Asymptotic Representation 

27.5.11 

Pi ^ = (i) \ exp [“I (I) / ] ( A sin e + B cos 6 ) 


27.5.12 

9i(x) = \ exp ; J(A cos 6-B sin 6 ) 



—©^[-er-er 

/2\ 10/3 “1 

(") +..J <*-»•) 


Asymptotic Representation 


27.5.8 


/.to-'+f 3 lv ‘ e ' (“•+7+P+ • • ■ +JS+ • • •) 

(x->co) 


-Hi 


1 


a 0 =l, ( 3m2 +3w—1) 

12(^+2)a Jt+2 =-(12P+36it-3m 2 -3m+25)a* +1 

+£(m-2£)(2£+3-m)(2jt+3+2m)a* 

(&=0,1,2...) 

27.5.9 Sl (x) + i 92 (i)=/"i 3 e''’ + ''rf( 


27.5.10 


Oo=l a x = . 972222 02 =. 148534 

a 3 = — .017879 a 4 =.004594 a 5 = — .000762 

[27.7] M. Abramowitz, Evaluation of the integral 

Jo e ~ u *-* ,vdu > J - Math - Phys. 32,188-192 (1953). 

[27.8] H. Fax6n, Expansion in series of the integral 

J* exp [— x(t±tr n )]fidt, Ark. Mat., Astr., Fys. 
15, 13, 1-57 (1921). 

[27.9] J. E. Kilpatrick and M. F. Kilpatrick, Discrete 

energy levels associated with the Lennard- 
Jones potential, J. Chem. Phys. 19, 7, 930-933 
(1951). 

[27.10] U. E. Kruse and N. F. Ramsey, The integral 

i/*exp y*+i ^ dy, J. Math. Phys. 30, 
40 (1951). 

[27.11] O. Laporte, Absorption coefficients for thermal 

neutrons, Phys. Rev. 52, 72-74 (1937). 

[27.12] H. C. Torrey, Notes on intensities of radio fre¬ 

quency spectra, Phys. Rev. 59, 293 (1941). 

[27.13] C. T. Zahn, Absorption coefficients for thermal 

neutrons, Phys. Rev. 52, 67-71 (1937). 

£ y*e-'- x UvdyfoT n= 0, *, 1; x=0(.01).l(.l)l. 


9i 0) = g 2 (x) = - 
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/*W=JVr ‘ 2 'f Table 27.5 


X 

\ 

/l(*) 


f 3 (x) 

X 

Mx) 

Mx) 

/a(z) 

X 

m 

Mx) 

Mx) 

0. 00 

0. 5000 

0. 4431 

0. 5000 

0. 1 

0. 4263 

0. 3970 

0. 4580 

0. 6 

0. 2255 

0. 2415 

0. 3025 

0. 01 

0. 4914 

0. 4382 

0. 4956 

0. 2 

0. 3697 

0. 3573 

0. 4204 

0. 7 

0. 2015 

0. 2202 

0. 2793 

0.02 

0. 4832 

0. 4333 

0. 4912 

0. 3 

0. 3238 

0. 3227 

0. 3864 

0. 8 

0. 1807 

0. 2011 

0. 2584 

0.03 

0. 4753 

0. 4285 

0. 4869 

0. 4 

0. 2855 

0. 2923 

0. 3557 

0. 9 

0. 1626 

0. 1839 

0. 2392 

0. 04 

0. 4676 

0. 4238 

0. 4826 

0. 5 

0. 2531 

0. 2654 

0. 3278 

1.0 

0. 1466 

0. 1685 

0. 2215 

0.05 

0. 4602 

0. 4191 

0. 4784 










[ ( -5>5] [<- r ] [(-5)5] 


T 

w 

1 - 1 

7 

-J 

1_1 

T 

co£. 

|CNj 


[ ( -4> 6 ] [(-4,4] [(-4,4] 


X 

^Mix) 

SMix) 

X 

&h(ix) 

-Sfziix) 

• X 

^f 3 (ix) 

— J*/ 3 (m0 

0.0 

0. 50000 

0. 00000 

4.0 

-0. 2626 

0. 0430 

8. 0 

0. 06078 

-0. 09808 

0.2 

0. 49019 

0. 08754 

4. 2 

-0. 2552 

+0. 0094 

8. 5 

0. 07562 

-0. 07131 

0. 4 

0. 46229 

0. 16933 

4. 4 

-0. 2441 

-0. 0214 

9. 0 

0. 08221 

-0. 04496 

0. 6 

0. 41950 

0. 24139 

4. 6 

-0. 2299 

-0. 0490 

9. 5 

0. 08191 

-0. 02082 

0.8 

0. 36543 

0. 30136 

4. 8 

-0. 2132 

-0. 0734 

10. 0 

0. 07626 

-0. 00010 

1.0 

0. 30366 

0. 34805 

5.0 

-0. 1945 

-0. 0944 

10. 5 

0. 06684 

+ 0. 01654 

1. 2 

0. 23746 

0. 38122 

5. 2 

-0. 1745 

-0. 1120 

11. 0 

0. 05507 

0. 02889 

1. 4 

0. 16972 

0. 40127 

5. 4 

-0. 1536 

-0. 1263 

11. 5 

0. 04224 

0. 03707 

1. 6 

0. 10288 

0. 40910 

5. 6 

-0. 1322 

-0. 1374 

12.0 

0. 02937 

0. 04146 

1. 8 

+0. 03892 

0. 40592 

5. 8 

-0. 1108 

-0. 1455 

12. 5 

0. 01727 

0. 04259 

2.0 

-0. 02062 

0. 39314 

6.0 

-0. 0896 

-0. 1507 

13.0 

+0. 00650 

0. 04109 

2. 2 

-0. 0746 

0. 3722 

6. 2 

-0. 0691 

-0. 1533 

13. 5 

-0. 00259 

0. 03758 

2. 4 

-0. 1221 

0. 3448 

6. 4 

-0. 0493 

-0. 1535 

14. 0 

-0. 00982 

0. 03268 

2. 6 

-0. 1629 

0. 3122 

6. 6 

-0. 0307 

-0. 1515 

14. 5 

-0. 01517 

0. 02696 

2. 8 

-0. 1966 

0. 2759 

6. 8 

-0. 0132 

-0. 1476 

15.0 

-0. 01872 

0. 02089 

3.0 

-0. 2233 

0. 2371 

7. 0 

+0. 00286 

-0. 14211 

16.0 

-0. 02118 

+0. 00921 

3. 2 

-0. 2432 

0. 1971 

7. 2 

0. 01749 

-0. 13518 

17.0 j 

-0. 01906 

-0. 00022 

3. 4 

-0. 2565 

0. 1569 

7. 4 

0. 03061 

-0. 12709 

18.0 

-0. 01435 

-0. 00650 

3. 6 

-0. 2639 

0. 1173 

7. 6 

0. 04220 

-0. 11805 

19. 0 1 

-0. 00879 

-0. 00965 

3. 8 

-0. 2657 

0. 0792 

7. 8 

0. 05224 

-0. 10830 

20. 0 

-0. 00360 

-0. 01021 


[ ( -3 )2 ] [ ( - f ] [<-$>«] [<-?«] [<-r] [<-f] 


Compiled from U. E. Kruse and N. F. Ramsey, The integral^* y 3 exp ( dy, J. Math. Phys. 30, 40 (1951) (with permission). 


27.6. y W =j;g 




27.6.1 


Power Series Representation 

~2*+l 


f(x)=-e~* 2 In x+ g - 2 [V^Z) 


« fci(2fc+l) 


27.6.2 


-y] _?f_li 

lkk\2k 2 


-e~^*+\± i r JjV g ±l )g 

, (—2)*% 2 * +1 

+VT Sl-3.5 . . . (2Ar+l) 
(For y and the digamma function ^(x), see chap¬ 
ter 6.) 

Relation to the Exponential Integral 

27.6.3 /(*)-i e- 2 Ei (x*) + ^e-? j‘ e‘‘dt 

(For Ei ( x ) see chapter 5; e ' 2 dt, see chapter 


Asymptotic Representation 


27.6.4 


,, . Vtt rl , 1 I 1-3 ,1*3*5 


_IrI-I 4.2i4.3i4. 

2 l x 2i V^V^ar ' 




[27.14] A. Erd61yi, Note on the paper “On a definite inte¬ 

gral” by R. H. Ritchie, Math. Tables Aids 
Comp. 4, 31, 179 (1950). 

r» e-“ 2 

[27.15] E. T. Goodwin and J. Staton, Table of I —— du, 

Jo U-T% 

Quart. J. Mech. Appl. Math. 1, 319 (1948). 
x = 0 (.02) 2 (.05) 3(.1)10. Auxiliary function for 
x=0(.01)l. 

[27.16] R. H. Ritchie, On a definite integral, Math. Tables 

Aids Comp. 4, 30, 75 (1950). 



1004 


MISCELLANEOUS FUNCTIONS 


Table 27.6 


/(*)=/; 


t+x 


X 

/(x) + lnx 

X 

/(x) + lnx 

X 

fix) 

X 

fix) 

X 

fix) 

0. 00 

-0. 2886 

0. 50 

0. 2704 

1. 0 

0. 6051 

2. 0 

0. 3543 

3.0 

0. 2519 

0. 05 

-0. 2081 

0. 55 

0. 3100 

1. 1 

0. 5644 

2. 1 

0. 3404 

3. 5 

0. 2203 

0. 10 

-0. 1375 

0. 60 

0. 3479 

1. 2 

0. 5291 

2. 2 

0. 3276 

4. 0 

0. 1958 

0. 15 

-0. 0735 

0. 65 

0. 3842 

1.3 

0. 4980 

2. 3 

0. 3157 

4. 5 

0. 1762 

0. 20 

-0.0146 

0. 70 

0. 4192 

1. 4 

0. 4705 

2. 4 

0. 3046 

5. 0 

0. 1602 

0. 25 

+ 0. 0402 

0. 75 

0. 4529 

1. 5 

0. 4460 

2. 5 

0. 2944 

5. 5 

0. 1468 

0. 30 

0. 0915 

0. 80 

0. 4854 

1. 6 

0. 4239 

2. 6 

0. 2848 

6. 0 

0. 1356 

0. 35 

0. 1398 

0.85 | 

0. 5168 

1.7 

0. 4040 

2. 7 

0. 2758 

6. 5 

0. 1259 

0. 40 

0. 1856 

0. 90 

0. 5472 

1.8 

0. 3860 

2. 8 

0. 2673 

7. 0 

0. 1175 

0. 45 

0. 2290 

0.95 

0. 5766 

1. 9 

0. 3695 

2. 9 

0. 2594 

7. 5 

0. 1102 

0.50 

0. 2704 

1. 00 

0. 6051 

2. 0 

0. 3543 

3.0 

0. 2519 

8.0 

0. 1037 


[i-ml 

r(-4)2i 

r (-4)7] 

["(-4)1] 

r (—4)9] 

L 4 J 

L 3 J 

L 4 J 

L 3 J 

L 4 J 


Compiled from E. T. Goodwin and J, Staton, Table of I 


J. Mech. Appl, Math. 1,319 (1948) (with permission). 


27.7. Dilogarithm 

(Spence’s Integral for n=2) 

27.7.1 

Series Expansion 

27.7.2 /(*)=£(-(2>*>0) 

k =1 K 

Functional Relationships 

27.7.3 

/(*)+/(!-*)=—ln x In (l-z)-|~ (1>*>0) 

27.7.4 

ja-x) +/u+*) i -x 2 ) (i > x>o) 

27.7.5 /(x)+/0=~(lnx) 2 (0<x<l) 

27.7.6 

/(x+1)—/(x) = —In x In (x+l)-~|/(x 2 ) 

(2>x>0) 


Relation to Debye Functions 

27.7.7 ^ 

[27.17] L. Lewin, Dilogarithms and associated functions 

(Macdonald, London, England, 1958). 

[27.18] K. Mitchell, Tables of the function ~~ Iog l*~ y l dy, 

with an account of some properties of this and 
related functions, Phil. Mag. 40, 351-368 (1949). 
x=-l(.01)l; x=0(.001).5, 9D. 

[27.19] E. O. Powell, An integral related to the radiation 

integrals, Phil. Mag. 7, 34, 600-607 (1943). 

JTy^l dy ’ x = °(- 01 ) 2 (- 02 ) 6 . 7D - 

[27.20] A. van Wijngaarden, Polylogarithms, by the Staff 

of the Computation Department, Report R24, 
Mathematisch Centrum, Amsterdam, Holland 

(1954). F n (z)=y) h~ n z k for z=x= -1(.01)1; 
A=1 

z=ix, for x=0(.01)l; z=e'* a/2 for a=0(.01)2, 
10D. 
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Dilogarithm Table 27.7 




X 

fix) 

X 

m 

X 

fix) 

X 

fix) 

X 

fix) 

0 . 00 

1 . 64493 4067 

0 . 10 

1. 29971 4723 

0 . 20 

1. 07479 4600 

0. 30 

0. 88937 7624 

0. 40 

0. 72758 6308 

0 . 01 

1. 58862 5448 

0 . 11 

1. 27452 9160 

0 . 21 

1. 05485 9830 

0 . 31 

0. 87229 1733 

0. 41 

0. 71239 5042 

0 . 02 

1. 54579 9712 

0 . 12 

1. 25008 7584 

0 . 22 

1. 03527 7934 

0. 32 

0. 85542 7404 

0. 42 

0.69736 1058 

0. 03 

1. 50789 9041 

0. 13 

1 . 22632 0101 

0. 23 

1 . 01603 0062 

0. 33 

0. 83877 6261 

0. 43 

0. 68247 9725 

0. 04 

1. 47312 5860 

0. 14 

1. 20316 7961 

0. 24 

0. 99709 9088 

0. 34 

0. 82233 0471 

0. 44 

0. 66774 6644 

0. 05 

1. 44063 3797 

0. 15 

1. 18058 1124 

0. 25 

0. 97846 9393 

0. 35 

0. 80608 2689 

0. 45 

0. 65315 7631 

0 . 06 

1. 40992 8300 

0 . 16 

1. 15851 6487 

0 . 26 

0. 96012 6675 

0. 36 

0. 79002 6024 

0. 46 

0. 63870 8705 

0. 07 

1. 38068 5041 

0. 17 

1 . 13693 6560 

0. 27 

0. 94205 7798 

0. 37 

0. 77415 3992 

0. 47 

0. 62439 6071 

0.08 

1. 35267 5161 

0 . 18 

1. 11580 8451 

0 . 28 

0. 92425 0654 

0. 38 

0. 75846 0483 

0. 48 

0 . 61021 6108 

0.09 

1. 32572 8728 

0. 19 

1. 09510 3088 

0. 29 

0. 90669 4053 

0. 39 

0. 74293 9737 

0. 49 

0. 59616 5361 

0 . 10 

1. 29971 4723 

0 . 20 

1. 07479 4600 

0.30 

0. 88937 7624 

0.40 

0. 72758 6308 

0. 50 

0. 58224 0526 


T (“3)21 

[•(-4)11 

r (—5)5i 


r (_ ? 2 i 

L J 

L J 

L 7 J 

L 6 J 

L 5 J 


From K. Mitchell, Tables of the function J 
(with permission). 


27.8. Clausen’s Integral and Related 
Summations 


■ay, with an account of some properties of this and related functions, Phil. Mag. 40,351-368 (1949) 

Summable Series 


27.8.1 


/W = -J o ’ ln ( 2 sin|)rf<=|:^ (0 <0<tr) 


Series Representation 

(-1)*" 1 D 0 2 * +1 
- &2i 


(2 W 


2k(2k+l) 

(o<Kf) 


27.8.2 

m^-Q In |0|+0+g 

27.8.3 

/(t- 0)=0 In 2-g ( pjj, B a ( 2“-l) 2jt(2 j. +1) 

(x/2<K>r) 

Functional Relationship 

27.8.4 /frr-0)=/(0)-|/(20) (o<0<|) 

Relation to Spence’s Integral 

J.5 

if(0)=g(e i9 )+j where g(x)=J^ j ln|l + <| 


27.8.5 


27.8.6 

S^=-ln(2sin|) (KKW 

^ COS nd 7T 2 7T0 . 0 2 


'6 2 1 4 


(O<0<2x) 


COS nd 7T 4 X 2 0 2 . 7T0 3 0 (O<0<2 it) 

§ “^“-90“l2 + I2 “48 


s 

n=l 


sin n 
n 


=2 


(0<9<2tt) 


V' si n n0 _j 2 6 x0 2 . 6 s 
h\ n 3 “ 6 4 '12 


(O<0<2x) 

tt0 4 0 5 


sin nd _ tt 4 0 x 2 # 3 

n 8 “90 36 '48 240 


(O<0<2x) 


[27.21] A. Ashourand A. Sabri, Tabulation of the function 




sin 


Math. Tables Aids Comp. 10, 


54, 57-65 (1956). 

[27.22] T. Clausen, tlber die Zerlegung reeller gebrochener 

Funktionen, J. Reine Angew. Math. 8 , 298-300 
(1832). z = 0 o (1 o ) 180 o , 16D. 

[27.23] L. B. W. Jolley, Summation of series (Chapman 

Publishing Co., London, England, 1925). 

[27.24] A. D. Wheelon, A short table of summable series, 

Report No. SM-14642, Douglas Aircraft Co., 
Inc., Santa Monica, Calif. (1953). 
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Table 27.8 
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Clausen’s Integral 

/(0) = —in (2 sin dt 


e° 

/(0) -f- 0 In 0 

0° 

m 

0° 

m 

0° 

m 

0° 

m 

0 

0. 000000 

15 

0. 612906 

30 

0. 864379 

60 

1. 014942 

90 

0. 915966 

i 

0. 017453 

16 

0. 635781 

32 

0. 886253 

62 

1. 014421 

95 

0. 883872 

2 

0. 034908 

17 

0. 657571 

34 

0. 906001 

64 

1. 012886 

100 

0. 848287 

3 

0. 052362 

18 

0. 678341 

36 

0. 923755 

66 

1. 010376 

105 

0. 809505 

4 

0. 069818 

19 

0. 698149 

38 

0. 939633 

68 

1. 006928 

110 

0. 767800 

5 

0. 087276 

20 

0. 717047 

40 

0. 953741 

70 

1. 002576 

115 

0. 723427 

6 

0. 104735 

21 

0. 735080 

42 

0. 966174 

72 

0. 997355 

120 

0. 676628 

7 

0. 122199 

22 

0. 752292 

44 

0. 977020 

74 

0. 991294 

125 

0. 627629 

8 

0. 139664 

23 

0. 768719 

46 

0. 986357 

76 

0. 984425 

130 

0. 576647 

9 

0. 157133 

24 

0. 784398 

48 

0. 994258 

78 

0. 976776 

135 

0. 523889 

10 

0. 174607 

25 

0. 799360 

50 

1. 000791 

80 

0. 968375 

140 

0. 469554 

11 

0. 192084 

26 

0. 813635 

52 

1. 006016 

82 

0. 959247 

145 

0. 413831 

12 

0. 209567 

27 

0. 827249 

54 

1. 009992 

84 

0. 949419 

150 

0. 356908 

13 

0. 227055 

28 

0. 840230 

56 

1. 012773 

86 

0. 938914 

160 

0. 240176 

14 

0. 244549 

29 

0. 852599 

58 

1. 014407 

88 

0. 927755 

170 

0. 120755 

15 

0.262049 

30 

0. 864379 

60 

1. 014942 

90 

0. 915966 

180 

0. 000000 


r<- 7) si 

r { - 4 )ii 

r (—4)3~i 

r (-4)ii 

r (—4)4i 

L 3 J 

L 4 J 

L 4 J 

L 4 J 

L 6 J 


Compiled from A. Ashour and A. Sabri, Tabulation of the function ^(9)~ 


-, Math. Tables Aids Comp. 10.54.57-65 (1956) (with permission). 


27.9. Vector-Addition Coefficients 


27.9.1 


(Wigner coefficients or Clebsch-Gordan coefficients) 

Definition 


{hhm x m 2 \j x j 2 jm)=h{m, ni x -\-m 2 ) • iOK^'+l) 

V +^2 + 1) I 


(—l)V(ii+mQtQa-f- m 2 )! (J 2 —m 2 ) !Q’+m)! (j— m)! _ 

fc ^0‘i+i2— j— &)!(ji”mi—&)!(j 2 +m 2 —A:)! 0 ’— j2+m l +k)Uj—ji~ m 2 +&)! 


=k 


Conditions 

27.9.2 ji, j 2 , j=-{~n or+^ (n=integer) 

27.9.3 it+i 2 +i=n 

27 -9.4 ii+ja-jl 

27 -9.5 ii—i 2 +i r>o 

27 -9.6 —ii+ia+i J 

27.9.7 


27.9.8 |m 2 |<j 2 , |m|<j 

27.9.9 m 2 \jij 2 jm ) =0 m x + m,, ^ m 

Special Values 

27.9.10 Ufi m fi\ji0jrn)=d(j x , j)8(m h m) 

27.9.11 O'l^OOlj^O) =0 j,+j 3 +j=2n+1 


m X) m 2 , m=±n or ±- 


27.9.12 (jijim x m x \jijijm) =0 2j x +j=2n+l 
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Symmetry Relations 

27.9.13 

(jihmimiljijtjm) 

= (—1) *-*( ji j 2 — mj - m 2 \jij 2 j— m) 


27.9.14 

27.9.15 

27.9.16 


= O 2 ji~ m 2 -w 1 | iaii j~ m ) 


= Vfl+T 

Ijjfeji-wi) 


27.9.17 


27.9.18 


27.9.19 


27.9.20 




(-1)'-+*— 


(—l) Jl —■(i.j'm,—m 

m 2 ) 


=Vlf+T 


Oi H Wi m 2 |ji J m) 


i= 

m 2 =^ 

1 

II 

1 

i. +tf 

j. —^ 



V 2ji+l 

Iji-m+X 

V 2j,+ l 

lji—m+% 

V 2M-1 

/jl + W+H 

V 2;,+ l 


Table 27.9.1 


(;’i 1 mj m 2 |ji 1 j m) Table 27.9.2 


3 = 

m 2 == 1 

m 2 =0 

^= — 1 

ji+1 

h 

1 




/0‘i+»») 0'i4-m+i) 

V (2;,+ l)(2j,+2) 

/0'i — w+l)0’i+»»+l) 

V (2j 1 +l)0‘i+l) 

m 

/(ji— m)0'i— m+1) 

V (2j,+ l)(2ji+2) 

/0'»+^)0'i— »»+i) 

/0'i—m)(;‘j+»*+l) 

V 2;,0'»+l) 

V^O‘a+1) 

V 2j.0‘i+l) 

/(ji—m)(j, —m+1) 

V 2; 1 (2;i + l) 

l(ji—m)(ji+m) 

M J.( 2j,+ l) 

/0'i+^+i)0'i+w) 

V 2ji(2ji+l) 
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Table 27.9.3 (j\ % mj m 2 |ji %j m) 


3= 

m 3 =y 2 

m 2 =H 




jl+% 

/0’i+m—JS) 0*« + m+ JOO'i+«+ 8) 

/30',+m+^)0',+m+fi)0 , ,-m+%) 

V (2ji+1) (2ji+2) (2ji+3) 

V (2j I +l)(2j 1 +2)(2j 1 +3) 

ii+H 

/3(j.+«-K)0'i+»»+J00’i-«+H) 



V 2j,(2ji+1) (2ji+3) 

U + ^V2i.(2j,+ l)(2j.+3) 

ii-K 

/3(j.+m-J00'i-«+W(ji-*«+H) 

ft.+Sm “k/ i»—m+)4 

V (2ji— 1) (2ji+ 1) (2ji + 2) 

^ ^V(2i 1 -l)(2; I +l)(2i, + 2) 

ji % 

__ H)0‘i — m+#)(ji—m+^) 

/3(ji+ m—H) iji—m — l /i) (ji—m+ 


V 2j,(2ji— 1) (2ji-f 1) 

V 2ji(2ji— 1) (2ji+1) 

3 = 

m 3 =—K 

m 2 = —K 




Jj+H 

/3(ji+m+%) (ji-m+H)0'i— «i+K) 

Kh-m-Vi) (j.-m+tf) 

V (2j,+ l)(2j,+2)(2ii+3) 

V (2; l +l)(2i l +2)(2;i+3) 

ii+H 


/3(ji+m+^)0' 1 -m-H)(ii-w+j4) 

U + W Vtf,«7.+ l)Wi+8) 

V 2j 1 (2j 1 +l)(2j,+3) 

ii-tf 

3 m _4) 1 _ 

/30'.+m+ tf) 0\+m+ «) O’. - m~ y 2 ) 

° W V(2j,-l)(2j,+ l)(2ji + 2) 

V (2ji — 1) (2ji + 1) (2ji + 2) 


_ /30’i+»-)00‘i+m+>0(7i-w-H) 

/Oi+ m— H) Oi+m+j4) (ji+ w +%) 


V 2j,(2j,-l)(2ji+l) 

V 2ji(2ji—1)(2 j'i+1) 








Table 27.9.4 (j x 2 mi m 2 \ j\ 2 j m) 


3 = 

m 3=2 

m 2 = 1 

m 2 = 0 






l(ji+m.— l)(j 1 + m)(j l +m+l)(ji + m+ 2 ) 

l(ji-—m-\- 2 )(ji-\-m+ 2 )(ji-\-m-\-l)(j,+m) 

/30i-m+2)0'i-m+l)0'. + m+2)0'. + m+l) 


V (2;, +1) (2 ji + 2) (2;, + 3) (2j, + 4) 

V (2j,+ l)0'i+l)(2ii+3)0*. + 2) 

V (2 ji + 1) (2 jt + 2 ) (2 ji + 3) 0. + 2) 

i .+1 

l(ji+m— 1) (ji+m) (ji+m+ 1) (j, —m+2) 


/30'.-m+l)0'i+w+l) 

V 2j,0‘.+ l)0'.+2)(2i 1 +l) 

u + ' V 2ji (2ji +1) Oi +1) Oi+2) 

Vj.(2j,+ l)0.+ l)0'.+2) 


/3 0Y+ w— 1) (ji + m) (ji — m+1) 0‘i — m+ 2) 

J 30‘i-m+l)0'i+m) 

3m 2 —jtO'i+1) 

h 

V (2ji — 1) 2 j\ (ji +1) (2ji+3) 

' V (2j\— l)ji (2ji+2) ( 2 ji +3) 

V(2j t -l)j J 0'.+ l)(2i. + 3) 


l(ji + m— 1) (ji — m) (ji — m +1) (ji — m+ 2) 

( J - 1 + 9«,_ 1 ) / 0'i-W+l)(il-m) 

m 1 30i—m)0'i + m) 

ji 1 

V 2(j.-i);i0'.+ i)(2i.+i) 

V(i.-l)ii(2j.+ l)(2j,+2) 

Vo.-i)i.(2j.+i)0'.+ i) 


f(ji—m—l)(ji — m)(ji — m+l)(j,—m+ 2 ) 

l(ji—m 4- 1) (ji— m) (jy— m— 1) (ji + m— 1) 

13 (jt— m) Oi —m — 1) 0'i+ m) (ji +m — 1) 


V (2ji —2) (2ji— l)2ji(2j*i+1) 

V 0‘.-D(2ii-l)i,(2ii+l) 

V (2j l -2)(2ji~l)ji(2ji+l) 

3= 

m 2 — — 1 

m 2 = — 2 






ji+2 

/ 0"i— w+2)C7i—w+1)0'i— m)(ji+w+2) 

l(ji—m— 1) <ji— m)(ji— m+l)0'i—m+2) 


V (2j 1 + 1) 0i +1) (2j 1 +3) (ji+2) 

M (2j, + 1) (2;, + 2) (2;, + 3) (2 j t + 4) 


i>+i 

0,+2m+2)J 

/(ji—m—l)(ji—m)(ji — m+l)(ji+m+2) 


U + * ii(2ji+1) (2ji + 2)(/i+2) 

V ji (2ji +1) (ji +1) (2ji+4) 


ji 

(2m+l)-/ 3 0«-™)0'» + "H-l) 

fZ{ji—m— 1) (ji— wi)0’i+ w i+l)0'i+^+2) 



+ ^ V (2ji — l)ji (2j’ t + 2) (2ji + 3) 

V (2ji — l)jt (2ji +2) (2ji +3) 


Ji—1 

_(j 1 _2m-l)-/ 6V+m+l)0'.+m) 

l(ji—m— l)(ji + m)(ji + m+l)(jt+m+2) 



" Y(ji- l)j'i (2ji +1) (2j'i+2) 

V O'.-l)j»(2j»+ l)(2j.+2) 


ji—2 

_ l(ji—m— 1) (j'i+ m+ 1) (ji+jn) (ji+m — 1) 

l(ji+m— l)(ji + m)(ji+m+ l)0‘i+m+2) 



M (ji-D(2ji-l)ji(2ji+l) 

V (2ji — 2) (2ji — 1) 2j\ (2j\ +1) 
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Table 27.9.5 [By use of symmetry relations, 
coefficients may be put in standard form j\<ji<j 
and m> 0] 


m 2 


m 


3\ 


3 


(;ij2TOim2|iij2;m) 




—H 

0 

y 2 

i 

vx 

0. 70711 

y 2 

0 

X 

i 

vx 

0. 70711 

X 

1 

X 

i 

1. 00000 




32= 

1 


-i 

0 

i 

1 


0. 70711 

0 

0 

i 

1 

0. 00000 

i 

0 

i 

1 

-vx 

-Q. 70711 

0 

1 

i 

1 

vx 

6 . 70711 

1 

1 

i , 

1 

-vx 

-0. 70711 

0 

y 2 

y 2 

X 

vx 

0. 81650 

1 

X 

X 

% 

vx 

0. 57735 

1 

X 

y 2 

X 


1.00000 * 

-1 

0 

i 

2 

vx 

0. 40825 

0 

0 

i 

2 

vx 

0. 81650 

1 

0 

i 

2 

vx 

0. 40825 

0 

1 

i 

2 

vx 

0. 70711 

1 

1 

i 

2 

vx 

0. 70711 

1 

2 

i 

2 

1. 00000 


32= H 


-X 

X 

1 

1 

1 

X 

X 


0. 73030 
-0. 25820 

X 

X 

1 

X 


-0. 63246 

X 

X 

1 

X 

,/% 

0. 63246 

X 

X 

1 

X 

-V»/5 

-0. 77460 

-X 

0 

X 

2 

vx 

0. 70711 

X 

0 

X 

2 

vx 

0. 70711 

X 

1 

X 

2 

XV3 

0. 86603 

X 

1 

X 

2 

0. 50000 

X 

2 

X 

2 


1 . 00000 

-X 

0 

X 

2 


0. 50000 

-X 

0 

X 

2 


0. 50000 

X 

0 

X 

2 


-0. 50000 

X 

0 

X 

2 


-0. 50000 

-x 

1 

X 

2 

vx 

0. 70711 

X 

1 

X 

2 

0 . 00000 

X 

1 

X 

2 

-vx 

-0. 70711 

X 

2 

X 

2 

vx 

0. 70711 

X 

2 

X 

2 

-vx 

-0. 70711 

-X 

X 

1 

% 


0. 54772 

X 

X 

1 

X 

0. 77460 

X 

X 

1 

X 

VXo 

0. 31623 

X 

X 

$ 

1 

1 

X 

X 

a 

0. 77460 

0. 63246 

X 

X 

1 

X 


1. 00000 


Compiled from A. Simon, Numerical tables of the Clebsch-Gordan coeffi¬ 
cients, Oak Ridge National Laboratory Report 1718, Oak Ridge, Tenn. 
(1954) (with permission). 

[27.25] E. U. Condon and G. A. Shortley, Theory of 

atomic spectra (Cambridge Univ. Press, Cam¬ 
bridge, England, 1935). 

[27.26] M. E. Rose, Elementary theory of angular mo- 

memtum (John Wiley & Sons, Inc., New York, 
N.Y., 1955). 

[27.27] A. Simon, Numerical tables of the Clebsch-Gordan 

coefficients, Oak Ridge National Laboratory 
Report 1718, Oak Ridge, Tenn. (1954). 

m x m 2 m) for all angular moments <%, 

10D. 


*See page n. 



28. Scales of Notation 

S. Peavy, 1 A. Schopf 2 

Contents 

Page 

Representation of Numbers. 1012 

Numerical Methods. 1013 

References. 1015 

Table 28.1. 2 ±n in Decimal, w=0(l)50, Exact. 1016 

Table 28.2. 2* in Decimal, «=.001(.001) .01(.01).1(.1).9, 15D . . . 1017 

Table 28.3. 10 ±n in Octal, n=0(l)18, Exact or 20D. 1017 

Table 28.4. n log I0 2, n log 2 10 in Decimal, n=l(l)10, 10D . . . . 1017 

Table 28.5. Addition and Multiplication Tables, Binary and Octal 

Scales. 1017 

Table 28.6. Mathematical Constants in Octal Scale. 1017 

The authors acknowledge the assistance of David S. Liepman in the preparation and 
checking of the tables. 


1 National Bureau of Standards. 

* Guest worker, National Bureau of Standards, from The American University 
(deceased). 










28. Scales of Notation 

Representation of Numbers 


Any positive real number x can be uniquely 
represented in the scale of some integer 6>1 as 

X—(A m . . , A-iAq'CL-iCL-2 . . .)(J), 

where every A t and a-j is one of the integers 0, 
1, . . 6 — 1, not all A { , a are zero, and 
A m ^>0 if x>l. There is a one-to-one correspond¬ 
ence between the number and the sequence 

x=A m b m -\- . . . -t-A^-bAo-l-S 

i 

where the infinite series converges. The integer 6 
is called the base or radix of the scale. 

The sequence for x in the scale of 6 may ter¬ 
minate, i.e., a- n -i=a- n - 2 = . . . =0 for some 
> 1 so that 

x— (A m . . . A\Aq’ a_iCt _2 . . . a_ n )(j)j 

then x is said to be a finite 6-adic number. 

A sequence which does not terminate may have 
the property that the infinite sequence a_j, a_ 2 , 
. . . becomes periodic from a certain digit 
a-n(ft^l) on; according as n.= l or n>l the 
sequence is then said to be pure or mixed recurring. 

A sequence which neither terminates nor recurs 
represents an irrational number. 

Names of Scales 


Base 

Scale 

Base 

Scale 

2 

Binary 

8 

Octal 

3 

Ternary 

9 

Nonary 

4 

Quaternary 

10 

Decimal 

5 

Quinary 

11 

Undenary 

6 

Senary 

12 

Duodenary 

7 

Septenary 

16 

Hexadecimal 


General Conversion Methods 

Any number can be converted from the scale 
of 6 to the scale of some integer 65 ^ 6 , 6 > 1 , by 
using arithmetic operations in either the 6 -scale 
or the 6 -scale. Accordingly, there are four 
methods of conversion, depending on whether the 
number to be converted is an integer or a proper 
fraction. 


Integers X — (A m . . . ^4i^4o)(M 

(I) 6-scale arithmetic. Convert 6 to the 6-scale 
and define 

X/6=A' 1 +A^6, 

Xjb=X t +A!jb t 

Xs/j=0 +Akll 

where A^ t A[, . . ., A- are the remainders and 
X x , X 2 , . . ., X„ the quotients (in the 6-scale) 
where X, X u . . ., A”_ 1( respectively are divided 
by 6 in_the 6-scale. Then convert the remainders 
to the 6-scale, 

(A^ ) ){^)=A <) , . . ., {A^^—An 

and obtain 

(II) 6-scale arithmetic. Convert 6 and A 0 , 
A lt . . ., A m to the 6-scale and define, using 
arithmetic operations in the 6-scale, 

X^!=A m b+A m ^i, 

X m -2—X m - x b + A m -2, 

Xi—X 2 b-\-A u 

then 

X=X x b+A 0 . 

Proper fractions x=(0.a-iO-j . . . )<« 

To convert a proper fraction x, given to n digits 
in the 6-scale, to the sjcale of 6 ^ 6 such that inverse 
conversion from the 6-scale may yield the same n 
rounded digits in the 6-scale, the representation 
of x in the 6-scale must be obtained to n rounded 
digits where n satisfies b n ^>b n . 

(III) 6-scale arithmetic. Convert 6 to the 
6-scale and define 

xb=xiAa'-i 
Xib == X2A^’-3 
a^_i6=2^+01, 
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where a_ u aL 2 , • • •> 5_» are the integral parts and 
x u x 2 , . . the fractional parts (in the 6-scale) 
of the products xb, X16, . . x^_i6, respectively. 

Then convert the integral parts to the 6-scale, 

(aLi)(b) = d~i, (®-2)(6) = ®-2> • • •> 

and obtain 


(IV) 6-scale arithmetic. Convert 6 and a_i, 
o_ 2 , . . ., a_ B to the 6-scale and define, using 
arithmetic operations in the 6-scale, 

X- »+i — d- Jb + a_ n+ i , 

X-n+2 = X-n+iJb J ra,- n+2, 

X—!—Xa/6+a-i; 

then 

X—X-i/b. 


x= (0.a_ift- 2 • • • a_«) ( 5). 

Numerical Methods 


The examples are restricted to the scales of 2, 
8, 10 because of their importance to electronic 
computers. 

Note that the octal scale is a power of the binary 
scale. In fact, an octal digit corresponds to a 
triplet of binary digits. Then, binary arithmetic 
may be used whenever a number either is to be 
converted to the octal scale or is given in the octal 
scale and is to be converted to some other scale. 

Decimal 1234567 8 9 10 

Octal 1 2 3 4 5 6 7 10 11 12 

Binary 1 10 11 100 101 110 111 1 000 1 001 1 010 

Example 1. Convert V=(1369)ao) to the octal 
scale. By (I) we have 6=10, 6=8 a0 ) an d so, 
using decimal arithmetic, 

1369/8=171 + 1/8, 

171/8=21+3/8, 

21/8=2+5/8, 

2 / 8 = 0 + 2 / 8 ; 

then 

X= (2531) ( 8). 

By (II) we have 6=(12) (8) and + 3 =1 (8) , A 2 
=3 (8) , +i=6 (8) , A 0 = (11)( 8 ). Hence, using octal 
arithmetic, 

X 2 =l • 12+3= (15) < 8 ), 
X 1 =15-12+6=(210) {8 ), 

JT=210-12 + 11 = (2531) (g) . 

Using binary arithmetic we have, by (II), 
6= (1010)( 2 ) and +3=1(2), + 2 = (H)( 2 ), ^4.i=(110) <3 )» 
-Ao(lOOl) (2 ). Thus 
V 2 =M010+11 = (1101)(2), 

1101.1010+110= (10 001 000)(2), 

V =10 001 000 - 1010+1001 = (10 101 011 001 ) {2 ), 
whence, on converting to the octal scale, 
X=(2531)(8). 


Example 2. Convert X= (2531) (8 ) to the 
decimal scale. By (I) we have 6=10=(12) (8 ) and 
hence, using octal arithmetic, 

2531/12=210 + 11/12 
210/12=15+6/12 
15/12=1+3/12 
1/12=0+1/12 

Thus, converting to the decimal scale, 

Aq— (11) (8) = 9, +1=6(8) = 6, +2~3(8) = 3, +3= 1, 
and so 

V= (1369) do). 

By (II) we have 6 = 10, and the octal digits of X 
are unchanged in the decimal scale. Hence, 
using decimal arithmetic, 

Z 2 =2.8+5=(21)( 10 ), 

Xi=21 >8+3= (171) do, 

X=\7\ -8+1 = (1369)(io,- 

Using binary arithmetic we have, by (II), 
6 = 8 =( 1000 )( 2 ) and +o=l,+i=(ll)( 2 ),+ 2 := ( 10 l)( 2 ), 
+ 3 = (10) ( 3 ). Then, 

JV 2 =10.1000+101 = (10 101) (3 ), 

Xi=10 10M000 + 11 = (10 101 011) (2,, 

X=10 101 011-1000 + 1= (10 101 011 001)(2), 

whence, on converting to the decimal scale, 

X= (1369) do,. 

Observe that in both examples above, octal 
arithmetic is used as an intermediate step to 
convert, according to (II), the given number to 
the binary scale. If, instead, the given number is 
first converted to the binary scale, then binary 
arithmetic may be applied directly to convert, 
according to (I), the given number from the 
binary scale to the scale desired. 
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For example, in converting X= (2531) (8) to the 
decimal scale, we find first X= (10101011001) (2) 
and then obtain, using (I) with 6—10= (1010) < 2) , 

10 101 011 001/1010=10 001 0004-1001/1010, 

10 001 000/1010 = 11014-110/1010, 
1101/1010=14-11/1010, 
1/1010=04-1/1010. 

Thus, on converting to the decimal scale, 
A 0 =(1001) (2) =9, A\— (110) ( a,=6, 

-^4.2= (H)(2)—3, A z = 1, 

whence 

X— (1369) do). 

Example 3. Convert 3= (0.355) ao) to the bi¬ 
nary scale. 

We first convert to the octal scale, using decimal 
arithmetic. By (III), we find with 6=8 

(0.355) -8=24-0.840, (0.080) -8=04-0.640 
(0.840) -8=6+0.720, (0.640) -8=5+0.120 
(0.720) -8=5+0.760, (0.120) -8=0+0.960 
(0.760)-8=6+0.080, (0.960)-8=7+0.680 

whence x= (0.26560507 . . .) (8) . Thus, on con¬ 
verting to the binary scale, 

s= (0.010 110 101 110 000 101 000 111 . . .) (2) . 

In order that inverse conversion of x from the 
binary to the decimal scale yield again x to the 
given number n of decimal digits, we must round x 
in the binary scale to at least n digits where n is 
chosen such that 2 n +-10 n . As a working rule, we 

may take h n. Hence, to obtain 3= (0.355) (l0 ) 
by inverse conversion, x must be rounded in the 
binary scale to 7i>y 3=10 digits. 

Thus, 

3= (0.010 110 110 0) (2) . 

To carry out the inverse conversion we can first 
convert to the octal scale, 

3= (0.266) (8) , 

and then apply (IV) with 6=8, using decimal 
arithmetic: 

3_ 2 = 6/8+6=6.75, 
3_i=6.75/8+2=2.84375, 
3=2.84375/8=0.355 46875. 


Alternatively, we can apply (III) with 6= (1010) (2 >, 
using binary arithmetic: 

( 0.010 110 11 ) 1010=11 + ( 0.100 011 1 ), 
( 0.100 011 1 )- 1010=101 + ( 0.100 011 ), 

(0.100 Oil)-1010=101 + (0.011 11), 

( 0.011 11 )- 1010=100 + ( 0.101 1 ). 

Converting the integral parts to the decimal scale, 
we find 

i = (11)(2)=3, cj_ 2 =Q'_ 3 = (101)( 2 )=5, 

a_ 4 = (100) (2) =4, 

and thus 

3= (0.3554) (jo) 

Note that the fractional part in any step is the 
unconverted remainder. Thus, to round at any 
step, it is only necessary to ascertain whether the 
unconverted portion to be neglected is greater or 
less than \\ i.e., whether, in the binary scale, the 
first neglected digit is 1 or 0. 

Example 4. Convert 3= (3.141593) ( i 0 )-10to 
the binary scale. 

The desired representation is 

3=(l.a_ia_ 2 . . . a_ B ) (2) -2 - * 

where n and k are such that inverse conversion 
from the binary scale to the decimal scale will 
produce x to the same given 15 decimal digits. 
Accordingly, by the rule stated in Example 3, n 

and k are to be chosen so as to satisfy n~\~k >—• 15 
=50. 

From Table 28.1 we find 

2 _29 <(3.141593)(io)* 10 ~ 9 < 2~ 28 

Thus, we must take A;=29 and, consequently, 
choose 21. The conversion on a desk calcu¬ 
lator thus proceeds as follows. First, we obtain 
by use of Table 28.1 

2 29 3= (1.686 629 899) ao) 

Then, for convenience’s sake, we convert this 
number to the octal scale, using the method of 
Example 3 and rounding as required, to at least 
7 octal (=21 binary) digits. We find 

2 M 3= (1.537 4337) (8 ). 

Hence 

3= (1.537 433 7) (8) - 2~ 29 
and, consequently, 

3= (1. 101 011 111 100 011 Oil 111)( 2 > • 2 -28 . 
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To convert x back to the decimal scale we only 
need to obtain from Table 28.1 the various powers 
of 2 which appear in the above representation and 
sum them. However, since 2 _OT =2“ OT+1 — 2~ m for 
any real constant m, it is more convenient to 
reduce first the binary representation of x to the 
form 

x=2~ 2 *— 2“ 31 —2 -33 —2 -39 +2 -42 —2" 4fi —2" 60 

and then sum these powers of 2. (Note that the 
number of summands is thereby decreased from 
16 to 7.) From Table 28.1 we have 


We first compute, using 4.1.19 and Table 4.1, 


log 2 x= 


logio x _ 
logio 2 


83.44295_ .05764 

: .30103 77 .30103’ 


and find from Table 4.1, .05764—logio 1.1419. 
Hence 

log, x=277+ 1 °^ g ‘ a 1 2 419 =277+log i 1.1419 
and so 

(1.1419 W2 277 . 

Now we apply the methods of Example 3 to ob¬ 
tain (1.1419) ( io) = (1.110516) l8 ) where octal nota¬ 
tion is used for the sake of convenience. 


+2" 28 =+3.725 

290 

298 

• lO" 9 

—2' 31 =— .465 

661 

287 

• 10" 9 

_ 2 - 33 = _ n6 

415 

322 

■lO' 9 

— 2 - 39 =- .001 

818 

989 

• 10“ 9 

0 

0 

0 

+ 

II 

5S 

1 

CM 

+ 

227 

374 

• lO” 9 

— 2 -«=- .000 

028 

422 

• 10~ 9 

— 2 -®°=- .000 

000 

888 

•lO' 9 

x= 3.141 

592 

764 

• 10“ 9 


Nine decimal digits are used for sufficient accuracy 
reserve. Hence, rounding to seven significant 
figures, we find 

£=(3.141593) ( io)*10 _9 . 


To round such that inverse conversion will yield 
the same decimal digits of x , observe that the last 
non-zero decimal digit of x is 3 • 10 80 . Table 28.4 
shows that 2 286 <10 80 <2 288 . Hence, in the binary 
scale, x must be a binary integer times 2 286 ; i.e., 
(1.110516) ( 8 ) must be rounded to 4 octal (=12 
binary) digits. As a result, 
x= (1.1105)(8) < 2 277 = (11105) (8) * 2 266 

= (1 001 001 000 101) (2) 2 266 

Conversion back to the decimal scale proceeds 
as follows, we write 

logio x=log 10 2 log 2 X 

=logi 0 2{265+log 2 (11105) l8) } 


To convert a number such as 


x —(£) ( io) • 10* 

to the binary scale, where k is a positive integer 
so large that Table 28.1 cannot be used, apply the 
following device: Compute 


W logic*... *■ 

S logio 2 * + logio 2 


where k is the quotient and xi the remainder, the 
division being carried out in the decimal scale. 
Then find 77 = 10 * 1 , i.e., Xi=log 10 v, so that * 


log 2 a;=^+|^||5-|=^+log 2 77 

whence 


—log, 2 {26 5 + l0 ^‘ 1 ° 5 ^ } 

=265 logio 2+log 10 (11105) (8) . 

Hence, converting (11105) <8) to the decimal 
scale by any of the methods of Example 2, we 
obtain 

log I0 x=265 log 10 2+log 10 4677 
which yields, using Table 4.1 

logio x= 83.44292 

Thus, by Table 4.1, we find, rounded to four 
significant figures, 

x=(2.773) ao >-10 83 . 


x— (v) ao)2*. 


References 


Now convert (17) a0 ) to the binary scale by any of 
the methods described above. 

A similar device may be used to convert to the 
decimal scale a binary number that is outside the 
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Example 5. Convert x=(2.773) ( i 0 )-10 83 to the 
binary scale. 
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Table 28.1 


2 ±n IN DECIMAL 


1 0 1.0 

2 1 0.5 

4 2 0.25 


8 3 

16 4 

32 5 

64 6 

128 7 

256 8 

512 9 

1024 10 

2048 11 

4096 12 

8192 13 

16384 14 

32768 15 

65536 16 

1 31072 17 

2 62144 18 

5 24288 19 

10 48576 20 

20 97152 21 

41 94304 22 

83 88608 23 

167 77216 24 

335 54432 25 

671 08864 26 

1342 17728 27 

2684 35456 28 

5368 70912 29 

10737 41824 30 

21474 83648 31 

42949 67296 32 

85899 34592 33 

1 71798 69184 34 

3 43597 38368 35 

6 87194 76736 36 

13 74389 53472 37 

27 48779 06944 38 

54 97558 13888 39 

109 95116 27776 40 

219 90232 55552 41 

439 80465 11104 42 

879 60930 22208 43 

1759 21860 44416 44 


3518 43720 88832 45 

7036 87441 77664 46 

14073 74883 55328 47 

28147 49767 10656 48 

56294 99534 21312 49 

112589 99068 42624 50 



0.00000 OOO0Ll6415 32182 69348 14453 125 
0. 00000 00000 158207 66091 34674 07226 5625 

0. 00000 00000 129103 83045 67337 03613 28125 

0.00000 00000 ^4551 91522 83668 51806 64062 5 

0. 00000 00000 017275 95761 41834 25903 32031 25 

0. 00000 00000 ©637 97880 70917 12951 66015 625 

0. 00000 00000 00.818 98940 35458 56475 83007 8125 

0. 00000 00000 0©09 49470 17729 28237 91503 90625 

0.00000 00000 00W54 74735 08864 64118 95751 95312 5 

0.00000 00000 00227 37367 54432 32059 47875 97656 25 

0. 00000 00000 00U3 68683 77216 16029 73937 98828 125 

0.00000 00000 00056 84341 88608 08014 86968 99414 0625 

0.00000 00000 00028 42170 94304 04007 43484 49707 03125 

0. 00000 00000 0001,4 21085 47152 02003 71742 24853 51562 5 

0.00000 00000 00007 10542 73576 01001 85871 12426 75781 25 

0.00000 00000 00006 55271 36788 00500 92935 56213 37890 625 

0.00000 00000 OOOOQ. 77635 68394 00250 46467 78106 68945 3125 

0. 00000 00000 00000^8817 84197 00125 23233 89053 34472 65625 
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2 X IN DECIMAL 


Table 28.2 


x 2 X x 

0.001 1. 00069 33874 62581 0. 01 1. 00695 

0. 002 1. 00138 72557 11335 0. 02 1.01395 

0. 003 1. 00208 16050 79633 0. 03 1. 02101 

0. 004 1. 00277 64359 01078 0.04 1. 02811 

0. 005 1. 00347 17485 09503 0. 05 1. 03526 

0. 006 1. 00416 75432 38973 0. 06 1. 04246 

0.007 1. 00486 38204 23785 0.07 1. 04971 

0. 008 1.00556 05803 98468 0. 08 1. 05701 

0.009 1. 00625 78234 97782 0. 09 1. 06437 


2 X .V 2 X 

55500 56719 0. 1 1. 07177 34625 36293 
94797 90029 0.2 1. 14869 83549 97035 
21257 07193 0. 3 1. 23114 44133 44916 
38266 56067 0.4 1. 31950 79107 72894 
49238 41377 0. 5 1. 41421 35623 73095 
57608 41121 0. 6 1.51571 65665 10398 
66836 23067 0. 7 1. 62450 47927 12471 
80405 61380 0. 8 1. 74110 11265 92248 
01824 53360 0.9 1.86606 59830 73615 


10±» IIS 

10" n 10“ M 

1 0 1. 000 000 000 000 000 000 00 

12 1 0. 063 146 314 631 463 146 31 

144 2 0. 005 075 341 217 270 243 66 

1 750 3 0. 000 406 111 564 570 651 77 

23 420 4 0. 000 032 155 613 530 704 15 

303 240 5 0. 000 002 476 132 610 706 64 

3 641 100 6 0. 000 000 206 157 364 055 37 

46 113 200 7 0. 000 000 015 327 745 152 75 5 

575 360 400 8 0.000 000 001 257 143 561 06 67 

7 346 545 000 9 0. 000 000 000 104 560 276 41 


OCTAL Table 28.3 

10 " n 10 " 

112 402 762 000 10 0. 000 000 000 006 676 337 66 

1 351 035 564 000 11 0. 000 000 000 000 537 657 77 

16 432 451 210 000 12 0. 000 000 000 000 043 136 32 

221 411 634 520 000 13 0. 000 000 000 000 003 411 35 

2 657 142 036 440 000 14 0.000 000 000 000 000 264 11 

34 327 724 461 500 000 15 0. 000 000 000 000 000 022 01 

434 157 115 760 200 000 16 0.000 000 000 000 000 001 63 

432 127 413 542 400 000 17 0. 000 000 000 000 000 000 14 

405 553 164 731 000 000 18 0. 000 000 000 000 000 000 01 


rt logio 2, n log 2 

n n logio 2 n log2 10 

1 0.30102 99957 3.32192 80949 

2 0. 60205 99913 6.64385 61898 

3 0.90308 99870 9.96578 42847 

4 1. 20411 99827 13.28771 23795 

5 1.50514 99783 16.60964 04744 


10 IN DECIMAL Table 28.1 

n n login 2 n log 2 10 

6 1.80617 99740 19.93156 85693 

7 2.10720 99696 23. 25349 66642 

8 2. 40823 99653 26. 57542 47591 

9 2.70926 99610 29. 89735 28540 

10 3. 01029 99566 33. 21928 09489 


ADDITION AND MULTIPLICATION TABLES Table 28.5 

Addition Multiplication 

Binary Scale 

0 + 0= 0 0x0 = 0 

0+l = l + 0= l 0xl=lx0 = 0 

1 + 1 = 10 1X1=1 

Octal Scale 

0 I 01 02 03 04 05 06 07 

1 02 03 04 05 06 07 10 

2 03 04 05 06 07 10 11 

3 04 05 06 07 10 11 12 

4 05 06 07 10 11 12 13 

5 06 07 10 11 12 13 14 6 I 14 22 30 36 44 52 

6 07 10 11 12 13 14 15 7 | 16 25 34 43 52 61 

7 10 11 12 13 14 15 16 



MATHEMATICAL CONSTANTS IN OCTAL SCALE Table 28.6 


» = (3. 11037 552421) (g) 

e= 

x _1 = (0. 24276 301556) (g) 

e -l = 

y£ = (1.61337 611067) (e) 

Ve= 

In T= (1. 11206 404435) (8) 

logio e = 

l0g 2 ir- (1. 51544 163223) (e) 

log 2 e = 

V10 = (3. 12305 407267) ^ 

log 2 10- 


2.55760 521305) (e) 

7 = 

(0. 44742 147707) 

0. 27426 530661) ^ 

In r = 

-(0.43127 233602) ^ 

1.51411 230704) {8) 

l0g 2 7 = 

-(0.62573 030645) ^ 

0. 33626 754251) (a) 

V2= 

(1. 32404 746320) (g) 

1.34252 166245) (8) 

In 2 = 

(0. 54271 027760) (8) 

3. 24464 741136) (8) 

In 10- 

( 2. 23273 067355) ^ 
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29. Laplace 

Transforms 

29.1. Definition of the Laplace Transform 

function of s in the half-plane 

One-dimensional Laplace Transform 

Two-dimensional Laplace Transform 

29.1.1 /(s) = 

&{F(t)}=r e~"F(t)dt 

29.1.2 

f(u,v)=&{F(x,y)}=j e- ux - vv F(x,y)dxdy 


J 0 

F(t) is a function of the real variable t and s is a 
complex variable. F(t) is called the original func- 

Definition of the Unit Step Function 

tion and /(s) is 

called the image function. If the 

integral in 29.’ 

l.l converges for a real s=So, i.e., 

f o (<<o) 


29.1.3 u(e)=4 \ (t=0) 


lim f e-«o tF(t)dt 

11 «>0) 


A-> 0 J A 

B-A co 

In the following tables the factor u{t) is to be 

exists, then it converges for all s with &s^>So, and 

understood as multiplying the original function 

the image function is a single valued analytic 

F{t). 


29.2. Operations for the Laplace Transform 1 


Original Function F(t ) 

Image Function /(s) 

29.2.1 

F(t) 

J" e~ st F(t)dt 


Inversion Formula 


29.2.2 

2 sL. e “ im 

jf(«) 


Linearity Property 


29.2.3 

AF(t)+BG(t) 

Am+Bgi*) 


Differentiation 


29.2.4 

F'(t ) 

•f(s)-F(+ 0) 

29.2.5 

F (n) {t) 



Integration 


29.2.6 

r F{r)dr 


29.2.7 

r' r 

Jo Jo 

p/W 


Convolution (Faltung) Theorem 

29.2.8 J 

Fi(t—T)F 2 (T)dT=F x *Fi 




Differentiation 

29.2.9 

— tF(t) 

f'is) 

29.2.10 

(■ -m*F(t ) 


1 Adapted by permission from R. V. Churchill, Operational mathematics, 2d ed., McGraw-Hill Book Co., Inc., New 

York, N.Y., 1958. 
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Original Function F{t) 

Image Function f(s) 

Integration 

29.2.11 

\m 

f(x)dx 

Linear Transformation 

29.2.12 


f{s-a) 

29.2.13 

MO <•»> 

f(cs) 

29.2.14 

l e Wc» F (^ (c>0) 

Translation 

j(cs—b) 

29.2.15 

F(t-b)u(t-b) (6> 0) 

Periodic Functions 

e~ b> M 

29.2.16 

F(t+a)=F(t ) 

J* e~ st F(t)dt 

1 — 

C a 

29.2.17 

F(t+a) = -F(t) 

I e~ >l F(t)dt 

l+e~ a * 

Half-Wave Rectification of F(t) in 29.2.17 


29.2.18 

F(t ) (— 1 ) n u(t—m) 

n=0 

m 

l — e as 

Full-Wave Rectification of F(t) in 29.2.17 


29.2.19 

\m\ 

/(«) coth ^ 


29.2.20 


29.2.21 


p(fln) 

q'(a n ) 


e a n f 


Heaviside Expansion Theorem 

q(s)=(s-a 1 )(s-a 2 ) . . . (s-a m ) 
p(s ) a polynomial of degree<m 


,at ^ p (r ~ n) (a) t n ~ l pits) 

(r—n)\ (n— 1)! («— a) T 

p(s) a polynomial of degree<> 


29.3. Table of Laplace Transforms 2 3 

For a comprehensive table of Laplace and other integral transforms see [29.9]. For a table of two- 
dimensional Laplace transforms see [29.11]. 

f(s) F(t) 

29.3.1 - 1 

s 

29.3.2 ± * 

S 2 

2 The numbers in bold type in the/(s) and F(t) columns indicate the chapters in which the properties of the respective 
higher mathematical functions are given. 

3 Adapted by permission from R. V. Churchill, Operational mathematics, 2d. ed., McGraw-Hill Book Co., Inc., Xow 
York, N. Y., 1958. 
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/(•) 

29.3.3 

(m=l,2,3,...) 

29.3.4 

1 

Vi 

29.3.5 

s~ 3/2 

29.3.6 

(n= 1,2,3,.. 

29.3.7 

~r (k> 0) 

29.3.8 

1 

29.3.9 

1 

(s+a) 2 

29.3.10 

/ \ \n fo — 1, 2, 3, . . 

(s+a) w 

29.3.11 

(S* ( *>°> 

29.3.12 

(s+a)(s+6) 

29.3.13 

(s+a)(s+6) 

29.3.14 

1 

(s+a)(s+b) (s+c) 


(a, 6,c distinct constants) 

29.3.15 

1 

s 2 -\-a 2 

29.3.16 

s 

s 2 -\-a 2 

29.3.17 

1 

s 2 —a 2 

29.3.18 

s 

s 2 —a 2 

29.3.19 

1 

s(s 2 +a 2 ) 

29.3.20 

1 

s 2 (s 2 +a 2 ) 

29.3.21 

1 

(s 2 -\-a 2 ) 2 


F(t) 

t n ~ x 

(n-1)! 

_1_ 

2 V^ 

2 n r~» 

1 - 3 - 5 ... ( 2 ^- 1 )^ 

6 J *" 1 

e-°‘ 

te~ at 

t n~i e -ai 

(w—1)1 

i~ at —e~ 6( 
b—a 

ae~ al —be~ bt 

a—b 

(b—c)e~ at +(c—a) e~' bt +(a—b)e~ c l 
(a—b)(b—c)(c—a) 

- sin at 
a 

cos at 

- sinh at 
a 

cosh at 
^ (1—cos at) 

A* (at— sin at) 

(sin at—at cos at) 
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m 

F (0 


29.3.22 

s 

(s 2 +a 2 ) 2 

« . „ 

=- sin at 

2a 


29.3.23 

s 2 

(s 2 +a 2 ) 2 

(sin a<+a< cos a<) 


29.3.24 

s 2 —a 2 

0 2 +a 2 ) 2 

£ cos 


29.3.25 

(s 2 +a 2 )(s 2 + 6 2 ) (a 

cos ai—cos &Z 
b 2 —a 2 


29.3.26 

1 

(S+O^+J 1 

^ e~ at sin 


29.3.27 

(s+a) 2 + 6 2 

e _e “ cos bt 


29.3.28 

3a 2 

s 3 +a 3 

(cos sin ^5) 


29.3.29 

4a 3 

s 4 +4a 4 

sin at cosh ai—cos sinh ai 


29.3.30 

s 

s 4 +4a 4 

2~2 s i n at sink at 


29.3.31 

1 

s 4 —a 4 

(sinh a£—sin af) 


29.3.32 

s 

s 4 —a 4 

2~2 (cosh a£—cos at) 


29.3.33 

8 a 3 s 2 
(s 2 +a 2 ) 3 

(l+a 2 t 2 ) sin at—at cos at 


29.3.34 


L n (t ) 

22 

29.3.35 

s 

(s+a)* 



29.3.36 

Vs+a—v/s +6 

Cfc 

1 

r 

£ 


29.3.37 

1 

~f=— ae“ Jt erfc aV* 

7 

29.3.38 

V* 

s— a 2 

-L:+ae“ 2 * erf a V* 

\irt 

7 

29.3.39 

V* 

s+a 2 

1 2a r aVT 

- 7 =— 7 = e a < 1 e x <fX 

V t Jo 

7 

29.3.40 

1 

V«(«—a 2 ) 

- c° 2< erf a-y/* 

7 
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29.3.41 

29.3.42 

29.3.43 

29.3.44 

29.3.45 

29.3.46 

29.3.47 

29.3.48 

29.3.49 

29.3.50 

29.3.51 

29.3.52 

29.3.53 

29.3.54 

29.3.55 

29.3.56 

29.3.57 
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/(«) 

1 


F(t) 


Vs(s+a 2 ) 
b 2 -a 2 

(s—a 2 ) (6+V«) 

1 

V«(Vs-f a ) 

1 

b 2 ~a 2 

Vi(s-a ! )(VJ+6) 

S n+J 


(l-s) n 

S n+ i 


Vs+2a 

Vi 

V^-PaVs 6 
r(t) 

(«+a)*(«+ 6 )» 

1 

(s-HOKs+ 6) 1 

Vs-P^a— Vs 
Vs+ 2 «+ V® 


(it>0) 6 




(Vs4-a+ Vs+ft) 2 * 

(Vi+a+ Vi) 2> 
VsVs-M 


Vs 2 +a 2 
(Vs 2 +a 2 —sY 


(*>o) 

(v>-l) 

(>>-D 


1 


(s 2 -fa 2 )* 


(*> 0 ) 


e ~ a2t J e^dh 


2 .. 
aV?F 


e a2 ‘[&—a erf aVi] —6e b2< erfc &Vi 
e“ 2< erfc a Vi 


-== e al erf (^b—a^t) 
y b—a 

e a2 ‘ ^ erf (aV7) — lj+e 6 ^ erfc &Vi 


ft! 


( 2 ft) !y£? 


ft! 


H„(V«) 


= ^ 2 n+l(Vi) 


(2ft+l)!Vx 
ae~ at [7i(a<)4*i’oM)] 

«-»<•+»>/„ ( 2 =^«) 

[/„ (!!=* ,) +/l (!£=* ,)] 


1 


e~ at I x {ai) 


(V*) 


1 


e-WIrihat) 


Jo(at ) 


a v J y {at ) 




7 

7 

7 

7 

7 


22 


22 

9 

9 

10 

9 

9 

9 

9 

9 


9 

6,10 
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29.3.58 

29.3.59 

29.3.60 

29.3.61 

29.3.62 

29.3.63 

29.3.64 

29.3.65 

29.3.66 

29.3.67 

29.3.68 

29.3.69 

29.3.70 


/(») 

(Vs 2 -fa 2 —«)* 

(*>0) 

f(0 

Ara* T , ,, 


9 

(s—Vs 2 —« 2 ) v 
Vs 2 —a 2 

(»->-!) 

a v I v {at) 


9 

1 

(s 2 —a 2 )* 

(*>0) 



6,10 

1 

- 

s 

ks 

u(t—k ) 

r 


1 

s 2 g 

ks 

T 

ft? 

T 



p-*s 

s" 

0*>0) 

( r() > «(!-*) | 


6 


l~e~ ks 


1 _l+coth|&s 
2s 


s(e ks —a) 


tanh ks 


s{l+e~ kt ) 


i tanh ks 


1 

s sinh ks 


1 

s cosh ks 


u(t)—u(t—k ) 


u(t—nk) 

n= 0 


T*. <L n ~ l u{t—nk) 

n= 1 


u(t)+ 2 (— l) n w(£—2n&) 

n=l 

S (-!)*»(*-«*) 


HL 


<«(rt+2 2] (— 2nk)u{t—2nk) 
lit u[t~(2n+l)k] 


2 E (-l)*«[i-(2n+l)Jfc] 


29.3.71 
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29.3.72 

29.3.73 

29.3.74 

29.3.75 

29.3.76 

29.3.77 

29.3.78 

29.3.79 

29.3.80 

29.3.81 

29.3.82 

29.3.83 

29.3.84 

29.3.85 

29.3.86 

29.3.87 

29.3.88 
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- coth ks 


,#p coth i 


1 

(s 2 +l)(l-e-”) 


1 -* 


1 -* 
Vs" ' 

1 i 

V 

1 

g 3/2« 


s 3/2« 

~ (m>0) 


1 * 




(m>0) 


(*> 0 ) 


(*> 0 ) 


± e-*T' 




(Ar>0) 
(k> 0) 




«»+*» 


(71=0,1,2, . . k> 0) 




(n=0,l,2, . . Ar>0) 


e~*V* 

tt-f-V® 


(*> 0 ) 


f (0 

«(0+ 2 2 vit-lnk) 


|sin kt\ 


T! ( —l) n w(i—nir) sin Z 


J 0 (2^Tt) 




i 2-Jkt 


-L= cosh 2-yjkt 
■yjirt 

-^= sin 2VH 
■yjirk 

sinh 2-y/H 

\wk 


_ 

2V^< 3 


_ /,_ 1 ( 2 VH) 


it / p\ 
^ eXP ("47) 


erfc 


2 >/* 



A A 


1 / **\ 

2 V! cxp ("£)-* erfc i 7 r 2V? 1 erfc 


2 V* 


(4£) ia i B erfc 


exp 


( 4 ) 


H, 




2 "V^ W*/ 

vb exp (-s)-^ 2 ' erfc ( aV7+ ^) 


22 


♦See page ii. 
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m 


F (0 


29.3.89 

ae' k S» 

«(a+V*j 

(A>0) 

—e ak e a2t erfc ^aV<+^^+erfc 

4 

2^1 

29.3.90 

V«(a+ V®) 

(*>0) 

A“%rfc («V*+^) 

7 

29.3.91 

g -*V«(»+o) 

Vs(s+ffl) 

(*>0) 

e~ iat I 0 {^a\t 2 —k 2 )u(t—k) 

9 

29.3.92 

Vs 2 +a 2 

(k>0) 

Joia^tf—k^uit—k) 

9 

29.3.93 

e~ k ^ 

■yjs 2 —a 2 

(k> 0) 

Io(a-\lt 2 —W)u(t—k) 

9 

29.3.94 

e - k W&&->) 

(*>0) 

JoMt 2 +2kt ) 

9 

29.3.95 

e -„,_ e - k jw 

(*>0) 

-0L^J l (a^¥^F)u(t-k) 

9 

29.3.96 

g-* V* 1 -#’_g _ *» 

(*») 


9 

29.3.97 


(*»>—i,it>o; 


9 

Vs 2 +a 2 (Vs 2 +a 2 +s)* 


29.3.98 

1 i 

- In s 
s 


—7 —In t (7= .57721 56649 . . . 

Euler’s constant) 

29.3.99 

4 In s 
s* 

(*») 


6 

29.3.100 

In s ^ 

s—a 

:«>o) 

e at [ln a+E^ai)] 

5 

29.3.101 

In s 

?+I 


cos < Si (<)— sin £ Ci (<) 

5 

29.3.102 

s In s 
s 2 +1 


—sin £ Si (£)—cos t Ci (t) 

5 

29.3.103 

j In (1 +&?) 

(k>0) 

4£> 

5 

29.3.104 

'-S 


J (e- 6 t -g-°‘) 


29.3.105 

iln(l+*V) (Ar> 0 ) 

- 2Ci (I) 

5 

29.3.106 

- In (s 2 +a 2 ) 

(«> 0 ) 

2 In a —2 Ci (at) 

5 
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F (0 

29.3.107 

pin («>+«*) (a> 0 ) 


2 

- [at In a+sin at—at Ci (at)] 

29.3.108 

ln^ 

8 2 


2 

j ( 1 —cos at) 

29.3.109 

. s 2 —a 2 
ta — 


2 

j ( 1 —cosh at) 

29.3.110 

arctan - 
8 


y sin kt 

29.3.111 

- arctan - 

8 S 


Si (kt) 

29.3.112 

e ki ' 2 erfc ks (fc> 0 ) 

7 


29.3.113 

i e klt2 erfc ks (fc> 0 ) 

7 


29.3.114 

e u erfc ^ks (£> 0 ) 

7 

■Jk 


7T Vt(t ~j“fc) 

29.3.115 

— erfcV^ (fc> 0 ) 

V* 

7 

4=»(«-« 

Vir t 

29.3.116 

-p e** erfc -yfks (k> 0 ) 

V« 

7 

1 

V^r (t+/fc) 

29.3.117 

erf 

7 

sin 2 &V< 

29.3.118 

1 f . i 

-p e erfc 7 = 

Vs V« 

7 

— e" 2tVr 

Virt 

29.3.119 

KoW (*> 0 ) 

9 

u(t—k) 

29.3.120 

^o(^Vs) (*> 0 ) 

9 

1 / 

2 i ex n _ i<) 

29.3.121 

j«*«i(fa) (*> 0 ) 

9 

jV<(f+ 2 fc) 

29.3.122 

{k> 0 ) 

9 

1 / fc 2 \ 

i exp (-i7) 

29.3.123 

£'*© »*» 

9 

4=K 0 (2-y/2ki) 

Virt 

29.3.124 

Tre~ k ’I 0 (ks) (A:> 0 ) 

9 

u(t 24)1 

29.3.125 

«- to /i(fa) (*>o) 

9 

^v^b wt) ” (t 24)1 


9 
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m 


F(t) 


29.3.126 

e M Ei{as) 

(a> 0 ) 

5 

1 

t-\-Q> 

29.3.127 

-—se^Exias) 

a 

i (a> 0 ) 

5 

1 


0 t+a r 

29.3.123 

a'~ n e a *E n (as ) 

(a> 0 ;n— 0,1 

,2,...) 5 

1 

(t -fa)" 

29.3.129 

|j^— Si(s)J cos s+Ci(» sin s 

5 

1 

* 2 + 1 



29.4. Table 

of Laplace-Stieltjes Transforms 4 


<l>(s) 



*(t) 

29.4.1 

j>" 

d*(t) 


Hi) 

29.4.2 

e -*• 

(*> 0 ) 


u(t—k) 

29.4.3 

1 

(k> 0) 


u(t~nk) 

1 — e"* 


29.4.4 

1 

\-\-e~ k> 

(k>0) 


S (—1 ) n u(t—nk) 

«=o 

29.4.5 

1 

sinh ks 

(*> 0) 


2 XJ u[t—(2n+\)k] 

29.4.6 

1 

cosh ks 

(*>0) 


2 S (-l)M<-( 2 w+l)A] 

29.4.7 

tanh ks 

(k> 0 ) 


u(t) 4-2 (— \) n u{t—2nk) 

n-1 

29.4.8 

1 

(A:> 0 ) 


2 S e~« n+1)a u[t-(2n+l)k\ 

n-0 

sinh (&s+<z) 


29.4.9 

e -h» 

(A> 0 , A> 0 ) 


2 S e- ( 2 ’* + 1 ) M<-A-( 2 n+l)it] 

n=0 

sinh (ks+a) 


29.4.10 

sinh (As+ 6 ) 
sinh (As-fa) 

( 0 <A<A) 


s «-<“*+»« {+A- ( 2 n+ 1 )A] 

n-0 


— e~ b u[t—h~ (2 1 )&]} 


29.4.11 2 a n e~*»* (0<£ 0 <&i< • •.) 

n=0 

For the definition of the Laplace-Stieltjes 
transform see [29.7]. In practice, Laplace-Stieltjes 
transforms are often written as ordinary Laplace 
transforms involving Dirac’s delta function 8(t). 
This “function” may formally be considered as 


S UnUit—kn) 

n=0 

the derivative of the unit step function, du(t)=8(t) 
dt, so that J* du(t)—J 5(0^=“^j (x> 0 ) 
The correspondence 29.4.2, for instance, then 
assumes the form e~ k '=J e~ al 8(t—k)dt. 


4 Adapted by permission from P. M. Morse and H. Feshbach, Methods of theoretical physics, vols. 1, 2, McGraw- 
Hill Book Co., Inc., New York, N.Y., 1953. 
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asymptotic expansions in the transition region 

for large orders_ 367 

asymptotic expansions of modulus and phase for 

large arguments_ 365 

connection with Legendre functions_ 362 

continued fractions for___ 363 

derivatives with respect to order__ 362 

differential equation_ 358 

differential equations for products_ 362 

formulas for derivatives_ 361 

generating function and associated series_ 361 

graphs of. 359,373 

in terms of hypergeometric functions_ 362 

integral representations of.._.. 360 

limiting forms for small arguments_ 360 

modulus and phase. 365 

multiplication theorem for. 363 

Neumann’s expansion of an arbitrary function. _ 363 

notation__ 358 

other differential equations.__ 362 

polynomial approximations_ 369 

recurrence relations_ 361 

recurrence relations for cross-products_ 361 

relations between_ 358 

tables of_ 390 

uniform asymptotic expansions for large orders._ 358 

upper bounds. 362 

Wronskian relations_ 360 

zeros of-- 370 

zeros, complex_ 372 

zeros, infinite products for- 370 

zeros, McMahon’s expansions for_ 371 

zeros of cross products of_ 374 

zeros, tables of_ 371, 409, 414 

zeros, uniform expansions of_ 371 

Bessel’s interpolation formula_ 881 

Beta function_1_ 258 

Biharmonic operator. 885 

Binary scale- 1017 

Binomial coefficients_ 10, 256, 822 

table of_ 10,828 

Binomial distribution- 960 

Binomial series.. 14 

Binomial theorem__ 10 

Bivariate normal probability function_ 936 

computation of- 955 

graphs of—- 937 

special values of_ 937 

Bode’s rule- 886 

C 

Cartesian form_ 16 

Catalan’s constant.. 807 

Cauchy-Riemann equation_ 17 

Cauchy’s inequality. __ 11 

Characteristic function.. 928 


Chebyshev integration—-- 

abscissas for--- 

Chebyshev polynomials- 

(see orthogonal polynomials) 

coefficients for and x n in terms of- 

graphs of.__ 

values of_ 

Chebyshev's inequality- 

Chi-square distribution function 

computation of--— 

Chi-square probability function- 

approximations to.. 

asymptotic expansion--- 

continued fraction for- 

cumulants for.... 

non-central... 

recurrence and differential properties of 

relation to the normal distribution- 

relation to other functions- 

series expansions for.. 

statistical properties of.... 

Christoffel-Darboux formula.. 

Circular functions..... 
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addition formulas for_ 

Chebyshev approximations... 

continued fractions for-- 

definite integrals... 

DeMoivre’s formula- 

differentiation formulas.--- 

Euler’s formulas_ 

expansion in partial fractions ..— 

graphs of----— 

half-angle formulas- 

indefinite integrals.. 

inequalities for..... 

infinite products- 

limiting values- 

modulus and phase- 

multiple angle formulas... 

negative angle formulas--- 

periodic properties of- 

polynomial approximations- 

products of_ 

real and imaginary parts- 
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relations between- 

relation to hyperbolic functions- 

series expansions for- 
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tables of_ 

Circular normal distribution- 
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Clebsch-Gordan coefficients- 
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roots of_ 17 

Confluent hypergeometric functions_ 262, 

298, 300, 362, 377, 486, 503, 686, 691, 695, 780 

alternative notations for- 504 

analytic continuation of_ 504 

asymptotic expansions and limiting forms- 508 

Barnes-type contour integrals_ 506 

calculation of zeros and turning points of_ 513 

computation of- 511 

connections with Bessel functions_ 506 

differential properties of_ 506 

expansions in series of Bessel functions_ 506 

general confluent equation_ 505 

graphing of_ 513 

graph of zeros of_ 513 

graphs of_ 514 

integral representations of_ 505 

Hummer's equation_ 504 

Kummer’s functions_ 504 

Rummer’s transformations__,_ 505 

recurrence relations_ 506 

special cases of- 509 

table of___ 516 

table of zeros of_ 535 

Whittaker’s equation_ 505 

Whittaker’s functions_ 505 

Wronskian relations_ 505 

zeros and turning values_ 510 

Conformal mapping_ 642 

Conical functions_ 337 

Constants 

mathematical_ 1 

physical, miscellaneous_ 5 

Continued fractions.__. 19, 22,68, 70, 

75, 81, 85, 88, 229, 258, 263, 298,-363, 932, 941, 944 
Conversion factors 

mathematical__ 1 

physical-- 5 

Cornish-Fisher asymptotic expansions_ 935 

Correlation_ 936 

Cosine integral.____ 231, 510 

asymptotic expansions of_ 233 

computation of_ 233 

definitions_ 231 

graphs of- 232 

integral representation of_ 232 

integrals involving_ 232 

rational approximations_ 233 

relation to the exponential integral_ 232 

series expansions for___ 232 

symmetry relations_ 232 

tables of__...... 238, 243 

Coulomb wave functions_ 509, 537 

asymptotic behavior of..__ 542 

asymptotic expansions of_ 540 

computation of_ 543 

differential equation_ 538 

expansions in terms of Airy functions_ 540 

expansions in terms of Bessel-Clifford functions. 539 
expansions in terms of spherical Bessel functions. 540 
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general solution_ 538 

graphs of_ 539, 541 

integral representations of_ 539 

recurrence relations_ 539 

series expansions for_ 538 

special values of_ 542 

tables of- 546 

Wronskian relations_ 539 

Cubic equation, solution of- 17, 20 

Cumulants.:_ 928 

Cumulative distribution function 

multivariate -- 927 

univariate_ 927 

Cunningham function_ 510 

Cylinder functions_ 361 

D 

Dawson’s integral___ 262, 298, 305, 692 

graph of_ 297 

table of_ 319 

Debye functions_ 998 

DeMoivre’s theorem_ 74, 84 

Derivatives_ 11 

of algebraic functions_ 11 

of circular functions_ 77 

of hyperbolic functions- 85 

of inverse circular functions_ 82 

of inverse hyperbolic functions_ 88 

of logarithmic functions__ 69 

partial- 883 

Differences__ 877 

central_ 877 

divided_ 877 

forward__ 877 

in terms of derivatives- 883 

mean- 877 

reciprocal_ 878 

Differential equations. 896 

of second order with turning points- 450 

ordinary first order__ 896 

solution by Adam’s formulas.__ 896 

by Gill’s method- 896 

by Milne’s method.__ 896 

by point-slope formula_ 896 

by predictor-corrector methods__ 896 

by Runge-Kutta method__ 896 

solution by trapezoidal formula_ 896 

system of_ 897 

Differentiation_ 882 

Everett’s formula_. 883 

Lagrange’s formula_ 882 

Markoff’s formula.. 883 

Differentiation coefficients. 882 

table of_ 914 

Digamma function_ 258 

(see psi function) 

Dilogarithm function.. 1004 

Distribution functions__ 927 

asymptotic expansions of_ 935 

characteristics of_ 928 

continuous_ 927 
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discrete_ 927 

inequalities for_ 931 

lattice- 927 

one-dimensional continuous- 930 

one-dimensional discrete- 929 

Divisor functions- 827 

table of- 840 

Double precision operations- 21 
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Economization of series_ 791 

Edgeworth asymptotic expansion_ 935, 955 

Einstein functions. 999 

Elliptic functions 

Jacobian.. 567 

(see Jacobian elliptic functions) 

Weierstrass. 627 

(see Weierstrass elliptic functions) 

Elliptic integrals- 587 

amplitude_ 590 

canonical forms —.... 589 

characteristic_ 590 

definition. 589 

graphs of the complete_ 592 

graphs of the first kind_ 592, 593 

graphs of the incomplete_ 593, 594 

graphs of the second kind-- 592,594 

graphs of the third kind_ 600 

modular angle- 590 

modulus_ 590 

of the first kind_ 589 

of the second kind- 589 

of the third kind_ 590, 599 

parameter_ 590, 602 

reduction formulas_ 589, 597 

reduction to canonical form_____ _ 600 

relation to Weierstrass elliptic functions_ 649 

tables of complete_ 608 

tables of the incomplete_ 613 

tables of the third kind_ 625 

Elliptic integrals, complete- 590 

computation of_ 601 

infinite series for_ 591 

Legendre’s relation_ 591 

limiting values- 591 

of the first kind- 590 

of the second kind_ 590 

of the third kind_ 599 , 605 

polynomial approximations_ 591 

^-series for_ 591 

relation to hypergeometric functions__ 591 

Elliptic integials, incomplete—._ 592 

amplitude of any magnitude_ 592 

amplitude near t/2_ 593 

complex amplitude_ 592 

computations involving.. 595 , 602, 605 

imaginary amplitude-__ 594 

Jacobi’s imaginary transformation_ 592 

negative amplitude_ 592 

negative parameter_ 593 

numerical evaluation of_ 595 
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parameter greater than unity_ 593 

special cases of_ 594 

Elliptical coordinates- 752 

Equianharmonic case- 652 

Error 

absolute_ 14 

percentage__ 14 

relative_ 14 

Error function_ 262, 297, 301, 304, 306, 509 

altitude chart in the complex plane- 298 

asymptotic expansion of_ 298 

complex zeros of_ 329 

continued fraction for_ 298 

definite and indefinite integrals related to. 302 

derivatives of-- 298 

graphs of- 297 

inequalities for_ 298 

infinite series approximation for the complex 

function--- 299 

integral representation of._- 297 

rational approximations_ 299 

relation to the confluent hypergeometric function- 298 

repeated integrals of_ 299 

series expansions for_ 297 

symmetry relations_ 297 

table for complex arguments.__ 325 

table of repeated integrals of- 317 

tables of_310, 312, 316 

value at infinity._ 298 

Eta functions- 577 

Euler function_ 826 

table of__ 840 

Euler-Maclaurin formulas_ 806 

Euler-Maclaurin summation formula_ 16, 22, 806, 886 

Euler numbers_ 804 

table of__ 810 

Euler polynomials_ 803 

as sums of powers_ 804 

coefficients of_ 809 

derivatives of_ 804 

differences of_ 804 

expansions of_ 804 

Fourier expansions of_I 805 

generating function for_ 804 

inequalities for_ 805 

integrals involving_ 805 

multiplication theorem for_ 804 

relations with Bernoulli polynomials_ 806 

special values of_ 805 

symbolic operations_ 806 

symmetry relations_ 804 

Euler summation formula_ 806 

Euler-Totient function_ 826 

Euler’s constant_ 255 

Euler’s formula_ 74, 255 

Euler’s integral_ 255 

Euler’s transformation of series_16, 21 

Everett interpolation coefficients_ 880 

relation to Lagrange coefficients_ 880 

Everett’s formula_ 880,883 

Excess_ 928 
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Expected value operator_ 928 

Exponential function_ 69, 90, 509 

Chebyshev approximation_ 71 

continued fractions for_ 70 

differentiation formulas_ 71 

Euler’s formula_ 74 

graph of_ 70 

identities- 70 

indefinite integrals_ 71 

inequalities for_ 70 

limiting values_ 70 

periodic property of_ 70 

polynomial approximations_ 71 

series expansions for_ 69 

tables of_ 116,140,219 

Exponential integral__ 227, 262, 510 

asymptotic expansion of_ 231 

computation of_ 233 

continued fraction for_ 229 

definite integrals_ 230 

derivatives of_ 230 

graphs of.. 228 

indefinite integrals__ 230 

inequalities for_ 229 

interrelations-. 228 

polynomial approximations_ 231 

rational approximations_ 231 

recurrence relations.... 229 

relation to incomplete gamma function_ 230 

relation to spherical Bessel functions_ 230 

series expansions for_ 229 

tables of_ 238, 243, 245, 248, 249, 251 

F 

^-distribution function- 946 

approximations to__ 947,948 

computation of__ 961 

limiting forms_ 947, 948 

non-central.. 947 

reflexive i elation_ 946 

relation to the x*-distribution_ 946 

relation to Student's ^-distribution_ 947 

series expansions for. 946,948 

statistical properties of. 946 

Factorial function_ 255 

(see gamma function) 

Factorization 

table of_ 844, 864 

Faltung theorem---- 1020 

Filon’s quadrature formula_ 890 

coefficients for_ 924 

Floquet’s theorem--—. 727 

Fresnel integrals__— 262, 300, 440 

asymptotic expansions of_ 302 

auxiliary functions_ 300, 323 

complex zeros of_ 329 

definition___ 300 

derivatives of_ 301 

graph of--... 301 

integrals involving_ 303 

interrelations_ 300 
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maxima and minima of. 329 

rational approximations_ 302 

relation to spherical Bessel functions_ 301 

relation to the confluent hypergeometric function. 301 

relation to the error function_ 301 

series expansion for- 301 

symmetry relations- 301 

table of_ 321,323 

value at infinity_ 301 

Fundamental period parallelogram. 629 

G 

Gamma function_ 255,263 

asymptotic formulas_ 257 

binomial coefficient_ 256 

continued fraction for- 258 

definite integrals_ 258 

duplication formula_ 256 

Euler’s formula_ 255 

Euler’s infinite product_ 255 

Euler’s integral_ 255 

fractional values of_ 255 

Gauss’ multiplication formula_ 256 

graph of- 255 

Hankel’s contour integral_ 255 

in the complex plane_ 256 

integer values of_ 255 

Pochhammer’s symbol_ 256 

polynomial approximations_ 257 

power series for_ 256 

recurrence formulas_ 256 

reflection formula_ 256 

series expansion for l/r(z)_ 256 

Stirling’s formula_ 257 

tables of... 267, 272, 274, 276 

triplication formulas_ 256 

Wallis’ formula...... 258 

Gauss series.. 556 

Gaussian integration- 887 

abscissas and weight factors for_ 916 

for integrands with a logarithmic singularity_ 920 

of moments_ 921 

Gaussian probability function_ 931 

Gauss’ transformation- 573 

Gegenbauer polynomials-- 561 

(see orthogonal polynomials) 

coefficients for and x n in terms of_ 794 

graphs of_ 776 

Generalized hypergeometric function. 362, 377, 556 

Generalized Laguerre polynomials... 771 

(see orthogonal polynomials) 

Generalized mean_ 10 

Geometric mean...... 10 

Geometric progression_ 10 

Gill’s method- 896 

Gudermannian_ 77 

H 

Hankel functions_ 358, 379, 510 

Hankel’s contour integral_ 255 

Harmonic analysis-- 202 , 881 
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Harmonic mean_ 10 

Haversine_ 78 

Heaviside expansion theorem_ 1021 

Hermite functions_ 509, 691 

Hermite integration_ 890 

abscissas and weight factors for_ 924 

Hermite polynomials_ 300, 510, 691, 775 

(see orthogonal polynomials) 


coefficients for and i" in terms of_ 801 

graph of- 780 

values of_ 802 

Heuman’s lambda function_ 595 

graph of- 595 

table of_ 622 

Hh function_ 300, 691 

Holder’s inequality for integrals_ 11 

for sums_ 11 

Horner’s scheme_ 788 

Hyperbolic functions_ 83 

addition and subtraction of_ 84 

addition formulas for_ 83 

continued fraction for_ 85 

DeMoivre’s theorem_ 84 

differentiation formulas_ 85 

graph of_ 83 

half-angle formulas_ 83 

indefinite integrals_ 86 

infinite products_ 85 

modulus and phase_ 84 

multiple angle formulas_ 84 

negative angle formulas_ 83 

periodic properties of_ 83 

products of_ 84 

real and imaginary parts_ 84 

relations between_ 83 

relation to circular functions_ 83 

series expansions for_ 85 

tables of_ 213,219 

Hypergeometric differential equation_ 562 

solution of_ 563 

Hyper geometric functions_ 332, 

335, 336, 362, 377, 487, 555, 779 

as Legendre functions_ 561 

as polynomials_ 561 

as reductions of Riemann’s P-function_ 565 

asymptotic expansions of_ 565 

differentiation formulas_ 557 

Gauss series_ 556 

Gauss’ relations for contiguous functions_ 557 

integral representations_ 558 

special cases of_ 561 

special elementary cases_ 556 

special values of the argument_ 556 

transformation formulas_ 559 


Incomplete beta function_ 263, 944 

approximations to_ 945 

asymptotic expansions of_ 945 

computation of_ 959 

continued fraction for_ 944 
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recurrence formulas_ 263, 944 

relation to other functions_ 945 

relation to the binomial expansion_ 263 

relation to the x ^distribution_ 944 

relation to the hypergeometric function_ 263 

series expansion for_ 944 

symmetry relation_ 263 

Incomplete gamma function_ 230, 260, 486, 509 

as a confluent hypergeometric function_ 262 

asymptotic expansions of_ 263 

computation of_ 959 

continued fraction for_ 263 

definite integrals_ 263 

derivatives and differential equations_ 262 

graph of- 261 

Pearson's form of_ 262 

recurrence formulas_ 262 

series developments for_ 262 

special values of_ 262 

table of_ 978 

Indeterminate forms (L’Hospital’s rule)_ 13 

Inequality, Cauchy’s__ 11 

Chebyshe v’s_ 11 

Holder’s for integrals_ 11 

Holder’s for sums_ 11 

Minkowski’s for integrals._ ___ 11 

Minkowski’s for sums_ 11 

Schwarz’s_ 11 

triangle_ 11 

Integral of a bivariate normal distribution over a 

polygon- 956 

Integrals 

of circular functions_ 77 

of exponential functions_ 71 

of hyperbolic functions_ 86 

of inverse circular functions_ 82 

of inverse hyperbolic functions_ 88 

of irrational algebraic functions_ 12 

of logarithmic functions_ 69 

of rational algebraic functions_ 12 

Integration- 885 

Bode’s rule_ 886 

by parts_ 12 

Chebyshev’s equal weight formula_ 887 

Euler-Maclaurin summation formula_ 886 

Filon's formula_ 890 

five-point rule for analytic functions_ 887 

Gaussian type formulas_;_ 887 

iterated integrals_ 891 

Lagrange formula_ 886 

Lobatto’s integration formula_ 888 

multidimensional_ 891 

Newton-Cotes formula_ 886 

Radau’s integration formula_ 888 

Simpson’s rule_ 886 

trapezoidal rule_ 885 

Interpolation_ 878 

Aitken's iteration method_ 879 

Bessel’s formula_ 881 

bivariate_ 882 

Everett’s formula... 880 
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inverse_ 881 

Lagrange formula_ 878 

Newton’s divided difference formula_ 880 

Newton's forward difference formula_ 880 

Taylor’s expansion_ 880 

Thiele’s formula_ 881 

throwback formulas_ 880 

trigonometric_ 881 

Invariants- 629 

tables of_ 680 

Inverse circular functions_ 22, 79, 92 

addition and subtraction of_ 80 

Chebyshev approximations_ 82 

continued fractions for_ 81 

differentiation formulas_ 82 

graph of..._ 79 

indefinite integrals_ 82 

logarithmic representation_ 80 

negative arguments_ 80 

polynomial approximations_ 81 

real and imaginary parts_ 80 

relation to inverse hyperbolic functions_ 80 

series expansions for_ 81 

table of- 203 

Inverse hyperbolic functions_86, 93 

addition and subtraction of_ 87 

continued fractions for_ 88 

differentiation formulas_ 88 

graphs of- 86 

indefinite integrals_ 88 

logarithmic representations_ 87 

negative arguments_ 87 

relation to inverse circular functions_ 87 

series expansions for_ 88 

tables of_ 221 

J 

Jacobian elliptic functions_ 567 

addition theorems for_ 574 

approximations in terms of circular functions_ 573 

approximations in terms of hyperbolic functions. 574 
calculation by use of the arithmetic-geometric 

mean_ 571 

calculation of_ 579, 581 

change of argument_ 572 

change of parameter_ 573 

classification of_._ 570 

complex arguments_ 575 

definitions_ 569 

derivatives of_ 574 

double arguments_ 574 

graphs of- 570 

half-arguments_ 574 

integrals__ 575 

integrals of the squares_ 576 

Jacobi’s imaginary transformation_ 574 

Landen transformation_ 573 

leading terms of series in powers of u _ 575 

parameter.. 569 

principal terms_ 572 
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quarter periods_ 569 

reciprocal parameter_ 573 

relations between squares of the functions. 573 

relation to the copolar trio_ 570 

relation with Weierstrass functions_ 649 

series expansions in terms of the nome q _ 575 

special arguments_ 571 

Jacobi’s eta function_ 577 

Jacobi’s polynomials_ 561, 773 

(see orthogonal polynomials) 

coefficients for_ 793 

graphs of_ 773, 776 

Jacobi’s theta function (see theta functions)_ 576 

Jacobi’s zeta function_ 578, 595 

addition theorem for_ 595 

calculation by use of the arithmetic-geometric 

mean_ 578 

graph of_ 595 

Jacobi’s imaginary transformation_ 595 

g-series for_ 595 

relation to theta functions_ 578, 595 

special values_ 595 

table of_ 619 

K 

Kelvin functions_ 379, 387, 509 

ascending series for_ 379 

ascending series for products of_ 381 

asymptotic expansions for large arguments_ 381 

asymptotic expansions for large zeros_ 383 

asymptotic expansions of modulus and phase_ 383 

asymptotic expansions of products.. __ 383 

definitions_ 379 

differential equations_ 379 

expansions in series of Bessel functions_ 381 

graphs of_ 382 

indefinite integrals_*_ 380 

modulus and phase_ 382 

of negative argument_ 380 

polynomial approximations_ 384 

recurrence relations_ 380 

recurrence relations for products_ 380 

relations between_ 379 

tables of_ 430 

uniform asymptotic expansions for large orders— 384 

zeros of functions of order zero_ 381 

Kronecker delta_ 822 

Kummer functions_ 504 

Rummer’s transformation of series_ 16 
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Lagrange differentiation formula_ 882 

Lagrange integration coefficients_ 886 

table of__ 915 

Lagrange interpolation coefficients_ 878 

table of- 900 

Lagrange interpolation formula_ 878 

Lagrange’s expansion_ 14 

Laguerre integration__ 890 

abscissas and weight factors for.. 923 
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Laguerre polynomials_ 509, 510, 773 

(see orthogonal polynomials) 

coefficients for and x n in terms of_ 799 

graph of_ 780 

values of_ 800 

Lamp’s equation- 641 

Landen’s transformation 

ascending_ 573,598,604 

descending..... 573, 597, 604 

Laplace transforms_ 1019 

definition_ 1020 

operations_ 1020 

tables of_ 1021 

Laplace-Stieltjes transforms_ 1029 

tables of_ 1029 

Laplace’s equation_ 17 

Laplacian- 885 

in spherical coordinates_ 752 

Laurent series_ 635 

Least square approximations_ 790 

Legendre functions.... 332, 362, 377, 561, 774 

asymptotic expansions of_ 335 

computation of-- 339 

explicit expressions for- 333 

graphs of_ 338, 780 

integral representations of_ 335 

integrals involving. 337 

notation for_ 332 

of negative argument- 333 

of negative degree_ 333 

of negative order.. 333 

recurrence relations_ 333 

relation to elliptic integrals- 337 

relations between_ 333 

Rodrigues’formula-- 334 

special values of_ 334 

summation formulas_ 335 

tables of_ 342 

trigonometric expansions of- 335 
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Wronskian relation_ 333 

Legendre polynomials... 332, 486, 773 

(see orthogonal polynomials) 

coefficients for and x n in terms of... 798 

graph of____ 338, 780 

values of_ 342 

Legendre’s differential equation- 332 

solutions of.. 332 

Leibniz’ theorem for 

differentiation of a product_ 12 

differentiation of an integral_ 11 

Lemniscate constant..__ 658 

Lemniscatic case_ 658 

L’Hospital’s rule- 13 

Lobatto integration._ 888 

abscissas and weight factors for_ 920 

Logarithmic function____67, 89 
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characteristic_ 89 

Chebyshev approximations. 69 

common__ 68,89 
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definite integrals.. 69 

differentiation formula- 69 
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inequalities for- 68 
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polynomial approximations_ 68 

series expansions for- 68 

tables of- 95 
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graph of_ 231 
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Markoff’s differentiation formula —. 883 
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Mathieu functions_ 721 

asymptotic representations of- 740 
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graphs of-- 725, 734 

integral equations for.. 735 

integral representations of_ 736 
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special cases of_ 728 

special values of_ 740 

table of coefficients for... 750 
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generation of-- 727 
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asymptotic expansions of_ 726 
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graph of. 724 

power series for. 724 

Floquet solutions. 727 

other solutions_ 730 

relation to spheroidal wave equation.. 722 
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differential equation_ 374 
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differential equation_ 443 

differentiation formulas_ 444 

duplication formula_ 445 

formulas of Rayleigh’s type_ 445 

generating functions for- 445 

graphs of..__ 444 

recurrence relations_ 444 

representations by elementary functions_ 443 

tables of__ 469 

Wronskian relations_ 443 

Modified Struve functions_ 498 

asymptotic expansion for large \z\ _ 498 

computation of_ 499 

graph of_ 498 

integral representations of_ 498 

integrals- 498 

power series expansion for_ 498 

recurrence relations_ 498 

relation to modified spherical Bessel functions.. 498 

tables of_ 501 

Modulus. 16 

Moments_ 928 

Multidimensional integration_ 891 
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Multinomial coefficients- 823 

table of- 831 
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Neumann’s polynomial- 363 

Neville’s notation-- 578 

Neville’s theta functions- 578 

expression as infinite products- 579 

expression as infinite series- 579 

graphs of..- 578 

tables of_ 582 

Newton coefficients_ 880 

relation to Lagrange coefficients- 880 

Newton interpolation formula- 880, 883 

Newton’s method of approximation- 18 

Newton-Cotes formula_ 886 

Nome___ 591, 602 

table of_ 608,610,612 

Normal probability density function 

derivatives of_-_ 933 

Normal probability function_...- 931 

asymptotic expansions of- 932 

bounds for_ 933 

computation of--- 953 

continued fraction for- 932 

error curves for_ 933 

polynomial and rational approximations- 932 

power series for_ 932 

relation to other functions- 934 
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values of x in terms of P(x) and Q(x) - 976 

values of Z(x) in terms of P(x) and Q(x )- 975 
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tables of_ 966 
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repeated integrals of- 934 
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coefficients for_ 793 

definition_ 773 

differential equations_ 773, 781 

differential relations_ 783 
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generating functions for__ 783 
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integral representations of_ 784 

integrals involving_ 785 
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1040 


INDEX 


Orthogonal polynomials—Continued 

limit relations- 787 

of a discrete variable_ 788 

orthogonality relations_ 774 

powers of x in terms of_ 793, 794-801 

recurrence relations, miscellaneous_ 773, 782 

recurrence relations with respect to degree n_ 782 

Rodrigues’ formula_ 773, 785 

special values of_ 777 

sum formulas_ 785 

tables of_ 795, 796, 800, 802 

zeros of_ 787 

P 

Parabolic cylinder functions U(a, x), V(a, x) _ 300, 

509, 685, 780 

asymptotic expansions of. 689 

computation of_ 697 

connection with Bessel functions_ 692, 697 

connection with confluent hypergeometric func¬ 
tions.-__ 691 

connection with Hermite polynomials and func¬ 
tions_ 691 

connection with probability integrals and 

Dawson’s integral_ 691 

Darwin’s expansions_ 689 

differential equation___ 686 

expansions for a large, x moderate_ 689 

expansions for x large, a moderate_ 689 

expansions in terms of Airy functions_ 689 

integral representations of.. 687 

modulus and phase_ 690 

power series in a; for_ 686 

recurrence relations_ 688 

standard solutions_ 687 

table of_ 700 

Wronskian and other relations__ 687 

zeros of_ 696 

Parabolic cylinder functions W(a, x) .. 692 

asymptotic expansions of.. 693 

complex solutions_ 693 

computation of_ 699 

connection with Bessel functions_ 695 

connection with confluent hyper geometric 

functions_ 695 

Darwin’s expansions_ 694 

differential equation__ 686, 692 

expansions for a large, x moderate_ 694 

expansions for x large, a moderate.. 693 

expression in terms of Airy functions_ 693 

integral representations of_ 693 

modulus and phase_ 695 

power series in x for_ 692 

standard solutions_ 692 

table of_ 712 

Wronskian and other relations. 693 

zeros of__ 696 

Parameter m _ 569, 602 

table of_ 612 

Partitions .. 825 

into distinct parts_ 825 

tables of- 831,836 
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unrestricted-- 825 

Pearson’s form of the incomplete gamma function.. 262 

Pentagamma function_ 260 

(see polygamma functions) 

Percentage points of the x 2 -distribution 

values of x 2 in terms of Q and v _ 984 

Percentage points of the F-distribution 

values of F in terms of Q, v u v t - 986 

Percentage points of the ^-distribution 

values of t in terms of A and v - 990 

Planck’s radiation function.. 999 

Plane triangles, solution of-78, 92 

Pochhammer’s symbol--- 256 

Point-slope formula-.. 896 

Poisson-Charlier function_ 509 

Poisson distribution.. 959 

table of cumulative sums of- 978 

Polar form.__ 16 

Polygamma functions-- 260 

asymptotic formulas_ 260 

fractional values of_ 260 

integer values of.. 260 

multiplication formula for.-- 260 

recurrence formula.. 260 

reflection formula_ 260 

series expansions for__— 260 

tables of.__ 267,271 

Polynomial evaluation_ 788 

Powers 

computation of......19, 90 

general...__ 69 

graph of__ 19 

of complex numbers_ 16 

of two.... 1016 

oix n /n\ . 818 

tables of.. 24 

Predictor-corrector method.. 896 

Primes- 231 

table of.. 870 

Primitive roots. 827 

table of_ 864 

Probability density function.__ 931 

asymptotic expansion of.... 935 

Probability functions_ 927 

Probability integral..... 262, 691 

of the x 2 -distribution, table of... 978 

Progressions 

arithmetic. 10 

geometric_ 10 

Prolate spheroidal coordinates__ 752 

Pseudo-lemniscatic case_ 662 

Psi function_ 258,264 

asymptotic formulas__ 259 

definite integrals_ 259 

duplication formula_ 259 

fractional values of_ 258 

graph of- 258 

in the complex plane_ 259 

integer values of__ 258 

recurrence formulas_ 258 

reflection formula_ 259 
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series expansions for_ 259 

tables of__ 267, 272, 276, 288 

zeros of___ 259 

0 

Quadratic equation, solution of_ 17,19 

Quartic equation, resolution into quadratic factors.- 17, 20 

R 

Radau’s integration formula_ 888 

Random deviates, generation of- 949 

Random numbers_._ 949 

methods of generation of_ 949 

table of-------991 

Repeated integrals of the error function __ 299 

as a single integral... 299 

asymptotic expansion of_ 300 

definition_ 299 

derivatives of- 300 

differential equation- 299 

graph of___ 300 

power series for- 299 

recurrence relations- 299 

relation to Hermite polynomials.. 300 

relation to parabolic cylinder functions_ 300 

relation to the confluent hypergeometric func¬ 
tion- 300 

relation to the Hh function. 300 

table of.-- 317 

value at zero___ 300 

Representation of numbers-- 1012 

Reversion of series_ 16, 882 

Riccati-Bessel functions..-. 445 

definitions. 445 

differential equation-- 445 

Wronskian relations.-.. 445 

Riemann zeta function_ 256, 807 

special values of_ 807 

Riemann’s differential equation_ 564 

solutions of_ 564 

Riemann’s P function- 564 

transformation formulas_ 565 

Ring functions_ 336 

Rodrigues’ formula_ 334, 773, 785 

Roots 

computation of__- 19,89 

graph of_ 19 

of complex numbers_ 17,20 

tables of_ 24, 223 

Runge-Kutta methods_ 896 

S 

Scales of notation-- 1011 

general conversion methods_ 1012 

Schwarz’s inequality_ 11 

Sectoral harmonics_ 332 

Series_ 14 

binomial_ 14 

Euler-Maclaurin summation formula_ 16, 22 

Euler’s transformation of_ 16, 21 

exponential_ 69 
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Rummer’s transformation of- 16 

Lagrange’s expansion- 14 

logarithmic- 68 

operations with_ 15 

reversion of__-- 16 

Taylor’s_ 14 

trigonometric_ 74 

Shifted Chebyshev polynomials- 774 

(see orthogonal polynomials) 

Shifted Legendre polynomials_ 774 

(see orthogonal polynomials) 

Sievert integral_ 1000 

Simpson’s rule_ 886 

Sine integral---231, 510 

asymptotic expansions of_ 233 

computation of-_-_ 233 

definitions- 231 

graphs of- 232 

integral representation of- 232 

integrals_ 232 

rational approximations_ 233 

relation to exponential integral- 232 

series expansions for.-- 232 

symmetry relations_ 232 

tables of_ 238, 243 

Skewness- 928 

Spence’s integral_ 1004 

Spherical Bessel functions- 230, 301, 435, 540 

addition theorems for- 440 

analytic continuation of- 439 

ascending series for- 437 

complex zeros of h l „(z), h™(z) - 441 

computation of- 452 

cross products of_ 439 

definitions- 437 

degenerate forms- 440 

derivatives with respect to order- 440 

differential equation_ 437 

differentiation formulas- 439- 

duplication formula- 440 

Gegenbauer’s generalization for- 438 

generating functions for_ 439 

graphs of- 438 

infinite series involving j%(z) - 440 

limiting values as z—* 0- 437 

modulus and phase_ 439 

Poisson’s integral for- 438 

Rayleigh’s formula for-- 439 

recurrence relations_ 439 

relation to Fresnel integrals- 440 

representations by elementary functions- 437 

tables of- 457 

Wronskian relations_ 437 

zeros and their asymptotic expansions- 440 

Spherical polynomials (Legendre)- 332 

(see orthogonal polynomials) 

Spherical triangles, solution of- 79 

Spheroidal wave functions- 751 

asymptotic behavior of- 756 

asymptotic expansions of. 755 
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Spheroidal wave functions—Continued p “K e 

characteristic values for- 753, 756 

differential equations_ 753 

evaluation of coefficients for_ 755 

expansions for- 755 

joining factors for_ 757 

normalization of_ 755 

tables of..._ 766 

table of eigenvalues of_ 760 

table of prolate joining factors_ 769 

Stirling numbers_ 824 

table of the first kind_ 833 

table of the second kind_ 835 

Stirling’s formula_ 257 

Struve’s functions_ 495 

asymptotic expansions for large orders_ 498 

asymptotic expansions for large | z|_ 497, 498 

computation of_ 499 

differential equation__ 496 

graphs of_ 496 

integral representations of__ 496, 498 

integrals_ 497, 498 

modified_ 498 

power series expansion for_ 496, 498 

recurrence relations_ 496, 498 

relation to Weber’s function_ 498 

special properties of_ 497 

tables of_ 501 

Student’s (-distribution.. 948 

approximations to_ 949 

asymptotic expansion of_ 949 

limiting distribution_ 949 

non-central_ 949 

series expansions for___ . 948 

statistical properties of_ 948 

Subtabulation_ 881 

Summable series_ 1005 

Summation of rational series_ 264 

Sums of positive powers_ 813 

Sums of powers_ 804 

Sums of reciprocal powers_ 807, 811 

Systems of differential equations of first order_ 897 

T 

Taylor expansion_ 880 

Taylor’s formula_ 14 

Tesseral harmonics_ 332 

Tetrachoric fun ctions.. 934 

Tetragamma function_ 260 

(see polygamma functions) 

Theta functions_ 576 

addition of quarter-periods_ 577 

calculation by use of the arithmetic-geometric 

mean __ 577, 580 

expansions in terms of the nome q _ 576 

Jacobi’s notation for_ 577 

logarithmic derivatives of.. 576 

logarithms of sum and difference_ 577 

Neville’s notation for_ 578, 582 

relations between squares of the functions_ 576 

relation to Jacobi’s zeta function_ 578 

relation with Weierstrass elliptic functions_ 650 


Page 

Thiele’s interpolation formula_ 881 

Toroidal functions-- 336 

Toronto function_ 509 

Trapezoidal rule.__ 885 

Triangle inequality_ 11 

Trigamma function_. 260 

(see polygamipa functions) 

Trigonometric functions_ 71 

(see circular functions) 

Truncated exponential function_ 70, 262 

U 

Ultraspherical polynomials_ 774 

(see orthogonal polynomials) 

coefficients for and x" in terms of_ 794 

graphs of_ 776 

Unit step function_ 1020 

V 

Variance-- 928 

Variance-ratio distribution function_ 946 

(see F-distribution function) 

Vector-addition coefficients_ 1006 

W 

Wallis’formula-- 258 

Wave equation 

in prolate and oblate spheroidal coordinates- 752 

Weber’s function_ 498 

relation to Anger’s function_ 498 

relation to Struve’s function_ 498 

Weierstrass elliptic functions... 627 

addition formulas for_ 635 

case A=0_ 651 

computation of... 663 

conformal mapping of_ 642, 654, 659 

definitions_ 629 

derivatives of_ 640 

determination of periods from given invariants.. 665 

determination of values at half-periods, etc., from 

given periods- 664 

differential equation_ 629, 640 

discriminant_ 629 

equianharmonic case_ 652 

expressing any elliptic function in terms of ^and 

. 651 

fundamental period parallelogram_ 629 

fundamental rectangle__ 630 

homogeneity relations_ 631 

integrals_ 641 

invariants_ 629 

Legendre’s relation_ 634 

lemniscatic case___ 658 

maps of_ 642, 654, 659 

multiplication formulas_ 635 

other series involving 0 > ', f__ 639 

pseudo-lemniscatic case- 662 

reduction formulas___ 631 

relation with complete elliptic integrals_ 649 

relations with Jacobi’s elliptic functions.. 649 

relations with theta functions___ 650 
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reversed series for large \&\, \|, |f|- 638 

reversed series for small |«r|_ 640 

series expansions for_ 635 

special values and relations_ 633 

symbolism_ 629 

tables of_ 673 
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Whittaker functions.. 505 

Wigner coefficients_ 1006 
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Zeta function 

Jacobi’s_ 578 

Riemann’s.... 256, 807 
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(a)„ =r(a+n)/r(a) (Pochhammer’s symbol"!- 256 

a,(q) characteristic value of Mathieu’s equation.. 722 

A(x) = 2P(x) — l normal probability function- 931 

Ai(z) Airy function_ 446 

A.G.M. arithmetic-geometric mean- 571 

am z amplitude of the complex number z - 16 

antilog antilogarithm (log -1 ).^- 89 

arcsin z, arccos z inverse circular functions_ 79 

arctan z, arccot z 
arcsec z, arccsc z 

arcsinh z, arccosh z inverse hyperbolic functions._ 86 

arctanh z, arccoth z 
arcsech z, arccsch z 

arg z argument of z_ 16 

b r (q) characteristic value of Mathieu’s equation. _ 722 

B n Bernoulli number_ 804 

B n (x) Bernoulli polynomial_ 804 

ber,x, bei,x, Kelvin functions_ 379 

Bi(z) Airy function_ 446 

cd, sd, nd Jacobian elliptic functions_ 570 

c.d.f. cumulative distribution function_ 927 

ce r (z, q) Mathieu function_ 725 

cn Jacobian elliptic function_ 569 

Cn, Dn, Sn integrals of the squares of Jacobian 

elliptic functions.__ 576 

cs, ds, ns Jacobian elliptic functions_ 570 

C(x) Fresnel integral_ 300 

C n (x) Chebyshev polynomial of the second kind.. 774 

C(x, a) generalized Fresnel integral_ 262 

Ce r (z, q) modified Mathieu function- 732 

Ci(z), Ct(z) Fresnel integrals_ 300 

C n w (x ) ultraspherical (Gegenbauer) polynomial._ 774 

Chi(z) hyperbolic cosine integral_ 231 

Ci(z) cosine integral_ 231 

Cin(z) cosine integral- 231 

Cinh(z) hyperbolic cosine integral_ 231 

colog cologarithm_ 89 

covers A, coversine A _ 78 

dc, nc, sc Jacobian elliptic functions_ 570 

dn = A(vd delta amplitude (Jacobian elliptic func¬ 
tion) _ 569 

D, (x) parabolic cylinder function (Whittaker's 

form)- 687 

ci, c 2 , e 3 roots of a polynomial (Weierstrass form).. 629 

e‘ exponential function_ 69 

e n (z) truncated exponential function_ 262 

E(<p\a ) elliptic integral of the second kind_ 589 

K(o,x) parabolic cylinder function_ 693 

E„(z) Weber’s function_ 498 

E, (m) (z) Weber parabolic cylinder function.. _ 509 

E(m) complete elliptic integral of the second 

kind- 590 
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Ei(x) exponential integral- 228 

Ei(z ) exponential integral- 228 

K[^(X)] expected value operator for the function 

g{x) _ 928 

Ein(z) modified exponential integral- 228 

E n Euler number_ 804 

E„(x) Euler polynomial- 804 

E n (z) exponential integral_ 228 

erf z error function_ 297 

erfc z complementary error function_ 297 

exp z = e* exponential function- 69 

exsec A, exsecant A . 78 

fe.n fo.r joining factors for Mathieu functions- 735 

F(a, b; c; z) hypergeometric function- 556 

F(<p\a) elliptic integral of the first kind—. 589 

Fl (i;,p) Coulomb wave function (regular)- 538 

FPP fundamental period parallelogram_ 629 

n F m (a i, . . a„; b u ■ . b m ; z ) generalized hyper- 

geometric function_ 556 

g 2 , 03 invariants of Weierstrass elliptic functions.. 629 
0«.r, ffo,r joining factors for Mathieu functions... 740 
0(x, y, p ) bivariate normal probability function... 936 

Gi(z) related Airy function- 448 

Gl(v, p) Coulomb wave function (irregular or loga¬ 
rithmic)__ 538 

G n (p, q , x) Jacobi polynomial- 774 

gd(z) Gudermannian_ 77 

/i ( n °(z) spherical Bessel function of the third kind. 437 

hav A haversine A _ 78 

H,(z) Struve’s function- 496 

Hi(z) related Airy function_ 448 

He n (z) Hermite polynomial- 775 

tf<">(z) Bessel function of the third kind (Hankel). 358 

Hh n (x) Hh (probability) function-- 300,691 

H n (x) Hermite polynomial- 775 

H(m,,n,x) confluent hypergeometric function- 695 

I r(z) modified Bessel function_ 374 

Vi*-/z/ n+ H(z) modified spherical Bessel function 

of the first kind_ 443 

Vjir/z/- n -«(z) modified spherical Bessel function 

of the second kind_ 443 

I(u, p) incomplete gamma function (Pearson’s 

form)_ 262 

I x (a,b) incomplete beta function_ 263 

,/z imaginary part of z(=y) _ 16 

i" erfc z repeated integral of the error function... 299 

j n (z) spherical Bessel function of the first kind_ 437 

J„(z) Anger’s function_ 498 

J,(z) Bessel function of the first kind_ 358 

k modulus of Jacobian elliptic functions_ 590 

k' complementary modulus_ 590 

M*) Bateman's function_ 510 
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Ki-(z) repeated integrals of Ko(z) _ 483 

Vlir/z K n +x(z) modified spherical Bessel func¬ 
tion of the third kind_ 443 

K, (z) modified Bessel function_ 374 

K(m) complete elliptic integral of the first kind.. 590 

ker,x, kei,x Kelvin functions- 379 

Ii(x) logarithmic integral_ 228 

lim limit_ 13 

logioi common (Briggs) logarithm_ 68 

log a z logarithm of z to base a _ 67 

In z ( = log„z) natural, Naperian or hyperbolic 

logarithm_ 68 

J£\F(t)]=f(s) Laplace transform_ 1020 

L(h, k, p) cumulative bivariate normal proba¬ 
bility function_ 936 

L„(x) Laguerre polynomial_ 775 

L„ (a) (x) generalized Laguerre polynomial_ 775 

L, (z) modified Struve function.._ 498 

m = n i' mean_ 928 

m parameter (elliptic functions)_ 569 

mj complementary parameter_ 569 

M(a, b, z) Rummer’s confluent hypergeometric 

function_ 504 

Mc r li) {z, q) modified Mathieu function_ 733 

Ms r li) (z, q) modified Mathieu function_ 733 

Af„,„(z) Whittaker function_ 505 

n characteristic of the elliptic integral of the third 

kind_ 590 

0(v n ) = tt„, is of the order of v n ( ujv n is bounded) _ 15 

o(v n ) — u„, lim^=0_ 259 

0 n (z) Neumann’s polynomial_ 363 

p(n) number of partitions_ 825 

0>{z) Weierstrass elliptic function- 629 

ph z phase of the complex number z_ 16 

P(a,x) incomplete gamma function_ 260 

P(x 2 |>0 probability of the \ 2 —distribution_ 262,940 

Py(z) associated Legendre function of the first 

kind- 332 

P(x) normal probability function_ 931 

P n (z) Legendre function (spherical polynomials) .333,774 

P*(x) shifted Legendre polynomial_ 774 

p n («.fl(x) Jacobi polynomial_ 774 

Pr\X<x\ probability of the event X <x _ 927 

q nome_ 591 

(?(x) = l — P{x) normal probability function (tail 

area)_ 931 
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q(n) number of partitions into distinct integer 

summands_ 825 

Q M y(z) associated Legendre function of the second 

kind_ 332 

<? n (x) Legendre function of the second kind- 334 

real part of z(=x) _ 16 

£) radial spheroidal wave function- 753 

S H (m) Stirling number of the first kind- 824 

,5n <m) Stirling number of the second kind_ 824 

se r (z, q) Mathieu function_ 725 

sn Jacobian elliptic function_ 569 

S(z) Fresnel integral_ 300 

Si(z), S 2 (z) Fresnel integrals- 300 

Se r (z, q) modified Mathieu function- 733 

S(x, a) generalized Fresnel integral_ 262 

Shi(z) hyperbolic sine integral_ 231 

Si(z) sine integral_ 231 

S n (x) Chebyshev polynomial of the first kind_ 774 

Sih(z) hyperbolic sine integral- 231 

Smlic, v) angular spheroidal wave function_ 753 

si(z) sine integral_ 232 

sin z, cos z, tan z circular functions_ 71 

cot z, sec z, esc z _ 72 

sinh z, cosh z, tanh z hyperbolic functions_ 83 

coth z, sech z, csch z_ 83 

T(m,n,r ) Toronto function- 509 

T n (x) Chebyshev polynomial of the first kind- 774 

Tl(x) shifted Chebyshev polynomial of the first 

kind_ 774 

t/(o, b, z) Rummer’s confluent hypergeometric 

function_ 504 

U n (x) Chebyshev polynomial of the second kind. 774 

Ul(x) shifted Chebyshev polynomial of the second 

kind_ 774 

U(a, x) Weber parabolic cylinder function_ 687 

vers A, versine A.. --—- 78 

V(a,x) Weber parabolic cylinder function- 687 

w(z) error function_ 297 

W(a, x) Weber parabolic cylinder function- 692 

Wkji(z) Whittaker function- 505 

W\ /(X), g(x)}(=f(x)g'(x)-f'(x)g(x)) Wronskianre- 

lation_ 505 

[x 0 , x u , £*] divided difference.._- 877 

t/„(z) spherical Bessel function of the second kind. 437 

F,(z) Bessel function of the second kind_ 358 

Y?(6,<p) surface harmonic of the first kind- 332 

Z(x) normal probability density function_ 931 
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a modular angle (elliptic function)_ 590 

«»(*) t n e~*‘dt _ 228 

0 n (z) =J_^ t n e-"dt _ 228 

P(n) =g(-l)*C 2*+l)-_ 807 

b) incomplete beta function_ 263 

B(z , w ) beta function_ 258 

y Euler’s constant_._ 255 

y(a, x ) incomplete gamma function (normalized) - 260 

yi = — coefficient of skewness_ 928 

72=^—3 coefficient of excess__ 928 

r(z) gamma function_ 255 

T(a, x ) incomplete gamma function_ 260 

Sa Kronecker delta (=0 if iVfe; =1 if z=fc)_ 822 

tt(fn) central difference_ 877 

A difference operator_ 822 

A discriminant of Weierstrass' canonical form_ 629 

A(/ w ) forward difference......- 877 

Ax absolute error_ 14 

f (x) Riemann zeta function_ 807 

f(z) Weierstrass zeta function_ 629 

Z(u\m) Jacobi’s zeta function- 578 

*(») 807 

*«i 

Va = ?(« a ) Weierstrass elliptic function_ 631 

H(u), Hi(m) Jacobi’s eta function.. 577 

^„(z) theta function_ 576 

d e (e\a) a(e\a), Neville’s notation-- 578 

for 

t? n («\ a),d,(t\a) theta functions 
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0(u|m) Jacobi’s theta function... 577 

K n nth cumulant_ 928 

joining factor for spheroidal wave functions.. 757 

1)-»_ 807 

A mn characteristic value of the spheroidal wave 

equation_ 753 

A 0 ($£>\a) Heuman’s lambda function_ 595 

p(/„) mean difference- 877 

n(n) Mobius function_ 826 

fi n nth central moment_ 928 

fi'n nth moment about the origin_ 928 

x(x) number of primes <x_ 231 

7T„(x) = (x—x 0 ) (x—Xi) . . . (x-x„)- 878 

H(n;<s>\«) elliptic integral of the third kind_ 590 

n(z) factorial function_ 255 

p correlation coefficient_ 936 

Pn(xo,x lt . . .,x») reciprocal difference_ 878 

p»( »,x) Poisson-Charlier function__ 509 

cr standard deviation- 298 

cr 2 variance_ 928 

a(z) Weierstrass sigma function_ 629 

a*(n) divisor function_ 827 

7-„(x) tetrachoric function_ 934 

#>=am u, amplitude_ 669 

<p(n ) Euler-Totient function_ 826 

<p(t)—E(e itX ) characteristic function of X _ 928 

$(o; b; z) confluent hypergeometric function_ 504 

\Kz) logarithmic derivative of the gamma 

function. 258 

^(o; c; z) confluent hypergeometric function_ 504 

a a period of Weierstrass elliptic functions_ 629 

a«,„(x) Cunningham function.. 510 
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[a,-1] determinant_ 19 

[o<] column matrix_ 19 

V" Laplacian operator_ 752 

A„* forward difference operator__ 877 

— partial derivative___ 883 

t (= /-l)--- 70 

Of) binomial coefficient_ 10 

n! factorial function_ 255 

(2n)l! =2-4-6 . . . (2n) = 2"n!__ 258 

(m,n) greatest common divisor___ 822 

(n, k) (Hankel's symbol)- 437 

(n; nt, it?, . . n m ) multinomial coefficient_ 823 

[x] largest integer <x_ 66 
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<x> nearest integer tox_ 222 

s complex conjugate of z (—x—iy) _ 16 

z=x+iy complex number (Cartesian form)_ 16 

= re if (polar form)____ 16 

|z| absolute value or modulus ofz- 16 

2 overall summation.. 822 

2’ restricted summation_ 755 

2 n sum or product taken over all prime numbers p . 807 

2 n sum or product overall positive divisors d of n__ 826 

r 

j- Cauchy’s principal value of the integral_ 228 

« approximately equal- 14 

~ asymptotically equal_ 15 

< f >, < > inequality, inclusion_ 10 

9 * unequal. 12 
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America’s Old Masters, James T. Flexner. Four men emerged unexpectedly 
from provincial 18th century America to leadership in European art: Benjamin 
West, J. S. Copley, C. R. Peak, Gilbert Stuart. Brilliant coverage of lives and con¬ 
tributions. Revised, 1967 edition. 69 plates. 365pp. of text. 

21806-6 Paperbound $3.00 

First Flowers of Our Wilderness: American Painting, The Colonial 
Period, James T. Flexner. Painters, and regional painting traditions from earliest 
Colonial times up to the emergence of Copley, West and Peak Sr., Foster, Gustavus 
Hesselius, Feke, John Smibert and many anonymous painters in the primitive manner. 
Engaging presentation, with 162 illustrations, xxii + 368pp. 

22180-6 Paperbound $3.50 

The Light of Distant Skies: American Painting, 1760-1835, James T. Flex- 
ner. The great generation of early American painters goes to Europe to learn and 
to teach: West, Copley, Gilbert Stuart and others. Allston, Trumbull, Morse; also 
contemporary American painters—primitives, derivatives, academics—who remained 
in America. 102 illustrations, xiii + 306pp. 22179-2 Paperbound $3.00 

A History of the Rise and Progress of the Arts of Design in the United 
States, William Dunlap. Much the richest mine of information on early American 
painters, sculptors, architects, engravers, miniaturists, etc. The only source of in¬ 
formation for scores of artists, the major primary source for many others. Unabridged 
reprint of rare original 1834 edition, with new introduction by James T. Flexner, 
and 394 new illustrations. Edited by Rita Weiss. 6y% x 9Ys- 

21695-0, 21696-9, 21697-7 Three volumes, Paperbound $13.50 

Epochs of Chinese and Japanese Art, Ernest F. Fenollosa. From primitive 
Chinese art to the 20th century, thorough history, explanation of every important art 
period and form, including Japanese woodcuts; main stress on China and Japan, but 
Tibet, Korea also included. Still unexcelled for its detailed, rich coverage of cul¬ 
tural background, aesthetic elements, diffusion studies, particularly of the historical 
period. 2nd, 1913 edition. 242 illustrations, lii + 439pp. of text. 

20364-6, 20365-4 Two volumes, Paperbound $6.00 

The Gentle Art of Making Enemies, James A. M. Whistler. Greatest wit of his 
day deflates Oscar Wilde, Ruskin, Swinburne; strikes back at inane critics, exhibi¬ 
tions, art journalism; aesthetics of impressionist revolution in most striking form. 
Highly readable classic by great painter. Reproduction of edition designed by 
Whistler. Introduction by Alfred Werner, xxxvi + 334pp. 

21875-9 Paperbound $2.50 
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Visual Illusions: Their Causes, Characteristics, and Applications, Mat¬ 
thew Luckiesh. Thorough description and discussion of optical illusion, geometric 
and perspective, particularly; size and shape distortions, illusions of color, of motion; 
natural illusions; use of illusion in art and magic, industry, etc. Most useful today 
with op art, also for classical art. Scores of effects illustrated. Introduction by 
William H. Ittleson. 100 illustrations, xxi + 252pp. 

21530-X Paperbound $2.00 

A Handbook of Anatomy for Art Students, Arthur Thomson. Thorough, vir¬ 
tually exhaustive coverage of skeletal structure, musculature, etc. Full text, supple¬ 
mented by anatomical diagrams and drawings and by photographs of undraped 
figures. Unique in its comparison of male and female forms, pointing out differences 
of contour, texture, form. 211 figures, 40 drawings, 86 photographs, xx + 459pp. 
5 3 / 8 x 8%. 21163-0 Paperbound $3.50 

150 Masterpieces of Drawing, Selected by Anthony Toney. Full page reproduc¬ 
tions of drawings from the early 16th to the end of the 18th century, all beautifully 
reproduced: Rembrandt, Michelangelo, Diirer, Fragonard, Urs, Graf, Wouwerman, 
many others. First-rate browsing book, model book for artists, xviii + 150pp. 
8 3 /s x H 1 /*- 21032-4 Paperbound $2.50 

The Later Work of Aubrey Beardsley, Aubrey Beardsley. Exotic, erotic, 
ironic masterpieces in full maturity: Comedy Ballet, Venus and Tannhauser, Pierrot, 
Lysistrata, Rape of the Lock, Savoy material, Ali Baba, Volpone, etc. This material 
revolutionized the art world, and is still powerful, fresh, brilliant. With The Early 
Work, ali Beardsley’s finest work. 174 plates, 2 in color, xiv -f 176pp. 8 Ys x 11. 

21817-1 Paperbound $3.00 

Drawings of Rembrandt, Rembrandt van Rijn. Complete reproduction of fabu¬ 
lously rare edition by Lippmann and Hofstede de Groot, completely reedited, up¬ 
dated, improved by Prof. Seymour Slive, Fogg Museum. Portraits, Biblical sketches, 
landscapes, Oriental types, nudes, episodes from classical mythology—All Rem¬ 
brandt’s fertile genius. Also selection of drawings by his pupils and followers. 
"Stunning volumes,” Saturday Review. 550 illustrations, lxxviii -|- s ‘'2pp. 
91/8 x 12 Va. 21485-0, 21486-9 Two volumes, Paperbound $10.00 

The Disasters of War, Francisco Goya. One of the masterpieces of Western civi¬ 
lization—83 etchings that record Goya’s shattering, bitter reaction to the Napoleonic 
war that swept through Spain after the insurrection of 1808 and to war in general. 
Reprint of the first edition, with three additional plates from Boston’s Museum of 
Fine Arts. All plates facsimile size. Introduction by Philip Hofer, Fogg Museum, 
v -f- 97pp. 9 3 /s x 8 y 4 . 21872-4 Paperbound $2.00 

Graphic Works of Odilon Redon. Largest collection of Redon’s graphic works 
ever assembled: 172 lithographs, 28 etchings and engravings, 9 drawings. These 
include some of his most famous works. All the plates from Odilon Redon: oeuvre 
graphique complet, plus additional plates. New introduction and caption translations 
by Alfred Werner. 209 illustrations, xxvii 209pp. 9Vs x 12 1 /}. 

21966-8 Paperbound $4.00 
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Johann Sebastian Bach, Philipp Spitta. One of the great classics of musicology, 
this definitive analysis of Bach’s music (and life) has never been surpassed. Lucid, 
nontechnical analyses of hundreds of pieces (30 pages devoted to St. Matthew Pas¬ 
sion, 26 to B Minor Mass). Also includes major analysis of 18th-century music. 
450 musical examples. 40-page musical supplement. Total of xx + 1799pp. 

(EUK) 22278-0, 22279-9 Two volumes, Clothbound $15.00 

Mozart and His Piano Concertos, Cuthbert Girdlestone. The only full-length 
study of an important area of Mozart’s creativity. Provides detailed analyses of all 
23 concertos, traces inspirational sources. 417 musical examples. Second edition. 
509pp. (USO) 21271-8 Paperbound $3.50 

The Perfect Wagnerite: A Commentary on the Niblung’s Ring, George 
Bernard Shaw. Brilliant and still relevant criticism in remarkable essays on 
Wagner’s Ring cycle, Shaw’s ideas on political and social ideology behind the 
plots, role of Leitmotifs, vocal requisites, etc. Prefaces, xxi -f 136pp. 

21707-8 Paperbound $1.50 

Don Giovanni, W. A. Mozart. Complete libretto, modern English translation; 
biographies of composer and librettist; accounts of early performances and critical 
reaction. Lavishly illustrated. All the material you need to understand and 
appreciate this great work. Dover Opera Guide and Libretto Series; translated 
and introduced by Ellen Bleiler. 92 illustrations. 209pp. 

21134-7 Paperbound $1.50 

High Fidelity Systems: A Layman’s Guide, Roy F. Allison. All the basic 
information you need for setting up your own audio system: high fidelity and 
stereo record players, tape records, F.M. Connections, adjusting tone arm, cartridge, 
checking needle alignment, positioning speakers, phasing speakers, adjusting hums, 
trouble-shooting, maintenance, and similar topics. Enlarged 1965 edition. More 
than 50 charts, diagrams, photos, iv + 91pp. 21514-8 Paperbound $1.25 

Reproduction of Sound, Edgar Villchur. Thorough coverage for laymen of 
high fidelity systems, reproducing systems in general, needles, amplifiers, preamps, 
loudspeakers, feedback, explaining physical background. "A rare talent for making 
technicalities vividly comprehensible,” R. Darrell, High Fidelity. 69 figures, 
iv -f- 92pp. 21515-6 Paperbound $1.00 

Hear Me Talkin’ to Ya: The Story of Jazz as Told by the Men Who 
Made It, Nat Shapiro and Nat Hentoff. Louis Armstrong, Fats Waller, Jo Jones, 
Clarence Williams, Billy Holiday, Duke Ellington, Jelly Roll Morton and dozens 
of other jazz greats tell how it was in Chicago’s South Side, New Orleans, depres¬ 
sion Harlem and the modern West Coast as jazz was born and grew, xvi -f- 429pp. 

21726-4 Paperbound $2.50 

Fables of Aesop, translated by Sir Roger L’Estrange. A reproduction of the very 
rare 1931 Paris edition; a selection of the most interesting fables, together with 50 
imaginative drawings by Alexander Calder. v -f- 128pp. 61/2x9 V4. 

21780-9 Paperbound $1.25 
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Alphabets and Ornaments, Ernst Lehner. Well-known pictorial source for 
decorative alphabets, script examples, cartouches, frames, decorative title pages, calli¬ 
graphic initials, borders, similar material. 14th to 19th century, mostly European. 
Useful in almost any graphic arts designing, varied styles. 750 illustrations. 256pp. 
7 x 10. 21905*4 Paperbound $4.00 

Painting: A Creative Approach, Norman Colquhoun. For the beginner simple 
guide provides an instructive approach to painting: major stumbling blocks for 
beginner; overcoming them, technical points; paints and pigments; oil painting; 
watercolor and other media and color. New section on “plastic” paints. Glossary. 
Formerly Paint Your Own Pictures. 221pp. 22000-1 Paperbound $1.75 

The Enjoyment and Use of Color, Walter Sargent. Explanation of the rela¬ 
tions between colors themselves and between colors in nature and art, including 
hundreds of little-known facts about color values, intensities, effects of high and 
low illumination, complementary colors. Many practical hints for painters, references 
to great masters. 7 color plates, 29 illustrations, x -|- 274pp. 

20944-X Paperbound $2.75 

The Notebooks of Leonardo Da Vinci, compiled and edited by Jean Paul 
Richter. 1566 extracts from original manuscripts reveal the full range of Leonardo’s 
versatile genius: all his writings on painting, sculpture, architecture, anatomy, 
astronomy, geography, topography, physiology, mining, music, etc., in both Italian 
and English, with 186 plates of manuscript pages and more than 500 additional 
drawings. Includes studies for the Last Supper, the lost Sforza monument, and 
other works. Total of xlvii + 866pp. 7% x 10%. 

22572-0, 22573-9 Two volumes, Paperbound $10.00 

Montgomery Ward Catalogue of 1895. Tea gowns, yards of flannel and 
pillow-case lace, stereoscopes, books of gospel hymns, the New Improved Singer 
Sewing Machine, side saddles, milk skimmers, straight-edged razors, high-button 
shoes, spittoons, and on and on . . . listing some 25,000 items, practically all illus¬ 
trated. Essential to the shoppers of the 1890’s, it is our truest record of the spirit of 
the period. Unaltered reprint of Issue No. 57, Spring and Summer 1895. Introduc¬ 
tion by Boris Emmet. Innumerable illustrations, xiii + 624pp. 8% x 11%. 

22377-9 Paperbound $6.95 

The Crystal Palace Exhibition Illustrated Catalogue (London, 1851). 
One of the wonders of the modern world—the Crystal Palace Exhibition in which 
all the nations of the civilized world exhibited their achievements in the arts and 
sciences—presented in an equally important illustrated catalogue. More than 1700 
items pictured with accompanying text—ceramics, textiles, cast-iron work, carpets, 
pianos, sleds, razors, wall-papers, billiard tables, beehives, silverware and hundreds 
of other artifacts—represent the focal point of Victorian culture in the Western 
World. Probably the largest collection of Victorian decorative art ever assembled— 
indispensable for antiquarians and designers. Unabridged republication of the 
Art-Journal Catalogue of the Great Exhibition of 1851, with all terminal essays. 
New introduction by John Gloag, F.S.A. xxxiv -f 426pp. 9x12. 

22503-8 Paperbound $4.50 
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Design by Accident; A Book of "Accidental Effects” for Artists and 
Designers, James F. O’Brien. Create your own unique, striking, imaginative effects 
by "controlled accident” interaction of materials: paints and lacquers, oil and water 
based paints, splatter, crackling materials, shatter, similar items. Everything you do 
will be different; first book on this limitless art, so useful to both fine artist and 
commercial artist. Full instructions, 192 plates showing "accidents,” 8 in color, 
viii + 215pp. 83/a x 11%. 21942-9 Paperbound $3.50 

The Book of Signs, Rudolf Koch. Famed German type designer draws 493 beau¬ 
tiful symbols: religious, mystical, alchemical, imperial, property marks, runes, etc. 
Remarkable fusion of traditional and modern. Good for suggestions of timelessness, 
smartness, modernity. Text, vi -f- 104pp. 6% x 9 / 4 . 

20162-7 Paperbound $1.25 

History of Indian and Indonesian Art, Ananda K. Coomaraswamy. An un¬ 
abridged ^publication of one of the finest books by a great scholar in Eastern art. 
Rich in descriptive material, history, social backgrounds; Sunga reliefs, Rajput 
paintings, Gupta temples, Burmese frescoes, textiles, jewelry, sculpture, etc. 400 
photos, viii + 423pp. 6 3 /j x 9%. 21436-2 Paperbound $4.00 

Primitive Art, Franz Boas. America’s foremost anthropologist surveys textiles, 
ceramics, woodcarving, basketry, metalwork, etc.; patterns, technology, creation of 
symbols, style origins. All areas of world, but very full on Northwest Coast Indians. 
More than 350 illustrations of baskets, boxes, totem poles, weapons, etc. 378 pp. 

20025-6 Paperbound $3.00 

The Gentleman and Cabinet Maker’s Director, Thomas Chippendale. Full 
reprint (third edition, 1762) of most influential furniture book of all time, by 
master cabinetmaker. 200 plates, illustrating chairs, sofas, mirrors, tables, cabinets, 
plus 24 photographs of surviving pieces. Biographical introduction by N. Bienen- 
stock. vi -j- 249pp. 9% x 12%. 21601-2 Paperbound $4.00 

American Antique Furniture, Edga- G. Miller, Jr. The basic coverage of all 
American furniture before 1840. Individual chapters cover type of furniture— 
clocks, tables, sideboards, etc.—chronologically, with inexhaustible wealth of data. 
More than 2100 photographs, all identified, commented on. Essential to all early 
American collectors. Introduction by H. E. Keyes, vi -j- 1106pp. 7% x 10%. 

21599-7, 21600-4 Two volumes, Paperbound $11.00 

Pennsylvania Dutch American Folk Art, Henry J. Kauffman. 279 photos, 
28 drawings of tulipware, Fraktur script, painted tinware, toys, flowered furniture, 
quilts, samplers, hex signs, house interiors, etc. Full descriptive text. Excellent for 
tourist, rewarding for designer, collector. Map. 146pp. 7% x 10%. 

21205-X Paperbound $2.50 

Early New England Gravestone Rubbings, Edmund V. Gillon, Jr. 43 photo¬ 
graphs, 226 carefully reproduced rubbings show heavily symbolic, sometimes 
macabre early gravestones, up to early 19 th century. Remarkable early American 
primitive art, occasionally strikingly beautiful; always powerful. Text, xxvi -f- 
207pp. 83/ g x Hi/ 4 . 21380-3 Paperbound $3.50 


